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TIoannis A. POLYRAKIS (*)

Lattice-Subspaces and Positive Bases.
An Application in Economics (**).

Abstract. — This is a survey article on lattice-subspaces and positive buses but
contains also some new results. Especially the first section is a survey on lat-
tice-subspaces and the second on positive bases in subspaces of function spa-
ces. In the third section finite dimensional lattice-subspaces of normed spa-
ces and, in the forth infinite-dimensional lattice-subspaces of R* with positi-
ve bases are studied. In the fifth some applications in the determination of
posttive bases are given. In the last one we give an application of lattice-sub-
spaces in economics.

1. — Lattice-subspaces.

Let £ be a (partially) ordered vector space with positive cone £ , and
X a subspace of K. The cone X N £ , will be called the induced cone of
X, and the ordering defined in X by this cone the induced ordering. We
will denote by X | the induced cone of X,ie. X . =X NE .. An ordered
subspace of £ is a subspace of £ ordered by the induced cone. A lattice-
subspace of £ is an ordered subspace of E which is also a vector lattice
(Riesz space).

Let X be a lattice-subspace of E. Then, for each x, ¥ € X we will deno-
te by supy {x, ¥y} or by «Vy the supremum of {x, y} in X (note that
supy {®, y} =zifand only ifze X, 22 x, y and for each we X, w=x, y
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implies w = z). Similarly we will denote the infimum of {x, y} in X by
infy {x, y} or by x A y. It is clear that

xVy<xVy and rAYSTANY

whenever x\/y, x Ay exist (remind that x\Vy is the supremum and x Ay
the infimum of {x, y} in E). If E is a vector lattice and 2Vy = Vy for
any x, y € X then X is a sublattice (Riesz subspace) of E.

Let E be moreover a Banach space. A sequence {e, } is a positive ba-

sis of £ if {e,} is a (Schauder) basis of £ and E , = {x: Zliei‘ii
i=1

§R+ for each z} A positive basis {e, } of £ is unique in the sense of a po-
sitive multiple, i.e. if {b,} is an other positive basis of £, then each ele-
ment of {b,} is a positive multiple of an element of {e,}.

THEOREM 1 ([25], Theorem 16.3). If {e,} is a positive basis of &, the
Jollowing statements are equivalent:

1) The basis {e,} is unconditional. ‘

2) The cone E . is generating and normal.

The cone E' . is generating if E=E , — F . and £ _ is normal (or
self-allied) if there exists some ceR. such that 0 <z < y implies
el < clly].

THEOREM 2. If {e,} is a positive, unconditional basis of K then E is
a locally solid vector lattice (i.e. E is a Banach lattice with respect to an
equivalent norm).

Tlge proof of the above theorem follows by the fact that for each
r= zlfliei and y= 2 u;e; in E we have
1= i=1

xVy= 21(/11'\/#{)61'-

Also by the previous theorem we have that the cone E + 18 normal and
generating, therefore by [11], Theorem 4.1.5, £ is locally solid.

The following result (see [1] or [23]) is very important for the study of
finite dimensional lattice-subspaces. It can be proved both elementary or
as a partial result of the Choquet-Kentall Theorem.

"I‘HE.OREM 3. A finite dimensional ordered vector space K is a vector
lattice if and only if E has a positive basis.
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In the theory of ordered spaces have been studied sublattices ideals
and bands and many basic results have been formulated in terms of the-
se subspaces. The class of lattice-subspaces has not been systematically
studied. The most serious difficulty for the study of lattice-subspaces is
that supy {«, y} depends on the subspace. So, for example we cannot
conclude that the intersection of lattice-subspaces is again a lattice-sub-
space. In lattice-subspaces we have the induced ordering but the lattice
structure is not the induced one.

The following result, of Lattice-Universality of C[0, 1] shows the
importance of lattice-subspaces in the theory of Banach lattices.

THEOREM 4 ([22], Theorem 4.1). Fach separable Banach lattice is
order-isomorphic to a closed lattice-subspace of C[0, 1].

Since the sublattices of C[0, 1] are not enough for this representa-
tion, the lattice-subspaces seems to be the right class of subspaces to
study Banach lattices. Also recently lattice-subspaces have been used in
economics where they have applications in incomplete markets and in
the theory of finance.

Lattice-subspaces appeared in the works of many authors in their at-
tempt to study the subspaces of £ which are the range of a positive pro-
jection. If X is the range of a positive projection P : E— X and £ is a vec-
tor lattice, it is easy to show that X is a lattice-subspace with xVy =
=P(xVy)andx Ay = P(x A\y), for each x, y € X. In this case X has also
some extra properties (for example the positive extension property) ari-
sing from the existence of the positive projection, but as it is remarked in
(1], there are lattice-subspaces which are not the range of a positive pro-
jection. Especially in [1] an example of a two-dimensional lattice-subspa-
ce of C[0, 1] which is not the range of a positive projection is given. For
results on this special class of lattice-subspaces see in K. Donner, [6], N.
Ghoussoub, [7], G. Jameson and A. Pinkus, [12] and for a survey on latti-
ce-subspaces and positive projections see in [1].

The first works on the general class of lattice-subspaces appeared in
1983. The notion of the lattice-subspace was introduced by Polyrakis in
[20] when the next result was prooved:

THEOREM 5. Each closed lattice-subspace of 1, is order-isomorphic
to ll'

At the same time the notion of the lattice-subspace was introduced
independently by Miyajima in [15], who instant of the term «lattice-sub-
space» used the term «quasi sublattice». He proved the following:
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THEOREM 6. If E is a vector lattice then X s a lattice-subspace if
and only if X is the range of a positive projection from the sublattice
S(X) generated by X onto X.

The existence of positive bases in the lattice-subspaces of K is studied in
[21] and [22]. In these articles it is supposed that £ is a Banach lattice the
positive cone of which is defined by a countable family I = { f; |1 N} of
positive linear and continuous funetionals of £, i.e.

E ., ={xeE|fi(x)=0, for each i}

and it is supposed that X is a closed lattice-subspace of £. For each x ¢ £
the support of x with respect to the family F is the set

suppg () = {1eN|f:(x) 20}

and for each ordered subspace Y of £ the support of Y, with respect to F is
suppg (Y ;) = ) L% supp ().

In [21] the notion of the maximal support property for the lattice-sub-
spaces of F is introduced. This property concerns the microstructure of
the subspaces and is defined as follows:

DEFINITION 7. A lattice-subspace X of E has the maximal support
property with respect to the family F, if for each closed ideal I of X and
for each x el , it holds: x is a quasi-interior point of I , if and only if
suppg (&) = suppg (I ;).

THEOREM &. If X is a closed, countably order complete, separable
lattice-subspace of E and X has the maximal support property with re-
spect to F, then X has a positive basts.

In 1992 Aliprantis and Brown understood the meaning of lattice-sub-
spaces in economics. One of the most important questions at this time
was the study of finite-dimensional lattice-subspaces. This problem is in-
teresting, even in R", because many economic models, as the famous Ar-
row-Debreu model, are finite. In [1] the lattice-subspaces of R" are stu-
died and in [23] and [24], the finite dimensional lattice-subspaces of
C(£2) are also studied. For applications of lattice-subspaces in economics
see in [10], [3] and [4]. Also for applications of ordered spaces in econo-
mics we refer the reader to the book of Aliprantis, Brown and Burkin-
shaw, [2]. For ordered spaces we refer the reader to the books [18], [11],
[5], and [13].
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2. — Subspaces of R with positive bases.

This section is a generalization of [23] where the same problems are
studied in the space of real valued continuous functions C(£2), defined on
a compact and Hausdorff topological space £2. In [23] the reader can also
find the original ideas, some simple examples on finite-dimensional latti-
ce-subspaces and many other information on this kind of subspaces. The
results of this section in this generalized form can be found by the rea-
der in [19].

In this section, we shall denote by £ a nonempty set, by R¥ the space
of real valued functions defined in £ and we will suppose that R¥ is orde-
red by the pointwise ordering.

Suppose that {b,} is a (finite or infinite) sequence of R®, If ¢ is a point
of © and there exists m e I such that b,,(t) = 0 and b,(t) =0 for each
r % m, then we shall say that ¢ is an m-node (or simply a node) of the se-
quence {b,}. If for each 7 there exists an r-node ¢, of {b +}, we shall say
that {b,} is a sequence of R” with nodes and also that {t,} is a sequen-
ce of nodes of {b,}. In the following result suppose that & is a subspace
of R, ordered by the induced ordering. Suppose also that E has a positi-
ve basis therefore we suppose that £ is a Banach space with respect to a
norm which is in general independent on the space R%.

THEOREM 9. Suppose that E is a subspace of R¥ and that {b,} s a
sequence of E consisting of positive functions.

(@) If {b,} is a positive basis of &, then for each m there exists a
sequence {w,} of 2 (depending on m) such that for each keN we
have

k _
0< bi(wy) < 1

i=1,i#mbm(a)k) k

Therefore Vlim blw) 0 for each i =m.

= b, (0,)

(1) If E is n-dimensional subspace of R? and the sequence {b,}
is comsisting of m vectors by, by, ..., b,, the converse of (1) is also true,
i.e. if for each 1 <m < n there exists a sequence {w,} of 2 (depending
on m) satisfying

=0 for each i #m,

. bi(wv)
lim

e (e,

then {by, ..., b,} is a positive basis of E.
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PropOSITION 10. Let E be a subspace of R® and let {b,, ..., b,} bea .

positive basis of E. Then for each function x = Z A:b;eE, we have the
Sollowing. ol

x(t,)

b(t)

(1) If a point t; is an i-node of the basis, then i;=
b_,‘((Uy)

(1) If {w,} is a sequence of Q such that lim =0 for each
. _ o xw)) TT b))
j#1, then ;= lim .
V— o bi(wy)
2.1. Finite-dimensional subspaces of R°.
Suppose that Xy, Xz, ..., &, are fixed, linearly independent positive

elements of R?, z=2, +x,+ ... + x, is the sum of the functions x; and
we suppose that X is the subspace of R generated by these functions i.e.

X= [‘rli Lo, ..., xn]-
We study the problem: Does X have a positive basis?

DEeFINITION 11. We will vefer the function

t t w, .
Bt) = xl(), @) o ® . teQ with 2t)>0,
2(t)  2(1) 2(t)
as the basic function (curve) () of x,, xy, ..., x,. We will denote by

D(3) the domain, by R(B) the range of § and by K the convex hull of the
closure of the range of B, i.e. K=coR(fp).

The range of S is a subset of the simplex (base)

n

> Zjizl} of R .

i=1

a,= {EER’i

A subset C of R™ is an r-simplex if it is the convex hull of + + 1 affine-
ly independent vectors of R™. These vectors are called vertices of the
simplex.

(1) If 2 is a real interval, then 8 defines a curve in R”. For this reason we re-
fer also f as «basic curve»,
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THEOREM 12. The following statements are equivalent.
(1) X is a lattice-subspace
(1) K is an (n —1)-stmplex.
Suppose that statement (1) is true and that P, P,, ..., P, are the

vertices of K. Then for each i1 =1, 2, ..., n there exists a sequence {w;,}
of 2 such that

Pi = Vli_’n}cﬂ(wiv)-

Suppose also that A is the m X n matrix whose, for each i=1,
2, ..., m, the "™ column is the vector P;and by, by, ..., b, are the func-
tions defined by the formula

(1) (b (1), ba(t), ..., b, INT=A ", (1), xo(t), ..., x ().
Then the set {b,, by, ..., b,} is a positive basis of X and

b
}L%(I)—J)(ww):o for each j#=1.

(3

If P=p(ty), then t, is a k-node of the basis {b,, ..., b,}.

THEOREM 13. Let K be a (n — 1)-simplexr and let f(ty) be a vertex of
K. Suppose that {a .} is a sequence of real numbers convergent to zero
with a4, > 0 and @4, < 0 for each v and suppose also that {t,.} is a se-
quence of . If lim Al Bt =1, leR", then [ =0.

r—> o a,

COROLLARY 1 (The derivative’s criterion). Let K be a (n — 1)-sim-
plex and let B(t,) be a vertex of K. Suppose that o is a function defined
on the real interval (—e, &) with values in Q2 with ¢(0) =t, and suppo-
se that @ = foo s the composition of o, B. Then

¢'(0)=0,
whenever the derivative ¢'(0) of @ at the point O exists.

REMARK 14. In order to study if X has a positive basis (or equiva-
lently if X is a lattice-subspace) we study if the convex hull K of the clo-
sure of the range of B is a simlex. In general it is difficult to study whe-
ther K is a simplex and if it is it is also difficult to determine the verti-
ces of K. If K is a simplex, B(t,) is a vertex of K and t, is an interior
point of a curve ¢ of 2, then the derivative at the point t of the restric-
tion of B on the curve c is equal to zero, whenever the derivative exists. If
for example Q is a subset of R" and t is an interior point of 2, then the
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partial derivatives of 8 at the point ty are equal to zero and if t, belongs
to the boundary 9(82) of 2 the derivative at t, of the restriction of B at
any curve of 3(2) having t, as an interior point, is equal to zero. Hen-
ce, by Corollary 1, the points t, of £ whose the images B(t,) are vertices
of the simplex K can be obtained as the solution of a system of equa-
tions or among the points of 2 which are not interior points of a diffe-
rentiable curve of 2. In many cases, the extreme points of 2 have this
property, Example 22.

3. Linear functions.

In this section we suppose also that x,, x,, ..., x, are linearly inde-
pendent positive elements of R?, z is the sum of x; and X is the subspace
of R? generated by the functions x; but we add the assumption that Q is
a convex set and the functions xz; are linear, i.e

I,(E Ml"k) = 2 Ahxi(ty),
K=1 K=1

for each convex combination E Apty of £ and also x;(it) = Ax;(t), for

k=1
each positive real number A with ¢, it e £2.
The results of this section can be found by the reader in [19].

THEOREM 15. Suppose that x., &g, ..., £, are linear functions.
Then

(1) the basic function B is homogeneous of degree zero in the sense
that B(At) = B(t) for each positive real number A with t, At D(f3).
(i1) for each positive, linear combination t = 2, A,t.eD(B) of ele-
k=1

ments of D(f) we have

m /1 t
sy = 5 ) g
2(t)

k=1
therefore ((t) is a convex combination of the wvectors pB(t;), 1=1,
2, ..., m

(i) If t=1t,+1t, with 2(t) >0 and z(t,) =0, then B(t) = B(t,).

() Let 7 be a topology on £ and suppose that T = {t;, iel} and A
are subsets of the domain D(B) of B.
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() If A is contained in the positive linear span of (®) T, then the
image B(A) of A 1is contained in the convexr hull of the family
{B&) |iel}.

(b) If A s contained in the t-closure ¥ of the positive linear span
of T and the basic function f3 is t-continuous on ¥, then the image S(A)
of A is contained in the closed convex hull of the family pB(t)),
tel

DEFINITION 16. Suppose that Y, G are ordered spaces. We will say
that the dual system (Y, G) is () an ordered dual system if

Y, ={yeY|y,g)=0 for each geG , }
and
G,={9eG|{y,9)=0 for each yeY.}.

Suppose (Y, G) is an ordered dual system and Y, G are ordered
norned spaces. The- sets

Uy ={yeY.|lpll<1} and U ={g<G. |lgll<1}

are the positive part of the closed unit balls of ¥ and G respectively. Any
element of Y can be considered as an element of RU¢ and each element of
G as an element of RV7 but the equality is not the same. If for example
we suppose that y,, y,e Y, theny, =y, in Y,if (y,, g) = (¥, g) for ea-
chgeGand iy, =y, in RY¢ if y1(t) =y,(t) for each te U¢. 1t is clear
that the equality in Y implies equality in RV¢ but the converse is not true
in general. If the cone G | is generating (.e. G=G, — G ,) it is easy to
show that the two equalities are equivalent, therefore we can identify al-
gebraically Y with a subspace of RV¢. If for example G is a Banach latti-
ce, the cone G , is generating therefore we may suppose that Y is a sub-
space of RY¢. For the space G hold also similar results.

Suppose that x,, x5, ..., 2, are linearly independent positive ele-
ments of G and that X is the subspace of RUF generated by these fun-
ctions. As in the previous section denote by 2 the sum of the functions x,.

(*) The positive linear span of T is the set of positive linear combinations of
elements of T.

() In any dual system (Y, G) it is supposed that G separates the points of ¥
and conversely.
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The basic function is

B(t) = x () , xo(t) x,@)

., teU; with (1) >0.
2t) | alt) 2(t)

As before, denote by D(S) the domain and by R(S3) the range of 3.
The following result is an easy consequence of statements (42) and (iv)
of the previous theorem.

THEOREM 17. Let the ordered dual system (Y, G) and let Y be a Ba-
nach lattice with a positive basis {d;}. If x|, ©,, ..., x, are linearly in-
dependent positive elements of G and f is the basic function of the vec-
tors x,, then

R(B)ceo{p(d))|ie P},

where @ = {ieN|d; e D()}.
If 'Y is an m-dimensional space with a positive basis
{d,ds, ..., d,}, then

coR(B) = co{p(d;) |ie D},

where d={i=1,2,..., m|d;e D(B)} and the following statements are
equivalent:

(1) The space X generated by x,, %o, ..., &, has a positive basis.

(17) There exist 11,13, ..., 1, such that 5(d; ), k=1,2, ..., n
are linearly independent and

coR(B) = co{fd; ), B(d,,), ..., B(d; )}
Then a positive basis of X ts given by the formula
by, by, ..., b, N =A@ @), 220, ..., 2,@), for each teUT,

where A s the wmatrix with columns the wvectors B(d;)),

Bdy), ..., B(d,).

THEOREM 18. Let (Y, G) be an ordered dual system. Suppose that
Y is a normed space and that {y;|ieN,0<j<2'} where y;eY .
and Y=Y, 1,2-1+Yis1,25, for each 1,j, is a decomposition tree
of Y ..
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If €y, T3y ..., &, arve linearly independent, positive elements of E
and f3 is the basic function of the vectors Xy, &z, ..., &y, then

2(Yiv1,2-1)

2y ) BYicr,2-0F

By ) =

Z(yi+1,2j

)
( 1+ y;2*)’
z(yu) ﬂ y 1,2

for each i, j, whenever Y 15-1, Yi+1,2 belong to the domain D(f) of p.
Also D,, is a subset of the convex hull of D+, for each melN,

where

D, =co{fyn) |0 <5 <2 yme DB}

Proor. For each k=1, 2, ..., n we have:

xk(Z/ij) - Z(yi+112j71) mk(yi+1,2j-1) n

2y y) 2y y) 2Yiv1,25-1)

z(yHI,Zj) 'Tk(yi+1,2j)

2y ) WY i1, 2)

therefore

Y iv127-1)

W) BYivy2j-0)t

By i) =

2(Y ;41 2i)
——y—h—zj—ﬁ(yu 1,20
z(y,-]-)

Hence the first assertion of the Theorem is true. Since S(y ;) is acon-
vex combination of B(y ;4 1,27-1) B i+1,2i) the second assertion is also
true. W

4. ~ The infinite dimensional case.

Suppose E is a subspace of R? generated by the linearly indeper?dent
positive elements x;, ie N, of E, ie. E is the closure of the linear
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span of the vectors x,. Then we may also suppose that

x
=3 a,
i=1

xr,

exists because E is also generated by the elements —
2 i )l

1eN (M.
Therefore as in the finite dimensional case, we can define the basic

Junction (curve) of the countable set of linearly independent positive
elements {x;|ie N} of R® with sum z as follows:

xq(t) x,(8)
2(t) ’ @)

The function § takes values in the simplex

S={&el{ [leh=1} of iy

pi) = for each te Q2 with 2(¢t) > 0.

THEOREM 19. Let K be a sublattice of R If {b,} is a positive basis
of E, then the range R(B) of the basic function of the elements x; is
countable.

PROOF Since £ is a sublattice of R?, we have:
blAb7=bl/\b7:O

therefore the sets I;=b71(0, »), ieN, are disjoint subsets of Q.
Let z, = Z Aib; be the expansion of z, in the basis b,. Then

where o; = E Aji. Let @ = {1eN|o >0} Then D = U I; is the do-

main of the basm function
x(8)  x,(1)
OO

The set @ is infinite. This holds because if we suppose that @ is finite,
then 4,;, = 0 for each i ¢ @ therefore x,= Z A.ib;, for each n. Hence
e

B) =

(“) We suppose that £ is a Banach space with respect to some norm

[13] LATTICE-SUBSPACES AND POSITIVE BASES. AN APPLICATION ETC. 339

each x, belongs to the space generated by the set {b; |ie @}, therefore
E is finite dimensional, contradiction.

For each i€ @ and t e I ; we have that b () > 0 and b;(¢) = 0, for each
1 #j, therefore

ﬁ(t): EyﬁﬁiBiy“' :Pi'

0 g; g;

Also for each 1, je @ with i # j we have that P, = P;, because in the

Ak Ay z; x
contrary case we would have ~ = "2 for each k, therefore X = =,
a; g; o, J;

contradiction because the vectors x,; are linearly independent. Therefore
the range R(B8) = {P;[ie @} of the basic function is countable. =

We close this section by the question if an analogous result of Theo-
rem 12 holds also in the infinite dimensional case. So we suppose that £
is a infinite dimensional oredered subspace of R“ generated by the li-
nearly independent positive elements x;, i€ N, of £. As we have remar-
ked before we may also suppose that

ac
> o
i=1

exists therefore the basic function g8 of the vectors x; takes values in the
simplex

S={et [lleh=1} of Iy.

Suppose that K is the closure of the convex hull of the range of 5.

ProBLEM 20. Is E a lattice-subspace if and only if K is a
simplex?

5. - Examples of computation of positive bases.

EXAMPLE 21. Let Q=1[0,2], 2,(t) =t2—2t+2, z,(t) = —t>+
+ 2t —t+2,25(t) =t3 — 3t%+ 3¢t and X be the subspace of C[0, 2] gene-
rated by x, x4, 3.

Then z(t) =x,(t) + x,() +x3(t) =4 and B = %(xl(t), x,(), 25(0))
is the basic function of xy, x5, x5 We remark that D(B) = [0, 2] and
that the range R(S) of B is closed. To study whether X has a positive ba-
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sis we study if the convex hull K of R(f) is a simplex. If we suppose that -

K s a simplex with vertices P, Py, P then we have that these vertices
belong to R(j3) therefore we may suppose that B(t;) = P, for each i. The
points t; are pairwise different, therefore at least one of them is an inte-
rior point of [0, 2] In Corollary 1, we have proved that if f(t;) is an
extreme point of K and t; an interior point of [0, 2], then the derivative
of B at the point t; is equal to zero.

Since the derivative of f is equal to zero only in the point 1 of (0, 2)
we have that the set

{B(0), B(1), B(2)}

is the only set of possible extreme points of f and suppose that
P, :,B(O), P:z:,B(l), P3:,B(2)~

We check now if each B(t) is a convexr combination of the vectors P,
and it is easy to show that this is true, therefore K is a simplex with
vertices Py, Py, Ps.

By Theorem 12, X is a lottice-subspace and a positive basis
{b1, b, bs} of X is given by the formula:

(bl(t)y bg(t), ey bn,(t))T:Ail(xl(t), xz(t), ey xn(t))T

where A is the matrix with columns the vectors Py, P, P

After the computations we have that b;(t) = 2(t — 1)2(2 —t), by(t) =
=4H2—t) and b3(t) =28t —1)%. The pointst, =0,t, =1 and t; =2 are
nodes for the basis {by, bs, by}, therefore the expansion of the element x
of X in this basis is

_ 0w ()

o o T e

3

ExampLE 22. Suppose that x,(u, v) =1, x,(u, v) =u, x3(u, v) =v
and X is the space of F(Q) generated by x ., x,, x5 We distinguish the
Jollowing two cases:

@ Q={(u, ) e R |(u—1?+@w-1¢<1}.
The basic function 1s

Blu, v) = 1 “ d )

1+u+v 1+u+v 14+u+v
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and its partial derivatives

-1 1+ 1+u )¢0
(Q+u+v? A+u+v?2 (1+u+0v)?

B.(u, v) = (

and

-1 1+u 1+ )#O
T+u+v)? Q+u+v? (1+u+v)?

IB('(u9 v) = (

Suppose that K = coR(B) is a simplex with vertices P, P, P3. Sin-
ce the function f is continuous on the compact set §2, the range of 3 is
closed, therefore K =coR(f). So there exist three different points
(Uq, v1),(Us, Vo), (g, v3)of Qwith Blu,, v;) =P;, for each i. Since the
partial derivatives of § are nonzero at any pownt (u, v) we have that
(u;, v;) cannot be an interior point of Q. The restriction of B on the
boundary of 2 is

1

—— (1,1 +cosd, 1 +sind)
3+ cos ¥ + sind

o(#)=p(1+cos?, 1+sind) =

and it s easy to see that the derivative o' (%) of o is nonzero for each .
Therefore (u,, v;) cannot be also a point of the boundary of §2. From
these remarks we have that K cannot be a simplerx, thervefore X does not
have a positive basts or equivalently X is not a lattice-subspace.

(i) The set 2 is the triangle Q= {(u, v)eR*|[u =0, v=0 and
utv<l}

Suppose that K is a simplex and that f(u g, v,y) 1s an extreme point
of K. Since the partial derivatives of S at any point (u, v) are nonzero
we have that (wy, v,) is the point (0, 0) or it is a point of the hypotenu-
se of the triangle. The restriction of § on the line u+v=1 1is

(v)—(l L 2)
7 2’ g ' 39

and the derivative of o is

‘) =0, ! 1)
7 v_(’7f’2

which is different from zero, therefore the point (u,, vo) cannot be an
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interior point of the hypotenuse. Hence the only possible set of extreme
points of K is the set

1 1 1 1
030 = 1y0)07 lvO = —)_50) ’ =1 =Y, = .
B0, 0) = ), B(1, 0) (2 > ) B0, 1) (2 0 2”

It is easy to see that any point Blu,v) is of the Sform (convex
combination)

1—-u—v 2u 11 2
ﬂ(u,’v)=¥ (130’0)+— (—’_10)+—v_(ly0’l )
1+u+v 1+u+v\2 2 1+u+v\2 2

therefore X has a positive basis {by, by, b 3} which is given by the
Sormula:

1 -1 -1
(by, by, b3) = [0 2 0|(x,, 2y, x3)T,
0 0 2

therefore
by=1-u—v, by=2u, by=2vp,

s a positive basis of X.

We show below the way we can work in R” and also in the space of
matrices

EXAMPLE 23. We will denote by M, the space of the n x n real ma-
trices. Note that M, is order-isomorphic to the space R™*".
Let X be the subspace of M3 generated by

1 1 1 0 2 1 1 0 2
=12 0 1{, w,=15 1 0|, as3=]1 1 1
0 1 2 1 2 2 1 0 1

In order to study whether X has a positive basis we use Theorem 17
as follows: Consider the dual system (M3, M) and consider X as a sub-
space of the second space. The usual basis {er, ez, ...,e5} of Myis a
positive basis of M 5. To study whether X has a positive basis we study
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if the convexr hull K of the vectors Ble;) s a 2-simplex. We have:

1
Bley) = %(1, 0. 1) =fles) fles) = —(0.1,1) = flex),
1
,3(@2) = 5(1, 2,0) :,3(68)’

1 1
Bles) = %(1, 1,2), fley) = §(2, 5,1), pleg) = 3(2, 2, 1).

Suppose that K is a simplex. Since the second coordinate of the vector
Bleq) is zero and the corresponding coordinates of the other vectors
Ble ;) are non-zero we have that (e ) cannot be a convex combination of
the other vectors, therefore B(e ) must be a vertex of K. Similarly we ha-
ve that B(es), Bles) are also vertices of K, therefore {f(e ), Bles), Bles)}
is a possible set of extreme points of K. It is easy to show that each (e ;)
is a convex combination of Ble.), Bles), Bles), therefore X has a positive
basis {by, by, b3} which is given by the formula:

(bla be b3)T:A_1(x1; X2, xB)T)

where A 1s the matrixz with columns the vectors (e ), Bles), fles). After

the computation of A ™' we have
4 2 27
3 3 3
(b1, bs, b)) =| 4 2 4|,z 2y),
3 3 3
1 1 1

2 2
hence b1=§(2x1—x2+x3), b2=§(——2x1+x2+2x3), by=x;+x,— 5.

Therefore the positive basis of X is

1 01 0 0 1 01 0
b1=2 0 0 1 s b2:2 1 1 0 ,b3=32 0 0
0 0 1 1 0 0 0 1 1

The points ey, es, e, of Q=Uj, are nodes of the basis of
i {b1, by, b3}. By statement (i) of Proposition 10, the coordinates of x,
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(and of any other vector of X) in the basis are given by the formula

(96'1(61) _ l x1(65) —0 901(62) 1
b](el) 2’ bz(es) , b3(62) §)r

thevefore x, = ébl + ébg.

EXAMPLE 24. Let X be the subspace of the the space M 2 generated by

[1 1 1 4 0 1
Xy = ’ Lo = ’ Xy = .
0 3 1 2 [1 1J

We study whether the convex hull K of the vectors Ple;), =1,

2?3,4, where {eili:1,2,3,4} 18 the usual basis of M,, is a
simplex.

1
Blen) = ~(1,1,0), fley) = %(1,4, D,

1 1
ﬂ(e3) = 5(07 1’ 1)’ ﬁ(ell) = 6(3; 2; 1)-

Suppose that K is a simplex. Since the third coordinate of B(e,) is
zero, B(ey) cannot be a convex combination of the other vectors f(e,),
therefore B(ey) is a vertex of K. Similarly we have that Bles) is also a

vertex of K, therefore the possible sets of extreme points of K are the
Jollowing:

G,= {ﬂ(el); Bles), ,3(62)}

and

Go={Bley), Bles), Bley)}.

It is easy to see that fley) is not a convex combination of Ble,),
Bles), Blesy), therefore G | is not a set of extreme points of K. Similarly

we have that G, is not a set of extreme points of K, therefore X does not
have a positive basis.

6. - An application of lattice-subspaces in economics.

Qompetitive security markets with finitely many securities have been
studied by Hart, [9] and also by Hammond [8], Nielsen [16] Page [17]
and Werner [26]. Formally the Hart’s model is very similar t,o the stan-
dard model of competitive commodity markets. The space of portfolios
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plays a role similar to the role of the commodity space. Equilibrium the-
ory of security markets exploits this similarity and relies on the methods
of the Arrow-Debreu equilibrium theory. For an extensive discussion on
the relationship between Hart’s models and the Arrow-Debreu model
see in Milne [14].

We consider here a model of security markets extending over two da-
ys. This model has been studied in [3]. We suppose that there are counta-
bly many securities traded at day O labeled by the natural numbers
1, 2, ... Securities are described by their payoffs at day 1. The payoff of
security » is an element x,, of a partially ordered vector space X which is
called payoff space. Typically X is the space of continuous functions
C(2) on a compact, Hausdorff space £, or X is the space of real-valued
random variables on some underling probability space (£2, X, u), such as
aL,(2, 2, u)-space for 1 <p < . Securities can be combined in por-
tfolios. A portfolio is a sequence of share holdings 6= (6, 6., ...),
where 6, is the number of shares of security #. In the case of a short po-
sition in security », the holding @, is negative. In this model we suppose
that each portfolio 6 has a finite number of non-zero holdings 6, there-
fore each portfolio is formed from a finite subset of securities. The space
of portfolios is the vector space ¢ of eventually zero real sequences and it
is called the portfolio space. The payoff of portfolio 6 e ¢ is

RO)= 2 0,x,eX.
n=1

R is a linear operator of ¢ into X which we call the payoff operator.
Suppose also that the vectors x,, x,, ... are linearly independent
(non-redundant securities). This implies that the payoff operator is
one-to-one.
The partial order = of X induces the partial order =3 in the payoff
space ¢ as follows

6=r@, if and only if R(0) = R(¢), for each 0, pe¢ .

The order =g is called portfolio dominance order and its positive
cone in the portfolio space is the set

¢i={0<9|R(©6)=0}.

Therefore ¢ £ is the set of portfolios with positive payoff. We assume
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that ¢ ordered by = is a vector lattice. Then for each &, ¢ € ¢ denote by
ONVre, Y A\rg

the supremum and infimum of {€, ¢} respectively.
The range of the operator R, ie. the subspace

M = R(¢)

of X, is the set of payoffs of portfolios and is called the asset span of se-

curities. M is also known as the space of marketed securities. It is easy
one to show that

PrOPOSITION 25. The asset span M is a lattice-subspace of X if and
only if the portfolio space ¢ in the portfolio dominance order Zgz is a
vector lattice.

Any vector ¢ = (g, g2, ...) e R¥, where ¢, is the price of the securi-
ty m, is called security price system or vector of security price. The
value of security 6 at price g is the real number

The portfolio space ¢ and the space of security prices R* form a dual

system, (¢, R*), the portfolio-price duality. The dual cone (¢ 3) of ¢ %
is defined by

(pr) ={qeR* |q.6=0, for each Bepy}.
6.1. Equilibrium in security markets.

Suppose that ¢ is equipped with the inductive limit topology &. Sup-
pose also that in our model there are m investors indexed by i=1,
2, ...m and that each investor has,

(i) the cone ¢ 7 as his feasible portfolio set,
(i) an initial portfolio w' e ¢,
(ifi) a utility function u,: ¢  — R such that «; is quasi-concave,

&-continuous and monotone in the order = of ¢, and we suppose also
that

i3
(iv) the marked portfolio w (i.e. the sum 2 w; of the initial port-

i=1
folios) is desirable i.e. % ;(8 + aw) > u;(0), for each 0 € ¢ 1 and each real
number a > 0.
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Suppose that geR¥ is a security price system. The set

is the budget set of the investor 7 in the price q.

A portfolio ¢ e B(g) in which the utility functior} Fakes mafdmum in
B;(q) is called optimal portfolio for the investowll' 4 in the price g.

Any m-tuple (81, 8%, ...6™) with fie ¢z and 2:1 6! = w is a portfolio
allocation. . o

A portfolio allocation (6, 6%, ...6™) is called portfolio equlhibrlurfx
if there exists a non-zero security price system ¢ such that each 8" is opti-
mal for the investor ¢ in price g. - L

A portfolio allocation (6!, 92, ...6™) is called portfolio quasiequili-
brium if there exists a non zero security price system ¢ such that for ea-
ch Bleor

u;(8) = u;(6%) imply ¢.60 = g

It is clear that each equilibrium is a quasiequﬂit-)rium.' ‘

A portfolio allocation (8%, 62, ...6™) is called optlmal, if there exists
no other allocation ¢ = (¢!, ¢*, ...¢™) such that u;(0%) = u ;(¢") for ea-
ch i and u,(6%) >u (@), for at least one i. '

Also a portfolio utility function w ; is said @-uniformly E-proper on
¢ 7, if there exists a neighborhood (in the inductive limit topology) V of
zero such that u (6 —a@ +y) = u(6) implies that y ¢ aV for each real
number a >0 and g e ¢ With 0—ap+yedr.

TreoReEM 26 ([3], Theorem 6.1]). If the payoff space ¢ has a Yudin
basis () and each portfolio utility function u; is also w-.umformly &-pro-
per on ¢ 4, then there exists a portfolio quasi-equilibrium.

(%) i.e. ¢ has a positive basis {b .} with the property: each element of ¢ is a fi-
nite linear combination of elements of {b;}.
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