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Anewkovion ypagnuatos oto eninedo (Embedding):

H avtiotoiyion Tmv Kopupdv Tou YpaQiuatog 08 ONUELS TOU ETITESOV KOL TOV OKUDY OE
KOUTUAEG TTOV EVAIVOLY TCL ONLLELD. TTOU AVTLOTOLXOVY 0TAL AKPA TG OKWG.

Erinedn aneikovion:

M QITELKGVLON 0TV OTT0L0L:

* OL KOpTOLES TTOV AVTLOTOLLOVV OE GKUES OEV TEUVOUV TOV EQUTO TOUG.

* AV0 KOUTOLEG TEUVOVTOL LOVO GE ONLLELDL TTOU AVTLOTOLXOUY OE KOPUQT) 0TIV OTTOLEL KoL OL
800 TPooTTTTOVY.

Erinedo ypagnua (Planar graph):

"EV0. YPA@ILLOL TO OTTOLO EXEL ULt ETTUITEDT AUTTELKOVLON).

Eveminedo ypagnua (Plane graph):

'Eva. e0TE00 YPAPNLE TO OTTOLO GUVOSEVETOL OO LG OUYKEKPLUEVT ETTLTEST) OTTELKOVLON).
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‘OeLg EVERITEDOL YP AP NATOS: es| 6 s 6{; ey
3
Ta evouéva uipate ov N2 mov mpoKHITOVY £6V €7 ¢
APOLPETOVLLE TIG KOPUPEG KOL TLG OKUEG EVOG 1 . 2

YPOPNUOTOG OTTO 0L ETTLTEST) ATTELKOVLOT] TO.
< fo: EEwtepukn oym.

2
Iepddpro 6yngs (face boundary): .
2
H stepuynon mov TpokumTeL amod Tig aKUEG Ko KOPUPEG 8 €4
7OV TPOOTUITTOVV OF Lo Oy f evog eveninedov 4
ypognuatog G (oe clockwise 1 cew duata€n). Mepukég
OKUES/KOPUPEG UITOPEL VO EUPAVIGOVTOL 2 (POPEC. 4 es 3
MepOdpro g fa:
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Oedpnua 11.1 [Euler-1750]:
'Botm ouvekTiko evemimedo ypagnua G ue n Kopupes, m akueg kau f opels. Tote, woybet:

n+f=m-+2 (1)

AmdetEn [ue exaywyrj oto wAOog aKudv]:

° ‘ G ovvektikd = m > n — 1 (2)‘

Baon: m=mn—1

. ‘ To G eivaw 8¢vdpo. = f =1 3) ‘

° n+f:m+2<2<)£(>3)

n+l=n—-14+2&
n+l=n+1 v
"Eotm 611 T0 Oedpnuo 1oy Vel Yo, KGO EVETIMESO OUVEKTIKO YPOQPNLCL LE

E.T.
k> n — 1 akpéc.
.

EB. ©a 8el&w 6t To Oempnua Loy YLo. eVETTES A OUVOESEUEVQL YPOPTUATO

ue k + 1 akpég.
"Eoto evemimedo ouvekTiko ypagnuo G ue mg = k + 1 axuég, ng Kopugég

v

Ko fag Oypelc.
v
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e mg =k+12>n=ToG &g KOKLO, KoL Apa £XEL TOUAAYLOTOV WC. ECWTEPLKT) OYPn).
e 'Eotm e Wo akpn Tov avikeL 0tov KUKAO Tov opilel o eowTeptkn oyn tov G.
e KataokevdZw to evemimedo ypagnuoa G’ agapdvrag amd 1o G vy aku e.
e ToG éyer fr = fag —1oypeigkaumg =mg—1=k
OKUEG. G
e Amo emaywylky vrodeon éxovue:
ng’ +fG/ =mg +2&
ng+(fa—1)=(meg-1)+2¢&
ng + fa =mag +2
TO 0TT0lO £lval TO TNTovpEVo Yo To Yphgnuo G. v M

Moépopa 11.2:

O aplBudg TV OYeWV EVOG EMLTESOV GUVEKTIKOV Ypa@NUoTog eV eEapTATOL OTTd TNV
ETTLTEDN AITELKOVLOT| TOV.

AmodelEn :

o O apBudg Tov dpewv (omd to O. Euler) givaw wévta loog pe m — n + 2. IJ
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Epdton 11.1: Tog petafdireton o tHmog Tov Euler yio ypagnuota ue k OUVEKTIKEG GUVLOTMOES; J

BaBudg oyngs:
O 0plBuog TV aKU®V pLag Oyng ovuBorileton ue d(f). AKUEG TOL TPOOTUITTOVY GE (et (LOVO
oY1) TPOOUETPOUVTOL 2 (POPEGS.

P e s

d(f1) =4

Afupe 11.3:

"Eoto emiedo ypagnua G ue m akpég kar €otm F(G) to ouvolo Tov 0yedv tov. Tote,

> dn)=2m

FEF(G)

AmodelE :

o Kda0Oe axun ouvvelopépel akpifag 2 povadeg 0to AOpoLopa Lot gite TPOOTiTTEL OF 2
OWPELG 1] TPOOTTITTEL OE PLoL OYN AL HETPLETOL SLTAGL. [ |
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Oeopnua 11.4 :

‘Eoto emimedo ypagnuo G ue n kopueég Ko m akués. Tote,
m<3n-—6 “)

Amodelén :

o loybeLyian = 3. m = 3 (UEYLOTOG # aKUWV)
3<3:3-6=3 V

e Ymobétm ot n > 4.
e Ymobétw 6T 10 G givar cuvekTIKO. AMDG, 1] (4) WoyveL Y10 KAOE GUVEKTIKT] TOU GUVLOTMOOO.

o T kGbe Oyn f € F(G) woydeu: ,
e Am0 ©. Euler
df)>3= Y  df)>3f ntfomt202—ntfom

G
JeR(@ &6 —3n+3f —3m

©) 7
46 < 3n+2m - 3m

o Amd Ao 11.3 éxovue:

<6 <3n—m
> dif)=2m ©)
sm< 3n—6 |
feF(a) y
. ] (5).(6) = 2m > 3f ™
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Moépopa 11.5: J

To ypagnmua K5 dev eivon emimedo.

AmodelEn :
e Edvto K5 Mitav emimedo, Oa toyve ot
10<3-5—-6¢<

10<9
AvTO elvon Pevdeg. [ ]

e Twato K5 éym:
n=>5

m = 10

Inueiwon: H oygonm < 3n — 6 dev eivaw apketn n=6 90<3.6—6

yLoL var arrodelEovpe, te ORoLo TPOo, OTL TO m=9 9<I12wyle

K3, 3 dev elvaw enimedo.

Ozwpnua 11.6 :

'‘Eoto duuepég emimedo ypagnuae G e n Kopugeg kau m akueg. Tote oyveL:
m<2n—4 ®)

ATOOELEN :

e T duuepn ypagnuata wyvel on d(f) > 4.
e Opowa ue v amddelEn tov Bewpnuatog 11.4. IJ
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Epdtnon 11.2: Na deuydel 6m 10 K3 3 dev elvou emimedo. J

Epdmon 11.3: Na deydel 611 kGOe vroypdgnuo tov Ks kow K3 3 givow enimedo. J

Oehpnua 11.7 [Wagner-1937, Fary-1948]:
KaBe emimmedo ypaenuo umopel vo aetkovioel 0To emimedo £T0L MOTE 0L OKUEG TOU VL

OVTLOTOL{OVY GE EVOUYPAUILO, TUNUOTCL.

Afupe 11.8:

T kGO emimedo ypagnua G wyber 6n §(G) < 5.

AmddetEn [Me dromo]:

e 'Eotw 0(G) > 6.
o Tote, Y. d(v)>6nkam » d(v)=2m

vev(G) vev(G)
e Apa,2m > 6n < m > 3n.  ATomo, YLOTL VL0 ETUTEdA YPAPNUOTO LOYVEL OTL
m < 3n — 6. |
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Onoopop@IKa ypagiuoTe:
AVO YPOPNUOTO. EVAL OUOLOUOQPLKE OTON WTOPEL VO TAPOYOEL TO EVa ITO TO GALO e (Lo 1)
TEPLOTOTEPEG VITOSLAUPETELG AKUDV KoL CUMWTTUEELG KOPUPDV.

Ymodiaipeon akung: %uqé :%.U_U’._Ué
StumTuEn Kopugg: U Qv :>>u—1§<—

Oedpnua 11.9 [Kuratowski-1930]:

‘Evo. ypagnuo G elvan eTLtedo avv KavEva VIToYPAPNIG TOU SEV ELVOL OPOLOROPEPLKO UE TO
Ky f] 0 K3 3.

Mapaderypa: To yphgnua Petersen dev elvar emtimedo.

Inueiwon: Hoygonm < 3n —6
dev apkel Yo va amoderyOel
pn-emTed TN TAL TOY
ypagnuatog Petersen.

e T to ypagnua Petersen éxovue ot n = 10, m = 15 ko 15 < 3 - 10 — 6 = 24, t0 07010 LOYVEL.
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EEoeminedo ypagnue (outer-planar graph):

"Evo. entimedo ypagnua G ovopdletal sEmemimedo edv viapyel enlmedn ametkovion tov G
0TV 07ToleL OAEG OL KOPUPEG TPOOTLITTOUY 0TIV EEWTEPLKT) OYN).

Mn-eEwemtinedo yphgnuo EEwemimedo ypaonua

Oehpnua 11.10 :

"Evo. ypagnuo sival eEmemistedo avy dev vITapy el KATOLO VITOYPAPNILG TOU OHOLOLOPPLKO UE
10 K4 1 10 K2 3.

Amodelén :

e To K4 xairto K2 3 dev eivar eEmemimeda. [Aldg 1o K5 kal 1o K3 5 0a fray enimedal

Inueiwon: H eEwemuredomra Sev mMTTETOL 0Itd TNV OpaipeoT
KOPUPNG/OKUNG KoL TNV OVUWITTVEY aKUNG/KOPUPNG. J
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‘= [Me dromo)]

"Eotm 6TL T0 eEmeminedo ypagnua G TEPLELEL VTTOYPAPNUO OUOLOHOPPLKO 1e To K4 1) T0
Ko 3.

Méow oupmtiEewy Kopueng Ko Siaypapes akumv-kopuemv oto G, taipve 1o Ky 1) 1o
K> 3 ywplg va miitteton 1 eEwemmedomro.  Aromo, yuoti to Ky ko Ko 3 dev elval

eEwemimeda. v

(13 2
<=

[Me dromo]
"Eotw 0t t0 G 8V TEPLEYEL LITOYPAPNLLC OLOLOMOPPLKO 1e To K4 1) To K2 3 Kau £0tw OTL
10 G d¢ev elvan eEwemimedo.
To G elvar emmEDO. [Aev TEpLEyel VITOYPUPLOTO OLOLOHOPPLKY e To K5 1) T0 K3 3]
Oewpd 0 Ypagnua G’ = G * K;:
G":

To G’ dev givar emimedo. [Eotw ot frav eninedo. Tote 1 v avijkel oe [l oy mov eptéyet Oheg
g Kopupég Tou G. = To G’ elvan sEweninedo.  Aromo.]

To G’ mepiéyer vroypagnuo H opotopoppkd pe to Ks 1 1o K3 3.

To H mepiéyeL v v. [Toti to G eivou enimedo]

Eav agapéoovpe v v antd 1o H agorpovpe o kopuen and 1o Ks 1 to K3 3, omtote, 10
G TEpLEYEL VTTOYPAPNLLO OLOLOHOPPLKO e To Ky 10 Ko 3. Aromo. v |

y
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Oedvpnua 11.11 :

T KG0e eEETTESO YPAPNUO UE T2 KOPUPEG KL 712 AKUES LOYVEL OTL:
m<2n—3 9

Amodelén :
e Ioyvel TPoavdg Yo aKVKAKA ypognuota. [m < n — 1]
e 'Botw G éva eEmemimedo ypaenuo ue KOKAOUG Ko 0TM oL EEMETITEDT ATELKOVLOT] TOV.
e KartaokevdLovue 1o G’ mpoceTovrag akueg 0to G £T0L HOTE VO, NV VTTAPYOUY YEPUPEG
Kow va, v Iittetan 1) eEwemmedotnTa Tov.
e 'Eotw m’ ot akpég tov G/, m < m/.
Hapaderypo:

o ZoypopiZovue 10 G’ £ToL hoTE OREG OL KOPUPEG TOL VOL ELVOL 0TIV 1dL0L gVBEL KO
“sksbespsg” npog TOL KOTO:

Wﬂ

2 3 45 6 7 8
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e 'BOTO v1,v2, .. ., Un OL KOPUPEG TOU OTTMG TLG OUVAVTANE ATTO ApLOTEPG TTPOG TO. OeELGL.
o Symuatitw o entnedo ypagnua G dnwg mopakaTo:

* Tomobetd) 2 avtiypaga tov G’ “kabBpemtikd” To éva wg Tpog To Giro. 'Eotw

v, v, ..., ], OLKOPUPEG TOV 20U AVTLYPAPOV.
* HpooBétm g akuég (evb. pata) (vs, v)), 1 < i < n.

!, viv; mpooBéTovrag v akun (viv

* TpLywvomoud Tig OYELG v;Vi41v; 1 V; ,1<i<n.

1)
* MpocOétm v axun (vn,v]).

e To G" elvan enimedo pe |V (G| = 2n xaw E(G") = 2m/ + 2n
.o An6O.114: 2m’+2n < 3-2n—-6<&

/

A

2m

< 4dn-6<
m/ 2n — 3

e m<2n—3. [Twtm < m'] |

IN
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XpOUoTopdg eTLTESWV YPAPNUATOV
Oehpnua 11.12 ¢
K&0¢ emimedo ypagnua elvor 6-YpwRoTioo. J

AmdetEn [Me eaywyn wg wpog 1o xAj0og Kogupv]:
e 'Eotw emimedo ypagnua G pe n Kopugec.
Baon: n<6. vV
Avadpour: e 'Eotw kopugn v tov G tétola wote d(v) < 5.
H xopuen v mévta vrdpyet. [Afuue 11.8]
o Xpouatitovpe avadpoukd to G — {v} ue 6 ypduota.

e  Ouyeitoveg ™G v 070 G £Y0UV YPWUATIOTEL UE TO TTOMD 5 YPMUOTA.

XpwuatiZovpe TV v Ue 10 (TOVAGLOTOV £va) un-ypnotportomnBév ypoue. vl
v

Oedpnuae 11.13 [Heawood-1890]:
Koa0e emimmedo ypagnua elvor 5-YpwuoTioo. J

Am6detEn [Me eaywyn wg woog 1o wAj0og Kogupv|:

e 'Eotw emmimedo ypagnua G pe n Kopuepee.
Bdon: n < 5.To G xpouoatiletal pe 5 xpouoto. v J
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Avadpown:
e 'Eotw kopvgi v € V(G) pe d(v) < 5.
e To G — {v} ypopotiletar avadpoukd pe 5 ypouota.
o Avd(v) < 5,m v xpopaTieTal pe o (Tovkdyiotov 1) un-ypnopomomBey ypouo. v
e 'Botw d(v) = 5 ko Ng(v) = {v1,v2,v3,v4,v5}.
e  Trdpyouv 2 YEITOVES TG U, £0TW OL U1, V2 OL OTTOLOL OEV £LVaL EVOUEVOL e akun oTo G.
[Awagopetikd, To G Oa mepieiye 10 Ks.]

G: G"
e Kataokevatovue to yphonua G’ amd
10 G KAVOVTOG OUUTTTUEN TWV AKUMV

(v,v1), (v, v2).

o  Xpouatifovpe avadpowkd 1o G’ ue 5 ypduata Ko, £6Tm oL v3, V4, V5 £X0UV
YPOUOTIOTEL UE TOL XPDOUATO 3, 4, 5 Kol £0Tw 1 W EXEL YPOUATIOTEL UE TO Xpdua 1.
o  Xpouatifovue voupo to G wg eEng:
+ OLKOPUPES V1 KaL v pE TO Xpodua 1. [(v1,v2) € E(G)]
* H xopugn v ue o xphua: 2.
* 'Oheg oL GAAeg KOPUPEG SLaTnpoly To xpwpatopnd tov G/ v
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Ozwpnuae 11.14 [Appel&Haken-1977]:
. J

K&0e emimmedo ypaenuo eivar 4-ypouatioo.

Avik6 (dual) exinedov ypagiparos:

To duikd yodgnua evég eximedov yoagiuarog G eivar éva ypagnua G* 1o omolo £yl wg:
V(G) ={f: fe F(G)}
E(G*) ={e= (f,9g): Oopeig f xau g Bplokovron otig 2 “mhevpeg” g akpng e € E(G).

Hapaderypa:

e C Inueimon: To dukd ypagnuo G* tov
f £ . G elvou emimedo ypagnuo To omoto
"G uropel va €xeL TapdrAnheg aKuEg

Kou/m Bpoyyove.

k-yponationos og Tpog Tig 0Yers:

O YpOUATIOROG TV OYPEWV EVOG ETLTESOV YPOPTUATOG OTO OTTOLO YELTOVIKEG OWPELS (OYPELG e
KOV 0KUT)) £X0UV SLOGPOPETIKO YPMUOL.

v
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Inueinon: O xpouratopds oYemv evog ypagnuatog G eivor L.oodUVapLog e To
YPWUOTLORO KOPUP®DY Tou G* (0pot 0poupeBovv oL TaPAAANAEG AKUEG KoL OL
Bpovxon).

TMopdderyuo:

,

G
G*
\
Tpagnua G ko to duikd tov G* 4-ypwpationog Tov G* 4% POUATIONOG OYPEMV TOV G

Osopnua 11.15 :

M—

"Evo. e70imed0 ypagnue eival 2-XpwUaTiOWO 0g P0G TG OPELG 0vy £xeL KOKAo Euler. [ ]
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