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EXISTENCE AND UNIQUENESS OF A POSITIVE SOLUTION
FOR A THIRD-ORDER THREE-POINT BOUNDARY-VALUE
PROBLEM

ALEX P. PALAMIDES, NIKOLAOS M. STAVRAKAKIS

ABSTRACT. In this work we study a third-order three-point boundary-value
problem (BVP). We derive sufficient conditions that guarantee the positivity
of the solution of the corresponding linear BVP Then, based on the classi-
cal Guo-Krasnosel’skii’s fixed point theorem, we obtain positive solutions to
the nonlinear BVP. Additional hypotheses guarantee the uniqueness of the
solution.

1. INTRODUCTION

In this article, we are concerned with a certain class of third-order differential
equations, known as the three-point boundary-value problem (BVP), given by

u”(t) = —f(t,ut)), 0<t<1,

uw(0) —qu'(0) =0, u'(n)=0, wu(l)=0, (1.1)

where )
q> %(1—277), 0<n<1/2 (1.2)

The problem consists of a new set of boundary conditions but it is closely
related with several boundary conditions.

Recently, Sun, Cho and O’Regan [15] proved the existence of positive solutions
to the third-order boundary-value problem

2 +qt)f(t,2) =0, 0<t<1,
2(0) = 2'(0) = 2(1) = 0,

mainly under a local (at z = 0) monotone condition and sublinearity (at z = +00) of
the nonlinearity. In that paper, they constructed the corresponding Green function
and then applied the Krasnosel’skii’s fixed point theorem.

Lately there have been several papers on third-order boundary value problems.
Hopkins and Kosmatov [6], Infante and Webb [7], Li [9], Liu et al [10, 1], Guo
et al [5] and Kang et al [I2] have all considered third-order problems. Graef and
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Yang [4] and Wong [16] considered three-point focal problems. Also Henderson et
al [2, 3] studied higher order boundary value problem.

Anderson et al [I] proved the existence of Green’s function and found an explicit
formula for it, associated with the homogeneous BVP:

2"(t)=0, 0<t<1
az(0) — bz’ (0) =0, ~xz(n)—dz'(n) =0, 2"(1)=0.
Finally, Palamides and Smyrlis [13] proved the existence of positive solutions for
the general nonlinear boundary-value problem
() = a(t)F(t,x(t),2'(t),2"(t), 0<t<]l,
z(0) =12'(n) = 2" (1) = 0.

In this article, mainly motivated by the above mentioned papers we consider a new
set of boundary conditions and assume similar hypothesis as in [I5]. Initially we
construct the Green’s function to the homogeneous BVP corresponding to (1.1
and then we derive the sufficient condition which guarantees that the Green’s
function is positive. Then, based on the Guo-Krasnosel’skii’s fixed point theorem,
we obtain a positive solution to the nonlinear BVP (1.1)), under superlinear (or
sublinear) type growth-rate on the nonlinearity. Straightforwardly, we also conclude
existence of a negative solution of the above BVP, under the hypothesis of negativity

of the nonlinearity. Finally, we give conditions under which the existing solution is
unique.

2. CONSTRUCTING THE GREEN’S FUNCTION
Consider first the homogeneous third-order boundary-value problem
u"(t)=0, 0<t<l,
uw(0) —qu'(0) =0, u'(n)=0, wu(l)=0.

Lemma 2.1. Ifn # 1/(2(1+q)), the boundary value problem (1.1 has the unique
solution

(2.1)

u(t)y=0, 0<t<1.
Proof. The general solution of the BVP (2.1]) has the form u(t) = at® + bt + c. The
conditions at ¢ =7 and ¢ = 1 imply that 2an 4+ b =0 and a + b+ ¢ = 0. Moreover
the condition at ¢t = 0 yields ¢ —¢b = 0. Hence we immediately obtain the expected
result. ]
Consider now the inhomogeneous BVP
u(t)=—-1, 0<t<1,

u(0) —qu'(0) =0, w'(n) =0, wu(l)=0.
Lemma 2.2. Assume thatn # 1/(2(14q). Then, the Green’s function of the BVP
(2.2) is given by: for s <mn,

Glt.s) = ui(t,s), 0<t<s
U it s), s<t<1

(2.2)

*

and for s >,

*

Gt s) us(t,s), 0<t<s
78 =
v5(t,5), s<t<1,
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where
ui(t,s) =Cy ((1 — 21— 2qn + 8% + 2¢s)t? — 2(s — 2sn + %)t
—2q(s —2sn+ 5217))
vi(t,8) = Cy ((32 +2¢8)t% — 2(2qsn + s*n)t — (5% + 2qs — 4qsn — 252n)>,
uz(t,s) = Co ((1 + 5% — 28)t2 — 2(n — 2sn + s°n)t — 2q(n — 2sn + 8277)>7
vs(t,s) = Co ((2n +2qn + 5% = 25)t° — 2(n — 5 + 2qsn + s”n)t

—2qn + 5% — 4qsn — 25277),
1
2(—1+2n+2qn)’

Co=—

Proof. To obtain the solution of (2.2]), we proceed by cases on the two branches of
the solution, via the above Green’s function G(t, s):
Ift <n,

=Cy (/ ( 52 4 2¢s)t? — 2(2qsn + s°n)t — (s* + 2¢qs — 4qsn — 28277)>d8
n
+/ (1 — 20— 2qn + s> 4 2qs)t? — 2(s — 2sm + s°n)t
—2q(s—2sn+s n))ds

1
+ / 1 + 8% = 28)t7 — 2(n — 25 + ™)t — 2q(n — 28 + Szn))dS)
n

(2.3)

Hence an easy computation ensures that uq(0) — quj(0) = 0 and u)(n) = 0.
Forn <t <1,

n
us(t) = Cy (/ ((32 +2¢8)t% — 2(+2qsn + s*n)t — (5% + 2qs — 4qsn — 25277))ds
0

t

+ / ((277 +2qn + 8% — 28)t% — 2(n — 5+ 2qsn + 52t
n

— (2qn + 8% — 4qsn — 25277))ds

+ /1 ((1 + 8% — 28)t% — 2(n — 2sn + %)t — 2q(n — 2sn + 8277))d8>
t
By another calculation, we may obtain that u5(n) = 0 and uz(1) = 0. Furthermore,
u'(t) = =1 and wui(t) =wua(t) =u(t), 0<t<1.
Hence the obtained function u(t), 0 <t < 1, is a solution of (2.2). O
Lemma 2.3. Assume hypothesis (1.2). Then the Green function is nonnegative.
Proof. By condition , we have Cy < 0. Then
4sm — 25 — 2520 — t2(2n — 25) = —2s(—2n + s + 1) — t3(2n — 25) < 0,
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since by the definition of uf(¢,s), —2n+ 1 > 0 and s <. Consequently

ui(t,s) =Co ((4377 — 25 — 25 — t3(2n — 2s))q

+ (t%(s® — 20+ 1) — 2t(s — 2sn + 8277)))

> Co(4sn — 25 — 2% — (20 - 28))(—%(277 1)

+ (t2(s®> — 20+ 1) — 2t(s — 2sm + 5277))).
That is,

—2n+sn+1 N

ui(t,s) > Cos(t —1)(t—2n+1) > 0.

Similarly,

(2.4)

uj(t, s) = Co((4ns — 2ns® — 2n)q + ((s* — 25+ 1) — 2t(ns*> — 2ns + 1))

> Cof(ams — 205 = 20)(=5- (20— 1)) + ((* ~ 25+ 1)

— 2t(ns® — 2ns + 77)))
Hence
ub(t,s) > Co(s — 1)*(t — 1)(t — 2n+1) > 0.
In the same way, we may verify that

—2n+sn+1

vi(t,s) > Cos(t —1)(t —2n+1) >0,

vs(t,s) 2 Co(s =1)*(t=1)(t —2n+1) 2 0

For convenience, we set: For s < n,

242 1—2n—2qn)t— (s —2 2
gG(t,S) =20 x (32 + 2qs + n q277) (5 sn+s ,,7)’
ot (52 + 2g5)t — (2qns + s2n),

and for s > 7,

(s =25+ 1)t — (ns* — 2ns + 1),

)
—G(t,s) =2C) x
(9 ’ {(82—28+277+2qn)t—(n—8+2qsn+82n))7

ot

Moreover, for s < 1,

2
a—G(t,s) = 2C) X {

ot? 5% + 2gs, s<t<1
and for s > n,
0? 22541 0<t<
Gt s) =20, x0T =l=s
ot §°—2s+2n+2qn, s<t<1.

s2+2¢s+1—-2n—2qn, 0<t<s

(2.5)

(2.6)

Consider the Banach space C = C([0, 1], R) of continuous maps, equipped with the

standard norm
[yll = max{|y(¢)[: 0 <t <1},
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0<6<n<1/2and let
KO: {yecy(t) Zoa te [0?1]7 y//(t) SO’ te [9’1_9]a

max (1) = y(n) and y(1) = 0}

It is obvious that K is a cone in C. We define furthermore the subcone

K={yeKy: min y(t)>0
{yeKo: min y(t)=6lyl}

Lemma 2.4. For any y € Ko,

> 0|yl = Oy(n).
te[rgllne}y()_ [yl = Oy(n)

Proof. Since y € Ky, y(t) > 0 for 0 < ¢ < 1 and moreover it is concave downward
on the interval [#,1 — 6]. Thus for any t1,t2 € [#,1 — 6] and X € [0, 1],

y(At1 + (1= Nt2) > Ay(t1) + (1 = Ny(t2).
Therefore,

1—t
> - — > t.1—t\ >0
y(t) > |l in { ~ [yl tegulne{ } > 6llyll.

The next result is very useful.

Proposition 2.5. Assume condition (1.2)) holds and let y : [0,1] — [0, +00)) be a
continuous map. Then the BVP

u” (t) = —y(t), 0<t<1,

uw(0) — qu'(0) =0, w'(n)=0, wu(l)=0. (2.7)

admits the unique positive solution u € K, where

-/ G(t, s)y(s)ds

Proof. We notice firstly that u(t) > 0, 0 < ¢t < 1. Indeed, this fact follows directly
by the nonnegativity of the Green’s function (see Lemma. On the other hand,
for 0 <t <n, we have

/ —G t,s)y(s)ds
/ 2C0((s2 +2qs)t — (ns? + 24ns))y(s)ds
/ (52 +2¢s + 1 — 21 — 2qn)t — (s — 251 + szn))y(s)ds

/ (s> — 25+ 1)t — (ns® — 2ns +n))y(s)ds.
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Consequently,

/On (2Co((s* + 2gs)n — (ns® + 2qns)))y(s)ds
1
+ [ (2Co((s* — 2s+)n — (ns® — 2ns +1)))y(s)ds

1
205[(s* + 2gs)n — (ns® + 2qns)]y(s)ds

Oy(s)ds = 0.

-,
|
Similarly, we may prove that «(0) — qu/(0) = 0 and u(1) = 0. Furthermore,

2
() = / O Gt 9)y(s)ds

_ / 2Co(s? + 25)y(s)ds

0

"
+ / 2Co(s* +2gs + 1 — 21 — 2qn)y(s)ds
t

1
+/ 2Co(s? — 25 4 1)y(s)ds.
n

Hence, recalling that Co = 1/2(1 — 2n — 2¢qn),
u” (t) = 2Co (% + 2qt)y(t) — 2Co (1% + 2qt + 1 — 2n — 2qn)y(t) = —y(t).

Finally, by the nonnegativity of the solution u(t) and the boundary conditions
u(0) — qu'(0) = 0 and u(1) = 0, we may assume that «”(0) < 0. Otherwise, if
u”(0) > 0, we get w'(t) > 0, in a right neighborhood of 0, due to the differential
equation v/ (t) = —y(t), 0 <t < 1, and since v’ (n) = 0). Hence there is a 6 € [0,7),
such that «”(6) = 0. Thus in both the cases, we conclude that

u'(t) <0, 0<t<1-6.
Consequently, in view of Lemma [2:4] we obtain that u € K. O

Corollary 2.6. Assume that hypotheses of Proposition[2.5 are satisfied. Consider
the BVP
u"(t) =y(t), 0<t<1,

w(0) — ' (0) =0, «'(n) =0, u(l)=0. (2.8)

Then, the map

1
u(t) = 7/0 G(t,s)y(s)ds

is clearly a non-positive solution of (2.8).

3. MAIN RESULTS

In this section we prove the existence of at least one positive solution of (1.1)).
We assume that

f€C([0,1] x [0,+00),[0,400)) (3.1)
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In view of Proposition we consider the positive solution wu; (¢) of (2.2]) and set

1
Ap =max{u(t) : 0<t <1} = Orgtaéx1 (/O G(t,s)ds),
1-0

By =max{u(t) : 0 <t<1-0} = pnax ( ; G(t, s)ds).

In view of Lemma [2.3] we get Ay > By > 0. We define the operator

Tu(t):/o G(t,s)f(s,u(s))ds.

Obviously, BVP (|L.1) has a solution u = w(t), if and only if u is a fixed point
of T. Moreover, recalling that the operator 7 : K — C([0,1]) is called completely
continuous, if it is continuous and maps bounded sets into precompact sets we state
the next well-known result [I4].

Proposition 3.1. Assume that (1.2))-(3.1)) hold. Then T : K — K is a completely

continuous operator.

Proof. Tt is sufficient to show that 7 (K) C K. This is easily derived from Lemma
and Proposition due to assumption (1.2) and the definition of the cone
K. O

We will employ the following fixed point theorem due to Krasnosel’skii [§].

Theorem 3.2. Let E be a Banach space, K C E be a cone and suppose that )y,
Qo are bounded open balls of E centered at the origin with Q; C Q. Furthermore,
suppose that T : K N (Q2\ Q1) — K is a completely continuous operator such that
either || Tull < ||ull, w € KNIy and ||[Tu| > ||u|l, v € KNOQs; or | Tu| > ||lu,
u€ KNy and | Tul| < |ull, w € KNOQy holds. Then T admits a fized point in
Kn(Qe\ ).

Now we are ready to formulate and prove our main result.

Theorem 3.3. Assume that (1.2)-(3.1)) hold and there exist positive constants r #
R such that

|f<t,x>|sAio, (t,2) € [0,1] x [0,7]; (3.2)
F(to) > 2o, (t2) € [0,1] x [0R, R]. (3.3)
By

Then the boundary value problem (1.1) admits a positive solution u = u(t), 0 <t <
1, such that

min{r, R} < |lu|| < max{r, R}.
Moreover, the obtained solution u = u(t), 0 <t <1 is concave downward.

Proof. Assuming first that r < R, we consider the open balls

 ={ueC(0,1]): lul <7}, Q2 ={ueC(0,1]): [[ul] <R}
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Let u € KN 0y be any function. By noticing the sign of nonlinearity, the assump-

tion (3.2) yields

0<t<1

|7u|| = max |/O G(t,s)f(s,u(s))ds|

1
< max /G(t,s)ids):rznun.

O<t<1

Therefore, the first part of the assumption of Theorem is fulfilled. Similarly,
for every u € K N 0N, in view of Lemma it obv10us that OR < u(s) < R,
6 < s<1-—40. Thus the assumption (3.3 implies

|7u|| = max |/0 G(t,s)f(s,u(s))ds|

0<t<1
>
> o | | " Gt ) (s, u(s))ds
1—6
R
> ikl
>, max ([ Glos)pods)
— R=ull

Therefore, ||Tul|| > ||ul|, for v € K N 0Qs.

Finally, we may apply Theorem to obtain a solution u = u(t), 0 <t <1
of BVP (L.1). Additionally by the definition of K C Ky and the fact that u € K,
we conclude that u(t) is a positive solution. Noticing that u € K N (Qa \ 1), it is
obvious that

r < flull < R.
We assume now that r» > R. We consider the open balls
0 ={ueC(0,1]): Jull <R}, Q2={uecC([0,1]): [jul| <r}.
and let v € K N 0Qy. By Lemma [2.4] we have

min _u(t) > 0||lu|| = 6R.
te(0,1—-0]

Then from assumption (3.3]), we conclude that

||Tu|\—max|/Gts s, u(s))ds|

1-6
R

> —

- 05121{9( 0 G(t’S)B ds)

= R = ull.

Similarly, if u € K N0, then 0 < u(s) <r, 0 < s < 1. Thus (3.2)) implies

1
Tl = ma | / G(t, 5)f (s, u(s))ds]
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Therefore, the existence result follows. ([

Corollary 3.4. Assume (1.2))-(3.1) and in addition we suppose either: The non-
linearity is superlinear at both points x =0 and t = 400, i.e.,

t t
lim max M =04+ and lim min M
r—0+ 0<t<1 x r—+00 0<t<1 x

= +o0; (3.4)

or the nonlinearity is sublinear at both points x =0 and x = o0, i.e.,

lim min M =400 and lim max M

=0+. (3.5)
z—0+0<t<1 X =400 0<t<l T

Then boundary value problem (1.1) admits a positive, concave downward solution
u=u(t), 0 <t <1.

Proof. By the superlinearity of f, there exists an r > 0 such that £ ( < Ai, for

all (t,z) € [0,1] x [0,7] and this yields assumption of previous Theor n
Similarly by the superlinearity at 400, we get an R > r such that £ (t z) > o5 Bo
for all (t,z) € [0,1] x [#R, R]. Hence Theorem [3 ﬂ is applicable. On the other
hand, when the nonlinearity is sublinear, we examine the following cases: (a) If f
is bounded, say by M > 0, we may choose any R > AqgM and then we obtain

1
| Tull < max | / G(t, 5)f (s, u(s))ds]

0<t<1
! 3.6
< max (/ G(t,s)Mds) (3.6)
0<t<1 \ Jq
= MAy < R=|u,

for u € K with |ju|| = R
(b) If f is unbounded, let also an R be large enough such that

PGB L nd (fw) < IfR), (b € [0,1] x [0, .

R — Ay
Therefore,
R
LfEw)] < [f(t, R)| < Ay (t,u) € [0,1] x [0, B].
Consequently,
|7u| = Orgcxé(l / G(t,s)f(s,u(s))ds|
R
< _
012%)(1 (/0 G(t’s)Ao ds)
R
< —_— =
=74, Ao = ||ul|

for u € K with ||u]| = R. Moreover, by the sublinearity of f at u = 0, there exists an
r < R such that for any v € K, ||u|| = r (then we know that r > u(s) > 0]ju|| = 0r,
0<s<1-0)

(s,u(s)) € 0,1 —06] x [0r,r].
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Hence, for any v € K such that ||u|| = r, we have

1
ITull = guax | [ Gt p(suls))as
1-60

>
> o | [ G 8) /(s u(s)ds

1-6
>  max ( G(t, S)Lds)
0<t<1-0 \ Jy By
=7 = [Jul.
This clearly completes the proof. ([l

Remark 3.5. We notice that the positive solution, u = u(t), obtained above sat-
isfies the properties

' (0) >0, «”(0)<0, «/(1)<0, «”(1)<0.
Furthermore the map v”(t), 0 < ¢ < 1 is non-increasing.
Corollary 3.6. Under the assumptions of Theorem[3.3 or Corollary[3.]}, the BVP

u(t) = f(t,u(t)), 0<t<l,

u(0) — qu'(0) =0, '(n) =0, u(l)=0 (3.7)

admits a negative and concave upward solution w = u(t). Here again the map u” (t),
0 <t <1 is non-increasing.
Proof. Now the above negative solution satisfies
u'(0) <0, «”(0)>0, «'(1)>0, u"(1)>0.
([l

Corollary 3.7. Under the assumptions of Theorem or Corollary BVP
(3.7) admits a negative, concave upward solution u = u(t), 0 <t < 1.

Proof. Let u = wuy(t), 0 <¢ <1 be a solution of BVP (I.1)). Then the function
u=—u(t), 0<t<1
is obviously the desired solution of . We notice that
w'(0) <0, «”(0)>0, «/(1)>0, «”(1)>0.
Moreover, the map u”(t), 0 < ¢t <1 is nondecreasing. O

Corollary 3.8. Under the assumptions of Theorem [3.3 or Corollary BVP
(3-7) admits a positive and concave downward solution v = u(t), 0 <t < 1.

Proof. Obviously the desired solution is given by

u(t) = [ =G5, u(s))ds

Here also the map v’ (), 0 <t <1 is nondecreasing,. O
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Example 3.9. Consider the boundary value problem
u(t) = —Jult) + (u(t)?, 0<t<1
w(0) = u/(0), «/(3/10) =u(1) =0.

The nonlinearity f(t,u) = /u + t is sublinear. Thus, Corollary guarantees the
existence of a positive and concave downwards solution to the above BVP.

4. UNIQUENESS OF SOLUTION

thm3 | Theorem 4.1. Under the assumptions of Theorem or Corollary BVP (1.1
admits a unique solution, provided that the map f(t,.) : [0,400) — [0,400) is
nondecreasing for every t € [0,1] and moreover

[f(t,u2) = f(t,ur)] < Llug —wal, (tu) € [0, 1) x [0, +00),

where
1 2 2¢+n+qn

— > -1 .
TR AR e e

Proof. Let w;(t), i = 1,2 be two solutions of BVP ( (L.1)), Since the Green’s function
G(t, s) is positive, we have

1
walt) —wi (t) = / G(t, 5)[f (5, wa(s)) — F(5,w1(s))]ds
< / G(t, 5)| (5, ws(5)) — F(s,wn(s))[ds
g/o G(t, s)L|wa(s) — wy(s)|ds
1
g/o G(t,s)L||wy — w1 ds

1
— Lljws — w| / G(t, 5)ds
0
:L||w27w1Hu1(t), OStS ].,

where u( ), is the unique positive solution of BVP (2.2). Consequently, we obtain
the contradiction

w2 — w1 < Lfjwg — w1 ||[[us]] < Lllwa — w1 ||ui(n)

1 2q+n+qn
=I - pp—1)2—2—L =1
lwa —wilfen(n = 1) o0+ 2qn— 1

< ||Jwg — w1
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