Manuscript submitted to Website: www.aimSciences.org
DCDS
Supplement Volume 2007 pp. 14

GLOBAL ATTRACTOR FOR A KLEIN-GORDON-SCHRODINGER
TYPE SYSTEM

MARILENA N. PouLoU AND NIKOLAOS M. STAVRAKAKIS

Department of Mathematics, National Technical University of Athens
Zografou Campus 157 80, Athens, Hellas

ABSTRACT. In this paper we prove the existence and uniqueness of solutions
for the following evolution system of Klein-Gordon-Schrodinger type

Wt + Kze +itp = Y + f(m)u
Ot — Pza + O+ At —Reyz + g(),
¥(2,0) = Yo(z), (z,0) po(z), ¢t(x,0) = ¢1(z),
Y(z,t) = ¢(z,t) =0, €0, t>0,
where z € Q, ¢t >0, k >0, a >0, A > 0, f(z) and g(z) are the driving terms

and © (bounded) C R. Also we prove the continuous dependence of solutions
of the system on the initial data as well as the existence of a global attractor.

1. Introduction. The aim of this paper is to prove the existence of a global attrac-
tor for the following Klein-Gordon-Schrédinger type system defined in a bounded
interval Q@ C IR

W + K +iay = ¢+ f(x), zE€Q, t>0, (1)

Gt — Pzz T O+ APy = —Reyy+g(x), 2€Q,t>0, (2)
111(%0) = 7vZJO(‘r)a d)(l’,O) = ¢0(1')7 ¢t(xa0) = ¢1(£L’), r€Q,t>0, (3)
Y(x,t) = ¢(z,t) =0, z€d, t>0, k>0, a>0, A>0, (4)

where f(x), g(x) are the driving terms. Systems of Klein-Gordon-Schrédinger type
have been studied for many years. To our knowledge, it seems that the first prob-
lems of this type is the so called Yukawa System [11], which goes back to 1935 (see,
[2] and the references therein). An other model which is of the same type is the so
called Zakharov System, which is formed by V. E. Zakharov [13] in early seventies
(see, [3] and [4] and the references therein).

Here we consider a Klein-Gordon-Schrodinger system of a third type, which is the
problem (1) - (4). This problem is the outcome of a modeling process, described
in all details in a work by N. Karachalios, N. Stavrakakis and P. Xanthopoulos [6].
Problem (1) - (4) models the Upper Hybrid Heating (UHH) scheme for plasmas in
fusion devices. (UHH) is the dominant branch of the general Electron Cyclotron
Resonance Heating (ECRH) scheme, which, for Tokamaks and Stellarators, consti-
tutes a basic method of plasma build-up and heating. The celebrated Zakharov
system, is highly successful in a multitude of applications. However, regarding the
study of (UHH) Zakharov system cannot not be implemented for certain reasons.
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The variable v stands for the dimensionless low frequency electron field, whereas
the (real) variable ¢ denotes the dimensionless low frequency density. For more
details on the physical interpretation and the modeling process of the system the
reader may refer to [6], [12] and the references therein.

In this paper we prove the existence of a global attractor in the space (H} () N
H?(Q))? x H}(Q) which attracts all bounded sets of (Hg(2) N H?(Q))? x H}(Q)
in the norm topology. This paper is divided in four Sections. In the Second
Section, we derive some useful estimates on the solutions of the system (1) -
(4) in (HY(Q) N H?(Q))? x H{(2). The Third Section, is based on an energy
method first introduced by J. Ball [1]. We are going to use the energy equations
of the problem to prove the continuity of solutions on the initial data in the space
(HY(Q) N H2(Q))? x H}(2). In Section 4, we show the asymptotic compactness of
the dynamical system and the existence of a global attractor. In a recent joint work
we study the finite dimensionality of the global attractor (see, [10]).

Notation: Denote by H?® both the standard real and complex Sobolev spaces. For
simplicity reasons sometimes we use H®, L® for H*(Q)), L*(Q) and ||.||, (.,.) for the

norm and the inner product of L?(), respectively. dx denotes the integration
over ). Finally, C' is a general symbol for any positive constant.

2. Global Existence. In this section we derive a priori estimates for the solutions
of the Klein-Gordon-Schrédinger system. Let us introduce the transformation 6 =

¢t + d¢, where 0 is real, with § a small positive constant to be specified later. Then,
system (1) - (4) takes the form

Wy + Ky +i) = o+ f, €, t>0, (5)
Oor+0p = 0, e, t>0, (6)
0o+ (A =0)0 = ¢ox + (1 =6(A=0))¢p = —Repp+g, €, t>0, (7)

Also the initial and boundary conditions take the form
¢($a0) = ¢o($)a ¢($,0) = (bo(l'), 9(1:70) = 90(.1?), z € Q (8)
W(xz,t) = ¢(z,t) =0, x e 0f), t>0. (9)
Lemma 1. Let |[¢o(t)|| < R, for some R > 0 and f € L*(2). Every solution of

(5)-(9) satisfies
||¢(t)|| SRtz

where R* is a constant depending on o, ||f||; t1 depending on «, ||f|| and R.

Proof The proof is analogue to the one of Lemma 2.1 in [9]. <

Lemma 2. Assume that f,g € L?(Q) and I|(%0, B0, 00)|| i x i 22 < R, where
R > 0. Then, there exists a constant 61 such that when § < &1, every solution

(¥, ¢,0) of problem (5)-(9) satisfies

6@ + 16O s + 10O < My, ¢ >
where My depends on o, k, X\, 61, ||f]],1|g|] and t2 on .k, X, 61,]|f],1lgl| and R.
Proof. Multiplying equation (5) by —, integrating and taking the real part gives

1d - )
o (sltwali+ [ oo +2me [ 18} tmallinl+(a+3) [ otor

1 ) (10)
— 5 [ ol + ake [ 1.
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Next, multiplying equation (7) by 6 and substituting 6 from equation (6) implies

%%(IWII2 1162l + (1 =3 = a))Igl[*) + (X = O)IO]]* + 3] |62 )
+6(1—3(N—0))]|9]|* = fRe/wa + /ga.
Adding relations 2x (10) and 2x (11) gives
Fi(t) 4 6Fy(t) = G1 (1), (12)

where for simplification reasons the following quantities are introduced
Byl + [ olufdn + 61 + 10al+ (1 = 50— 8))[ol + 2e [ 75,
Gr =5 = 2u) [0l 20 [ ol + (35— 2A) 6] ~ 5(1 - 5(x ~ 8))
— 6| x| 2 +/9|¢|2 +2(6 — a)Re/m —236/9% +2/g9.
Taking ¢ small enough such that § — 2ka < 0, 30 —2A <0, 1 —d(A— ) > 0, one

can render several terms of GG; negative. Let us proceed by majorizing the integrals
of (G as follows

‘ [ o

€1 €2
<1111 1113 < W11 112111272 < 1612 + S llel* + C,

2a [ olur’

€ 1
and | [ 00.] < Il 611 < §lhwul + 5 161

26~ ) [ 19| < Clsll 1ol < €. an |2 [ g6
The next step is to estimate the arbitrary positive constants €1, €3, €, such that the
following two inequalities hold simultaneously true €; + 5 = —(36—2X), e2+ % <
€
—(6 —2ka). Let v >0, v# 1, a=—(30—2)\) and 8 = —(§ — 2ka). Setting
- 2 2

€ = %, _62 =5 we have the following necessary condition: af > ﬁ
Since @, [ > 0 the inequality is always true for sufficiently small v. Finally, taking
e3 small enough, so that e3 < —6(1 — 0(X — J)) implies

€2
< esllglf? + Z1allP + C.

€1
< 2llgll lloll < S 11611” + C.

N

Fy(t) + 0F,(t) < C.

The application of Gronwall’s Inequality completes the proof. O

Lemma 3. Assume that f,g € H} () and [1(%0, @0, 00) || (m2nm2)2 xmp < R, where
R > 0. Then, there exists a constant 61 such that when § < 1, every solution

(v, 0,0) of the problem (5)-(9) satisfies
WO apnmz + 0O anmz + 1001 < Ma, t = ts,

where M depends on a, 5, A, 01, | Fll s, gl srs: andts on e, A, 61, |1l gl s R-
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Proof. Multiplying relation (5) by 44+ +atb,, and taking the real part, produces

1d - -
5 (10l =2 [ oui, 28 [ £.5,) + vl P

(13)
- @at ORe [ 60bs = ~Re [ 60dade ~ Im [ G000, - ake [ fui
Next, multiplication of equation (7) by —0,, and integration gives
1d
57 01 + 1100al1? + (1 = 8N = 0)[¢al1* ) + (A = 8)]16.]?
2dt (14)

+0]|faall* +0(1 = 6(X = 8))[¢a|* = _Re/ew‘/’w + /gm%
Furthermore, the addition of equations 2x (13) and 2x (14) implies,
Fot) 4+ 6Fy(t) = Ga(t), t>ts,

where for simplification reasons the following notation is introduced

By = el ~ 28 [ 6udea+2Re [ foa [02]2 + (0]
+ (1= 6(A = 6)[|¢aI%,
G 1= (6~ 260) e 2 + (36 — 20) 18212 — 8ol |2 — 51 = (A — )]

+daRe [ 00— 2Re [ 0,00 — 2R [ 000rds 20 [ 0,
+2(6 — ) / fathe + Q/gzam.

Taking ¢ small enough one can render several terms of G5 negative. Following
the same procedure as the one used for the first estimate we can deduce that,

Fy(t) + 6Fs(t) < O, t >t
therefore by applying Gronwall’s Inequality the proof is completed. <
Repeating a similar procedure to the one used in the preceding Lemmas we ob-
tain the following results on a finite time interval.

Lemma 4. Assume that f,g € L*(). Let %0, 0, 00| i x i x L2 < R, where
R > 0. Then, there exists a constant 6, such that when § < 1, every solution

(1, ¢,0) of the problem (5)-(9) satisfies
@y + @@y + 1101l < Ly, 0<t<T,
where Ly depends on a, k,\, 0, f||, ||g]| and T.

Lemma 5. Assume that f, g € H}(Q). Let \|¢0,¢0790||(H3QH2)2X[{3 < R, where
R > 0. Then, there exists a constant 61 such that when § < 61, every solution

(¥, ¢,0) of the problem (5)-(9) satisfies
OO anmz + oW a2 + 10 < L2y 0<t < T,
where Ly depends on o, k, A, 6, |[f|lmz, [|9llmy and T'.

Therefore we are ready to state the main result of this section.
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Theorem 1. Assume that f, g € H}(Q). Let [0, @0, O0l|(minmy2 oz < R, where
R > 0. Then, there exists a constant &1 such that when § < 61, the system (5) - (9)
admits a unique solution satisfying

Y € L™(0,00; HY(Q) N H?()), ¢y € L™=(0,00; L*(Q)),
¢ € L(0,00; Hy () N H?()), ¢r € L>(0,00; Hy(2)), ¢rr € L=(0, 00; L*(R2)),
¥(2,0) = ho(x), d(x,0) = do(z), du(2,0) = ¢1(z), z € Q.

Proof. The proof follows the lines of Theorem 3.1 in [6]. O

3. The Solution Semigroup. Problem (5)-(9) defines a semigroup S(t),

S(t): (Hi N H?)? x H} — (H} N H?)? x H} (Theorem 1)
Let B, By denote the following balls of center zero and radius My, My respectively
By = {(¢,9,0) € Hy x Hy x L* : [|¢[| gy + [|6]| gz + |10]] < M1}, (15)
By = {(¢,,0) € (Hy N H?)* x Hy : [[Yllginm> + |9l ainme + 18] mz < Mo},

where My, Msy are the constants introduced in Lemmas 2, 3. Therefore, By, Bs are
bounded absorbing sets for (5)-(9). Since Bj is bounded, we see that there exists a
constant T'(B;) depending on B; such that S(t)By C By, for all t > T(By).

Lemma 6. If (Yn,dn,0n) — (¥, ¢,0) weakly in HE(Q) x H(Q) x L3(Q), then
for every T >0, we have

SC)Wn, bny0n) — SC) (W0, 0,0), weakly in L?(0,T; H x HE x L?), (16)

S() (Gn, 6n,0n)  — S(E)(,6,0), weakly in HE x HE x L2, 0<t<T. (17)
Proof. From the weak convergence and Lemma 4 it follows that {S(¢)(¢n, dn, 0n)}
is bounded in L>(0,T; H} x H} x L?) with

a a . [e’) . —1
{atS(t)¢n} , {(%S(t)ﬂn} bounded in L*(0,T;H "),
ot
Therefore, exist a subsequence {(wnJ s Pnjs an)} of {(¢n, bn, 0n) } and (Yoo, Poo, 0oo) €
L>(0,T; H} x H} x L?) such that
S(t)(Wny s Pnys Ony) = (Yoo Goos o), weakly in L2(0,T; Hy x Hg x L?), (18)

{ 0 S(t)cﬁn} bounded in  L>°(0,T; L?).

o, 0 0 gy O i 12(0.7; 5
&S(t)d)nj 8t¢)°° and 8tS(t)9n]. 8t000’ weakly in L<(0,T; H™ "), (19)
0 N 0 . 2 )
aS(t)qﬁnj at%‘” weakly in L(0,T; L7). (20)

Then, it can be shown that (¢eo, Poo, o) is a solution of the system (5)-(9) with
initial conditions (9o (0), Poo(0),050(0)) = (¢, ¢,0). But in Theorem 1 we estab-
lished the uniqueness of solutions, that implies (oo, Poo, 0oo) = S(t) (¢, ¢,6) which
together with (18) concludes the proof of (16).

Now for equation (17), let us choose ¢ € [0,T] fixed. From the weak convergence
and Lemma 4 {S(t)(¢n, dn, 0r)} is bounded in H} x H} x L2, So there exists a sub-
sequence {(¢n; ,, P, 0n,,)} Of {(¥n,dn,0n)} such that S(E)(Vn, . dn, s 0n,,) =
(¢, ¢1,0;) weakly in HE x HY x L2, with (¥, ¢¢,0;) € HY x H} x L?, where
(Ynj.» ®njisOn,;,) and (Yr, 1, 0;) both depend on t. By (18)-(20) we can see that
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(Voos oo, 0oc) 1s a solution of the system with (10(0), Poo(0),000(0)) = (¥, ¢, 0)
as well as (Yoo (t), Poo(t), 0o (t)) = (1, b, 0:). Therefore, by the uniqueness of the
solution we have (11, @1, 0;) = (Voo (t), Poo(t), 0o (t)) = S(t) (¢, ¢, 6). Hence we have
proved that any sequence S(t)(¥n, ¢n, 0,) has a weakly convergent subsequence that
will converge to the same limit S(t)(¢, ¢, 0). Therefore by contradiction arguments
we conclude that relation (17) holds. <

Theorem 2. Assume that f,g € L*(Q). The solutions (1, $,0) € C(IRT, H} x H} x
L?) of the problem (5)-(9) depend continuously on the initial data in Hg x Hg x L.

Proof. Assume that (Yo n, 0.n,00.n) — (Yo, Po,00) in HE x HE x L?, therefore we
need to prove that S(t)(¥n, ¢n,0n) — S(E) (¥, ¢,0),¥t > 0, as n — co. Given ¢t > 0,
we choose T' > ¢. From the statement above we know that {(v0.n,®0.n,00.n)} is
bounded and therefore by Lemma 4 there exists a solution such that

[n (T az + [[@n(T)l|gz + 110 (T <C, 0<7<T, (21)
will hold where (¢, (7), dn(7), 0, (7)) = S(7)(Y0,ns Po.n, 00.n)- But from the system
(5)-(9) we can see that Hawn + gaﬁn < C. Hence, there

or L2(0,T;HG ) or L2(0,T;L2)

exists a (Y(7),d(7),0(7)) € L>=(0,T; H} x Hi x L?), such that
(iﬁn(T)a%(T)ﬁn(T)) - (1/)(7—)’(25(7)70(7))7 weakly in LQ(OvT; H(} X H(% X L2)a

éz/) — Q¢ weakly in L2(0,T; Hy ') 3¢ - ﬂ¢ weakly in L2(0, T; L?) 22)
8’7' n 87_ bl y bl ’ 0 I 87_ n aT ) Y I I .
Thereby, using the relations above and standard compactness results we have

(¥ns bn) — (,0) strongly in L*(0, T3 L* x L?). (23)

Using similar arguments as the ones above and equation (21) we can deduce with
the help of Lemma 2 that for a fixed ¢ there exists a (1(t), #(t),6(t)) such that

(¥n(t), Dn(t), 0n(t)) — ((1), 6(t),0(t)) weakly in Hy x Hy x L?,
where (¥(t), ¢(t),0(t)) is the solution of the problem (5)-(9) with initial conditions
(o, ¢0,00). Taking into consideration Lemma 6, the arguments above imply that

S(t)(Wn, bn,0n) — S(t) (¢, $,0) weakly in H x Hy x L?. (24)

To prove the strong convergence for the above sequence the energy equation (12) is
used. Every solution of the system (5)-(9) verifies the energy equation, hence

Fy(S() (Yo, ¢0,00)) = e Fi (o, b, bo) + / e =G (S(t) (o, do, 00))dT, (25)

0

where ((t), ¢(t),0(¢)) = S(t) (Yo, o, 00). The same will also hold for the solution
S<t) (wo,’l’ba ¢0,n7 90,77,)7 i.e.,

Fi(S(t)(%0,n, o,n, 00,n)) =€ " F1(Y0,n, $0.1- 00.n)
t 26
+/ 6_5(t_T)G1(S(t)(¢0,m¢0,n,90,n))d7'- (26)
0

From our assumption that (¢, d0.n,00.n) — (%o, do,00) strongly in Hi x H} x L?,
and the definition of F; we can deduce that Fy(¢o.n, ¢on,00.n) — F1 (Yo, ¢o, 00),
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as n — oco. Now rewriting the last term of (26) as

/ 676(t7T)G1 (S(t) (¢0,TL7 ¢0,na 907"))d7-
0
t
:/ o 0(t=7) ((5 — 2ka)||S () Yow.nl* — 2a/5(t)¢0,n5(t)¢o,n|2)
0
t
-ﬁAeauT(@a_answ%mw—5u—aA—®mﬂw%mW—“”“W“mW>

*téteaa7j</¥Xﬂ%mﬂﬂﬂ¢an22Re/}%@%m5@ymnn>

+/Ot e %) <2(5—oz)Re/fS(t)wo,n+2/gS(t)907n). (27)
By the weak convergence of relation (22) we have that

lim inf [le™*"DS(T)onllr20.6m7) = eSO ol r20,6my).  (28)

limnig(f)o ||€75(t77)5(7)¢0,n‘|L2(0,t;H5) > ||676(t77—)s(t)¢0|‘LQ(O,t;Hé)v (29)

lim inf ||e_6(t_T)S(T)90,nHLQ(O,t;LQ) > ||e_6(t_T)S(t)90||L2(0,t;L2)~ (30)

n—oo

Then by choosing § small enough so that (2ka —3d) > 0, (2A—39) > 0, §(1 — (A —
0)) > 0, the first terms of relation (27) may be rewritten as

t
lim sup */ e 0= ((%Oé = )IS()d0a,nl* + (2X = 36)]|S(t)b0,0 I
0

n—oo

#3063~ NIIS 0l = IS 0)nsl?
< [ ((ba - SR + 22 - )80
0

+a1—ax—®nwuwaﬁ—&wuwmw). (31)

Next,

¢ t
/G%Wﬂ/s@%mw@mmﬁ—/eﬁWﬂ/S@%ww%F

0 0

t
SA@”“”Wﬂﬂ%m—ﬂﬂ%MWUWMﬁ

+/0 e IS (@) olls 1S (). — Sl (1S(E)tonlls + 11S()vollo)-

Using the Sobolev Embedding Theorem and Lemma 4, produces

t
HS(t)wO,nHQL‘”(O,t;H[}) /0 [1S()p0,n — S(E)dol| + |[S(t)ol[ Lo (0,6:m2) X
(32)

X /O 15 ()0, = SE)oll ([1S(E)0.nllmy + 11S(E)¢0llg) — 0.

Following the same procedure for the proceeding integral implies

[ e [ swnnlsrnnt —~ [ 5 [ swolsio
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Furthermore,
¢ t
/ e 0t=7) / S()00.1S (t)02.m — / e 0T / S(t)0S () 1oz
0 0
t
< IS®vnsnllzcoeize) | 18O~ S(e)ool (33)
0
t
HISO0ll<027) [ 1500z = SEoall 0.
0
Therefore by relations (25) and (28)-(33) we obtain
lim sup Fi(S(t)(Y0,n, Po,n:bo,n)) < F1(S(t) (o, ¢o,00)). (34)

n—oo

But by relation (24) and the compact embedding H! — L? we find that the
following is true S(¢)(¥o.n, do.n) — S(t)(%o, ¢o), strongly in L?; therefore due to
the above relation we have

/ Gomltbonl® — / doltol?, and / 50, — / FS@)d0.
Hence from the definition of F}

lim sup (s]|S()vo,ullmg + 1S(E)00.nl* + 1S(t)bo.nl |7

n—oo

+ (1 =3\ = 0)IIS(t)do.ull*)
<(sl1S@ollag + 1500l + IS(E) ol + (1 = 6(X = 8))[IS(t)do.nll)-

But we may consider the right hand side of the relation above as the norm of
H} x H} x L* and therefore without loss of generality

lim sup |[S(¢)(%o,ns Yo,n: Oo.n)| g x i sz < |[S(8)(Wos Yo, 00) || g x mrix 2

n—oo

Finally due to the weak convergence, we have completed the proof. O

Theorem 3. Let f,g € HL (). The solutions (1, $,0) € C(RT, (HE N H?)? x H})
of the problem (5)-(9) depend continuously on initial data in (Hi N H?)? x H}.

Proof. The proof is analogue to the proof of Theorem 3.3 in [8]. O

4. Existence of a Global Attractor. The aim of this section is to prove the
existence of a global attractor for the dynamical system S(¢) in the space (H} N
H?)? x H}. Some of the ideas found here where earlier developed in the work by
Karachalios and Stavrakakis [7]. To apply Proposision 1 below, it is necessary to
prove the asymptotic compactness of the solutions in (H} N H?)? x H{.

Theorem 4. Let f,g € L*(2). Then the dynamical system S(t) is asymptotically
compact in H} x H} x L?, that is if {(¥n, dn,0n)} is bounded in H} x H} x L? and
t, — oo, then {S(t)(Vn, dn,0n)} is precompact.

Proof. Ideas developed in [1] will be used. Since sequence (¢, ¢n,0;,) is bounded,
there exists R such that |[|(¢n,dn,00)||lmixmixre < R. Lemma 2 implies the
existence of a constant T(R) that

S(t)(Yn, Pn,0r) € By, for allt > T(R), (35)
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where Bj is the absorbing set given by relation (15). Since ¢, — oo, there exists
Ni(R) such that if n > Ny, then ¢, > T(R), and thereby

S(tn)(Wn, én,0,) € B, foralln > Nj. (36)
Hence there exists (¢, ¢,0) € B; such that
S(tn) (ny bn, 0n) — (¥, 6,0), weakly in Hj x Hy x L. (37)

Since t, — oo, for every T > 0, there exists Ny(R,T) such that when n > Ny
one has t, —T > T(R). Therefore by relation (35)

S(tn - T)(qz[}na Ons an) € B; foralln > Ns, (38)
S(tn - T)(,(/}Tuqbnven) - (djTa(bTaeT)? Weakly in H(% X Hé X L2a (39)
where (¢, ¢r,07) € Bi. By relation (17) it follows that
S(T)(S(tn —T)(thn, n, 0n)) = S(T)(¢r, 7, 07), weakly in  Hy x Hg x L, (40)
and from the uniqueness of the solution we get that
(wad))e) = S(T)(’l/)TvquvoT)' (41)
Now from relation (37)
lim nlggo HS(tn)(d’nv Pn,s an)HHé X Hgx L? 2 H(Z/J, ®, 9)||Hé XHIXL2: (42)

Let S(T)(S(tn — T)(%n, n,0,)) € HE x H} x L? be a solution of the system
(5)-(9). Every solution satisfies (12). Hence relations (37) and (40) will give

Fl(S(tn)(ﬂ}na Dns an)) = 675TF1(S(tn - T)(¢n; ana an))

T
+ / T DGYS(T)(S (b — T) (Y, G, 60))) .
0

Now since relation (38) holds, S(t, — T)(¢n, ¢n,0rn) is bounded and therefore
e O F (S(tn — T)(Yn, ¢, 0n)) < Ce®T. Estimating the second term of (43) as in
Theorem 2 implies that

(43)

lim sup /0 Te*“T*T)Gl(S(T)(S(tn —T)(Yn, Pn,0n)))dr
n—o0 (44)

T
< / e TG, (S(r) (¥, b1, 0r))dr.
0

Therefore
lim sup F1 (S(T) (S(tn - T) (wvu ¢na Gn))

n—oo

T
< 0T 4 / TG (S(T) (b, b1, 07))dr.
0

Furthermore, for the solution (¢, ¢,0) = S(T) (¢, ¢7,07) we have

T
Fi(4,9,0) :676TF1(¢T,¢T,9T)+/ e TG (S(7) (¢r, 07, 07))dT. (46)
0
Substituting relation (46) into (45) implies
hm sup FI(S(tn)(w’m ¢na en)) ScleéT + Fl (?% ¢7 9)7 (47)

n— oo

where €97 Fy (47, ¢, 07) < C1e’T. Let T — 400, then
lim sup Fl(S(tn)(wna(bnygn)) < F1(1/J7¢7 9)

n—oo
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The rest of the proof follows the same steps as in Theorem 2. O

Theorem 5. Assume that f,g € H}(2). Then the dynamical system S(t) is asymp-
totically compact in (H} N H?)? x H}.

Proof. The proof is omitted as it follows similar steps to Theorem 4. O

Proposition 1. Assume that X is a metric space and {S(t)}i>0 is a semigroup of
continuous operators in X. If {S(t)}+>0 has a bounded absorbing set and is asymp-
totically compact, then {S(t)}i>0 possesses a global attractor which is a compact
invariant set and attracts every bounded set in X.

Theorem 6. Assume that f,g € H(2). Then the problem (5)-(9) possesses a
strong compact global attractor in (HE N H?)? x HE, which is a compact invariant
subset and attracts every bounded set in the norm topology of (H} N H?)? x Hg.

Proof. Taking into consideration the asymptotic compactness of S(t) in H} x H} x
L? (Theorem 4), the asymptotic compactness of S(t) in (H} N H?)? x H} (Theorem
5) and Proposition 1 the proof is straight forward. O
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