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Abstract

In this paper we prove certain bifurcation results for the following degenerate quasilinear system

—v 1) v ulP72 v u) = ra@)|ulP"2u + ab @) |ul® [vPv + £(x, ku,v),
—v )| v ulP72 7 u) = rd(0)v]9 20+ Ab o) [ul® [l u + g(x, A, u, v),
xe 82, ulygn=vlgn =0,

where 2 is a bounded and connected subset of R, with N > 2. This is achieved by applying topological
degree and global bifurcation theory (in the sense of Rabinowitz).
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1. Introduction

In this paper we prove the global bifurcation of a continuum of positive solutions for the
following quasilinear elliptic system, defined on (2,

—v W )| v ulP 27 u) = ra@)|ul”2u + rb ) |ul®Pu + fx, hu, v),

(1.1)
—v (20| v ul”? v u) = rd(@)|v]? v + Ab ) ul|v]P u + g(x, A, u, v),
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x € 1, ulygn = vl =0. (1.2)

where (2 is bounded and connected, N > 2. This continuum of solutions is bifurcating from the
positive principal eigenvalue of the following unperturbed system,

—v1 W] v ul?? v u) = ra0)lul”u + b () ul*vlPo,
v v ul”? 7 u) = 20|70 + 1) |ul vl u, (1.3)
x €8, ulgn="vlzn=0. (1.4)
where A € R. The degeneracy of this system is considered in the sense that the measurable,
non-negative diffusion coef_ﬁcients v1, vy are allowed to vanish in (2 (as well as at the boundary
d{2) and/or to blow up in {2. The degenerate scalar equation of the system (1.1) was studied in
[2]. The system (1.3) and (1.4) under certain conditions on the constants «, 8, p, g, N and on the
functions a, b and d, forms an eigenvalue problem which has been studied in [9]. Nondegenerate
systems of this type where studied for first time in all R" using the homogeneous Sobolev space
Dl”’(RN) in the work [4]. Throughout this paper we assume that N, p,q,a, 8,a,b,d, f, g
satisfy the following conditions:
Hyp>1l,g>1,0a>0,8<0and
o+ 1 +1
AN
p q
Let v(x), u(x) be some nonnegative weighted functions in (2 satisfying the conditions:

Np)

1.

1

1
v, 1€ LIIOC(Q), v, u T e Llloc(“Q) and v, u % e L),
for some p > 1, > 1,5, > max{%, p—il},sq > max{%, q+l} satisfying ps <
N(s+1),gs < N(s+1).
(N) Letus suppose that v, u satisfies condition (NV},). Let vy (x), v2(x) be measurable functions

satisfying
Y0 i <ene) and P <0 < o, (1.5)
Cl 2

for a.e. x € 2, with some constants ¢; > 1 and ¢ > 1.

We also suppose that the coefficient functions satisfy the following conditions:

(A a e Lﬁ(ﬂ) N Cl()o’f(()) for some ¢ € (0, 1) and either there exists 2,7 C 2 of positive

Lebesgue measure, i.e., |.Qa+| > 0, such that a(x) > 0, for all x € Q‘;" ora(x) = 0,in (2.
With p < p* < p¥, where
Nps

* _
pS_N(s—i—l)—ps

(D) d e Lﬁ(ﬁ) N CIOO’C{(Q) for some ¢ € (0, 1) and either there exists Qj C 2 of positive
Lebesgue measure, i.e., |.Q;'| > 0, such that d(x) > 0, forall x € 27, ord(x) = 0, in £2.
With g < ¢* < g, where

Ngs
TNG+1) —gs

*

4s
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(B) b(x) = 0,ae.in 2,b #0and b € L”(2) N L($2), where w = [1 — £ — %rl.
(F) The perturbations f and g are of the form:

|f (e, A, v)| < op (mE) w4+ a0 (o) |u| ",
lg(x, &y, )| < a3(W)m O |u|> |2y + og (W) ul’ o,

where the exponents y;, §;,i = 1, 2, n and 6 satisfy the following conditions: y; + 1 > p
oré; +1 > q,y’;l el = ,2,p <n+1 < p*andg < 0 +1 < ¢*
while o;(1),i = 1, 2,3, 4, are bounded, m(x), n(x), e L N L*>, where w1; = [1 —
V"p—tl — ‘S"qi*l]’l,i =1, 2, respectively, u(x) € L2 N L™ where wr = [1 — (n + 1)]~! and
v(x) € L N L™ wherews =[1 — (8 + D]~ L.

The mathematical modelling of various physical processes, ranging from physics to biology,
where spatial heterogeneity has a primary role, is reduced to modelling nonlinear evolution
equations with variable diffusion or dispersion. Note also that our problem is closely related
(see [2]) to the following system

—V(vi(x, u, v)|VulP2Vu) = f(h, x,u,v, Vu, Vo),
—V(a(x, u, v)|VV|9"2Vv) = g(r, x, u, v, Vu, Vv),
x €8, ulyn="vl3n =0.

Problems of such a type have been successfully applied to the heat propagation in heterogeneous
materials, to the study of transport of the electron temperature in a confined plasma, to the
propagation of varying amplitude waves in a nonlinear medium, to the study of electromagnetic
phenomena in nonhomogeneous superconductors and the dynamics of Josephson junctions,
to electrochemistry, to nuclear reaction kinetics, to image segmentation, to the spread of
microorganisms, to the growth and control of brain tumors and to population dynamics (see
[9] and the references therein).

An example of the physical motivation of the assumptions (N), (M), may be found in
[1, p. 79]. These assumptions are related to the modelling of reaction—diffusion processes in
composite materials occupying a bounded domain {2, which at some points behave as perfect
insulators. When at some points the medium is perfectly insulating, it is natural to assume that
v1(x), v2(x) vanish in 2. For more information we refer the reader to [5,6].

The rest of the paper is organized in six sections. In Section 2, we introduce the necessary
operators and establish their basic characteristics. In Section 3, we prove that the operators
generated by the system (1.1) satisfy a condition under which it is possible to define their degree
(condition (S)4). In Section 4, the existence of a continuum of nontrivial solutions bifurcating
out from the first eigenvalue of the problem (1.3) and (1.4) is achieved. In Section 5, considering
the regularity of the solutions we describe the behavior of the continuum of nontrivial solutions
for the perturbed problem (1.1) in the product space D7 (£2) x DV4(£2).

Notation. We denote by Bg, Bg(c) the open ball in {2 with center O and radius R, ¢ respectively.
For simplicity reasons sometimes we use the symbols C2°, L?, D'-? respectively for the spaces
C3eUD), LP (), DP () and ||-||; ,p forthe norm ||-[| p1.»((2)- Also, sometimes when the domain
of integration is not stated, it is assumed to be all of R . Equalities introducing definitions are

[73P%2]

denoted by “=:". The ends of the proofs are marked by “<”.
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2. Space and operator setting

Let 7(x) be a nonnegative weight function in {2 which satisfies condition (N, »). We consider

the weighted Sobolev space D(])’p (£2, V) to be defined as the closure of C(‘)’O(.Q) with respect to
the norm

1/p
= v p .

Assuming that v(x) satisfies (N ») then the weighted Sobolev space D(])’p (£2,v) is a reflexive
Banach space. For a discussion about the space setting we refer the reader to [2] and the
references therein. The following Lemma holds:

Lemma 2.1. Assume that {2 is a bounded domain in RN and the weight v satisfies (N) p. Then
the following embeddings hold:

6)) D(l)’p(Q, D) < LP" () continuously for 1 < p* < N,

(i) D(l)’p((), V) < L"({2) compactly for any r € [1, p*).

The space setting of our problem is Z := D(])’p(.(l, V1) X D(])’q(.(l, v2), equipped with the
following norm:

= ||lu v ,z2=(u,v) € Z.
l2llz = Nl g ) + Wlptagg = @ 0)

Note also that from condition (N) we can deduce that D(])’p((), V1) X D(l)’q((), vp) and
D(l)*”((z, V) X D(l)’q((z, ) are equivalent.
Next let us introduce the functionals /;, J;, F; : Z — R withi = 1, 2 in the following way:

1
(I (u,v), ($,2))z :=°‘: fQV1(X)IvuI”‘2vuv¢dx,

1
(L(u,v), ($,2)z = ﬁ%fgw(xﬂvvﬂ—%vvzdx,

1
I, v), (b, )z = 2

{/ a(x)|u|1’*2udx+/ b(x)|u|°‘|u|ﬁu¢dx},
0 0

(ho(u,v), (p,2))z = ﬂ—“{f d(x)|v|‘f*2dx+/ b(x)|u|°‘|u|ﬁuzdx},
q 9] 2
a+1
(Fi(u,v), (¢,2))z = . /Qf(x,k,u,v)cbdx,
_Bt1

(F2(u,v), (¢,2))z : fng(x,/\,u, v)zdx,

p

Lemma 2.2. The functionals I;, J; are well defined. Moreover, I; continuous and J; is compact.

Proof. The proof follows the standard procedure (see also [3]).
Lemma 2.3. The functionals F;,i = 1,2, are well defined, compact and satisfy the relations

, | Fi (u, v) || z*
lim p—1 qg—1 -
HGoNz=0 || 775 + [lvll]

2.1)
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a1 (A) (/Q m(x)|M|V1|U|8‘H¢>) +o2(A) </Q M(x)|u|n¢) ,
/oy /P S\ ditl/a*
cl (/ |m(x)|wl) (/ |M|p) (/ |U|q)
N N N
. 1/p* 1/ . n/p*
x(f |¢>|") + e (Ine)|%) (f W)
N N
A\ /P
X (/ |p|? ) < 00.
N

Thus Fj is well defined. Let us prove now the compactness.

The continuity of F;,i = 1,2, follows from the continuity of the Nemytskij operator
associated with f and acting from Z(Bg) into Z(Bgr). Let (u,,v,) — (uo,vp) in Z. For
(¢, z) € Z it follows that

Proof. From (F) we have

[{(F1(u, v), (9, 2))]

IA

IA

| F1(un, va) — F1(uo, vo)llz« < sup

f(x? )‘" Up, Un)¢ - f(x? )"7 uo, U0)¢'

lollz<11JBg
+ Sup / f(x,)hun,vn)qb_f(x»)hu()» U0)¢‘
¢lz<11/62\Bg

From the continuity of the Nemytskij operator and by Lemma 2.1 we can deduce that the integral
over (BR) tends to zero as n — co. Now let us estimate the integral over ({2 \ Br).
sup

/ f(x,)»,u,v)d)‘
llpllz<11J2\Bg
1/wy A\n/P* L\ dit1/a” AP
< ¢ (f |m(x>|‘“l) (f |u|P) (f |v|‘1) (/ |¢>|")
(0} (0} 0 0
o 1/ A\ P A\ VP
+c2 (lM(X)I 2) (f |M|p> (/ |¢>|p)
0 (0}

v1/p* Si+1/q* n
< ”m(x)”wl‘l”””pl* IIUIIq'* 1 @l p+ A+ QO ey llael] e 1B -

Hence for any € > 0 there exists an R large enough such that

/ flx, A, u,v)p
2\Bg

Therefore the functional F; is compact. The analogue holds for the operator F,(u, v). Now
concerning relation (2.1) we have that

< €

sup
llgllz=1

1 F1(u, v)ll z* —(p—1 +1 —(p—1
o = Il el OIS ) g el P 0,
lullf "+ 1ol

as ||z]] = 0, and similarly for F,. <
Let us now define X;L, Ay Z — Z* as:

Ay = Ii(u,v) — Ji(u,v) + bu, v) — J(u, v), (2.2)
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and
A; = A, — Fi(u,v) — F>(u, v). (2.3)

We say that (u, v) is a weak solution of the system (1.1) and (1.2), if and only if A, (u,v) =0 €
Z* where (u, v) is a critical point of the functional ¢ : Z — R, defined by

1 1 1
B(u, v) = Aiﬂvuv’ﬂﬁiﬁvvﬂ —Ai/a(x)mv’
p q p

_x$/d(x)|v|"—A/b(x)lm“wlﬂuv‘kfF(”’v)'

Since @(|ul,|v]) = &(u,v), we may assume that there exists an eigenfunction (up, vy)
corresponding to A1, such that u; > 0 and v; > 0, a.e., in {2.
Hence from [9] we have the following theorem.

Theorem 2.4. Let 2 be a bounded domain of RN, N > 2. Assume that hypotheses
(H), N), (A), (B), (D) are satisfied. Then, the system (1.1) and (1.2) admits a positive principal
eigenvalue )1, satisfying

1 1
A= inf |:oc + f v1(x)|Vu|Pdx + ﬂ;f vz(x)|Vv|qu:| .
p n q n

[ b+ A+ 1dx
+‘1"—, [ a)lulPdx
+% Jo d@)lvlddx=1,
(u,v)eZ.

The associated normalized eigenfunction (u1,v1) belongs to Z and each component is
nonnegative. In addition,

(i) the set of all eigenfunctions corresponding to the principal eigenvalue M1 forms a one
dimensional manifold, E1 C Z, which is defined by

Ey = {(ciui, Cf/qvl); c1 € R}

(i1) A1 is the only eigenvalue of (1.2) to which there corresponds a componentwise nonnegative
eigenfunction.

(iii) A is isolated in the following sense: there exists n > 0, such that the interval (0, A1 + 1)
does not contain any other eigenvalue that A1.

(iv) (nondegenerate case) If in addition hypothesis (T;), for i = 1,2, is satisfied and v1, vo are
positive and smooth and the coefficient functions o, d and b are smooth functions, at least
C&f(()), for some ¢ € (0, 1), then uy and vy belong to Cllo’f(Q), for some ¢ € (0, 1) and
they are both positive in {2.

Finally, taking into consideration certain properties, such as the simplicity and isolation of
the positive principal eigenvalue of (1.1) and (1.2), we can proceed to the topological degree
theorem, Section 3.

3. Topological degree
For the completeness of the presentation in this section we recall some basic facts on the

topological degree theory as well as some necessary conditions for the system. The procedure is
analogous to the one presented in [8]. First, we define the topological degree for the operators.
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Definition 3.1. Let X be a reflexive Banach space, X* its dual. Then the operator A: X — X*
satisfies condition (S ) if for any sequence u, € X satisfying u,, — ug in X and

lim sup(A(u,), u, —ug)x <0,
n— o0
we have that u, — ug (strongly) in X.

If the operator A satisfies the above condition then it is possible to define the degree
Deg[A, D, 0], where D C X is a bounded open set such that A(u) # 0, for any u € dD. Note
also that if A satisfies (S4) then A+ K also satisfies (S;.) for any compact operator K : X — X*.

Lemma 3.2. Let A be a potential operator with ' (u) = A(u),u € X, for some continuously
differentiable functional ¢ : X — R. Let ug be a local minimum of @ and an isolated point for
which A(ug) = 0. Then

Ind(A, ug) = 1.

Lemma 3.3. Assume that (A(u), u)x > 0, for all u € X with ||ul|x = r. Then
Deg[A, B,(0),0] = 1.

Now in order to define the topological degree for our system we need to prove the following
lemma.

Lemma 3.4. The functionals K,\, A),. satisfy the (S+) condition, where Z,\, Ay are given by (2.1)
and (2.2) respectively.

Proof. We already know that J;, F; are compact. Therefore it suffices to show that the functional
I(u,v) =11 + I, : Z — Z* satisfies condition (S). Let us suppose that the sequence (i, vy)
converges to (uq, vp) weakly in the space Z and

lim sup(! (un, vn), (Upn — ug, vy, —v9))z < 0.
n—>oo

From the weak convergence we have that
lim (1 (uo, vo), (un — uo, vn —vo))z = 0.
n— o0

So

0 > limsup{/ (uy, vy) — I (ug, vo), (uy — uo, vy — Vo)) z
n—oo

. oa+1 _ _
=hmsup{7/<v1<x>|vun|" 2 Uy — 01 ()| V uol? ™ v o) (Vitn — Vito)

1
+ ﬁq+ ] /(vz(x)l T2 9 5y — v (0| ¥ v0l2 ¥ v0) (T — vvo)} .

Rewriting (3.1) we have

/(Vl(x)|V“n|p+vl(x)|vu()|p_Vl(x)|V“n|V“nV“O_V1(x)|V“0|V”OV”n)

1/p 1/p
> /(W(X)IVunl”—lrw(X)lvuol”)—(/W(X)IVunl”) <v1(X)/|Vv|”)
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1/p 1/p'
- (/m(x)lvunl”) (w(x)flvvl”)
(p—1)/p (p—=1/p
= [(/ v (x)] vunl”) - (/ v](x)lvuol”) ]
1/p 1/p
X [(/w(wlvunl”) —(/W(X)IVMOIP) } > 0.

Following the same procedure for (3.1) we obtain

fmmew»/mmw%Wam /mmeW»/meﬂ

Therefore the proof of the lemma is completed. <

4. Bifurcation from i

In this section we shall prove the existence of a bifurcation from the principal eigenvalue A;.

Definition 4.1. Let £ = R x Z be equipped with the norm

G u, e = (AP + @, )2 (u,v) € E. (4.1)
We say that the set

C ={(\,u,v) € E: (A, u,v)solves (1.1), (u, v) # (0,0)}

is a continuum of nontrivial solutions of (1.1), if it is a connected set in E with respect to the
topology induced by the norm (4.1). We say A9 € R is a bifurcation point of the system (1.1)
(in the sense of Rabinowitz), if there is a continuum of nontrivial solutions c of (1.1) such that
(ko, 0,0) € C and C is either unbounded in E or there is an eigenvalue A # Ao, such that
(2,0,0) € C.

Let us consider now a real nonnegative C'-function ¥ : R — R defined by

0, t <Kk,

v = i—a(t —2K), 13> 3K,

1

for K > 0 and 6 such that the interval (A1, A1 + §) contains no eigenvalue of (1.3). The function
¥ () can be chosen positive and strictly convex in (K, 3K). We define the functional

Ut (u, v) = (1w, ), (1, v)) = A{J (u, v), (0, v)) + P (@, v), (4, V))).
where
IT(u,v) = Li(u,v)+ Lu,v) and J(u,v)= Ji(u,v)+ Jo(u,v)
Then ¥ is continuously Fréchet differentiable with derivative

(T (u, v), (w, 2)) = (T} (u, v), (W, 2)) + (T (u, v), (W, 2)),
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where
(Uir(u,v), W, 2)) = @+ D {1+ (@ ), @) (Lwv), w,z2)
- )L(]](M,U),(U),Z))}, (42)
(T, v), w.2) = B+ {(1+¥' (T, v), @) (L, v), (W, 2)
— M (u,v), (w,2))}. 4.3)

In addition, the critical points (o, vo) of ¥* occur, if ¥} = ¥} =0, and

A
¥/ (I (uo, vo), (1o, v0))) = L. (4.4)

E _
Hence, we must have (I (ug, vo), (1o, vo)) € (K, 3K). In this case either (ug, vo) = (u1, v1)
or (ug, vo) = (—u1, —v1). Sofor A € (A1, A1 +§) we have precisely three isolated critical points

0, (u1, v1), (—uy, —vp).
Lemma 4.2. The functional W is (a) weakly lower semicontinuous and (b) weakly coercive,
with & € (A1, 21 +6).
Proof. (a) Let (u,, v,) — (uo, vo) weakly in Z. Then, we have
timinf (7 @tn, va), G, v)) + 9 (T @, 00), Gty v)))} >
(1 (o, vo), (uo, vo)) + ¥ ({1.(uo, v0), (10, v0))), (4.5)

since J is compact, liminf, o || V tnllp > | V ol p, liminfy o | V vrllg = || ¥ voll4 and ¥
is nondecreasing. Therefore we obtain

liminf U* (uy, va) > (g, vo).
n—>oo

(b) The proof follows steps like those for Lemma (5.2) in [8]. Hence the proof of the lemma is
completed. <

Lemma 4.3. The critical points (uy,vy), (—uy, —v1) of T* are of minimum type, with A €
(A1, A1 +9).

Proof. Lemma 4.2 implies that ¥ attains a minimum on Z; in addition with (4.4) and the strict
convexity of ¥ on (K, 3K) we have that

A—A
Tt uy, 1) = !

(I(uy,v1), (uy, v)) + ¥ (ur, v1), (u1, v1)))
< 0= 7"0,0).

Since ¥*(uy, v1) = ¥*(—u;, —v;) we obtain the conclusion. <

Lemma 4.4. The quantity (V") (u,v), (u,v)) is strictly positive for any (u,v) € Z with
|(u, v)|lz > k, for some large enough positive constant k and A € (A1, A1 + 6).

Proof. From (4.2) we have
1 a+1
<; Wt (u, v), (u, v)> = T(h (u, v) — AJ1(u, v))

1
+%W((l(u,v),(u,v)))fw(X)IVulp- (4.6)
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Adding ¥} (u, v) and ¥} (u, v) we obtain

<l T (u, v) + ! T (u, v), (u, v)> = (I(u,v), (u,v)) — AM{J(u, v), (u, v))
p q

+ 9 (I (u, v), (u, V) (u, v), (u, v)). 4.7)
Let || (uy,, vp)||z = oo. Then (J (un, v,), (un, v,)) — oo. Therefore (4.7) becomes
(I(u, v) = 1J (u, v), (u, v)) + ¥ (I (u, v), @, V) (U, ), (u, v))
= (I (u, v), (u, v)) = 21 (J (u, v), (, v)) + ' (I (u, v), (, v)))

A— Al
X |:([(M, v), (u,v)) — T ). G o) (J(u,v), (u, U))}

268
z [({(u,v), (u,v)) = 2K] [(I(M, v), (u, v))

1

Al

> (J(u, v), (u, v))} .
Hence

1o LY

- Wu (unv Un) + - WU (u}’h Un), (u}’h U}’l) — 00,

P q
which means that

(&Y (n, va), (U, v0)) = (U (n, va) + U (n, vn), (U, vg)) = 00

and the proof of the lemma is completed. <

Lemma 4.5. For the operator A, (u, v) the following are true
Ind(A;,0)=1, A€ (0,A1) and Ind(A;,0)=—-1, Ae i, i1 +9).
Proof. The proof follows steps like those for Lemma 5.5 of [8]. <
According to Definition 4.1 we have the following characterization.
Theorem 4.6. The principal eigenvalue .1 > 0 of the unperturbed problem (1.3) and (1.4) is a
bifurcation point (in the sense of Rabinowitz) of the perturbed system (1.1).

Proof. The index jump result of Lemma 4.5 and the homotopy invariance of the degree imply
that (A1, 0, 0) is a bifurcation point of (1.1). The rest of the proof is similar to that of the
Rabinowitz Theorem, see [7]. <

Finally, we discuss the sign of the solution branch close to the bifurcation point.

Proposition 4.7. There exists an n > 0 small enough, such that for each (A,u,v) € C N
By(X1,0), we have u(x) > 0 and v(x) > 0, almost everywhere in (2.

Proof. Let (A, u,, v,) € C be a sequence such that (A,, u,, v,) = (A1, 0, 0). We introduce the
sequences i, and v, in the following way.
Un ~ Uy
= vy = .
(unllf, + lonll] )17 (unllf, + enlf Ve

Un

It is easy to prove that the sequences i, and v,, are bounded. We also have

|Mn|a|vn|ﬂunvn
p q
”Mn”])p + ”Un”hq

= |iin|*| 0 |P it D, (4.8)
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for every n € N. Let us take any pair of eigenfunctions (i, U), (id,n,, Uyn) and substitute into the
system (1.1). Multiplying the first equation by (it,, — u,,), and integrating by parts we obtain

fg @Y @nlP 2 G iy — 1?2 7 i) (Tl — i)y
= fga(x) (180172800 = 1”2 ) G = i)
+An/9b(x) (1220191 P 5 = Vi |5 1P ) G — i) dx
+ (G = Am) Uga(x>|ﬁm|"‘2ﬂm<ﬂn — dim)dx +f9b(x>|ﬁm|“|ﬁm|ﬂﬁm]
Similarly for the second equation. Using relations (2.1) and (4.8) we have that

/IW(X)vftnlp =)»n/a(X)lﬁnler?»n/b(X)lunl 15017 it B + Ol 1, v)2),

/Ivz(X)vvnlq = An /d(X)Ivn|q+?» /b(X)IMnI 19017 i1 B + Ol v2) 1 2).-

From the compactness of Ji, J and the monotonicity of the degenerate p-Laplacian we
derive that for some positive constant k, i, — kP u; and v, — k9 v; (strongly) in the
spaces D7 and D9, respectively. Assume that the sets U, =1{x € 2 : i) < 0} and
V., = {x € {2 : v,(x) < 0} are non-empty. Using (2.1) we obtain that

1 <co (maX {IIG(X)II o S dOI } + ”b(x)”Lw(Qn)> ,

LY =r () La™=4 (27)
where 2 = U, U V. Since |[(un, vallz — 0,a € LP/P=P (), d e LT/@~D (),
b € L®(§2) and c¢g does not depend on u,, or v,, we derive that for some Ky > 0 large enough
[£2; N Bg(0)] = c1,

for any K > Ko, where ¢; > 0 depends neither on A, nor on u, or v,. Now, by Egorov’s
Theorem we deduce that i, and v, (and hence u, and v,) are nonnegative in {2, for n large
enough. Then, it follows that u, > 0 and v, > 0, for any (X, u,, v,) € C N By(A1,0), with
n > 0 small enough. <

5. Properties of the continuum C

In order to prove some additional properties of the system (1.1) we have to make some further
restrictive assumptions:

(71) There exists a positive number ¢, such that

(=557 s
p " <t<p,
q

e LT7(02)and m € L% (), where x3 := max{[1 — Vt*‘ =L I § R A !
(72) There exists a positive number ¢, such that
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ve L1 (2)andn € L (), where x4 = max{[] — e L
Proposition 5.1. Let p > 1,q > 1, and assume that (H), (N), (A), (B), (D) and (T;), for
i = 1,2, hold. Then for any weak solution of (1.1) with A > 0 we have that u € L" RN) (or
v € L"), with p* < r < 0o and u(x) (or v(x) respectively) decaying uniformly as |x| — oo.
Moreover, u € Cl’g(BK(O)) (or v(x) respectively) for any K > 0 with some ¢ € (0, 1).

However, if both hypotheses hold then both u and v are uniformly bounded a.e. in 2.
Proof. Let uy(x) := min{u(x), M}. Choose ¢ = u],if;ﬂ (k > 0), as a test function in the first
equation of (1.1)

/Qvl(xnvu|"—2vu~v<u’;5+‘)dx sfna<x)|u|<k+”"dx+f9b(x)|v|ﬂ|u|""+“dx

+ f £ u, vyt dx, (5.1)
2

Taking into consideration Proposition 5.1 of [9] we only need to estimate the last integral of
(5.1). Therefore we obtain

P

s 8141 »
o1 (L) (f m(x)x3’>X3 (f |v|‘1*) ? (/ |M|<k+1>z)’

8i+1
q*

where we have chosen Xé =[1-— ? — 1~L. Therefore we conclude that

L

k41 s
leell 1z -

(kp + 1)1/p

The rest of the proof is similar to that in [9]. Thereby the proof of the proposition is completed.
<

1
s ll g1y pr < CHFA [

As a consequence of the previous proposition we obtain the following corollary.

Corollary 5.2. Assume that the hypotheses of Proposition 5.1 are satisfied and (u,v) is a
nonnegative eigenfunction corresponding to ,1. Then u and v are strictly positive in (2.

Lemma 5.2. (i) (Local Bifurcation) The only possible points of the form (A, 0, 0), which the
closure of the continuum C may contain, are the points (Ap 4, 0,0) and (74,4, 0, 0).

(i1) (Bifurcation from semitrivial solutions) The only possible points of the form (A,u,0),
u# 0 (or (x,0,v), v # 0), which C may contain, are the points (Apa,cdpa,0) (or
(Ag.d» 0, cPq,a), respectively), for some real constant ¢ # Q.

(iii) if C contains no point of the form (1, 0,0), (A, u, 0), u % 0 and (1,0, v), v # 0, then every
solution (u, v) in C is strictly positive (componentwise).

Proof. (i) The proof follows the same steps as in Proposition 4.7.

(i1) The proof follows the same steps as for (i).

(iii) Suppose that C contains no point of the form (X, 0, 0) and for some solution (A, u, v) € C
there exists a point xo € 2, such that u(xg) < 0. By Proposition 4.7 we may observe that
u(x) > 0, x € {2, for all solutions (A, u, v) € C close to (A1, 0, 0). Since the continuum C
is connected, the CIIO’C” - regularity of the solutions implies that there exists (Ao, ug, vo) € C,
such that ug(x) > 0, for all x € 2, except some point xo € {2, such that ug(x¢) = 0 and in
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any neighborhood of (A, ug, vg) we can find a point ()A», u,v) € C,withii(x) < 0, for some
x € 2. Let B denote any open ball containing xo. Then it follows that g = 0 on B. Hence
ug = 0 on {2. Thus, we may construct a sequence {(A,, uy, v,)} € C, such that u,(x) > 0
and v, (x) > 0, foralln € M and x € 2, u, — 0in D7, v, — vg in D9 and A,, — Xo.
Then, the continuum C contains a point of the form (Ao, 0, vp), which is a contradiction.
Similar results may be obtained for v. <

Applying the previous results and the fact that the solutions of (1.1) are uniformly bounded
we can state the main result of this section in the general case.

Theorem 5.3 (Global Bifurcation). Let p > 1,q > 1, and assume that (H), (N), (A), (B),
(D) and (Ty), fori = 1,2,3, 4, hold. Then, there exists a continuum C C R x Z of uniformly
bounded solutions of the problem (1.1) bifurcating from the zero solution at (71,0, 0), such that
one of the following alternatives holds.

(i) The continuum C (in closure) contains one of the points (Ap.4,0,0) and (Aq4.4,0,0), and
in particular problem (1.1) has a nontrivial positive (componentwise) solution (u,v) € Z,
whenever M is between A1 and Xp 4 07 Ay 4.

(ii) The continuum C is unbounded and every (u, v) in C is strictly positive (componentwise).

Remark 5.1. For the following variation of the system (1.1) and (1.2)
—v i (x, u, 0)| v ulP 2 v ) = ra ()|l 2u A+ Ab o) ul*vlPu + f(x, A, u,v),

(5.2)
—v(a(x, u, V)| v ulP2 7 u) = Ad(x) 0|90 + A |ul*vPo + g (x, A, u, ),

x € {2, u|39=v|39 =0. 5.3)

where vy (x, s, 1), v2(x, s, 1) satisfy similar conditions to (\) and (V) (see [2]) we may apply
the same procedure as in this paper to show simplicity and isolation of the positive principal
eigenvalue as well as global bifurcation of a continuum of positive solutions from the principal
eigenvalue.
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