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STRONG GLOBAL ATTRACTOR FOR A QUASILINEAR
NONLOCAL WAVE EQUATION ON R¥

PERIKLES G. PAPADOPOULOS, NIKOLAOS M. STAVRAKAKIS

ABSTRACT. We study the long time behavior of solutions to the nonlocal quasi-
linear dissipative wave equation

wr — &) || Vu(t)|2Au + dus + |ul®u = 0,
in RN, ¢ > 0, with initial conditions u(z,0) = ug(z) and ui(z,0) = uy ().
We consider the case N > 3, § > 0, and (¢(z))~! a positive function in

LN/2(RN) N L>°(RN). The existence of a global attractor is proved in the
strong topology of the space D12(RN) x Lg (RN).

1. INTRODUCTION
Our aim in this work is to study the quasilinear hyperbolic initial-value problem
uge — ()| Vu()|*Au + Suy + |u|*u =0, xRN, t>0, (1.1)
u(x,0) = up(x), up(x,0) =uy(x), xRN, (1.2)

with initial conditions ug, u; in appropriate function spaces, N > 3, and § > 0.
Throughout the paper we assume that the functions ¢,¢g : RY — R satisfy the
condition

(G1) ¢(z) > 0, for all z € RN and (¢(z)) " := g(z) € LN/2(RN) N L>®(RYN).
For the modelling process we refer the reader to some of our earlier papers [111 [13]
or to the original paper by Kirchhoff in 1883 [8]. There he proposed the so called
Kirchhoff string model in the study of oscillations of stretched strings and plates.

In bounded domains there is a vast literature concerning the attractors of semi-
linear waves equations. We refer the reader to the monographs [3, 14]. Also in
the paper [4], the existence of global attractor in a weak topology is discussed for
a general dissipative wave equation. Omo [09], for 6 > 0, has proved global exis-
tence, decay estimates, asymptotic stability and blow up results for a degenerate
non-linear wave equation of Kirchhoff type with a strong dissipation. On the other
hand, it seems that very few results are achieved for the unbounded domain case.
In our previous work [I1], we proved global existence and blow-up results for an
equation of Kirchhoff type in all of RV. Also, in [I3] we proved the existence of
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compact invariant sets for the same equation. Recently, in [I2] we studied the sta-
bility of the origin for the generalized equation of Kirchhoff strings on RY, using
central manifold theory. Also, Karahalios and Stavrakakis [5], [7] proved existence
of global attractors and estimated their dimension for a semilinear dissipative wave
equation on RV.

The presentation of this paper is follows: In Section 2, we discuss the space
setting of the problem and the necessary embeddings for constructing the evolution
triple. In Section 3, we prove existence of an absorbing set for our problem in the
energy space Xy. Finally in Section 4, we prove that there exists a global attractor .4
in the strong topology of the energy space X; := D2(RY) x LS (RM), so extending
some earlier results of us on the asymptotic behavior of the problem (see [13]).

Notation. We denote by Bg the open ball of RV with center 0 and radius R.
Sometimes for simplicity we use the symbols C§°, DY2, LP, 1 < p < oo, for the
spaces C§°(RY), DH2(RYN), LP(RYN), respectively; || - [, for the norm || - || s rny,
where in case of p = 2 we may omit the index. The symbol := is used for definitions.

2. SPACE SETTING. FORMULATION OF THE PROBLEM

As it is already shown in the paper [I1], the space setting for the initial conditions
and the solutions of problem (|1.1)-(1.2) is the product space

Xy := D(A) x DV*(RY), N >3.

Also the space &y := DM2(RN) x L2(RY), with the associated norm ey (u(t)) :=
l[wll%1 .2 +[Jue]|3 2 is introduced, where the space L2(R™) is defined to be the closure
g

of C§°(RY) functions with respect to the inner product

(u,v)Lg(Rw) :z/ guvdz. (2.1)
RN

It is clear that L?I(RN ) is a separable Hilbert space and the embedding Xy C X
is compact. The homogeneous Sobolev space DV2(RY) is defined, as the clo-
sure of C§°(RY) functions with respect to the following energy norm |ul%, . :=

Jan |Vul*dz. Tt is known that

2N
—2

DYARY) = {ue L¥2(RY): Vu e (L2 (RV))V}

and D2(RY) is embedded continuously in L% (RM), that is, there exists k > 0
such that

Jull g, < Elullpns. (2.2)
The space D(A) is going to be introduced and studied later in this section. The
following generalized version of Poincaré’s inequality is going to be frequently used

/ |Vu|>dz > a/ gu’de, (2.3)
RN RN

for all u € C§° and g € LY/, where o := lc_2||g||]7v}2 (see [1, Lemma 2.1]). Tt is

shown that DV2(R¥) is a separable Hilbert space. Moreover, the following compact
embedding is useful.
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Lemma 2.1. Let g € LN/2(RVN) N L®(RY). Then the embedding D'? C L2 is
compact. Also, let g € LoN=5NT7 (RN). Then the following continuous embedding
DYA(RN) C LE(RYN) is valid, for all1 <p < 2N/(N —2).

For the proof of the above lemma, we refer to [0, Lemma 2.1]. To study the
properties of the operator —¢A, we consider the equation

—p(x)Au(z) = n(z), =RV, (2.4)
without boundary conditions. Since for every u,v € C§°(RY) we have
(—pAu,v)z = VuVudz, (2.5)
g RN

we may consider (2.4) as an operator equation of the form
Agu=mn, Ag:D(Ag) C LZ(RYN) — L2RY), ne LYRY). (2.6)

The operator Ag = —¢A is a symmetric, strongly monotone operator on Lg (RM).
Hence, the theorem of Friedrichs is applicable. The energy scalar product given by

£

(u,v)g = VuVudz
RN
and the energy space X is the completion of D(Ag) with respect to (u,v)g. It is
obvious that the energy space is the homogeneous Sobolev space D2(RY). The
energy extension Ag = —@A of Ay,

—¢A : DVARY) - DTL2(RY), (2.7)

is defined to be the duality mapping of D*2(RY). We define D(A) to be the set
of all solutions of equation , for arbitrary n € LZ(RN ). Using the theorem
of Friedrichs we have that the extension A of A is the restriction of the energy
extension Ag to the set D(A). The operator A = —@A is self-adjoint and therefore
graph-closed. Its domain D(A), is a Hilbert space with respect to the graph scalar
product

(u,v)p(ay = (u,v)Lg + (Au,Av)Lg, for all u,v € D(A).

The norm induced by the scalar product is

1/2
oo = { [ ot de+ [ olsuar}™,
RN RN

which is equivalent to the norm

1/2

Aully = { [ olauPdz}™
RN
So we have established the evolution quartet
D(A) c DV*(RY) c LZ(RY) c DH2(RY), (2.8)
where all the embeddings are dense and compact. Finally, the definition of weak
solutions for the problem (1.1)—(1.2) is given.

Definition 2.2. A weak solution of (1.1)-(1.2) is a function u such that the fol-
lowing three conditions are satisfied:

(i) u € L?[0,T; D(A)], u; € L*[0,T; DV2(RN)], uyy € L2[0, T LS(RN)],
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ii) for all v € C§°(|0,T] x (R*)), satisfies the generalized formula
for all C§ N fies th lized f 1
T T
| o) ugar+ [ (1vu0) [ Fur)vo(ris ir)
R

—|—(5/ (ug(T deT+/ (lu(m)*u(7), v(7)) 2dT =0,

(iii) w satisfies the initial conditions w(z,0) = up(x), ug € D(A), w(x,0) =
up(z), up € DH2(RY).

(2.9)

3. EXISTENCE OF AN ABSORBING SET.

In this section we prove existence of an absorbing set for our problem ([1.1})-(1.2)
in the energy space Xy. First, we give existence and uniqueness results for the
problem ([1.1])-(1.2) using the space setting established previously.

Theorem 3.1 (Local Existence). Consider that (ug,u1) € D(A) x D2 and satisfy
the nondegeneracy condition
[Vuol| > 0. (3.1)
Then there exists T = T (||uol| pcay, [[Vuil]) > 0 such that the problem (1.1])-(1.2)
admits a unique local weak solution u satisfying
u € C(0,T;D(A)) and u; € C(0,T;D"?).

Moreover, at least one of the following two statements holds:

(i) T = o0,

(i) e(u(t) = [u(®) 3 4) + (s — 00, as t —T-.

For the proof of the above theorem, we refer to [I1I, Theorem 3.2].

Remark 3.2. The nondegeneracy condition (3.1)) is imposed by the method which
is used even for the proof of existence of local solutions of the problem (|1.1)-(1.2]).
For more details we refer to the proof of Theorem 3.2 in [11]. Also we must notice

that this condition is necessary even in the case of bounded domains (e.g., see [9]
and [10]).

Lemma 3.3. Assume that a >0, N > 3. If the initial data (ug,u1) € D(A) x D12
and satisfy the condition
”vuO” > 07 (32)
then
(IVu(t)|| >0, forallt>0. (3.3)

Proof. Let u(t) be a unique solution of the problem (|1.1)-(1.2]) in the sense of
Theorem on [0,7). Multiplying (1.1) by —2Awu; (in the sense of the inner
product in the space L?) and integrating it over R", we have

d 2 2 d 2
IO+ ITuO G b o
2/ Vur ()1 + 2(Ju|*u, Aug(t) = 0
Since ||Vugl| > 0, we see that ||Vu(t)|] > 0 near ¢t = 0. Let

T :=sup{t € [0,+00) : [[Vu(s)|| >0 for 0 <s <t}

then 7' > 0 and ||Vu(t)|| > 0 for 0 < ¢ < T. By contradiction we may prove that
T = +o0. (]
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Theorem 3.4 (Absorbing Set). Assume that 0 < a < 2/(N —2), N > 3, My :=
[Vuo||? > 0, (ug, u1) € D(A) x D2 and

5
1> 4a"Y2R%c2, (3.5)

where ¢z = (rpax{l,MJl})}/Q and R a given positive constant. Then the ball
By := B, (0, Ry), for any R. > R., is an absorbing set in the energy space Xy,

where
R 2k R2(aF1) (g B 4RQC§)71.
) 4 Va
Proof. Given the constants T" > 0, R > 0, we introduce the two parameter space
of solutions

Xr.g:={ueC0,T;D(A)) : u; € C(0,T;D"?), e(u) < R* t € [0,T]},

where e(u) := |Jug||%2 + ||u||2D(A). The set X7 g is a complete metric space under
the distance d(u,v) := supg<,<7e(u(t) — v(t)). Following [9] we introduce the
notation

To :=sup{t € [0,00) : [|[Vu(s)||* > My, 0 < s < t}.

Condition 1||[Vug|? = My > 0 implies Ty > 0 and [[Vu(t)|[*> > My > 0, for all
t € [0,Tp]. Next, we set v = u; + eu for sufficiently small . Then, for calculation
needs, equation (|1.1)) is rewritten as

v 4 (0 — &)v + (—p(2)||Vul?A — (6 — €))u + f(u) = 0. (3.6)
Multiplying equation by
gAv = g(—pA)v = —Av = —A(uy + eu),

and integrating over RY, we obtain (using Hélder inequality with p~! = &, ¢ =
e
1d g(d —e)
el + olee + SO g}
+ (8 = o)[vlprz + ellullprallulBay + (8 = e)llullpr (3.7)
d a
< ’(%HUHQDIJ)HUHQD(A” Flullzwe IVl g, V0]
‘We observe that
e(d—e)
0(0) 1= Tl iy + Dol + 0l o)
> Mollullbay + lluellpre > 5 2e(u).
Also J
|Gl lboa| = |2 [ | Auvpgde) el
1/2 1/2 3.9
<2 (lulbia) P (luela) P luldsy B

< 207 V2 R%e(u) < 2072 R220(t).

Applying Young’s inequality in the last term of (3.7) and using relations (3.8]), (3.9)
and the estimates

[ullzxe < R* and |[Vul| < lullpa) < R, (3.10)

N—-2
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inequality (3.7)) becomes (for suitably small ¢)

d C(R)
Z0() + C.b(t) < =2, (3.11)

where C, = 1 (6/4—4a"Y2R%¢3) > 0 and C(R) = R*“*V. An application of
Gronwall’s inequality in the relation (3.11) gives
1—e %t C(R)

0(t) < 0(0)e= ! + — s (3.12)

Following the reasoning developed by K. Ono (see [9]), the nondegeneracy condition
[[Vuo|l > 0 and the relation (3.3)), imply that ||[Vu(s)|| > My > 0, 0 < s < ¢,
t € [0, +00). Now, letting ¢ — o0, in the relation (3.12) conclude that

| 0 R2(a+1) R2

i t) < = R%. 3.13
Jfim sup () < 55— = 1)
So, the ball By := Bux, (0, R,), for any R, > R., is an absorbing set for the associ-
ated semigroup S(t) in the energy space of solutions Ap. O

Corollary 3.5 (Global Existence). The unique local solution the problem (1.1))-
(1.2) defined by Theorem exists globally in time.

Proof. Combining inequality (3.13) and the arguments developed in the proof of

[11, Theorem 3.2], we conclude that the solution of the problem (1.1)-(1.2) exists

globally in time. O
4. STRONG GLOBAL ATTRACTOR IN THE SPACE X

In this section we study the problem (1.1)-(1.2) from a dynamical system point
of view. We need the following results.

Theorem 4.1. Assume that 0 < a < 4/(N — 2), where N > 3. If (ugp,u1) €
D(A) x DY2 and satisfy the nondegeneracy condition

Vol > 0, (4.1)

then there exists T > 0 such that the problem (1.1))-(1.2) admits local weak solutions
u satisfying
ue C(0,T;DY?) and uy € C(0,T;LY). (4.2)

Proof. The proof follows the lines of [I1, Theorem 3.2], so we just sketch the proof.
The compactness of the embedding Xy C X; implies eq(u(t)) < e(u(t)), where the
associated norms are

er(u(t)) = [ulpre + lluellzo  and e(u(t) = lullbia) + luelpao-
Then, for some positive constant R an a priori bound can be found of the form
e1(u(t)) < e(u(t)) < R
Hence the solutions u of the problem (L.1)-(L.2)) satisfy
we L®(0,T; D?), wp € L®(0,T;L2).

Finally, the continuity properties (4.2)), are proved following ideas from [T4, Sections
I1.3 and II.4]. O

Next, the strong continuity of the semigroup S(t) is proved in the space X;.
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Lemma 4.2. The mapping S(t) : X1 — Xy is continuous, for all t € R.
Proof. Let u,v two solutions of the problem — such that

gy — O(x)||Vul|* Au + duy = —|u|®u,

v — ()| Vo||?Av + v, = —|v|"w.
Let w = u — v. So, we have

wy — ¢ Vul*Aw + dw, = {|[Vu|? — [ Vo[ *}Av — (Ju|*u — [v|*v)
w(0) =0, w(0)=0.
Multiplying the previous equation by 2gw; and integrating over RY, we get
/ qwiwydr — 2/ | Vul|? Awwdz + 25/ gw?dx
RN RN RN

(4.3)
— {IVull? — [Vo]?) / Aveyde — 2 / g(jul"u — [o]"v) wede.
RN RN

Hence

d
S (w) + 20wl

d a a
= (ZIVulP) Vol + 2{[|Vul* = [Vol*}(Av  w) = 2(ful"w = o], w;).
= NL(t) + () + I3(t).

2
g

(4.4)
So
d
Lot (w) < L) + 1(t) + 1), (@5)
where e*(w) = [Jwe]|2; + Cullwl|b:2 and Cy = |ul|%:2. To estimate the above

integrals, more smoothness of the solutions u, v is needed. Theorem guarantees
the uniqueness of local solutions in the space Xy, if the initial conditions (ug,u1) €
Xo. To improve these results, it is assumed that (ug,u;) € X;. Then, applying
again Theorem it could be proved the existence of a local solution (u,u;) in
X;. Furthermore, we may obtain

L(t) = (2 o Auugp(x)g(x)dz)|| Vwl|?

< 2([|ulBa)) V2 (luellZ2) 2Vl

(4.6)
< 2R.k([[ug]Br2) V2 | V|2
< 2R%k||Vw|? < Coe*(w),
where Cy = 2R?k. Also, the following estimation is valid
L(t) < ()] < a (| Vul? = Vo)V (u —0)| [lwel|zz
< @ 2RY|[wl[przlwe| 2
(4.7)

C 1
< Calg[wlfynz + 5 lunlZ;)
u

< CaCpe*(w),
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where we have used Young’s inequality and Cs = 20 'R?, Cp = max(3, 2é‘u)'
Hence,

B(0) < (19l + [Vl =) [ | Avwid)

< 2R JJwllpra (ol Beay)*(lwelZ2) !

2 2 \1/2 (4.8)
< 2R wllpra (e l32)
2, Cu 2 1 2 *
< 2R (2 [l + 5 lwnl23) < CrCet (w),
where Cr = 2R2. Finally, using relations (4.6))-(4.8)), estimation (4.5)) becomes
d
%6*(“}) < (Co 4+ CuCp + CrCr)e* (w) < Cye*(w), (4.9)
where Cy, = Cy + C4Cp + CrCp and the proof is completed. O

Remark 4.3 (Continuity in X;). It is important to state that the operator S(¢) :
Xy — Ay associated to the problem — is weakly continuous in the space
Xy, but it is strongly continuous in the space X;. Therefore, we will study problem
(L1)-(T.2) as a dynamical system in the space X; := DV2(RY) x LZ(RYN).

Remark 4.4 (Uniqueness in X;). Assuming that the initial data are from the
space X7, relation (4.9)) guarantees the uniqueness of the solutions for the problem

(1.1)-(1.2). Indeed, if @, = (ug,u1), Up = (ug,u}), from inequality (4.9) take

15()ta — S(E)upllx, < Clltallx,, [l 2]t — | x, - (4.10)
Remark 4.5. According to Theorem we have that the ball By := By, (0, R.)
is an absorbing set in the space Xj, so and in X; by the compact embedding.

So, we obtain the following theorem.

Theorem 4.6. The dynamical system given by the semigroup (Si)i>0, possesses
an invariant set, which attracts all bounded sets of Xy, denoted by

A = Ni>0 Us>e SsBo C A

The above set is also compact, so it is global attractor for the strong topology of
X1.

Proof. First, we have that operators (S¢);>o form a semigroup on &; and that
Sy + X1 — X is continuous, for all t € R (Lemma. Also, we have that the ball
By, is an absorbing set in A} (Remark. Our goal is to prove that the functional
invariant set A is compact for the strong topology of 7. So, we must show that
for a point wy € A, the sequence S(t;)uj) converges strongly to wy in X;. Here, we
have that (u})jen and (t;)jen, are two sequences such that (u?) is bounded in &y,
t; goes to +o00, as j goes to +o0o0 and S(tj)u% converges weakly to w; in the space
X1, as j goes to +o0o (for more details we refer to [2] and [3]). We fix T > 0 and
note that the sequence S(t; — T)u% is bounded in &; thanks to the existence of an
absorbing set in X;. Hence from this sequence we may extract a subsequence j;
such that, for some vy € A7,

S(tj, — T)ul* — vy, as j; — oo. (4.11)
Introducing the notation

wp, (1) = S(ty, + 1t~ Ty (4.12)
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we deduce from (4.11)) that
uj, () = S(t)vr, as j1 — oo, (4.13)

since S(t) is weakly continuous on X;. Using the energy type estimate (13.12)) and
the fact that the sequence 6(uj, (0)) = 6(S(tj, — T)u}') is bounded by a constant,
let say C', we obtain

_ o~ C.T
Tim sup0(S(t;, ity < Ce=C-T 4 L= OR), (4.14)
ji—00 C. 0
Applying the invariance of the set A, for vy (t) = S(¢t)v1, we get
1— -C.T
O(w1) = 0(S(T)v1) < e Th(vy) + 27@ (4.15)
Subtracting by parts relations ) and (| we get
lim sup6(S(¢ jl)uo ) < 9(w1) + e 9T(C - (vy)). (4.16)
]14700
Since T is chosen arbitrarily, for T'= 0 we have
lim sup 8(S(t;, )ud') < O(wy). (4.17)

Jj1—00

On the other hand, since S(tjl)u%1 converges weakly to wy in X}, we have that
liminf;, o O(S(£])') > 6(w1). So we get

lim 0(S(t;)ud) = 6(w). (4.18)
j—o0
Using again the fact that S(¢).A = A and that 6(t) is weakly continuous, we obtain

i [|S(# Dbz, = lwil%, (4.19)

Therefore, S(t )uo converges strongly to w; in the space X7 as j — oo. Thus, we
obtain that A is a global attractor in the strong topology of X (see also [I4]). O
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