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Abstract. We prove the existence of multiple nonnegative nonsemitriv-
ial solutions for a quasilinear elliptic system, defined on an arbitrary
domain (bounded or unbounded).

1. INTRODUCTION

In this paper we prove the multiplicity of solutions for the system

— Apu = Aa(@)|ulP~2u 4 Ab(2)|u|* o + %WW_”M‘HIU,
— Agv = M(2)|[v]97 20 + \b(x ua+lvﬁ_1v+Auw+lva_lv,
g (z)v| (@) |u]*" o] (5+Dw+ﬂﬂ| |v]

(L.1)x

where z € Q and Q C RY is an arbitrary domain (bounded or unbounded).
Throughout this work the following hypotheses are assumed:
(HYN>p>1, N>q¢g>1,a>0, andﬁZOsatisfyingo‘TTl—l—%:l,

v>0,6 >0, andp<’y—|—1orq<5—|—lsatisfying'Yp—tl—i—%<1,wherep*
Ngq

and ¢* denote the critical Sobolev exponents: p* = Np. and qF = N-q"

N-p
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(H1) The exponents «, (3, v, and ¢ satisfy also the general condition
1 n 1
(a+1)0+1)  (B+1)(v+1)

Let us point out that a necessary condition for (H) to hold true is that
p+q > N. E.g.,N:3,p:q:2,a:ﬁ:(),and'y:5:%are
admissible values satisfying both (H) and (H;). Furthermore, we suppose
that the coefficient functions a(x), d(z), b(x), and u(x) satisfy the following
conditions:

(Y1) a is a smooth function, at least CZOO’CC(Q), for some ¢ € (0,1), such
that a € LV/?(Q) N L>®(Q) and there exists QT C Q of positive Lebesgue
measure, i.e., [Q7] > 0, such that a(z) > 0, for all z € QF.

(T2) d is a smooth function, at least Cloo’g(Q), for some ¢ € (0,1), such
that d € LN/9(Q) N L°(Q) and there exists QT C Q of positive Lebesgue
measure, i.e., || > 0, such that d(z) > 0, for all x € Q.

(T3) the functions a and d satisfy one of the following hypotheses:

(GT) a(x) > 0 and d(z) > 0, in , or

(G7) a(x) <0 and d(z) < 0, for all x € O, on some subset Q™ C 2 with
Q7] > 0.

(T4) b is a smooth function, at least Cloa’g(Q), for some ¢ € (0,1), b(x) >0
in Q, b(z) Z0,and b € L¥*(Q)NL>(Q), where w; = p*¢*/[p*¢* — (a+1)¢" —
8+ 1)p7].

(T5) p is a smooth function, at least C’IOO’CC(Q), for some ¢ € (0,1), changing
sign (i.e., ut #£ 0, = £ 0) and p € L (Q)NL¥2(Q), where wy = p*¢*/[p*¢*—
(v+1Dg" =0+ 1)p*].

In addition the function pu(z) satisfies the following key condition:

(To) [ ) P o e < 0
Q

< 1.

where (u1,v1) is the positive normalized eigenfunction of the unperturbed
System

~Apu = Aa(@)|ulP2u+ Ab(x) [u]* " o]y, z e Q,

—Av = Xd(x) 0920 + Ab(z) [ulot jp|P~Ly, z€Q, (1.2)x

corresponding to the positive principal eigenvalue A; (see Section 2, Theorem
2.3).

Recently, many works have appeared about semilinear and quasilinear
elliptic systems. There is a great variety of applications where such systems
are involved; see [2, 6]-][9] and the references therein.
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Some of the main difficulties in the study of these systems arise from the
lack of homogeneity of the unperturbed problem (1.2),, and the interest
is not only in proving the existence of a solution, but also in investigating
whether this solution is semitrivial (i.e., of the form (u,0) or (0,v)) or not.

The paper is organized in four sections. In Section 2, the notion of the
weak solution is defined and we recall some known results from [8] about
problems (1.1)) and (1.2)). In Section 3, we state the main multiplicity
results for the system (1.1)y. In Section 4, the existence of at least one
nonsemitrivial solution for the problem (1.1)y, is proved.

This work improves the study of the quasilinear elliptic systems done in
[7, 8]. It also generalizes the results for the scalar equation from [5] to the
case of the systems. In fact the procedure here is based on the arguments
developed in [5]. Let us note that some of the results in the present work
may be considered new even for the bounded domain case. To be precise,
as far as we know, the result concerning the multiplicity of nonsemitrivial
solutions is new even for bounded domains.

2. SPACE SETTINGS—THE EIGENVALUE PROBLEM (1.2),

Consider the product space Z := D'P(Q) x DY(Q) equipped with the
norm [[21] = fullip + [[0]l1gs 2 = (u,0) € Z, where

1/p
[ull1p = (/Q|Vu|pdx) .

Let us note that, if Q is a bounded domain, then ||u||1 , is a norm equiv-
alent to the standard Sobolev norm in the space Wol’p(Q); ie., Wol’p(Q) =
D1LP(Q). However, in the case when © is an unbounded domain, ||ul, is
the norm of the space DMP(Q) and Wol’p(Q) C D'P(Q). For more details we
refer to the classical book [1].

We introduce the functionals J, D, B, M : Z — R in the following way:

1 1
J(u,v) = ot /]Vu\pdx+ﬂi/wv|qu,
P Ja qa Ja
1 1
D(u,v) := ot /a(x)|u]pda:+&/d(x)\v[qda:,
b Ja qa Ja

B(u,v)

[ bl ol
Q

Mu,v) = / () [ ol de.
Q
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Lemma 2.1. The functionals J, D, B, and M are well defined. Moreover,
J is continuous and D, B, and M are compact.

Proof. The fact that the functionals J, D, B, and M are well defined
may be proved by applying Hoélder’s inequality. The continuity of J and
the compactness of D and B is proved in the works [4, Lemma 2.3] and [6,
Lemma 5.1]. We prove the compactness of the operator M, with Q = RN,
The other cases are similar.

Let (up,vy,) be a bounded sequence in Z. Hence (uy,, v,) converges weakly
(up to a subsequence) to (ug,vg) in Z; i.e., u, — up in D and v, — vg in
DY, as n — oo. It follows that

[ M (tn, vn) — M(uo,vo)| < L + K,

where

Lo [ @™ = oo
RN

K= [ @ ol o ool o
RN
For some R > 0 we write L = Ly + Lo, where

Lii= [ @)™ = Juo o+ o
Br

Loi= [ ) Junl ™ ol o]
RN\Bg

where Bp is the ball in RY centered at the origin with radius R > 0. Ap-
plying Holder’s inequality to I; we obtain

|7+1 5+1

|’y+1|| p’ )”vnHLq*(BR)a

Ly < (@) oo () |17 = Juo

Br

where 1 < p/ < p*, such that Vp—fl + 6;—*1 =1.
Since {(un,v,)} is a bounded sequence in Z it is also bounded in D*P(Bg)
xDlvq(B Rr). So, passing to a subsequence if necessary, we have u,, — ug in

LI’/(BR)7 as n — oo, for any 1 < p’ < p*. Then, we have that |u,|"*! —

lug| ™! in L7 (Bpg), for any 1 < p’ < p*. This means that that, for n large
enough, we obtain Ly < e. Applying Holder’s inequality to Lo we obtain

T TN | i 5+1
L2 < @zl = ool e ol gy <

for R sufficiently large. Therefore we get that L < 2e. Similarly we may
prove that K < 2¢; hence, the lemma is proved. [l
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Next, we introduce the functionals Ay, Iy : Z — R in the following way.
Ax(u,v) = J(u,v) — AD(u,v) — AB(u,v),
1
v+ 1)(0+1)

Lemma 2.2. The functionals Ay and Iy are well defined, and they are
weakly lower semicontinuous.

Iy(u,v) = Ax(u,v)— M(u,v).

Proof. The proof follows from Lemma 2.1 and the convexity of J. O

We say that (u,v) is a weak solution of the system (1.1)y if and only if
(u,v) is a critical point of the functional Iy.

Theorem 2.3. (see [2, 6, 10]) The system (1.2)y admits a positive principal
etgenvalue A1, given by
AL = inf J(u,v). (2.1)
D(u,v)+B(u,v)=1
The associated normalized eigenfunction (u1,v1) belongs to Z; each compo-
nent is positive and of class C¥$(B,.), for any r > 0, where ¢ = ((r) € (0,1).
In addition,

(i) the set of all eigenfunctions corresponding to the principal eigenvalue
A1 forms a one-dimensional manifold, £y C Z, which is defined by Fy =
{(Cl Uy, Czlj/q Ul); c1 € R}.

(7i) A1 is the only eigenvalue of (1.2)y to which there corresponds a com-
ponentwise positive eigenfunction.

(1ii) A1 is isolated in the following sense: there exists n > 0, such that the
interval (0, A\1 +n) does not contain any other eigenvalue than ;.

The following assertion follows from a more general result proved in [8].

Theorem 2.4. The principal eigenvalue Ay > 0 of the problem (1.2)y is a
bifurcation point (in the sense of Rabinowitz) of (1.1)y; i.e., there exists a
continuum C' of nontrivial solutions of (1.1)y such that (Xo,0,0) € C and C
1s either unbounded in E =R x Z, with

1w, 0)l1 = (AP + 11w, 0)[12) 2, (A u,0) € E,

or there is an eigenvalue X # \o, such that (5\,0) eC.
Moreover, there exists n > 0 small enough, such that for each (\,u,v) €
C N By,(A1,0), we have u(x) > 0 and v(z) > 0, almost everywhere in .

As will be clear later, it is convenient to recall the following eigenvalue
problem:
—Apu = Ag(z)|uP?u, x€Q, (2.2)
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where g(x) satisfies condition (Y1). It is known that the problem (2.2), has
a positive principal eigenvalue )\, 4, which can be characterized variationally.
This eigenvalue is simple and isolated and it is the only one having a positive
eigenfunction ¢, ,. For the details we refer to the works [2, 6].

Lemma 2.5. Let A be close enough to \1. Every nontrivial solution (u,v)
of (1.1) is nonsemitrivial.

Proof. Observe that the nonzero component of any semitrivial solution
of the system (1.1)) corresponds to an eigenfunction of (2.2),, either with
g(xz) = a(z) or with g(x) = d(x). So it suffices to prove that A\ < min{\, 4,
Agd}- Assume the opposite. Then the system (1.2)y,,((1.2)y,,, respec-
tively) would have a solution (¢pq,0) ((0,¢qq4), respectively). From the
variational characterization (2.1) of the eigenvalue A; this is a contradiction,
and the proof is completed. ]

3. MULTIPLICITY RESULTS

In this section we prove the multiplicity of solutions of the system (1.1)y.
Before this we introduce some notation and prove some lemmas describing
certain properties of the continuum C' from Theorem 2.4. Let Ay be the
Nehari manifold associated with (1.1),; i.e.,

Ay = {(u,v) € Z : (I)(u,v), (u,v)) = 0}.

Clearly, Ay is closed in Z. Next, we define the following disjoint subsets of
A)\:

A = {wv) e As: /Q [IVul? + [Vol? — Xa(@)[ul? — rd(z)]o]?
~200(a) ol dn > [ )l o )

A = {(u,v) €Ay /Q [|vu|1’ V|7 — Na(@)|uff — d(@)]v]?
~200(a) ol ol dr = [ o)l o e}

Ay = {wv) e As: /Q [IVul? + Vol Xa(@)[ul? — Ad(z)|o]?

2 \b(a) [+ o] d:n</g,u(:n)\u|7+1 ol d}.
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Remark 3.1. (i) Condition (H;) implies that the sets A, A, and A} may
be expressed as

A% AT resp) = {(w0) € Aas [ p(@lal ™ ol e < (=, > resp o).

(ii) Condition p* # 0 implies that A} # @.

(iii) Any critical point of I restricted on Ay is a critical point of I with
respect to the whole space Z.
Remark 3.2. Note that the condition (Y¢) implies that (u1,v1) € A .

Lemma 3.3. The solution branch C bends to the right of A1 at (A\1,0,0);
i.e., there exists p > 0, such that (\,u,v) € C and ||ul|ip + [|v]|1,4 < p,
implies A > 1.

Proof. Assume the opposite. Then, there exists a sequence (A, up,v,) € C,
such that (up,v,) — 0in Z, A, < A1, Ay, — A1, and

/ (IVunl? = Ana(@)lunl? = Aub(e) o |+ ) da

Q

— [ w@)un [ (31)
Q

/ (|an‘q — A\nd(z)|v, |1 — )\nb($)fun|a+1|vn\ﬁ+l>dx
Q

B / pl@)|un [ o] d. (3.2)
Q
We introduce the sequences t, and 9, in the following way:
Uy = tn and O = Un (3.3)

(JunllF , + lvall] )17 (JunllF , + Hoallf )V
The sequences 4, and v, are bounded. Indeed, we have that
|[@n|[} , + lonl|{, =1, for every n € N.

Thus, we may consider that there exists some point (ug, 79) € Z, such that
(Up, 0p) — (g, Vo) (weakly) in Z. Condition (H) implies, also, that
|un‘a+1 ‘vn‘ﬁ—l-l

= [ |* T |57 3.4
Tl om0 (34

for every n € N. Moreover, the range of the exponents implies that
+1 5
Jo @) [un " on [T da |l [ [ [on [

lunlli, +llonllly = llunlll, + loalll,

~0, (3.5
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as (up,vn) — 0in Z. Using now relations (3.4) and (3.5), equations (3.1)
and (3.2) imply that

| (19 = dnal@) [l = A b(o) ]l ) 0,
Q

(98 = @) [5l? = A b))
Q

as n — oo. Moreover, the compactness of the operators D and B (see Lemma
2.1) implies that

)‘”/a(x) |tn|P de — )\1/61(33) |tio|? dex,
{ Q
)\n/d(:v)‘@n’qu - N /d(fﬁﬂ%’qdﬂc,
{ Q
)\n / b(x) ’ﬂn|a+1 |{)n|ﬁ+1 dr — )\1 / b(x) |a0‘a+1 ‘170|’3+1 d:ﬂ,
Q Q

as n — oo. Hence, (ip, 0y) — (o, 00) #Z (0,0) (strongly) in Z and (o, ¥p) is
a solution of (1.2)y,. Then, the simplicity of A;, see Theorem 2.3(i), implies
that @9 = kPuy and 09 = k%, for some positive constant k. Multiplying
equations (3.1) and (3.2) by (a + 1)/p and (8 + 1)/q, respectively, adding
the resulting equations, and using condition (H), we deduce that

Ay, (Un,vp) = cl/ w(z) [ [0, 2T dz,  for any n e N, (3.6)
Q

where ¢; = m + m. From the variational characterization (2.1) of

the eigenvalue A\; and from equation (3.6) we conclude that
0 < lim cl/ () [ |V 3, |0 da = 02/ () Jug oy [P da < 0,

for some co = ca(c1,k) > 0, which is a contradiction, and the proof is
completed. O

Corollary 3.4. Suppose that (A, u,v) € C, such that (A, u,v) is close enough
to (M,0,0); then (u,v) € AY.

Proof. Let (A\n,un,v,) € C, such that (up,v,) — 0in Z and A\, — A;.
Then, using the same arguments as in Lemma 3.3 we may prove that

/ () [un) T v, |° T dz < 0, for n large enough;
Q

ie., (up,vp) € Aj\', when n is large enough. O
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To apply variational methods the next two lemmas are useful.

Lemma 3.5. There exists \° > 1, such that for every A € (A1, \°) the set
Ay is closed in Z.

Proof. We have to prove that for any (u,,v,) € A} such that (u,,v,) —
(u,v) in Z we have (u,v) € Ay, when A € (A1, A\). Due to the characteriza-
tion of A in Remark 3.1(i) this will be the case if

[ )l 0l o [ e ol e <0
Q Q

Assume that such a A\ does not exist. Then, there exists a sequence (A, n,
Up), With (un, vy) € Ay, such that A, — Ay and [, p(@) |[up |7 v, [T dae —
0. Since (up,vy,) is a solution for the system (1.1),, we have that

/|Vun|pd:c—)\n/a(m)\unpda;—)\n/b(x)]un]aﬂwn\ﬂ*l dr — 0,
Q Q Q

/]an]qdac—)\n/ d(x)\vn\qd:):—/\n/b(x)]un]a+1\vn\ﬂ+1 i — 0.
Q Q Q

We may prove, as in Lemma 3.3, that the sequences {u,} and {0, } converge
strongly to some (g, 0p), and the following relations are valid: 4y = kPu; and
U9 = k%1, for some positive constant k. The compactness of the operator
M (see Lemma 2.1) implies that

0 < lim 03/ () [T |7 5, |0 da = 04/ () Jug | oy [P da < 0,

for some positive constants c3 and ¢4, which leads to a contradiction, and so

Ay is closed in Z. O
Using condition (H), we observe that
1
A(u,o) = 2F /<|Vu]p—/\a(x)|u]p—)\b(m)\u]0‘+l]vWH)dx
P Ja
1
+BL/(\vv\q—xd(x)mq—xb(a;) u|oH! \vyﬁﬂ)da;.
g Ja
Then
1 1 1
I (u,v) = + — / VL |0+ g
0= Lt e T GrnE ) @ e e

(3.7)
for every (u,v) € A . Since p <~y +1 or ¢ <4+ 1, we deduce that

I(u,v) >0, forevery (u,v) € Ay. (3.8)
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Lemma 3.6. The functional I satisfies the (PS) condition on A, , whenever
A is close enough to A1.

Proof. Let the sequence (un,v,) € A, be such that I(up,v,) < ¢ and
I (un,vn) — 0, as n — oo. We first prove that (un,v,) is a bounded
sequence. From the following equality,

In(tn, vn) = (I3 (i 00), <%, %"»

1 1 1
“ Loy Taeen T Geneen) M)

we deduce that the quantity M (uy,,v,) is bounded, for all n € N. The
boundedness of I)(un,v,) and M (uy,v,) imply that Aj(u,,v,) must be
bounded, too. Next, we claim that there exists a positive constant o, such

that
Ay (tup,vp)

HunH]l),p + HUTLH({,q

>0 >0, forevery néeN,

which would imply the boundedness of (u,,v,) in Z. Suppose the opposite.
Then, there exists a sequence (A, Up,vy), With (up,v,) € Ay, such that
An — A1 and

A)\n (urm Un)

= Ay (Up,0,) — 0
Tl {onl, A (e ) = 0

where (@y, Up,) are the sequences introduced by (3.3). The boundedness of
(Up, Uy) implies that (ty,, 0,) — (Ug, Vo) (weakly) in Z, for some (g, 0p) € Z.
From the variational characterization (2.1) of A\; and Lemma 2.2 we derive
that

0 < A/\l (ﬂo, 170) < lim inf A)\n ('LNLn, 1~)n) =0. (39)
n—00

We claim that (@, 09) # 0. Assume the opposite. Then, from the com-
pactness of the functionals D and B we obtain that
lim D(uy,0,) = lim B(uy, 0,) = 0.
n—oo n—oo
Hence, from (3.9) we deduce that (i, 0,) — 0 (strongly) in Z, which con-
tradicts the fact that ||(@y,,0,)||z = 1, for every n € N.
In this case, from (3.9) we must have that 49 = kPuy and vy = k%vy, for
some positive constant k. Then from hypothesis (Yg) we get the following
contradiction:

0< / 1) |t | |55 da — 05/ pu(z) Jun [ g P+ da < 0.
Q Q
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Hence (up,vy,) is a bounded sequence. Using the compactness of the func-
tionals D, B, and M and following the procedure from [7, Lemma 2.3] we
obtain that (u,,7,) has a convergent subsequence, and the proof is com-
pleted. ]

The main result of this work is the following theorem.

Theorem 3.7. Let hypotheses (H) and (Hi) and (Y1)—(Y¢) be satisfied.
Then there exists \* > A1, such that the system (1.1) has two nonnegative
nonsemitrivial solutions, for every A € (A1, A*).

Proof. The existence of a nonsemitrivial solution, which belongs in A;,
follows directly from Theorem 2.4 and Corollary 3.4. We prove the existence
of a solution for the system (1.1),, which belongs in A, . Consider the set
A equipped with the metric d(Z1, Z2) = ||21 — 22|z, for every Z; and Z; in
Ay . Then, it is clear from Lemma 3.5, that for A* close to A1, A becomes
a complete metric space. On the other hand, from (3.8) we have that the
functional Iy is bounded below in A} . Since I) satisfies the (PS) condition
in A (see Lemma 3.6), Ekeland’s variational principle implies the existence
of a solution for the system (1.1),. This solution is nonnegative due to
the fact that I\(|u|, |v|) = Ix(u,v), and Lemma 2.5 implies that it is also
nonsemitrivial. ([l

4. THE SYSTEM (1.1)y,

In this section we prove the existence of a nonnegative solution for the
system (1.1)y,. Recall that the solution set Ay, C Z is characterized as

Ay, = {(u,v) € 7Z: (I;\l(u,v), (u,v)) = 0}.
Lemma 4.1. The value of Iy, (u,v) is nonnegative, for every (u,v) € Ay, .

Proof. Since (u,v) € Ay,, we have that

<%<Al>;<u,v>, (u,0)) + <§<Al>;<u,v>, (u,0)) = 0,
which implies that
1 1
Ao = [+ me

From the variational characterization of A\; we deduce that Ay, (u,v) > 0.
Hence

M(u,v) =0.

M (u,v) >0, (4.1)
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for every (u,v) € Ay,. On the other hand, as in (3.7), we obtain that

1 1 1
I ,U) = + — M(u,v). 4.2
W = e ey T Ganesn) M 62
So, from (4.1) and (4.2) we get the conclusion. O

Theorem 4.2. Let the hypotheses (H) and (H1) and (T1)—(Y¢) be satisfied.
Then the system (1.1)x, has a nonnegative nonsemitrivial solution.

Proof. It follows from the definition of Ay, that it is a closed set in Z. We
prove that 0 is an isolated point of Ay,. Indeed, assume that (uy,v,) € Ay,
(un,vn) # 0, and (uy,vy) — 0in Z. Then, (uy,v,) satisfies (3.1) and (3.2)
with A\, = A\1. Exactly as in the proof of Lemma 3.3 (but writing A; instead
of \,) we arrive at a contradiction. Now, repeating the same arguments as
those from the proof of Lemma 3.6, it is possible to prove that I, satisfies
the (PS) condition on Ay, \{0}.

Due to Lemma 4.1 and Ekeland’s variational principle there exists a crit-
ical point of I, on Ay, \{0} and hence a nontrivial nonnegative solution of
(1.1),. This solution is nonsemitrivial due to Lemma 2.5. U]

Remark 4.3. In particular, the results obtained in this work are valid in the
case where a(x) =0 and d(z) = 0, i.e., in the case of the following system:

1

— Apu = )\b([E) ”U,‘a_l ‘1}’5+1 u ~+ m

w(z) [u] "o, z e Q,

— Ay = Ab(x) [ul*T [pP o + p(z) [u Py, 2 e Q.

1
(B+1)(v+1)

For more details about such systems we refer to the works [7, 8, 9].

Note added in Proofs. After this work was submitted for publication,
similar results to Theorem 4.2 were reported in [3].
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