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Abstract. We prove certain bifurcation results for the quasilinear el-
liptic system
— Apu = Xa(@) [ul” w4 Ab@) [ul® [v]° v+ (@, A, u,0),
— Agv = Xd(z) [v]7 %0 + Ab(2) [ul® [v]° u + g(z, A, u,v),
defined on an arbitrary domain (bounded or unbounded) of RY, where
the functions a, d, f and g may change sign. To this end we establish the

isolation of the principal eigenvalue of the corresponding unperturbed
system and apply topological degree theory.

1. INTRODUCTION

In this paper we shall deal with the bifurcation of a continuum of positive
solutions for the following quasilinear elliptic system, defined on  C RV,

g = Xa(@)|uP s 0@ [l o o+ fe A,
~Av = Ad() |v|97 20 + Xb(z) [ul [v]Pu + g(@, A, u, ), '

ulpa = vlga =0, (1.2)
where ) is an arbitrary domain (bounded or unbounded). This continuum
is bifurcating from the positive principal eigenvalue of the following unper-
turbed system

—Apu = Xa(z) [ulP"2u+ Ab(z) [ul® [v]Pv,  x€Q, (1.3)
—Agv = Xd(@)|v]7 20+ Ab(2) [u]® [v]Pu, x€Q, '

ulon = v]aq = 0. (1.4)
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System (1.3), (1.4) under certain conditions on the constants «, 3, p, ¢, N
and on the functions a,b and d, forms an eigenvalue problem. Through-
out this work we assume that N,p,q,a,(,a,b,d, f, g satisfy the following
conditions:

(H) N>p>1, N>¢g>1, a>0, (B3>0 and
1 1
o+ —i—ﬁizl.
p q

We also suppose that the coefficient functions satisfy the following condi-
tions:

(Y1) aisasmooth function, at least C’ZOO’C< (), for some ¢ € (0,1), such that
a € LNP(Q) N L>®(Q) and there exists QT C Q of positive Lebesgue
measure, i.e., |QF| > 0, such that a(z) > 0, for all x € Q.

(T2) dis asmooth function, at least CIOO’E(Q), for some ¢ € (0, 1), such that
d e LN/1(Q) N L>®(Q) and there exists QF C Q of positive Lebesgue
measure, i.e., [QQT| > 0, such that d(z) > 0, for all x € Q7.

(Y3) the functions a and d satisfy one of the following hypothesis
(GT) a(x) >0, d(x) >0, in Q, or
(G7) a(r) < 0 and d(z) < 0, for all x € Q~, on some subset Q= C Q
with |Q7] > 0.

(Y4) b is a smooth function, at least C&g(@), for some ¢ € (0,1), such
that b(z) > 01in €, b(z) # 0 and b € LY (2) N L>(N2), where w; =
p*q* [[p*q¢* — (a+ 1)g* — (B + 1)p*]. With p* and ¢* we denote the
critical Sobolev exponents: p* = Np/(N — p) and ¢* = Nq/(N — q).

(F) The perturbations f and g are of the form

@, A u,0)] < o () m(a) [ul ™ ol w4 02(A) p() [ul"
l9(x, X u,0)| < o3 (V) (@) [ul > ol o+ oy (V) v(z) o] o,

where the exponents ~;, d;, ¢ = 1,2, n and 6 satisfy the following
conditions: v; +1 > por §; +1 > g, 'Y;—fl—l—‘siq—fl < 1,7 =12
p<n+1<p*and g < 0+ 1 < ¢ while, the coefficient functions
satisfy the following:

(Ys5) 0i(N), i =1,2,3,4, m(x), n(z), p(z) and v(z) are smooth functions,
at least CZOO’CC(Q), for some ¢ € (0,1), such that o;, i = 1,2,3,4,
are bounded, m,n € L“2:(Q) N L*°(N2), where wa; = p*¢*/[p*¢* —
(vi +1)g* — (0; + 1)p*], © = 1,2, respectively, p € L“3(2) N L>(£),
where w3 = p*/[p* — (n+ 1)] and v € L¥*(Q) N L*>(Q2), where wy =
a/la*— (6 + 1)
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Moreover, we assume that there exists a function F' such that
(P)  Fulu,v) =(a+1) f(z,u,v) and F,(u,v)=(8+1)g(z,u,v).

Systems of the form (1.1) where hypothesis (P) is satisfied are called
potential systems; This hypothesis enables us to define the corresponding
functional on a proper product space and to use variational techniques. As
a consequence, a basic property (as it is stated in [13]) of the potential
systems is that they behave in a certain sense like scalar equations. This
will be clear throughout this paper, as the arguments of [6] for the equation
can be carried out to the case of the system. Also, we may note that the
isolation result (see Theorem 3.6) completes the basic properties (as in the
scalar equation case) of the principal eigenvalue for the system (see [2, 10]).

However, it is expected that the system and the scalar equation will
have certain differences. For example, systems of the form (1.1) may have
semitrivial solutions, i.e., solutions of the form (u,0) or (0,v) (see Lemma
(6.2) below), where bifurcation from semitrivial solutions may occur. An-
other difference, in the case where p # ¢ is that the eigenspaces corresponding
to the eigenvalue problem (1.3) are not linear subspaces. Actually, they are
not homogeneous in the Cartesian product with components v and v, as it
is in the case of the p-Laplacian equation (see [16, Remark 5.4]). Finally,
there is a lack of general regularity theory when we treat nonlinear elliptic
systems. For more details we refer to [5] and the references therein.

As an application of system (1.1) consider the following problem (p = ¢ =
2)

—Au = Xa(@)u+Ab(z)v+ f(z, N\ u,v),
—Av = Ad(z)v+Ab(z)u + gz, A\, u,v),

ulon = vlsn = 0. (1.6)
The solutions of the problem (1.5), (1.6) correspond to the steady-state so-
lutions of a competition model arising in popular dynamics. The coefficient
functions a(z),b(x),d(x) represent the fact that this competition is taking
place in a spatial heterogeneous environment. The case of spatial homo-
geneous environment, i.e., when a, b, d are positive constants, is studied in
the papers [11] and [12]). The boundary conditions (1.6) means that the
environment outside 2 is lethal.

Problems where the p - Laplacian operator —A,, is present arise both from
pure mathematics (theory of quasiregular and quasiconformal mappings),
as well as from applications, e.g. Non-Newtonian fluids, reaction-diffusion
problems, porous media, astronomy, etc. In the case of bounded domain,
under various boundary conditions, there is quite an extensive literature

(1.5)
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for the eigenvalue problem under consideration. We refer to [10] and the
references therein for the equation and to the works [2, 4] for the system.

Several works dealing with the eigenvalue problem in unbounded domains
have recently appeared (see, for example, [2, 6, 7, 10, 15]). Furthermore,
in [6, 7] bifurcation technics are used to prove existence results for the p-
Laplacian equation in RV,

The rest of the paper is organized in six sections. In Section 2, we intro-
duce the necessary operators and establish the basic characteristics of them.
In Section 3, we recall the main results from [10] concerning the existence of
positive principal eigenvalue as well as the regularity and the asymptotic be-
havior of the corresponding eigenfunctions in D'P(Q) x D%4(Q) for a related
to (1.3) and (1.4) problem (see system (3.1), (3.2)). Then we prove that the
principal eigenvalue of (1.1) is isolated. The main idea is to consider sys-
tem (1.3) rather than system (3.1). Then, it was possible to adapt standard
arguments in order to prove this isolation result for system (1.3). In Sec-
tion 4, we prove that the operators, generated by the system (1.1) satisfy a
condition under which it is possible to define their degree (condition (5)4).
In Section 5, the existence of a continuum of nontrivial solutions bifurcating
out from the first eigenvalue of the problem (1.3)-(1.4) is achieved. In Sec-
tion 6, considering the regularity of the solutions we describe the behavior
of the continuum of nontrivial solutions for the perturbed problem (1.1) in
the product space D'P(Q) x D4(Q).

This work constitutes the first attempt to apply bifurcation techniques
on quasilinear elliptic systems defined in a general domain (bounded or un-
bounded) with varying coefficients. So, in this direction, the present paper
may be considered as a generalization of the work done on the equation (e.g.
see [6] and [7]). The procedure we follow is based on the isolation of the
principal eigenvalue of the system (1.3) (which is of independent interest).
As far as we know, the isolation result is the first one in this direction, both
in bounded and unbounded case. Observe, that in general we have p # ¢
(compare with the decoupling method used in [9] and the method used in
[11, 12]). Our main bifurcation result is based on the classical Rabinowitz
Theorem [14], for similar results we refer to the works [6, 7, 8, 9, 11, 12].
Meanwhile, here we extend the results achieved in [16] concerning the expo-
nents and the multiplicity results achieved in [17].

Notation. For simplicity we use the symbol |[.|[, for the norm [[.|[zrq)

and D'P for the space DP(Q). Br and Bg(c) will denote the balls in  of

radius R and centers zero and c, respectively. Also the Lebesgue measure
of a set 2 C RY will be denoted by |Q|. An equality introducing definition
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is denoted by =:. Integration in all of  will be denoted with the integral
symbol [ without any indication.

2. SPACE AND OPERATOR SETTINGS

Consider the product space Z := D'P(Q) x DL(Q) equipped with the
norm ||z||z = ||ul|1p + ||v]]1,4, 2 = (u,v) € Z, where

1/p
= ([ 17 uldo) ™.

In the bounded domain case, we notice that ||u||;, is a norm equivalent

to the standard Sobolev norm in the space W, ?, i.e., WyP(Q) = D'(Q).
However, in the case of Q2 been an unbounded domain, ||ul|; , is the norm of

the space DYP(Q) and Wol’p(Q) ¢ DLP(Q).

Np_
It is known that D'P(Q) = {u € L¥#(Q) : u € (LP(Q))V} and that
there exists Ko > 0, such that for all v € D'P(Q), the following inequality
holds

lul| xo < Ko [ullpre. (2.1)
N—p

Clearly, the space D'P is a reflexive Banach space. For more details we
refer to [1]. Our approach is based on the following generalized Poincare’s
inequality.

Lemma 2.1. Suppose g € LN/P(Q). Then there exists a > 0 such that

/ | vV ulPdx > a/ lg||ulPdx, (2.2)
Q Q

for all u € D'P(Q).

We introduce the operators Ji,Js, D1,D9,B1,Bo, F : Z — Z* in the
following way.

(). 6.) = [ |7 P2 guy o
(alu,0), 6.9) = [ |77 0T v
(i), 6.0) = [ ala)lup~2ug
(Do), 6.0) = [ dlaol 00
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(Br(u,0), 6.9)) = [ Wa)lullol’0 o
(Ba(u,),(00) = [ ba)lul*[olu

Q

<F1(u7v)7(¢71/})> ::/Qf(‘%)‘vu?v)(ﬁ
(Fa0). 6.0)) = [ (e \u0) v

Lemma 2.2. The operators J;, D;, B;, i = 1,2, are well defined.

Proof. The result may be obtained by Holder’s inequality and the properties
of the coefficient functions. O

Lemma 2.3. The operators J;,1 = 1,2, are continuous. The operators D;,
B;, Fy,i = 1,2, are compact. Furthermore, the operators F;, i = 1,2, satisfy
the relations

|| Fi(u, v)||2-

1w)llz=0 [Jul 7!+ [v]|],!

=0. (2.3)

Proof. The proof of the continuity and compactness properties of the op-
erators follows the same lines as in [10] and [16]. Concerning relation (2.3)
we have that

ummwww;mm{/m@WMWme+/mmmww%

llll,p<1

0+1
q*

|0l]p+ + \Iu(w)\leuHZ*HqﬁHp*}-

<c sup hmmmmm&m
[16]]1,p<1

The range of the exponents v,  and 7 implies the following
|1 (u, v)]| 2+

-1 -1

¥, + v,

—(p—1 +1 —(p—1
< 1) e Il Pl 4 () g [l P — 0,

or

| 1w, v)]| 2+ B1-(g1 (o1

2 < @) Nl O ) s e P — 0,
lull?" + vl
as ||z|| — 0. The analogous holds for the operator F5(u,v). O

Next, we introduce the operators Ay, Ay : Z — Z* as:
fl)\(u,v) = (Oé + 1) [Jl(uav) - )‘Dl(uvv) - /\Bl(uv U)]
+ (B+1) [J2(u,v) — A Da(u,v) — A Ba(u,v)]. (2.4)



BIFURCATION RESULTS FOR QUASILINEAR ELLIPTIC SYSTEMS 7

Ay (u,v) =: Ax(u,v) — F'(u,v). (2.5)

Finally, we define the notion of the weak solution for the problem (1.1).
We say that (u,v) is a weak solution of the system (1.1), if and only if
Ax(u,v) =0 in Z*. This definition follows from the fact that (u,v) must be
a critical point of the functional ® : Z — R defined by

B(u,v) = “;1/|va|ﬁ+%/|w|q—xa;fl/a<x>|u|p

—A%/d(xmq —)\/b(x)|u]a|v|ﬁuv - )\/F(u,v).

Notation. For the convenience of the representation in the sequel we intro-
duce the operators

a+1 B+1

J(u,v) =: » Ji(u,v) + Ja(u,v),
D) = “TEDiu)+ Do),
Blue) = B o)+ T B,
C(u,v) =: D(u,v)+ B(u,v).

3. THE UNPERTURBED SYSTEM

In this section we study the unperturbed problem (1.3), (1.4). To this
end, it is convenient to recall from the works [2, 10] some results concerning
the following eigenvalue problem

~Apu = Xa(2) [ulP2u+ Ab(2) [ul*t )Py, zeQ,

“Avw = Ad(z) o2 v+ Ab(z) [ulo oLy, zeq, G

U‘aQ = 'U‘aQ =0. (32)
We shall restrict our study to the case (G1). Similar results may be obtained
for the case (G7) by symmetry.

Theorem 3.1. (i) The system (3.1), (3.2) admits a positive principal eigen-
value A1, given by
A= inf J(u,v), (u,v)). (3.3
(C(IULIvI),(IuI,IvI)):l< (u-0): ) )
The associated normalized eigenfunction (u1,v1) belongs to DYP x DY each
component is positive and of class CV¢(B,), for any r > 0, where { = ((r) €
(0,1). In addition,
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(i) the set of all eigenfunctions corresponding to the principal eigenvalue
A1 forms a one dimensional manifold, Fn C Z, which is defined by E1 =
{(clul,c(f/pvl);cl € R}.

(74) A1 is the only eigenvalue of (3.1), (3.2) to which corresponds a com-
ponentwise positive eigenfunction.

Remark 3.2. In the case where a = 0 and d = 0, Theorem 3.1 still hold,
see [16, Theorems 5.1 and 5.3].

Concerning now, system (1.3), (1.4) we may obtain the following results.

Theorem 3.3. The system (1.3), (1.4) admits a positive principal eigenvalue
A1 given by (3.3). The associated normalized eigenfunction (ui,v1) belongs to

DLP x DY, each component is positive and of class C<(B,.), for any r >0,
where ¢ = ((r) € (0,1).

Proof. Since for positive solutions systems (1.3), (1.4) and (3.1), (3.2)
coincide, we deduce from Theorem 3.1 that (A, u1,v1) is also an eigenpair
for the system (1.3), (1.4). Assume that there exists another nontrivial
eigenpair (s, u«, vy) of the system (1.3), (1.4), such that 0 < A\, < A;. Then
the following equality must be satisfied

(S (1t V), (1, V)

i = , (34
(e, (i, 0,) )
with (C'(us, vs), (us, v4)) > 0. Set
* . |U*‘ and v* = |’U*| '
(C(lul, [vs]), (sl Jos))1/P (C(lul, val), (sl [vs])) 1/
Using condition (H) we may easily verify that
* * * * <'](U’*7U*)? (U*,U*)>
J(u*,v%), (u*,v")) = (3.5
R (TR TN (TN EN)) )
and
(C(u*,v"), (u*,v")) = 1. (3.6)
Relations (3.3)—(3.6) and the following inequality
(T, 0), (0,0) _ (T0), (w,0)) .

(C(lul, [v]), (ul, [o])) = (C(u, ), (w,v))’
which holds for every (u,v) € Z, such that (C(u,v), (u,v)) > 0, imply that

)\ = lnf J u,v), (u,v
1 <C(\U\,Iv\),(\u|,|v\)>=1< (u, ), (u, v))
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( (us; 04), (s, V1))
(C(lusls [ox]); (sl [vs]))

= s

< {J(W',0"), (u',07) =

(J (1, V), (1, V)
(Ot v4), (1, 04))

The last inequality leads to a contradiction and the proof is completed. [J

Theorem 3.4. (i) The set of all eigenfunctions corresponding to the prin-
cipal eigenvalue A1 of the system (1.3), (1.4) forms a one dimensional man-
ifold, E1 C Z, which is defined by Ey = {(c1 u1, C({/p v1); 1 € R},

(i) A1 is the only eigenvalue of (1.3), (1.4) to which corresponds a com-
ponentwise positive eigenfunction.

Proof. (i) Inequality (3.7) implies that if (u,v) # (0,0) is an eigenfunction
of (1.3), (1.4) corresponding to Aj, then (Jul, |v|) must be an eigenfunction,
too. Since for positive solutions systems (1.3), (1.4) and (3.1), (3.2) coincide,
we deduce from the proof of Theorem 3.1 (see [2]), that there exists a positive
constant k, so that |u| = kPuy and |[v| = kv, for every x € . Suppose,
now, that u or v changes sign. Then, since they are smooth functions there
exists some xg € €2, such that u(zg) = 0 or v(zg) = 0. Hence, ui(xg) =0 or
v1(xg) = 0, which is a contradiction.

(ii) The result follows from the fact that systems (1.3), (1.4) and (3.1),
(3.2) are the same for positive solutions. O

Remark 3.5. We want to emphasize the fact that the solution sets of (1.3),
(1.4) and (3.1), (3.2) are not the same. For example, (u1, —v;) and (—uy,v1)
are solutions of (3.1), (3.2), while they are not satisfying the system (1.3),
(1.4).

Finally, we shall prove that the eigenvalue Ay is isolated. The proof will
extend the ideas developed in the proof of the analogous result for the equa-
tion [7, Proposition 2.2].

Theorem 3.6. The principal eigenvalue A\ > 0 is isolated in the following
sense: there exists n > 0, such that the interval (0, A1 +n) does not contain
any other eigenvalue than \i.

Proof. Suppose there exists a sequence of eigenpairs (A, un, v,) of (1.3),
(1.4) with A, — A;. By the variational characterization of A\; we know that
An > A1. So, we may have that A, € (A1, \1 + n), for each n € N. Further-
more, without loss of generality we may assume that ||u,|| = ||v,|| = 1, for
all n € N. Hence, there exists some (4,0) € Z, such that (up,v,) — (@,0).
This weak convergence and the simplicity of A\; imply that (@,?) = (u1,v;)
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or (u,0) = (—uy,—v1). Let us suppose that (un,v,) — (u1,v1) in Z. For
any two pairs of eigenfunctions (uy,vy,), (Um,vm) substituted to the system
(1.3), we get

—(Apup — Apuy,) = An@(2) [t [P~ u, — Apma(x) |t [P~ 2 U,
+)‘nb($)‘“n‘a|vn|ﬁvn - Amb($)|um|a|vm|ﬁvm,
—(Aqup — Aguy,) = )\nd(:ﬁ)|vn\q_2vn — )\md(a:)|vm|q_2vm

b () [t | * 0 [P, — A b () [t | [0 | Pt
Multiplying the first equation by (u, — ), the second by (v, — vs,), in-

tegrating by parts and following the estimates developed in [6] (using the
compactness of the operators D and B), we obtain

/|vun|u/|vu1|p and /|vvn|u/|vv1|q

i.e., we get the strong convergence of u, — u; in D' and v,, — vy in D9,
respectively. This means that (up,v,) — (u1,v1) strongly in the product
space Z. Given n fixed, we may get from the system (1.3), (1.4) that

/ ’ Vv un|p_2 YV un V o= An/a(l‘)|un|p—2un¢ + )\n/b(x)un’a|vn|ﬁvn¢v

/ |7 092 7 00 T = An / d()[vn2onth + An / B(@) ] 0] P,

for all (¢,v) € Z. Since from Theorem 3.4, \; is the only eigenvalue of
(1.3), (1.4), to which corresponds a positive eigenfunction (u1,v1), we may
introduce the sets U, =: {x € Q: up(z) < 0} and V, =: {x € Q:v,(z) <
0}, where we must have || > 0, with Q, =U,, UV, .

Denoting by u,, = min{0, u,} and v,, = min{0,v,} and choosing ¢ = u,;
and 9 = v, , it follows that

[ vl = [ e x| b e,
Uy U, Uy

n n

/ (Tl = A / d(@) o |7+ A / b() [un |05 [P
Vi n Vn

Since the products u,, v, and u v, are negative, from the above system of
equations we obtain that

/ [T up P < An / a(@)u P+ / b(a) | o [P v
U, U, U,
/ |7t < A / d(@)vr]? + A / () oz | Pus vy
\Z= Vi Vn
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From the definition of the space D'P, Holder and Young inequalities and
the embedding (2.1) we derive that

L N ] (TGOl N [ e
1B s gy (e 1 ey + anHqu ))] (3.8)
and
el aany < e Catm @Iy o el
16 s gy (10 1 gy 10y )]- (39)
Finally, from the inequalities (3.8) and (3.9), we may obtain
< _
1< e (max {[la(@)l x A} 10 e )

So, there exists some constant ¢4 > 0 independent from u,, v, and A, such
that

12| > cs > 0. (3.10)

From relation (3.10) we may choose some constant K large enough, such
that

|Q; N BK(O)| >c5 > 0, (3.11)

for any K > K, where the constant cs depends neither on A, nor on wu,.
From the fact that w,, — u; strongly in D% and v,, — v; strongly in D9,
we have that u, — u; in LP (Q) and v, — vy in L7 (Q). So u, — u; in
LP" (Bk(0)) and v, — vy in L (Bg(0)). By Egorov’s Theorem we conclude
that w,(x) converges uniformly to u;(z) on Bg(0) with the exception of
a set with arbitrarily small measure and v,(z) does the same to vi(z) on
Bk (0). But this contradicts (3.11) and the conclusion follows. O

Remark 3.7. We notice that the above result is still valid in the case where
a(x) =0 or d(x) = 0, see Remark 3.2.

4. TOPOLOGICAL DEGREE

For completeness of the presentation in this section we recall some basic
facts on the topological degree theory and prove the necessary conditions for
the system case. The procedure is analogous to that in [6] for the equation.
First, we define the topological degree for operators from a Banach space X
to its dual X*.
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Definition 4.1. Let X be a reflexive Banach space, X* its dual and A :
X — X* be a demicontinuous operator. We say that the operator A satisfies
the condition (S)4, if for any sequence u,, € X satisfying u,, — ug (weakly)
in X and

lim sup(A(up ), up, —uo)x <0,

n—oo

we have that u, — ug (strongly) in X.

For more details about this property we refer to [19, pp. 583]. We recall
that if the operator A satisfies property (5)4+, then it is possible to define
the degree Deg[A, D,0], where D C X is a bounded open set such that
A(u) # 0, for any u € 9D. We also recall that if A satisfies the condition
(S)4+, then A+ K also satisfies the condition (S), for any compact operator
K : X — X*. The next two lemmas will be useful in the next section.

Lemma 4.2. Let A be a potential operator with ®'(u) = A(u), u € X, for
some continuously differentiable functional ® : X — R. Let ug be a local
minimum of ® and an isolated point for which A(ug) =0. Then

Ind(A,ug) = 1.

Lemma 4.3. Assume that (A(u),u)x > 0, for all u € X with ||u||x = r.
Then
Deg[A, B,(0),0] = 1.

Now, we are going to prove that the operators A and A satisfy the (S+)
condition.

Lemma 4.4. The operators Ay, Ay satisfy the (Sy) condition, where A
and Ay are given by (2.4) and (2.5), respectively.

Proof. We note that since the operators D;, B; and F’ are compact, it
suffices to prove that the operator J(u,v) satisfies the (S;) condition. Let
us suppose that the sequence (uy,v,) converges to (ug,vg) weakly in the
space Z and
limsup (J(un,vn), (Un — ug, vy — o))z < 0.
n—oo

From the weak convergence we have that
lim  (J(ug,vo), (un — g, vs, — vg))z = 0.
n—oo

So

0 > limsup <J(unavn) — J(uo, vo), (Un — v, vn — o))z

n—oo
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. a+1 _ _
:hmsup{T/Gvunp 2Vun—|VUO|p QVUO)(VUH_VUO)

n—oo

51 ) )
+ 2 19l v o= 7wl 2vvo)(vvnvvo)}- (4.1)

It is also valid, that, for any s,t € LP(Q) (see [6, relation 2.12])

/(!S!pzs = [tP720 (s =) = (sl = [l sl — ltllp) = 0. (4.2)
From (4.1) and (4.2) we obtain that

|7 unllp = | 7 wollp and [ 7 vallp = [ 77 vollp-

Then, the conclusion of the lemma. is obvious. ]

5. BIFURCATION FROM )\

In this section we shall prove the existence of a bifurcation from the prin-
cipal eigenvalue A1, by using the topological degree as it is defined in the
last section for the operators Ay, Aj.

Definition 5.1. Let £ = R x Z be equipped with the norm
1O 0)l = (AR + [l )22, (A u,v) € E. (5.1)
We say that the set
C={(\u,v) € E:(\u,v) solves (1.1), (u,v) # (0,0)}

is a continuum of nontrivial solutions of (1.1), if it is a connected set in E
with respect to the topology induced by the norm (5.1). We say Ao € R is
a bifurcation point of the system (1.1) (in the sense of Rabinowitz), if there
is a continuum of nontrivial solutions C of (1.1) such that ()g,0,0) € C
and C is either unbounded in E or there is an eigenvalue A # Ao, such that
(2,0,0) e C.

To prove the main result of the present work we follow the ideas developed
for the equation in [6]. For this we need the following construction. Fix
K > 0 and define a function ¢ : R — R by

0, t <K,
vt = { 2(4-2K), t>3K,
where ¢ is such that the interval (A1, A1 +0) contains none eigenvalue of (1.3).

The function v (t) can be chosen positive and strictly convex in (K, 3K). We
define the functional

WA (u,v) = (J(u,0), (u,0)) = MC(u,v), (u,0)) +D({(J(u,), (u,0))).
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Then U* is continuously Fréchet differentiable with derivative

() (u,0), (w, 2)) = (U3 (u, ), (w, 2)) + (T (u, ), (w, 2)),

where
(Wi, 0), (w,2)) = (@ + 1) { (146" (I(w0), (w,0)) (i (w,0), (w, 2))
— AM{(D1(u,v), (w, 2)) — A(Bi(u,v), (w, z))}, (5.2)
(3, v), (w,2)) = (B+ 1) { (14" (T(w,0), (1,0))) ) (alu,0), (w, 2))

= MDa(u,0), (w,2)) = AM(Ba(w,v), (w,2)) . (5.3)

In addition, the critical points (ug,vo) of ¥* occur, if U} = U? =0, i.e.,

. A ) A .
J1vur2guve-3 [o@ o 2uw=2 bl fluow =0

and
q—2 A q—2 A ot B
| 7 vol Vw Vit d(x) [vol vz T b(x)|ug|*|vol"upz = 0,

where L =: 14 ' ((J (ug, o), (ug, v0))). However, since A € (A1, \; +9), the
only nontrivial critical points of ¥y occur if
/ A

Qb ((J(UO,Uo), (uo,vo))) = /\—1 — 1. (5.4)
Hence, we must have (J(up,vg), (ug,v0)) € (K,3K). In this case either
(ug,v9) = (u1,v1) or (ug,v9) = (—u1,—v1). So for A € (A, A1 + 0) we
have precisely three isolated critical points 0, (u1,v1), (—u1, —v1). The next
lemmas describe the main characteristics of the functional U*.

Lemma 5.2. The functional V> is a) weakly lower semicontinuous and b)
weakly coercive, with A € (A1, A1 +9).

Proof. a) Let (up,v,) — (up,vg) weakly in Z. Then, from the compactness
of C we get that

<O(unv UTL)7 (unv ’Un)> - (C(u07 UO)? (u07 'UO)>' (5'5)

Since im infy o0 || 7 tnlp = || 77 tolp, liminfp oo [[ 7 vnllq = || 77 vollq and
1) is nondecreasing, we have that

ligriioréf {(J (un,vn), (Un,vn)) + V({J (Un, Vn), (Un,vn)))}
> (J(uo, v0), (uo,vo)) + ¥ ({J(uo, v0), (1o, v0)))- (5.6)
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From (5.5) and (5.6) we obtain

lim inf U (w,,, v,) > U (ug, v).

b) Assume that ||(un, v, )||z — oo. Actually, (J(un,vn), (tun,vy)) — 0o. For
(C(tn,vn), (Un,vy)) < 0, holds that UM (up, vy) > J(tUn, vn), (tn, vs)) — 00.
While, for (C(un, vy), (Un,vs)) > 0, it follows that
\PA(Um Un) = <J(una 'Un)a (una 'Un)> - )\<C(un7 Un)a (Um Un))
+ P ({J(un, vn), (un, vp)))
= < (una 'Un)) (una Un)> -\ <C(un7 vn) (una Un)>
(A1 = A){C(un, vn), (Un, vn)) + P((J (Un, vn), (Un; vn)))
(A1 = A(C(un, vn), (Un; vn)) + P((J (Un, vn), (Un; vn)))
—0(C (un, vn), (un, vn)) + Y ((J (un, vn), (un,vn)))
) 20
—<J(’Um, Un)v (UTH Un)) + _K‘J(un? Un), (un, Un)> - 2K]7
)\1 )\1
where we used the variational characterization (3.3) for A; and the definition
of 1. So WA (uy,,v,) — 0o and the proof of the lemma is completed. O

v v +

Lemma 5.3. The critical points (u1,v1), (—ui, —v1) of ¥* are of minimum
type, with X € (A1, A\1 +0).

Proof. Lemma 5.2 implies that (see [19, Theorem 25.D]) ¥* attains a min-
imum on Z. On the other hand, from relation (5.4) and the strict convexity
of ¢ on (K,3K) we have that

A=A
WA ur,v1) = S (I un, ), (un,01) + 9 (( (un, 01), (un,01)
< 0=0"0,0).
Since WA (uy,v1) = ¥A(—uq, —v1) we obtain the conclusion. O

Lemma 5.4. The quantity ((U*) (u,v), (u,v)) is strictly positive for any
(u,v) € Z with ||(u,v)||z > k, for some large enough positive constant k and
A€ ()\1,/\1 + 5)

Proof. From (5.2), we have

<%\P2(u,v), (1, v)) = O‘Tj“l (1 (1) — AD1 (u, v) — ABi(u, 0), (u, v)
a +1

L (T, ), () /vurp (5.7)
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Similarly, from (5.7) we have

%xyg(u,v), (1, v)) = % (Ja (1, 0) — ADs (1, v) — ABa(u, v), (u, 0))
Bl .
+ 20 (), o) [ 7ol (5.8)

Adding (5.7), (5.8) and using condition (H) we obtain
<I§\v2<u, v) + éwu,v), (u,0)) = (I (1), (u,0)) — MC(u, ), (u, 0))

+ 9 ((J(w,), (u,0))) (I (4, ), (u, 0)).

Assume now that ||(un,v,)||z — co. Then (J(up,vy), (Un,vy)) — co. From
the variational characterization (3.3) for A; and the definition of ¢) we derive

(J(,0) = AC(u, ), (u,v)) + ' (T (u,0), (u,0))){J (, ), (u,v))
= (J(u,v), (u,0)) = M(Clu,0), (u,0)) + ¢ ((J(u,v), (u,v)))

A=A
<), o) - AN, )]

(J(u,v), (u,v)) = 2K | x [{J(u,v), (u,v)) — %(C(u,v), (u,v)) |-
| N |

28
>
Z 3

Since

1 1
<§\Ij£(u’m Un) + gmﬁ(unv Un)7 (Unavn» — 00,

we have that
() (s 0n ), (i, U)) = (D (i 0) + U (i, ), (U, U)) — 00

and the conclusion of the lemma follows. O

Lemma 5.5. For the operator Ax(u,v) the following are true
Ind(A,\,O) =1, A€ (O, )\1) and Ind(A)\,O) =—-1, A€ ()\1,/\1 + (5)
Proof. From the variational characterization (3.3) of A\; it follows that for
any A € (0, A1), we have
(Ax(u,v), (u.v)) > 0, for all (u,v) € Z.

Then the degree }

Deg[A)\)BT(O)ao]v (59)
is well defined, for any A\ € (0, A1) and any ball B,.(0) C Z. Applying Lemma

4.3 we get y
Deg|Ay, B;(0),0] =1, forall A€ (0,A1). (5.10)
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According to Theorem 3.6 there exists a § > 0 such that the interval (A1, A1+
) does not contain any eigenvalue of the problem (1.3), (1.4). Hence, the
degree (5.9) is also well defined for all A € (A1, A\ + ). From Lemmas 4.2
and 5.3, we have

Ind((UYY, (u1,v1)) = Ind((¥*), (—u1, —v1)) = 1. (5.11)
In addition, Lemmas 4.3 and 5.4 imply that
Deg[(9*)', By, 0] = 1. (5.12)

We choose k so large that (fui,+tv1) € Bg(0). Now, by the additivity
property of the degree and (5.11), (5.12) we have

Ind((9*)',0) = —1. (5.13)
Furthermore, by the definition of ¥ we obtain
Deg[(¥NY, B,.,0] = Ind((Ay,0), (5.14)

for r > 0 small enough. Then we conclude from (5.10), (5.13) and (5.14)
that _
Ind(Ay,0) = 1, forall A€ (0,A),
Ind(A),0) = -1, forall A€ (A, A1 +9).
It follows from relation (2.3) and the homotopy invariance of the degree
under compact perturbations that for r > 0 small enough

Deg[Ay, By (0),0] = Deg[Ay, By (0),0],
for A € (0, A1 + 9)\A1. Finally, from (5.15) we obtain

Ind(Ay,0) = 1, forall A€ (0,\),
Ind(Ay,0) = —1, forall A€ (A,\1 +9)

and the lemma is proved. ]

(5.15)

According to Definition 5.1 we have the following characterization con-
cerning the existence and the geometry of some part of the solution set of
the system (1.1).

Theorem 5.6. The principal eigenvalue Ay > 0 of the unperturbed problem
(1.3), (1.4) is a bifurcation point (in the sense of Rabinowitz) of the perturbed
system (1.1).
Proof. The index jump result of Lemma 5.5 and the homotopy invariance
of the degree imply that (A1,0,0) is a bifurcation point of (1.1). The rest of
the proof is similar to that of Rabinowitz Theorem, see [14]. O
Finally, we discuss the sign of the solution branch close to the bifurcation
point.



18 N.M. STAVRAKAKIS AND N.B. ZOGRAPHOPOULOS

Proposition 5.7. There exists n > 0 small enough, such that for each
(A u,v) € CNBy(A1,0), we have u(x) > 0 and v(xz) > 0, almost everywhere
in §2.

Proof. Let (A, un,vy,) € C be a sequence such that (A, up, v,) — (A1,0,0).
We introduce the sequences i, and v, in the following way.

~ Up, .
Uy = and 0, =:

T (el + o]l )t/

Un
(lunllf , =+ lonll] 51/

The sequences u,, and 7,, are bounded, since
|[@n|}, + lonl|{, =1, for every n € N.
Condition (H) implies also that

|, | |Un|ﬁ Un Un

= |Gp |* 5 |® i, By, 5.16

q
1,

for every n € N. Now, using relations (2.3) and (5.16) we have that

/ |7 nl” = A / a(@)itnl? + A / () n] P + O (s ) 1 2),

/ | 6l = An / 4(2)]Tnl? + / (&) it 3 i+ Ot )| 2)-

Similarly, as in the proof of Theorem 3.6 we derive that for some positive
constant k, @, — kP uy and @, — k9v; (strongly) in the spaces D'P and D4,
respectively. We claim that for n large enough, u,, > 0 and v, > 0. Assume
that the sets U, = {x € Q: 4,(x) <0} and V,; = {z € Q: v,(x) < 0} are
non empty. Using (2.3) we obtain that

L < co(max{lla@)l] x . lld@)]

M(Q;)} + ||b($)||Lw1(Q;))’

I
( La

where Q,; = U; UV, . Since ||(tn,vnllz — 0, a € LNP(Q), d € LN(Q),
b € L¥(Q) and ¢y does not depend on u, or v,, we derive that for some
Ky > 0 large enough

’Q;L N BK(0)| > cq,

for any K > K, where ¢; > 0 depends neither on A,, nor on u, or v,. Now,
using the same argument as in the proof of Lemma 3.6 based on the Egorov’s
Theorem we deduce that @, and o,, (and hence w,, and v,) are nonnegative
in €, for n large enough. Then, it follows that u, > 0 and v, > 0, for any
(A, Uun,vn) € CN By(A1,0), with > 0 small enough. O
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6. PROPERTIES OF THE CONTINUUM C

All the above arguments were obtained by using no kind of regularity for
the solutions of the system (1.1). In the sequel we consider the regularity of
these solutions. Assume the following condition.

(Te)  1FOw,0)| < O (ulP™ + a4 oo/ + o] /09,
900, 0)] < C (ol + ol 4 [ulP/a -+ [ul P/ 00,

/I _ _m : N . ..
where m’ = "5 denotes the conjugate of m, r = ppn and C' is a positive
constant.

Lemma 6.1. Assume that the condition (Yg) is satisfied and (u,v) be a
solution of (1.1). Then u and v are of class CY%(B,), for any r > 0 and
¢ =(¢(r) € (0,1). Moreover, in the unbounded domain case, both u and v
decay uniformly to zero as |z| — oc.

Proof. Observe that the following inequalities
Jul* ol < efulP Tt o), ul ol < e(jul™ T + [o]),

hold for some x < rq/(rp) and ¢ < rp/(rq)’, respectively. The rest of the
proof follows from [3, Theorem 2.1]. O

As it will be clear later, it is convenient to recall the following eigenvalue
problem.

~Apu = Ag(@)|ufP?u, z€Q, (6.1)
0 <u(x), zel, (6.2)

where g(x) satisfy certain conditions. It is known, that to the equation (6.1)
corresponds a positive principal eigenvalue A, ,. This eigenvalue is simple
and is the only one to which corresponds a positive eigenfunction ¢, 4. For
details we refer to the works [2, 10].

Lemma 6.2. (i) (Local Bifurcation) The only possible points of the form
(X, 0,0), which the closure of the continuum C may contain, are the points
(Ap,a;0,0) or (Agq4,0,0).

(74) (Bifurcation from semitrivial solutions) The only possible points of
the form (A, u,0), u 2 0 (or (X\,0,v), v #Z 0), which C may contain, are the
points (Ap.a, € Pp.a,0) (01 (Ag.d,0,cPqa), respectively), for some real constant
c# 0.

(iii) If C contains no point of the form (X, 0,0), (A, u,0),u#0 and ()0,
v), v # 0, then every solution (u,v) in C is strictly positive (componentwise).
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Proof. (i) From Lemma 5.7 we may suppose that there exists a sequence
{(Mn, un,v)} € C, such that u,(z) > 0, vy(z) > 0, for all n € N and
z€Q u, — 0in DY, v, — 0in D and A\, — \g. Then, we construct
the sequences

Up =

Up,
(unllF , + lonllf )17

Un
(unllF , + Noall] )14

and v, =

Repeating the same argument as in Lemma 5.7, we may obtain that (uy,, 0y,)
— (U, Do) (strongly) in Z, for some (ug,?9) € Z, such that @y > 0 and
Up > 0, satisfying, also, the following equations.

/\ V Uolf = Ao/a(fv)!fbo\pJr>\o/b(fC)!fbo\a170!%0?707
/\ < Uo|? = )\o/d(l‘)’ﬁdq+)\0/b($)|ﬂo|a170|ﬁ710?70-

Finally, one of the following must occur.

(a) 4o = 0and Uy = ¢4, so that the closure of the continuum C' contains
the point (Ag4,0,0), or

(b) g = ¢p.q and g = 0, so that C contains the point (A, 4,0,0), or

(c) @ip = k'/Puy and ¥y = k'/9vy, so that C' contains no point of the form
(A, 0,0).

(ii) The proof follows the same steps of (i).

(iii) Suppose that C' contains no point of the form (X, 0,0) and for some
solution (A, u,v) € C there exists a point g € €, such that u(zy) < 0
(the same will apply, if we assume that v(zg) < 0). By Lemma 5.7, we
may observe that u(z) > 0, x € Q, for all solutions (\,u,v) € C close to
(A1,0,0). Since the continuum C' is connected, the C’;{;g- regularity of the
solutions implies that there exists (Ao, ug, v9) € C, such that up(x) > 0, for
all z € Q, except some point xg € €2, such that up(z¢g) = 0 and in any
neighborhood of (Ag, ug, vo) we can find a point (X, @, 9) € C, with a(x) < 0,
for some z € . Let B denote any open ball containing xg. Then from
Vazquez’ Maximum principle (see [18]), it follows that up = 0 on B. Hence,
up = 0 on Q. Thus, we may construct a sequence {( Ay, un,vn)} C C, such
that u,(z) > 0 and v,(z) > 0, for all n € N and = € Q, u, — 0 in D'P,
vp — vo in DY and A, — Ag. Then, the continuum C contains a point of
the form (g, 0, vg), which is a contradiction. Similar results may be obtained
for v. g

Applying the previous results we are ready to state the main result of this
section in the general case.
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Theorem 6.3. Suppose that the hypothesis (H), (F), (P) and (Y1) — (T¢)
hold. Then, there exists a continuum C' C R x Z of uniformly bounded so-
lutions of the problem (1.1) bifurcating from the zero solution at (A1,0,0),
such that one of the following alternatives hold.

(i) The continuum C (in closure) contains one of the points (Apa,0,0) or
(A5 0,0), and in particular problem (1.1) has a nontrivial positive (compo-
nentwise) solution (u,v) € Z, whenever X is between A1 and A, q o1 Ay q.

(#3) The continuum C' is unbounded and every (u,v) in C is strictly posi-
tive (componentwise).

In the remaining part of this section we study a special case of the system
(1.1), for which the first alternative of Theorem 6.3 is excluded. We assume
the following hypothesis.

(Y7) a(z) =0 and d(z)=0. (see Remark 3.7).
For this kind of systems we have the following bifurcation theorem.

Theorem 6.4. Suppose that the hypothesis (H), (F), (P) and (T4) — (Y7)
hold. Then, there exists a continuum C' C R X Z of solutions of the problem
(1.1) bifurcating from the zero solution at (A1,0,0), such that C' is unbounded
and every (u,v) in C is strictly positive (componentwise).

Proof. Following the same lines as in Lemma 6.2, we may prove that C
contains no points of the form (A,0,0), (A, u,0), u Z 0 and (\,0,v), v Z 0.
Hence, C' must be unbounded, so that every solution (u,v) is strictly positive
(componentwise). O

Remark 6.5. Suppose that C' contains no points of the form (X, 0,0), e.g.,
the assumptions of the Theorem 6.4 are happening. Suppose also, that there
exists some A\g > A1, such that o;(Ao), ¢ = 1,2,3,4. Since the system

—Apu = Nga(@) [ulP"2u+ Ao b(x) [ul® v v,  xeQ,
—A = Xod(x) o720+ X b() [u|® [vPu, 2 €Q,
cannot have a positive solution in €2, corresponding to Ag, we conclude that

C must “blow up” in ||(u,v)||z. This result is the analogous one of the
equation, see [6, Remark 4.7].

Acknowledgments. The authors would like to thank Prof. Pavel Drabek
for useful suggestions and discussions. We also thank the unknown referee for
his valuable comments and suggestions. This work was partially financially
supported by a grant from [IENEA Project No. 99FEA527 of the General
Secretariat for Research and Technology, Ministry of Development, Hellenic
Republic.



22

[1]
2]

3]
[4]

[5]

N.M. STAVRAKAKIS AND N.B. ZOGRAPHOPOULOS

REFERENCES

R.A. Adams, “Sobolev Spaces,” Academic Press, New York, 1975.

W. Allegretto, and Y.X. Huang, A Picone’s identity for the p-Laplacian and applica-
tions, Nonlinear Analysis TMA, 32 (1998), 819-830.

A. Bechah, Local and global estimates for solutions of systems involving the p-
Laplacian in unbounded domains, Electr. J. Dif. Eq., 19 (2001), 1-14.

P.A. Binding and Y.X. Huang, Linked eigenvalue problems for the p-Laplacian, Proc.
R. Soc. Edinburgh, 124A (1994), 1023-1036.

J. Bjorn, Boundness and differentiability for nonlinear elliptic systems, Trans. Amer.
Math. Soc., 353 (2001), 4545-4565.

P.Drébek and Y.X. Huang Bifurcation problems for the p-Laplacian in RY, Trans.
Amer. Math. Soc., 349 (1997), 171-188.

P.Drabek and N.M. Stavrakakis, Bifurcation from the first eigenvalue of some nonlin-
ear elliptic operators in Banach spaces, Nonlinear Analysis TMA, 42 (2000), 561-572.
Y. Du, Bifurcation from semitrivial solutions bundles and applications to certain equa-
tion systems, Nonlinear Analysis TMA, 27 (1996), 1407-1435.

J. Fleckinger, R. Manasevich, and F. de Thelin, Global bifurcation from the first
eigenvalue for a system of p-Laplacians, Math. Nach., 182 (1996), 217-242.

J. Fleckinger, R. Manasevich, N.M. Stavrakakis, and F. de Thelin, Principal eigenval-
ues for some quasilinear elliptic equations on R, Adv. Diff Equ., 2 (1997), 981-1003.
J. Fleckinger and R. Pardo, Bifurcation for an elliptic system coupled in the linear
part, Nonlinear Analysis TMA, 37 (1999), 13-30.

J. Fleckinger, R. Pardo, and F. de Thelin, Four parameter bifurcation for a p-
Laplacian system, Electr. J. Dif. Eq., 6 (2001), 1-15.

J. Hulshof, E. Mitidieri, and R. Vandervorst, Strongly Indefinite Systems with Critical
Sobolev Exponents, Trans. Amer. Math. Soc., 350 (1998), 2349-2365.

P. Rabinovitz, Some global results for nonlinear eigenvalue problems, J. Funct Anal.,
7 (1971), 487-513.

N M Stavrakakis and F. de Thelin, Principal eigenvalues for some quasilinear elliptic
equations on RY, Math. Nach., 212 (2000), 155-171.

N.M. Stavrakakis and N.B. Zographopoulos, Ezistence results for some quasilinear
elliptic systems in RY, Electr. J. Dif. Eq., 39 (1999), 1-15.

N.M. Stavrakakis and N.B. Zographopoulos, Multiplicity and reqularity results for
some quasilinear elliptic systems on RY, Nonlinear Analysis TMA, 50 (2002), 55-69.
J.L. Vazquez, A strong mazimum principle for some quasilinear elliptic equations,
Appl. Math. Optim., 12 (1984), 191-202.

E. Zeidler, “Nonlinear Functional Analysis and its Applications,” Vol. II/B: Nonlinear
Monotone Operators, Springer-Verlag, Berlin, 1990.



