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1. Introduction

In this paper, we study the multiplicity and regularity of the solutions of the quasi-
linear elliptic system

— A pu=la(x)ul’"u+ 2b)|ul o)y, xeRY,

— A0 =2d(x)[v]° v + 2b)|u* o)y, xeRY, (1.1)
u(x) > 0,v(x) >0 for all x € RV, | l‘im u()c):| l‘im u(x)=0, (1.2)

where the p-Laplacian operator A,u is A,u=:div(|Vu|?~*Vu). In addition, we
assume that 1 < p <N, 1 <g <N, o> 0 and > 0. For the positive constants o, f3,
p, q and N we consider that the following inequality is valid:

a+1  p+1

+
p* q*

<1, (1.3)

where p* and ¢* are the critical Sobolev exponents: p* =Np/(N—p) and ¢* = Ng/(N —
q). Throughout this paper we assume that the following general hypothesis is satisfied.
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(H) 2<y<pt2<0<q", acLll /W —I(RN), deLf/@—)(RY) and be
L*(RY), where w= p*q*/[p*q* — (¢ + 1)p* — (B + 1)g*]. Moreover, a, d and b are

smooth functions at least of CIOD’Z([RN ), for some 1€ (0,1).

In certain cases the coefficients @, d and b will satisfy some extra hypothesis, which
is described as follows. Let the function 4 : RY — R. We say that & satisfies the
hypothesis

(# ) if he L>°(RN) and tends uniformly to zero, as |x| — oo, in the sense

A {1l oo e -5,y =0

(A ) if there exists Q C RV, with |Q| > 0 such that 4(x) > 0 for every x € Q.

We also deal with the equation

—Apu=2g(x)|u*u, xR, (1.4)
u(x) >0 for all x € RV, ‘ llim u(x) =0, (1.5)
X|— 00

where 1 < p<N, 2<7y< p* and y# p. Throughout the paper we assume that g
satisfies the following condition:

(%) g is at least a C(RY)-function, for some 1€ (0,1) and g€ L /(7 =)(RY).

Such kinds of systems have been studied by many authors both in bounded and
unbounded domains. We mention the papers [1,3,6] and the references therein.

This paper is organized as follows: in Section 2, we recall the homogeneous space
g'-P(RM), we introduce the necessary operators and establish their basic characteristics.
In Section 3, we prove the existence of at least one solution for Eqgs. (1.4) and (1.5).
The regularity of the solutions is also studied. In the bounded domain case, the problem
is studied by Otani [4], where the existence was proved by means of a subdifferential.
The critical case y= p gives rise to an eigenvalue problem, for which there is
an extensive literature. We refer to the works [2,3], and the references therein. In
Section 4, we investigate the existence of nonsemitrivial solutions for system (1.1)
and (1.2). To this end, we use the results of Section 3 on Eqgs. (1.4) and (1.5). In
this section, we extend earlier results on the bounded domain (see works [1,9]) and
complete the study, done in [3], for this problem on RY concerning the range of the
exponents. In Section 5, we answer the regularity question raised in [3], extending it to
a wider class of systems. This is done by adapting Moser’s iterative scheme to systems
on RY. Furthermore, we may consider the regularity results as an extension of those
obtained by [9] to all RV,

Notation: For simplicity, we use the symbol .||, for the norm ||.[[,, g~ and ghr
for the space 2P(RV). Bx and Bg(c) will denote the balls in R of centres and c,
respectively, and radius R. In addition, the Lebesgue measure of a set Q@ C RV will
be denoted by |Q2|. An equality introducing definition is denoted by =:. The integral
symbol | without any indication will be used for integration on all of RV.
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2. Space and operator settings

It is going to be proved that the natural space setting for our problem is the space
Z=D"P(RV) x DV(RY), with the norm |Z||, = [lul|, , + ||v], ,» where Z= (u,v). The
space 2"P(RV) is the closure of C§°(R") functions with respect to the norm

1/p
il = ([ 17 ax)
RV

It is known that ZP(RN)={uc INP/N=PY(RVN) : Vue (LP(RV))V} and that there
exists Ko > 0, such that for all u€ 2"?(R")

[ell -1 < Kollull .- (eRY

The space Z"7 is a reflexive Banach space. For more details, we refer to [3]. Our
approach is based on the following generalized Poincare’s inequality.

Lemma 2.1. Suppose g€ LV'P(RN). Then there exists o > 0 such that
/ IVul? dx >a/ lgllul? dx, 2.2)
RN RV
for all ue 2'».

We introduce the operators Ji,J5,D1,D,,B1,B; : Z — Z* in the following way:

1
(N, 0),(w,2))7 = 22 [ | VulP 2 Vuvw,
P RN
1
(o, 0), (w,2))z = L1 / e
q RN
+1 .
(Di(,0), (w,2))z =2 = [ a()|ul ~2uw,
RN
1 .
(Dot 0 .2z = 2 [ a2z,
p RV

(Bi(u,v),(w,z))z =: /RN b(x)|u|“_l|v|ﬁ“uw,

(Ba(,0), (w,2))z = /RN B0 u) o]z,

The next lemma establishes some basic properties for the above operators. Its proof is
given in [6, Lemma 2.2].

Lemma 2.2. The operators J;,D;,B;, i=1,2, are well defined. In addition, J;, i=1,2,
are continuous and the operators D;,B;, i=1,2, are compact.
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We say that (u,v) is a weak solution of system (1.1) if (u,v) is a critical point of
the functional 4 : Z — R, defined by

1 I I )
A, vy = 225 /|Vu|p+iﬁi/|Vv|q—iat /a(x)\uv
p q )

—A%/d(x)w —/l/b(x)|u|“+1|v\ﬁ“.

Since A(|ul,|v])=A(u,v), if (u,v) is a critical point of A4, then the same is true for
(Jul, [v]). So we may consider that u(x) > 0 and v(x) > 0. Finally, the next definition
will be proved to be of great importance for our study, so we describe it.

Definition 2.3. We say that a functional 4 : Z — R satisfies the (PS) condition, if
every sequence {(u,,v,)} C Z such that A(u,,v,) is bounded and A’(u,,v,) — 0 in Z,
as n — 00, is relatively compact in Z.

3. The equation —4 ,u = 2g()|ul"2u

In this section, we prove the existence of nontrivial solutions for Eqs. (1.4) and
(1.5) and state under certain conditions the regularity of these solutions. The natural
space setting for (1.4) is the space 2'?(RY). We define the fuctional 4 : "7 — R,

by
(1) —- l P _ ﬁ y
A(u)=: p/IVul ; /g(X)Iu\-

The fact that 4 is well defined and is continuously Fréchet differentiable may be ob-
tained by a standard procedure.

Lemma 3.1. For any J.€ R, the functional A satisfies the (PS) condition.

Proof. Let the sequence {u,} C Z"? be such that A(u,) is bounded and /fl(u,,) -0
in 2P, as n — oco. Then we consider the relation

. Y 11 )
A(un) - (A (un)au> =1 ( - A) /g(x)‘un|l
p p 7

and follow the steps of [6, Lemma 2.3] to obtain the conclusion of the lemma. [J

Theorem 3.2. Let 2 <y < p*, v# p and Jg(x) satisfies (# ). Then Eq. (1.4) admits
at least one nontrivial solution ug, such that ug(x) = 0 for all x € RN. Moreover,
(a) if y < p, then A(up) < 0, and

(b) if y > p, then A(uy) > 0.

Proof. (a) Let y < p. Then A(u) is bounded from below, for all u € D7 and A(1¢) <0,
for ¢ which is small enough and ¢ € C§°(€2). Hence, by a global minimization argument
we obtain the existence of a nontrivial solution ug, such that A(ug) < 0.
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(b) Let y > p. Then for every u, € D"“? such that lunlly, , =7, where r is fixed and

small enough, we have that A(u) >k > 0, for some k =k(p,7,g(x),Ko). Hence, by
the mountain pass theorem we obtain the existence of a nontrivial solution uy, such
that A(ug) > 0. O

Remark 3.3. We have to note that if Ag(x) does not satisfy condition () then
Eq. (1.4) admits no nontrivial solution.

In the remaining part of this section, we shall prove the Cllo’: regularity as well as
the asymptotic behaviour of the solutions of Eq. (1.4).

Theorem 3.4. Let g€ L=(R"Y) and suppose that uc€ 2P is a solution of (1.4), for
some A €R. Then uec L®(RN) and u(x) decays uniformly to zero, as |x| — +oo.

Proof. The proof is based on the classical Moser’s iteration scheme as it was
adapted by Otani for the bounded domain case in [4, Theorem II]. Let £k € N and L=
(121191l .. )"/PKo. Then we introduce the sequences

Yl =10 P /P k= — v+ P, ni=p, (3.1)

Lier = L7 (g — 9+ 1)V (5 p)P LY Ly = Ju] .. (3.2)
We claim that, for every k£ € N, the following estimate is true:

lull, < Li. (3.3)

Tk
For k=1, inequality (3.3) is obvious. We suppose that estimate (3.3) holds for some
k. We define, for n € N, the C! real functions v, as

f, b
wn(t):: {
n+1, |t

n,

0< Y. ()< (3.4)

VoA

n+2 ’

Setting u, = ,(u) we obtain that |u,|'"%u, belongs to D7 N L>, for all [ €[2,+ o).
Multiplying Eq. (1.4) by |u,|” ~"u, and integrating over RY, we derive

(k=7 + 1)/|Vu|”%(u)|un ”"_V=i/g(x)|un|”_"’+l|M|"_1~ (3.3)

The definition of u, implies that

2/g(x)\un\”’”'“Iul"’*1 < /Ig(x)llu\” < |2l oo llully - (3:6)
On the other hand, from (3.4) and (2.1) it follows that:

(e =+ 1) [ IVl > Ge =+ 1) [ 1Vl

A

> G — 7+ 1>(p/v:)P/|V<\unvk*/P)\p

> Ky " =7+ DO a5 (3.7)
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Hence from relations (3.5)—(3.7) we deduce
o = P < ViR e — 7+ D) o)L

“
/P |
Vie+1

24| [en

which implies that

[unll,,,, < Lisa-

Vit
Letting n — oo, we prove (3.3), for any k£ € N. Setting
{=p"logL(p" —min{p*(y — p)/(p" = p),0}),
we get the following estimate:
Le < (P /p) 'L+ {l(p/p) = 1)
+p" log(p*/p)H(p*/pY ™" = D/(p*/p) — 1),
Then the solutions of (1.4) satisfy the following L>° estimate:

Jul| o < [ull,, < e, (3.8)

lim
k—+o00

where d=[L + {{(p*/p) — 1) + p*log(p*/p)}/((p*/p) — DI/(p* — (p*/P)). By
Serrin [5, Theorem 1], there exists a constant C = C(¥,7,), such that for any solution
u€ D7 of the equation

—Apu=f,

the following estimate is true:

sup |u(y)| < C{H“HLP(BZ(x)) + Hf”L?’z(Bz(x))}'
YEBI(x)

Since the sequence y; is increasing and y; — oo, as k — oo, there exists some k € N
such that g =7;/(y — 1) = y,. Then for any solution of Eq. (1.4) we have

y—111/(y—1
sup [u()| < CLlull o gyceyy + 1419l oo 1~ 100 3
YEBI(x)

Since |u|’~! belongs to LI(RY), we may conclude that u decays uniformly to zero, as
x| = +o00. O

Corollary 3.5. If u(x) is a solution of (1.4), then u€ C“%(B,), for any r >0 and
a=a(r)e€(0,1).

Proof. The proof is a consequence of Theorem 3.4 and the results of Tolksdorf [7].
Remark 3.6. If in addition to the hypothesis of Theorem 3.2 we have that g € L>(RV),

the corresponding solutions of (1.4) are strictly positive. This is a direct consequence
of Vazquez’ Maximum Principle [8].
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4. Multiplicity

Before we give the multiplicity results, we recall some existence results obtained in

[6]. First we assume that o, f§, p and ¢ satisfy one of the following hypothesis:
atl | il

O = +5 <1

() 24 £ <) and 2l 4 25 5,
(m =4 Bl—,
(V) 25t Bl — .
For each hypothesis we have to distinguish several cases.

(I) Suppose that there exist p;, g1 € RT, such that p; < p, q; < g and %1 +

p+1
q1

= 1. Then the following cases are assumed.
(i) y < p, 6 < g and a(x),d(x),b(x) have the same sign at every x € RV,
p q g Ty
(ii) 7 < p, & < g so that 2L + L <1 and Jb(x) > 0,
Y o
(if) y < p, 6 < g so that 2! 4 Z5L > 1 and Jb(x) <0,
(iv) y> p, 6 > g and Ab(x) <O,
(v) y < p, 6 <gq so that %4’%:1,
(vi) y < p1, 4a(x) >0, 6 <gq; and Ad(x) > 0,
(vil) y < p1, Aa(x) >0, 6 > ¢, and Ad(x) <O,
(viil) y > p1, Aa(x) <0, 6 < g; and Ad(x) > 0,
(ix) y > p1, Aa(x) <0, 6 > ¢y and Ad(x) < 0.
p q
The next theorem states the existence results obtained in [6, Theorem 3.3].

Theorem 4.1. (a) Let one of the hypotheses (i), (iii) and (v)—(viii) be satisfied, and
in addition la(x) or Ad(x) satisfy (), or assume that hypothesis (ix) is satisfied
and in addition, Ab(x) satisfies (A 1), or hypothesis (ii) is satisfied, then problem
(1.1) has at least one nonnegative (componentwise) solution.

(b) If hypothesis (iv) is satisfied, and in addition Aa(x) or ld(x) satisfy (H ),
then problem (1.1) has at least one nonnegative (componentwise) solution.

(II) Suppose that there exist p;, q; € RT, such that p; > p, ¢; > g and (a+1)/p; +
(f 4+ 1)/q1 = 1. Then the following cases are assumed:
(i) p <7y, ¢ < and a(x),d(x),b(x) have the same sign at every x € RV,
(i) 7> p, 6> g so that 2! + EXL < 1 and Jb(x) <0,
(i) y > p, 6> g so that 2! 4 Z5L > 1 and Jib(x) > 0,
(iv) y< p, 6 <q and Ab(x) > 0,
(v) y> p, 6 > q so that %Jr%:l,
(vi) vy < p1, da(x) <0, < gy and Ad(x) <O,
(vil) y < p1, Aa(x) <0, 6 > ¢, and Ad(x) > 0,
(viil) y > p1, Aa(x) >0, 6 < g; and Ad(x) <O,
(ix) y > p1, Aa(x) >0, 6 > g, and Ad(x) > 0.
The next theorem states the existence results obtained in [6, Theorem 4.3].
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Theorem 4.2. (a) Let one of the hypotheses (i), (ii), (v) and (ix) be satisfied, and
in addition Aa(x) or Ad(x) satisfy (#.), or assume that one of the hypotheses
(iii) and (vii)—(ix) is satisfied, then problem (1.1) has at least one nonnegative
(componentwise) solution.

(b) If the hypothesis (vi) is satisfied and in addition 1b(x) satisfies (H ), then
problem (1.1) has at least one nonnegative (componentwise) solution.

(OT) The following cases are assumed:
(i) If L <0,
(ii) If 2 < A; and a(x)d(x) = 0, almost everywhere on R".
The next theorem states the existence results obtained in [6, Theorem 5.6].

Theorem 4.3. If one of the cases (1) or (ii) is satisfied and la(x) or Ad(x) satisfy
(A 1), then problem (1.1) has at least one nonnegative (componentwise) solution.

(IV) The following cases are assumed:
(1) y< p, 0 <q and 1b(x) <O,
(ii) y> p, 0 > q and 1b(x) > 0,
(ii1) Ada(x) <0 and Ad(x) < 0.
The next theorem states the existence results obtained in [6, Theorem 6.3].

Theorem 4.4. (a) Let one of the cases (i) and (ii) be satisfied and in addition, Ja(x)
or Ad(x) satisfy (# ), or

(b) let hypothesis (iii) be satisfied and in addition b(x) satisfies (H ), and
Yy < p*, 0 <qg*.

Then problem (1.1) has at least one nonnegative (componentwise) solution.

Throughout this section, we assume that at least one of the quantities Za(x) or Ad(x)
satisfy condition (). Under this assumption, Theorem 3.2 implies that there exist at
least one semitrivial solution for system (1.1). If both a(x) and d(x) satisfy (1), we
have at least two semitrivial solutions. Let us note that if on the contrary Aa(x) <0
and Ad(x) < 0 (simultaneously) the solutions which are obtained are not semitrivial.
This occurs under case (ix) in the first hypothesis, case (vi) in the second hypothesis
and case (iii) in the fourth hypothesis.

Theorem 4.5. Let the hypothesis of Theorems 4.1, 4.3 and 4.4 hold such that y < p
and 6 < q. Furthermore, we assume that at least one of the following conditions is
satisfied.

(a) If a(x), d(x), b(x) satisfy (#,) at the same Q C RV,

(b) If Ab(x) satisfies (# ) and f+1 < or o+ 1 <7y depending on which one of
the functions a(x) and d(x) satisfies (# ), respectively,

(c) If 2b(x) does not satisfy (# 1) and p+1 > 6 or o+ 1 > y depending on which
one of the functions a(x) and d(x) satisfies (A ), respectively.

Then system (1.1) has at least two or three nonnegative (componentwise) solutions
and at least one of them is not semitrivial.
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Proof. (a) Let a(x) satisfy (#;) and (up,0) a semitrivial solution of (1.1). Then for
each vED" and ¢t > 0

1 1 1 .
A(uo,w):%/|Vu0|P+t‘1ﬁ%/\Vv|‘f—A%/a(xﬂuo\'

B+
—mﬁ%/d(x)w —tﬁ+1/1/b(x)|uo|““|v|ﬁ“.

If case (i) of hypothesis (I) holds, we have that A(ug,t¢) < A(uy,0), for ¢ which is
small enough, where ¢ € C°(Q). This implies that inf{A4(u,v); (u,v) € Z} < A(uy,0).
In the same way, if (0,v9) is a semitrivial solution of system (1.1), we obtain
inf {A(u,v); (u,v) € Z} < A(0,v9). Then from the proof of Theorem 4.1 we deduce the
existence of a solution for system (1.1), which is not semitrivial, and the multiplicity
result follows.

Similarly, the result may be obtained for the other hypothesis and cases. [J

The following lemma gives an inequality result, to be used later.

Lemma 4.6. Let o, ff, p and g be positive real numbers, such that
a+1  f+1
- + -

4

Then o+ f+ 2 > min{p,q}. Moreover, if (4.1) holds as an equality, then we have

max{p,q} > o+ f+2>min{p,q}.

> 1. (4.1)

Proof. Let p > g, so p=xq for some x > 1. Inequality (4.1) implies that o« + 1 >
x[g — (B + 1)], and the result follows. If (4.1) holds as an equality, assuming that
o+ f+ 2= p we conclude that x < 1, which is a contradiction. Hence, the proof is
complete. [

Theorem 4.7. Let the hypothesis of Theorem 4.3 hold such that y> p and 6 > q.
Furthermore, we assume that at least one of the following conditions is satisfied.

(a) p>gq, Ad(x) satisfies () and o+ f + 2 < 0,

(b) p <gq, La(x) satisfies (H ) and o+ f+2 <.

Then system (1.1) has at least two or three nonnegative (componentwise) solutions
and at least one of them is not semitrivial.

Proof. (a) Let 0 < 4 < /) and p > ¢. Since Ad(x) satisfies condition (# . ), then for
some 1= 1y we have a semitrivial solution (0,v), for system (1.1), i.e.,

/|Vvo|q:io/d(x)\vo|5. (4.2)

From (4.2) and the definition of 4(u,v), for u € D'? we obtain
1 1 ,
Al(tu,tvo):tpoCJr /|Vu|” —tVXOOC+ /a(x)|u|’
P Y

1 1
—|—t5,10(,8 +1) (q — 5) /d(x)|vo\5 — zoc+ﬁ+2io/b(x)\u|a+1|uo\/3+1.




64 N.M. Stavrakakis, N.B. Zographopoulos | Nonlinear Analysis 50 (2002) 55-69

The hypothesis of the theorem and Lemma 4.6 imply that A(tu, tvy) < 0, for ¢ which
is small enough. Then we deduce, that there exists an r, such that
inf  A(u,v) <0.
), <r
From the last inequality we derive that for ¢ > 0 there exists a ¢ > 0, such that
—& < A(u,v), for every (u,v)€Z, with r — 6 < ||(w,v)||, <r. So, for some ' <r,
and for all (u,v) with ' < ||(u,v)||, <r it holds that
A(u,v) = % inf  A(u,v). 4.3)
@), <r
Let (uy,v,) be a minimizing sequence of inf{A(u,v) : (u,v) € B(0,7)}. From (4.3) we
may assume that (u,,v,) € B(0,#"). The ball B(0,r) equipped with the metric

dist((u,v),(w,2))=[|Vu — Vw|| , + [[Vv — Vz]|,

becomes a complete metric space. Let d, > 0 be some sequence of positive real num-
bers, such that 6, — 0, as n — oo. Then by Ekeland’s variational principle we may
assume that, every (u,,v,) is a minimizer for the set

{A(u,0) + 6,(|Vu = Vwl| , + | Vv = Vz| ) : (u,0) € B0,r)}.

This implies that 4’(u,,v,) — 0, as n — oo. Hence, we deduce that (u,,v,) is a
(PS) sequence for the functional A. Since A(u,v) satisfies (PS) condition, we have the
existence of a solution (u*,v*) for system (1.1), such that
Aw*,v*)= inf A(u,v) <DO.
o)l <r

Moreover, we may note that the solution, derived in this way, is a nonsemitrivial one,
since every semitrivial solution must satisfy A(up,0) > 0 or A(0,v9) > 0. In a similar
way the conclusion follows for (b). [

Finally, we give a multiplicity result of hypothesis (II).

Theorem 4.8. Let the hypothesis of Theorem 4.2 hold such that y > p and 6 > q.
Also assume that b(x) satisfies (H# 1) and that o+ f + 2 < min{y,o}. Furthermore,
we assume that at least one of the following conditions is satisfied.

(a) a+p+2 <max{p,q}, and if p < q then la(x) satisfies (H ) or if p > q then
Ad(x) satisfies (A .),

(b) Aa(x) and ld(x) satisfies (A ).

Then system (1.1) has at least two or three nonnegative (componentwise) solutions
and at least one of them is not semitrivial.

Proof. The proof follows the lines of Theorem 4.7.

5. Regularity results

In this last section, we prove some regularity results for the solutions of system
(1.1). More precisely, we are going to prove the L> character of the solutions, then
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the regularity results easily follow. Throughout this section, we assume in addition that
the functions a,b,d satisfy the following hypothesis:

beL” NL®, acli/FOnL» and der? /D)o,
where

Pq"
g+ 1)+ p*(B+1-0)

p'q”
prB+1)+qg (a+1—7)

and ;=

Wy =

Let o, f§ satisfy the strict inequality

o+ 1 +1
p q

<1 (5.1)

Let us note that (5.1) corresponds to hypotheses (I)—(III). In addition, we assume that
o, [ satisfy the inequalities

* 1 * 1
p(l—ﬁt)>l and q<1—°‘t>>1. (5.2)
V4 q q V4
Furthermore, for y, 0 we assume that
P Lot

Here, we are going to extend to the system the procedure followed in Theorem 3.4
for the equation. For k € N, we introduce the sequences ny, Li, Ok, My, with n = p*,
Ly =|[ull ., 01 =q*, My =|[v],., such that

Mt =M p°/ps Mg =Mk — T + Ps

. (BT Nk
M=———=+(@+1), um== ,
qr Mg =7

Ly = L7 (g = i + 1)~ (i / p)?"E max{ a2, L ",

O =:05q" /g, 07 =:0; — O +q,

fo=2OTD gy = %
0r — o

My =LY% (0 — O+ 1)~ V% (03 /)" mac{ ||}/, ' L1V},

where L=(|4] - max{1,||b]| _})"/?Ky and M = (|2 - max{1, ||b|| . })"Kp.
The next lemma states some basic properties for the sequences #; and 0.
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Lemma 5.1. Let conditions (1.3) and (5.2) hold. Then n; and 0, have the following
properties:
(i) nx and 6y are increasing,
(i1) 1y — oo and 0y — oo, as k — oo,
(i) nx — 7, > 0 and O — 51{ > 0.

Proof. We give the proof for #;. In a similar way, the conclusions follow for 0.
(1) Since 5, = p*, from (5.2) and the definition of #y, it follows that

n=p (1— p —(@++p>p
Hence, 1, > p* =mn;. Suppose that n; > n;_;, for some k € N. From the fact that

nk+]:{nk <1 —ﬁtl) —(a+1)+p} v (5.4)
q P

we obtain %41 > 1. Hence, by induction #; is an increasing sequence.
(ii) From (5.4) we may express #; in terms of k, as

k—1 = k-1 ¢ -1
_ k= iz ok—
Ne=¢ m+§sf e mti——s
where
* ‘l *
8:17(1_/3-1; ) and ézp—(p—(oc—&-l)).
p p

Letting k£ — oo, and using (5.2), we derive that 1, — oo.
(iii) Since n; is an increasing sequence, the conclusion follows directly from
(52). O

In the following lemma, we give the connection between the solutions of system
(1.1) and the sequences we introduce above.

Lemma 5.2. Let (u,v) be a solution of system (1.1). For every k €N, u belongs to
L"(RN), v belongs to L%(RY) and satisfy

||ank <Ly and HU”()k < M. (5.5)

Proof. We study only the case of u. The case of v may be treated similarly. Proceeding
by induction, we see that for k=1, inequalities (5.5) are obvious. We suppose that
(5.5) hold for some k. We recall the construction of , from (3.4) and set u, = Y, (u).
Multiplying the first equation of system (1.1) by |u,|" T, and integrating we obtain

(e — i+ 1) / I P )| = / ) B

y—1

[ Bl L (56)
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From the definition of u, and v, and from the fact that
Me— 1 +a+1 +ﬁ—|—1_
Hk q*

1,

we obtain

e e N O P

(=g ot 1) AN\ BHD/
<lallel. ([ 1) (f1ur)

< |A11161] o max{fuly, [ollg- }- (5.7)

Mk
Next, we note that
Lyome—ity

Xk Nk

1.

1/ 3k (e =1 +7)/M
=i (flaco ) ((f )

. (5.8)

Hence

A / ) P

< |Amax{{laCo)l;. Ju

As in (3.7) we derive

(e = Tix + 1)/ |Vul P " = Ko PO = i+ D) a7

(5.9)
Since |||un|”’j/”HZ* = HunHZEH, inequality (5.9) implies
O =+ 1) [ 19200 > K5O = i+ DX
(5.10)

Applying (5.7), (5.9) and (5.10) to Eq. (5.6) we derive the estimates
||un||;7k}| < Lk+1’

Finally, letting n — oo, we obtain estimate (5.5) for the solution u. [J

With the help of the above lemma, we are ready to prove the main result of this
section.

Theorem 5.3. Let (u,v) be a solution of (1.1), with the restrictions as stated above.
Then u and v are uniformly bounded on RY.

Proof. We claim that
7 d
oel, (5.11)

[Jull . <max{1,||a(x) Z*/(/g.]): [0
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where 7=¢*/[p*(f+ 1)+ q* (¢ +1)—¢*y] and d a real number to be fixed later. We
suppose that there exists a subsequence of {k}, which we denote again with {k}, such
that

L} = max{la()|7;. M} }.

Let E; =:n;log(Ly) and set a= p*/p. By simple calculations and using Lemma 5.1,
we derive

By <1y + aky,
where r; = p* log(L#j, ). It is now easy to obtain the following inequality for Ej.
E <d'Ei+r_ var_a+ - +d 7. (5.12)

The definition of #; and Lemma 5.1 imply that

k—2
* k—1 _ e -1
i<t (- )

where ¢~ =min{0, £}. Thus, r; can be estimated as

re < p*(k — Dlog(e) + p*loglal(n — ¢7)].
Choosing k& to be sufficiently large and setting b= p* log[aL(n; — £~)] we deduce

re < p*(k — Dlog(a) + b. (5.13)
From (5.12) and (5.13) we derive

Ey <d7'E) + {b(a— 1)+ p*log(a)}(d ™' — 1)/(a — 1)
Furthermore, from Lemma 5.2 we obtain that

llloo < lim supflu],, < lim sup el < e, (5.14)
where d =[E; + {b(a — 1) + p*log(a)}/(a — 1)*]/(p* — a). Assume now that for a
subsequence &, we have

01 /My
M, > max{Ly,,

a(x)||%3.
Since 7 is increasing, we derive
e, .
el < Li, < Jullg"™ < max{1, [o]|7. }. (5.15)
On the contrary, if for a subsequence k, holds
[la(x))|

then from the definition of y;, the Lebesgue Dominated Convergence Theorem and
condition (5.3) we obtain

Lk 01 /1,
Lhkn > maX{Lk’] 4 Ml }’

lull,, < L, < llaGe)[[Z" < max{1, [la(x)

Lhen

;/z*/(ﬂﬂ)}' (5.16)
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Thus, from estimates (5.14)—(5.16) we conclude (5.11), i.e., the uniform boundness
of u. The analogous holds for v. [J

To complete this section, we state some immediate consequences of Theorem 5.3,
analogous to those of Section 3.

Corollary 5.4. Let the conditions of Theorem 5.3 hold and (u,v) be a solution of
(1.1) then u and v decay uniformly to zero as |x| — oco. Moreover, both of them are
of class C“*(B,), for any r > 0 and o= a(r) € (0,1).

Proof. It is a consequence of Theorem (5.3), the results of Serrin [5] and of Tolksdorf
[71. O

Corollary 5.5. Let the conditions of Theorem 5.3 hold. Any solution for system (1.1)
obtained by Theorems 4.1-4.8 is strictly positive (componentwise).

Proof. It is a consequence of Theorem 5.3 and the results of Vazquez [8].

Remark 5.6. We note that all the results, obtained in this work, are applicable to the
bounded domain case and similar results may be obtained. [
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