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We consider the semilinear hyperbolic problem u,, + du, — ¢(x) du + Af (u) = n(x),
xeRY, t>0, with the initial conditions u(x, 0) =uy(x) and u,(x, 0) = u;(x) in the
case where N>3 and (¢(x))"!:=g(x) lies in LV?RY). The energy space Z,=
2"2(R") x LYR") is introduced, to overcome the difficulties related with the non-
compactness of operators which arise in unbounded domains. We derive various
estimates to show local existence of solutions and existence of a global attractor
in %, The compactness of the embedding 2" *(RY) = LAR") is widely applied.
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1. INTRODUCTION

Our aim is to study the following semilinear hyperbolic initial value
problem

U, + 0u, — ¢(x) du+ Af(u) =n(x), xeRY, >0, (1.1)

u(x, 0) = uy(x) and u,(x,0)=u,(x), xeRY, (1.2)

with the initial conditions uy(x), u,(x) in appropriate function spaces.
Models of this type arise mainly in wave phenomena of various areas in
mathematical physics (see [2, 29, 36]) as well as in geophysics and ocean
acoustics, where, for example, the coeficient ¢(x) represents the speed of
sound at the point xe RY (see [19]). Throughout the paper we assume
that the functions ¢, g, #: R¥—> R and f: R— R™ satisfy the following
conditions:
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(9) ¢(x)>0, for all xeRY, (¢(x)) " :=g(x) is €*?(RY)-smooth, for
some y€(0,1) and ge LY*(RY)n L*(RY) (for functions ¢ of this type,
e.g., polynomial like, we refer to [ 36, p. 632]),

(A) neLyRY),

(#) f:R—->R* is a smooth function such that f(0)=0. Further-
more, |f(s)] <c* |s| and | f'(s)| <c, |s|, where c*, ¢, are positive constants.

In some cases we shall use an extra condition on f, which is
(Z,) f'isin L2(R).

In the bounded domain case the problem is studied by many researchers,
for an extensive literature we refer to the monographs of A. V. Babin
and M. L. Vishik [3], J. K. Hale [17], O. A. Ladyzenskaha [23] and
R. Temam [35]. For the unbounded domain case there is a recent rapidly
growing interest. Among others we refer to the works of Ph. Brenner [ 7]
on strong global solutions of some nonlinear hyperbolic equations,
E. Feiresl [12, 13, 14] on asymptotic behaviour and compact attractors
for semilinear damped wave equations on RY, A. I. Komech, and B. R.
Vainberg [21] on asymptotic stability of stationary solutions to nonlinear
wave and Klein-Gordon Equations, and T. Motai [27] on energy decay
problems for wave equations with nonlinear dissipative term in RY,
J. Shatal and M. Struwe in [31, 32, 34] discussed questions of existence
regularity and well-posedness for semilinear wave equations with no damp-
ing. Recently H. A. Levine, S. R. Park, P. Pucci, and J. Serrin in [ 24, 25,
28] studied global existence and nonexistence of solutions for both the
bounded and unbounded domain case. For existence results concerning
the steady state problem our work is based on the papers [9, 10] and the
references therein.

The paper is organised as follows. In Section 2 we discuss the space set-
ting of the problem and the necessary embeddings for constructing the
evolution triple. In Section 3 by means of the standard Faedo—Galerkin
approximation we prove existence and uniqueness of solutions for the
initial value problem. In Section 4 we prove the existence of a global attrac-
torfor the dynamical system defined from the semigroup generated by the
problem.

Notation. We denote by By the open ball of RY with center 0 and
radius R. Sometimes for simplicity reasons we use the symbols L?, 1 <p < o0,
2"2, respectively, for the spaces L?(RY), 2"*(R"), respectively; |-||, for
the norm || ppwyy. By Z(V, W) we denote the space of linear operators
from V to W. Also sometimes differentiation with respect to time is denoted
by a dot over the function. The constants C or ¢ are considered in a generic
sense. The end of the proofs is marked by ||
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2. SPACE SETTING: FORMULATION OF THE PROBLEM

As we will see the space setting for the initial conditions and the
solutions of our problem is the product space Z,=2"*R"Y)x LAR").
By 2"2(R") we define the closure of the C’(R") functions with respect
to the “energy norm” |ufgu.>=:[gv|Vu|*dx. It is well known (see
[22, Proposition 2.4]) that

GLHRY) = {ue LV -2(RN): Ve (L3(RY))V)

and that 2"?(R") can be embedded continuously in L*N=2(RV), ie.,
there exists k> 0 such that

|‘“H2N/(N72)<k l[ul| 1. 2. (2.1)

The following generalised version of Poincaré’s inequality is essential.

Lemma 2.1.  Suppose that ge LN*(RY).Then there exists a>0 such that
f |Vu|2dx>aj au? dx, (2.2)
RN RN

Sor all ue CP(RY).

Proof. The proof is based on the fact that ge L¥*(RY) (see [9, Lemma
2.10). It is found that a =k~ | g[ y5- |

It can be shown (see [9, Lemma 2.2]) that 22 is a separable Hilbert
space. Next we introduce the weighted Lebesque space L;( RY) to be the
closure of C°(RY) functions with respect to the inner product

(u, v)2=: J guv dx.
4 RN

Clearly, L;(RN ) is a separable Hilbert space. The following lemma is
crucial for the analysis of the problem. The complete proof can be found
in the work [6].

LemMMma 22. Suppose that geL™?*NL®. Then Z%2 is compactly
embedded in L.

Sketch of the Proof. Let {u,} be a bounded sequence in Z"*R").
Then there exists a constant k* >0 such that for all positive integers m, n
and any R >0 we have

J g(u—u2) dx
R’V

< k*{ | g(u, —u,,) HL2N/(N+2)(RN\BR) + [l g(u, —u,,)|l LZN/(N+2)(BR)} .
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Let ¢>0 be chosen arbitrarily. Since {u,} is a bounded sequence in
21 2(RY) and g e LM?*(RY), we may choose R, sufficiently large, so that by
a diagonalization procedure we have

| guz—u2)dx
RN

< 8ty — ) | avive vy )+ 1 8t — 1) | 2+, )}

for m and n sufficiently large. Therefore {u,} is a Cauchy sequence in
LARY). 1

So we are able to construct the necessary evolution triple for the space
setting of our problem, which is

FVARY) < LA(RY) 7~ HA(RY), (23)

where all the embeddings are compact and dense. Next we consider the
equation

—¢(x) du(x) =n(x), xeRY, (2.4)

without boundary condition. It is easy to see that for every u, vin Cg*(RY)
(—pdu, U)Lzzf Vu Vo dv. (2.5)
g RN

By the definition of the space L;(RN ) and (2.5) it is natural to consider
Eq. (2.4) as an operator equation

Agu=mn, AO:D(AO)ELE(RN)—»LE,(RN), (2.6)

where A,= —¢A4 with domain of definition D(A4,)=CL(RY) and
ne LYRY). Relation (2.5) implies that the operator 4, is symmetric. Let us
note that the operator A4, is not symmetric in the standard Lebesque space
L?*(RY). For comments of the same nature on a similar model in the case
of a bounded weight we refer to [29, pp. 185-187]. From Lemma 2.2 and
Eq. (2.5) we have that

(Aou, u) 2> HquLg, for all ueD(A,), (2.7)

where o >0 is fixed given in Lemma 2.1, i.e., the operator A4, is strongly
monotone. Therefore the assumptions for the Friedrichs’ extension theorem
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(see [37, Theorem 19.C]) are satisfied. By the evolution triple constructed
in (2.3) we may define the energetic scalar product given by (2.5)

(u, U)E=j NVu Vv dx

R

and the energetic space X is the completion of D(A,) with respect to
(u, v)g, Le., the energetic space coincides with the homogeneous Sobolev
space 2 2(RY). The energetic extension Ay= —¢A of A,
—94: ZVARY) > 27 HRY),
is defined to be the duality mapping of Z'2?(R¥) and for every
ne 2 “%R") Eq.(2.4) has a unique solution. All the solutions u of the
equation
AEMZI’], ne L;(IRN)a

form the set D(A). The Friedrichs’ extension A of A, is defined as the
restriction of the energetic extension Ay to the set D(A4). The operator
A is self-adjoint and therefore graph-closed. This implies that the set D(A4)
is a Hilbert space with respect to the graph scalar product

(1, V) pay = (u, v)Lg—i— (Au, Av)Lg, for all u,ve D(A).

The norm induced by the scalar product (u, v)p4) is
12
Hu”D(A) = {J g |u|2 dX—i—f ¢ |Au|2 dx} s
RN RN
which is equivalent to the norm
il ={ [ ol
4 IRN
The weak formulation for the Eq. (2.4) is
J Vu Vv dx=f gnv dx, for fixed veD"“? andall ueCg.
RN RV

It follows from the compactness of the embeddings in (2.3) that for the
eigenvalue problem

—(x) du = pu, xeRY, (2.8)
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there exists a complete system of eigensolutions {w,, u,} satisfying the
following relations

{—qﬁzle:,ujwj, j=12, ., w;e D"*R"), (29)
O<py<pr<., Mj = 0, as j— 0. '

Additional information concerning the asymptotic behaviour of the eigen-
functions of problem (2.8) can be obtained. In fact (see [9, Theorem 3.21])
every solution u of (2.8) is such that

u(x) -0, as |x| - oo. (2.10)

For the positive selfadjoint operator 4 = —¢4 we can define the frac-
tional powers as follows. For every s>0, 4° is an unbounded selfadjoint
operator in L2, with domain D(4°) to be a dense subset in L}. The
operator A° is strictly positive and injective. Also D(A4°) endowed with the
scalar product (u, v) p 4 = (A"u, A*v) 2 becomes a Hilbert space. We write
as usual, V,,= D(A*) and we have the following identifications D(A4 ~'?) =
272 D(A°) = L2, and D(A'?)=2"2 Moreover, the mapping

APV >V, (2.11)

is an isomorphism. Furthermore, as a consequence of the relation (2.3) the
injection D(A*1) = D(A*) is compact and dense, for every s;, s, € R, 5, > s,.
For more, see Henry [ 18, pp. 24-30].

In the space setting described above, we give the following definition of
weak solution for the problem (1.1)—(1.2).

DerFINITION 2.3. A weak solution of (1.1)—(1.2) is a function u(x, ¢) such
that

1 2(i)NueL2[0, T; 2"*RM)], u,eL’[0,T;LARY)], wu,eL’[0,T;
77 ARY) 1,

(ii) for all ve CP([0, T] x RY), satisfies the generalized formula
T T
| o), o) zde+6 [ (ule), v(0)),z2 de
0 € 0 €

T

T
+[ [ vue) Vo) dx e+ [ (flu(o), oe) 2 de
0 ‘RN

0 14

T
=, On )z d. (2.12)
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(ii1) satisfies the initial conditions
u(x, 0) =uy(x)e 2“*R"), u(x,0) =uy(x) e LYRYN).

Remark 2.4. We may see by using a density argument, that the
generalized formula (2.12) is satisfied for every ve L*[0, T; 2"* R")]. By
the compactness and density of the embeddings in the evolution triple (2.3)
we have that, for all pe(1, c0), the embedding

{ueL?(0, T, 2"*R"M)), u, e L¥(0, T; 2~ "*(R"))} = C(0, T; L;(RN))

is continuous (see, for example, [26, Lemma 2.45]). Therefore the above
Definition 2.3 of the weak solution implies that

ue C[0, T; LARY)] and 4, eC[0, T2 2(RM].

3. EXISTENCE AND UNIQUENESS OF SOLUTION

In this section we give existence and uniqueness results for the problem
(1.1)—(1.2) in the space setting established in the previous section.

Lemma 3.1. Let f, g and n satisfy conditions (F), (%) and ()
respectively. Suppose that the constants T>0, R>0, 6 >0 and the initial
conditions

ug € 2% Bg)  and  u; € LYBg), (3.1)

are given. Then for the problem (1.1), (1.2), restricted on Bg x (0, T) satisfying
the boundary condition u=0 in 0Bg x (0, T'), there exists a unique (weak)
solution such that

ueCl0,T; 7"%(Bg)]  and  u,eC[0, T; L3(Bg)].

Proof. We shall prove existence by means of the classical energy
method (Faedo—Galerkin approximation). We consider the basis of
2"%(Bg) generated by the eigenfunctions of 4 and we construct an
approximating sequence of solutions

n

un(t’ X) = Z bin([) Wi,

i=1
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solving the Galerkin system

(i ) 2 001 )2y + |V Vo oA (0). )
R
= (n, Wj)L;(BR)s (3.2)
W'(x,0)=Zug(x),  wl(x,0)=Zuy(x), (33)

where 2, is the continuous orthogonal projector operator of 2 2(By) —
span{w,:i=1,2, .., n} and of LY Bg)— span{w;: i=1,2, .., n}. Multiplying
(3.2) by b,,(t) and adding from 1 to n, we obtain

1d 1d
2dt lu tHL(BR)+5H” HL<BR)+2dl

= (1, u?)Lg(BR)- (3.4)

1| 5.2y + AW, U7) 123,

Using hypothesis (%), we have the estimate

| efryurax|<cr [ g ) ur) dx
BR BR
<cj glu"lzdx—l—cf g |u?|?dx
Bg Bg
<cj |Vu”|2dx+cj g |u?|? dx, (3.5)
Bg Br
[ glnl el dx < InlZy + ¢ 11 2205, (36)
Bg

So, by relations (3.4)—(3.6) we get the inequality

a ([l Hi;(BR) + H“"H?@LZ(BR))
< 13+ CUU 2+ 10712025, (3.7)
Applying Gronwall’s Lemma to the differential inequality (3.7) we get that
02 2 + 1007 225 < K. (38)

where K is indepedent of R, n and depends only on the initial conditions
and T, 4, C, Hn”LZ(RN) Now for all ve Cy([0, T] x Bg) we have the
inequality
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J (u7(7), (7)) 2 dT| <O f (w(7). v(1)) 23, AT
0 0

+

L)T L Vu'(t) Vu(t) dx dr

T
12 jo (S("(2)), 0(2) gy

T
1 [ 0 00)) 3y . (39)

0

Using (3.8) and (3.9) we get the estimate

T
J, Wi o) zzmy de
r 2 r 2

<K, <f0 101325 e+ [ o3y d‘L’>. (3.10)

From estimates (3.8) and (3.10), we may extract a subsequence, still
denoted by «”, such that as n — o0, we get

ur Ay, in L=[0, T; 2% Bg)],

wi*>z, in L*[0, T; LABg)],

t

u® —~w, in L?[0, T: 2~ “2(Bg)].

123

Note that, for all ve C([0, T'] x Bg), integration by parts implies
T T
[ 0@ o0 3y e = = [ 00 040 3

J, () oD szmy de = | 0), 000D an (3.11)

Then, as n — oo, we get
T T
| 0, o) 3y do= = [ (D), 040)) 25,
0 0
T

[ @0, o) iay = [ w0 vl 0 (3.12)

0
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which implies that u,=z and u,,=w. By the compactness of the embed-
dings in the evolution triple (2.3) and the results in [ 33, Lemma 4(ii)] we
have that

n

w'—u in L[0, T; LY Bg)].
Also the continuity of f implies that
S = flu)  in L’[0, T; LY(Bg)].

Summarizing all the above estimates, for all ve CF([0, T] x Bg), as
n— oo, we have

T T
|7 o), o) g de = [ (l0), 0(0) 3iag .
0 0
T T
O ), o) zia dr = 8 [ ((2), 0(0)) s
0 ¢ 0 €

LT | v vele) d de - ["[ Vu(r) ve(r) d de.

0 o0 3 de = 2 [ (0D, 60D 200

Therefore u is the weak solution of the problem (1.1)-(1.2) restricted
to the ball Bz according to the Definition 2.3. The continuity and unique-
ness properties stated in this lemma can be proved as in the following
proposition. i

ProPOSITION 3.2. Let f, g and n satisfy conditions (), (9) and (),
respectively. Suppose that the constants T> 0, 6 > 0 and the initial conditions

ug e Cy(RY) and u; € CP(RY) (3.11)

are given. Then for the problem (1.1)—(1.2) there exists a (weak) solution
such that

ueCL0, T; 2"(RY)]  and  u,eC[0, T; LARM)].

Furthermore, the (weak) solution is unique if (1) N =3, 4 or (ii) f' satisfies
(#,,) and N =3.

Proof. (a) Existence. Let Ry>0 such that supp(uy)=Bg and
supp(u;) = Bg,. Then, for R=R,, ReN, we consider the approximating
problem
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uR + oul — d(x)Au® + Af (u®) = n(x), (x,1)e B x(0, T)
WR(x, 1) =0, (x,1)€0Bxx(0.T)  (3.12)
u®(+,0)=uy e CF(Bp), uf(-,0)=u, € CF(Bpg).

t

By Lemma 3.1, problem (3.12) has a unique (weak) solution u® such that
uRe C[0, T; 24 Bg)] and ufeC[0, T; LABg)].
We extend the solution of the problem (3.12) as

uf(x, 1), if |x|<R,
0, otherwise.

iR(x, t) =: {
Since f(0) =0, the solution #® satisfies the estimates

WRH L*[0, T; 2% 2(RN)] <C, Hf(ﬁR)HLOO[o, T: 21 2(RN)] <C,

(3.13)

laR | Loro, 7 212wV < G, i I 2r0, 72 LM S C,

where the constant C is independent of R. Lemma 2.2 and the estimates
(3.13) applied to [33, Lemma 4(ii)] imply that

i is relatively compact in C[0, T; LY R")]. (3.14)
Next using relations (3.13) and (3.14), the continuity of the embedding

C[0, T; LYR™)] = L?[0, T; LYR")], and the continuity of f we may
extract a subsequence of &%, denoted by #*», such that as R,, — oo we get

iR s i in L*[0, T; 2" *(RY)],
i1fn > 2, in L=[0, T; Ly(R™)], (3.15)
ﬁﬁmAa)’ in LZ[O, T, 971,2(RN)]’ .

flaf)—=f(@),  in L2[0, T LyR")].

For the rest of the proof we proceed as in [4, Theorem 1.3]. For fixed
R=R,, let L, denote the operator of restriction

L,: [0, T]xRY 5[0, T] x Bp.

It is clear that the restricted subsequence L, #" satisfies the estimates
obtained in Lemma 3.1 (see also (3.13)). Therefore there exists a sub-
sequence #i%= = i/, for which it can be shown by following the procedure of
Lemma 3.1, that L,,7#i/ converges weakly to a (weak) solution i,,. We have
that
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T ) T »
L) (L,,il, U)Lg(BR) dr+0 JO (L0, U)LE(BR)CZT +
T R T .
+L f VL, i Vv dx dr + A JO (f(L,,a’), V) LBy dr

Bg

T

=, 0z de

T T
= \[O (ﬁit’ U)L;(RN) d‘[ +5 J‘O (ﬁ{, U)Lé(RN)dT +

T ) T )
+ [ vaVedxde [ (f(a0), o), de
0 ‘RN 0 ¢

T
. L (1, ) 2, I, (3.16)

for every ve CP([0, T] x Bg). Passing to the limit in (3.16) as j— oo,
we obtain that L,i#i=i,. The equality (3.16) holds for any
ve CP([0, T] x RY) since the radius R is arbitrarily chosen. Therefore i is
the weak solution of the problem (1.1)—(1.2).

(b) Continuity. Following Remark 24 we get that ue C[O0, T;
LARY)] and u, e C[0, T; 2~ "*R")], so u and u, are weakly continuous
with values in 2~"*R") and L}(R") respectively (for example, see
[30, Lemma 10.9]). Since the solution  is the limit of the sequence of solu-
tions @/ satisfying inequality (3.7), we integrate (3.7) with respect to time
in the interval (0, ¢) to obtain

~ 2 ~j 2 ~j 2 j 2
a’(2) ]| 5. xRV T Hu{(t)HLﬁ(RN) — [l&/ (0)] L ARN) T [[17(0) HLz(RN)

t . ~F
<C JO LIl 22wy + 18{() ] 22y + 187 ()1 2y s (3.17)

Consider any fixed s € (0, 7]. The quantity

sup { [lu(0) |G 2y + 6 | Z2mm
te[0,s]

is equivalent to the square of the norm of the space L*[0, s; 2"*(R")] x
L*[0,s; L;(RN)]. But balls in this space are weak*-compact, therefore
they are weak*-closed. So we conclude from estimate (3.17) that, at the
limit j — oo, we obtain
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sup {[|lu(1)] 2. Z(RN)+\|u()Hig(RN)}<|\u(0)|\2@1,2(RN)+Hut(o)niz(w)
te[0,s]

tim sup € [ {13z + 1(5) 3z + 107(6) ) .
Jj— o

Letting s — 0, we have that

lim sup { H”(”H?@l 2rMy T [l (2 )HL (RN)} [lu( )H?@l.Z(RN) + ”ut(o)Hi;(RN)'

t—0*t
On the other hand, by weak continuity of u(¢) and u,(t) we get

lim sup {[|u(£) |50 2w + O]l 22w} = 1u(0) 15020 + [10) | 22

t—>0t

So [lu(t)] 2. 2wy T [l (2 )22 2(Y) is right continuous and by the solvability
of the time-reversed problem we get the left continuity. Moreover, since
() = u(s) | G 2wy + ) — u5)]| Z2m)
= (O D1 3wy — 2(u( ), u($)) 1. 2y
+ 1) Z1. 2wy + 0] 23w — 20u1), 1,(9)) 2w + 109 | 220

where the right-hand side of the equality tends to zero as t—s, we
complete the proof of the last part of the theorem.

(c) Uniqueness. Assume that u and v are two solutions of (1.1), (1.2)
associated to the initial data u,, u#; and vy, v, respectively. Let w=u—v.
Then w is a solution of the equation

W, +dw, — d(x) Aw + A(f(u) — f(v)) =0. (3.18)

Following the lines of the proof of Lemma 3.1 and Proposition 3.2(a) we
get that w satisfies the equality

d
el zz 40w, HL2+ Hw\lglef X)(f(u) = f(v)) w, dx =0.
(3.19)

(i) For the last integral in Eq. (3.19), we obtain

‘ J,, = —f@) wdx| < [ g g |f(w) = f(0)] w, | dx

<C| g \fw) = fo)dx

+ Cj g |w,|?dx. (3.20)
IRN
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For some $€[0, 1] we have that

[, gl —f)P dr<c | g 1ut(1-9) 0l ju—ofdx

<Cj (gV|u+v|)? |u—v|?dx
RN

<Cllgu+o) |5 lu—vl3nmw_s  (321)
Since N =3, 4, by interpolation we have the inequality
lg"2(u+ )15 < g (u+0)I3° g (u+v) 3w
= llu+ ol 22 18"+ 0) 55" 2 (3.22)
Moreover, we have that
(3.23)

Ig"(u+0)| %N/(N—Z) <llgle lu+ UH%N/(N—Z)
Therefore, by using (3.20)—(3.23) and relations (2.1), (2.2) we obtain that

fRNgIf(u)—f(v)ldeSCHgHiJgHu+v\| vallu—vl e (3.24)

Finally, by (3.19) and (3.24) we have the inequality

d
(w1224 IwllZn2) < Clwe 1 22 + wliZ.2). (3.25)

dr
Once more the application of Gronwall’s Lemma gives the result
(i) If (#,) is satisfied, instead of the estimate (3.21) we have that
J g1/ —swlPdx<C| glu—vPax (3.26)
RN

which is valid for any N>3. From (3.19), (3.20), and (3.26) we again

obtain (3.25) and the proof is completed. ||

(1.2) the mapping 7 (¢): CZ(RY)

We associate with the problem (1.1),
x CF(RY) — 2, by

T(t): {ug, uy} — {u(t), ur)}.

Then Proposition 3.2 has an immediate consequence
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THEOREM 3.3. We may associate to the problem (1.1), (1.2) a nonlinear
Lipschitz continuous semigroup S (t): X+—%,, t=0, such that for
o =:{ug, uy} € Xy, S (t) o ={u(t), ult)} is the weak solution of the problem
(1.1), (1.2).

Proof. 1Tt is clear from Proposition 3.2(c), that the mapping 7 (¢) is
Lipschitz continuous from C(RY)x C(R"Y) endowed with the norm of
2y into C[0, T, Z5]. By the density of CP(RY)x Cy(RY) into %, there
exists a unique Lipschitz continuous extension .7 (f) from 4%, into
C[0, T; Zy] such that

T(t)p=T(t)p, forevery ¢peCF(RY)x CF(RY).
Then, we define the mapping
SL(t): Lo Xy, t=0 by L(t)p:=7(1) .

The semigroup “(t),t>0 defines a dynamical system on Z,. From
inequality (3.25) we have that for ¢, @ in 2,

|(1) 9 =L(1) Pllay < C llo — Pl -

i.e., it is clear that S is a Lipschitz continuous semigroup. ||

4. EXISTENCE OF A GLOBAL ATTRACTOR
In this section we shall prove that the dynamical system generated by the
semigroup ¥ (t) posseses a global attractor. In order to obtain this result
we need a series of lemmas. The first lemma is related to the existence of

an absorbing set in Zj.

Lemma 4.1. Let f, g and n satisfy conditions (¥), (9), and (H),

respectively. Then for
12 12 ]
pemin (%2 (%) 1) (1)

4e* 7\ 8 c*

there exists an absorbing set for the semigroup & associated to the problem
(1.1)—(1.2).

Proof. Let 0<e<egy, where e, =min(d/4, 1t;/20). Note that

2 2
ﬂ1=inf{|u|gl’2' ue,@l’z}:inf{W' ue@l’z}.

2, " 2 :
Jull3: o g dx
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We set v =u,+ eu and multiply the Galerkin Egs. (3.2) by b;‘(t) + b7 (1).
By following the same arguments as in Proposition 3.2 and Theorem 3.3 we
get that u, v satisfy the “energy relation”

d
3 —{lul G2+ ol Z2} +e ul 5

+(0—¢) HvHiz—s(é—a)j guvdx—f—l[ gf(u)vdx
g RN RN

=| gnvdx. (4.2)

RN

We observe that

SW el 1.2 [[o]] 22.
With the assumptions on ¢ and the above inequality, we get that
2 2 5
& [ull g2+ (0 —¢) [l 72 —&(d —e)(u, v)L2> lull g2+ ol z2- (43)
By hypothesis & and the assumption for 7(x) we get that

22| glftu)l lol dx<22¢* | glul [o] dx
RN RN

<22¢* ul 2 0] 2

2c*
S—7 1/2 HuH@1 2 HUHL2

&
<5 I3ty ol (44)

)
2] emwdv<d o+ Inl, (45)
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where y=:24%c*?/ac. The requirement & >2y justifies assumption (4.1).
Setting p =: min(e/2, (0 —2y)/2) we get from (4.2)—(4.5), that

S H(1) + pH(1) < B,

where B=:26" 1H}7HL2 and H(t)= |u(t)||3.+ HU(Z)Hi;- By application of
Gronwall’s lemma we get

| — et
H()<H0)e " +—S B
p

Clearly, lim,_, ., H(t) <u3, where u3=: B/p. We get u& > u, fixed and we
assume that H(0) < K. Then there exists time ¢>t4(K, uy) such that
H(t)<ug. Moreover, we have the inequality

()1 Z50.2 + Nud )]l 72 < Lie, D([u()] 5.2+ 1o(0)]72)
<SLH(tH)<Lug.

Therefore summarizing we see that for any % bounded subset of 2=
7"} (RY) x LYR") we obtain

K=sup {lIgol 22+ Ido+2, |22} < oo,
€eRB

'94(/)

where @ ={¢o, ¢,}. Setting oo=: Lug we easily see that the ball B,=
B(0, g,) is an absorbing set in X, for the semigroup ¥(¢), i.e., for any
bounded set # of 2, we have that &(t) # < B,, for t = t,. |

Remark 4.2 (Global Existence). From Lemma 4.1 we may see that
solutions of problem (1.1), (1.2) (given by Theorem 3.2) belong to the
space C,(R , Z,) of bounded continuous functions from R, to %, that is,
it is proved that if 4, «, 6, | gllx2, ¢*, 1y, satisfy condition (4.1), solutions
exist globally in time.

Remark 4.3 (Pseudocoercivity Hypothesis). In the absence of an exter-
nal force #(x), the existence of an absorbing set in %, may be shown for all
A>0, if the functions g, f satisfy the following pseudocoercivity hypothesis

11212 - oo ] 502 -
lim inf s[R{N g(x) f(¢) ¢ dx—C, S.RN g(x) F(¢) dx -0
191912 - o 150 >0,

for some Cy> 0, where F(s) = [} f{
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In the rest of the paper we show that the w-limit set of the absorbing set
is a compact attractor. To this end, we need to decompose the semigroup
L(t) in the form L (1) = H(t) + %(t), where for any bounded set %4 = %,
the semigroups % (), %(t) satisfy the following properties,

(S1)  SA(2) is uniformly compact for t large, ie., s, S(1) % is
relatively compact in 2y,

(S2) supyes [ %(0) Bllay — 0, as 1 — oo,
For this, we need some additional results concerning the linear equation,

given in the following lemmas.

LeEMMA 4.4. The linear homogeneous initial value problem
U, + ou, — ¢(x) Adu=0, xeRY, te[0,T],
u(-,0)=uy e 7% R"), (4.6)
u(-,0)=u, e LY(R"),
admits a unique solution such that
ue C,[R,, 23 RM)] and u, € C[R,, LY(RM)].

Moreover, this solution decays exponentially as t — c0.

Proof. We proceed as in the Proposition 3.2 and the Lemma 4.1 to
obtain the estimate

lu() 1502+ Tul0) + eul) | 22 < {luollGnz + ur + &g || 72} e~

with C> 0. The last estimate apart of giving the existence and uniqueness
results for problem (4.6) (as in Proposition 3.2), implies also the exponential
decay of solutions by letting t — co. |

This lemma implies that the semigroup associated with the problem
(4.6), satisfy the property (S2). Concerning semigroups satisfying property
(S1) we need to prove the following lemmas.

LeEMMA 4.5. Consider the linear nonhomogeneous initial value problem
iy + 0t — ¢(x) A+ 2f (u)
i(x,0) =1y 2" R"), (4.7)

ia(x,0) =i, € L}R"Y),
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where u denotes the solution of the original problem given by Theorem 3.3.
Then problem (4.7) possesses a unique solution such that

GeCIR,, Z"(RY)]  and  i,eCIR,, LARY)].

Proof. Working as in Lemmas 4.1 and 4.4 we obtain the inequality
d .. . . 0
EE{IWI@MHIUH%} Hu\|@12+ (p>

<A gl sl dx+ | gl ldl dx.
RN RN

Note that

A glflloldx<ic* [ g lul 18] dx
RN RN

<2 Jul 2 1] 2

Ac*
<5 1/2 HMHQI 2 HUHL2

1
<*HUHL2+;M2 lull 5.2, (4.8)

J, & 1l 18] dx <01 +—|muL, (49)

where M = Jc*/a'? and p, =min(e/2, §/2). Since u is the solution of the
original problem, the last term of the right-hand side of (4.8) is bounded.
Finally we get the inequality

d . . - . ~
a{l\u\lém-i- 1Bz} + pud Il G+ 18] 72} < C
and by Gronwall’s lemma we get
la(£)1 5.+ Il (2) +edl(1)] 22
<o | 52+ iy +edlg | 72} e =77+ C(1 —e=1).

Leting ¢ — oo we obtain the result. ||

This lemma gives the existence of the semigroup %(¢). To prove uniform
compactness for ¢ large, i.e., property (S1) we need the next two lemmas
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LeMMA 4.6. Let f satisfy (%.,). Then there exists ¢>0, such that for
every ¢ in 7" *R") the functional f'(¢p)e L(L2, V,_,), and for every R>0

sup /(D) w2, v,_ )< 0.
lgl2"2<R

Proof. We define the operator T L;»-» V,._1, such that
TO=f'(¢)0,  forevery OeL’.

Since hypothesis (%) and (F) are satisfied f'(¢)e L*(R"), for every
¢ € 2"*(R"). Since for any ¢€ (0, 1) the embedding LYRY) =V, V,_, is
compact, we have

11"(9) Olly,_, S C1S"(#) O 2 < C /(D) = 16]] 22,
and the proof is completed. |
The last lemma shows that semigroup % (¢) satisfies property (S1) and
so the decomposition of the semigroup #(¢) is achieved.
LemmA 4.7.  The semigroup (t) satisfies the property (S1).

Proof. We write the solution of the problem (1.1), (1.2) as u=w+1,
where w is the solution of the problem (4.6) and # =u—w is the solution
of the problem (4.7), with initial conditions #(x, 0) =0 and #,(x, 0) =0. The
semigroup %(t) associated with solution w has the property (S2). We shall
show that (1) = (1) — %(¢) is uniformly compact. Let {u, u;} be in a
bounded set % of Z;, then Lemma 4.1 implies that for all >1¢,, {u, u,} is
in 4, and

lu(t)]| 202+ Hu,(t)HigSo%, for all 7>1,. (4.10)

We differentiate Eq. (4.7) with respect to time. Then U =1i,, is the solution
of the problem

U,+0U,—p AU= —f"(u) u,
Ulx, 0) =0, (4.11)
U(x, 0)=—4f(uo).

For the rest of the proof we follow ideas developed in [ 15]. By Theorem
3.2 and Lemma 4.5, Ue C,(R ., V), U, e C,(R,, V_;) (see also Remark
2.4) and by Lemma 4.6, f'(u) u, € C,(R,, V,_;). So applying the operator
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AC=Y2 to the Eq.(4.11) and setting Yy =A€"Y2U and =A4€"D2
(—=/"(u) u,) we get
Vet oY, + Ay =18, teR,. (4.12)
From the properties of the operators 4° and relation (2.11) we have that
AC=D2 Y sV,
e N
ACTD2 Yy sV,

are isomorphisms. Therefore {y, y,} e C,(R*, V,_,xV_,). Since e C,
(R*, V), by Lemma 4.5 we obtain that {y, y,} € C,(R*, V| x V,) (see
[15; 35, p. 182]). Furthermore the isomorphisms

A2 VsV,
A=92 sV,
imply that the following relations are true
{d, 0, ={U U} =A""92 Y, y,} e C,(RT, V,x V,_,). (413)

But f(u)e V,_, so by (4.13) we obtain that —¢Aii = —i,, — dii,— Ag(x)
f(u)e V,_, and using again (2.11) we have the isomorphism

(=¢A)~'=AT2 V>V,
Therefore
{ﬁ’ ﬁt} = {A_la’ at} € Cb(R+: V£+1 X Va)s

that is, U,>,, #(7) # is in a bounded set of V, . x V,. So the compact
embeddings V,, <=V, and V,<V, imply that, the set J,>, (1) % is
relatively compact in %,. ||

Summarizing the previous lemmas we may state the main result

THEOREM 4.8. Let g satisfying (%), n satisfies (A) and f satisfying (F)
and (). Then the dynamical system associated to the problem (1.1), (1.2),
possesses a global attractor of = w(%B,), which is compact, connected and
maximal among the functional invariant sets in %.
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