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Abstract

We prove the existence of a continuum of positive solutions for the
semilinear elliptic equation —Au(z) = Ag(x)f(u(z)), 0 <u <1 for
r € RV, limy,|_, 400 u(z) = 0, which arises in population genetics, un-
der the hypotheses that N > 3 and the weight g changes sign been
negative and away from zero at oo. After establishing the existence
of a simple positive principal eigenvalue A; for the corresponding
linearized problem, we prove the existence of a continuum of solutions
lying in the space IR x H? extended from A; to oco. To complete this
task we state a new version of the global bifurcation theory for non-
linear Fredholm (noncompact) operators and prove the compactness
of the solution set of the problem.

1 Introduction

In this paper by using local and global bifurcation theory we prove the exis-
tence of a continuum of positive solutions of the following semilinear eigen-
value problem

—Au(z) = Ag(z) f(u(z)), =€RY, (1.1),
O<u<l, =zcIRY, |\1ir£rl u(z) =0, (1.2)

where A € R and N > 3. Here we state the general hypothesis which will
be assumed throughout the paper:

(G) g is a smooth function, at least CH*(RYN) for some o € (0,1), such
that g € L®(RY) and g(x) > 0, on QF, with measure of QF, |QF| > 0.
Also there ezxist Ry large and k > 0 such that g(x) < —k for all |x| > Ry.

(F) f :]0,1] — R is a smooth function such that f(0) = f(1) = 0,
f(0) >0, f'(1) <0, and f(u) >0 forall 0 <u<1.

The equation arises in population genetics and ecology (see [18]). The
unknown function u corresponds to the relative frequency of an allele and
is hence constrained to have values between 0 and 1. The real parameter
A > 0 corresponds to the reciprocal of a diffusion coefficient.



It is well known that problems where an indefinite weight function is
present arise both from pure mathematics (oscillatory integrals), as well as
from a large variety of applications, e.g. ecology, transport theory, fluid
dynamics, reaction-diffusion processes, electron scattering (see [5, 11, 23]
and the references their in).

There is quite an extensive literature for the problem in the bounded
domain case under various general boundary conditions and a fairly com-
plete bifurcation analysis can be given. For the equation we mention, among
others, the papers [9, 23].

The problem becomes more complicate in the case of unbounded domains
as, in general, the equation does not give rise to compact operators and so it
is not known if the classical spectral theory is applicable. It is also unclear a
priori in which function spaces eigenfunctions of (1.1), might lie.

In the special case treated here, we have a noncompact nonlinear operator.
A similar problem is treated by Drabeck and Huang in [16], but there the
case is different because only the linear part is allowed to be noncompact,
while the weight of the nonlinear part is essentially in L= (which induces
compactness). H Matano in [27], for essentially the same problem, proves
the existence and the L*-stability of solutions lying between "strict sub-
and supersolutions”, whenever they exist. To our knowledge the only
paper were a case, quite similar to our, is studied is the work by N Dancer
in [15]. There he studies the one dimensional problem and does the very
crucial remark that one could restrict the noncompact nonlinear operator to a
compact solution-set and get the same results as Rabinowitz’s theorem does.
So here although (maybe) the spectrum is mixed (discrete and continuous)
we get a continuum of solutions for all A > A* > 0, i.e. we can go through
the (posible) continuous spectrum. Finally, we must notice that operators
studied by Volpert and Volpert [38] are of different nature.

The complementary case, i.e. when ¢ is going “weekly” to zero (in the
sense that ¢ € LY/2(RY)), is studied in several recent papers, see among
others [10, 11, 12, 13, 20, 37] for the nonlinear Laplacian, in [16, 17, 19] for
the p-Laplacian, and in [34, 35, 36| for the polyharmonic analog.

In order to discuss bifurcation from the zero solution of (1.1), it is first
necessary to study the eigenvalues of the corresponding linearized problem

—Au(z) = Ag(z)f'(0)u(z) for =€ RN

hmmﬂﬂm u(x) = 0.

(1.3)



The existence of a positive principal eigenvalue (i.e., an eigenvalue, to
which corresponds a positive eigenfunction, so a point at which positive so-
lutions of (1.1), may bifurcate from the zero branch) for the above problem
has been proved in ([8, 13]) under the hypotheses that [~ g(z)dx <0 and
g(x) <0 for |z| large and in ([3]) under the hypothesis that N >3 and
g+ € LN*(RY).

In Section 2, we study the space setting of the problem and give some
equivalent norm results to be used later. A generalised version of Poincare’s
inequality plays a crucial role. Some of the ideas developed here appeared
also in a different context in [11]. In Section 3 we discuss the linearised
problem and basic characteristics, as the compactness of the operator, the
simplicity of the positive principal eigenvalue and the H? nature of the
eigenfunctions, are described. In Section 4 we prove the existence of a local
continuum of positive solutions of the semilinear problem emanating from
the principal eigenvalue A\; by applying the Crandall and Rabinowitz local
bifurcation theory.

In order to study the global bifurcation behavior of our problem we have
to overcome the lack of compactness of the nonlinear operator associated to
the problem and the fact that the dependence on A of the linear part of
the operator is quite complicated. To complete this goal, it is necessary to
reformulate some of the standard theorems of bifurcation theory for Fredholm
(noncompact) operators. This is done in Section 5. To apply this global
bifurcation theory for Fredholm operators developed in the previews section
it is necessary to study the solution set of the problem and especially the
compactness of the positive branch, which is the subject of Section 6.

Finally, in Section 7 we complete the study of the problem (1.1),, (1.2)
by showing that the continuum of positive solutions bifurcating from (A1, 0)
cannot cross A = 0, the solutions are in the interval (0,1) in the L sense,
and that the continuum must extend to A = oo.

Notation: We denote by Bp the open ball of RY with center 0 and

radius R and B* =: R™ \ B. For simplicity reasons we use the sym-
bols LP, HP, 1 < p < oo, respectively for the spaces LP(IRY), HP(IRY),
respectively; [|.||, for the norm |[.||;5g~). Sometimes when the domain of

integration is not stated it is assumed to be all of R . Equalities introducing
definitions are denoted by “=:". Embeddings are denoted by ” <”. Denote
by ¢+ =: max{+g,0}. The end of the proofs is marked by “<”.



2 Space Setting

In this section we are going to characterize the space V, (introduced below)
in terms of classical Sobolev spaces, in the case of ¢ been negative and away
from zero at infinity. Since g satisfies (G), by applying Poincare’s inequality
in the ball Bp,, it is easy to see that there exists a constant a > 0 such that

2 2
/IRN | v ul|*dx > a/IRN lg|lu“dz. (2.1)

for all u € C§°. So we may introduce a real inner product on C’é’o(]RN ) by

< u,v >::/ U Vvda:——/ guv dx. (2.2)
[RN

As in ([11]) we define V, to be the completion of C§° with respect to the
above inner product and let ||.||, denote the corresponding norm. Although
the space V, would seem to depend on g, in fact we have the following Sobolev
space characterization of it

Lemma 2.1 Suppose that g satisfies (G). Then V, = H'.

Proof Because of density we only compare V, and H' norms on C°(IRY).
(i) For all u € Cg°(IRY) we have

(0]
iz < [ 1w uPde+ Sllglle [ w?dz < Claylglloo)lull

where C(a, ||g||e) = max{1, %} Hence we have that H* C V,.
(i) Let {u,} C C(RY) be a Cauchy sequence in V, converging in

some u € V,;. Let also B be a ball centered at the origin in RY such
that / z)dr <0 and g(z) < —k, forallz ¢ B. Then we have

/|V n— ) |2dz — 0, and/ —u)?dr — 0 as n — oo.
Suppose that /(un —u)’dz 4 0. Then if v, =: ﬁ, where by
B n

|||z we denote the norm in L?(B), we have that limnﬂoo/ | 7 vn|Pdw =
B
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lim [ g(z)vidz = 0. Hence {v,} is a bounded sequence in H'(B). So

n—od B
there is a subsequence, denoted again by {v,}, such that {v,} converges
in L*(B). Since {/v,} converges (to zero) in L*(B), {v,} is a Cauchy
sequence in H'(B). Hence there exists v € H'(B) such that v, — v in
HY(B). On the other hand since /v, — v in (L*(B))Y, it implies that
vv =0orv=c But / v’dx = 1 hence ¢ # 0. However,

B

0= lim [ g(x)vidr = c/ g(x)dz #0,
B

n—oo B

which is a contradiction. Hence we have

/ (u, —u)*dz — 0, as n — oo. (2.3)
B
Denote by Dy =: {x € B:g(z) >0}, Dy =:{x € B:g(z) <0} and

= . +(I)’ € Dy
g(r) = { gig,(x), r € Ds.

Then it is not difficult to prove that there exist constants Ky, K; that
/gJr —u)’dx < K0||u||g, and /g —u)?dr < K1||u||3.
By adding the two inequalities we get

/B (@) (un —u)*dr + | (—g-)(x)(u, —u)’dz < (Ko + K1)[ullg

B*
But as n — oo we have / 9(2) (up — u)*dr = Mn/ (u, — u)’dr — 0,
B B

where M, given by the intermediate value theorem for integrals, is positive
and finite for all n € IN (¢ been in L*). Also we have that

b [ —wide < [ (=g-) (@) — w)dr < (Ko + 59|, =l

B*

which implies that as n — oo

/B*(un —u)?dr — 0. (2.4)



Therefore by relations ( 2.3) and ( 2.4) we get / (u, —u)’dx — 0, asn —
B*
co. Summarizing we have that w, — u, in H', thatis V, C H', for every

g satisfying hypothesis (G), and the proof is completed. <

For any 7o large enough ( ro > Rp), there exists oy > 1 such that

g(x) < _a%a for all |z| > ro. Then we introduce a new smooth function

| g(x), for |z| > 1o,
go(w) =: { g(x), for |z| <rg

where —k < g(z) < —U—ko and g¢i(x) =: g(x) — g2(z). Let A > 0 be chosen

arbitrarily. Then define V5 ) to be the completion of C§° with respect to
the norm

||u||§)\ =: / | v u|2dx — )\/ goude. (2.5)
) IRN IRN

Remark 2.2 It is easy to prove that the norms ||ullon and ||ullz, are
equivalent for any positive A, .

Furthermore we have
Theorem 2.3 Forall A >0 the norms ||.||g1, ||-|lg, ||-|]2x are equivalent.

Proof First we prove that |[.[|g, [|.||2,2 are equivalent in Ce°(RY). Indeed

(0% (07
llly = [{1 7l = Sguttde < [{1 7wl = Sguttde = ullg  (26)

On the other hand, we have

k k
/glu2dx < k:/ N | 7 ul*de — ; /glu2dx - ; /g2u2dx,
R

or
k k
1+ [owide <k [ |7 uPde = 3 [ goutde = [fullag,

or

ko
2+ ko

[lull2g-

o 2
= dr > —
5 [ ontiz 2



Hence

k
(1--—2

(6% (6%
el < [ 17 0Pde =5 [guide = [ guide = |ull,

24 ka
From relation ( 2.6) and the fact that 1 — ina > 0 for any «, k
positive, we get that the norms |[.|[s, [|.|][,2 are equivalent. Finally, the

proof is completed by Lemma 2.1 and Remark 2.2. <

3 The Linearized Problem

In this section we shall discuss the spectral and uniqueness properties for the
linearization of the problem (1.1),, close to the trivial solution u =0

—Au = Agu, ze€RRY,
(3.1)

limyg|yoo u(z) = 0,
where without lose of generality we may assume that f’(0) = 1. Fix \g > 0
arbitrary. Since —Aga(z) > 0 for all z € RY and A > )y, the symmetric
operator —A — Agy : C(IRY) —— L2(IRY) is essentially selfadjoint (see
[30, Vol II, Theorem X.28]). So the closure L(A) of this operator, where

L(\) : D(L(\) ¢ L*(RY) —— L*(IRY) is selfadjoint. It follows that
D(L(\) ¢ HY(RY) and

(L(AN)u,v) =: /]RN(VU YV U — Agauv) d,
for all A > Mg, u,v € D(L())). Define the bilinear symmetric mapping
ay : L*(RY) x L*(RY) — R by ax(u,v) =: (L(\)u,v).

Then ay is bounded in H', since |ay(u,v)| < c||u||g||v||m, forall u,v €
D(L(X)) and A > Xg. Also a, is coersive. Indeed we have

ax(u,u) = (LA )u,u) = /IRN(|Vu\2—/\ggu2)da:

Ak Ak
> /N(\vu\ + Uou) x> UOHuHZ
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Next we introduce an other bilinear form b(u,v) by
b(u,v) = / L qruwvdz, for all u,v € H'(IRY).
R

We see that
b(u, v)| < cl[ul| g ]|v]] a1,

for some ¢ > 0and all u,v € H'(RY). Hence b is a bilinear bounded form
and by Riesz theory we can define a linear operator Li(A) : D(Lyi(\)) C
L? — L[? such that (L;(\)u,v) = b(u,v), for all u,v € D(Ly()\)) and
A > 0. It is easy to see that D(L;(\)) € H'(IRY). Furthermore we have

Lemma 3.1 (i) The operator Li(\) is compact, self-adjoint and there
exists ki(A\) >0 and ¥y € L? such that Li(A)y = k(X))
(ii) the problem

(Li(A\)¥n, ) = b(1hr, ¥n)

1
k(M)
admits a positive principal eigenvalue at some X\ = Ay such that m = A1.

The corresponting principal eigenfunction ¢ = 1y, s a positive classical
solution of equation ( 3.1),
(1ii) the eigenpair (Ai,®) is unique, i.e. if (A, u) is an other solution of

( 3.1) with u(z) >0 for all x € RN, then A=\, and there is ¢ > 0 such
that u(z) = co(x) for all x € RY.

Proof (i) The compactness of L;(\) is a straitforward consequence of the

fact that ¢; has compact support, so the imbedding of H'(B) into LP(B) is

compact for any p € [1, ]\2%2) and any ball B. Note that the compactness of
the operator L;()) is related to the norm |[|.||2.. Since L;i(A) is symmetric

and defined on the whole space D(L;(\)) it is self-adjoint. Hence Lq(\)
has a principal eigenvalue k;(\) > 0 and a (positive) eigenfunction ¢, € L?
such that Li(A)yy = ki(A)ey (for a similar reasoning see [3]).

(ii) This is proved in [8, Theorem 2.1]. The smoothness of the eigenfunction

10



¢ is implied by Weyl’s lemma [30, Vol II, p.53] and the strict positivity by

(30, Vol IV, Theorem XII.48].
(iii) The proof follows the same steps as in the paper [11]. Actually, it is
simpler (see also [37]). <

Theorem 3.2 For the operator L(\): D(L()\)) C L? — L?, we have that
D(L(N) = H*(IRY) for all X > ).

Proof Let u € D(L())) i.e. there exists w € L? such that L(\)u = w.
Then by [24, Chapt VI, Theorem 4.6] u € H*(IR"Y). The proof that u €
H?*(IRY) follows the spirit of [7, Theorem IX.25]. Denote by

z+h)—u(x)
g

Dyu(x) = u
For all u € H'(IRY) we have
/(Vu VU — Agouv) dx = /wvdw.
Let v = D_,(Dyu). Since v € H'(IRY) then v € H'(IRY) too. So we get

/\ < Dpul? — \go| Dyul? do = /wD,h(Dhu) dz.
Hence

min {1,254 [ | v Dyl + [ |7 Duuf?)

< /\ < Dpul? — )\/gg\DhuP dr = /wD,h(Dhu) dx.

and
min{1, 25} Dyul 31 < [Jwl]o|| D_p(Dyu)||2.

70—0

But in general ||D_jpully < || 7 ulls for all u € HY(IRY). So that

1Dwulli < [[wll2|l(Dxw)llan or || Dyl | < [[w]l2.

u

In particular we get |[D 2|y < |[w||2, i=1,2,...,N. The last inequality

implies that §% € H'(RY) (see [7, Prop. IX.3(ii)]). Hence u € H*(R™).

11



Conversely, let u € H?*(RY). Setting —Au — Agou = w, we get that
w € L*(IRY). Multiplying by v € C3°(IRY) and integrating we get
/(Vu VU — Agouv) dz, = /wvd:r;

or

(u, LA)v) = (w,v), forall ve& C°(IRY)
Since L(\) is self-adjoint we obtain L(A)u =w, ie. ue D(L(N)). <

Lemma 3.3 The inverse operator L~Y(\) : L2 (RY) — L2(R") emists, is
linear, continuous and self-adjoint. For each w € L*(RY) the equation

—Au — Agou = w,
has a unique solution w € H?.

Proof The operator L(\) satisfies all necessary hypothesis for the applica-
tion of Friedrichs” Theorem (see, for example [41, pg 126]). <

4 The Local Bifurcation Theory

For the proof of the existence of a continuum of positive solutions of the
problem (1.1), for A close to the principal eigenvalue A; we shall apply
the local bifurcation theory developed by Crandall and Rabinowitz in [14].
For the rest of the paper we assume that f satisfies the following hypothesis

(F1) [ is extended to a new function, denoted again by f : R — IR,
feC*R), f,f,f"€ L2(R), f(t)<0 forall t¢l0,1], and there exists
k* >0 such that, for all t € R, |f(t)] < k*[t].

We introduce the nonlinear operator 7T : R x H?(IRY) — L?*(IRY) by

(T(vu)v) = [ {vu v v—Agf(uju}dr, (4.1

Then by standard procedure we can prove the following preliminary results

12



Lemma 4.1 Let N =3,4,....8 and f,g satisfy hypothesis (F), (F1) and
(G) respectively. Then

(i) the operator T is well defined and continuous,

(ii) for each X\ € R the operator T(),.) : H*(RY) — L*(RY) is Fréchet
differentiable and its Fréchet derivative is defined by

(TN wh,6) = [ {7h v 6= Agf (who} da, (42)

(i) the derivative T, : IR x H*(RY) — L*(IR") is continuous,
(iv) the derivatives Ty, T,y ezist and are continuous.

Then the local bifurcation result can be phrased as follows

Theorem 4.2 (Local Bifurcation) Let N =3,4,...8 and f,g satisfy
hypothesis (F), (F1) and (G) respectively. Then there is a neighborhood U

of (A\,0) in IR x H2(RYN), an interval (0,a), and continuous functions

n:(0,a) — R, with — n(0) = Ay,
Y (0,a) — H*(RY),  with  (0) =0,

such that
TH0)NU D {(n(e),ep + e(e)) : 0 < e < a}U{(t,0): (t,0) € U}.

Proof By Lemma 3.1 (iii) the null space of T,(\1,0) is spanned by the
corresponding eigenfunction ¢. The range R(T,(\;,0)) = {v € H? :
Jry gvpdr = 0} is of codimension 1. Also Lemma 4.1 implies the nec-

essary differentiability conditions. Finally, for the transversality condition
we observe that

(Tr(31.0)6.6) = [(~g(a)d?do =~ [ g6 do =1 [ |7 6P dx <0,
and the proof is completed. <

Remark 4.3 By Theorem 4.2 we get a weak solution u. = €p + €. of

—Aue —neg(x) f(ue) =0, z € RY

13



where we denote (€) = .. By standard reqularity arguments for elliptic
problems (e.g. see [22]) we get that ep + ey € C***(IRN). So for all

€ (0,a), ¥ € C*(RY).
Finally we prove the positivity of the local branch of nontrivial solutions

Theorem 4.4 Let N = 3.,4,....7 and f,g as in Theorem 4.2. Then
there ezists a* > 0 small enough such that for all € € (0,a*) the function

u. = € + e(€) defined above is a positive solution of the problem
—Auc —n(e)g(x) flu) =0, = € RY
Proof TFor all y € IRY, the solutions of the equation
—Au— Ag(z)f(u) =0, z € RN

satisfies the following Serrin estimates from [33] (also [22, Theorem 8.17])

2(¢—N)
q

suppp|u(@)] < {RNP|[ullrpony + BT [IAgf (W)llg/2}

2(¢g—N)

< ARNlullra(panen + BT K Mgl lullg2}  (4:3)

2(¢g—N)

< RN+ RTTkM|glloo 12

where the constant ¢* depends only on N and ¢q. By Sobolev embedding
and [22, Theorem 8.17] ¢ must satisfy: ¢ > 2, ¢ > N and % > %. All

these conditions are true for 3 < N < 7. On the other hand, for ep + e,
have

€A + eAh. = n(e)g(x) fed + ete)
or

€A¢e = Tg(x)f(egb + Ewe) - Alg(x)qb

14



Applying [22, Theorem 8.17] on the last equation, for any y € R we get

supp L |Ve(@)] < RN2||0 | 12(Byn()

2(g—N)

+ aRT ||g{MD f (et + ebe) — Mo} ]gs2

b+ & [ (1= 7)1 (7elo+60)(0 + v Tl

2(¢g—N)

. RN2|[Y ||z + R Ulgllsen(e) = Adll|B]]q/2

IN

+ 1(O)|gllool[Vellaso + esupre | f*(Te(d + 1) oo

X lglloolle(@ + )l lool[@ + Wellq/2}

2(¢g—N)

< Rl [mz + e {llgllcIn(e) — Adlll@ll e

+ n(Olgllool [Vl 2 + ¢*esupreo [/ (T€(P + Pe)) ool 9] ]oo

2(¢g—N)

< N|¢+ Cellpz[ RN + K R n(e)llglloc]lle(d + ) |2}

by relation ( 4.3), where again 3 < N <7 and ¢, depends only on N,gq.

Since ¢(x) > 0 for all x in the compact set Bpg,, it follows that there
exists € > 0 such that ¢(z) +Y(x) > 0, forall |z| < Ry provided that
0 < € < €. For the global positivity we assume that for 0 < € < ¢; there
exists some xo € RY such that w. < 0. Since u.(zx) — 0 as z — oo
it follows that there must be some xy,|z1| > Ry such that wu. attains a

negative minimum at x;. But then —Au(x;) = Ag(z1) f(uc(x1)) > 0, which
is imposible, and the proof is completed. <

5 Abstract Global Bifurcation Theory

In order to study the global bifurcation behavior of our problem we have to
handle two kinds of difficulties. The first one is related to the lack of com-
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pactness of the operator associated to the problem and the second with the
fact that the dependence on A of the linear part of the operator is quite com-
plicated. To overcome these difficulties, it is necessary to reformulate some
of the standard theorems of bifurcation theory. For the sake of completeness
we recall the notions of admissible (noncompact) operators and their degree.

Let X be a Banach space and B : X —— X be a continuous linear
operator. Then B is said to be admissible if \I — B is a Fredholm operator
forall A > 1. Let Q be an open subset of X and F : Q —— X a (nonlinear)
operator. F' is said to be admissibleif (i) F' is twice continuously (Fréchet-)
differentiable on , (ii) I — F is proper (that is (I — F)~!(D) is compact
if D is compact), and (iii) A — F’(z) is a Fredholm operator of index zero
forall A>1and z € (.

A homotopy H : [a,b] x Q — X is said to be admissible if (i) it is twice
continuously differentiable on [a,b] x 2, (ii) I — H is proper on [a,b] x Q,
and (ili) H,(\ u) (the partial derivative with respect to u) is admissible of
all (A, u) € [a,b] x Q.

The set of all admissible operators on € is denoted by F(2). A point
p € X is a regular value of F if F'(u) is surjective for all u € F~1(p).

Under these assumptions N. Dancer [15] was able to extend the Leray-
Schauder degree to the class F(2) as follows

Definition 5.1 Suppose that ® =1 —F € F(Q) and p & ®(00Q). If p
is a reqular value of ®, define the degree of F at u to be

deg(®,Q,u) = 3 (~1)"

ued—1(u)

where v(u) is the sum of the multiplicities of the eigenvalues of F'(u)
in (1,400). If p is not a reqular value of ®, choose a sequence of reg-
ular values {p,} such that p, — p in X and defined deg(®,Q,p) =
lim,, o deg(®, Q, py).

It is proved that the above introduced generalized degree satisfies all the
properties of Leray-Schauder degree. Moreover, the new definition agrees
with the old one when they both are defined. We refer to [15, 26].

Definition 5.2 Let F € F(Q) and wug be an isolated fized point of F.
Then we define the index of F at wug as i(F,uy) = deg(I — F, B,uy),
where B is a ball centered at ugy, with ug the only fixed point of F in B.

16



If ug is a fixed point of F' such that I — F'(ug) is invertible, then wug is
an isolated fixed point of F and

i(F7u0> = d@g([- F’ B7u0) = deg(l_ F,(u0>7B70)7

where B, B are sufficiently small balls centered at ug, 0 respectively.
Using the above degree we can state a generalized version of Rabinowitz’

global bifurcation theorem, which unifies two earlier adaptations appearing
in [6, 15].

Theorem 5.3 Let X be a Banach space and E = 1R x X. Assume that
U is an open subset of E and G : U —— X s a twice continuously
differentiable mapping such that (a) G(\,0) =0, for all (X\,0) € U, (b)
the partial derivative G, (X, 0) is a linear compact operator with positive
principal eigenvalue Ay, such that the operator I —G,(\,0) is invertible for
all 0 <|A=Xi| <€, (c) forany (A\,u) € U the linear operator G,(\,u) is
admissible, (d) i(G(),.)) is constant on (A —e, A1) and (A1, A\1+€), such
that if \j—e <A< A\ <A< A\i+e, then i(G(),.),0) #i(G(N,.),0). Then
there exists a continuum Cy,, in the A—u plane of solutions of u = G(\,u),
such that either

(i) Cy, joins (A1,0) to (u,0), where I — Gy(u,0) is not invertible, or
(ii) Cy, 1is not a compact set in E.

Proof Suppose by way of contradiction that C,, is a compact set in F and
Cy, UIR x {0} = {(A\,0)}. Since G € C*(U) by Sard-Smale theorem there
is an open neighborhood V of Cy, (in E) such that V C U and I — G|V

is proper. By [29, lemmal.1] there exist disjoint compact sets Kj, Ky in

E such that K; NIR x {0} = {(A,0)}, C\, C Ky, Ly NIV C Ky and
KiUK, = Ly NV, where Ly stands for the closure (in U) of the set
{\u) €U :u+#0, u=G(\u)}. For the rest of the proof we follow [29],
except that we use the degree defined above and for the last part we use

condition (d). <

Remark 5.4 Here the linearized operator G(\,0) can be of the form MK (M),
where K(X) is a linear bounded operator of X\ for A > Ao for some Ag > 0.
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6 Compactness of the Solution Set

To apply the abstract bifurcation theory developed in section 5 it is necessary
to characterise the solution set of the equation (1.1)

Sx = {(\,u) € [\, A) x H? : u solution of (1.1), with u € (0,1), Ao > 0}.

Some of the ideas applied here were inspired from the papers [4, 20]. To
complete the aim of this section we need the following results

Lemma 6.1 Let p € L*(RY). Then the equation
_Aw - g_w =P in ]R'n7 (61)

admits a unique solution ¥ € H'. Moreover, if p>0, p#0 in RY, then
Y(z) >0 forall € RN,

Proof Introduce the functional ¥ : H' — R defined by ¥(u) = [p~ pudz
for all w € H'. Since it is continuous and linear we can apply Riesz’ theory
to get the existence of a unique function ¢ € H'(IR") such that

/vavudx—/Ng’wudq::/Npud:c, for all v e H'.
R R R

The positivity of (z) is implied by substituting u« by %~ in the last
relation and then applying the strong maximum principle. <

Let M =: maxcp1) f(t). If we set p= Mg*, then (¢ been of bounded
support, can be considered as an LP-function, p > 1) we get a unique solution
o € HY(IRY) of the equation ( 6.1). Since g¢* # 0 then ¢y > 0in RY.
Next lemma gives a “uniform” upper bound for the solutions of the equation

(1.1) in (0,1); note that g™ = gi.

Lemma 6.2 For every solution u € (0,1) of (1.1)\ we have u < \N(¢y + C),
for some positive constant C'.
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Proof By [25, lemma 2.3] we get the Newtonian potential formulation of the
solutions of (1.1),

u(z) = /\/é(g)yféy_édy
= A/| |N “) iy +>\/|92(_)2dy (6.2)
9" (y) 92(y) f (u)
< WDt [

The same formulation applied to equation ( 6.1), where p = M g™ implies

/g y)M + g~ ( )wo(y)dy.

|z —y|N2
from where we obtain
g (y)M
0 < < / 9 WR
bo(@) m [z — N2

(6.3)

TN_I

1
< Mllgtlle [ Sympdr = SMllg* Il R
B

g TN 2
and M
+
0<- / y|N 2 /|x y[N- 2dy< M||g [|oo RS-

Hence from equation ( 6.2), ( 6.3) we get the estimate

92(y) f (u)
I W) +/\/|dy

N-2

u(@) < Mol / .

< )‘/ |N2

< Apo(@) + IAM|gH|| B2 = Ato(2) +C). <

We also have the following a priori estimate for the H?-norm of all solutions
of (1.1), lying in (0,1).
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Lemma 6.3 There exist Ag > 0 such that for all solutions (A, u) of (1.1)\
lying in (0,1) with A > Ay, we have

[lullz < {N*(K)*llgll2 + 1}A2M/]RN 9" (@) (¢o(z) + C)da. (6.4)

Proof First we prove that there exists [ < 1 such that 0 < u(z) < for
all z € RY. Indeed, by (G) we have that —Au = Ag(z)f(u) < 0 for all
|z| > Ry, i.e. w is subharmonic for |z| > Ry. The Hadamard’s three circles
theorem [28, pg 131] implies that sup{u(y) : |y| = r} < sup{u(y) : |y| = Ro}
for all r > Ry. Hence u(z) < sup{u(y) : ly| = Ro} =:1 for all = € R".
Therefore there exists Ay such that for all (A, u) solutions of (1.1), with

0 <u(x) <1, f satisfies the condition u < Aogﬁof(u) Le. u < —Agaf(u),
where A > Ay Then we have that

lullm = A [ guf(wyude + [{Agaf(w) + u}uda
< M / " (@) (Wo(z) + O)da.

Therefore for the H2-norm we get

lullwe < X2 [ g2 F(w)da + |Jullm

IN

AZ(/’ﬂ”‘)QHgHio/ [ul®dz + [ullm < {A*(k")[]g]1% + LHlullz:

< R PlIglR + 1M [ g @) (o) + O)da. <

Theorem 6.4 Sy is a compact subset of [N, A] x H?(IRY).

Proof Relation ( 6.4) implies that for all (A, u) € Sy
[lullz < {A*(K)?|lgll2, + 1}A*M /IRN 9" (@)(¥o(z) + C)dz = K*. (6.5)
So Sy is bounded in [\, A] x H?(IRY). Hence for any sequence {\,,u,}
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of Sy, there is a subsequence, denoted again by {\,,u,}, such that w, —
u, in H?*(RY) and ), — X in IR. Sobolev embeddings imply that

u, —u, in LP(RN) forall p>1 (6.6)
Also the embedding H?(RY) < L?(B,,), p>1 is compact, so we have

[un — ullrps,,) — 0, as n — oc. (6.7)
Then using Theorem 2.3 we obtain

lan = ullirz < (1A, = Al + el = |2
< =X [ g P )+ N [ g ) — f(w)|do
+ [ lgrun(hnf(un) = Af(w))lda
£ A Lot ) = w)lde + A = M [ lgof (w)ualda
+ A [ loaf ), = wlde + [ 1gan(£(ua) = Fw)lda

+ A [ lgatwn(un = wldz + A [ |gzulu, —u)ldz
So relations ( 6.5), ( 6.6), ( 6.7) imply
lun = ull < 20(K")2K[g] 1% An = Al 4+ A%E| |9l / |un — ultpod

+ AQk*||g||OOC’/|un—u|da7

+ ol [, o+ C)hnf(un) = Af(w)lda

0

+ A%*Hngoo/B (Yo + C) |y, — uldz

70

= AR K llglloe + er0?llglloe [ (o + C)litn — ulde — 0

and the proof is completed. <
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7 The Global Continuation

In this section we prove that the branch of positive solutions of (1.1), ob-
tained in Section 4 can be continued for all A > \;. For the rest of this
section we assume that f satisfies the additional hypothesis

(F2) there exists a smooth function fi : R —— R such that f(u) =
u+ fi(u), where f1 satisfies the following conditions f1(0) = f',(0) = 0,
1 " " € L(IR) and there is ky >0 such that |f';(u)| < ki|ul.

Define the operator G : € =: [\g, +00) x H*(RY) — H?(RY) by
G(A\u) = ALT (Ngi(z)u + AL7 (N)g(@) fi(u)
Then equation (1.1), can be written
u=G\u)=K\u+ R\ u)

where K(\) =: AL7'(\)gi1(z) and R(A,u) =: AL7'(\)g(z)f1(u) the lin-
ear and nonlinear part of the operator G(\,u) respectively. Next lemma
describes the properties of the operator G.

Lemma 7.1 Let N = 3,45 and f,g satisfy hypothesis (F), (F1),
Fy) and (G) respectively. Then (i) G is twice continuously differentiable
with G(X\,0) =0 and R,(\,0) =0, for all A\, (ii) the partial derivative
G.(\,0) s a linear compact operator with positive principal eigenvalue M\
and there exists € > 0 such that the operator I —G,(\,0) is invertible, if
0<|A\— Al <e.

Proof (i) The proof follows a standard procedure which is omitted.

(ii) We have that the operator
Gu(X,0) = AL (N gy HH(RY) — H*(IRY)

is linear with eigenvalue 1 at A = A\; by lemma 3.1. Hence there exists

e > 0 sufficiently small such that G,(A,0) has no other eigenvalue for
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0 < |\ — A| < € ie. the operator I — G,(A,0) is invertible. As far as
the compactness of G, (A, 0) is concerned, let {u,} be a bounded sequence
in H?(IR™). By Rellich - Kontrachov Theorem (see [1]) for any R > 0 and
any N > 1 the embedding H?(IRY) < L?(Bg) is compact. Hence there
is a subsequence denoted again by {u,} converging in L?(Bpg). Choose R

large enough so that supp(g;) C Bgr. Then we have
1Gu(AX, 0)un = Gu(X, 0)tm |z = AlILTH(A)g1un — L7H(A) g1t || 2
< ML 91 (un = wm )| 22(82)
< ANILTHI 91lloo lun = tml|2255)
and the compactness of G, (A, 0) is proved. <

The following notation is going to be used next. Let 7* > 0 (to be fixed
later). Then we define

{ g(x),  for |z <.

g*($) = 07 otherwise and Joo = g(‘r) - g*(ZL‘)

Lemma 7.2 Let N >1 and f,g satisfy conditions of Lemma 7.1. Then
ul —Gu(A u) is a linear Fredholm operator of index zero for all (A\,u) € &
and p > 1.

Proof Let r* >0 (to be defined later). Then we have the following operator
decomposition

pl — Gu(Au) = pl = AL (N)gi(x) = ALTH(A)g() fr' ()
= I = ALTH(N)gi(x) = ALTH (N)gu (@) i’ (u)

- ALil(A)gOO(x>fll(u> = F(/‘% /\7 u) + N(/\7 u)

where

Fp, \u) = pl = ALT (N)gi (@) = ALT (N gu (@) fr' (u),
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and
NOu) = ALT V) goo @) i (1)
Following similar ideas as in Lemma 7.1 (ii) we can prove that the operator

Fi(A\u) = AL (N)gu(@) ' (),

is compact on U. Hence the operator F(u, A\, u) is Fredholm of index zero

forall 4 >1 and (A\,u) € U (see [40, pg 368]). According to [32, Theorems
3.1,3.2], to complete the proof we must show that

[IN(X w)||gz < 1.
Indeed, we have

INOV iz = infjo o=t [IALTH(A) goo () A (w22

IN

inf o =1 AL (A goo (2) A1 ()] 22
= infjjoy =1 AMLT NI goo () A" (w0225,

< by amt A LT O] lgoollioe e

|uvl| L2,

By Holder inequality we have that

lwolle2 sz, < ullpo@s) [[v]lzess,),

where 0,p > 1 and 3 = _ + 5. The embedding H?(RY) «— LI(RY), is

continuous for 1 < ¢ < +oo, if N <4 and for 1§q<]\2,—]_v4, ift N >5.

Then by choosing p € [1,2) and o > 1so that § =1+ % we have that

H*(RY) — L7(RY), H*(RY) — L°(IRY). Hence

luollL2se,y < w2, vllr2s:,)-

Therefore we get

INOL )|z < My [ILTH V) gool o (2.

ullm2(B:.)
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where for any A > 0, [|[L7'()\)|| is bounded by Lemma 3.3. Hence for all
A >0 we can find r* large enough so that

INA w2 < 1
and the proof is completed. <

Theorem 7.3 Let N =3,4,5 and f,qg satisfy conditions of Lemma 7.1.
Then there exists a continuum of solutions Cy, of (1.1)\ in the (M u) -
plane emanating from (\,0) such that either

(i) Cy, joins (A1,0) to (u,0), where I — G,(u,0) is not invertible, or
(i1) Cy, is not a compact set in €.

Proof Since \; is a principal eigenvalue of K(\) = G,(),0), there is
an € > 0 such that A; is the only eigenvalue of K(A) in the interval
(A —€, A\ +¢€) which in addition is simple. Hence for any ¢; € (A; —€, A1 +¢€)
and ty € (A —€,A\; + €) we can easily see that

1 = i(G(t1,.),0) # i(G(ts,.),0) = —1.

Combining this fact along with the results of lemmas 7.1, 7.2, we have
that all hypothesis of the global bifurcation theorem 5.3 are satisfied. Thus
there exists a continuum C,, of nonzero solutions of (1.1), in & satisfying
one of the alternatives (i) or (ii). <

C», has a connected subset Cy. C Cx, — {(n(e),uc) : —ep < € < 0} for
some €y > 0 such that C; also satisfies one of the above alternatives.
Finally, it is clear that close to the bifurcation point (Aq,0), C;“l consists

of the curve € — (n(e),u.), 0<e < €.

We now investigate the nature of solutions lying on C;. First, we show
that solutions wu, of (1.1)y on the branch Cf remain strictly in the
open interval (0,1) in the L* - norm for all A > \;. For this it is
necessary to prove that solutions which are close in IR x H? are also close
in R x L=(IRY); since H?(IR") does not embed in L®(RY), for N > 4,

this is not immediately obvious.
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Lemma 7.4 Let N =3,4,....7 and f,g satisfy conditions of Lemma 7.1.
Suppose that uy € H? is a solution of (1.1)y. Then there exist constants
Ky and K5 such that

lur(w) —u, ()| < Ky [|luy —up|lge + Kao|A—p| for all x € RY
whenever p is close to A\ and wu, € H*(RY) is a solution of (1.1),.

Proof Introduce the operator A : R — H?(IRY) by A(\) =: uy. Then we
have that

—Auy —uy) = g{Af(ur) — pf(u,)} = he
By Sobolev imbeddings h € LP for all p > 1. So by [22, Theorem 8.17] for
any z € RY there exists C' = C(p, N, ||g||o) >0 such that

[AN) = A(p)] = Jua(@) = uu(@)] < supyep, @y [ua(y) — uu(y)]
(7.1)

< C{lJux = wall Ly (Baey) + 119 [N (un) = pf () g}
where we take p =¢/2 > 1 and ¢ > N. For the last term of the relation

( 7.1) we have the following estimate

g A (ur) = puf () Jllg 2 <

< (A= plllgf Cu)llar2 + 1AgLf (ur) = f(wu)lllgs2 <

< A supg [/ (Tua + (1 = T)w)llool gl lool[un = w2+ (7.2)
+ (A = plklglloollunl 2 <

< Ky Jux —upllmz + KA — p

where K; and K, depend on k*, f', A, ||g||co, ||tu||m2 This relation is true

N—-4
2N

q are satisfied for N < 8. So from relations ( 7.1), ( 7.2) we have

for < % and % < 1. It is easy to see that all the above restrictions on

SUDye, () |UA(Y) — uu(Y)] < Ki [ux — wpllmz + Ka|A = pf (7.3)
Therefore the operator A is continuous in L®(IR"), which completes the

proof of the lemma. <
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Theorem 7.5 Suppose f,qg satisfy conditions of Lemma 7.1. Then 0 <
u(z) <1 for allz € R whenever (\,u) € Cy..

Proof  For the proof we follow the ideas developed in [11, Theorem 4.6].
Suppose that there exists (A, u) € C such that u(zo) < 0 for some z, € R".
By Theorem 4.4, u(z) > 0 for all « € R" whenever (A, u) € Cy, is close to
(A1,0). Moreover, by Lemma 7.4 points in C;\rl which are close in IR x H?
must also be close in IR x L*(IR"). Hence there must exist (Ag, ug) € Cy,
such that ug(z) > 0 for all z € RY but ug(xo) = 0 for some x4 € RY and in

any neighbourhood of (Ao, ug) we can find a point (), @) € Cy with a(x) <0

for some € RY. Let B denote any open ball containing zy. Then
—Aug(z) — )\g(x)f(uo((x)))uo(x) =0 on B and wuy(z) >0 on 0B
U\ T
It follows from the Serrin Maximum principle (see [21]) that up =0 on B.
Hence up =0 on IR". Thus we can construct a sequence {(An,u,)} C Cf
such that u,(z) > 0 forall n € N and 2 € RN, u, — 0 in H? and
An — Ao. Let v, = —*2—. Since u,, = K(\,)(uy,) + R(An, uy,), then

U
llwnl g2

R(An, uy)

[lunlla2

vy = K(A\p)(vn) +

Since K(\) is compact, there exists a subsequence of {v,}, again denote

R()‘nvun) _
Taniy = O

by {v,}, such that {K(\,)(v,)} is convergent. Since lim, .
{v,} is convergent to vy, say, and vy = K(\g)(vp). Since v, > 0 for all
n € N, vy > 0. Since by lemma 3.1 \; is the only positive eigenvalue
corresponding to a positive eigenfunction, it follows that A\; = \y. Thus
(Ao, up) = (A1,0) and this contradicts the fact that every neighbourhood

of (Ao, up) must contain a solution (\,4) € Cy. with a(z) < 0, for some
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z € RY. Hence u(z) >0 for all z € R" whenever (X u) € Cy,.

In a similar way we can prove that wu(z) <1 for all = € RY whenever

(A, u) € Cf, (we work with the function vy =1 —u) and so the proof is
complete. <

Following arguments very similar to the ones developed above we have
the next result.

Corollary 7.6 C'/\+1 contains no points of the form (X, 0), where X # Ay, i.e.
Cy. must connect (A\;,0) to oo in IR x H>.

Next we show that C3, is bounded below in .
Lemma 7.7 There exists N\, > 0 such that X\ > X\, whenever (\,u) € C;\rl.

Proof Suppose u € H? is a solution of (1.1)y, (1.2). Multiplying equation
(1.1)» by wu, and integrating over IRY we get

| I ulde = [ gftuude < K lglle llal3 < K9]l [l

where K is a constant. If A =0 then ||/ u||2 =0 which combined with
the fact that limj, .. u = 0 implies that w = 0, which contradicts with

lemma 7.5. Negative A are excluded because of lemma 7.4 and the proof
is completed. <

As an immediate consequence of the previous results we can give the
following complete description of the continuum C;rl.

Theorem 7.8 Suppose that N = 3,4,5 and g¢g,f as in Lemma 7.1.
Then there exists a continuum C§, € IR x H® of solutions of (1.1), (1.2)
bifurcating at (A1,0) such that

(i) if (\u) €CY then A >0 and 0<u(x) <1 forall z € R",

(i) {\: (\u) € Cf for some w € H*} D (A, 00]. In particular, (1.1),,
(1.2) has a nontrivial solution v € H* such that 0 < u(x) < 1 for all
z € RN whenever X\ > \;.
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