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Abstract

We improve some previous results for the principal eigenvalue of
the p-laplacian defined on IRY, study regularity of the corresponding
eigenfunctions and give an existence result of the type below the first
eigenvalue (or between the first eigenvalues) for a certain perturbed
problem. Based in our approach for the equation we deduce existence,
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uniqueness and simplicity of positive principal eigenvalues for the p-
Laplacian system

—Apu = Aa(2)|ulP~2u 4+ Ab(z)|ul* tulv|P T,z e RV,

—Agv = \b(x)[u| TPt + Md(z) )92, x e RV,

0<u,0<v, in RV, lim wu(z)= lim ov(z)=0.
|x| =400 |z| =400

We also establish the regularity of the corresponding eigenfunctions.

1 Introduction

In this paper we shall deal with existence and properties of the “first eigen-
pair” in IR, for some quasilinear elliptic eigenvalue problems containing the
p—Laplacian operator Ayu = div(| 7 u|P~? v ).

Thus we shall first consider the scalar case

—Apu = Ag(2)|ufP2u, xcRY, (1.1)x
0<u, inRY, lim wu(z)=0, (1.2)
|z| =400

under certain conditions on p, N, and g, and then the system

—Ayu = Aa(z)|uP"2u + Ab(2)|u|* tulv|PT, € RY, (1.3)x

—Agv = Mb(@)[u|*TH o]t + Ad(2)|v]T v, z € RN, (1.4)

0<u, 0<wv, in RY, lim wu(z)= lim wv(z)=0. (1.5)
|z| =400 |z| =400

This system, under certain conditions on «, 3, p, ¢, N and on the functions
a,b and d, is an eigenvalue problem; for the bounded domain case see, for
example [17, 29].

Problems where the operator —A,, is present arise both from pure math-
ematics, like in the theory of quasiregular and quasiconformal mappings (see
[30] and the references therein), as well as from a variety of applications,
e.g. non-Newtonian fluids, reaction-diffusion problems, flow through porous



media, nonlinear elasticity, glaseology, petroleum extraction, astronomy, etc
(see [3],[4],[11]).

In the case of the eigenvalue problem for bounded domains, under various
boundary conditions, there is quite an extensive literature and the picture
for “the principal eigenpair” seems to be fairly complete. We mention among
others, [2], [15], [19], [23], [28] for the case of the equation and [17], [29], for
the case of a system.

The eigenvalue problem for unbounded domains becomes more complicate
since, in general, the equation does not give rise to compact operators. Also
it is unclear, a priori, the function spaces where the eigenfunctions might lie.

In the last few years several works dealing with the eigenvalue problem
in unbounded domains have appeared, see [1], [7], [13], [14], [18] and [20].
Furthermore in [14] bifurcations technics are used to prove existence results
for the p-Laplacian equation in IRY.

Our paper is organized in two parts, Part I (sections 2 to 4) dedicated to
the case of the equation and Part II (sections 5 and 6) to the system.

Our study in Part I, which also forms the basis for our treatment of the
system in Part II, was originally motivated by a wish to understand the
results on existence, simplicity and isolation for the case of the equation
quoted in [1], [13], [14], [20]. From our point of view the simplicity result
in [20] seems to be not correct due to an improper use of a Diaz and Saa’s
inequality and thus some of those results based on this property appear rather
incomplete. (See section 3 for further comments).

Indeed our main intention in this paper was to extend some of the results
in [1], [13], [14], [20] to the case of a system, as we do in Part 2. Nevertheless
in doing so we realized that we needed some lemmas for the case of the
equation fully justified and this became an additional reason for reviewing
some results for the equation from our point of view.

Thus in Section 2, which can be considered as a review section, by first es-
tablishing some basic properties of the homogeneous space Dlvp(]RN ), we ob-
tain the existence of a principal eigenvalue (i.e., an eigenvalue corresponding
to a positive eigenfunction) in D"?(IR"), by standard variational methods.
Using a priori estimates from [26], we determine the regularity as well as the
asymptotic behavior of solutions of (1.1),. Positivity of the eigenfunctions is
then shown to be a consequence of Vasquez’ Maximum Principle [33].
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In section 3 we study the properties of the corresponding ”principal
eigenspace” and prove that the principal eigenvalue ( for any 1 < p < N)
is simple by extending to our situation a uniqueness method developed for
p =2 in [10] (see also [27] for a more restrictive case).

In section 4 we prove solvability below the first eigenfunction ( respec-
tively between first eigenvalues) for a certain perturbation of (1.1),. For this
perturbed problem we then show a connection between the existence of a
first eigenvalue and some sufficient conditions for the validity of a maximum
principle, these results being interesting in their own.

In Part II, section 5, we show existence of positive principal eigenvalues
for the system and establish the regularity as well as the asymptotic behavior
of the corresponding eigenfunctions, the proof of those results, being rather
technical, is done in the appendix (section 7) at the end of the paper. Then,
in section 6, we prove the simplicity of the principal eigenvalues.

Notation. For simplicity we use the symbol [[.[|, for the norm |[.||.»rw)
and D'“P for the space D'P(IRY). By and Bg(c) will denote the balls in
IRY, center zero and center ¢ respectively, and radius R. Also the Lebesgue
measure of a set Q C IR will be denoted by |Q|. The end of a proof is
marked with a $

PART 1. THE EQUATION

Throughout Part I we will assume that 1 < p < N, and that ¢ in (1.1),
satisfies

(G) g is a smooth function, at least C27(IRY) for some ~ € (0,1), such

that g € LY?(RY)NL>®(RY) and g(z) >0, in QF, with |Q%] > 0.
Also to differentiate the case when g changes sign (a.e.) with the case

when it does not, we will say that g satisfies:

(G*) if g satisfies (G) and g(z) > 0, almost everywhere in IR" | and

(G~) if g satisfies (G) and g(z) < 0, for x € Q~, with |Q27] > 0.

2 Existence of a principal eigenvalue

In this section we shall first prove the existence of a positive principal eigen-
value for the problem (1.1),. The natural setting for this problem is the space
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D ie., the closure of C§°(IRY) with respect to the norm

1/p
lulloss = ([, |7 uldz) .
R

It can be shown (see [22], Proposition 2.4) that
p N
plr — {u e L¥5(RY) : yu € (L(RY)) }
and that there exists K > 0 such that for all u € DP
lull e < K lullprs. (2.1)

Clearly the space D'P is a reflevive Banach space. Our approach is based on
the following inequality:.

Lemma 2.1 Suppose g € LN/?(IRY). Then there exists a > 0 such that

/ L vulfde = a/ o gllulPdz, (2.2)
R R
for all u € D'P.

Proof. The proof follows the lines of Lemma 2.1 in [10]. {
Let us define now A : D'? — IR, by

A(u) = [[ul[prp,

and B : D'* -+ R, by

B(u) = [ g(@)lufdz.

It is well known that A is weakly lower semicontinuous and that A and B
are of class C'. Furthermore the functional B satisfies.

Lemma 2.2 (i) if {u,} is a sequence in DYP, with w, — u weakly, then
there is a subsequence, denoted again by {u,}, such that B(u,) — B(u);
(ii) if B'(u) =0, then B(u) =0.



Proof. The proof follows the lines of Lemma 2.1 in [10] (see also [6]). ¢

In the remaining part of this section we shall prove the existence of
nonzero principal eigenvalues for (1.1)y and the CL regularity as well
as the asymptotic behavior of the associated eigenfunctions.

The following theorem is a direct consequence of the properties of the
functionals A and B, lemma 2.3, and Theorem (6.3.2) in [5] for nonlinear

eigenvalue problems.

Theorem 2.3 (i) Let g satisfies (GT). Then equation (1.1)x admits a
positive first eigenvalue given by

= inf i 2.
M= it [lulf, (23

(ii) Let g satisfies (G~). Then problem (1.1)\ admits two first eigenvalues
of opposite sign given by

+ p
Al = inf flulfp, (2.4)
- .
A== ot el (2.5)

In both cases the associated eigenfunctions ¢ (respectively ¢, ¢~ ) belong to
Dlr.

In our next theorem we study the L7 character and asymptotic behavior
of the D? solutions of (1.1)y.

Theorem 2.4 Suppose that u € DY is a solution of (1.1)y. Then u € L°

forall o € [NN—E), +00]. Moreover, the solutions u(z) decay uniformly to zero

as |x| — +o0.

Proof. Let ~ = Ni_p, o, = py" and s, = (7" — 1)p. Assume that
u € L' (IRY), then we shall prove by induction that u € Lo (IRY), for all
n>1.



Let u € Lo (IRY), for some fixed n. Consider Tj(u) = max(—k, min(k,u)),
for k>0 and w = |Ty(u)|*T}(u). Since w € D'P, we multiply (1.1) by
w and from ( 2.1) we obtain

T ()" |, < KPI| 7 {ITk(w) "~ T (u) I
< K2y fpn | 7 P2 7w 7T (w) [T (w) [P0 dae
< KPyeh fipn [AglluP~twldz
< Koy" =D ul|7n,

where Ko = K?|\|||g||. Letting k — +oo, by the dominated convergence
theorem,

[Jul |Zm /7 < Koy [l |37,

and thus u € Lo+ (IRY). As in [31], we deduce from the above inequality
that u € L°(IRY). Moreover, since u € L (IRY)N L®(IRY), we obtain
that u € L7(IRY) for all o € [0y, +00].

By Theorem 1 of Serrin in [26], for any ball B, (x) of radius r centered
at any = € R™ and some constant C(N,03), the solution u € D' of the
equation

—Apu=f

satisfies the estimate

sup [u(y)| < C {J[ullosagey) + 11172 age }
yEDB1 ()

For ¢ = 7% > 0, we obtain for the solution of (1.1)

SUPye o [u()] < Co {[[ullor (5o(a)

1
AN sl oy -

By the preceding results |u[?~! belongs to LI(IR™), so the uniform vanishing
of u is implied.



The next regularity characterization of the solutions of (1.1), is a direct
consequence of the previous theorem and an argument of Tolksdorf [30].

Corollary 2.5 For any r > 0, the solutions of (1.1)\ belongs to CY*(B,),
where a = a(r) € (0,1).

Now we are ready to discuss the sign of the eigenfunctions corresponding
to the first eigenvalues.

Theorem 2.6 (i) Let g satisfy either (GT) or (G). Then, there is an
eigenfunction which is strictly positive everywhere in IRY.

(i) Let g satisfy (GT) (respectively (G~) ). Then all eigenfunctions asso-
ciated to Ay (respectively Ny, \] ) are of constant sign, i.e. Xy (respectively
AT, AT ) are principal eigenvalues.

Proof. (i) Since A(Ju|) = A(u) and B(|u|) = B(u), if wu, achieves the
infimum in one of ( 2.3), ( 2.4) or ( 2.5), then |uy| does the same. So we
can consider that wy, > 0. Also since

—Apuy = Ag(z)|ur|P2uy, almost everywhere in RY,
we have that

Ay uy < A|[|gllsoualP™,  almost everywhere in IRY.

The conclusion is implied by Vasquez’ Maximum Principle [33].

(i)  Assume that g satisfies (GT) and let ¢ be an eigenfunction corre-
sponding to A\;. Let ¢, > 0, ¢_ < 0 denote respectively the positive and
negative parts of ¢, i.e. ¢ =¢, +¢_. Then ¢,,¢_ € D" and

A(p) = Ald4) + Alo-);  B(¢) = B(¢4) + B(o-).

As usual we have that

B(¢+)
A(p+)

Suppose now that correspond to the maximum (the other case being



similar), then A\ B(¢y) > A(¢4). Setting vy = ‘%, where p = B(¢,)'?,
we find that
Bvy)=1 and M\ = M\B(vy) > A(vy).

Hence v, is an eigenfunction for A;. Also since v, > 0, Vasquez’ Maximum
Principle implies that v, > 0. Hence v_ = 0 and finally ¢_ = 0. Thus
#(z) > 0 everywhere in IR™. In the case that ¢ satisfies (G~) the proof
follows the same lines. <>

3 Simplicity of the Principal Eigenvalues

In this section we shall discuss first the dimension of the eigenspace associated
to the principal eigenvalues of the quasilinear problem (1.1),. A result in
this direction was announced in [1] and a proof given in [20]. This proof
nevertheless is not correct since it is based in Diaz and Saa’s inequality [12];
this inequality holds only when dealing with two functions u and v whose
ratio is bounded, this is far away from being obvious in unbounded domains.

The following preliminary lemmas will be useful for the proof of the main
result of this section.

Lemma 3.1 Suppose that u € D' is a solution of (1.1)y. Then

ou
li P27748 = 0. 3.1
PLUINY . u| 7 ul o (3.1)

Proof.  Let wu satisfies (1.1),. Multiplying both sides of (1.1), by u and
integrating over By, we obtain

/ |7 uf dz — / u o up? 2as = A/ gluPde.  (3.2)
Br 9BR on Br
Since | 7 u| € LP(IRY), and g|u|” € L*(IRY), it follows that
ou
I P2 —dsS =1L
Py A ul v ul”" o :

exists and it is finite.



We claim that L = 0. For this to hold it is sufficient that there is a
sequence {R,} with R, — 400, such that

lim ul 7 u]p_z@dS =0. (3.3)

n—00 JoBg on

Indeed we have that

1
ol

_ 8u _ D %
P2IdS < v P rds )" 4
/BBRU|VU| ands_(R /83Ryu\ dS) <R/BBR\vu\ dS) (34)

where from now on p’ = -£5. Since Vu € (LP(IRN)>N, and u € LNLfP(IRN)

it follows that the integral

[ 4L, (o s )

is bounded, and so

2R Np
lim / / (] v ul? + ]u\N—p> dSdr = 0.
R—oo JR 8Bg

By the mean value theorem of the integral calculus, we can find a sequence
{R,}, with R, — oo as n — oo, such that

lim R, |7 ulPdS =0= lim Rn/ w|¥5dS. (3.5)
Ry—00 aBRn Rp—o0 8BRn
Furthermore we have

N—p
N

Jorg, 101dS < (Jopy, 107548 ) ™ (o, 145)

N-—p
N

(N—-1)p

= KRF (Jop,, [ul¥545)
Hence
N-—p

N (N-1)p  p—N _

Rn‘ﬁ/ |u|pdS§K<Rn/ |u|NN”pdS> R, ¥ YW
8BRn 8BRn
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So we get

P Np N];P
Rn*F/ luPdS < K (Rn/ ]u|diS> ,
aBRn ('“)BRn

and by (3.5) limpg, e R, ¥ JoBy |u]N]%dS = 0. Thus inequality (3.4)
implies (3.3) and the claim is proved. <

Lemma 3.2 Suppose that u,$ € D" N CH* are two solutions of (1.1)y,
and that u(z) >0 in IRY. Then for all R >0 the function

o = [ {Ivor+i-n (1) g up
—pvo-vu|ul' <w> pda, (3.6)

is non decreasing and satisfies O(R) > 0. Moreover if limp_,. O(R) = 0,
then there exists a constant ¢ > 0 such that u = co.

Proof. For any p >0 we have

p—1

p—2
Vo.vu|ulf? <¢|¢| ) <|wv ol [vuf i

(3.7)

¢P
u

pr p
S*Vﬁbp‘f‘ /
p| | DHP

For u =1, integrating (3.7) on B we find that ©(R) is non decreasing
and that ©(R) >0

Now suppose that limg_,., ©O(R) = 0, then by (3.7), we obtain that for
any R >0

p

¢ fde =0, (38)

p—1
[ Atvolivar (2] -2 er - 2= Digup|
R p

and

p—2
, fwowuvar= (AE5) - 9 g |2

p—1

pdz=0. (3.9
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, then from (3.9)

From (3.8) we first find that | v ¢(z)| = |43 v u()
), where ¢ = +1, and finally from

it follows that y¢(z) = €¢(m) v u(z

limg oo O(R) = 0, we obtain that ¢ = 1, and hence that v/ <¢(x ) = 0.
Thus u = C'¢, where C' is a constant, and the proof is ended.

Lemma 3.3 Suppose that ¢ € DY is such that ¢(z) >0 on RYN. Then,
for any fired Ry >0, we have that

/—i—oodr_—i_
v (H(r)p

where

H(r) = /8 , (@(S)yds. (3.10)

Proof. 'We have
N-—p

1) < ([ o(s)as) *

zs

</63T 1d8) = KrP 2 (I(r) 7, (3.11)

where I(r) = [y (6(S))¥7dS.

We note that since ¢ € LNL—pp(]RN ), then for any fixed R; > 0, we have
that [5>°I(r)dr < +oo.
Now, for any § > 0, let us consider the identity

R R1 5 -5
R /R1 ;I(r) I(r)~°dr,

by using Holder’s inequality,

log —

1

R R ) 7 R 1
log — < </ I(r)‘s‘] d?") (/ r_qf(r)_‘sqdr> ,
Rl Ry Ry

for any 0 > 0 and any ¢ > 1. Thus taking 0 =

r_
¢ = —4-, we obtain

R
log — <
ogR1_<



Letting R — oo in this expression, we find

too  pv-n _ P (N-p)
/ r—~ I(r)” N dr = o0.
R1

By (3.11),

R dr R P/ (N-1) P’ (N—p)
> K Y=~ "J(r)" ™
/. o 2 K (r) .

and thus by letting R — oo in this last expression the proof of the lemma is
ended . $

Now we prove the simplicity of the principal eigenvalue of (1.1),, which
is the main result of this section.

Theorem 3.4 Let g satisfies (G) (respectively (G~)). Then

(i) the eigenspace corresponding to the principal eigenvalue \p (respectively
A, AT ) has dimension 1.

(ii) A1 (respectively A\{, AT ) is the only eigenvalue of (1.1)y which admits
positive eigenfunctions.

Proof. 'We only consider the case when g satisfies (G1). The case when ¢
satisfies (G~) can be treated in the same way.

Suppose that ¢ is any eigenfunction of (1.1),, corresponding to the
principal eigenvalue \;. Also suppose that u € D'P is a positive eigenfunc-
tion of (1.1),, corresponding to an eigenvalue A > 0. Thus in this case
A > A;. Multiplying (1.1)y, by ¢ and integrating by parts over Bpg, we
obtain

09
[ ivelin— [ elveprifas—n [ glopdr. (312
BR 8BR n BR
Letting R — oo and using lemma 3.1, we get
/]RN |7 bfPdz = Ay /[RN gloPdz > 0. (3.13)

Multiplying (1.1)x by UWD and integrating by parts over Bpg, we find

p—1

P Sy Vol ulp? (L252) de — (p — 1) [, (1) & ulrda
(3.14)

— Jopy A5 7 u[P228dS = N [, glo|Pda.

13



Subtracting equation ( 3.14) from ( 3.12), we obtain

O(R) — fop, 81 7 $IP255dS + B(R) = (\i = A) [, glof'dz,  (3.15)

where

sry= [ 1o

oBp uP—1
By lemma 3.2, ©(R) converges as R — oo, and limpg_,, O(R) € R, U{+o0},
then by lemma 3.1 and (3.15) B(R) also converges and limg . B(R) €
R_U{—o0}.

(a)  Suppose that —oco < limp,. B(R) < 0, then limg o O(R)
is finite. Furthermore, for any u > 1, we have by ( 3.7)

ou
P=2228. 1
| 7 ul 5,05 (3.16)

1
MP

w-00-2 [ (D) 1vuras <omge-n [ |vords g1

i |7 ulPdS > 0 and T(R) = [ y(r)dr. We sce

u

Let us set y(R) = [35,

that, since I'(R) is increasing and bounded, it is convergent. Thus we can
find a constant o € (0,1) and R; large enough so that

ol'(R) < —p(R), for all R > R;. (3.18)

(B) Suppose that limg o G(R) = —o0. Then from ( 3.15) it follows that
limp_y0 O(R) = co. Furthermore, ( 3.15), and ( 3.17) respectively imply that

O(R) < —B(R) + constant, and o['(R) < ©(R) + constant,

and thus relation ( 3.18) is again satisfied.
Moreover, for any R > 0, we have

—B(R) < fop, 2| 7 ulp~1dS

L
I’y

< (o, 1617S)7 (foy, (4) |7 ulPdS)” = (H(R))? (4(R)),
and thus



Hence

I'"(R) 1 d ( 1 ) / 1
A —_ — | >o” —, for all R > Ry,
TRy~ p-1dR\TRY ) =7 ipys
which by an integration implies
1 1 R dr
T — +K [ — <0
(F(R))p ! (F(Rl))p ! Ry (H(T))?

By letting R — oo in this last expression we obtain a contradiction to
lemma 3.3 and thus we must have limg_,o S(R) = 0. By ( 3.15) this in turn
implies that limg_,., O(R) = 0.

Then lemma 3.2 implies that u = c¢ for some positive constant c¢. Using
again ( 3.15), we obtain that

0= =N [ gloPdr.

Since [gn g|é[’dx > 0 we must have that Ay = A and the theorem is
proved.

Finally we mention from [14] that if g satisfies (GT) (respectively (G7)),
then the principal eigenvalue \; (respectively A, A\; ) of (1.1), is isolated.

4 Existence Results for a Perturbation of the
p-Laplacian
Consider the following perturbation of the p-Laplacian problem
~Aju = ag(z)|[ulP?u+ f(r), xeRY, (4.1)

where a € IR. As far as we know this problem is not included in recent papers
on the subject. Moreover, the theorem on a maximum principle we prove is
of particular interest on its own. First we give the following existence result.

Theorem 4.1 Let f € D~'W(IRYN). If either (i) g satisfies hypothesis
(GT) and a < A1, or (i) g satisfies hypothesis (G~) and \| < a < A\,
then the equation ( 4.1) admits a solution in DP.
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Proof. 'We split the set of possible D'? solutions of equation ( 4.1) in two

parts depending on the sign of [k~ g|uPdz. Let us set

V= {u cD":0< / g|u\pd:z:} :
RN

Vo= {u €D / glulPdz <0, } :
RN

Hence if w € V* we have that [gw~ gluPdz < /\%fRN | v u|Pdx, while if

u e V™ then — g glufPdr < —% Jry | v ulPdz .

(a) Let we V. If 0<a< A, then

—a
—a /]RN gluPdx > N /]RN | v ulPdz.

Since a < A1, there exists 0 € (0,1) such that
—a/ glulPdz > —5/ | v ul|Pdz, for any u € V7.
RN RN

For a < 0 we get —a [y~ glu|Pdz > 0.

(b) Let we V-. If 0< a, then —a [y~ gluPdz > 0.

0>a > A], then

a
—a /]RN glu|Pdx > B /}RN | v ulPde.

While if

Since & < 1, there exists ¢ € (0,1) such that = < ¢ < 1. So when
1

Ar
ue V™ we get

—a/}RN glulPdz > —¢' /IRN | 7 ulPdz.
Hence in both cases we obtain
J(u) = %f]RN | v ulPdz — %f]RN glulPdz — [~ fudz

2 %(1 = 0) Jmn | V ulfdz — [~ fudz
> (1= 0)lullprs = [1fllp-rallullprr-

16



Therefore .J is coercive in DP. It is easy to see that J is also weakly
lower semicontinuous, so equation ( 4.1) admits a solution in D' and the
proof is complete.

The next theorem gives conditions for the validity of the maximum prin-
ciple.

Theorem 4.2 Let [ € L%(RN) and f > 0. Then we have:
(i) (Necessary and Sufficient Condition) if g satisfies (G ) then all solu-
tions of the equation ( 4.1) are non negative if and only if a < \i;

(ii) (Sufficient Condition) if g satisfies (G=) and A\ < a <\, then all
solutions of the equation ( 4.1) are non negative.

Proof. (i) (Sufficient Condition) Let w be a solution of the equation
(4.1) with v =u™ 4+ u~, uT,u” being the positive and negative parts of
w. Multiplying ( 4.1) by w~ we find, after an integration, that

/]RN | vV u [Pde = a/IRN glu™|Pdz + /IRN fu dx. (4.2)
We have [~ glu™|Pdz > 0. Soif a <0 then
/]RN | vV u [Pde < /IRN fu~dx <0,

which implies that v~ = 0. While if 0 < a < Ay, since [gv |V u™ [Pdr >
A1 Jwmy glu” [Pdz, we obtain that

— a _
a/[RN glu~[Pdx < N /IRN | v v |Pdz,

which implies that
a _ _
(1_)\1)/IRN | v u [Pde < /]RNfu dx <0.

Hence again u~ = 0.

17



(Necessary Condition) Now suppose that a > A\;. If we set u = —¢; <0,
then u is a negative eigenfunction of equation (1.1)y,, that satisfy

~A ) = Mglo)]ul2u
= aga)ul2u + f(x),

where
f(x) =\ —a)] — ¢1[P*(=¢1) > 0.

Clearly this contradicts Vazquez’s Maximum Principle and hence a < A;.

(i) If Jg~vglu™|Pde > 0 we argue as before. If [z~ glu™|Pdz < 0 and
a > 0 then from equation ( 4.2) we have

/]RN | v u™ |Pdr < /]RN fu dx <0,

which implies that u~ = 0.
While if A\ <a <0, since [pv |7 u” [Pde > ] [gy glu™ [Pdz, we get

_ a —
a/IRN glu™|Pdx < )\f/IRN | v u” [Pde.

So again equation ( 4.2) implies that

a
- —|P < - < .
(1 )\1_)/]}]\,|Vu|dx /Nfu dr <0

Hence we have again u~ =0 and the proof of the theorem is complete. <

PART 1I. THE SYSTEM

In this part we will consider system (1.3)y, (1.4). Throughout this part
we will suppose that the exponents p, ¢, o, § and the coefficient functions
a, b, d which appear in that problem satisfy the following conditions:

p>1,¢g>1 a>0, >0,

a+1 +1
8
p q

=1 and a+p+2<N. (4.3)
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(H1) ais a smooth function, at least Cp:J (IRY), for some ~ € (0,1), such

loc

that a € LY?P(RM)NL®(RY) and a(z) >0, in QF with |QF] > 0.

(H,) d is a smooth function, at least C27(IRY), for some ~ € (0,1),

loc
such that d € LNY(RM)NL®(RY) and d(z) >0, in QF, with
Q1] > 0.

(Hs) b is a smooth function, at least C7(IRY), for some ~ € (0,1),

loc

such that b € LN/(@t52(RN) N L2(RY), b > 0.

(H4) a and d both satisfy either (GT) or (G7).

5 Existence of Principal Eigenvalues

As in the case of the equation we will work in D', For any (u,v) € D'? x D4
we define the functionals A and B by

_a—|—1
p

A(u,v)

B+1
[lullprs +Tllvllq

Dla-
B(u,v) = = fon a(w)ufPde + 22 [ d(z)|v|?da

+ Sy (@) [u|* TP d.

It is well known that A, B € C! and that A is weakly lower semicontinuous.
In order to prove existence of the first eigenvalue for the system of equations
(1.3)x, (1.4),, we need the following

Lemma 5.1 (i) If (u,,v,) is a sequence in DY x DY with u, — u
weakly in DY, v, — v weakly in DY, then there is a subsequence, denoted
again by (un,v,), such that B(u,,v,) — B(u,v); (i) if B'(u,v) = 0,
then B(u,v) = 0.

Proof. As in Lemma 2.2, we split IR in the two parts |z| > R and
|z| < R, and then use Holder’s inequality with equation ( 4.3) to estimate
the terms involving v and v. <
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In the remaining part of this section we shall prove the existence of
nonzero principal eigenvalues. We first have

Theorem 5.2 Let a, d, b satisfy hypotheses (H1), (Hz2) and (Hs), respec-
tively. Suppose that (u,v) € D'’ x DY is a solution of (1.3)x, (1.4)x -
Then for any = € RY and any R > 0, there is a constant K depending
only of p,q, N, ||a||sos ||bl|le and ||d||se such that

_ N
|u||Loo(Bra)) < K (1 + RmaX(p,q))pmm(p,q)

p=N LEsul b
xmax{R 7 ||u]| w~» s R {ol]” g 2
LN=P(Bar(z)) LN=4(Bsg(x))

N

ol < K€ (14 Rl e

p=N z 4=N
xmax{R @ [|ul]" y, , B {|vf| ye }-
LN=P (Byp(z LN=4(Bsg(z))

Moreover, we have that

lim wu(z)=0,and, lim v(x)=0,
|z[—+00 || =400

uniformly.

Proof Our proof consists in adapting Theorem 1 of Serrin in [26] to our sys-
tem. For completeness we will give all the details in the Appendix, section

7.0

Remark 5.1 In the case of one equation (theorem 2.4) we proved that the
solution w is uniformly bounded on TRY. We have not been able yet to
produce a similar result for the system.

Theorem 5.3 (i) Let a,d satisfy (G"). Then the system (1.3)x, (1.4)x
admits a positive principal eigenvalue given by

A= inf  A(u,v). (5.1)

B(u,v)=1
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(i) Let a,b satisfy (G~ ). Then the system (1.3)x, (1.4)x admits two
principal eigenvalues of opposite sign given by
+ o . - _ _ .
Al —3(5%2114(10,1)), A = B(ugl)f:ﬂA(u,v). (5.2)
In both cases the associated eigenfunctions (¢,v) (respectively (¢t v™T),
(¢=,%7)) belong to DY x D™ and each component is of class CY*(B,),

for any r >0, where o = «(r) € (0,1). Moreover, there is an eigenfunction
which is positive (componentwise) everywhere in RY.

Proof.  The existence and positivity (negativity, when corresponds) of the
first eigenvalues in (i) and (ii) is a direct consequence of the properties of
the functionals A and B, lemma 5.1 above and Theorem (6.3.2) in [5] for
nonlinear eigenvalue problems. The C%* regularity of the eigenfunctions
follows directly from the previous theorem 5.2 and an argument of Tolksdorf
[30]. Since A(|ul|,|v]) = A(u,v) and B(|ul,|v|]) = B(u,v), if (uy,v))
achieves the infimum in one of ( 5.1), (5.2), then (Ju,|, |va|) does the same.
So we can consider that wuy, > 0,vy > 0.

Hence theorem 5.2 and Vasquez’ Maximum Principle [33] implies that uy >
0,vy > 0. <>

6 Simplicity of the Principal Eigenvalues

We begin this section with a lemma which is the analog of lemma 3.1.

Lemma 6.1 Suppose that (u,v) € D" x DY is a solution of (1.3)x, (1.4)x.
Then

lim ul 7 u|p_zg:;d5 =0= lim CRvAY Y as. (6.1)

R—+00 JoBg R—+00 JOBg on

Proof. Let (u,v) satisfies (1.3)y, (1.4)x. Multiplying both sides of (1.3),,
by u and integrating over By, we obtain

/ | v ul’de — / ul 7 ul"" —dS
Br dBr on

~ a|u|pdx+)\/ bl o dr. (6.2)
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Since | v u| € LP(RY), alul’ € LYIRY), and bu|*™ o] e LY(RY), it
follows that

ou
li P2Z24S =L
Ao OBp ul vyl on b

exists and it is finite. Similarly working with (1.4),, we find

5
Ro3he 9Br v on

The lemma is ended if we prove that L; = 0 = Lo, but this follows identically

to the corresponding argument in lemma 3.1. {

Suppose now that (¢,1) is any eigenfunction of (1.3),, , (1.4), cor-
responding to the principal eigenvalue A;. Also let (u,v) € D" x DM be
a positive eigenfunction of (1.3),, (1.4), corresponding to an eigenvalue
A > 0.

In our next result we will use the functions ©, H, and [ defined respec-
tively in (3.6), (3.11), and (3.16). Furthermore we define

R q q—2
O(R) := / {Ivelt+(a—1) ’w | v v|fdz — qw.vvlvvlq‘QW}d:c,
Br U v

and . .

o) = “Lom+ P o).

p q

Also let us set H(r) := Jom, (W(x))?dS, and

2 L |¢|q q72@

dy= [,
and

- a+1 B+1,
B(R) := B(R) + ——B(R).
p q
Now we are ready to state and prove our main simplicity result for the system.

Since the proof follows the same lines as those of theorem 3.4 for the case
of the equation, we just sketch it.

Theorem 6.2 Let a,d satisfy (Gt) (respectively (G~ ). Then
(i)  the eigenspace corresponding to the principal eigenvalue N\, (respec-
tively A\, A7) is of dimension 1.
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(ii) A (respectively \{,\] ) is the only eigenvalue of (1.1)y to which
corresponds a positive eigenfunction.

Proof.  We consider only the case when ¢ satisfies (G1), then in this case
A > Aj. The case (G7) can be treated similarly. Multiplying (1.3),, by ¢
and (1.3), by L6 integrating by parts over Bp, and taking the difference

upfl bl

of the resulting expressions, we obtain

O(R) — Jop, ¢| V ¢IP252dS + B(R)
= (M = A) [p, algl"dw + Ay [, blo|* T [y da (6.3)
A bl ol (1) dr

Similarly, by an analogous procedure, from (1.4),, and (1.4),, we find

O(R) — [op, ¥| 7 ¥]17222dS + B(R) = (A1 — A) [5,, dl¢|"dx
(6.4)

1 J bl 5 — A [, blulo o] (1) o
Multiplying ( 6.3) by anl, (6.4) by %, and adding, we obtain

é<R>+B<R)—“;1

pﬂ%
/aBR ol v o' dS

_b+1

Yo
q—2 —
. /BBRM AU andS bEdx (6.5)

Br

b(B+1)

ot Doy PO ey e,
p q

+(A =) /BR{

where

a+1 p 6+1

q

¢

u

¢

B = |u’a+1‘v|ﬁ+1>\l ’
u

1/}5-5-1_)\{0&_'_1
v

¥
P v

q
E

because A > A1 and by Young’s inequality. As in theorem 3.4 we set

wm=[ 1]

R
" | v u|PdS >0, and I'(R) :/ y(r)dr,
0

23



q

=1, 2

v

fr) = o+ P i),
p q

We have from ( 6.3) and lemma 6.1 that ©(R) and |3(R)| converge to either
a finite limit or to +o00 at the same time; so [ := limg o, f(R) exists and
is either finite or equal to —oo. Similarly, it follows from ( 6.4) and lemma
6.1 that [ := limp_, 400 B(R) exists and is either finite or equal to —oc.
Claim: We have limg_, . S(R) = limg_, ;00 B(R) = 0. To prove this claim
we proceed by contradiction.

i) Suppose that | and [ are finite . Since limp_ 00 O(R) > 0 by ( 6.5),
we have that [+ <0 ; so we can assume that one of them, say [ < 0.
Then arguying as in the proof of theorem 3.4 for the equation, and by using
( 3.17), we can find a constant ¢ € (0,1) and R; large enough such that

N R
|7 0]9dS > 0, mulIXR):i/ 4(r)dr,
0

oT'(R) < —B(R), for all R> R, (6.6)

and the argument follows like in theorem 3.4.
ii) Suppose now that [ or [ is —oo, say [ is —oo. Then from (6.4),

O(R) < —B(R) + Const.

and since similar to (3.17), for any p > 1, we have now that

v

(-1 ) /BR(W") [ gutidr < 6(R)+ (=) [ g ulidz, (67

we can again follow the argument in theorem 3.4 to obtain a contradiction
to the corresponding version of lemma 3.3. Thus the claim is proved.

Now we deduce from equation ( 6.5) that limpg | (:)(R) = 0, which
implies that v = ¢¢ and v = ¢ for some constants ¢, ¢, and also that

A1 = A. Thus the theorem is proved.<
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7 Appendix

Proof of theorem 5.2 Let z € RY and R > 0. For y € Byg(z) and any
function h defined on Byg(z) we define

h(t) = h(z), where, t= Y }—%a:

Let (u,v) € DV x D be a solution of (1.3)y, (1.4) . Simple computa-
tions show that (4,v) satisfy the following system

—Ayii = ARPa(x)|afP~2a + ARPD(x) |a]* " alo) P, (7.1)

—Ag0 = ARI(z)]a[*)0|° o + ARId(x)|0]7 0. (7.2)

Hereafter K, K’ K” denote any constants depending only on p, ¢, N, A,
lallos, |16l and |[d]|cc.
Without loss of generality, we can assume p > ¢. For any ball B C By(0),
N

there is a constant ¢ = g 1 such that

for any w € Wy?(B), ||w]

Ler(8) < K| 7 wl|zo(s)
for any w € Wy '(B), ||wl|rean) < K| 7 w||zap)
We construct the following sequences

pe =pc®, q. = qc®, forany k>0, and

my, = p(cF — 1), t), = q(c" - 1);
1 k—1 =i

po = 2, pk:2—gzjzocp’, for any k£ > 1,

Denoting by Dy = B,,, (we recall here we have agreed that B; means the
ball in IRY, center zero and radius d), we consider a function 7 € C5°(IRY),
defined such that 0 <n <1, n=1on Dy, supn C Dy, and satisfying

|7 n(t)| < K ¢, forall t € D, (7.3)
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Multiplying ( 7.1) by |a|™ anP, and integrating over Dy, we obtain

where
Li=m) [ ool apde,
Dy,
12=p/ Pt - vl v alP e a dr,
Dy,
[3:)\Rp/ anp Pt da,
Dy,
and

I, = AR / bl [6 5+ LpP dar.
Dy,
Defining next Ej, = max{||u® HL,, (D) 1V HLq (D) }+ We obtain that
< Rl [ ol de < B K B,
Dy

Similarly, observing that % + % = 1, we have that

1] < B oloo { ] " da)”

|1)|qC d:zc} o < RPK E.

(7.4)

(7.5)

(7.6)

On the other hand, since (1 +my) = (p—1)(cF — 1) + ¥, for any s > 0, we

get
—kp

p' -k
Ll <25 [l aplamde + S
Dy SP

p/

Since ¢* < (1+my), by (7.3) and for 2ps? < p, we obtain
1
|I5| < 51.1 + KFE

Now, by the imbedding theorem, we have

Ler(Dy) §K||V( Ack)HLp(D < K (Is+ Ig),

[[mac ||}

where .
0<1I;= / (7Pl de < K Y B,
Dy
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and
0< I = / Pl 7 AP [ar @ Vdz < Fe- ;. (7.9)
D

k

By (74), (7.5), (7.6), (7.7), (7.8), (7.9), we obtain

16| ep ) < (14 RP) K 7Y B (7.10)

Similarly, multiplying ( 7.2) by [0|**9n?, integrating over Dy, and using
the fact that p > ¢, we find that
ok _
170 [ ea ) < (1+ RP) K 07 By (7.11)

1

Setting ©y = EJ*, by (7.10) and ( 7.11), we obtain

k(p—1)
@k-i-l < {(1 + RP)K}pk C Pk @k, for all & > 0.

Hence,
il (o) < O < {(14+ B)KYES7T E5 3
where . .
Z] OE_ZJ opcj = pe—1 p—q

We therefore obtain

il ooz < limsupy, o[ |al| o (o)

. (7.12)
<K' (1+ B)on max{][a]|os). 101 o s -
Similarly, defining ¥, = E,;’“, from ( 7.10), ( 7.11), we have
Vo < {(1+ B))KYarc o Uy, and,
[0l < K (1+ B?)# max{|lallgusn 10lloson}- (7.13)

By the imbeddings
L¥5(B,) C LP(By) and L¥%(By) C LU(By),
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we obtain from ( 7.12) and ( 7.13) that
N

aq
|| ooy < K" (1 + RP)#s max{||d ol ) 714
al[Loe s,y < K ( Je max]| HLNN—p(Bz) I HLNLE‘J(Bz)} (1)
and,
" 5 e
N . < K 1 Rp 3 ~ q , N . 715
6] oo 3y < K" (1 + RP)3 max{||uHLNpr(B2) HUHLNqu(BQ)} (7.15)

Coming back to (u,v), by a simple change of linear dimension, we find
from ( 7.14) and ( 7.15)

N

||U ||Loo(BR(x)) S K (1+Rp)pq><

q (7.16)
p=N =N P
x max{R * |Ju|| ~» SR0]]7 xg 2
LN=P(Bzp(z)) LN=4(Bzg(z))
N
||U ||Loo(BR(x)) S K (1 + Rp)‘12 X
(7.17)
R ul” R ol )
x max{ LR (Pan()’ L8 (Bane)

ending the proof of the theorem.

Finally, from the last estimates ( 7.16) and ( 7.17), we deduce that

lim wu(z)=0,and, lim w(z)=0,
|x| =400 |z| =400

uniformly for z € RY. ¢

Remark 7.1 As in the proof of theorem 2.4, we can truncate the function
U and justify the use of |u|™ unP as a test function.
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