Global Bifurcation Results for a Semilinear
Elliptic Equation on all of R

K. J. BROWN and N. STAVRAKAKIS*
Department of Mathematics, Heriot-Watt University
Riccarton, Edinburgh EH14 4AS, UK
{Duke Math. J. Volume 85, Number 1 (1996), 77-92}

March 1, 2014

Abstract

We prove the existence of positive solutions for the semilinear
elliptic equation —Au(x) = Ag(z)f(u(x)),0 < u < 1 for z € R,
lim;| 4o u(z) = 0 which arises in population genetics, under the hy-
potheses that N = 3,4,5 and g lies in LV/?(IR"). We establish the
existence of a principal eigenvalue \; for the corresponding linearized
problem and, making use of the asymptotic properties of solutions and
local and global bifurcation theory, prove the existence of a continuum
of solutions lying in the space D'? extending from A = A\; to A = cc.

1 Introduction

In this paper we shall discuss the existence of positive solutions of the equa-
tion

—Au(z) = Ag(z) f(u(z)), =€RY, (1.1),
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O<u<l, zcRY,  lim wu(x)=0, (1.2)
|z|—+o0

by using methods of bifurcation theory. The equation arises in popula-
tion genetics (see [6]) where the function g is assumed to change sign and
f:[0,1] = R*, with f(0) = f(1) = 0. The unknown function u corresponds
to the relative frequency of an allele and is hence constrained to have values
between 0 and 1. The real parameter A > 0 corresponds to the reciprocal of
a diffusion coefficient.

The problem is well understood on bounded domains where a fairly com-
plete bifurcation analysis can be given (see [2]). The situation is more com-
plicated in the case of unbounded domains as, in general, the equation does
not give rise to compact operators and so it is unclear that there exist eigen-
values from which bifurcation can occur. It is also unclear apriori in which
function spaces solutions of (1.1), might lie.

In order to discuss bifurcation from the zero solution of (1.1), it is first
necessary to study the eigenvalues of the corresponding linear problem

—Au(z) = Ag(z)f'(0)u(z) for ze€ RN

hHlm_H_OO u(x) = 0. (13)

The existence of a positive principal eigenvalue (i.e., an eigenvalue corre-
sponding to a positive eigenfunction and so a point at which positive solu-
tions of (1.1), may bifurcate from the zero branch) for the above problem
has been proved in ([3, 4]) under the hypotheses that [z~ g(z)dx < 0 and
g(x) <0 for |z| large and in ([1]) under the hypothesis that N >3 and
g+ € LN2(RY).

We shall discuss the local and global bifurcation of solutions of (1.1), in
the case where N > 3 and g lies in L/2(IR"). The proof of the existence of
a principal eigenvalue in ([4]) involves constructing an appropriate function
space V with inner product

- dz — & d
<u,’u>—/IRNvuvv x—E/JRNguv x,

for an appropriate positive constant a.



In section 2, using the methods of ([4]), we show that, when N > 3
and g lies in LN2(IRY), a positive principal eigenvalue exists and that the
space V coincides with the standard space D2, i.e., the closure of the C§°
functions with respect to the norm  [gn | 7 u|2d:r. Bifurcation results are
subsequently obtained in later sections in the setting of the function space V.

In section 3 we discuss the asymptotic properties of the solutions of (1.1),
and of (1.3) in D2, Our main tools are apriori estimates of ([8]) for the
L norm of the solution of a linear elliptic problem in terms of its L” norm
over a larger set. We use our results to establish the uniqueness of the prin-
cipal eigenfunction of (1.3).

In section 4 we prove our main bifurcation and existence results. We show
that under the hypothesis g € LV?(IR") the local and global bifurcation
theorems of ([5, 10]) hold to give the existence of bifurcating continua of
solutions in  D%2. Since D? does not embed continuously in L, it is
not immediately obvious that any solution u on these continua will satisfy
0 < u < 1 (and so be of biological significance and satisfy the original problem
(1.1),). In order to prove that solutions are positive we must assume that
g < 0 whenever |z| is sufficiently large. We also discuss the extent of the
continua in the (A, u) plane; we show that the continuum of positive solutions
bifurcating from (A;,0), where \; is the principal eigenvalue, cannot cross
A = 0 and, under the additional hypothesis that g € LP(IR") where p < N/2,
that the continuum must extend to A = oc.

Finally in this introduction, we state the hypotheses which will be as-
sumed throughout the paper.

(i) N = 3,4,5.

(ii) ¢ is a smooth bounded function such that ¢ € LM?(IRY) and
g(zo) >0, for some xy€ IRY.

(iii) f : [0,1] — IR* is a smooth function such that f(0) = f(1) = 0,
f(0)>0, f(1) <0, and f(u)>0 foral 0<u<]l.

It is clear from the results in ([3]) that the cases N > 3 and N < 3,
will be significantly different; we impose the restriction N < 5 to ensure the
Frechet differentiability of certain operators and the applicability of aprior:
estimates.



Since u represents a relative frequency in the population genetics model,
it is natural that restrictions should be placed on f on the interval [0, 1]
only. The domain of definition of f, however, can be extended to all of IR
in such a way that f(u) < 0, whenever u < 0 or v > 1 and f, f' and f” are
uniformly bounded in IR. We shall assume throughout that f has been so ex-
tended but shall eventually prove the existence of solutions u with 0 < u < 1.

2 Existence of positive principal eigenvalues

In this section we shall discuss the existence of a positive principal eigenvalue
for the problem

—Au = Ng(2)u, ze€R", (2.1)a
lim wu(z)=0. (2.2)
|z| =400

As we shall see below the corresponding principal eigenfunction will be in
the space D2, i.e., the closure of the C§° functions with respect to the
“energy” norm [~ | 7 u|*dz. It can be shown that

D' = {u e L¥=(RY) : vu € L*(RY)}

and that DL? can be embedded continuously in L2 (IRY). For more infor-
mation on the properties of this space see [9] and the references therein.
Our approach is based on the following inequality.

Lemma 2.1 Suppose g € LY2(IRY). Then there exists a > 0 such that
/IRN | v ul*dx > a/IRN lg|u*da. (2.3)
for all w € Cg°.

Proof Since D'? can be embedded continuously in L~ (IRY), there exists
k > 0 such that, for all u e C°,

lull 22 < Klful[pro.
—2
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Thus, if u € L%(IRN), we have

Jin lglutde < {fign 19| 2da}2N {fgn u¥ 2 da} W

= [|gllny2 ||ulPen
N-2

and so
[ lalude < Elgllyz [fullds

which completes the proof.c

Thus, if g € L"?(RY) and o > 0 is as in Lemma 2.1, then we can
define an inner product on C°(IRY) by

- dr — 2 d
<u,v>f/]RNvu v v x—i/mNguv x.

As in ([4]) we define V' to be the completion of C§° with respect to the
above inner product. The space V would seem to depend on the function g¢;
we might expect V to grow as |g| becomes smaller at infinity. In fact we
have

Lemma 2.2 Suppose g € LN/2(RY). Then V = D2

Proof By standard density arguments it suffices to compare the V and D2
norms on C°(IRY). For all u € C°(IRY) we have

o
= [ IvuPde =5 [ guda.

By Lemma 2.1

1
5 [ ol <3 [ 17 ulda
2 Jmry 2 JRN

and so we must have

1 3
5 f I vulde < Jullp < 5[ v ulde
le. ] 5
Slulfbee <l < Sllulide



Hence it follows that V = D20
Since we assume throughout that ¢ € LY?(IRY), we shall have that

V = D'?. Thus we may henceforth suppose that ||.||y, the norm in V,
coincides with the norm in D2 and that the inner product in V is given by

<u,v >:/ VU V vdx.
IRN
Proceeding as in ([4]) we define a bilinear form by
Bu,v) = /IRN guvdz
for all u,v € V. Since V C L%(]RN), we have
B(u,v) = [g~y guvdx

< lgllnyz [lel] 22 J[v]] 220

< K2llgllng2 ully [lvlly

for all u,v € V and so f is bounded. Hence by the Riesz Representation
Theorem we can define a bounded linear operator L such that

B(u,v) =< Lu,v > for all u,v € V.

It is easy to check that L is selfadjoint.



Lemma 2.3 L is compact.

Proof Let {u,} be a bounded sequence in V. Then for all positive integers
m and n we have

||Luy, — Lup|} = B(wy — tm, Luy — Luy,)
= fIRN g(“n - um)(Lun - Lum)dl’
< lg(un — )l 220, |1 Lt — Lty [] 25,

< K llg(un = wm)l] 220 [[Lun — Lt ||y,

and so
|| Luyp — Lup|ly < k|lg(un — um)|| 2n . (2.4)

N+2

Since {u,} is a bounded sequence in V, {u,} isbounded in H'(Bg)
for every ball Bp = {x € R : ||z|| < R}. Hence {u,} has a convergent
subsequence in  L?(Bg) and so in L%(BR). Thus by a diagonaliza-
tion procedure we can find a subsequence, for convenience again denoted by
{u,}, which converges in L%(BR) for all R > 0. By using (2.4) we shall
show that {Lu,} is a Cauchy sequence in V.

Let € > 0. Now

N+

Nt2
2N

2N
lgen = wn)ll 2, = {Jisizn+ fon |9(un = wn)| 57 da}

< — — .
< MgCun = wn)ll, gy l9tn = w25

We have that

L [ PN | i

Since {u,} is a bounded sequence in V and so in L%(]RN )
2N
N3

|| (up — um)HL (BB is uniformly bounded. Also, as g € L/?(IRY),
—DPR

we can make ||g|| ~2ry_p,) as small as we please by choosing R suffi-
ciently large. Thus there exists Ry > 0 such that



g (w, — um)||L%(]RN_BR) <e forall m,nif R> R,.

But ¢ is bounded on Bp, and {u,} is convergent on L?(Bg,) and so in
L%(BRO). Since

— < 0o —
ot = )l < N9l 1t = )l
we have that ||g(u, — um)|| 2nx < ¢ provided that m and n are suffi-
LN+2(Bry)

ciently large.
Thus {Lu,} is a Cauchy sequence in V and the proof is complete.o

We can now prove the existence of a positive principal eigenvalue.

Theorem 2.4 Suppose that g € L%(IRN) and there exists o € RY such
that g(xg) > 0. Then L has a positive principal eigenvalue.

Proof Since L is compact and selfadjoint, the largest eigenvalue py of L is
given by

< Lu,u > Sy guidz

= SUu — = SU .
Iu]. puGV < u, u > pUEV fIRN ’ v U’zdm

Suppose ¢ is positive on an open set GG containing xy. Then we can find
1 € V with support in G. Hence

2dx
Jmy g¥ >0,
Jwnv |V ¥PPda
A positive eigenfunction ¢ corresponding to ;1 can be constructed as in ([3])
and so p; is a positive principal eigenvalue of L.o

f1 =

Clearly ¢ is a weak solution of (2.1), with A =X = 1/u; and stan-
dard regularity results show that ¢ is also a classical solution of (2.1),,. The
results of the next section will show that ¢ also satisfies (2.2).



3 Asymptotic properties of solutions

In this section we shall derive asymptotic properties of the solutions in D2
of the nonlinear problem (1.1), - (1.2) and the linear eigenvalue problem
(2.1)5 - (2.2).

We note first that it follows from standard regularity results that any weak
solution in D2 of (1.1), or (2.1), is also a classical solution. Our results will

be based on the following apriori estimates which are simple consequences
of Theorem 8.17 in ([8]).

Theorem 3.1 Let ¢ : RY — R be a smooth bounded function and let h €
LS(IRN) be a smooth function with s > N. Suppose R > 0 and p > 1. Then
there exists C > 0 ( C depends only on N,R,p and ||q||~) such that for
all solutions u € W52 of

—Au(z) + q(z)u(z) = h(z), xcR", (3.1)
we have

sup |u(y)| < C{R™MP||ul|r, (Ban@) + BZ[|h]]s/2},
yEBR(x)

for ally € RN where 6 =1 — (N/s).
First we prove that solutions must tend to zero as |z| — oo.

Theorem 3.2 Suppose that u € D2 is a solution of (1.1)y or (2.1)x. Then
limg| o0 |u(z)| = 0.

Proof Suppose that u € D2 is a solution of (1.1), - a similar, simpler
proof holds when w is a solution of (2.1),. Then u is a solution of (3.1) with

h(z) =0 and g¢(x) = )\g(x)% so that ¢ is smooth and bounded.

Hence choosing p = % and R = 1 in Theorem 3.1, there exists C' > 0
such that
u(@)| < sup ()] < Cllullz,ze). (3:2)
yeBi(x)



where C' depends on N and ||¢||e. Since u € D2, w € LNiN(IRN) and
5o limjgeo [u(z)| = 0.0

The next lemma is needed to deal with the boundary terms which arise

when we integrate by parts.

Lemma 3.3 Suppose that u € DY? s a solution of (1.1)x or (2.1)x. Then
Mg oo fyp, wIdS = 0.

Proof Suppose that u is a solution of (2.1),. Multiplying both sides of
(2.1)) by u and integrating over Bg, we obtain

/ |Vu|2dm—/ Ou dS=X| gu’dz.
Br “on Br

Since | v u| € L*MR"Y) and gu® € L' ((RY), it follows that
limg 00 [y, ug—“ dS exists. Also

1
d 2 / 2d / 2d . .
| Lo, Wan S S (5 [, wdS) (R [ v ul*dS) (3.3)
Since |7 u| € L2(IRN) and u € L*N/W=2)((IRY), the integral
/OO{ A | v ul* + u*N=2]1dS}dR converges
Br

and so we can find a sequence {R,}, with R, — oo as n — 0o, such that

lim R, |V ul?dS=0= lim R, N N2 g,

n—00 OBg,, n—o0 OBR,,

Then

1 N—2 2
— 245 < — / 2N/(N-2) g1 M52 / ASHF
R, 6BRnu - Rn{ aBRnu R OBr,, b

< k:R;l(Rf:]_l)% {/ u?N N2 45} s (for some constant k)
OB,
= k:{Rn/ UQN/(N_Q)dS}l_% — 0 as n— oo
0Br,,

Hence by (3.3), limy, o0 [55,, u%ds = 0 and so limg o0 fyp,, u%dS = 0.
A similar argument applies if u satisfies (1.1),.0

Finally in this section we show that the principal eigenvalue of (2.1), and
(2.2) is unique and is of multiplicity 1.
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Theorem 3.4 Suppose that ¢ is a positive eigenfunction of (2.1)y, corre-
sponding to the principal eigenvalue N\ and that u € D2 is also a positive
eigenfunction of (2.1)y corresponding to an eigenvalue X > 0. Then A = A\
and u = c¢, for some constant ¢ > 0.

Proof Multiplying both sides of (2.1),, by ¢ and integrating over Bg, we
obtain

o6 .
/BR|v¢|2d93—/83R¢andS—)\1/BRg¢2dx. (3.4)

Letting R — oo and using Lemma 3.3 we get

/}RN |7 b2 de = A, /[RN g¢* dz > 0. (3.5)

Multiplying by d’—; the equation (2.1), satisfied by u and integrating over Bp,
we obtain

2 28
Q/BRivqﬁvudas—/BRiQ|vu|2d:v —/ L TS = )\/ g¢* dz. (3.6)

aRuﬁn

Subtracting (3.6) from (3.4) we get

Io |70 =257 uPde — [y, ¢22dS
(3.7)

+faBR u 67’1 dS ( )fBRg¢2daj

Letting R — oo in (3.7), using (3.5) and the fact that A\; is the smallest
positive eigenvalue of (2.1), so that A\; < A, we obtain that

¢ Ou

Br u On

ds}

R—o0

lim {/ \v¢—¢vu|2dx+/
Br u
exists and is nonpositive.

We shall prove that llmRﬁoo{faBR - an L dS} =0. Let

B ¢2 ou
p(F) = dBr U on ds.

11



Since [z |V ¢— % vV u|? dz is a nondecreasing function of R, it follows that
either limp o p(R) exists and limp o, p(R) < 0 or that p(R) — —oo as
R — .

Suppose limpg_,oo p(R) exists and limg o p(R) < 0. It follows that
limp o0 [5, | V ¢ — 7 u|*dr must exist and so, since ¢ € L2(IR"), that

. 2 . .
limg_e [, %| v ul*dx exists. Hence, if

¢2
a®) = [ Siguta
R

there exists Ry > 0 and 6 € (0, 1) such that
—p(R) > 0q(R), forall R> R;. (3.8)

Suppose now that p(R) — —oo as R — oo. Then limg . [, |V o—2L57ul*dx
does not exist and so we must have that ¢(R) — oo as R — oo. Hence
(3.8) also holds in this case.

Suppose now that limg_,., p(R) # 0 so that (3.8) holds; we shall obtain a
contradiction. Let

HR)= | $*dS.

Then we have the following

—p(R) < fop, &| v uldS

< o, 62 dSY*{ fpp, | v ul? dS}?

and so )
“p(R) < (HRPPL[ | Sl g P asyr 39)
Now n g
a(R)= [ (] 5lvuPdsydr

and so by (3.9)
¢(R) = fop, &I v ul?dS

2 2
> B > 021405 for all R > Ry

12



Hence

d 1 62
<
}+H(R) <0

dR " q(R)

which implies
1 1 o (B dr

«(® q@) T I HE S

Thus we have a contradiction provided we can prove that [z’ () is
divergent. A straightforward argument used in proof of Lemma 3.3 shows
that there exists a constant £ > 0 such that for any smooth function u we

have

oo dr

/ W2dS < kR*F{ [ udzas)-F,
O0BRr OBRr

Since ¢ € L%(IRN), I{Jom, gb% dS'} dr converges and so
H(r) < kr*=% {I(r)}' 7
where I(r) = [,5 ¢*V/N=2dS, ie. [*I(r)dr < co. Thus

But d .
o0 = / Lo / I(r)® = I(r)"%dr

<{/ (r)°? dr} s {/ 0 (r) "0 dr} s
for any «,p,q such that a > 0 and 5 + 5 = 1. Now by choosing ¢ =
2 2N—2 N—2
2= p=J and =55

{71y drys [T rF 2 ] s = oo

Hence [®r¥~2[I(r)]¥ 'dr = co and so R Hd(:n) is divergent. Thus we
have obtained a contradiction.

Therefore limg, p(R) = 0, i.e., hmRHOO{faBR . an % dS} = 0. Hence
Hmp e f5, | VO — 2V uffde =0 andso Vo—27u=0 on RY,
ie,uyo—¢yu=0 on RY. Thus V(%) = 0 and so u = c¢ for some
constant c. Finally, letting R — oo in (3.7), we see that A = \; and the
proof is complete.o

we obtain
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4 Bifurcation Results

In this section we shall obtain results on the existence of solutions for the
nonlinear problem (1.1)y, (1.2), by considering bifurcation of solutions from
the zero solution.

We define the nonlinear operator 7T : IR x V — V through the relation

< T\ u),¢ >= /IRN Uy bdr — A /IRN gf (W dz, (4.1)

for all ¢ € V, where <,> denotes the inner product in V, i.e. in DY2.

Lemma 4.1 The operator T is well defined by (4.1).

Proof For fixed u € DY? consider the functional
Fo)= [ vuvédi—A[ gfwods
R R

for ¢ € D2, Since |f(u)| < K|ul for some constant K, f(u) € L¥2(RY)
and so
(o) <[ ullz |7 ll2+ Al gllvyz [1f (W) 2x [|0]] 2x
< (|l 7 ulla + I llgllzz £ @) o) l16]ly
for some constant K and so F'is a bounded linear functional. Hence by the
Riesz Representation Theorem we may define 7" as in (4.1). ©

It is straightforward to check that T is a continuous function and, using
the fact that N = 3,4,5, that T is Frechet differentiable with continuous
Frechet derivatives given by

<Twov>= [ vovude—x[ gf(wovda.
<T\(\u),p>=— /IRN gf(u)pde,

<Tuwo,v>=— [ of (wovda
for all ¢, € D2,

14



To simplify notation but without loss of generality we shall assume that
1/(0) = 1 so that (2.1), becomes exactly the linearisation of (1.1),. Consider
the linear operator 7T,(A1,0) where A; is the principal eigenvalue of (2.1),.
It is easy to check that T,(\,0) is a bounded selfadjoint operator and
that 7,(A,0)¢ = 0 if and only if ¢ € V is a solution of (2.1),,. Thus
N(T,(M\,0)) = [¢] where ¢ is the principal eigenfunction of (2.1),,. Since
T.(A1,0) is selfadjoint, R(T,(A1,0)) = [¢]*, ie., ¥ € R(Tu()\,0)) if and
only if < 1, ¢ >= 0. Since, using (3.5),

< T, 00,6 >= = [ go%dr <0,
IRN

we have that T satisfies all the hypotheses for the theorem on bifurca-
tion from a simple eigenvalue (see [5]) and so the following result on local
bifurcation holds.

Theorem 4.2 There ezists ey > 0 and continuous functions n : (—e€g, €9) —
R and ¢ : (—eg,e0) — [#]F such that n(0) = Ay, ¥(0) = 0 and every
nontrivial solution of T(\,u) =0 in a small neighbourhood of (A\1,0) is of
the form (A, ue) = (n(e), ep + e(e)).

In order that a solution u of T'(A\,u) =0 is also a solution of (1.1),,
(1.2) it is necessary to ensure that 0 < u(z) < 1 for all z € RY. By (3.2)
we have

uc(@)] < Clucl| an; < K Jucly

LN=2(Ba(z))
for all 2 € RY where K is independent of e. Thus, as ||uc|ly — 0 as
¢ — 0, it follows that |uc(z)] <1 for all 2 € RY provided e is sufficiently
small.

It seems harder to establish the positivity of solutions; in order to do so
we must assume that g satisfies the condition

g(xo) >0 for some x5 € R" and there exists Ry > 0 such that

(G7) g(x) < 0 whenever |z| > Ry.

15



Theorem 4.3 Suppose that g satisfies condition (G~). Then there exists
€1 > 0 such that uc(z) >0 for all € RY whenever 0 < e < ;.

Proof Since u. = ep + e(e) satisfies (1.1), where A\ = n(e), we have

gf(e¢ +:w(e>>

—A(e) = n(e) — Aig¢.

A straightforward computation yields

—Ay(e) = gq(x)(e) = (n(€) = A)go + ;n(e)gcbf"(i(@ z))ue

where q(z) =n(e)g[l+1f"(&(e, x))u] and &(e,z) lies between 0 and u(x).
For sufficiently small € > 0 we have that |u.(x)] <1 forall z and so ||q||
is uniformly bounded. Moreover

lg@llx, < llgllo [1Bllx, < llglleo 111y
and

llgouell 2x < {lglloo [|¢lloo [[utell 25 < [lglloo | lloo [[uellv-

N—-2

If N =3,45and 5 = %, then s > N. Hence by Theorem 3.1 with
s _ 2N

p =3 = 73, there exists a constant K > 0 (independent of ¢€) such that

sup [¢(e)(2)] < K [[glloo {(n(€) = A1) [[0]lv + [[]oo |uellv}-

|z|<Ro

Since ¢(x) > 0 for all x in the compact set Bg, = {z € RY : |z| < Ry}, it
follows that there exists ¢, > 0 such that ¢(z)+1(e)(xz) > 0 for all x < Ry
provided that 0 < e < €.

Suppose 0 < ¢ < ¢ and that w.(zo) < 0 for some =z, € R"Y. Since
lim|g o0 ue(x) = 0, it follows that there must exist xq, |21] > R, such that
ue attains a negative minimum at ;. But then

—Auc(x1) = Ag(z1) f (ue(21)) > 0

which is impossible. Hence u.(z) > 0 for all z € IR whenever 0 < € < ¢;,.0

16



We now discuss the global nature of the continuum of solutions bifurcating
from (A1,0). It is easy to see that we can write the operator T' as T'(\,u) =
u — AS(u) where

< S(u), ¢ >= /]RN g(x) f(u(z))p(x)dx for all ¢ € V.

Also we have that
S(u) = Lu + H(u)

where L denotes the same linear operator as in section 2, i.e.,
< Lu,v >:/ guvdx for all u,v € ¥V
IRN

and H(u) = O(||u||}) as |Jully — 0. We showed in section 2 that A; is
an eigenvalue of L and by Theorem 3.4 the eigenspace associated with \;
has algebraic multiplicity 1. Also, as f is a Lipschitz function, it can be
proved by modifying slightly the proof of Lemma 2.3 that S is a compact
operator.

Thus we can apply the classical result of Rabinowitz (see [10]) on global
bifurcation to obtain the existence of a continuum C of nonzero solutions of
(1.1),, (1.2) bifurcating from (A, 0) which is either unbounded or contains a
point (A, 0), where X\ # \; is an eigenvalue of L, i.e., A is an eigenvalue of
(2.1),, (2.2). In addition C has a connected subset C* C C — {(n(e),u,) :
—¢p < € < 0} for some ¢y > 0 such that CT also satisfies one of the above
alternatives. Clearly, close to the bifurcation point (A1,0), C* consists of
the curve € — (n(€),u.), 0 < € < ¢. We now investigate the nature of
solutions lying on C*. First we show that C* is bounded below in .

Theorem 4.4 There exists A\, > 0 such that X > X\, whenever (A\,u) € CT.

Proof Suppose w € V is a solution of (1.1),, (1.2). Multiplying equation
(1.1)x by wu, integrating over IRY and using Lemma 3.3 gives

lullp = Jwx | V ulPde = A gy g.f (w)udz
< AK||g]|ny2 |Ju]|?ey ,  where |f(u)] < Ku for all w,
N—-2
< MK lgl a2 [lull

17



where K is a constant and the result follows.¢

In order to proceed further we must first prove that solutions which are
close in IR x V are also close in IR x L®(IRY); since V does not embed
in L>=(IR"), this is not immediately obvious.

Lemma 4.5 Suppose that uy €V is a solution of (1.1)y, (1.2). Then there
exist constants K; and Ko such that

lun(w) — u, ()] < Ky [N — p| + Ky [|uy —wully for all € RY
whenever i is close to X and w, €V is a solution of (1.1),.
Proof 1t is easy to see that
—A(ux —up) = g{Af(ur) — pf (u,) }-
Hence by Theorem 3.1 there exists C' > 0 such that
[ua(®) — uu ()] < supyep, ) lua(y) — wu(y)|
< C{lJux = wullz, (o) + g M (ur) — pf (wa) 1]}

(where p:% and so 2p:]§—iv2>]\7 for N =3,4,5)

< O [Jux = wplly + Clglloo {INA = ) f (w)llp + [l f (un) = f(u)]llp}

< Gy Jux = uully + Co (A = pf |lglloe llually + Cs |l {[gllso [Jux — uully

where C7,Cy and (3 are constants and the result follows.o

Theorem 4.6 Suppose ¢ satisfies condition (G~). Then 0 < u(z) <1
for all x € RY whenever (\ u) € Ct.

Proof Suppose that there exists (A, u) € CT such that wu(zy) < 0 for
some z9 € RY. By Theorem 4.3, wu(x) > 0 for all z € IR whenever
(A, u) € CT is close to (A1,0). Moreover by Lemma 4.5 points in C* which
are close in IR x V must also be close in IR x L>®(IR"). Hence there must
exist (\o,up) € C* such that ug(z) > 0 for all x € RY but ug(zg) = 0

18



for some z, € IRY and in any neighbourhood of (Mo, up) we can find a point
(A, @) € C* with @(x) < 0 for some 2 € RY. Let B denote any open ball
containing xy. Then

—Aug(z) — )\g(x)fgzo(f)))uo(x) =0 on B and wuy(z) >0 on 0B

It follows from the Serrin Maximum principle (see [7]) that uop = 0 on B.
Hence ug = 0 on RY.

Thus we can construct a sequence {(Ap,u,)} € C* such that u,(z) > 0
foralln € N and z € RN, u, — 0in V and A\, — X\o. Let v, = Huuﬁ Since

Up, = A L(uy) + A H (uy,)

we have

[unlly

Since L is compact, there exists a subsequence of {v,} (which we again
denote by {v,}) such that {L(v,)} isconvergent. Since lim, % =0,
{v,} s convergent to wy, say, and vy = A\gL(vg). Since v, > 0 for all
n € N, vg > 0. Since by Theorem 3.4 ); is the only positive eigenvalue
corresponding to a positive eigenfunction, it follows that A\; = X\y. Thus
(Ao, up) = (A1,0) and this contradicts the fact that every neighbourhood
of (Xo,up) must contain a solution (X, @) € Ct with @(z) < 0, for some

€ RY. Hence u(z) >0 for all x € RN whenever (), u) € C*.

U = A L(vn) + Ay

Suppose that there exists (A, u) € C* with w(x;) > 1 for some
x1 € RY. Then there must exist (Ao, up) € CT such that wp(z) <1 for
all z € RN and w(wy) =1 for some xo € RY. If vy = 1 — ug, then
vo(x) >0 for all € RY, vy(my) =0 and

—Avg = Ag(x) f (vo())
where §(z) = —g(z) and f(v) = f(1 —v). The same maximum principle

argument as used above shows that vg =0 and so ug =1 on RY. But as
ug € V' this is impossible and so the proof is complete.o
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The following result is a consequence of an argument very similar to that
used in the first part of the proof above.

Corollary 4.7 C* contains no points of the form (X,0), where X # A;.

Thus C* must connect (A1,0) to oo in IR x V. The next theorem
shows that C* cannot become unbounded at a finite value of \; in order to
prove the result we must strengthen slightly the hypothesis on g¢.

Theorem 4.8 Suppose g satisfies the hypotheses of Theorem 4.6 and g €
LP(IRY), where p < % Then there exists a continuous function K : R" —
IR" such that ||ully < K()\) whenever (A, u) € C*.

Proof  As in the proof of Theorem 4.4 we obtain that if u satisfies (1.1),,
(1.2), then

lully = A Jww gf (wudx
< A\K [pw |g|uPdz.

Let ¢ be such that % + é = 1. Then as p < %, q> % and so we can choose

8,0 < B < 2, such that Sq = % Hence

lullp < MK [[ull557 o lgluPd

< AK [l 35° lgllp { iy u?tda}t/e

2N

<A K lglly ull 577 < XKy [lgllp [lully-

N—

for some constant K; where we have used the fact that |u(z)| < 1 for all
z € RY and so the proof is complete.o

As an immediate consequence of the previous results we can give the
following description of the continuum CT.

Theorem 4.9 Suppose that g € LP(IRY), where 1 < p < % and satisfies

condition (G~). Then there exists a continuum CT C IR x V of solutions
bifurcating from the zero solution at (\1,0) such that
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(i) if (\,u) €C* then A >0 and 0<u(x) <1 forall z € RY,

(i) {\: (A\,u) € Ct  for some u €V} D (A1, 00].

In particular (1.1)y, (1.2) has a nontrivial solution u € V such that 0 <
u(z) < 1 for all x € RN whenever A > \;.
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