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( ) = ∇ ( ) = , ∈ ⊆ R , ≥ ,

∇ ( ) + ( ) = , ∈ ⊆ R , ≥
( ) = − ( ), ∈ ⊆ R , ≥ ,

( , ) = − ( , ), > , ∈ ⊆ R, >

( , , ) = − ( ( , , ) + ( , , )), > , ( , ) ∈ ⊆ R , > ,

+ + + + = , ( , , ) ∈ ( , ) × ( , ) ×
(− , ),

R , ≥ ∂



( ) ( , ) + ( , ) = , ( , ) ∈ R ,

( ) ( , ) ( , ) + ( , ) = , ( , ) ∈ R ,

( ) ( , )− ( , ) ( , ) = , ( , ) ∈ R ,

( ) ( , ) + ( , )− ( , ) = ( , ), ( , ) ∈ R ,

( ) ( , ) + ( , ) + ( , ) = sin , ( , ) ∈ R ,

( ) ( , ) + ( , ) + log = , ( , ) ∈ R ,

( ) ( , ) + ( , ) + cosh = , ( , ) ∈ R ,

( ) ( , ) = sin sinh , ( , ) + ( , ) = , ( , ) ∈ R , ,

( ) ( , ) = sin − , ( , )− ( , ) = , ( , ) ∈ R× R
+, ,

( ) ( , ) = ( ) + ( ), ( , ) = , ( , ) ∈ R ,

, ,

( ) ( , ) = ( + ) + ( − ), ( , )− ( , ) = , ( , ) ∈ R ,

, ,

( ) ( , ) = − cos( − ), ( , )− ( , ) = , ( , ) ∈ R× R
+.



( − )



( , ) ( , ) < < ∞
=

( , ) = ( , ), ∈ , > ,

( , ) = ( ), ( , ) = ( ), ∈ ,

× ( ,∞) ( , ) ( ), ( )



( , ) = , ( , ) ∈ ,

( , ) = ( ), ( , ) = ( ), ( , ) = ( ), ( , ) = ( ),



( , ) ∈ =: {( , ) ∈ R : < < , < < } ( ), ( ) ( )
( ) ,

( , ) = ( , ) =
( , ) = ( , )

′ ( ) = ′ ( ) ( ), ( )

� �
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�
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�

( , ) + ( , ) = , ( , ) ∈ ,

( , ) = , ( , ) =
sin

,

= {( , ) ∈ R : ∈ R, > }

( , ) =
(sinh )(sin )

→ ∞ ( , )
→ ∞

sinh



( , ) ∈ R , , , , , ,

( , ) + ( , ) + ( , ) + ( , ) = ( , ), ,

( , ) + ( , ) + ( , ) + ( , ) = ( , ), ,

( , ) + ( , ) + ( , ) + ( , ) + ( , ) = ( , ), .

( , ) = + ( , )
,

, �=
, =

( , ) = , ∈ R, ∈ ( , / ), ( , ) = , ( , / ) = .

/ = = .

= + ( ) ( , ) = − + ( ) + ( ),

(R) ( , ) =

− + ( ) = ( ) = ( , / ) = ( ) +

( ) = ( ) = −

( , ) = − − + .
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( , ) + ( , ) = , ( , ) ∈ ⊂ R ,

( , , ) + ( , , ) + ( , , ) = , ( , , ) ∈ ⊂ R ,

R =
,

( ) = ∇ ( ) = , ∈ ⊂ R ,



,

,



( ), = , , , ... , ∈
⊂ R , ≥

( ) = , ∈ ⊂ R , ≥

( ) =
∑∞

= ( )
, , , ...

( ), = , , , ..., , ∈
⊂ R , ≥

= , = , , , ... , =
∑

=

=
∑

=

( ) = ∇ ( ) =



( , ) =
∞∑
=

sin[( − ) ] sinh[( − ) ]

( − ) sinh[( − ) ]
, < < , < < .

( , ) + ( , ) = , < < , < < ,

( , ) = , ( , ) = , < < , ( )

( , ) = , ( , ) = sin , < < .

( , ) = ( ) ( )
( )

′′( ) + ( ) = , < < , ( ) = , ( ) = , ( )
′′( )− ( ) = , < < , ( ) = , ( )

( )

( ) = cos + sin , = .

( )

= , ( ) = sin( ), < < , = , , , ... . ( )

= ( )
( )

( ) = sinh( ), < < , = , , , ... . ( )

( ) ( )
( )

( , ) =
∞∑
=

sin( ) sinh( ), < < , < < ,

( , ) = sin =

∞∑
=

sin( ) sinh( ), < < .



= sinh( ) = =
/ sinh( ) = , , , ... ,

=
sinh

∫
sin sin( ) =

∫
{cos( − ) − cos( + ) } = .

( )

( , ) =
sinh

sinh( )
, < < , < < .



=
, = = , =

( , ) + ( , ) = , < < , < < ,

( , ) = , ( , ) = , < < ,

( , ) = cos , ( , ) = cos , < < ,

′′( ) + ( ) = , < < , ′( ) = , ′( ) = ,
′′( )− ( ) = , < < .

= , ( ) = , < < ,

= , ( ) = cos , = , , , ... , < < .

= , = , , , ... ,

( ) =

{
+ , = , < < ,
cosh + sinh , = , , , ... , < < .

( , ) = + +

∞∑
=

[ cosh + sinh ] cos ,

< < , < < =

( , ) = cos = +
∞∑
=

cos( ), < < .



= = , = = , = , , , ... .

( , ) = + cosh cos +

∞∑
=

sinh cos ,

< < , < <
=

cos = + cosh cos +
∞∑
=

sinh cos( ),

+ cos − cosh cos = +

∞∑
=

sinh cos( ).

=

= , = − cosh

sinh
, =

sinh
, = , = , , , ... .



< < , < <

( , ) = +

[
cosh − cosh sinh

sinh

]
cos +

sinh

sinh
cos

=

[
+

sinh( − )

sinh
cos +

sinh

sinh
cos

]
.

=

( , ) + ( , ) = , < < , < < ,

( , ) = , ( , ) = , < < , ( )

( , ) = , ( , ) = , < < .

( , ) = ( ) ( )

′′( ) + ( ) = , < < , ′( ) = , ′( ) = , ( )
′′( )− ( ) = , < < , ′( ) = , ( )

( )

( ) = cos + sin , < < , = .

( )

= , ( ) = cos( ), < < , = , , , ... . ( )

( ) =
( )

( ) =

{
+ , = , < < ,
cosh + sinh , = , , , ... , < < . ( )

( ) ( )
( )

( , ) = + +

∞∑
=

( )[ cosh( ) + sinh( )],



< < , < < ,

( , ) = = +
∞∑
=

cos( ), < < .

= , =

∫
cos( ) =

(− )
, = , , , ... .

( , ) = = +

∞∑
=

cos( )[
(− )

sinh( ) + cosh( )], < < ,

= = − (− ) sinh( )

cosh( )
.
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( , ) = ( , ) + ( , ), ∈ ⊆ R , > ,

( , )



( , ) = ( , )− ( )∇ ( , ), ∈ ⊂ R , > ,

( , )
( )∇ ( , )

∂ ( , , , ) ( , , )

q( , , , )
( , , )

n( , , )



( , ) + ( , ) = , − < < , < < ,

(− , ) = , ( , ) = , > ,

( , ) = sin

[
( + )

]
+ + sin( ( + )), − < < ,
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( , ) + ( , ) = , − < < , < < ,

(− , ) = , ( , ) = , > ,

( , ) = cos

[
( + )

]
+ + cos( ( + )), − < < .
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R

∂ = × [ , ] ∂
∂ = ∂ × ( , )∪ ×{ }∪ ×{ }

( , )

( , )− ( , ) < , ( , ) ∈ ,

( , )
∂ × ( , ) ∪ × { }

( , )
( , ) ≤

( , ) =
( , ) ×{ }

( , ) ≤ ( , ) ≥
♦

( , )

( , )− ( , ) ≤ , ( , ) ∈ .

( , ) ≤ , ( , ) ∈ ∂ × ( , )∪ ×
{ } ( , ) ≤ ( , ) ∈



( , )− ( , ) = ( , ), ( , ) ∈ ,

( , ) = ( ), ∈ , ( , ) = ( , ), ∈ ∂ , ∈ ( , ).

{ , , }, { , , }
≤ , ≤ , ≤

{ , , } 
 { , , }

{ , , }
{ , , }

( , ) ≤ ( , ), ( , ) ∈
( , ) = ( , )− ( , )

( , ) − ( , ) ≥ ( , ) ∈
( , ) ≥ , ( , ) ∈ ∂ × ( , ) ∪ × { }

( , ) ≥ ( , ) ∈
♦

( , ), ( , )
{ , , }

{ , , }
( , ) ≤ ( , ), ( , ) ≥ ( , ), ( , ) ∈

♦

( , ), ( , )
{ , , }, { , , }

| ( , )− ( , )| ≤ , ( , ) ∈ ,

| ( , )− ( , )| ≤ , ( , ) ∈ ∂ × ( , ) ∪ × { }.

| ( , )− ( , )| ≤ + , ( , ) ∈ .

( , ) = ( , ) − ( , )
{− ,− ,− }

{ , , } ( , ) = ( , ) + ( , ) ( , )
( , )



( , )− ( , ) + ( ) ( , ) = , ( , ) ∈ , ( ) ≥
R = × [ , ]

( , )− ( , ) + ( ) ( , ) = , ( , ) ∈ ,

( , ) = ( ), ∈ , ( , ) = , ∈ ∂ , ∈ ( , ).

( )
( , ) ≡ →∞

R , ≥ = × ( ,+∞)

( ) ( , )−∇ · ( ( )∇ ( , )) = , ( , ) ∈ ,

( ) ≥ , ( ) ≥
( , ) = ( , ) + ε

( ) ( , ) − ∇ · ( ( )∇ ( , )) < ( , )
= >

( , ) = ( , ) + ( , ), −∞ < < , > ,

, >

R , ≥ = × ( ,+∞)

( ) ( , )−∇ · ( ( )∇ ( , )) = ( ) ( ), ( , ) ∈ ,

( , ) = ( ), ∈ , ( , ) = , ∈ ∂ , ∈ ×( ,+∞).

( ) ≥ , ( ) ≥



( , ) = ( , ) − ( , )

( , ) =

( , ) = ( , )

( , )

( ) = ( − )

( , ) =
∑∞ [ − (− ) ] exp[−( / ) ] cos .

( , )
= ( , ) =
=

( , ) =
( , ) =

( , )

( , ) = ( , ), < < , > .

= ( ( , ) = )
=

( , ) = , > ,

, >
( , ) ( ( , ) = )

( , ) = ( − )− [( ) − ( ) + ] +
∑∞

=
exp[− / ] sin .
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( , ) = ( , ) + , < < , > ,

( , ) = , ( , ) = + , > ,

( , ) = , ( , ) = , < < .

( , ) = ( , )− , < < , > ,

( , ) = / , ( , ) = − cos , > ,

( , ) = − , ( , ) = , < < .

( , ) = ( − ) − cos +
∑∞

=
(− ) − [ −cos − (cos −cos )

− ] sin( ).

( , ) = ( , ), < < , > ,

( , ) = , ( , ) = cos , > ,

( , ) = , ( , ) = , < < .

( , ) = ( , ), < < , > ,

( , ) = sin , ( , ) = , > ,

( , ) = , ( , ) = − , < < .

( , ) = ( − ) sin +
∑∞

=
[sin( )− sin ]

( − )
sin( ).

( , ) = ( , ), < < , > ,

( , ) = , ( , ) = , > ,

( , ) = sin , ( , ) = + , < < .



( , ) = − ( , )− ( , ), < < , > ,

≥



=
, = , , , ... .

( , ) =
∞∑
=

[
sin

(
+

√
+

)

+ sin
(

−
√

+
)]

,

< < , > .

=

( , ) + ( , ) = ( , ), < < , > ,



= (
√

+ ) / ,

= (
√

+ ) / ,

= /

/

>> = =√
= . × , =

( , )

( , )

( , )

( , ) = ( ) ( ) ( , ),

( )
( )



( ), ( ) ( , )
( ( , ) ≡ ( ))

( ) ∂ ( , )

∂
+

∂ ( , )

∂
=

( , )
.

( , ) = ,
∂ ( , )

∂
= ,

, , ) = ,
∂ ( , )

∂
= ,

∂ ( , )

∂
,

∂ ( , )

∂
= .

( , ) = ( ), ( , ) = ( ), < < .

� �

�

�

Απλή Υποστήριξη

�

�

Πακτωμένο Οριζοντίως

�

�

Ελεύθερο Σύνορο



( , )

( ) ≡

( , ) = − ( , ), < < , > ,

( , ) = , ( , ) = , ( , ) = , ( , ) = , > ,

( , ) = ( ), ( , ) = ( ), < < .

( , ) = ( ) ( ) = ( ) ( sin + cos ) ,

< < , > , >

( )( )− ( ) = , < < ,

( ) = cos
√

+ sin
√

+ cos
√

+ sin
√

,

< < , .....,

= = sin
√

= , sin
√

= .

= sin
√

= .

= ( ) , = , , , ... ,
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∇ ( , ) = − ( , ),

∇ ( , ) = − ( , ),

∇ ( ) = ,

∇ ( ) = − ( ),

∈
� , = , >

= ( , ) × ( , )
= , = , = , =

( = )
( , )



, = , , , ...

( , , ) = , < < , < <
, ( , , ) = , − < < , < < ( , ) =

( )

∂

∂

(
∂

∂

)
+

sin

∂

∂

(
sin

∂

∂

)
= , < < , < < ,

( , ) = ( ), < < .

( , , )

( , , ) = ( , )
( , , )

( , ) = ( ) ( )

′′( ) + ′( )− ( ) = , < < ,

sin

(
sin ′( )

)
+ ( ) = , < < .

= cos

[
( − )

( )
]
+ ( ) = , − < < ,



= ( + ), = , , , , ... ,

( ) = ( ) = (cos ), = , , , , ... .

= ( + )

′′( ) + ′( )− ( + ) ( ) = , < < ,

( ) = + −( + ), < < , = , , , , ... .

( ) =

( ) = , < < , = , , , ... .

( , ) =

∞∑
=

(cos ), < < , < < ,

( , ) = ( ) =

∞∑
=

(cos ), < < .

( )

=

(
+

)∫
( ) (cos ) sin , = , , , , ... .

=: + ( ),



= − �∇ = �

( )

( , ) = ( , , )
=∫ ∫ ∫
| ( , )| .

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
| ( , )| = .

( , )

� ( , ) = ( , ) =
−� � ( , ) + ( ) ( , ), ∈ R , > .

( )
( , )

( , ) = ( ) ( ), ∈ R , > .

( )
+

�
( ) = , > ,

−� � ( ) = ( ), ∈ R ,



( ) = exp

(−
�

)
, > ,

( )

( , ) =
∑

exp

(−
�

)
( ), > ,

( ) = ( ), =√
+ + , ( , , ) ∈ R

∇ ( ) + [ − ( )] ( ) = , > ,

=
�

∇

( , , ), ≤ < +∞, < < , − < <

[
∂

∂

(
∂

∂

)
+

sin

∂

∂

(
sin

∂

∂

)
+

sin

∂

∂

]
= −

�
[ − ( )] .

( , , )
( , , )



( , , )

| ( , , )| → + → +∞,

( ,− , ) = ( , , ), ( ,− , ) = ( , , ).

( , , ) = ( ) ( ) ( ), < < , < < , − < < .

( , , )

′′( ) + ( ) = , − < < , (− ) = ( ), ′(− ) = ′( ),

sin ′′( ) + sin cos ′( ) + ( − ) ( ) = , < < ,
′′( ) + ′( ) + [ ( − ) − ] ( ) = , < < .

( ) =
√

+ − √ , − < < .

, =
= , = ,± ,± ,± , ... .

( ) = , − < < ,

�



= cos

( − ) ′′( )− ′( ) +

(
− −

)
( ) = , − < < ,

=

( − ) ′′( )− ′( ) + ( ) = , − < < .

( ) = ( + ) ∈ N

	=

( )

= ( + ), ∈ N

( ) = ( − ) / ( ), − < < .

( )
> <

− ( ) = (− )
( − )!

( + )!
( ), − < < .

− ( ), ( )

( ) | | ≤

( + )
= − , ...,− , , , ..., .

≥

( , ) =

[
+ ( − )!

( + )!

] /

(− ) (cos ),
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(−∞,+∞)

( = ) ( ,+∞) (−∞, )

( ) R

( )
(− , ) ∈ R

+

( ) (− , )
( ) R

( ) ∼
∫ +∞ [∫ +∞

−∞
( ) cos ( − )

]
.

cos ( − )



( ) ∼
∫ +∞ [∫ +∞

−∞
( ) cos

]
cos

+

∫ +∞ [∫ +∞

−∞
( ) sin

]
sin .

( )
R R

+

( ) ∼
∫ +∞

( ) cos ,

( ) =
∫ +∞

( ) cos
( ) R

R
+

( ) ∼
∫ +∞

( ) sin ,

( ) =
∫ +∞

( ) sin
( )

( , ) = − ( , ), < <∞, > ,

( , ) = , ( , ), ( , ) →∞, > ,

( , ) = ( ), < <∞,

( )∫∞
−∞ | ( )| < ∞



( , ) = − ( , ), < <∞, > ,

( , ) = , ( , ), ( , ) →∞, > ,

( , ) = sin , ( , ) = cos , < <∞,

( , ) = − ( , ), −∞ < <∞, > ,

( , ), ( , ) | | → ∞, > ,

( , ) = −| |, ( , ) = , −∞ < <∞,

( − )



≥
≤ ≤ −∞ ≤ ≤ +∞

L{ ( , )| → } =
( , ) >

L{ ( , )| → } = ( , )− ( , )− ( , ).

( , ), ( , ) =
( , ), ( , )

=

( , )

L{ ( , )| → } =
∫ ∞

− ( , ) = ( , ).

( , )

L{ ( , )| → } = ( , )− ( , ),

L{ ( , )| → } =

∫ ∞
− ( , ) =

∂

∂

∫ ∞
− ( , ) = ( , ),

L{ ( , )| → } = ( , ).



L{ ( , )| → } =
∫ ∞

− ( , ) = ( , ).

( , ) = ( , ), < <∞, > ,

( , ) = ( ), ( , )→ , →∞, > ,

( , ) = , < <∞.

L{ ( , )| → } = ( , ), L{ ( )} = ( )

( , )− ( , ) = , < <∞,

( , ) = ( ), ( , )→ , →∞.

( , ) = ( ) −
√

+ ( )
√
,



, , >

( , ) = − [ − ( /
√

)]

( )
R ( ) := F [ ( )]

( ) R

( ) = F [ ( )] := √
∫ +∞

−∞
( ) .

( ) := F− [ ( )]
( ) R

( ) = F− [ ( )] := √
∫ +∞

−∞
( ) − .

( ) R
+

R

( ) := F [ ( )]

( ) := F [ ( )] :=

√ ∫ +∞
( ) sin( ) .



( ) := F− [ ( )]
( ) R

+

( ) = F− [ ( )] :=

√ ∫ +∞
( ) sin( ) .

( ) R
+

R

( ) := F [ ( )]

( ) := F [ ( )] :=

√ ∫ +∞
( ) cos( ) .

( ) := F− [ ( )]
( ) R

+

( ) = F− [ ( )] :=

√ ∫ +∞
( ) cos( ) .

( ) ( )
>

= , −∞ < <∞, > ,

( , ) → , ( , )→ , | | → ∞, > ,

( , ) = ( ), ( , ) = ( ), −∞ < <∞.



∈ R

F{ ( , ); → } = ( , ), F{ ( ); → } = ( ), F{ ( ); →
} = ( ), ∈ R

( , ) + ( , ) = , > , ∈ R,

( , ) = ( ), ( , ) = ( ), ∈ R.

( , ) = ( ) ( ) +
( )

( ), ∈ R, > .

( , ) = √
∫ +∞

−∞
−

[
( ) ( ) +

( )
( )

]
,

−∞ < < ∞, > .

( , ) = + √
∫ +∞

−∞

[
− ( − ) + − ( + )

]
( )

+ √
∫ +∞

−∞

[
− ( − ) − − ( + )

] ( )
,

−∞ < < ∞, > .
( ), ( )

( , ) = [ ( − ) + ( + )] +

∫ +

−
( ) , −∞ < <∞, > .

R



( , ) + ( , ) = , < <∞, < < ,

( , ) = sinh , ( , ) = , < <∞,

( , ) = , ( , )→ , | | → +∞.

( , ) + ( , ) = , −∞ < <∞, < ,

( , ) , + → +∞,

( , ) =

{
, | | < ,
, | | > .

( , ) =
{
arctan

(
−

)
+ arctan

(
+

)}

(
( )

)
+

(
−

)
( ) = ,



> , ≥
→ +

( ) = ( ), > , ≥ , ∈ R.

( )
→ ∞

( ) ≈
√

cos
(
− −

)
, > , ≥ , ∈ R,

( )
/
√

( )
√

( )
( ,∞) ( )

( +) + ( −)
=

∫ ∞
( ) ( ) , > , ≥ ,

( ) =

∫ ∞
( ) ( ) , ≥ , ∈ R.

( ) ( )

H [ ( )] = ( ) =

∫ ∞
( ) ( ) , ≥ , ∈ R.

( ) ( )

H− [ ( )] = ( ) =

∫ ∞
( ) ( ) , > , ≥ .

√
( )

( )



( ) =
−

, = , ( ) = − , = ,

( ) =

{
, < < ,
, > ,

= .

H [ ( )] = ( ) =

∫ ∞ −
( ) = √

+
,

H [ ( )] = ( ) =

∫ ∞
− ( ) =

( + ) /
,

H [ ( )] = ( ) =

∫ ∞
( ) ( ) =

∫
+ ( )

( = ) =

∫ ( ) +
( ) = +

∫
+ ( )

= +

∫ [
+

+ ( )
]

= +
+ ( ).

≥

H [ ( ) + ( )] = H [ ( )] + H [ ( )],

, ≥

∫ ∞
( ) ( ) =

∫ ∞
( ) ( ) ,

( ), ( ) ≥
( ), ( )

( ) → → → ∞

H [ ′( )] = [( − ) + ( )− ( + ) − ( )] , ∈ N



( ) → , ( ) → →
→∞

H
[ (

( )
)
− ( )

]
= − ( ), ∈ N.

∫ ∞
( ) ( ) =

∫ ∞
( )

∫ ∞
( ) ( )

=

∫ ∞
( )

∫ ∞
( ) ( ) =

∫ ∞
( ) ( ) .

H { (
( )

)− ( )}

=

∫ ∞
(

( )
) ( ) −

∫ ∞
( ) ( )

=
( )

) ( )}∞ −
∫ ∞

′ ( )
( ) −

∫ ∞
[ ( )] ( )

= −
∫ ∞

[ ( )] ( ) = − ( ). ♦
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( ) ′′( ) + ( ) ′( ) + ( ) ( ) = ( ), < < ,

, ,
[ , ] ( ) �= , ∈ [ , ]

( )

( ) =
∫ ( )

( ) ,

(
( )

( )
)
+

( )

( )
( ) ( ) =

( )
( ) ( ), < < .

( ) =: ( ) ( )
( ) ( ) =: ( )

( ) ( )

[ ( )] =:

(
( )

( )
)
+ ( ) ( ) = ( ), < < ,

[ ( )]

=:

(
( )

)
+ ( ).

( ) �= ,

[ ( )] =: ′( ) + ( ) = ,

[ ( )] =: ′( ) + ( ) = ,

, ..., , ,
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( − , − )
( , )

( , ) ( , ) ( − , − )

( − , − )[ ( , )] =

∫ ∞

−∞

∫ ∞

−∞
( − , − ) ( , ) = ( , ).

∫ ∞

−∞

∫ ∞

−∞
( − ) ( − ) ( , ) =

∫ ∞

−∞
( − ) ( , ) = ( , ),

( − ) ( − ) = ( − , − ).

∫ ∫
( − , − ) ( , ) =

{
( , ), ( , ) ∈ ,
, ( , ) /∈ ,

⊂ R

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
( − , − , − ) ( , , ) = ( , , ),



( , , )

( − , − , − ) = ( − ) ( − ) ( − ).

∫ ∞

−∞
...

∫ ∞

−∞
( − , ..., − ) ( , ... ) ... = ( , ..., ),

( , ... )

( − , ..., − ) = ( − )... ( − ).

, ,

= ( , ), = ( , ),

,
R = ( , )

= ( , ).

( − ) ( − ) = | |− ( − ) ( − ),



= [ , ]( , ) = ∂( ( , ), ( , ))
∂( , )

[ , ]( , ) �= , ( , ) ∈ R

∫ ∫
( − ) ( − ) ( , ) = ( , ).

∫ ∫
( ( , )− ) ( ( , )− ) ( , )| | = ( , ).

( ( , )− ) ( ( , )− )| | = ( − ) ( − ).

[ , ]( , ) �= , ( , ) ∈ R

( − ) ( − ) = | |− ( − ) ( − )

♦
( , )

[ , ]( , ) =

= cos , = sin =
= ( , ) =

= , =
( , )

( , ) = ( )

( , ) =

∫ ∫
( − ) ( − ) ( , )| |

=

∫ ∫
( ) ( , )| | = ( ).
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√−



+ + = +

√
+

√ √

=



+ =

=
√−

∞

sin, cos tan

∞ /∞



x

y

a
b

c

d
a+
b+
c+d

θ

z=x-iy

z=x+iy

r=
|z|

v=w-z
w

, = + =
(cos + sin ) | | = =

√
+

arg
= arg = sin− = cos− = tan−

× = ( + )×( + ) = (cos + sin )× (cos + sin ) =
[cos( + )+ sin( + )]

| × | = | | × | |

x

y

θ2

θ1

θ1

+θ
2

z1z2

z1z2



∈ N = (cos( ) + sin( )).

= (cos + sin )

= (cos + sin ) √
= , = + , = + , ..., =

+( − )

= / =
= (cos + sin )

= {cos( )+ sin( )} = (cos + sin ).

= | | = =
√

= + arg = = + , =
,± ,± ,± , ... .

♦

√
/ ∈ R

+ √
= −√

= =



= ( − )− /

= ( − )− / =

(
−

) /

=

(
+

) /

=

√(
+

)
=

√
+ .

= + | | = = arg = tan−

=
( ) / {

cos
(

+
)
+ sin

(
+

)}
= , ,

= cos
( )

+

sin
( )

, = , , , ..., − =

= , ,

x

y

x

y

1

ω

x

y

1

ω

1

ω

ω2

ω3

ω2

ω4ω3

ω2

ω3

ω4

ω5
ω6

ω7

= , ,

+

( − )(− + ) ( − ) +
+ ( − )(− + )

−
+ , ∈ R, ∈ C.

= + + + =

= = =

, ∈ C

= ( ) = || | − | || ≤ | − | | | = | || |



lim sup →∞ =
, | − | <

+ > + | + − | < +

, , , ..., | − | <
∈ N , , , ..., { , ∈ N}

lim inf →∞ . ♦

, , , ..., ∈ N

= + , , ∈ R

, , , ...,
, , , ...,

, , , ...,
, , , ...,

, , , ..., ♦

, , , ..., > ∈ N

| − | < , ≥

, , , ..., ∈ N

| − | < | | ≤ | | + ≥



| | ≤ ∈ N, = {| |, | |, ..., | − |, | | +
♦

, , , ..., lim →∞ = > ∈ N

| − | < ≥ ≥ ≥
| − | < | − | <

| − | = |( − )− ( − )| ≤ | − |+ | − | < .

, , , ...,

( )∞= .

( )∞= .
lim→∞ =

( )∞=
>

∈ N | − | <
, ≥ ∈ N ≥

| − | <

| − | ≤ | − |+ | − | < + = ,

≥ lim →∞ = ♦



lim → [ /( + )]

lim → [ /( + )]

: C→ C = +

( ) =

{
sin , 	= ,

, = ,

lim → [lim → ( )] lim → ( )
lim → [lim → ( )]

: C→ C = +

( ) =
( + )

+
.

lim → [lim → ( )] = lim → [lim → ( )] =
lim → ( )

: C→ C

( ) =
+

+ +
,

→ −
: C→ C = +

( ) =
− +

( − ) +
+

( − ) +
,

C =

C

∈ > ( , ) ⊂ ( , )
( , ) = { ∈ C : | − | < }

C ˚



∈ >
( , ) ⊂

∈ C

∈ C

∂

∈ R =: { ∈ C : > } ∈
= − > − > −| − |

>
| − | < ( , ) ⊂

C

=: { ∈ C : < } =: { ∈ C : < } =: { ∈ C : >
}

( , ) C ˚

C

∈ ( , ) =: −| − | > > | − |
∈ ( , ) | − | < | − |+ | − | < + | − | =
∈ ( , ) ( , ) ⊂ ( , ) ( , )

C

˚ C

˚ ♦

¯( , ) =: { ∈ C : | − | > }
C

♦

∅

A W

A ∈ W



∈ ¯ ∈ N} { ∈
| − | < / ∈ N lim →∞ = ♦

¯

C ⊂
¯ ⊂

∈ C \ ¯ >
( , ) ∩ = ∅ ∈ ¯ ∈
| − | < ≤ | − | ≤ | − | + | − | < | − | +

| − | > ( , ) ∩ = ∅ ¯
¯

C ⊂ ∈ C \
> ( , ) ∩ = ∅ ( , ) ∩ = ∅
/∈ ¯ C\ ⊂ C\ ¯ ¯ ⊂
♦

( ( ), ( )), ∈ [ , ],
[ , ]

( ( ), ( )) = ( ( ), ( ))
[ , ]

, ∈ [ , ], 	= ( ( ), ( )) = ( ( ), ( ))

C

( ) =:
{ ∈ C : | − | < , > } ( ) =: { ∈ C : < | − | < , , > }

( ) =: { ∈ C : | − | ≤ , > }
( ) =: { ∈ C : ≤ | − | ≤ , , > }

C

−



G

F

=: { ∈ C : < | − | < , , > }

) { ∈ C : | − + | = } ) { ∈ C : | − + | ≤ }
) { ∈ C : ( + − | = } ) { ∈ C : | − |+ | + | = }
) { ∈ C : | | = | + |} ) | | < ) < | − | < ) | + |+ | − | <

| | = | + |, ∈ C

⊂ ∂ ⊂
⊂ ⊂˚

⊂ C

= { ∈ C : | | ≤ }∪{ ∈ C : | − | < } = [ , )∩{ + : ≤ }
= C \ ( ∩ )

= [ ,∞) = { ∈ C : = cos , = , ≤ ≤ ∞}
⊂ C

= { ∈ C : > } = { ∈ C : ≤ | − | ≤ }
= { ∈ C : ≤ < } = { ∈ C : ≤ ≤ }
= { ∈ C : ≥ | − |} = { ∈ C : ≥ | |}



+ ¯ ¯+ ¯

+ = ( + )(¯+ ¯ ) = ¯+ ¯ + ¯ + ¯ .

= ¯ + ¯ + ¯

= ¯+
¯

+ ¯ .

= + , = + , ¯ = −

= − + ( + )
−
+

+ − .

= → = →
→ =

′ ′ = →
′ = → → = −

=

= ( ) =

+ = ( + ) = + + ( ) =
+ ( )

=
+ ( )

= + .

(= )

= ( ) = ′ = ′( ) =

C : �→
C ( ) = ( + ) = ( , ) + ( , ) ( )

, , ,

( , ) = ( , ), ( , ) = − ( , ).

= +

′( ) = → , →
+

+
.

= → ′( ) = + = →
′( ) = −

′( )



( , ), ( , )
= +

( ) =
( , ) + ( , )

′( ) = + = ( + ).

,

= + + + ,

= + + + ,

→ , →

+ = ( + )( + ) + + ′ ,

= + , = + , →

+

+
→ + ,

| |
| + | ≤ | |

| + | ≤ ′( )

( ) ♦

C

( ) ′( ) ⊂ C

( ) ∈ C

∈ C

( )

,



+ = − = , +
= − + = ,

( ) = ( + ) =
( , ) + ( , )

( , ) ≡ ( , ) + ( , ) = , ( , ) ≡ ( , ) + ( , ) = ,

( , ) ( , )

= + = −

( , ) =

∫ ( , )

( , )
( − )

∇ ( , ) = ×∇ ∇ ( , ) = ∇ × .

∇ = + , ∇ =
+

+ = ( + )× = − ,

( )
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( )
= =

∫
( )

∫
( ) .

( ) = ( ) + ( ), ≤ ≤
( ) = ( ) = ( ) = ( , )+ ( , )

( ( ), ( )), ( ( ), ( ))

( )



| − | = / −
/ +∫

√ − ,
√

− = exp

[
( − ) + ( + )

]

( ) = ln[ + ( − ) / ]

( ), ∈ C ∫
( ) =

( ) ( )
′( ) = ( )

∫
( ) = ( ) − ( ) = ∈

′( )

∫
( ) =

∫
( − ) +

∫
( + ).

( , ), ( , )

=

∫
( − ) =

∫ ∫ (
−∂

∂
− ∂

∂

)
,

=

=

∫
( + ) =

∫ ∫ (
−∂

∂
− ∂

∂

)
= .

∫
( ) = + = .



R

C

D

′( )

′( )
( )

∫
( ) =

∫
( ) +

∫
( ) +

∫
( ) +

∫
( ) .

, = , , ,

∣∣∣∣
∫

( )

∣∣∣∣ ≤
∣∣∣∣
∫

( )

∣∣∣∣ .



/ /

∣∣∣∣
∫

( )

∣∣∣∣ ≤
∣∣∣∣
∫

( )

∣∣∣∣ < =

∫
( ) = .

♦

C1

C

C2

C3
C4

C5

C6
C7

, ∗



z2

z1

z2

z1

C1

C2

C2

C1

( )

∫
( )

∗
∗ ( )

C1

C2

C1

C2*

~
C

∫
( ) +

∫
∗
( ) = ,

, ∗

∫
( ) =

∫
( ) ,



= C \ {( , )} −

− < <

∫
= �=

∫ + ∫
( − )

∫
( + )

∫ +

∫ + ∫
sin( )

∫
− cos ( )

∫
− cos ( )

∫
− sinh ( )

∫ ( − ) ∫ / ∫∞ − , >

, ∈ Z∫
− =

{
, �= ,
, = .

( )
′( ) ∈

′( )

( )
⊂ C ∈

∈

∫
( )

− = ( ),



=

=

∮
sin

( − )
= .

= ( ) = sin

′′′( ) =
!
∮

sin

( − )
.

∮
sin

( − )
= ′′′( ) = [− sin − cos ].

( )
( ) = ∈ ( ) =

( ) =

∮
( )

− .

( ) = − �= ( ) =

( ) =

∫
( )

( ) ′( ) = ( )
( )

( )

( )
( )

′( ) = ( ) ( )



( )
⊂ C

∫
( ) =

( )

∈
| − | <

( )
( )

( )
:= { ∈ C : | − | < , > =: { :

| − | < , < <

( ) =

∮
( )

− .

( ) = + , ≤ ≤



( )

lim →∞
( ) = ( )

( ) =
( )− ( )

.

( ) C \ { }
lim → ( ) = ′( ) ( ) = ′( )
( ) C

( )

lim→∞ ( ) = lim→∞
( )− ( )

= .



> | | >
| ( )| < ( )

| | ≤
( )

C

∈ C

( )− ( )
= , ∈ C.

lim→∞
( )− ( )

= .

=

( )− ( )
= ( ) = ( ), ∈ C.

( ) = + + + ...+ , �= , ≥ , ∈ C.

∈ C

∈ C ( ) �= ( ) =
/ ( ) ∈ C

( ) = / ( ) =: { ∈
C : | | ≤ }

( ) =
( )

< , �= , ≥ , ∈ C.

( ), ≥
∈ R

+

( ) > , ≥ , ∈ C | | ≤ .
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lim →∞ = > | | <
∈ N ∑∞

=

∑∞
=

> > > ... >

∞∑
=

( − ) = + ( − ) + ( − ) + ...+ ( − ) + ... ,

∈
C

∈ C

( ), ( ), ( )



| cos | ≤ + = | | =
= +

∣∣∣∣∣cos −
∑
=

(− )
( )!

∣∣∣∣∣ = | ( )| ≤ +

−
( )

=
+

−
( ) +

,

| | ≤ <

( ) =
( ) = ( ) =

= +
∞∑
=

!
, | | <∞.

( ) sin =
∞∑
=

(− ) +
−

( − )!
, | | <∞.

( ) sinh =
∞∑
=

−

( − )!
, | | <∞.

( ) cosh = +
∞∑
=

( )!
, | | <∞.

( )
+

=
∞∑
=

(− ) , | | < .

( )
+

=
∞∑
=

(− ) , | | < .

( ) − = + + + ...+ + ..., | | < .



( ) = arctan , =

( ) = cos( )− sin , = ( ) = cos( )− , =
( ) = cosh( )− sinh( ), = ( ) =

+
, = − +

, ,
( > )

( )
,

x

y

z0
s

K

s

z

r1
r2

C1 C2

( )

( ) =

∞∑
( − ) +

∞∑
( − )

,
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( )
= ∮

( ) = ,

( )
=∮

( ) �= .

( )

( ) =

∞∑
=

( − ) +

∞∑
=

( − )
,

< | − | < =
( )

=

∮
( ) .

∮
( ) = ,

< | − | <
=

( )
( ) =

= = ( ).



( ) = cos ( ) =
( + )

( ) = + +
( + ) ( − )

( ) = sec( )

( ) = tan ( ) =
+

= = − ( ) =
+ +

( ) = cosh −cos = ( ) = −sin =

| | <
( ) = − ( ) = −

− +
( ) = −

+
( ) = − − +

− +

( )

, , , ...,

∮
( ) =

∑
=

= ( ),

( )

∮
( ) +

∮
( ) +

∮
( ) + ...+

∮
( ) = ,

∮
( ) =

∮
( ) +

∮
( ) + ...+

∮
( ) ,



C1
C2

Cn

a1a2

an

C

∮
( ) =

∑
=

= ( ). ♦

=
= =
= = =

= , =

=

∮ −
− .

( ) = −
−

= =

= ( ) =

[ −
−
]

=

= − , = ( ) =

[ −
−
]

=

= .

∮
( ) = (− + ) = −∮
( ) = (− + ) = −



∮
( )

=: { ∈ C : | | = } =: { ∈ C : | − | =
/ }

( ) = − ( ) = +
( + )

( ) =
( − )

( ) =
( + + )

( ) =
+ +

( ) =
( + + ) ∮

( )
=: { ∈ C : | | = } =: { ∈ C : | − | =

/ }
( ) = tan ( ) = sin ( ) =

sin
( ) =

−

( ) = / ( ) = cos

∫ +∞

−∞
( ) ,

( ) R

lim
→∞

∫
−

( ) + lim
→∞

∫
( ) ,

. .

∫ +∞

−∞
( ) = lim

→∞

∫
−

( ) ,

( ) =

. .

∫ +∞

−∞
= lim

→∞

∫
−

= .



∫∞
−∞ ( )

( )

( )

∫ +∞

−∞
( ) cos( ) ,

∫ +∞

−∞
( ) sin( ) ,

( )

| cos( )| | sin( )|
sinh → ∞

∫ +∞

−∞

( )

( )
,

−

( )

( )
→ ∞

≤ ≤∫ +∞

−∞
cos( ) ( ) = −

∑
( )

,∫ +∞

−∞
sin( ) ( ) = +

∑
( )

,



♦

( ) =

∫ +∞

−∞
cos

( + )
= , ( ) =

∫ +∞

−∞
sin

( + )
= .

∫ +∞

−∞ ( + )
.

( ) =
( + )

= = − =
− ≤ ≤ , =

| | = , >
| | = , > ( )

∫ +

− ( + )
= −

∫
( + )

.

= ( )

= = ( ) =
!
lim
→

( − ) ( ) =
!
lim
→ ( + )

= − .

→ ∞
∈ | + | ≥ ( − ) .

| | = | − | ≤ ≥∣∣∣∣
∫

( + )

∣∣∣∣ ≤ ( − )

lim
→∞

∫ +

− ( + )
= .

lim
→∞

∫ +

−
cos

( + )
= .



0

R

r

y

x

x

y

R-R

π

C1

C2

C3

C4 iπ/2

�= ∞
C∪{∞}

( ) =: , ∈ ( , ) = , ≥ , ∈ (− , ]
( )

= ≤

( − ) = − ( ) =

( − )

( )
= �= /∈ Z



= / / ( − / ) = −
/ ( / ) =

= ≤

( ), ∈ ( , )

∈ (− + , + ]
= ( + ) = −

∈ (−∞,+∞)

= + = = ( + ), ∈ (− , ], ∈ Z

( )

= , ∈ Z

∈ Z

= ( + ) = cos + sin , ∈ (− , ], ∈ Z

C

∈ (− , ]
>

< −

− −
−



∫
(cos , sin ) .

= , ≤ ≤

cos =
+ −

=
+ −

, sin =
− −

=
− −

, = .

( ) = (cos , sin )
cos , sin

≤ ≤ ( ) ( )∫
(cos , sin )

( )/

∫ ( − −
,

+ − )
.

| | =
( )/

♦

=

∫
+ sin

= √ − , − < < .



= �=

∫
/

+ ( / ) − ,

| | =

=

(
− +

√ −
)

, =

(
− −√ −

)
.

( ) =
/

( − )( − )
.

− < <

| | = +
√ −
| | > .

| | = | | <

= = ( ) = lim→ ( − ) ( ) =
/

− = √ − .

=

∫
/

+ ( / ) − = = √ − ,

=

∫
− cos +

, < < .

= ∈ =: {| | = }

=

∫
/

− ( / )( + ( / )) +
=

∫
( − )( − )

,



∫
+cos

∫ sin( )
cos +sin

∫
cos +sin

∫
sin
+cos

=

∫
cos cos( − ) =

!

∫
(cos +sin ) =

∫
cos sin = .

∫ [ +cos( )]
− cos +

= − +
− , < <

∫
cos + sin

= , , ∈ R \ { }
∫

[ cos + sin ]
= ( + ) , , ∈ R \ { }.

( ), > , >

( )

[ ,+∞)



( )

( )
∈ C

∈ C

( ) =
( + ) = L{ ( )} ( ), ∈ R

+

∈ C

( )
∈ [ , ], > ( ) = L{ ( )}

( ) = + ∈ C

>

L{ ( )} = ( ) = ( + ) = ( , ) + ( , )

=

∫ ∞
( ) − =

∫ ∞
( ) −( + ) .

( , ) =

∫ ∞
( ) − cos( ) ( , ) =

∫ ∞
( ) − sin( ) .

( + )

>

| ( ) − cos( )| ≤ | ( )| − | ( ) − sin( )| ≤ | ( )| −

( ) © ( ) ,
> , | ( )| < > ≥ >

| ( ) − cos( )| < − ≤ ( − ) | ( ) − sin( )| < − ≤ ( − ) ,

( ) © ( )
> >

| ( )| < ∈ ( ,+∞)



+∞∑
−∞ ( )

+∞∑
−∞

(− )

( )
, .

( )

, , , ..., ( ) ≥

( )

+∞∑
=−∞ ( )

= −
∑
=

=

(
cot( )

( )

)
,

( )
+∞∑
=−∞

(− )

( )
= −

∑
=

=

(
csc( )

( )

)
.

∮ [
cot( )

( )

]
,

, = , , ...,

∮ [
cot( )

( )

]
=

∑ cot( )

( )
,

lim→∞

∮ [
cot( )

( )

]
= ,

csc( )/ ( ) cot( )/ ( )
♦



∑+∞
=−∞ + , >

∑+∞
=−∞

(− )
+ , >

∑+∞
=−∞ ( + )

∑+∞
=−∞

(− )
( + )

∑+∞
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