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Abstract We construct some Hecke-type algebras, and most notably the quotient algebra Hs ,,(g) of the
group-algebra Z [¢*!] B, of the mixed braid group Bz, with two identity strands and n moving ones, over
the quadratic relations of the classical Hecke algebra for the braiding generators. The groups By, are known
to be related to the knot theory of certain families of 3-manifolds, and the algebras Hs ,,(q) are aimed for
the construction of invariants of oriented knot and links in these manifolds. To this end, one needs a suitable
basis of Ha (¢), and we have singled out a subset A, of this algebra for which we proved it is a spanning
set, whereas ongoing research aims at proving it to be a basis.

Key words: mixed braid group on two fixed strands, mixed Hecke algebra, quadratic relation, Hecke-type
algebras.

Introduction

It is established that knots and links in arbitrary knot complements, in compact, connected, oriented (c.c.o.)
3-manifolds and in handlebodies may be represented by mixed links and mixed braids in S3 [4, [ [13].
The braid structures related to knots and links in the above spaces are the mixed braid groups B, and
appropriate cosets of theirs [I5]. An element in B, , is a classical braid in S on m + n strands with the
first m strands forming the identity braid. The mixed braid groups enable the algebraic formulation of the
geometric braid equivalences in the above spaces [9 [16].

In this paper we focus on the mixed braid groups Bs ,, which are related to knots and links in certain
families of 3- manifolds like, for example, the handlebody of genus two, the complement of the 2-unlink in
53 and the connected sums of two lens spaces, which are of interest also to some biological applications
[3]. We define the quotient algebras Hs ,,(¢), Ha (g, u1,v1) and Ha (g, u1,- ., Uay, V1, - ., Vd,) Of Ba, over
the quadratic relations of the classical Iwahori-Hecke algebra for the braiding generators, and polynomial
relations for the looping generators. We then focus on Hy ,,(¢) and present a subset A, of it, indicating the
reason it has to be a spanning set for its additive structure. The set A,, potentially constitutes a linear basis
of Hs ,(¢q), a fact whose proof is the object of ongoing research.
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The sets A,, for n € N are destined to provide an appropriate inductive basis for the sequence of algebras
Hz.n(q),n € N, in order to construct Homflypt-type invariants for oriented links in 3-manifolds whose braid
structure is encoded by the groups Bs . It is known that the mixed braid groups B , have been utilized
for constructing Homflypt-type invariants for oriented links the solid torus ([12],[8],[14]) and the lens spaces
L(p,1) ([6]), following the original Jones construction of the classical Homflypt polynomial for oriented links
in S% using the Iwahori Hecke algebra of type A and the Ocneanu trace [10]. For our purposes we first need
to construct appropriate algebras related to the mixed braid groups Bs 5, and then to chose an appropriate
inductive bases on them, so that the construction of Oceanu-type Markov traces on these algebras would be
possible, which subsequently can be used for the construction of link invariants.

The paper is organized as follows: in §I.T] we recall the definition and a presentation of the mixed braid
group Bs , and we define some important elements of it which we call loopings. In §I.2] we define our quotient
algebras Ha ,,(q), Han(q,u1,v1) and Ha (g, u1,. .., Ud,,v1,...,04,). In §2 we provide a potential basis 4,,
for the algebra Hs ,,(¢), and we give the necessary lemmata for proving it to be spanning set of the algebra.

1 The mixed braid groups Bs ,, and related Hecke-type algebras

1.1 The mized braid group B, on two mizred strands and other related
groups

For each n € N, the elements of the mized braid group B, on two fived strands are defined to be the braids
with n 4+ 2 strands where the first two of them are straight, and the group operation is by definition the
usual braid concatenation. A description of Bs , in terms of generators and relations is the following ([I5]):

oxo; =050, ([k—j|>1), 0xok110x = 0p410k0k+1 (1 <k <n—1)

<T,T, Tor=oxT (k22), TorTor=01To1T
BQ n =
) Oly...y0n—1 |Tog =07 (k>2), To1T0o1 =01T01T,

7(01To1) = (61T o1)T
where o;, 7, T are shown in Figure[l} I, I indicate the two fized strands as they are called, whereas 1,2,...,n
indicate the moving strands. The braids 7,7 and their inverses are called the looping generators, whereas o;
and its inverse are called the i-th braiding generators for i = 1,2,...,n — 1, whereas i is called the index of

the ¢-th braiding generators.
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Fig. 1 The generators of B2 .

Below we define the elements 7;,7;, ¢ = 1,...,n of By, which will be of central importance to us in what
follows.

Definition 1 The looping elements or just loopings T;,7; of B, are those braids in which all strands
are straight except for the i-th moving strand that loops once around the first or the second fixed strand
respectively, first going over and then (after the looping) under the rest of the strands to its left (see Figure
B). We use the name looping for the inverses of these elements as well, and we say that each one of the
loopings 7;5%, 7! has index i. Formally:

[\



Th:=T, mm:=7 andT;:=0;_1...00701...0_1, Ti:=0i_1...01T01...0i_1 fori>1.

12 7 n 11112 7 n
RN L
iR i}
Fig. 2 The looping elements T;, 7.

As is shown in Figure[3] the defining relation 701 7oy = 017 017 of Ba ,, which is now written as 7017101 =
01710171, holds in general for all ¢ =1,2...,n — 1 (just slide the 7; looping to pass through the 7; looping):

Ti0iTios = 0 Ti04T;.
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Fig. 3 The relation 7;0;7;0; = 0;T;047; in Ba .

Clearly, By, is generated by the set {7;,7;,0;]i = 1,...,n} as well. Also, clearly, the group Bs, is
a subgroup of the usual braid group Bayy, in 2 + n strands [I14]. In turn, By, contains some important
subgroups. One of them is the pure mized braid group on two fized strands P, , that consists of all pure braids
in By ;. For a further study of the structure of the groups By ,,, P>, and their generalizations By, ,, Pr,n as
well as the underling Coxeter-type groups see [2].

Others important subgroups of By ,, are those generated by 7,01,...,0,—1 and by 7,01,...,0,_1, which
are isomorphic to the mized braid group on one fized strand B, defined in terms of generators and relations
in an analogous manner as B3, and which, in fact, is the Artin braid group of type B. Indeed, the defining
relations To1To1 = 01T0o1T and 1701701 = 017017 of By, are of the same type as the four-term defining
relations of the Artin braid group of type B.



1.2 The algebra H,,,(q) and other related algebras

We define the algebra Hs ,,(¢) for each n € N as a quotient of an appropriate group-algebra of Bsg, over
appropriate quadratic relations. Namely:

Definition 2 The mized Hecke algebra on two fized strands Hs ,,(q) is defined as the unital associative
algebra:

Z [qil] B2,n
(0:i2—(q—1Vo;—q-1,i=1,2,...,n—1)’

H2,n(q) =

where ¢ is a variable.
In general we use the same notation for the elements of Bj, when considered as elements of Hs ,,(g),

except for o; which we denote g;, i = 1,...,n. Ha ,(q) has equivalently a presentation with generators
77,91, -, 9n—1 and relations:

(b1) GrGk+19%k = Gr+19kTk+1 for1<k<n-1

(b2) 995 = 939k for [k —j| > 1

(T1) Toe =g T for k> 2

() T Tog=nTnT (1)

(11) TGy = gk T for k > 2

() TqiTHL =TT

(m) (1 Tg1) = (1T g1)T

(q) g?=(q—-1)gi+q-1 for i=1,2,...n-1

(here (b) stands for “braid”, (m) for “mixed” and (q) for “quadratic”). The elements 7,7 and their inverses
will be called the looping generators of the algebra. The elements g, ...,9,—1 and their inverses will be
called the braiding generators of the algebra, whereas i will be the indez of g;, gi_l.

Since the classical Artin braid group B,, embeds naturally in Bs ,, we have that the classical Iwahori-
Hecke Algebra H,,(q) is a subalgebra of Hs ,,(¢) in a natural way as well. Furthermore, note that the relations
(T2) and (72) are of the same type as the well-known four-term defining relation of the Artin braid group of
type B which is realized here by the mixed braid group B, with one fixed strand, hence it embeds naturally
in Bs,. So, the algebra Hs ,(¢) extends naturally the mixed Hecke algebra H; ,,(¢) introduced in [14] as
“generalized Hecke algebra” of type B. The algebra Hs ,(q) clearly contains two subalgebras isomorphic to
Hl,n(Q)-

We can define a lot of other interesting related algebras, a few of which as follows:

Definition 3 The algebra Hs (g, u1,v1) is defined as:

H ( u U)'_ Z[qilaui‘:lavi&l]Bln
2,n\q, U1, V1) 1= <(q),T2:(ul_l)T_f_ul-l,T2:(U1—1)T+U1'1>’

where distinct variables w1, v; are associated to T, 7.

Note that the relations (72) and (72) are of the same type as the defining relations of the Hecke algebra
of type B [1]. Furthermore, it is clear from the quadratic relations for the looping generators in Definition [3]
that the algebra Hy ,, (g, u1,v1) extends the classical Hecke algebra of type B. In fact Ha (g, u1,v1) contains
two subalgebras isomorphic to the Hecke algebra of type B.

Definition 4 The cyclotomic algebra Ha ,,(q, u1, - .., Udy, v1,--.,04,) is defined as:
Hy (g0 e o) - Z[qil,ulil,...,ufitll,vfl,...,vfit;]BQ,n
2, Tyeo- d Tye-- do ) =
mem T (@), (T =) (T = uay) = 0, (7 —v1) . (7 = vay) = 0)
where g, u1,...,Uq4,,v1,...,0q, are variables and the last two relations are called cyclotomic relations for T

and T respectively (see Figure M.
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Fig. 4 The mixed braids involved in the cyclotomic relation of the loop generator 7

Analogously to the algebras defined above, by relations for (72) and (72) and the defining relation for 7,7
in Definition 4 it follows that the algebra Hs (g, u1,. .., uqd,,v1, ..., 04,) extends naturally the Ariki-Koike
algebra of type B [I], and in fact it contains two subalgebras isomorphic to the Ariki-Koike algebra.

The mixed Hecke algebra Hj ,,(q), the Iwahori-Hecke algebra of type B, and the Ariki-Koike algebra of
type B are all related to the knot theory of the solid torus and the lens spaces ([12],[8],[14],[5],[6]). Note that
each one of the three types of algebras that we define here surjects naturally onto its corresponging B-type
algebra, for example via the following mappings respectively:

o T 1,7+ 7,g; — g; surjects Ha ,(q) onto Hy ,(q).

o T — 1,7~ 7,g; — g; and specializing u; to 1, surjects Ha ,, (g, u1,v1) onto the Hecke algebra of type B.

o T — 1,7 7,9, — g; and specializing u; to 1 for i = 1,...,d1, surjects Ho (g, u1, ..., Ud,, V1, ..., Vdy)
onto the Ariki-Koike algebra of type B.

Finally, let us note that the algebras Hs ,,(q,u1,v1) and Ha (g, u1, ..., wa,, 1, .., v4,) can be viewed as
quotient algebras of Ha ,, (q), if in Definitions ZHl we use Z[g*?, ulﬂ, . ,udill, vlﬂ, . ,v(il] as a common ring

of coefficients for all three algebras.

2 A spanning set and potential basis for the algebra H, ,(q).

We still call 7;,7; and their inverses as looping elements or loopings when we cosider them as elements of
Hs . (¢), and similarly we call ¢ as their index. For T;, 7; as elements of the algebra we have

Ti=¢gi—1.-.01Tg1...9i-1 and Ti=gi—1...91T91-..Gi—1.

Our aim is to provide a “nice” form for any element w of Hy ,,(¢) using these looping elements and the
gi’s, so that a possible spanning set of the algebra reveals itself. Since w is a Z[g!]-linear combination of
images in the algebra Hs ,(¢) of braids in Bs ,, one has to think about only the case of putting an image of
a braid w in a “nice” form.

Now let us recall that the set {7;,7;,0:]i = 1,...,n} generates Bs ., thus an arbitrary braid w of Bs ,, is
written as a finite product of elements of this set and their inverses; as a matter of fact, it can be written
so in many ways. Previous work done on specific subsets of Bj ., shows that considering their elements
as belonging to appropriate related algebras similar to Hs ,(¢q), we can put them in canonical forms useful
for constructing Markov traces over these algebras. For example whenever w is a product of only the g;’s
(considered as an element of the algebra) then w actually belongs to H,,(¢) and as such it is subjected to the
canonical form of the classical Hecke algebra H, (q) of type A, given by V.F.R. Jones [10]. Also, whenever
w is a product of only 7;,¢;’s (thus containing no 7;’s), it actually belongs to H; ,(¢) (as mentioned in
the previous section, this is the generalized Hecke algebra of type B), and therefore it is subjected to the
canonical form given in [I4]. Such a w is written as a finite Z[g™!]-linear combination of products of 7;’s and
gi;’s with the 7;’s appearing first, and moreover with the indices of the 7;’s in increasing order from left to
right.



Theorem [ below tells us how to bring any w of By, to a similar “nice” form when considered as an
element of the algebra Hy ,(¢). At the same time we get a spanning set A, for the additive structure of
Ha,n(q) as a Z[gT!]-module. What the Theorem actually says is that every element of the algebra Ha ,(gq) is
written as a finite Z[g*!]-linear combination of products of T;,7;’s and g;’s with the T;, 7;’s appearing first,
and moreover with the indices of the 7;’s in increasing order from left to right. To achieve this for the image
of a braid given in a product form we can try first to push all g;’s (i.e. the images of the o;’s) at the end
using braid isotopies (at the braid level) together with the quadratic relations in the algebra Hs ,(q) (see
Lemma/[I)). And then we can similarly try to push all loopings with big indices after those with smaller ones
(see Lemma [2]). Working out specific examples one soon realizes that pushing the g;’s is always possible, and
that pushing the loopings with big indices after those with small ones can be almost always achieved, except
that in the process some new g;’s might be created, and pushing them anew to the end might increase the
indices of the loopings from which it passes, leaving quite open the question of whether the indices of the
loopings can indeed be ordered. We deal with this issue in Lemma Bl

Theorem 1 Any element in Ha ,(q) can be written as a finite Z[q™]-linear combination of the form (sup-
pressing the coefficient in Zq*!] of each term):

> (- 11,)G
where G is a finite product of braiding generators, and I1; is a finite product of only the loopings T;, T;, 7;_1, Ti_l
for alli. Thus the following is a spanning set of the algebra Ha »(q):
Ay = {IIL1ls---II,G | G = finite product of braiding generators, and II; = finite product of only the
loopings T;, 7, 771 Vi )

)

The definition of the looping elements and braiding generators can be repeated for the other algebras
which we defined in §I.2] and the proof of Theorem [I] can be repeated unaltered step by step to get:
Theorem 2 Let A = Hy (g, u1,v1), R = Z[qil,ufl,vfl] or A = Han(q,u1,...,Udy,01,...,04,), R =
Z[q*T, ulﬂ, . ,udﬂ, vfl, e ,v(}tl], Then any element in A can be written as a finite R-linear combination of

1 2
the form (suppressing the coefficient in R of each term):

> (- 1T,)G

where G is a finite product of braiding generators, and II; is a finite product of only the loopings T;, T;, 7;_1, Ti_l
for all i. Thus the following is a spanning set of the algebra R:

Ay = {IIL1ls---II,G | G = finite product of braiding generators, and II; = finite product of only the
loopings T;, 7, 7;71, TV}

Below we list the necessary lemmata for the proof of Theorem [I] which is quite technical since it has to
deal carefully with the indices appearing in a given product of loopings as well as with the possible recursion
phenomena that might arise during the process. We provide the actual proof in [II]. The lemmata equip
us with specific formulas for pushing braiding generators to the right of a product of loopings, and also for
pushing loopings with high indices to the right of loopings with lower indices in a product of loopings. The
lemmata also explain how we can deal with recursion phenomena.

Lemma 1. Let us call A= q~' —1,B = q— 1. And let us denote the identity element of Ha n(q) by 1. Then
the following hold in Ha ,(q):



(1) g7 =a g+ A1

(2) 917?1 = 7}ilgi gﬂjﬂ = Tjﬂgi whenever j #i,i+ 1
(3) 9iTi = q71T+19i + ATiv1 9iTi = ¢ ' Tiy19i + AT

(4) 9Tt = Td — AT + AT gir =7t — Al + At

(5) giTi+1 = qTigi + BTi1 9iTi+1 = qTigi + BTit1

(6) 9Tt =a YT, 'ai + AT, giriy = a7 tg + At

(7) (The passage property) Any product g,itf (e,¢ € {1,—1}, t; a looping) can be written as a finite linear
combination of the form (suppressing the coefficient in Zq™!] of each term on the right-hand side):

gty =D Hgi+ Y D> tgi+ >t

(where possibly some of the terms are missing).

(8) (The big passage property) Let II be a finite product of k in number loopings with indices in the
interval [m, M|, and let i € [m, M —1]|. Then giﬂH can be written as a finite linear combination of the form
(suppressing the coefficient in Z[q*'] of each term on the right-hand side):

grt T =) gt + > I

(where possibly some terms are missing) with each Iy, ITs a product of k in number loopings with indices in
[m, M].

Part (2) of the lemma can be seen in the braid level via trivial braid isotopies, and parts (2)-(6) can also
be seen pictorially after at most two applications of the quadratic relation to the braids of the left-hand side.
These are summarized in part (7). Since on both sides of parts (2)-(6) each term contains a single looping
and in part (7) the index of the looping either does not change at all or if it does, it decreases by 1 but then
never below the index ¢ of the braiding generator, or else it increases by 1 but then never by 1 above the
index i of the braiding generator, we get part (8) at once.

The following lemma describes how we can push a looping with high index to the right of a looping with
smaller index.

Lemma 2. For j < i and €,( € {1,—1} each one of the words 7—67—C TETJC,Tf'EC,TfT] can be written as a

linear combination of the form (suppressing the coefficient in Z[g* ] of each term on the right-hand side):

1.7;67’C 7—47’€ TT = 7ire, Ter C—TCTE

il
2. 75T =Tfri + Ti7i G+ 7, TG, where G = gjgj+1 .. Gi—20; 0 - 9]'_-:193'_1

3. 7'7;67}76 = 7}767'14E + EiET;Ge + 7_7;67;,€G€7 where G = 9i9j+1---9i—29i—19i—2 - --gj+195-

The proof of this lemma is easy, as part (1) can be seen at the braid level via braid isotopies, and the last
two parts can also be seen at the braid level as a double application of the quadratic relation at the obvious
crossings so that the i-looping can be moved above the j-looping.

The lemma that follows is the last one that we need for the proof of Theorem [0, and it says that a
certain class of words actually satisfies the theorem. These words have the odd property that whenever we
apply all the previous formulas in order to write them as sums of monomials in the way demanded by the
theorem, they are written so except from the fact that one of the monomials is the word itself. Fortunately,
the coefficients appearing in these equalities are well behaved and we can solve for the given word so that
it is indeed expressed in way described in the theorem. This recursion phenomenon is possible only because
one of the monomials on the right-hand side in case (3) of Lemma [2 still starts with an i-looping instead of
a j -looping.



In the statement of the lemma it is convenient to write [¢, j] in the bottom of a product of looping or
braiding generators to indicate that their indices lie in the interval [¢, j], and to write < 4,j > to indicate
that these indices are also in increasing order (from left to right).

Lemma 3. Let us denote elements in {’Tiil,Tiil} indiscreetly by t;. Then each one of the words wa’]'ﬂft,,g
with m < M and €, € {—1,1} can be written as a finite linear combination of the form (suppressing the
coefficient in Z[q*!] of each term on the right-hand side):

<m,M>
where each G is a finite product of giil ’s (notice the crucial fact that every term of the last sum starts with
an m-looping).

The proof of this lemma is not as immediate as the proofs in the previous lemmata. We have to examine
all possible cases separately, applying the quadratic relations appropriately and using isotopies at the braid
level. The reader is referred to [11] for full details of the proof, as well as for the proof of Theorem [I] which
is a consequences of Lemmata [IH3l

Remark: In [II], we also conjecture that the set A, is a linear basis for the algebra Hj ,(g). This is
not straightforward to prove, as the algebra Hg,(g) is infinite dimensional. Nevertheless we can get
some insight of how A, behaves, by examining its counterparts in the other algebras Hs (g, u1,v1) and
Hon (g, u1, ..., Udy s V1, - - -, Vd,), defined in this paper, and for which these counterparts also constitute span-
ning sets (Theorem [2)). Although these algebras are infinite dimensional too, the exponents of the loopings
in the elements of the above spanning sets are bounded, a fact that makes these algebras easier to study.

3 Conclusion and further research

In this paper we have defined some Hecke-type algebras related to the mixed braid group Bs , on two fixed
strands, and we have focused on one of them, namely on the mixed Hecke algebra Hs ,,(¢) which is defined as
the quotient of the group-algebra Z[qil]Bgyn over the quadratic relations of the usual Hecke algebra. These
algebras are related to the knot theory of various 3-manifolds whose knot structure is encoded by the mixed
braid groups Bs,, such as handelebodies of genus two, and connected sums of lens spaces. We have given
here a subset A,, of Hy ,,(¢) and provided the necessary lemmata along with hints for their truth, for proving
that A, is a spanning set for the additive structure of the algebra [I1I]. We conjecture that A,, is actually
a basis for Hy ,,(¢) and this the subject of current research. Then, based on previous work done on similar
Hecke-type algebras, we expect that we can use A, for the construction of knot invariants in the above
3-manifolds.
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