Knot theory related to generalized and
cyclotomic Hecke algebras of type B

Sofia Lambropoulou
Mathematisches Institut, Universitat Gottingen

1 Introduction

After Jones’s construction of the classical by now Jones polynomial for knots in
S3 using Ocneanu’s Markov trace on the associated Hecke algebras of type A,
arised questions about similar constructions on other Hecke algebras as well as
in other 3-manifolds.

In [12] is established that knot isotopy in a 3-manifold may be interpreted
in terms of Markov braid equivalence and, also, that the braids related to the
3-manifold form algebraic structures. Moreover, the sets of braids related to
the solid torus or to the lens spaces L(p,1) form groups, which are in fact the
Artin braid groups of type B. As a consequence, in [12, 13] appeared the first
construction of a Jones-type invariant using Hecke algebras of type B, and this
had a natural interpretation as an isotopy invariant for oriented knots in a solid
torus. In a further ‘horizontal’ development and using a different technique we
constructed in [8] all such solid torus knot invariants derived from the Hecke
algebras of type B. Furthermore, in [7] all Markov traces related to the Hecke
algebras of type D were consequently constructed.

In this paper we consider all possible generalizations of the B-type Hecke
algebras, namely the cyclotomic and what we call ’generalized’, and we construct
Markov traces on each of them, so as to obtain all possible different levels of
homfly-pt analogues in the solid torus related to the (Hecke) algebras of B-type.
Our strategy is based on the one in [13], which in turn followed [11]. So, in this
sense, the construction in [12, 13] is incorporated here as the most basic level.

In more detail: It is well-understood from Jones’s construction of the homfly-
pt (2-variable Jones) polynomial, Py, in [11], that H,(q), the Iwahori-Hecke al-
gebra of A,-type, is a quotient of the braid group algebra Z [¢*'] B,, by factoring
out the quadratic relations

ol =(q—1)oi+q

and that these relations reflect precisely the skein property of Py :
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where L, is a regular projection of an oriented link containing a specified posi-
tive crossing, L_ the same projection with a negative crossing instead, and Lg
yet the same projection with no crossing.

We do now analogous considerations for the solid torus, which we denote by
ST. Let us consider the following Dynkin diagram.
The symbols t,071,...,0,_1 labelling the nodes correspond to the generators of
the Artin braid group of type B,, which we denote by Bj,. Bi, is defined
therefore by the relations

01t01t = t0'1t0'1
005 = 0;0; if |Z*j|>1
0;,0;4+10; = 0;4100441 if 1 S ) S n—2

Relations of these types will be called braid relations.

B, may be seen as the subgroup of By, 1, the classical braid group on n+1
strands, the elements of which keep the first strand fixed (this is the reason for
having chosen the symbol Bj ,,). This allows for a geometric interpretation of
the elements of By ,, as mixed braids in S®. Below we illustrate the generators
o;,t and the element t; = o;. ..altal_l . ..ai_l in B, which plays a crucial
role in this work.

Note that the inverses of o;,t are represented by the same geometric pictures,
but with the opposite crossings.
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As shown in [12, 13], we can represent oriented knots and links inside ST
by elements of the groups B ,, where the fixed strand represents the comple-
mentary solid torus in S®, and the next n numbered strands represent the knot
in ST. Also, that knot isotopy in ST can be translated in terms of equivalence
classes in |J,—, B1,, (Markov theorem), the equivalence being generated by the
following two moves.

(i) Conjugation: if o, B € By 4, then a ~ 37taf.
(ii) Markov moves: if a € By, then o ~ ac, T e Bi 1.

Consider now the classical Iwahori-Hecke algebra of type B, Hn(q, Q), as a
quotient of the group algebra Z [¢*!, Q'] By ,, by factoring out the ideal gener-
ated by the relations t> = (Q — 1)t + Q and g? = (¢ — 1)g; + g for all i, where
we denote the image of o; in H, (¢, Q) by ¢;- The idea in [12, 13, 8] was to
construct invariants of knots in the solid torus by constructing trace functions
7 on Uo, Hn(g, Q) which support the Markov property:

7(hgn) = z7(h),

for z an independent variable in Z [¢*!, Q*!] and h € H,,(¢, Q). In other words,
traces that respect the above braid equivalence on Uzo:l B . The construction
of such traces was only possible because we were able to find an appropriate
inductive basis on H,+1(q, @), every element of which involves the generator
gn or the element t) := g, .. .gltgfl ...g; ! at most once (see picture above for
the lifting of ¢/ in B ,). In particular, the trace constructed in [12, 13] was
well-defined inductively by the rules:

1) tr(ab) =tr(ba)  a,b € Hn(q, Q)
2) tr(l)=1 for all H,,(¢, Q)
3) tr(agn) =ztr(a) a € Hy(q,Q)
4) tr(at),) =str(a) a€ Hnlq,Q)

If we had not used the elements ¢/, in the above constructions we would have not
been able to define the trace with only four simple rules. The intrinsic reason for
this is that By, splits as a semi-direct product of the classical braid group B,
and of its free subgroup P, ,, generated precisely by the elements ¢,¢;,...,t, _;:

Bl,n = Pl,n X Bn

The Jones-type invariants in ST constructed from the above traces on | J;~ | Hn (¢, Q)
satisfy the skein rule related to the quadratic relations g? = (¢ — 1)g; + ¢ plus
another one reflecting the quadratic relation t? = (Q — 1)t + Q (cf. [12, 13, §]
for an extensive treatment).

During the work of S.L.. and J. Przytycki on the problem of computing the
3rd skein module of the lens spaces L(p, 1) following the above strategy, it turned
out that the skein rule of the homfly-pt type invariants in [12, 13, 8] related to
t was actually ’artificial’, so far that knot invariants in ST were concerned, and
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that for analogous constructions in L(p,1) it was needed to have constructed
first the most generic 2-variable Jones analogue in ST, one that would not satisfy
any skein relation involving ¢.

We drop then the quadratic relation of ¢, and we consider the quotient of
the group algebra Z [qil]Bl,n by factoring out only the relations

¢?=(q—1gi+gqg

for all ¢. This is now a new infinite dimensional algebra, which we denote by
H, (g, 00) and we shall call it generalized Twahori-Hecke algebra of type B. By g;
above we denote the image of o; in H,, (g, 00), whilst the symbol co was chosen
to indicate that the generator ¢ satisfies no order relation (since now any power
tF, for k € Z may appear, like in By ,,). For connections of these algebras with
the affine Hecke algebras of type A see Remark 1.

But we would like now to go one step back and, instead of removing from
H.(q, Q) the quadratic relation for ¢, to require that ¢ satisfies a relation given
by a cyclotomic polynomial of degree d:

(t—ul)(t—UQ)"'(t—Ud):O

Then we obtain a finite-dimensional algebra known as cyclotomic Hecke alge-
bra of type B, denoted here by H,(q,d). The corresponding cyclotomic Cozeter
group of type B, which we denote by W), 4, is obtained as a quotient of By , mod-
ulo the relations g? = 1 and t¢ = 1. H,,(q,d) may be seen as a ‘d-deformation’
of Wy, 4: In order to obtain the group algebra we have to substitute the param-
eters of the cyclotomic polynomial by the d th roots of unity (and not by 1 as
in the classical case). These algebras have been introduced and studied inde-
pendently by two groups of mathematicians in [1, 2, 4, 3]. It follows from the
discussion above that the cyclotomic Hecke algebras are also related to the knot
theory of the solid torus and, in fact, they make the bridge between H, (¢, Q)
and H,(q, 00).

Like for the classical Hecke algebras of type B, in order to construct linear
Markov traces on (J,~; Hy,(g,00) or on | J, -, Hy(g,d), we need to find appro-
priate inductive bases on both types of these algebras. The inductive bases are
derived from known basic sets. This is the aim and the main result of Section
3. Note that, in the case of H,(q,Q), we could easily yield such an inductive
basis using the results in [6], whilst for H, (g, d) we use the results in [2], [4].
For H, (g, o) we study its structure in Section 2 and we construct a basis for it
using the structure of the braid group B, and the known bases for H, (g, d).

In Section 4 we construct Markov traces on |, Hn (g, 00) and on |, —; Hn (g, d)
using the inductive bases of Section 3. Finally in Section 5, we normalize the
traces according to the Markov braid theorem in order to derive the correspond-
ing knot invariants in S7', and we also give skein interpretations. The invariant
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related to H,,(g,00) is the most interesting one for us, and in this sense, this
work may be seen as the required fundament for extending such constructions to
knots in the lens spaces (see remarks at the end). In the special case of H,, (g, 00)
the derived knot invariant reproves the structure of the 3rd skein module of the
solid torus (cf. [10, 16]). On the other hand, the knot invariants derived from
H,(q,d) are related to submodules of the 3rd skein module of ST. It may be
worth noting that introducing and studying H,, (g, 00) has been independent of
the studies on the cyclotomic analogues.

Our method shows on one hand that the original strategy of [11] can carry
through to so complicated structures. On the other hand it unifies the con-
struction for all these different B-type algebras and it highlights the algebraic
background underlying these knot invariants in ST. The tedious calculations
employed for constructing appropriate bases reflect the tedious arguments of a
more combinatorial approach.

It gives the author pleasure to acknowledge her thanks to V.F.R. Jones for
his valuable comments on this work and to T. tom Dieck for discussions and
valuable suggestions. Many thanks are also due to M. Geck for discussions,
useful comments and for pointing out the literature on the cyclotomic Hecke
algebras of type B, and especially to J. Przytycki for our discussions on the
structure of the generalized Coxeter groups and Hecke algebras. Finally, finan-
cial support by the SFB 170 in Gottingen and the European Union for parts of
this work are gratefully acknowledged.

2 Finding a basis for H,(q, o)

We start by introducing in more detail H,, (g, 00), H, (¢, d) and their correspond-
ing Coxeter-type groups W, oo, Wy 4.

Definition 1. The generalized Iwahori-Hecke algebra of type B,, is defined as
Hn(q,0) :=Z[q*" | B1n / < 0i° = (¢ —1)0i + ¢ foralli > .
The underlying generalized Coxeter group of type B,, is defined as
W:=B1,/<o0’=1 foralli>.

Tt follows that if g; denotes the image of o; in H,, (g, 00), then H, (g, 00) is defined

by the generators t, g1, ¢go, ..., gn—1 and their relations:
tgitgr = gitgit
tgi = git for i>1
9i9i+19i = 9i+19idi+1 for 1<i<n-2
9i9; = 959 for i —j|>1

g° = (¢g—1)gi+q for allg
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H.(q,00) is an associative algebra with 1. Also, it is easily verified that, if S,
is the symmetric group, then

W =7Z" x S, ( compare with the structure ofBj ,,).

Definition 2. Let R := Z [qil,u{d, - ,ufl, ...], where q,uq,...,uq,... are
indeterminates. The cyclotomic Iwahori-Hecke algebra of type B,, and of degree
d is defined as

Hn(q,d) =R B1,/ < 0 = (q—1) os+q all 4, (t—uy)(t—ug) - - (t—uq) =0 > .

The underlying cyclotomic Coxeter group of type B and of degree d is:

Wpa=DB1,/<o?=1 forali, t"=1,deN>.

The relation t¢ = 1 is derived by the cyclotomic polynomial by substituting
the u;’s by the d’th roots of unity. Also, the Coxeter group of B,-type, in our
notation W, o, is the quotient of B, , over the relations t? =02 =1, forall i.

H,(gq,d) is an associative algebra with 1, and it is a free module over R of rank
d™-n!, which is precisely the order of W, 4 (cf. [2],[4]). If d = 1 and u; = 1, then
H.(g,1) is isomorphic to the Iwahori-Hecke algebra of type A (over Z [¢*!]). If
d=2,u; = —1and us = Q, we recover the familiar relation of H,(q, @), the
Iwahori-Hecke algebra of type B (over Z [¢™1, Q*1]). In H,(q,d) we have

' t4=ag 1t + .- +ay, where

Qg1 = U+ FUd, Gg—g = —(Wrtp+- - Fug_1Ua), -, ag = (=1)% (w1 ... ug);
from this we can derive easily a relation for ¢—1.

W,,.q may also be seen as the quotient W/ < t? =1>, d € Nof W, and it is
easily verified that

Wn,d = Zdn Dol Sn

Its order is d" - n!, whilst W), o = Z3" % S, (compare with the structure of
By ).

Note 1. W.l.o.g. we extend the ground ring of H, (g, 00) to R. Then H,(q,d)
may also be obtained from H,(¢q,c0) by factoring out the cyclotomic relation.
In this sense H, (g, d) is a ‘bridge’ between H,, (g, 00) and H,,(q, @), the classical
Hecke algebra.

We shall now find a basis for H, (g, 00) as follows: We find first a canonical
form for the braid group Bj ,,, which yields a basis for Z [¢¥!] By ,,. The images
of these basic elements in H,, (g, c0) through the canonical map span H,, (g, 00).
In [2, 4] bases for H,,(q,d) have been constructed. We then treat the spanning
set and using these bases we obtain a basis for H,, (g, 00). This approach shows
clearly the relation among the structures of By ,,, Hy (g, 0), Hn (g, d) and W, o,
Wh.d.



KNOT THEORY AND B-TYPE HECKE ALGEBRAS 7

1 n
w= | _ —_
o1 p p
o a a
Figure 3:

In order to proceed we need to recall the notion of the pure braid group and
Artin’s canonical form for pure braids: The classical pure braid group, P,,
consists of all elements in B,, that induce the identity permutation in S,,; P,,<1B,,
and P, is generated by the elements

— -1 -1 -1 2
Ars =0r Or41 c0:05-2 05-1"05-2...0p410p

_ 2 -1 —1 —1
=05_105-2...0,p410,°0pp1 " ...0s—2 0Os_1 , 1<r<s<n.

Artin’s canonical form says that every element, A, of P, can be written uniquely
in the form:
A = U1U2 .. .Un—l

where each U; is a uniquely determined product of powers of the A;; using only
those with i < j. Geometrically, this means that any pure braid can be ‘combed’
i.e. can be written canonically as: the pure braiding of the first string with the
rest, then keep the first string fixed and uncrossed and have the pure braiding
of the second string and so on (cf. [J.S. Birman, Braids, Links and Mapping
Class Groups, Ann. of Math. Stud. 82, Princeton University Press, Princeton
1974] for a complete treatment).

We find now a canonical form for B; ,. An element w of B, induces a
permutation o € S,, of the n numbered strands. We add at the bottom of the
braid a standard braid in B,, corresponding to ¢!, and then we add its inverse
o. Now, wo~1! is a pure braid on n + 1 stands (including the first fixed one),
and we apply to it Artin’s canonical form. This separates the braiding of the
fixed strand from the rest:

The above is in fact the proof of the decomposition of B ,, as a semidirect
product:

Proposition 1. By, = P, , X B,,.

From the uniqueness of Artin’s canonical form, it follows that any w € By, can
be expressed uniquely as a product v - o (‘vector-permutation’), where v is an
element of the free group P ,, :

k k kr k —1 —1
oottty T k.. ke € Z, where ] =o0;...otfort ot

v=t 7
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and o € B,, is written in the induced by P,, canonical form. Thus the set {v-o}
forms a basis for the algebra Z [¢F!] B p, and, therefore, it spans the quotient
H,(g,00). On the level of H, (g, o0) we can already improve this spanning set,
since on this level ¢ is a word in H,,(¢), the Iwahori-Hecke algebra of A,,_1-type.
So, o can be written in terms of the standard basis of H,,(q) (cf. [11]):

{(9i19i1—1 .. -gil—rl)(9i29i2—1 .. -giz—rz) e (gipgip—l . -gip—’rp)}a
for 1<i;<...<ip<n-—1 and r; €{0,1,...,4; —1}.
Therefore we showed
Proposition 2. The set

1 ki, k2 1 ke
oty ety o},

where t(, := 1, t;k ::gi...gltkgfl...gi_l, iy dr€{0,1,...,n—=1}, ky,... k. €
Z and o a basic element of H,(q), spans Hn(g, 00).

2, = {t

Notice that the indices of the ‘vector’ part are not ordered. Also, that the above
canonical form for B yields immediately the following canonical form {v-o} for

W

{U : U} = {tjlkltj2k2 . "tjrkr 'U}’

where tg = t, t;* = s;...51tFs;...8;, for 0 < j; < ... < j. < n—1,
ki,...,k. €Z and o € S, is an element of the canonical form of S,, (where s;
denotes the image of o; in W). Thus, this set also forms a basis for the group
algebra Z [T W.

Notice here that the indices of the ‘vector’ part are ordered. This suggests that
it may be possible to order the indices ji,.. ., j. of the words ¢, klt;Q b2 t;rkr
in 31, so as to be left with a canonical basis for H. To achieve this straight
from 3, is very difficult, because it is hard to get hold of an induction step,
even though there are relations among the t;k“s. Instead, we change the tgk’s
to the elements ¢;*, where to :=t, and t; := Gi ... 91tg1 ... g;. These elements
commute in H.

The following relations hold in H and in H, (g, d) and will be used repeatedly
in the sequel.

Lemma 1. For e € {£1} the following hold:

(i) 9i°=3q°9i“+ (¢° — 1),
9% = (¢ = 1) g + ¢, forq#0.

(ii) g (o ity - ;) = (aeF'gilty - 9,5 )gins for k>i > j,
9 (g gt oY) = (g g et g S, fork >i>
where the sign of the £1 superscript is the same for all generators.
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(1) gii—1---9j+1959541 - - 9i = 959541 - - - §i—19iGi—1 - - - §j+195>
90 99T 9= GG GGG - G 9
(V) 9i° - Gn-1Gn Gngn-1°-.. i =
(@° = 1) X020 4 (9 - Gnr1Gn—rGn-r1© .- gi) + T =
S T g = DT (9 i 10 Gnr 1€ G,
where €, =1 of r<n—1 and €,_;11 =0.
Similarly,
9if - 92°91°91°g2° . .. giF =
(@° = 1) 3020 47 (95 - Gria“Grir “Gria® - i) + ¢ =
S0 (@€ = D)7 qT (i - GriatGri1 “graa® - 9i°),
where €, =1 if r<i—1 and ¢ =0.
(v) trgitgr = gitg:it* for N € Z,
gtk =1txg; for k>i, k<i—1,
giti = qti—19: + (¢ — 1)t
gitior = q " tigi + (¢t = 1)ty
gitioi P =qti g+ (g — 1)t
giti ' =q i g+ (= D)ot
(vi) gt} =t g; for k>i, k<i—1,
git/z‘E = t§—169i +(g—1) tég +(1-q) t;—lea
giti ¢ =1t g;.
(vii) t;¥t;* = t;MF for i#£ 5 and k)€ Z.

(iii) ¥ =g; .. q1thg= .. g7 for k€ Z.
Therefore we have in H,(q,d):
(th —ur)(t; —uz) ... (t —uq) = 0, which implies t;d = ad_lt;dfl +---+4ao,

and where the a;’s are given in relation (M) in Section 2.

Proof. We point out first that in the rest of the paper and in order to facilitate
the reader we underline in the proofs the expressions which are crucial for the
next step. We also use the symbol ‘> instead of the phrase ‘linear combination
of words of the type’.

Except for (iv), all relations are easy consequences of the defining relations of
'H respectively H,,(q, d). Relation (vii) can be also checked using braid diagrams.
We prove (iv) by induction on the length I = n—i+4 1 of the word gngn—1 ... g;.
For [ = 1 we have ¢, = (¢ — 1)g,, + ¢*. Assume now (iv) holds up to [ = n —i.
Then for [ =n — i+ 1 we have
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induction step

9i9i+1 - -9ndn - - - Gi+19i

gillg—1) ZZ;(SHI) 0" (i1 - Gn—r—19n—rGn—r—1---gi+1) + ¢" ' 9i =

(q - 1) Z:;élJrl) qr (gz coe9n—r—19n—rY9n—r—1-- . gz) + qnizi =

(a=1) P8 " (g Gnr1GnrGnr1 - - gi)+F(q=1)g" g g =

(q - 1) Z?;(’; qr (gl s In—r—19n—r9n—r—1--- gz) + qn7i+1‘
Furthermore note that in the Relations (v) and (vi) a ¢; or a t; will not change
toat;,"lora tg_l respectively and, therefore, these relations preserve the total
sum of the exponents of the ¢;’s and the ¢;’s in a word. Note also that for j =i—1
the relations (iii) boil down to the usual braid relation and its variations with
inverses. O

Theorem 1. In H the set
22 = {tilklti2k2 . tirkT . 0}

for0<i <...<i,<n-—1,k,....,k. €Z and o a basic element in H,(q),
forms a basis for H,(q, o).

Notice that in X5 the indices of the ‘vector’ part are ordered.

Proof. To show that X5 spans H it suffices, by Proposition 2, to show that an
element of X1 can be written as a linear combination of elements in 5. Indeed,
let

g k1 ke 7 km
w=1t; "t -0 € Y.

We do the proof by induction on

p = lki| + ko] + -+ [kml,

the absolute number of #’s in w. For p =1 either w =t} or w=1t,""-0:

tho=gi...qitq1...g;: o=
gi.. .glt(gl .. .gigiil .. .91,1)91,1 .. .giil o =1t;-01,
where 0y = ¢, '...g1 g1 ...9;,7 ' -0 € H,(q), a linear combination of

basic elements of H,,(q).

1 1 1

t;i 'Uigi...gltilgli gy o=

9i~-~91(91---gigz‘71--

1 Lemmal,(iv)
. 0' =

g Dt g g

- B L
(¢—1) Zi:o q"(Gi - Gr+29r+1Gr+2 - - - Gi)9i 1~-~9r+1 1gr o

g lotqit o=

gt gt
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- ) o ) ) o
(=)0 (G- gri2)gr b g g g o+ gt

g =

(@=1) X o @t (Gi- - Graagrir b g o) H gt o=
(¢g—1) Z:;B gt Vo +q ti_1~0, where 0, = ¢; ... gri2Grs1 ... g L0 €
Hy(q)-

Suppose now the assumption holds for up to p—1 ¢’s in w. Then, the induction
step holds in particular for all such words with o = 1. So, for |k1| + |k2| + -+
|km| = p we have:

k km—1 .

L) t .o, if kp, >0

t/ k1 t/ Ko R J1 Jm Im

Jio T m o 1 k1 ) kmtly =1 ;
et Bt Tl ik, <0

Ztil)\l ot A o1 .t’_m - o, for some oy € Hn(q)a

by induction Tt

Sttty oot -0, for some o9 € H,(q),

1<m<...<pp<n-=-1, |+ -+l =p-1

Etil)\l .. .tin)\" 01 tjm(gjm_l .. .gl_lgl_l .. .gjm_l) e

St et 02 (G 9191 i )i O

We apply Lemma 1,(v) on the underlying expressions in order to shift ¢;,,
and t;, ~! to the left and we obtain sums of the words:

{ St Mt Mt o, o € Halq), e1 €{0,1,...,n—1}

Sttty e, b oh, ob € Hu(q), e2 €{0,1,...,n—1}

Vn

A1 Ar Ar An ’ ;
Lemmal,(vis) { Etil ety ey tiTJrl o, 00, < €1 < lpgq-

v —1 /
St ey T g, oo g < eg < g

L.e. in either case we obtained a linear combination of elements of Y.

We next show linear independency of the elements of 35:
Let >, Mw; = 0 for wi,wa,...,wy, € Y. We assume first that the ex-
ponents of the ¢;’s in the words w; are all positive for all 7, and we choose
d >k € N, where k is the maximum of the exponents of the ¢;’s in Y ;" \jw;.
Then, the canonical epimorphism of H onto H,(¢,d) applied on the equa-
tion Y0 Aw; = 0 in H yields the equation >."; iw; = 0 in H,(g,d).
As shown in [2], Proposition 3.4 and Theorem 3.10, the elements of 3, with
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0 <ki,....,k. <d—1form a basis for H,(q,d), d € N. (In [2] d is denoted
by r, Hp(g,d) is denoted by H, , and o is denoted by a,.) This implies
/\i:O,izl,...,m.

Assume finally that some w;’s contain ¢;’s with negative exponents. The
idea is to resolve the negative exponents and then refer to the previous case.
One way is to proceed as above, and after we have projected Y .-, \;w; = 0 on
Hn(q,d), to resolve the t;’s with negative exponents using the algebra relations;
finally, to conclude A\; = 0, ¢ = 1,...,m, using induction and arguments from
linear algebra. But we would rather give a more elegant argument, that was
suggested by T. tom Dieck.

Namely, let P be the product of all tf, k € N for all j, k such that t;k is in
some w;. Since P is an invertible element of H, we have Z?ll Nw; =0 &
P57 Xiw; = 0. The last equation is equivalent to /", A\; Pw; = 0, where
the elements Pw; are pairwise different and the exponents of the ¢;’s contained
in each Pw; are positive for all . We then refer to the previous case, and the
proof of Theorem 1 is now concluded.

Thus X5 is a basis of H, and therefore H is a free module. O

Remark 1. In [5], (8.23) tom Dieck establishes an isomorphism between H
and the twisted tensor product of the Hecke algebra of the Coxeter group of the
affine type A,_1. One can also use the extended affine Hecke algebra of type
A,_1 and study quotient maps onto H, (g, d) as defined in [1], Section 2.1. The
same map also works for H and it is in fact an isomorphism.

3 Inductive bases for H,(¢,o0) and H,(q,d)

The basis of H,, (g, 00) constructed in the previous section as well as the cor-
responding one for H, (g, d) yields an inductive basis for H, (g, c0) respectively
H.,(q,d), which gives rise to another two inductive bases, the last one being
the appropriate for constructing Markov traces on these algebras. Here we give
these three inductive bases and we conclude this section by giving another basic
set for H,(q,00) respectively H,(q,d), which is analogous to the set Xo, but
using ¢.’s instead of ¢;’s.

From now on we shall denote by H,, both H,, (g, 00) and H,, (¢, d) and by W,
both W,, o and W, 4. Also, whenever we refer to k € Z respectively k € Zg4 we
shall assume k # 0. We now find the first inductive basis for H,,+1. This on the
group level is an inductive canonical form, and it provides a set of right coset
representatives of W,, into W, 41, which is completely analogous to [6], p. 456
for B-type Coxeter groups.

Lemma 2. For k € Z the following hold in H,1(q, 00) respectively Hy11(q, d):

. k— . : o .
(Z) tnkgn = (q - 1) ijé qJ tn—ljtnk J +qk gntn—lka ka €N and
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tabgn = (1—q) X070 @@ ta 76" 4+ ¢F gutu s, ifk€Z —N.
(it) tn* gngn—1...9; =

(¢—1) Z;:é @ (tn—19 gn—1gn—2 - .- gi)tn" I+

(q—1)¢" Y520 ¢/ (tn—27gn—2gn-—3 - 6:)gntn 1"+

(g—1)g** Zf;é @ (tn—37Gn-3 ... Gi)gnGn-1tn—2"7

o4

(g —1)gtn—* Z;:ol ¢ (tic1?)gngn-1- - giy1ti"7

TR ggn 1. gitia®, ifk €N,
whilst for k € Z — N we have an analogous formula, only (q — 1) is replaced by
(1—4q), ¢" =q ™ and [k — j| + |j| = |k].

Proof. We prove (i) for the case k > 0 by induction on k. (For k < 0 completely
analogous.) For k = 1 we have t,g, = (¢ — 1)t, + ¢*gntn_1. Suppose the
assumption holds for £ — 1. Then for k& we have:

by induction

tnkgn = tntnk_lgn

Lemma 1,(vii)

k— i 1 —1—7 — _
tj[(q_ 1) Zj:OQ qj tn—ljtnk 1= —|—qk 1gntn_1k 1] =

k1 Lemm:a 1,(v)

k=2 P ke _

(q - 1) Zj:(? q] tnfljtnk J + qk ! tngntnfl

N AP _ Lemma1,(vii)

(a=1) 08 @t 7t T+ (g = D) tatn 1 P g gt B TTTET
(a—1) 070 @ tae17tn" 7 + ¢F gutn1".

We prove (ii) for the case & > 0 by decreasing induction on 4. (For k < 0

completely analogous.) For ¢ = n we have (i). Assume it holds for i+1 < n (&
i<n-—2<mn—1i>2). Then for i we have:

by induction

tnkgn - -9i+19i =

(¢—1) Zf;é ¢ (tnr?gn1gn—2-- gis1)tn" I)gi + -+

i el »
[(q — 1)gn= Ok S g7 (47 ) gngn—1 - - - Givatir™ g+

Lemmal,(v)&Lemma2, (i)

[q(n_i)k Indn—1--- gi+1w

(¢q—1) Zf;é ¢ (tnfljgnfl .. ~gi+lgi)tnk_j + -+

(g — 1)gn=GHk Z;:é ¢ (t7 gi)gngn—1 - - givatip1 "I+
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¢ (g = 1) Y520 @7 gngn1 - gipatia Tt I+
"R ggn1 .. gitiaF =

(¢—1) Z;:é @ (tn-17gn-1-..git19)tn" 7 + -+

(g — 1)gn=G+k Z;:é ¢ (t7 gi)gngn—1- - giratip1" I+
g (g —1) Zf;é ¢ (tica?)gngn—1- - giprti* 7+

"R g1 .. giti1 "

O

Theorem 2. Every element of Hp+1(q,00) respectively Hn(q,d) is a unique
linear combination of words, each of one of the following types:

1) wy—q

2) Wp—1gnGn-1- - - gi

3) Wn—1GnGn-1--- giti—1*, k € Z respectively k € Zg
4) wp_1t,*, k € Z respectively k € Zyq

where wy_1 is some word in H respectively H,(q,d). Thus, the above words
furnish an inductive basis for Hy41(g, 00) respectively H,(q, d).

Proof. By Theorem 1 it suffices to show that every element v - o,, € 3o, where
v is a product of ¢;’s and o,, € H,+1(q), can be expressed uniquely in terms of
1), 2), 3) and 4). We prove this by induction on n: For n = 0 there are no g;’s
in the word, so v -0y = t* - 1, a word of type 1). Suppose the assertion holds
for all basic words in X5 with indices up to n — 1, and let w € 35 such that w
contains elements of index n. We examine the different cases:

e W= tilklti2k2 .. .tirk“"tnk cOp—1, 1 <11 < ... <@ <n and 0,_1 € Hn(q)

Then, by Lemma 1,(v), w = t; ¥ .. .t; ¥ - 0,1 -t,* = w,_1t,*, a word of type

4).
o w=ty"t, k2 t; P 0, wherei, <nand o, =0,_1(gngn_1..-9i) €

Hnt1(q). Thenw = t;, K172 . t; B - 0p 1-(gngn—1---Gi) = Wn—19nGn-1-- - Gi,

a word of type 2).
e Finally, let w = tilkltizh .. .ti,,_thnkﬁn, where 0, = 0p—1-(gngn-1--.9i) €

Lemma 1,(v)

Hn+1(q). Then w = tilkl .. .tiTkT'tnk *On—1"9n9Gn—-1---Gi

Lemma 2,(it)
k k. k =
til 1 t“ cOp—1 tn 9ndn—1---9; =
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wnfltnk_j + Eu)nflgngnfl cee gstsflk_j7 for J=0,..., k—1.

ILe. w is a sum of words of type 4) and type 3). The uniqueness of these
expressions follows from Lemma 1 and Lemma 2. ]

Theorem 2 rephrased weaker says that the elements of the inductive ba-
sis contain either g, or t,* at most once. But, as explained in the be-
ginning, our aim is to find an inductive basis for H,4; using the elements
th=gigi—1...g1tg1 L ... gi—171g; 7!, as these are the right ones for constructing
Markov traces on | J,—; H,. We go from the ¢;’s to the ¢;’s via the ‘intermediate’
elements

T} = gigi-1...1t" g1 ... gi—19i, k € L.

Theorem 3. FEvery element of Hy11(q,00) respectively H,(q,d) is a unique
linear combination of words, each of one of the following types:

1) wp—q
2 ) Wp—19nGn-1--- i
3) Wn_19nGn—1 - - .gin_l, k € Z respectively k € Zg
4) wa1TF, k € 7 respectively k € Zyg
where wy,_1 s some word in H respectively H,(q,d).

Proof. Tt suffices to show that elements of the inductive basis given in Theorem
2 can be expressed uniquely as sums of the above words. For this we need the
following three lemmas.

Lemma 3. For k € N respectively k € Zg—1 and € € {£1} the following hold in
Hnt1(g, 00) respectively Hp1(g, d):
tne(kJrl) — 2?1,.-.71%:0 (qe _ 1)67-1 +otery, qe(r1+---+rk).

€

InIn—1 - g1t (N Gn—r - ) (91 G, 1)EGI - Gn—10n S,

where €., =1 ifr;=0,...,n—1, €, =0 and g := 1.

Proof. We show the case ¢ = +1 by induction on k. The proof for e = —1 is
completely analogous. For k = 1 we have:

Lemma 1,(iv)

tn2 =gngn—-1--- gltgl - 9n—-19n9nGn—1 - - - gltgl -+ 9n—-19n

Yoo (@ =1 gngn-1---q1t(g1 - gn—r .- g1)tG1 - .. Gn—1gn-
Assume that the statement holds for any k € N. Then for k 4+ 1 we have:

by induction Zn

€rytooter ety
T1yeeny rr_1=0 (q - 1) ! k_lqu+ Tre—1 gn---91°

tnk+1 = tnktn

tgr - - Gnory---g1)t (g1 Gnerp_y - 91)tG1 -« - Gn(Gn - - 91tG1 - - - Gn)
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Lemm:al!(iv) Zn (q _ 1)€7~1 +"'+57‘k qr1+...+Tk gn A

1y, =0 g1
tgr- - Gnory---g1)t- (g1 Gnorp, ---91)tG1 - - - Gn. O

Lemma 4. For k € N and ¢ € {£1} the following hold in H respectively
Hn(g,d):
(i) tgtFas = gt + (¢ — Vit + (1 - ¢)tF g1t and
(i) tgt*gc = g tFg T+ (¢ — DN g 4 (1 — ) gyt
Proof. We only prove (i) for the case ¢ = +1, by induction on k. All other

statements are proved similarly. For k = 1 we have tg1tg1 = gitgit. Assume
the assertion is correct for k. Then for k 4+ 1 we have:

Lemma 1,(7)

tgith g = tgltk91£f91 =

induction step

g M tgit*gigitgr + (g7 — D tgithgitgn

e it gitgitgr + g — 1) tgitFgitgr + a7 (1 — q) tFgitgitgr+

(' =D gitkgit’gr + (7' — 1)(q — 1) tgitF g+
(q_l _ 1)(1 _ q) tk91t291 rels.,indu:ction step
1—q Y gt*qt?g +(1—q ) (g— 1) tgt" g1+ (1—g Y (1 —q) thnt?gu+

(7t =D t"gitgl + (7 = Dart*oit*gr + (¢ = Dig — Ditgit™gr+

gt git" T gitgi+

Lemma1,(7)

(' =1DA-q)tFgt’s =
e Hg—1) ait" T gitgr + git* gt + (¢t — 1) (g — 1) t*Hgitg+

Lemma 1,(v)

(q—l _ l)qtk-i-lglt
(1—q Y gitgit"  + g1t g+ (g7 —1)(q—1) tF M gitgr + (1 —q) tF T igat =

(1—q¢H(g—1) gt t" ™ + (1 — g 1) qtgrth ™ + git" g t+

Lemma1,(v)

(' = 1)(g— 1) tFHlgitgy + (1 —q) tFHgit =
gitF gt + (g — 1) tgit* 1 + (1 — q) tF+1gyt. O

Lemma 5 (Fundamental Lemma (F.L.)). For i,k € N and for e € {£1}
the following hold in H respectively H,(q,d):

(i) t“-glftfkgl6 = gletekgleteiJr
(qe _ ]_) [tegléte(k+i71) + t2eglete(k:+i72) 4t teigletEk]—i—
(]_ _ qe) [tekgletei + te(k+l)glete(i—1) + .+ te(kﬂ_l)gletﬂ and
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(Z’L) t—eigletekgle — gletskglet—ei+
<qs _ 1) [ts(k—l)glet—e(i—l) + te(k—2)glet—e(i—2) R te(k—i)gls}_;'_
(1 _ qe) [t—e(i—l)glete(k—l) + t—e(i—Z)glete(k—2) IS glete(k—i)}.

Proof. We prove (i) for the case e = 41, by induction on i. The proof for e = —1
is completely analogous. For ¢ = 1 the assertion is true by Lemma 4,(i). Assume
it holds for 4. Then for i + 1 we have:

ti—‘,—lgltkgl — ttigltkgl iNduCtg)n step tgltkgltl—k

(q _ 1) [t2gltk+i71 + t391tk+i72 4+t ti+1gltk‘]+

(1—q) [tk—i-lglti + tk+291ti—1 4ot tk+iglt] Lemma 4,(i)

gltkglti-‘rl + (q _ 1) tgltk-‘ri + (1 _ q) tkglti+1+
(q _ 1) [tQQItk+i—1 + t3gltk+i—2 4 ti+1gltk]+

(1 _ q) [thrlglti + tk‘+291ti71 4+t tk+lglt]
O

We go back now to the proof of Theorem 3. By Lemma 3, a typical summand
of t, ¢ *+1) ¢ H, .1 is:

GnS o M (G1 G € LN AN (g1 g1 LN IS g,

where A1, A2,..., An41 € Nsuch that A\ +---+Any1 =k+1and [; <n for i =
1,...,N (since the cases [; = n are incorporated in t**¢). In order to prove
the theorem we want to show that such a word can be expressed in terms of
words of the form 1’), 2’), 3/) and 4’). This is a very slow process as we shall
readily see. In order to obtain an inductive argument on the number N + 1
of the intermediate powers of ¢, we show first the following, seemingly more
general result, where a non—symmetric expression appears also in the word. It
is ’seemingly more general’ because this non—symmetry of the word appears
anyhow in a later stage of the calculations.

Proposition 3. Let k € N respectively k € Zg_1, € € {£1}, [,m,la,...,In <n
and let A, A2, ..., AN+1 € N such that Ay + -+ + Any1 =k + 1. Then it holds
in Hyy1(q, 00) respectively Hy+1(q, d) that words of the form:

Wp_1gnC .. .gletﬁ)‘l(gf g9 (g1 gm© .gf)te’\2 (1€ g1, . .gle)td‘3 e
te)"\“rlgl€ e Gn€

where only between the first two powers of t appears the non—symmetric expres-
sion (g1 919)(g1€. .. gmE ... 91%), can be expressed as sums of words of the

form 1), 2), 8) and 4'). Note that if | =0 we obtain the generic summand of
tnG(k-‘rl) .
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Proof. We prove the statement for ¢ = +1 by induction on the number N + 1
of intermediate powers of t. The proof for ¢ = —1 is completely analogous.
For N = 0 we have w, 1y .. g1t g1 - .. gn, where \; = k + 1 i.e. w,_;TF*L
Suppose the assertion holds for N. Then for N 4 1 we have:

A=wp_1gn.. . 1t*91---9)(G1 - Gm - gt (g1 g1y - 1)t ... NG g,

= Wp—1Gn - G1tN(G1- ) (G- G- G ) (Gl - 1 i) Vg gy,

Here we also use the symbol ‘Y to mean ‘linear combination of words of the
type’, the symbol ‘w,_1’ for not always the same word in H,,, and, in order to
shorten the words, we substitute the expression gy, ... g1 ... g1t ... t"¥+1g; ... g,
by S.

We proceed by examining the cases [ < m, [ > m and [ = m.

e For [ < m we have:

A=wp19n - g1 gm - 9291 - Gm(g1 ... g)t" - S =

1
Wne1(Gm1--91)Gn - G1t g1 - - Gmg1g2 ... qit* - S "=
Wn—1(Gm—-1---9191)Gn - -- g1t g1 - - - Gmg2 - .. git* - S =
F.L.
Wi—1(Gm-1---93)Gn - - 1t g1t g2 .. Gmg2 ... g1+ S =

Wp—1Gn - - - 92t' 11 G192 - . . gmg2 - .. g1 - S+
Zi_‘_j:/\_m Wn1Gn - G2t'g19g2 ... Gmga ... g1 - S =

W1t G .. g1t g1 . GmG2 - .. g1 - S+

Lemma1,(ii),l<m

Dt jmrtp Wn—1t'Gn - 9192 - GG .- git? - S =
(Wn_1t"g2 ... g1)gn - 1t g1 - Gm - S+

D itimatp Wnat'gr . gmo191 G 1)gn 1t - S =

(Wn—1Gn - 9181 - Gm =S+ D5 jr iy Wn1Gn - - G1t! - S

and the number of intermediate powers of ¢ has reduced to N in all summands
of t,,F+1.

e For [ > m we have:

m<l, Lemma1,(i%)

A=wn 1gn...1t* 91 91)Gm - G1 -+ gmt" - S =

(Wp—1Gm -+ G1 - Gm)Gn --- 11 g1 ... gith - S =

F.L.
Wp—1Gn - - .gltAgltlLQQ e g1 S = Wwp—1gn - - - ggﬂglt)‘gl coegr S+
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D it jerin Wn—19n - g2t'gq1t gz ... g1 - S =

Lemma 1,(37)

W1t g g1t g1 S+ sy W1t G g1(g2 - - )t -S

Wp—1Gn -+ 1t g1 g1 S+ D ai, Wnoat'gr . gi1)gn .. it - S =

Wn—1Gn -+ g1t g1 ... g1 + Ditjertpy Wn—19n - - g1t
and the number of intermediate powers of ¢ has reduced to N in all summands
of t,k+1.
e Finally if [ = m we have:

Lemmal, (iv)

A=wn_1gn- g1t (g1 Gm)Gm --- g1 - Gt - S

Wyp—1Gn - g1t g2 - - . gmt* - S+

Lemmal, (i3)

Z;n:_ol Wn—-19n - - - gltk(gmfr -.-09201 - - - gm—r)g2 v gmﬁ -S

(Wn—191 - - Gm—1)Gn - - - 1t TH - S+

— F.L.
Z;n 0 (wn—lg7n—'r—l CIEaE gl)gn LI gltAgltﬂ(QZ CIEIE gm—T)QQ oo Gm S -

W1 - gt S+ T w1 g2t g1t (91 - G )2 - G S
Zi-i—j:A-Ht Z:nn:() Wn—-19n - - - g2ﬁglﬁ(92 ce gmfr),QZ <o Gm - S =

Wp—19n - - 1t>\+ﬂ S+Z =0 wn 1t n - - gltA(gl s gmfr)QQ oo Im—r—1---9Gm-

Lemmal, (it)

S+ it jenip o Wn—1t'Gn - g1(g2 - Gm—r)g2 - - - Gmt’ - S

Wn—1Gn ... g1t>TH - S+

S (W 1tG2 < G —1)Gn - G (G1 - G192 Gim—rt1 - - - G ) S+

Zi+j:)\+# Z:@:iol (wnfltigl oo 9m—r—191 - - - gmfl)gn v gltj -8 =

-1
Wn—1Gn ... g1t"TH - S + Sy Wn—1gn - - 1t 91 G 1Gm—rg 1 - - Gm) -
S+

-1 -1 i
Z:«n:() Wp—19n - - - glt)\(gl e gm) : S+ Zi+j:)\+# Z:lo Wp—19n - - - gltj -8 =

Wo—1Gn - gt S+ S w0 G it GG (91 Gmr1) -
S+

Sy Wa1gn 91N (g - gm) St Yy Wno1gn g1t - S =

Wn—1Gn ... g1t TH - S + Z:r:Ol Wo—1Gn - G1tNg1 -+ Gmr_1) - S+

ZT:_Ol Wn1Gn - g1t (g1 ... gm) - S + Zi+j:/\+u Z:n:_ol Wp_1Gn -..g1t7 - S
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and the number of the intermediate powers of ¢ has reduced to N in all sum-
mands of ¢, Ft1. O

We can now conclude the proof of Theorem 3, since for the different possi-
bilities of a word w € H, 41 we have:

Casel. Ifw = wp_10rw = wy_1gn...g; for i = 0,...,n there is nothing to
show.

Case 2. Ifw = w, 1tk k € Z respectively Z,, then by Proposition 3, w is a
unique linear combination of words of type 1’), 2'), 3') and 4').

Case 3. Finally, if w = w,_1gn ... gi+1tF, k € 7Z respectively Zg, by Propo-
sition 3, tf is written in terms of words w;_1, wi—19;...g, for r <
Ty Wi_1G5 - - - gH_le and wi_lTi’C . Therefore w can be written uniquely
in terms of the words

Wp—19n - - - §it1Wi—1G; - - - G for r =0,...,1,
k
Wn—19n - - - Git1Wi—19i - - - §r+1 1 and
) Tk
Wn—-19n -+ - §i+1W;i—1 i

w;—1 commutes with ¢, ...¢g;4+1, unless ¢ = 0, where the word is already
arranged in a trivial manner. So the above words reduce to the types

Wn—19n -+ -Gr O Wp_1Gn - - - gj—i—l,Tjk-
O

Theorem 3 rephrased weaker says that the elements of the inductive basis
contain either g, or T¥ at most once. We can now pass easily to the inductive
basis that we need for constructing Markov traces on |J7—; H,. Indeed we have
the following:

Theorem 4. Every element of Hy,+1(q, 00) respectively H,+1(q,d) can be writ-
ten uniquely as a linear combination of words, each of one of the following types:

1") wp—1

2") Wp—19ngn—1 - - - gi

3" ) wp—1Gngn-1 - - .gH_lt;k, k € Z respectively Zg

4") wn_lt'nk, k € Z respectively Zg

where wy,—1 s some word in H respectively H,(q,d).

Proof. By Theorem 3 it suffices to show that expressions of the forms 3') and 4’)
can be written (uniquely) in terms of 1), 2”), 3”) and 4”). Indeed, for k € Z,
let
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W= Wn-19nGn—1--- Git1TF = Wn19nGn—1---Gi+1Gi--- G1t*g1 ... gi.

We apply the relation g, = ¢- g+ (¢ — 1) - 1 to all letters of the word g; ... g;
to get:
W= Wno1gn - Gi1Gi- - 19T g Y waagn ittt g5

where in the words gjjl e gj;1 there are possible gaps of indices. Let the closest
to t* gap occur at the index p; then

k _ _ _ _
W= Wp_1gn - Git1t; + 3 Wn-1gn ... gltk91 . 'gpfllgpil - 'gjkl =

k _ _ _ _
Wn—1Gn - - Giy1ts + 2 (wn_1g," .. .gjkl_l)gn cgitfgrt .gpfl =

k k
Wn—-19n - - - gi+1t2 + Z Wn—-19n - - - gpt;71 .

Hence w is a sum of words of type 3”. In the case where w = w, 1T%, k € Z,
we apply the same reasoning as above. O

Theorem 4 rephrased weaker says that the elements of the inductive basis
contain either g, or t’nk at most once. Notice also that if we were working on
the level of the Iwahori-Hecke algebra H,, (¢, @), we would omit Theorem 3.

Remark 2. All three inductive bases of H,41(g,00) respectively H,11(q,d)
given in Theorems 2, 3 and 4 induce the same complete set of right coset rep-
resentatives, S, 11, of Wy, o respectively Wy, g in Wy, 1 o respectively Wi, 11 4,
namely:

Sn+1 :={snsSn-1...8:]i=1,....,n}
{snSn_1...81tFs1...8;]i=1,....,n— 1, k € Z respectively k € Zg,k # 0}
{t | k € Z respectively k € Zq}.

We now give the final result of this section, namely, a basic set of H,t1
which is a proper subset of X;.

Theorem 5. The set

= {t, M o)
for1<iy <ig<...<ip<mn, ki,...,k, € Z respectively Zq and o € H,11(q)

forms a basis in Hp41(q, 00) respectively Hpy1(q,d).

Proof. By Theorem 4 it suffices to show that words in the inductive basis 1),
2""), 3") and 4"”) can be written in terms of elements of ¥. Indeed, by induction
on n we have: if n = 0 the only non-empty words are powers of ¢, which are
of type 4”) and which are elements of X trivially. Assume the result holds for
n — 1. Then for n we have:
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Case 1. If w = wy_1 there is nothing to show (by induction).

Case 2. If w =w,_19n ---g;, then, by induction w,,_1 = télkl

of ¥ restricted on H,,. Thus w = t;l -0 Qn...9; € X, since
O gn-...9; is an element of the canonical basis of H,11(q).

kr
St "o, a word
ks
k Enr
bt

1 k1

Case 3. Ifw=wn,_19n-. .gi+1t§k, then, by induction step w, 1 = tj " .. .t;rk’"ﬁ,

a word of X restricted on H,,, so

g k1 7 ki 1k Lemmﬁl,(vi)
w=1t, ...t 0 gn-.Git1t; =

; ki 7 kr 1 k Lemmﬁl,(vi)
Gy oty 0ty G Gi =

k Ky ke
G T 0 g G
Now o - gy, ... g; is a basic element of H,,11(q), thus w € X.

Case 4. Finally, if w = wn,lt;k, by induction step we have w, 1 = t;, ki .tgrk" .
o, a word of ¥ restricted on H,,. Then

ok ;) k ,kLemm_al,(vi) ; ki ) ke k
w=t;, ...t o, = Gty T, o €N

4 Construction of Markov traces

The aim of this section is to construct Markov linear traces on the generalized
and on each level of the cyclotomic Iwahori-Hecke algebras of B-type. As these
algebras are quotients of the braid groups, the constructed traces will actually
attach to each braid a Laurent polynomial. The traces as well as the strategy of
their construction are based on and include as special case the one constructed
on the classical B-type Hecke algebras in [12], [13] (Theorem 5), which in turn
was based on Ocneanu’s trace on Hecke algebras of A-type, cf. [11] (Theorem
5.1). In the next section we combine these results with the Markov braid equiv-
alence for knots in a solid torus, so as to obtain analogues of the homfly-pt
polynomial for the solid torus.

Let R = Z[qil,ufl,...,uil,...] and let H,, denote either H,(q,o0) or
H,(q,d). Note that the natural inclusion of the group B, into Bj n4+1 (geo-
metrically, by adding one more strand at the end of the braid) induces a natural
inclusion of H,, into H,,+1. Therefore it makes sense to consider B := Uzo:l Bin
and ‘H :=(J,—, Hn. Then we have the following result:

Theorem 6. Given z, sy, specified elements in R with k € 7Z respectively Zq
and k # 0, there exists a unique linear trace function
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(oo}
tr: H:= U H,, — R(z,sk), k € Z respectively Zq

n=1

determined by the rules:

1) tr(ab) = tr(ba) a,beH,

2) tr(l) =1 for all Hy,

3) tr(agn) =ztr(a) a€H,

4) tr(at] k) =sptr(a) a € Hn, k € Z respectively Zq

Proof. The idea of the proof of Theorem 6 is to construct ¢r on UZO:1 ‘H,, in-
ductively using Theorem 4 and the two last rules of the statement above. For
this we need the following lemma. In order to avoid confusion with the indices
we introduce here the symbol ‘Z’ to mean ‘Z’ or ‘Z,’ respectively.

Lemma 6. The map

cnt (Hn @y, Hi) Drez Hn — Hpt1

given by cn(a@b®rer) = agnb+> o, ekt;lk
is an isomorphism of (Hny,Hy)-bimodules.

Proof. Tt follows from Theorem 4 that the set £, below provides a basis of H,,
as a free H,,_1-module (compare with Remark 2 for W,,;1):

L :={gn-1Gn-2...g:li=1,....n—1}U{t, " ke 2}
{Gn-19n_2...q1tfg1* ...gi* |i=1,....n—2, k€ Z, k #0}.
Then we have: H, = @y, Hn-1-b,
and using the universal property of tensor product we obtain:
Hn @y, Mo = HuQyy,  (Dier, Hn-1-0)
= Buer, Hn @y, _, Hn1-0)
= @beﬁn Hon - b.
Therefore:

Hn ®Hn_1 Hn ®kez Hn = Gabeﬁn Hy - b®kez Hn.

Applying now the same reasoning as above, the set £, 11 below provides a basis
of H,41 as a free H,-module:

Losr = {gngn-1---gili=1,....,n}U{t," |k € 23U
{gngn-1...gitFgn ... i=1,....n—1, k€ Z, k #0}.
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The latter isomorphism then proves that ¢, is indeed an isomorphism of (H,,, Hy)-
bimodules, since it corresponds bijectively basic elements to elements of the set

£n+1~ O

We can now define inductively a trace, tr, on H = Uf;l ‘H.,, as follows:
assume tr is defined on H,, and let * € H,41 be an arbitrary element. By
Lemma 6 there exist a, b, ex, € H,, k € Z, such that

z:=cp(a®bdy ).

Define now:

tr(z) := z-tr(ab) +tr(eg) + Z sk - tr(ek).
kez
Then tr is well-defined. Furthermore, it satisfies the rules 2), 3) and 4) of
the statement of Theorem 6. Rule 3) reflects the Markov property (recall the
discussion in Introduction), and therefore, if the function ¢r is a trace then it is
in particular a Markov trace. In fact one can check easily using induction and
linearity, that tr satisfies the following seemingly stronger condition:

(3") tr(agnb) = ztr(ab), for any a,b € H,.

In order to prove the existence of tr, it remain to prove the conjugation
property, i.e. that ¢r is indeed a trace. We show this by examining case by
case the different possibilities. Before continuing with the proof, we note that
having proved the existence, the uniqueness of ¢r follows immediately, since for
any & € Hy41, tr(x) can be clearly computed inductively using rules 1), 2), 3),
4) and linearity.

We now proceed with checking that tr(ax) = tr(za) for all a,x € H. Since tr
is defined inductively the assumption holds for all a,x € H,,, and we shall show
that tr(ax) = tr(za) for a,x € H,41. For this it suffices to consider a € H,41
arbitrary and x one of the generators of H,,11. L.e. it suffices to show:

tr(ag;) = tr(g:a) a€Hpyr, i=1,...,n
tr(at) = tr(ta) a € Hpyr.
By Theorem 4, a is of one of the following types:
i) a = wp_q
ii) @ = wn—19nGn—1---9i
ill) a = wp—19ngn-1- - .gth;k, k € Z respectively Zg

iv) a = wp_1t),", k € Z respectively Z4, where w,_ is some word in H,,.
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Ifa=w, 1andz=torxz=g; fori=1,...,n— 1 the assumption holds from
the induction step, whilst for = g, it follows from (3’) that tr(wp—1g,) =
ztr(a) = tr(gnwn—1).

If a is of type ii) or of type iii) and x =t orz =g; fori =1,...,n—1 we apply

the same reasoning as above using rule (3'). So we have to check still the cases
k .

where @ = Wp—19ngn—1-.-G; O @ = Wp_19nGn-1---git1t; and x = g,, i.e.

tr(Wn—19n - - - gign) = tr(gnWn—19n-..9:)
tr(Wn1gn - Git1t) Gn) = tr(gnWn1gn - git1t]") "
If a is of type iv) and x =t or x = g; for i = 1,...,n — 1 we have to check:
tr(wa_1t,"t) = tr(twa_1t,")

()

k k
tr(wp—1ty,"g:) = tr(giwn_1t,")

Finally, if a is of type iv) and = g,, we have to check:

tr(wn,lt:lkgn) = tr(gnwn,lt;k) (x * %)
Before checking (x), (x*) and (* * ) we need the following:

Lemma 7. The function tr satisfies the following stronger version of rule 4):

(4" tr(xt;ky) = sy tr(zy),
for any x,y € H,,, k € Z respectively Zq.

Proof. It suffices to prove (4') for the case that y is of the form y = y;t*ys,
where yis a product of the g;’s for i =1,...,n — 1, X\ € Z respectively Z, and
y2 an arbitrary word in H,. Indeed we have:

) Lemmal,(vi)

tr(xt;ky) = tr(zt’nkylt)‘yg tr(xylt;lkt)‘yg)

Lemmal,(vi)

=tr(zyign ... 1th g1 g2t L gn T o)
=tr(zyign ... 1t* g1 gt g ) = A

The latter underlined expression says that we have to consider four possibilities
depending on k, A being positive or negative. We show here the case where both
k, A are positive. The rest are proved completely analogously. For k, A positive,
Lemma 5,(1) says:

gltk‘gl—ltk — tkgltkgl—l + (q—l _ 1) [tk—lgltk-‘rl ot gltk-i-)\}

+ Q=g H[trgtr +- - +tFA gy
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We substitute then in A to obtain:

A=tr(zyign - - g2t g1t 17 .. g o)
+(g = 1) [tr(zyign - - - g2t tartF Tl g T ye) + - -
+tr(zyign - 1t" g gn )]

1

+(1 =g Y tr(zyign ... gotFaitr g2 o gn T ly) + -

+tr(zyign - - gat" T Lgitga Tt gn T )] Lemmal,(vi)
= tr(zyltAt;kaQ)

+(g7 = 1) [tr(zyt* Lgn . g1ga Tt gn R ) 4 -
(YL Gn - 9192 o g T )]

+(1 =g Y [tr(zyitbg, ... g192 . gn M ye) + - -

1

_ _ L 1,(44d)
+tr(zyt" A g, gige Tt )] ermma s

. gniltyQ

k
= tr(zyt™], " y2)

gt =D rnt* gt gne gt T )

tk+)\y2)]

+tr(zyigr g1 g1
+(1 =g Y trzytba ™ . gna1 g 1t y2) -

o _ 3)
+tr(zytF T g T g1 T g gity2)] =

= tr(zyi ™M, yo) + (71 = 1)z [tr(zy ™ Fys) + (1 — ¢ )z [tr(zyth P ys)
= tr(zyltkt%kyz), -
The relations (xx) follow now immediately from Lemma 7, since:

“)

tr(wn—lﬁgi) s, t'/’(wn_lgi) inductgm step

k
sptr(giwn—1) = tr(giwn_1t;,"),
for all ¢ < n, and similarly for x = ¢.

We next show (x) for a = wp_1gn ...g;. The case a = wyp_19n .. .gi+1t§k is
shown similarly. On the one hand we have:

tr(wn—lgngn—l- .- gl’gn) = tr(wn—lgngn—lgngn—Q cee gz’)

’

3"
= tr(Wn—19n—19nGn—-19n—2 - -- gi) = 2tr(Wn—1gn—1>gn-2--- i)

=(qg—Dztr(wp-19n-1---9i) + qztr(Wp_1gn—2 ... 9g:).
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On the other hand in order to calculate tr(gpwn—19n -..g;) we examine the
different possibilities for w,,_1:

- If Wn—1 S Hn—l: then tr(gnwn—lgn .. gl) = tr(er—19L29n—1 B gz)

=(¢— Dztr(wp—1gn—1-.-9i) + qztr(wn_19gn—2-..gi)-
~If w1 = bgp_1c, where b, c € H,,_1, then tr(gnbgn—1¢gngn-1--- gi)

3/
= tr(bgn—19ngn—1€Gn—1- - - 9i) © 2tr(bgn—_1%¢gn_1--.gi)

Dztr(bgn—1cgn-1-.-9i) + qztr(begn_1...9i)

=(g—1)

= (¢ —Dztr(bgn_1¢gn—1---9:) + qz> tr(bcgn_2 - .. gi)

= (¢ — Dztr(bgn-1¢gn-1-.-9;) + qztr(bgn_1cgn—s ... 9g;)
= (¢ — Dztr(wn—19n-1-..9i) + gz tr(Wn-1gn—2-..gi)-

— Finally, if w,_1 = bt’nflk, where b, € H,_1, then

tr(ngt;klkgn cagi) = tr(bgnt;%lkgin. .. 0i)
(4"),(3")
= qtr(bt;kgn,l g+ (-1 tr(bgltiklkgn,l e gi) =
=qztr(bt),_"gn_o...g)) + (q— Dztrbt, "gn_1...g)
=qztr(Wp—19n—2---9;) + (¢ — Dztr(wp_19gn—1---9i)-
Note 2. The relations (x) imply that tr(xg,yg,) = tr(gnxgny) for any z, y €
Hp.

It remains now to show (k% x). On the one hand we have:

’
/

I .
emm:aL(vl) tr(wn_lgl ;l_lk) (3:) Ztr(wn—ltn_lk)-

tr(wn_ltﬁlkgn)
On the other hand in order to calculate tr(gnwn_lt;k) we examine the different

possibilities for w,_1:

—If wy,_1 € H,_1, then tr(gnwn_lt/nk) = tr(wn_lﬁt’n_lkgn’l)

= (g = D) tr(wn1t,") + gtr(wp—t,_"ga™") = (¢ = 1) tr(wnrt,_,")

t+ztr(wa_1t,, ")+ (1= @) tr(wn_it, ") = ztr(w,_1t,, *).

—If w,_1 = ag,_1b, where a, b € H,,_1, then

1

k
—1 gn

tr(Mgnflbﬁ) = tr(agngnflgnbt;,
_ k _ k
=q ' tr(agn-19ngn-1bt,_"gn) + (¢ — 1) tr(agn-19ngn—1bt, ") =

(applying Note 2 for z = ag,—1 and y = gn_lbt;l_lk)
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_ k _ k
= ¢ tr(gnagn—19ngn1bt;, ") + ("' = Dztr(agn—1%bt;, ")
_ k _ k
=q 1tr(agn_1glgn_12bt;1_1 Y+ (¢t = Dztr(agn_12bt,_1")

= q72(q? — g+ 1) tr(agn1bt, ") + g7 2q(q — 1) tr(abt;, ")

—|—(q_1—1)z(q—1)tr(agn_lbt’n_lk)—l—(q —1)zqtr(abt],_ 1k)—ztr(wn 1t lk).

Before proving the last case we need to deform the expression t;_lltﬁlk. Indeed
we have:

L, k _ _ _ _
ot =g it g g itPg T g

=Ggn-1---91t'gn ... 929192 .. g T gyt

= (gn-19n) - - - (192)t' 1t" (g2 1 ™1) ... (g0 g1 Vg "
(

= (gn-19n) - -- (192)t'q1t*1 "2 '™ .. (gn P g1 Y)

T (gn-19n) - - (192)t'1t* g1 (g2 T g17Y) . (g Lgn-17h)

Lemma 5,(4)

(@ =1) (gn-19n) - - - (9192)t' 91" g1 (92" 1™ ") - - (9 gn—17")

a1 (Gn-19n) - (9192) 1 tF 1t (92" 2o ™) . (90 L gn—1t)

+(1 = ¢ 1) [(gn-19n) - - - (9192)tg1t* ™ g2 7P g1™ ) .. (gn g1 ) + -
+(gn- 1gn) (9192t 91t (g2 ) o (gn T g )]

@ =) [(gn-19n) - (192)t" g1t (92 1 ™) - (g0 g ™) 4 -
H(gn-19n) - (192)" " git(g2" g1 o (90 g1

(@ = 1) (gn-19n) - - (G192)t' 1" (g2 "1 ™") - (gn " g1 )

=q¢ ' gngn-1---91t"gn . g1g2™" g Mg gt

+(1 =g Y gn-1---91tgn ... qrg2" " g T g T g T

tgn1-gitign - grge o gn T g

+@ =D [gn-1---91t*gn .. 192 .. gn g g T
Fon-1-- 0t g gige T g T T g Y]

e =D gn1gitlgn o gigpt g T g
=q¢lg,...q1tFg .. .gn,l_llgl. gttt gt

+(1=q¢ Ygn-1---g1tg1™ e Gno1 g0 gitF T g T g T

g g1 g it

+gn_1...gl glil...gn_l
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+@ P =D gn1---q1tfg g T it g T

g T g g gitgr g
e On g1 ittt g !

+Gn-1---9

=gn...q1tFg 7"

+1=q¢Vgn...itF g7 g !

+(1=q¢ Ygn-1-- g1t e Gn1 G gitF T T g T g T

1 -1 tk+1

+gn-1- g1t g g1 T g1 —1]

gt g

+(gt=1)[gn-1-- ctfg g1 it g T

ltk+l—1 —1 1

+Gn—1-..9 72 R MU Ry S/ 18 7/ R/ MU

Notice that with applying the other cases of Lemma 5 we obtain analogous
results.

— If, finally, w,_1 = bt/ _ l, where b € H,,_1, we have: tr(g,bt/ _ Ly ®
n—1 JnY'n—1 “n

1

1...gglgn_1...gltlg17

:tr(bﬁgn—l ...gltkgli gn—lil)

+(1 = ¢ M) tr(bgngn-1...1t" g1 71 g

+(1 =g ) [tr(bgngn—-1---g1tgr .. gn1 gn - 1tF T g T g Y
-1

o tr(bgngn-1-- 91t g g gt g g Y]

+(g7 =1) [tr(bgngn—1-.-g1t* g7 o gno1 Mg attgr T g T )

+tr(gn-1--- g t" g T g g gitgr T g1 )]

g (=g (g 1)z g tr(bt, M)

= (=) tr(vt. . _H+qtr(vt,
+(1 =g Y [qtr®tlt!, Y + (g — Dztrvt, T+

n'n—1

+qtr(vty T 4 (g = Dzt )]

n—

k+l)+_”

+Hgt = 1) [qtr(vt, ", ") + (g — D)z tr(bt,_,
+atr(bt, " )+ (g = Dztr(bt, ")
= (¢ — Dspsitr(b) + qla 2 + (¢ = D] tr(bt,,_, ")+

[(q+q7t =2)z+ (g = D]tr(bt, ") + (g7 = 1) (g = Dztr(t,_,"")tr(b)
+(g = Vst tr(t, ") + -+ (g = Dsima tr(t, " tr(b)

+(1 = Q) trt s tr(®) + - - + (1 — q) tr(t,* N5y tr(b).

And since tr(t,") = tr(t/,_,") in all algebras H,, we conclude that
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M = 2t ) = 2 tr(weat,_").

n—1 n—1

tr(gnbt! ') = ztr(bt!

n—1
The proof of Theorem 6 is now concluded. U

As already mentioned in the Introduction, we can define tr with so few rules,
because the elements t*, . .. ,t;k in rule 4) are all conjugate, and this reflects the
fact that By, splits as a semi-direct product of the classical braid group B,
and of its free subgroup P ,, generated precisely by the elements ¢, ¢}, ..., ¢ _;:
ABlm ::}Hm X Bp.

Note that if k € Zo we are in the case of the classical Iwahori-Hecke algebras
of type B, and from the above construction we recover the trace given in [12, 13].
Moreover, if a word € H,, does not contain any t’s (that is, if = is an element
of the Iwahori-Hecke algebra of type A, ), then tr(z) can be computed using
only rules 1), 2), and 3) of Theorem 6, and in this case tr agrees with Ocneanu’s
trace (cf. [11]).

Remark 3. A word seen as an element of different B-type Hecke algebras
will aquire in principle different values for the different traces. This difference
consists in substituting — if necessary — the parameters s; according to the
defining relation (#) of H,(q,d) : t¢ = agz_1t¥1 4+ -+ ag. So, in H,(q,d) we
have: tr(t;lk) = s, for k € Z4 and tr(t;ld) = ag_154—1 + -+ ao.

For example in ‘H,,(g,00) and in Hy,(q,d) for d > 5 we have tr(t®) = ss.
In H,(q,5) is tr(t5) = ass4 + - - - + ap, whilst in H,, (g, 3) is
tr(t°) = (az® + 2a1as + ag)se + (a1? + araz? + apaz)s + (apa; + apaz?).

In order to calculate the trace of a word in H,, we bring it to the canonical form
of Theorem 5 applying at the same time the rules of the trace. As an example
we calculate below tr(g2g1t3g; 1 g3g293). We have:

tr(g2g1t®9; 'g39293) = tr(9201t391 " 929392) = 2 tr(g201t3g1 " g2?)
=z(g—1) tT(9291t39f193) + 2qtr(g201t397 ")
= 2(q — V)qtr(ty®) + z(q — 1)> tr(g201t°97 ) + 2q tr(g2g1t>g7 ")

=qlg = Dztr(ty’) + 2@ — ¢ + D tr(#;?).

5 Invariants of knots in the solid torus

The aim of this section is to construct all analogues of the 2-variable Jones
polynomial homfly-pt) for oriented knots in the solid torus derived from the
cyclotomic and generalized Hecke algebras of type B, using their Markov equiv-
alence and the Markov traces constructed in Theorem 6. All knots/links will be
assumed to be oriented, and we shall say ‘knots’ for both knots and links.
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12345

Figure 4:

As mentioned in the Introduction the elements of the braid groups B .,
which we call ‘mixed braids’, are represented geometrically by braids in n +
1 strands in S3, which keep the first strand fixed. The closure of a mixed
braid represents a knot inside the oriented solid torus, ST, where the fixed
strand represents the complementary solid torus in S, and the next n numbered
strands represent the knot in S7T'. Below we illustrate a mixed braid in B; 5 and
a knot in ST.

Moreover, it has been well-understood that all knots in ST may be represented
by mixed braids, and their isotopy in ST is reflected by equivalence classes of
braids in (J)2; Bi,, through the following:

Theorem 7. (cf. [13], Theorem 3.)

Let Ly, Ly be two oriented links in ST and (31, B2 be mixed braids in U,OLo:1 B,
corresponding to Ly, Lo. Then Ly is isotopic to Ly in ST if and only if 1 is
equivalent to B in \J,— | B1,, under equivalence generated by the braid relations
together with the following two moves:

(i) Conjugation: If o, 3 € By, then a ~ B~ 1af.
(i1) Markov moves: If « € By, then o ~ ac, T € Bipt1-

Let now 7 denote the canonical quotient map Bj, — H, given in Defini-
tion 1, and consider the trace constructed in Theorem 6 for a specified algebra
‘H,,. Then a braid in B, , can be mapped through ¢rox to an expression in the
variables ¢, ulﬂ, . ,udﬂ, ...y 2,(8K), k € Z respectively Z4. Let also @ denote
the knot obtained by closing the mixed braid . Theorem 7 combined with The-
orem 6 say that in order to obtain a knot invariant X in ST from any specified

trace of Theorem 6 we have to normalize first g; to v/Ag; so that

tr(a(VAgn)) = tr(a((ﬁgn)_l)) for a € Hy.

This normalization has been done in [13], (5.1), where Jones’s normalization of
Ocneanu’s trace (cf. [11]) was followed, and it yields

z+1—gq 1—gq
— 2= .
qz gh—1

A=

Then we have to normalize tr so that
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Figure 5:

X(Q) = X(aoy,) = X(aoy ).
Let finally A be the field of rational functions over Q in indeterminates v/, NGB
Ad—1y---,00,---,(Sk), k € Zrespectively Zy. (The reason for having square root
of ¢ becomes clear in the recursive formula { below.) Then the normalizations
result the following

Definition 3. (cf. [13], Definition 1.) For «, tr, m as above let

1-—\q
VA1 —q)

where e is the exponent sum of the 0;’s that appear in . (Note that the ¢}’s do
not affect the estimation of e, so they can be ignored.) Then X5 depends only
on the isotopy class of the mixed knot @, which represents an oriented knot in
ST. (For example, in H,(q,d) and for k € Z; we have: o = t* then Xs = sy.)

Xo = Xa(q,a4-1,. .., ap, VA, 81, 82, . . )= [— r*l(ﬁ)etr(ﬂ(a)),

Note that if a knot in ST can be enclosed in a 3-ball then it may be seen as
a knot in S% and there exists a mixed braid representative, o, which does not
contain ¢}’s. Then Xj; has the same value as the 2-variable Jones polynomial
(homfly-pt) as given in [11], Definition 6.1. On the lower level of H, (¢, Q) X
yields the invariants constructed in [13], Section 5 and [8], Section 5.

Remark 4. Note furthermore that one could also define H,, (g, d) as a quotient
of By, by sending the generator ¢ of By, to t~1 of H,(g,d). Then the traces
and the knot invariants in ST constructed above exhaust the whole range of
such constructions related to all possible Hecke and Hecke-related algebras of
type B.

On recursive formulae: We shall now show how to interpret the above in
terms of knot diagrams, and how to calculate alternatively the above knot in-
variants in ST by applying recursive skein relations and initial conditions on
the mixed link diagrams. Let Ly, L_, Ly be oriented mixed link diagrams that
are identical, except in one crossing, where they are as depicted below:

With analogous reasoning as in [13], (5.2) (cf. also [11]) the defining quadratic
relation of H,, induces the invariant X to satisfy the following recursive linear
formula, which is the well-known skein rule used for the evaluation of the homfly-
pt polynomial.
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d ; d1:b '
|
d Mg1 My
Figure 6:
X, - aVAL = (i =) X,
—F= AL, — L. = - —=) AL
\/a\/x + \/a 0

In the case of H,,(g,00) there is no other skein relation that X satisfies.
In the case of H,(q,d), let My, My_1,..., My be oriented mixed link diagrams
that are identical, except in the regions depicted below:

Using conjugation we may assume that My = « t;d, Mg 1=« tgd_17 oo My=a
for some o € By ,,. And so by Lemma 1, (viii) we obtain:

tr(m(a t;d)) = aq_1tr(r(a t;d_l)) + -+ agtr(n(a)),

If we multiply now the above equation by

R

we obtain the following skein relation for &

Xa%:ad,lXaﬁl+~-~+aoXMo i
(compare with Remark 3). We next find the initial conditions that are also
needed for evaluating X for any knot diagram in ST using the skein relations f
and . Clearly

Xunknot =1

should be one of them. Recall now the canonical basis of H,,41 given in Theorem
5. With appropriate changes of crossings (using the quadratic relations for the
gi’s) this basis yields a canonical enumeration of descending diagrams related
to B nt1. Let now a be such a descending diagram. Applying ¢r on o means
geometrically that we close the braid o and we apply the Markov moves. Using
Rule (4) we extract and re-insert (") so as to obtain:

Xp =

kil ko 41 kpo
1 ki ko /oy
¢ ke Ra g R

This provides the second set of initial conditions, namely the values of X at
all links consisting of stucks of loops of different twists with same orientation
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Figure 7:

around the ‘axis’ solid torus. If X is derived by the cyclotomic Hecke algebra
H,(g,d) the number of twists of each loop cannot exceed d — 1. In the case of
H, (g, 00) the number of twists is arbitrary. We illustrate below an example of
a descending diagram with the starting point at the top of the last strand, the
basic link t*t,¢,~! and the projection of ¢3 on a punctured disc.

We conclude with some remarks.

Remarks (i) On the level of H,(q,c0), X is defined by all initial conditions
(with unrestricted number of twists) and only by the first skein rule. Therefore

the set of mixed links of the form t;lklt;2 P t; Fr for ki, ..., k, € Z forms the
basis of the 3rd skein module of the solid torus. Thus the result of J.Hoste and
M.Kidwell in [10], and of V.Turaev in [16] is recovered with this method. If X is
derived by the cyclotomic Hecke algebras H,, (g, d) the set of mixed links of the

form t§1k1t§2 k2 -t kT, for kq,..., k. € Z4 forms the basis of the corresponding
submodule of the 3rd skein module of ST In [15] the algebra H,, (g, 00) has been
studied independently and the corresponding ST-invariant has been constructed
using similar methods.

(ii) If on the level of H, (g, 00) we use the skein rule

1 1

;yLJr —tYL_ = (\/i_ %)y[,o
instead of t, and the initial conditions Yunknot = 1 and Vp = s we obtain an
analogue of the Jones polynomial for oriented knots in the oriented ST. If ST
is unoriented we have to allow an extra isotopy move for knots in ST, namely
to flip over the diagram around the z-axis, where the knot diagram is projected
on a punctured disc. The invariant ) is preserved under the flipping over move,
so ) is the analogue of the Jones polynomial in the orientable ST. For details
and for the Kauffman bracket approach of this invariant see [9].

(iii) The invariant X related to H, (g, o0) is the appropriate one for extending
the results to the lens spaces L(p,1). The combinatorial setup is similar to the
one for ST, only the Markov braid equivalence includes one more move, which
reflects the surgery description of L(p,1). So, in order to construct a homfly-pt
analogue for knots in L(p,1) or, equivalently, in order to compute for L(p,1)
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the 3rd skein module and its quotients we have to normalize the ST-invariants
further so that

Xp = Xsl(h)a for a € Bl,?’h

for all possible slidings of . This is the subject of [S. Lambropoulou, J. Przyty-
cki, Hecke algebra approach to the skein module of lens spaces, in preparation].

(iv) Analogous combinatorial setup, Markov braid equivalence and braid struc-
tures in arbitrary c.c.o. 3-manifolds and knot complements has already been
done in [14],[S. Lambropoulou, Braid structures in 3-manifolds, to appear in
JKTR]. Therefore it is possible in principle to extend such algebraic construc-
tions to other 3-manifolds, by means of constructing appropriate quotient alge-
bras and Markov traces on them, followed by appropriate normalizing, in order
to derive knot invariants.
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