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Abstract

The Yokonuma-Hecke algebras are quotients of the modular framed braid group and they support
Markov traces. In this paper, which is sequel to Juyumaya and Lambropoulou (2007) [6], we explore
further the structures of the p-adic framed braids and the p-adic Yokonuma—Hecke algebras constructed by
Juyumaya and Lambropoulou (2007) [6], by means of dense sub-structures approximating p-adic elements.
We also construct a p-adic Markov trace on the p-adic Yokonuma-Hecke algebras and approximate the
values of the p-adic trace on p-adic elements. Surprisingly, the Markov traces do not re-scale directly to
yield isotopy invariants of framed links. This leads to imposing the ‘ E-condition’ on the trace parameters.
For solutions of the ‘E-system’ we then define 2-variable isotopy invariants of modular framed links. These
lift to p-adic isotopy invariants of classical framed links. The Yokonuma—Hecke algebras have topological
interpretations in the context of framed knots, of classical knots of singular knots and of transverse knots.
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0. Introduction

The Yokonuma—-Hecke algebras Y, , (1) were introduced by Yokonuma [14] in the context
of Chevalley groups, as generalizations of the Iwahori-Hecke algebras. More precisely, the
Iwahori-Hecke algebra associated to a finite Chevalley group G is the centralizer algebra
associated to the permutation representation of G with respect to a Borel subgroup of G. The
Yokonuma—Hecke algebra is the centralizer algebra associated to the permutation representation
of G with respect to a unipotent subgroup of G. Setting d = 1 the algebra Y , (1) coincides with
the classical Iwahori—Hecke algebra of type A, H,, (u).

The algebra Yy ,(#) may be viewed [5] as a quotient of the modular framed braid group
Fa.n (where the framings are considered modulo d) over a quadratic relation (Eq. (1.4)) involv-

ing the framing generators #; in a subtle way, by means of weighted idempotents e;; € CF4
(Eq. (1.3)). That is: Yy ,(u) = lei'n’ where 1, , is the ideal generated by the expressions: al-z —
1 —(u—1)eg; — (u—1)eq,;o;. See Figs. 3 and 4 for some diagrammatic interpretations and

also [6] for more.
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Fig. 1. The different facets of a p-adic framed braid.

In [5] the first author constructed a linear Markov trace try on the algebras Y, ,(u). With
the trace try in hand we assumed we had an invariant for framed links, using the framed
braid equivalence, derived in an analogous manner as the 2-variable Jones or HOMFLYPT
polynomial via the Ocneanu trace on the Iwahori—-Hecke algebras of type A [4]. It is well-
known that framed links can be used for constructing 3-manifolds (closed, connected, oriented)
using topological surgery. Then two 3-manifolds are homeomorphic if and only if any two
framed links in S representing them are related through isotopy and the Kirby moves, or
the equivalent Fenn—Rourke moves. Isotopy invariants of framed links have been used for
constructing topological invariants of 3-manifolds. One motivation for our work was paper [11]
where framed braid equivalence is given for the Fenn—Rourke moves.

As the framings in Y, ,(u) are subjected to the modular condition, we first sought ways to
improve on this point, given that in the main Kirby move the framings add up. On the other hand,
the definition of the elements e, ;, which appear in the quadratic relation of the algebra Y, , (1),
rests on the fact that the framings are modular. Consequently, in [6] we constructed the p-adic
framed braid group F e~ , as the inverse limit of the modular framed braid groups Fr ,:

]:poo,n = LiLIl}—pr’n.
reN
In Fpoc , there are no modular relations for the framings. A p-adic framed braid may be
viewed as an infinite sequence of the same classical braid, with the modular framings of the
corresponding strands forming a p-adic integer. By certain group isomorphisms (see Eq. (1.12)),
a p-adic framed braid may also be viewed as a classical framed braid but with framings p-adic
integers or, equivalently, as a classical braid with infinite cablings replacing each strand, whose
corresponding modular framings form a p-adic integer. See Fig. 1 for the different facets of a
p-adic framed braid. In the present paper we shall ignore the above identifications, which had to
be observed closely in [6].
In [6] we further constructed the p-adic Yokonuma—Hecke algebra Yy~ ,,(u) as the inverse
limit of the algebras ¥ pr ,, (u):

Ypoo’n(u) = 1(&1 Ypr’n(u).
reN
In Y poo , (u) also there are no modular relations for the framings.
In the course of our study several interesting questions arose. One question was how the

algebras

CFpeon and  limCFpr

r

compare. In this paper, which is sequel to [6], we show (Proposition 1 and Theorem 1) that the
algebra CF e ,, can be regarded as a proper subalgebra of l(ir_nr CFpr,n and it is, in fact, dense.
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Another interesting question is how the following algebras compare:

CF.r lim CF,r
lim -2 — Yy ,(u) and H—.
<r_ Ip’,n lm Ip n

(C]:pr.n

n [6] we showed that is dense in Ypoo ,(u). In this paper we show that the two

llm 1yr
algebras are in fact 1somorphlc (see Proposition 3, Section 2.4). In Section 1 we recall briefly
our constructions in [6] of the p-adic framed braids and the p-adic Yokonuma—Hecke algebras,
giving emphasis to the relations and the main properties in each structure. Results stated as
lemmas or propositions are not contained in [6]. For details and proofs of previous results we
refer the reader to [6].

The most important questions are about the existence of dense substructures in order to
approximate p-adic elements by known objects. In Theorem 1 [6] we showed that inside F o
lies a dense copy of the classical framed braid group JF;,. In Theorem 3 [6] we also gave a set of
topological generators of ¥ o , (1) and a list of relations that they satisfy. We further showed that
a quadratic relation similar to the one of the algebra Yy , (1) holds in ¥ ,, (1) (see Eq. (1.16)),
involving the elements ¢; in hm CFpr n and Yo , (1), which are lifts of the idempotents e, ;
(Eq. (1.14)). The elements e; are still 1dempotents but they are no more weighted sums and, as
we show here, in Section 2, the elements e; are purely p-adic. For this reason we did not manage
in [6] to figure out a dense subalgebra of Y~ ,, () given by generators and relations.

In the present paper we construct a dense subalgebra Y, (1) of Yp ,(#) by means of a
presentation (see Definition 7 and Theorem 2):

CF,
(g2 —1—(u—De; — (u— e gi)

Y, (u) =

where C?/-'n is the extension of the algebra CF,, by the elements ;.

With the dense subalgebras available, we then give approximations for purely p-adic elements
by sequences of constant elements in the dense subalgebras, after having defined the notions of
s-truncation and r-expansion (r > s) for any p-adic element (see Sections 2.5 and 2.6). In
particular, it is shown that the elements e; can be approximated by elements e, ; in CF,. We
also construct approximations for arbitrary p-adic elements (see Theorem 3). Approximating p-
adic elements is particularly useful for understanding deeper the p-adic structures. In [6] we also
discussed approximations but here we really expand on the subject.

Further, in Section 3 we construct a p-adic Markov trace 7, on the algebras Y, , (1) (see
Theorem 5). This trace arises as the inverse limit of the traces tr,- (see Theorem 4) and it takes
values in the inverse limit of certain polynomial rings. Since F; is dense in Fpe ,, Tpoe can
be used, in principle, for constructing an invariant of framed links with no restriction on the
framings. Using the approximation results of Section 2 we show how to approximate the trace
of a p-adic element by constant sequences of polynomials, and we give some computations (see
Section 3.3).

The next consideration then is to try to normalize and re-scale the traces try and 7, according
to the framed braid equivalence, which comprises conjugation in the classical framed braid
groups JF, and positive and negative stabilization moves, in order to obtain isotopy invariants
of oriented framed links. As we show in Section 4, trying to re-scale the trace try so that ag,
and ag, I will be assigned the same trace value for any o € Yy ,(u), leads to imposing the
E-condition on the trace parameters xi, ..., xg—1 (Definition 11). That is, x1, ..., x4—1 have to
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Fig. 2. A p-adic framed braid and a p-adic framed link.
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Fig. 3. The elemente; | € CFy 3.

satisfy a non linear system of equations, the E-system (see Eq. (4.4)). The traces try are the only
known Markov traces which do not re-scale directly to yield isotopy invariants of knots.

Surprisingly, there are always non-trivial solutions of the E-system in the set of complex
numbers. In Section 4.3 we explore various solutions with emphasis to ones that do not imply
the somewhat trivial condition

try(eq,;) = 1.

In the Appendix Paul Gérardin gives a method for finding the complete set of solutions of the
E-system and shows that the solutions are parametrized by the non-empty subsets of Z/dZ.
Finally, in Section 4.4 we show that a solution of the E-system lifts to the p-adic level.

Given now a solution of the E-system, parametrized by a subset S of Z/dZ, we re-scale and
normalize the traces try and we define 2-variable isotopy invariants I; ¢ (on variables: u and the
trace parameter z) of oriented framed links (see Definition 12 and Theorem 8 in Section 5). In
Proposition 7 we also give a skein relation satisfied by the invariants I s.

Theoretically, closing a p-adic framed braid gives rise to an oriented p-adic framed link;
see Fig. 2. So, normalizing and re-scaling the p-adic trace 7, according to the p-adic framed
braid equivalence, one could obtain isotopy invariants of p-adic framed links. As we show
(Theorem 9), the invariants I'yr g lift to a p-adic invariant I'yeo g of p-adic framed links. The
important thing is that I’y g is also an invariant of classical framed links with no modular
restriction on the framings. All the above are to be found in Section 5, where we also give
computations on concrete examples.

In a further development, in [8] we represented the classical braid group into the
Yokonuma—Hecke algebra Y, , (1) by treating the modular generators ¢; as formal generators and
ignoring their topological interpretation as framing generators. This led, up to the E-condition
and using the classical Markov braid equivalence, to S-parametrized 2-variable polynomial in-
variants of classical oriented links, which satisfy a ‘closed’ cubic relation (closed in the sense of
involving only the braiding generators). In [1] it is shown that these invariants do not coincide
with the HOMFLYPT polynomial that is constructed from the Iwahori—Hecke algebras H, (u),
except in a few trivial cases, thatis, u = 1 or ¢ = 1 or tr(e¢;) = 1. Yet, our computational
data [2] seem to indicate that these invariants do not distinguish more or less knot pairs than the
HOMFLYPT polynomial.
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Further, in [9] we constructed a monoid representation of the singular braid monoid algebra
into Yy, (#). Then, given the E-condition and the Markov braid equivalence for singular braids,
we defined invariants of oriented singular links. Finally, it has been observed (by Chmutov and
also by Turaev) that the traces try on the Yokonuma—Hecke algebras adapt more naturally to
the theory of transverse knots. Indeed, the transverse braid equivalence comprises framed braid
conjugation and only positive stabilization moves. This means that the traces tr; do not need to
re-scale, so we obtain naturally topological invariants of transverse knots via algebraic means.
Yet, here again, computations seem to indicate that these invariants are not stronger than known
geometrical ones (see [2]).

To summarize, the Yokonuma—Hecke algebras comprise the only known examples of algebras
with topological applications to different knot categories, which support Markov traces that do
not re-scale directly according to topological braid equivalence. For these reasons, in [10] the
framization of the BMW algebra and of other knot algebras has been established, while in [3] the
Yokonuma-Temperley—Lieb algebra has been constructed as a quotient of the Yokonuma—Hecke
algebra over linear relations identical to the linear relations used for obtaining the classical
Temperley—-Lieb algebra as a quotient of the classical Iwahori—-Hecke algebra. In [3] there is
another thing to report: as we show, the traces try pass through to the quotient algebras only for
the specific values of the parameter z that Jones has computed in the classical case.

This paper is sequel to [6], but we meant to keep it self-contained, so that the reader can
appreciate the subtle differences between the different p-adic objects discussed in the paper.

1. Framed braids, quotient algebras and p-adic objects
1.1. Framed braid groups

The classical braid group on 7 strands, B,,, is generated by the elementary braids oy, ..., 0,1,
where o; is the positive crossing between the ith and the (i 4+ 1)st strand, satisfying the well-

known braid relations: 0;0;10; = 0;410;0;+1 and 0;0; = ojo; for |i — j| > 1. On the other
hand the group Z" is generated by the ‘elementary framings’ (0, ..., 0, 1,0, ..., 0) with 1 in the

ith position. In the multiplicative notation an element a = (ay, ..., a,) € Z" can be expressed
asa = tlal <.t where 11, ..., t,, are the standard multiplicative generators of Z". The framed
braid group on n strands is then defined as:

Fo=7"x By 1.1

where the action of B,, on Z" is given by the permutation induced by a braid on the indices: 0;¢; =
I;(j)0i- A word w in F, has, thus, the ‘splitting property’, i.e. it splits into the ‘framing’ part and
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the ‘braiding’ part: w = tla‘ ---ty" o, where 0 € B,. So w is a classical braid with an integer, its
framing, attached to each strand. Especially, an element of Z" is identified with a framed identity
braid on n strands, while a classical braid in B, is viewed as a framed braid with all framings 0.
The multiplication in F,, is defined by concatenating the braids and collecting the total framing
of each strand to the top. For a good treatment of the group F, see, for example, [11].

Further, for a positive integer d, the d-modular framed braid group on n strands, Fy4 , is
defined as the quotient of F,, over the modular relations:
=1 (=1,....n. (1.2)

1

Thus, F4.n = (Z/dZ)" x B,. Framed braids in F, , have framings modulo d.
1.2. Yokonuma—Hecke algebras

In the group algebra CF; , we have the following elements, which are idempotents (see for
example Lemma 4 [6]).

ed,.:—ZtmtldH’" i=1,....,n—1). (1.3)

In fact ey ; € C(Z/dZ)". Fig. 3 illustrates a diagrammatic interpretation of 4,1 € CFy 3.

In the following we fix u € C\ {0, 1}. The Yokonuma—Hecke algebra Y4 ,(u) is defined as
the quotient of the group algebra CF, , over the ideal I, generated by the expressions al.z -
1—(u—1)eq;—(wu—1)eq,; oi, which give rise to the following quadratic relations (corresponding
;i to g;):

g =1+w—1es;+@w—1)eq;g (1.4)

(see [6] for diagrammatic interpretations). Since the quadratic relations do not change the fram-
ing, we have C(Z/dZ)" C Y4 ,(u) and we keep the same notation for the elements of C(Z/dZ)"
in Yy ,(u). In particular we use the same notation for the elements e ; in Yy ,(1). The elements
gi are invertible (see Fig. 4 for a diagrammatic interpretation):

gl =gi+w ! = Degi+ @ —1eqgi. 1.5

Note 1. We note that in [14,5-9] instead of Eq. (1.4) the following quadratic relation is used:
gl =1+ @—1e; — (u—1eig:. (1.6)

From the above, a presentation of Y, ,(u) is given by the generators t1, ..., t;, 81, -, &n—1,
satisfying: the braid relations and the quadratic relations (1.4) for the g;’s, the modular relations
(1.2) and commuting relations for the #;’s, together with the mixed relations below, deriving from
(1.1):

8ili = 1i+18i
8ili+1 = 1i&i
gitj=tjg forj#i,i+1

Note that, omitting the quadratic relations (1.4), we have a presentation for Fy .
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Remark 1. There is an epimorphism of the Yokonuma—Hecke algebra Y, , (1) onto the Iwahori—
Hecke algebra H, (g) via the map

g Gi
tj =1
where G; are the standard generators of H,(q). Further, ford = 1 we have all t; = 1 and Y1 ,,

(u) coincides with the algebra H), (u). Also, the mapping g; — (i,i + 1) and ¢; — 1 defines an
epimorphism of Y , (1) onto the group algebra of the symmetric group.

In Y4, (u) the following relations hold (see Lemma 4, Proposition 5 [6]):
ljed,i = ed.ilj
ed.jed,i = ed,ied,j
gjeqi =eqigj forj#i—1,i+1 (L.7)
gi—1€d,i = e€di—1,i+18i—1 and eqigi—1 = gi—1€d,i—1,i+1
gi+1€d,i = ed,ii+28i+1 and eqigi+1 = git1€d.ii+2
where:
1
_ s, d—s
ik = 1; A (1.8)
<s<d

for any i, k with k # i, abbreviating ey ; ;+1 to e4, ;. Note that, using (1.5), relations (1.7) are also
valid if all the g,’s are replaced by their inverses g, 1 Clearly e4.; k = eq.k,; and it can be easily
deduced that eﬁyi’k =e4,ik-

Lemma 1. Let m € Z. Then the following relations hold in Y4 , (u).

(1) For m positive we have:

gh=1+ m_led,-gi+ﬁedi if m = even
! u+1 7 u+1 97

m u™ —u u™ —u )

g =&+ p— €di8i + w1 i if m = odd.

(2) For m negative we have:

um—l _ u—l um—l _ u—l
m —_— N . . N . 7 —_—
8 = 1+ u_l +1 €d.,i 8i + l/l_l T1 €d.i, lfm = even
” Mm—l -1 um—l -1 . g
& =8+ oy e o s if m = odd.

Proof. By induction. We shall only check the case when m is positive. The case m is negative

follows similarly. For m = 1 the statement is clearly true. For m = 2 we have Eq. (1.4) and we
u’—1
u+1~

note that u — 1 = so the statement is also true. Suppose the statement holds for all m up to
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2k — 1, k € N. Then, for m = 2k we have:

g = & e
w21 _ W21y,
= [gi + Tl Cisi + ﬁed,z} 8i
2k—1 2%-—1
=y [1 + %ed,z} [14+@—1eqi+ w—1eqigi]+ % ed,i 8i
= 1+M2k_1€digi+u2k_ledi-
u+1 u+1
Also, for m = 2k + 1 we have:
gt = gt
= [1+ u2k_1€digi+ il edi]gi
u+1 u+1
(14 W2k 1 W2k 1
= g+ 1 edi 8 + eqi [+ @w—1Deqi+ u—1)eq;gi]
u2kH W2k,
= &+ ﬁed,igi + u——l—IEd’i. O

1.3. Inverse limits and the p-adic integers

Our references for inverse limits are mainly [12,13]. An inverse system (X;, ¢}) of topolog-
ical spaces indexed by a directed set I, consists of a family (X;;i € I) of topological spaces
(groups, rings, algebras, etc.) and a family ((/)j. : X; — Xj5i,j € 1,i > j) of continuous
homomorphisms, such that

¢f =idx, and qb,f o¢j~ = qb,’; wheneveri > j > k.

The maps qu. are also called connecting homomorphisms. If no other topology is specified on the
sets X; they are regarded as topological spaces with the discrete topology. In particular, finite sets
are compact Hausdorff spaces. The inverse limit 1<£n X; of the inverse system (X;, ¢}) is defined
as:

l(ir_n X =1z¢€ HX,-; (d)j o w;)(z) = w;(z) whenever j > i
iel
where the map @; denotes the natural projection of [ | X; onto X;. Recall that, if X; = X for all
i and qb;. is the identity for all 7, j then 1(131 X can be identified naturally with X (identifying a
constant sequence (x, x, ...) withx € X).

Notation. In the following we fix a prime number p and we denote by N the set of positive
integers regarded as a directed set with the usual order. Further, for r > s we denote ¢ the
natural epimorphism:

O Z)p L —  LIp°L

m — m (mod p*®). (1.9)
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We now denote
Cr = <tr§ trpr = 1> = Z/prZ

the cyclic group of order p” in the multiplicative notation. For r > s we denote 6; the following
natural connecting epimorphism,

o.c, — C
s tﬂ;-(fn) (1.10)
s .

tm

r =

Thus we obtain an inverse system of groups (C,, 8{), whose inverse limit is the group of p-adic
integers Z,

Zp =1imC,;.
reN

The group Z, can be regarded as:
Zp=t& =" 15%,..) € HCi;ar € Z, a, = a; (mod p*) wheneverr > s ¢ .
ieN
Notice that the multiplication in Z, is then defined as:
b b
tEes = (8T8 = b gt

In Z, the ‘classical integers’ are the coherent sequences which are eventually constant. The
element t := (1,12, ...) € Z, corresponds to (1, 1, ...) in the additive notation, so it generates
in Z, a copy of Z and we can write Z = (t).

Definition 1. An element a= (a1, az, ...) € Zpissaid to be in reduced form if each entry a, €
7/ p"Z is expressed in its (unique) reduced p-adic expansion:
ar=ko+kip+kp*+ - +k_1p +pZ

where ko, ..., k-—1 € {0, 1,..., p — 1}. In the multiplicative notation this means that the expo-
nents a, of £ are in the above reduced form.

1.4. p-adic framed braids

Consider now the group C;'. We define in C;' the elements:
tri=00,...,1,4,1,...,1)
with ¢, in the ith position. Then we have
Cl = (ty1str2y s trns tf; =1, t,ty,j = ty jty; for all i, j)

(notice that C}' = (Z/p"Z)"). By componentwise multiplication, the epimorphisms (1.9) define
the connecting epimorphisms:
7l C — 7

V5 (m)
m s
tr,i = tx,i
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for all » > s. Extending to the B,-part by the identity map gives rise to the connecting
epimorphisms:

g id:Fprn —> Fpsa

m v (m)

tr,i ts,Ai (1.11)
a; = o;.

In [6] we defined the p-adic framed braid group on n strands F pec ;, as:

fpw‘n = l(in fpr,n.
reN
Notice that Fpr , = C} % B,. So, a p-adic framed braid is an infinite sequence of modular framed
braids with the same braiding part such that the framings of the ith strand in each position of the
sequence give rise to a p-adic integer. See Fig. 1. Elements of F ), ,, are denoted B . We recall
<

now from Proposition 4 [6] that there are group isomorphisms:

Fpoon =Ly X By = (1(121 Cf) X By,. (1.12)
reN

Hence, a p-adic framed braid may also be viewed as a classical framed braid but with framings
p-adic integers or, equivalently, as a classical braid with infinite cablings replacing each
strand, whose corresponding modular framings form a p-adic integer. The n-tuples of constant
sequences form the subgroup Z" = (t;,...,t,;), where t; = (1,...,1,t,1,...,1) with t in
the ith position. Note that the element 1 := (1, ..., 1) corresponds to the identity framed braid
with all framings zero. Note further that (0;, 0;,...) € Fpo , gets identified with o; € B, in
the first isomorphism and thatt; € Z C Z;') gets identified with (¢, ;), € 1<ir_nr C? in the second
isomorphism.

In view of the first isomorphism, a p-adic framed braid splits into the ‘p-adic framing’ part
[

a
and the ‘braiding’ part: t;~ - - - t,~ o, that is, to each strand of the braid o € B, we attach a p-adic
integer (see Fig. 1). p-adic framed braids are multiplied by concatenating their braiding parts and
collecting the total p-adic framing of each strand to the top:

aj an by by ‘(1_1+b0(]) L(li“‘ba(n)
<~ P <~ P — — «—
(t1 -ty (7)(t1 ety T) = t, R oT.

As already mentioned, isomorphisms (1.12) imply that a p-adic framed braid can be interpreted
as a classical braid with framings p-adic integers or as a classical braid, but with infinite cablings
replacing each strand, such that the framings of each infinite cable form a p-adic integer (Fig. 1).
In the sequel we shall not distinguish either between the isomorphic forms of F e , or between
the different interpretations of corresponding elements in them.

Note, finally, that the natural inclusions F, C F,41 of the classical framed braid groups
induce natural inclusions F4 , C Fg4 n+1 of the modular framed braid groups and these induce
the natural inclusions Fpe , C Fpoo 41 on the level of the p-adic framed braid groups.

1.5. The p-adic Yokonuma—Hecke algebra

For all r > s the linear extension of the map (1.11) yields a connecting algebra epimorphism:

@ CFpry —> CFpsp. (1.13)
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Now, passing to the quotient algebras, we obtain the following connecting algebra epimorphism
¢; 2 Ypr n(u) —> Yps n(u)
(cf. [6] for details of the construction). So we obtain the inverse system (Y ,r ,, (1), ¢}). In [6] the

p-adic Yokonuma—Hecke algebra Y pe ,, (u) was defined as:

Ypoo (W) = Tim ¥pr 1),
reN

Note 2. By construction, lim CC}! C lim CFpr , and lim CC} C Y, ,(u). Note also that
<. <~—r " —r T ’ .
there are no modular relations in Fp , as well as in CFp 5, in Lln, CFprnandin Ypoeo ,(u).

Definition 2. We shall say that an element in Fr , is in its (unique) reduced form if its modular
framings are in their (unique) reduced p-adic expansion. Then, by the linear extension, an
element in CC}! or in CFr , has a (unique) reduced form. Further, an element y + I, in
Yy n(u) is in reduced form if the element y € CF,r , is written in its (unique) reduced form.

Definition 3. An element 8 = (81, B2, ...) € Fpo p is said to be in its (unique) reduced form
<

if every entry B, € Fpr , is reduced according to Definition 2. In view of the first isomorphism
ai an

in (1.12), we may also say that § = t; ---t; o is in reduced form if its p-adic framings
ai, ..., ap are reduced according to Definition 1. Further, by the linear expansion on F e ,, an
<« <~

element in CF e , has a (unique) reduced form. An element in hm CC?, in hm CFpr norin

Yoo n(u) is said to be in reduced form if every entry is reduced in (CC” in (C]-' n or inYpr ,(u)
respectlvely, according to Definition 2.

1.6. The elements e;

We define now the elements

ei = (epi. e, ...) (1.14)
where
1A
epri = o it € CC C CFpr . (1.15)
m=0
Lemma 2. ¢; € l(ir_nr Ccr c 1<ir_nr CFprnandej € Ypo n(u) fori =1,...,n— 1.

Proof. We shall show the coherency of the terms in e;, that is: ¢} (e, ;) = eps ;(r = s5). Note
first that by the maps (1.13) and (1.11):

_ _ream _
Py ([” rz+1) =T (trztrlJrl) [A i s1+1

But, by (1.15), epr ; is a sum of p” terms with linear coefficients , and eps ; is a sum of p*

terms with linear coefficients F' Yet,

R L g rl o
J— —m 7m
epri = ZPS rlrt+l+ Z srlrt+l+ -+ ps rlrt+l

r—s
p m=0 m=p’—ps




J. Juyumaya, S. Lambropoulou / Advances in Mathematics 234 (2013) 149-191 161

The element in CC}! in each one of the p"~* sums maps to eps ; in CCY', s0 @f(epr ;) = eps ;.
Moreover, by the deﬁmtlon of the Yokonuma—Hecke algebra it follows also that ¢} (e,r ;) =
e‘p-v,,'.ThllS e € Ypoo’n(l/l). 0

The elements e; are no more averaged sums but they are still idempotents. Further, setting by
construction g; = (g, &,...) and 1 := (1,1, ...) we have in Y ,(u) the braid relations for
the g;’s and the relations:

gf =1+ @ —1e + u—Dei g (1.16)
and
gl=g+@! ' —De+w!'—eg.

Moreover, for powers of g; relations analogous to the ones in Lemma 1 are valid in ¥y , (1),
after replacing ey ; by e;. Finally, using the elements ey ; x in Eq. (1.8), we can define for
i=1,...,n—1andk 5# i the elements:

eik = (epik, €p2 ks ) E l(iEI(CC:} C LiLn(C]:[”Jl (1.17)
reN reN

abbreviating e; ;41 to ¢;. Clearly, e¢; y = e; and eiz, « = €ik- These elements satisfy relations
analogous to relations (1.7), after replacing e ; by e;, eq ik by e; x and ¢; by t; (cf. Lemma 7 and
Proposition 10 [6]). These relations are also valid if all g’s are replaced by their inverses g, I

1.7. Comparing braid algebras

It is worth stressing at this point that, despite the definition Fpe ,, = lim F,r ,, the algebras
H
CFpeo , and 1(&1 CZFpr n are not isomorphic. Before stating our result let us take a closer look at
the two algebras. CF o ,, consists in all finite linear expressions of the form

Aby -+ A by
P <~

where k € N, A(,...,Ax € Cand by, ..., by € Fp . On the other hand, elements in lim
<~ <~ <r

CFpr.n are coherent sequences of elements in the group algebras CFpr ,, in the sense of map
(1.13). That is, given elements 1, ..., B € Fpr pandcy, ..., cx € C then

gi(c1tPr+ -+ P = (g - id)(B) + -+ ek (g - 1d)(Be) € CFps .

By the definition of map ¢} it appears as though all positions of a p-adic element in
1(11_n CFpr.n have the same number of coherent monomials with the same coefficients. This
form of a p-adic element is always possible by construction, but it may be hidden, since the
linear coefficients may allow for various manipulations. To appreciate this subtlety in the form
of elements in limr CFpr.n we shall consider as a typical example the elements ¢; and the
manipulation of their coherent monomials in the proof of Lemma 2.

On the level of p-adic braids, Fpe ; sits naturally in l(iLnr CFpr n. So, we obtain a natural
linear map

f:CFpeo,, — l(igl((:fpr’n (1.18)
reN

which is constant, by construction, on F e ,, that is, f( (ll ) = (li . By linearity, the image of
f is generated by all f( (b_ ) where (li € Fpeo u. Let us see how exactly the map f works.
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Consider A1, ..., x € Cand by, ..., b different elements in Fp ,, where b; = (b,;), with
<~ <~ s

byi € Fpr . Then we have:

CFpoen 3 M1b1 + -+ Ab = A (b11, bar, .. )+ -+ 4+ Ak (bik, b, .. .)
<~ <«

f

= (Mbi1, Mbar, o)+ -+ Qbik, Akbog, .. )

= (Mbir + -+ Mbie, Mbor + -+ Mibok, .)€ imCFpr .
r

Lemma 3. ¢; ¢ f(CFpe0 ).

Proof. Suppose that e; € f(CFp ;). Then, from the above, e; = a;by + - - - + a by for some
P <~
ai,...,ar € Cand by, ..., by € Fpeo,. Then, from the structure of lim CF,r , as linear
<~ < ! <7 ’
space, we have in limr CFpr.n the equality:

(epirep s -..) = (aibiy + -+ agbik, a1bar + - - - + axbog, .. ).

Equivalently, in each CFr ,,r = 1,2, ..., we have the equality:
P k
Dottt =) pajby. (1.19)
m=1 j=1
Since by, ..., by are different in F oo ;, there must exist some s € N such that by, ..., by are
<«

different elements in F s , and this is then true for any » > s. So, there exists some r > s such
that k < p”. But then (1.19) states equality of two linear expressions of linearly independent
elements in CF,r ,. Since k < p”", it follows that all coefficients p"a; must be equal to 1.

Subtracting we obtain a summation of terms "} tr_l'i | €qual to zero, which is a contradiction

since they are linearly independent. Therefore e & f(CFp ). O

Corollary 1. ¢; & CFp .

Proof. Suppose ¢; € CFpx ,. Then ¢; = a1<b_1 + .-+ 4+ ag by for some aj,...,a; € C and
&

by, ..., by as above. But then f(e;) = e;, not possible by Lemma 3. Hence ¢; ¢ CF ) ,. [

<~ <«

Proposition 1. The linear map f of Eq. (1.18) is injective but not surjective. Hence, CF p , =
F(CFpoe n) and so the algebra CFpeo , can be regarded as a proper subalgebra of 1<i1_nr CFpr n-
Proof. We will show that f is injective. With the above notations let
fabr + -+ Abr) = (0,0,...).
s pra

Equivalently, A1b,1 + -+ + Agbyy = 0in CFpr, for all ¥ = 1,2,.... As in the proof of

Lemma 3, since by, ..., by are different in e, there must exist some r € N such that
<«

br1, ..., by are different elements in F,r ,. Hence they are linearly independent in CF,r ,,

hence A = --- = Ay = 0. Therefore Ker f = {(O_} and so f is injective.

The fact that f is not surjective follows immediately from Lemmas 2 and 3, since ¢; €
l(ir_nr CFprubute; & f(CFpeo ). O

Definition 4. The elements in 1<i£1r CFpr n which are not in CF o0 , shall be called purely p-adic
elements.
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All purely p-adic elements are considered to be in their unique reduced form as defined in
Definition 3.

2. Dense subsets and approximations of p-adic elements
2.1. A general lemma

Our method for finding dense subsets in our p-adic structures is by means of the following
known result.

Lemma 4 (Cf. [12, Lemma 1.1.7]). Let p; denote the restriction of the canonical projection of
1<ir_n X; onto X; on a subset A C l(in X;. Recall that lim A can be identified with A. If pi(A) =
X foralli € I, then ,o(hrn A) is dense in hm X, where p = hm 0i - 1(&1 A —> l(ln X, the
induced mapping.

Definition 5 (Cf. [12, Section 2.4]). Let G; be a group (ring, algebra, etc.) forall i € 1. A subset
S C l(ln G is a set of topological generators of lim G; if the span (S) is dense in l(ln Gi. If
moreover S is finite then 1<1r_n G; is said to be finitely generated.

Our method for finding approximating sequences of p-adic elements is by strict inclusions
of open neighborhoods. As a topological space, [| X; is endowed with the product topology, so
hrn X; inherits the induced topology. It can be then verified that hm X;isclosed in [] X;. A
basis of open sets in hm X; contains elements of the form

wi_ w)n 1(&1 X
where U; open in X;. Then, any open set in 1(121 X; is a union of sets of the form
@, U N-- Ny ' (U) Nlim X;

where iy, ..., i, € I and U, open in X;, for each r (cf. [12, p. 7]).
2.2. Approximations in Z,

Since Z projects onto each factor Z/ p" Z, by Lemma 4, the image of Z under the induced map
on the inverse limits is dense in Z,. Now hm Z, = 7 and the induced map acts on an element
(x,x,...) € Z by sending x to x (mod p’) e Z/ p"Z for every r. But, after some point x will be
unchanged by the modulus, so (x (mod p), x (mod p2), .. ) (x, x, ...). Therefore, the image
of Z under the induced map on the inverse limits is Z, and so Z is dense in Z,.

Further, Z = (t) so tis a topological generator of Z,. Thus, an element t& = (z‘1 ' t ...)in
Z, is approximated by constant sequences, which are identified with integers. We shall explain
how to find such an approximating sequence for a p-adic integer, in order to draw the strategy
for the larger p-adic structures we are dealing with.

The inherited topology of Z, builds up from the discrete topology of each factor Z/p"Z.
Thus, a basic open set U in Z,, is of the form: U = wi_l(Ui); U; C Z/piZ. For U; not a
singleton, @' (U;) = Uyer, ;' ({u}).

Recall now Definition 1. It is then easy to verify the lemma below.
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Lemma 5. Let a = (a1,az,a3,...) € Zp in reduced form and let U; C Z/piZfor some i.
Then a e U= w;l (U;) if and only if a; € U;. Hence, a basic open neighborhood of a inZp

is of the form U = wi_l ({a;}) for some i. Moreover, we have a nested sequence of neighborhoods
with strict inclusions:

o (arh) 2@, ' (aah) 2 -

By the strict inclusions of neighborhoods, the sequence of constant sequences ((ax))keN in Z
approximates ace Zp and we write a = limg (ax), or, in the multiplicative notation:

t& = lim t%.
k

Indeed, subtracting each constant sequence successively from a the differences tend to the zero
sequence:

(a1,a2,a3,...) — (ar,a1,a1,...) =(0,a0 —ai,a3 —ai, ...)

(a1,a2,a3,...) — (@2, az,az,...) = (0,0,a3 —az, ...)

In order to reach a general scheme for finding approximating sequences for purely p-adic
elements we shall introduce the operations truncation and expansion for entries of p-adic
integers.

Definition 6. Let a = (a1, az,...) € Zp in reduced form. For any indices r, s with r > s we
define the s-truncation of a, as the element

ars = ko + klP +- 1+ ks—lpx_l + PrZ € Z/prZ~
Note that 6] (a,5) = as, that is, the elements g, and a are coherent via the map (1.10). Note
also that a,, = a,. Similarly, we define the r-expansion of ay as the element

asr = ko +k1P +- +kr—1pr_] + PSZ € Z/psZ-

Note that a;, = a;(mod p*), s0 07 (a,) = a,. In the multiplicative notation #'" is substituted by
17 in the first case and #;” is substituted by 7{" in the second case. The fact that a is in reduced
form ensures that truncations and expansions of its entries are well-defined.

In the above terminology, the constant sequences (ax) € Z approximating g are found from
a by truncating each term after a; with respect to a; and expanding each term before a; with
respect to a.

2.3. Approximations in Fpeo , and CFpeo
Applying the canonical epimorphism (1.9) componentwise yields a canonical epimorphism
of Z" on each factor C!'. So, by Lemma 4, Z" is dense in Z'[’,. Then, for example, for a =

(ai,ap,...) and (lL = (b1, b2, ...) € Z) in reduced form, the element ((a_, (b_) S Zf, is ap-
proximated by the sequence ((ax, br))ren of constant sequences, that is, with terms in the dense

a b
subgroup Z2. In multiplicative notation: (t<, t<b—) =tt] € Zf, is approximated by the se-
quence ((t%, t%))en = ((t} ) ken € Z2.
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ap by az by a3z b3

NoNe e

Fig. 5. Approximating a p-adic braid by classical braids.

We then extend the projection of Z" on each factor C!' by the identity map on B,. So, we
obtain an epimorphism of the classical framed braid group F,, = Z" % B, on each factor Fr ;.

Hence, by Lemma 4, F, is dense in Fp ,. The set {t, ..., t,,01,...,0,1} is a set of topo-
logical generators for e , satisfying relations analogous to the relations of F,,. Moreover, for
ai dp

p-adic integers a; = (a;), in reduced form, an element B = t;”---t; -0 € Fp> , has the
<~ <~

approximation:

B = lilfn(t'f“ co i)

with t{*' -+ - ;" - o € F,,. An example is illustrated in Fig. 5.

Passing to algebras, for an element in CF e ,, in reduced form (recall Definition 3) it is easy
to find an approximating sequence with elements in the dense algebra CF,, since F,, is dense
in Fp ,,. Indeed, we simply extend linearly the approximations of its monomials in F o j, as
described above. Note that, by construction, our p-adic element may always be written in the
form where the linear combinations in each place have the same number of coherent monomials
with the same coefficients. So, we have the following.

Proposition 2. The algebra CF, is dense in CF o .

We would like now to find approximating sequences for purely p-adic elements in hm Ccr,
in l(n_n CFpr.n and in Ypoo ,(u). The tactics used for CFpeo , that is, approx1mat1ng each
monomial cannot be apphed here for purely p-adic elements (such as e;) since they cannot be
written in the form where the linear combinations in each place have the same number of coherent
terms with the same coefficients. So, finding an approximating sequence for purely p-adic
elements is more tricky. In any case, we need first to find dense subalgebras of constant elements,
in which the approximating terms should live.

2.4. Dense subsets in the p-adic algebras

Extending linearly the epimorphism of F, on each factor F,r , defines an epimorphism 7,
of the algebra CF,, on the algebra CF,r ,. Moreover, the map 7, composed with the canonical
epimorphism p, defines an epimorphism (i, := p, o n, of CF, on the algebra Y, , (u):

CFn 5 CFpn 25 Yy
oi > o; — g 2.1)

m m (mod p") m (mod p")
lj = tr,j tr,j .
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Define further n := limr Nr, p = 1(i£1r or and u == 1<i£1r Wr, the corresponding induced maps
on the inverse limits of the maps (2.1). That is:

n:CF, — Lir_n@fpr,n 2.2)
r
o 1<ir_n(C}"pr,,, — Y00 (1) 2.3)
r
w:CFy — Ypo n(u). (2.4)

Recall that lim  CF, = CF,. One can easily check that n(0;) = 0; and (t;) = t;, so is an
injection. Also that p(0;) = g; and p(t;) = t;. Below, in Proposition 3, we also show that p is a
surjection. Moreover, by the construction of the maps (2.1) it follows that u = p o n and that:

u(oi) =g and pu(t;) =t;.

Notation. We denote the subalgebra u(CF;,) of Yoo ,, (1) as:
Yo(u) = n(CFy).

In [6] we had found topological generators for hmr C}' (Lemma 2 [6]), for F) ,, (Theorem 1
[6]), for hm CZFpr.n (Proposition 6 [6]) and for ¥ ,(u) (Theorem 3 [6]). We prove here the
followmg theorem.

Theorem 1. The following hold.

(1) The algebra CF,, is dense in LiLn, CFpr .
(ii) The algebra CFpeo ,, is dense in 1<i£]r CFpr .
(iii) The set X = {1,t1,...,t,,01,...,0,—1} is a set of topological generators for the algebras
CFpee , and limr CFpr n. Together with the braid relations for the o;’s, the commuting
relations for the t;’s and the relations:

oit; =ti10;, oitiy1 =tio; and oit; =tjo; forj#i,i+1

they furnish a topological presentation for CF e ,, and l(lr_n CFpr .
(iv) The algebra Y, (u) = w(CF,) is dense in Y poo , (u). Moreover, the set:

D={lvtla""tnagla-"7gn*]}

is a set of topological generators for the algebra Y,~ ,(u), satisfying the analogous
relations of (iii) in Y, (u).

(v) The relations tje; = e;t; (see end of Section 1.6) are valid in lim (C}"p nand in Ype (),
but not in the dense subalgebras. The same is true about the quadmtlc relations (1. 16) that
are valid in Y peo , (u).

Proof. Claim (i) is an application of the surjections (2.1), Lemma 4 and of the following
observation: after some point the image of the exponent m in (2.1) will not change, so n(CF,) =
CZF,. Then, since 7, is a surjection, it follows by Lemma 4 that the algebra CF, is dense in
1<i1_nr CFpr n. Claim (ii) follows immediately from (i) and Propositions 1 and 2.

It follows now from (i) that the set X is a set of topological generators, satisfying the listed
relations. Moreover, by the standard presentation of the classical framed braid group F;, (recall
(1.1)), the relations given in claim (iii) are the only ones satisfied in the set X.
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The fact that Y, (u) = w(CF,) is dense in Yp ,(u) is clear by a direct application of the
surjections (2.1) and Lemma 4. Further, u(t;) = t; and u(o;) = g;. So, claim (iv) follows.
Finally, claim (v) follows from claims (iii) and (iv), from Corollary 1 and from the fact that
u(e) =e;. 0O

Focusing now a little more on Y, ,(u), an apparently dense subset in Yo , (1), discussed
in [6], comes from the following construction. For any r we have the following exact sequence:

0 —> Iy —> CFpron =5 Ypr () —> 0 (2.5)

where I, , is the ideal generated by the linear expressions in Eq. (1.4). This induces the exact
sequence:

. L. P
0— lim/ —> 1imC —Y u
< 'phn P Fpron po,n (1)
r r
where ¢ == lim ¢, and p := lim p,. Hence, and since lim /,r , is an ideal in lim CFr ,, we
h <7 <7 <7 ’ <7 ’
ave:

lim (C]:pr,n
(—.r— = P l(iI_Il(Cfpr’n .
kﬁlr Iprv” r

At the time of writing of [6] it was not clear whether the map p is a surjection or not. Yet,
by application of Lemma 4 we were able to derive the result that p(lim CF),r ,) is dense in
Yo n(u) (Proposition 8 [6]). We are now in a position to prove surjection for p. Before that we
need to recall the following definition. An inverse system X = (X;, ¢;) indexed by N is said to
satisfy the ML-condition (Mittag-Leffler condition) if for any index m there exists n > m such
that for all n’ > n we have Im(¢.) = Im(¢}}). Note that if all ¢} are surjective then X satisfies
the ML-condition.

Proposition 3. The map p of Eq. (2.3) is a surjection. Hence:
lim (C.'Fpr’n

p>®.n .
hmr Ipr n

Proof. The exact sequence (2.5) induces the following exact sequence of inverse systems.

(tr) (or)
0— (Ip’,na ‘Pg) —>((C-7:p’,na 905) —>(Y1)",na ¢§) — 0.

Now, by Lemma 6 [6], ¢} ({,r ) = Ips, for any r, s with r > 5. Hence the inverse system
(Ipr 0, @y) satisfies the ML-condition. Then, by a well-known result of Grothendieck the follow-
ing exact sequence is induced:

0 —> Tim/,r , LN lim CFpr s Yo () — 0.
r r
Hence p is surjection. [

We shall now recapitulate what we know about our p-adic objects, by means of a concise
diagram. For that we need to introduce three more intermediate structures.
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Definition 7. (i) We define the dense subalgebra (C]-" of l1m CFpr.n as the extension of the
subalgebra CF, by the elements e;:

(Cfn =(CF,,e1,...,en—1).
(ii)) We define the dense subalgebra (C}' o of 11m CFpr.n as the extension of the subalgebra
CFpe , by the elements ¢;:
Cfpoo’n = ((C]:poo,n, Clyvnn, en,1>.
(iii) We define the dense subalgebra 17,1(u) of Ypoo ,(u) as the extension of ¥, (u) = u(CF,) by

the elements ¢;:
Ya(u) = (Ya(u). e1, ... enz1).

—_—~—

Clearly, (C]-"n is a proper subset of CF e , and of hm CFpr n. For example, (C]-"n does not
contain the p-adic integers. By the same reason Y, (u) is also a proper subset of ¥ oo , (). Also,
by Proposmon 1, CFp , injects in hm CFpr n. Moreover, if we denote 1z the extension of

on (C]-' by defining ji(e;) = e;, we have that u(C]—' ) = Y (u). So, we have the following
commuting diagram:

€ ¢ CFy —"=n CFy — b CFyuy — 5~ 20
P
e & Yo() —— Y, (u) —=— Ypo.n(w)

Further, the quadratic relations (1.16) are valid in I?,;(u) and, by construction, ﬁ,(u) is
the smallest subalgebra of ¥ ,(u) which is closed under the quadratic relations (1.16). The
relations in Theorem 1(iv) together with the quadratic relations (1.16) form then a complete set
of relations for Y, (#). Thus, we have the following.

Theorem 2. The dense subalgebra f’; (u) in Definition 7 can be viewed as the quotient:
~ CF,
(87 —1—(u—1e; — (u—Dei g)

and, 50, Y oo (1) can be regarded as a topological deformation of the above quotient algebra.

With our dense subalgebras in hand, we shall next discuss an approximation for the elements
e; before going to the general case of approximating purely p-adic elements.

2.5. Approximating e;

Recall (Eq. (1.15)) that an entry epr ; of the element ei = (epi.ep,...) € lim Ccr ¢

hm CFpr.n has p” terms with linear coefficients p— and this is in reduced form, accordlng to
Definition 3. We are looking for an approximating sequence for e;, consisting of constant terms.
Recall from the proof of Lemma 2 that e, ; can be arranged in the form:

1 pi—1 1 2pS—1 —
—m m
epri = Z S rlrl+l+ Z srlrt+l+ Z srlrl+l (2.6)

r—s
P m=0 =p'—
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of p" ¥ packets, each of which projects on e s ; by the coherency map ¢ (r > s). That is, epr ;
‘wraps’ p"~* times on eps ; by the map ¢;. We shall define the first packet as the s-truncation of
€prii-

On the other hand, in order to make the linear expression for e s ; agree formally with that for
epr i, We rewrite eps ; as a sum of a total of p” terms, arranged in p”~* packets, each of which is
equal to eps ;:

2p°—1 -
_ - —m fm
epsi = rs stSlts1+1+Z 53l§‘l+1+ Z sAtv1+1 (27)
—Op m=p* =p'—

We shall define this as the r-expansion of e s ;.

Definition 8. For any indices r, s with r > s we define the element ¢, ; in CC;! C CFpr , as
the formal expression of e s ;, but with the generators f; ; and #; ;1 replaced by the generators
t; and t, ;41 respectively. That is:

s

—m
Z rt—H € Cf[’r»”'

The element ¢, ; is called the s-truncation of epr ;. Note that ., ; = e,r ;. Clearly, the elements
Crs,i and eps ; are coherent: ¢} (¢5,;) = eps ;. In fact, .5 ; ‘wraps’ only once on eps ; via the
map ¢y .

Further, we define the element ¢ .; in CC} C CFs , as the formal expression of e,r ;,
but with the generators ¢,.; and #, ;4 replaced by the generators #, ; and f, ;11 respectively. That
is:

<

1
Crs,i = —
r’

»

p—1

m
Z s,i s i+1 € (C]:Psv”'

The element &, ; is called the r-expansion of eps ;. Clearly, & 5 ; = eps ;. Infact, epr ; ‘wraps’
only once on & ,; via the map ¢j.

1
Csri = —
p"

We define now the element e, ; by r-truncating each term in e; after the rth position and by
r-expanding each term before the rth position. That is,

€pri = (Cl,r,i, 8o ris s Cr—l,ris €priis Sr+lri» Sr42,ris - - D

Proposition 4. For any index r the element e,r; is a constant sequence in llm Ccr ¢
hm (C}",, n. More precisely:

€pri = Z Hiteiv ] =

k

r

1 &
—Wl
p_ E l+1 € Cfn
Moreover, we have the approximation:
ei =lime,r ;.
l r Pl

Proof. By Definition 8 the sequence e, ; is coherent, so e,r; € lim CC! C lim CF,r,.
. J 2 . JZan <7 r L <—r JZn
Moreover, all terms in €, ; have the same formal expression, that of e ;, so €,r ; is the constant
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sequence given in the statement. Finally, recall from (1.12) that (¢,.;), = t; € Z},. So, separating
terms in e,r ; we obtain:

1 p—1 1 p—1
- m .m —m —m _ me—m
epi=— Y (6. (tl,i+1’t2,i+1"") = 2t
p P =0

m=0

Subtracting, now, from e; each element of the sequence (e,r ;), successively, we obtain:

(epiiseprjneps i) —(€pin 621, 831is---) = (0,€p2; =821, €p3; — 83,10, -..)
(epiiseprisepsin--) — (G120, €,2;,832i,...) =(0,0,e,3; —832,4,...)

showing the approximation of (e, ;) toe;. [J
2.6. Approximating purely p-adic elements

The approximation of e; indicates the method for approximating purely p-adic elements
in lim CC}, in lim CF,r , and in Y, ,(u). Indeed, we give first the following definition,
.= T ’ ’

imitating Definition 8.

Definition 9. Let (JL = ()1, y2,...) an element in l(ir_nr CFpr n resp. in Yo ,(u), in reduced

form according to Definition 3. For any indices r, s with r > s we define the element y, ¢ in
CFpr.u resp. Ypr ,(u) as the formal expression of ys, but with the generators #; ; replaced by the
generators f,.;, for all i. The element y, ; is called the s-truncation of y,.

Further, we define the element y; , in CF s , resp. Ypn (1) as the formal expression of y,, but
with the generators #,.; replaced by the generators f, ;, for all i. The element y; , is called the
r-expansion of ys.

Note that, either way, y., = y,. We define now the element y, by r-truncating each term in
y after the rth position and by r-expanding each term before the rth position. That is,
<~

Yr = (yl,ra Y2.rs Yrs Yr41,rs Yr42,r5 - - D).

Theorem 3. For any index r the element y, is a constant sequence in 1<ir_nr CF, =CF, resp. in
Yu (u). Moreover we have the approximation:

(y_ = lirm yr. 2.8)

Proof. Note that ¢ (y,) = ys. Also, by construction, ¢; (y.s) = ys, that is, the elements y, ; and
s are coherent. In fact, y, ¢ ‘wraps’ only once on y; via the map ¢ . Moreover, since ¢§ (y) = ys,
it is also true by construction that ¢ (y,) = y,,. In fact, y, ‘wraps’ only once on y; , via the
map ¢} . Completely analogous facts are valid for the map ¢; in place of ¢. Hence, the entries
of y, are coherent.

The element y, is by construction a constant sequence. To see now that these constant
sequences approximate (y_ we subtract them successively from (y_ and we confirm that the zero-

sequence is gradually forming. [
3. A topological Markov trace

In [5] the first author constructed linear Markov traces on the Yokonuma—Hecke algebras. The
aim of this section is to extend these traces to a p-adic Markov trace on the algebra Y e , (u).
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Fig. 6. Topological interpretations of the trace rules.

3.1. A Markov trace on the Yokonuma—Hecke algebra

The natural inclusions Fy4 , C Fg4 ,+1 of the modular framed braid groups induce the algebra
inclusions CF, ,, C CFy 541 (setting CFy4 0 := C), which induce the tower of algebras:

Yaow) CYg1(u) CYgo(m) C--- (3.1)
(setting Y4 0(u) := C). Thus, given d, we have the inductive system (de"(“))neN' Let Yy 00 (1)
be the corresponding inductive limit. Then we have the following.

Theorem 4 (Cf. Theorem 12 in [5]). Let d a positive integer. For indeterminates z, X1, ..., Xd—1

there exists a unique linear Markov trace ttgy = (ttg n)neN
trg : Yg00(u) — Clz, x1, ..., Xg-1]
defined inductively on n by the following rules:

ttgn(ab) = trg  (ba)

trg,n (1) =1
trg n+1(agn) = ztrgn(a) (Markov property)
trgnr1(aty’ ) = xptrtgn(@a) (m=1,...,d—1)

where a, b € Y4 ,(u).

Lifting to framed braids, in the second rule is meant the trace of the identity braid on n strands
with all framings zero. The third rule is the so-called Markov property of the trace. See Fig. 6 for
topological interpretations of the last two rules.

The key in the construction of try is that Y, ,41(«) has a ‘nice’ inductive linear basis. Indeed,
every element of Y4 ,1 () is a unique linear combination of words, each of one of the following

types:
Wngngn—1 - &itt or wyth,,, keZ/dZ (3.2)

where w, € Y4 ,(u). Thus, the above words furnish an inductive basis for Yy ,41(u), and each
one involves g, or a power of f,| at most once. Cf. [5] for details.

Remark 2. In the case d = 1, when the algebra Y} ,(u) coincides with the Iwahori—Hecke alge-
bra H,(u), the trace tr| coincides with the Ocneanu trace (cf., for example, [4]).

We shall use the notation X for the set of indeterminates {x;, x2, ..., xg—1} of the trace tr;:

Xg={x1,x2,...,Xq-1}. 3.3)
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3.2. The p-adic Markov trace

Let R denote the polynomial ring C[z] and let r be a positive integer. We denote R [X,] the
polynomial ring on the indeterminates of the set X,

X, ={xs;a€Z/p"Z}.
For all positive integers r, s such that » > s we have the ring homomorphism
8 R[X,] — RI[X,] G4

which is defined via the mapping: x, — xp, where b = ¥/ (a) (recall ¥ from Eq. (1.9)). It is
then a routine to prove the following lemma.

Lemma 6. The family (R[%r], 8% ) is an inverse system of polynomial rings indexed by N.

Notations. We shall use the notations 7, in place of tr,- and ., in place of tr,- ,. With these
notations we have: 7, = (7, ) neN.

Lemma 7. The diagram below is commutative.

&
Yp’,n(u) —_— Yps,n(u)

Tr,n J \ Ts,n

R[X,] R[X,]

8

Proof. The proof is by induction on n. The lemma is immediate for » = 1. Assume the lemma is

true for some 7. In order to prove it for n+1 we must check that (ts ,4+10¢5 ) (x) = (8] 0Ty 441)(x)

for all x € Ypr n41(u). Since, by definition, the maps ¢7, 75 ,4+1 and 7, ,41 are linear, it suffices

to prove that (7,41 0 @7 ) (@) = (85 o T n11) (), for any « in the inductive basis of ¥pr ;41 ().
Assume first that « = w, g,8n—1 - - - g,-tr’fl., where wy, € Y, ,(u). Then:

Ts,n+1 ((ﬁ; (a))

Ts,n+1 (‘p; (wn)gngn—l 0 8i tf,,') (k regarded modulo ps)
= ZTsn <¢§(wrz)gn—1 ce git,]fi>

ZTsn (d’:(wngnfl e gﬂff,»))

z 85 (r,,,,(wngn_l . ~g,-t£i)) (induction hypothesis)

= 5? (Z Tr,n(wngn—l ce git,{ii))
g

T 1(Wn&n&n—1- - gitrk,i)) (trace rule)

=87 (Trnt1(@)) .
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Assume now that o = w,, A Then:

Ts,n+1 (¢;(a))

Ts.nt1 (gb;(wn)tf’nH) (k regarded modulo p*)

= Xk Ts,n ((b: (wn))
= xk 8} (tr.n(wy))  (induction hypothesis)

= 8] (oxk T (wn))
=4 (Tr,n+1(wntrlfn+1)) (trace rule)
= 8] (Trn41()) .
Hence the proof is concluded. [
Definition 10. For a p-adic integer a = (a1, az, ...) # 0 we shall denote

Xg = (Xaqys Xay, .- .) € LiEIR[xr]
reN

173

and we shall call x, a p-adic indeterminate. Further, for an almost constant sequence a; =
<~

(ai,...,a;_1,ai,aqa;,...)in Z we shall denote
Xa;p = (Xays s Xa;_y» Xaj» Xajs - - -) € l(iglR[f{,]
reN

and we shall say that x,, is a constant indeterminate. Finally, we make the convention x¢ = 1.

Let r, s and v be positive integers such that r > s > v. By Lemmas 6 and 7, we have the

following commutative diagram:

0y

Tu,n Ts,n Tr.n

s r

R[X,]

R[X]

R[X/]

The diagram above induces a unique ring homomorphism 7, ,, = 1(iLnr Trn»

Tpoop t Ypoo () —> l(iLnR[%r].
reN

Note that, by definition, 7y~ , = (rl 1y 2.0y - - - )

p n(u) I — Yp n(u) L Yp n(u) -— ...

The natural inclusions (3.1) of Yokonuma-Hecke algebras induce, by construction, an

inductive system of p-adic Yokonuma—Hecke algebras:
Yp”,O(”) C pr,l(“) C YpOC,Z(M) C---
(setting ¥ poo o(u) == C). Let Y0 o0 () be the associated inductive limit:

Ypo oo(u) == h_r)n Ypoo (1),
neN

Theorem 5. There exists a unique p-adic linear Markov trace tpoo = (rpoo,,,)

Tpoo 1 Yoo oo () —> l(iLnR[%r]
reN
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such that:

Tpoo,n((a_!i) = pr,n((li(a_)

Ty (1) = 1

Tp°°,n+l((y_gn) =z pr,n(<y_) (Markov property)

Tp°°,n+1(<y_t:l+1) =Xm pr,n((y_) (m e Z)

m
Tp°°,n+1(<y_t,:_1) = x(rﬁ pr,n((y_) (Zﬂ € Zp)

where a , b, ey .
<—<—<y_ p.n

Proof. The trace 7, is unique by Theorem 4 and, by construction, it satisfies all properties in
the statement. Indeed, let us check the third and the fifth property. For y = (y,),, with y, €
@

Yp @), and ;= (my); € Zp we have Ty p1(y gn) = (trnt1(yrgn)),. Hence, using
Theorem 4:

Tp°°,n+l(<y_gn) = (Z fr,n()’r))r =2z (Tr,n()’r))r =2z Tp“,n((}’_)'
m
Analogously, we have: Ty p11(y t;_+1) = (rr,nﬂ(yrt:",;“)) . Then:
<~ » r

m
Tp°°,n+l(<y_t,;_1) = (xm,- fr,n()’r))r = (Xm,)r (Tr,n(yr))r = x(rﬁ Tp°°,n(<y_)' O

Remark 3. We have the approximation:
Tpoo,n((y_) = ]1;’1‘1 Tpoo,n(yr)
for y = (y,)r = lim,y, € Y, ,. This follows easily by Theorem 3 and our usual
<
approximation arguments.

3.3. Computations

We shall now give some computations of the traces try and 7.
e For the element t* € Y poo.1(u) (1-strand braid with framing k) we have:

k(mod k(mod p? .
7o () = (@1 (1 ™), (5 ™)), L) = (ks ) = xi € lim RIX D,

by Definition 10.
e For the element t& = (tf1 , tgz, ...) € Ypoo 1(u), where a= (a),, we have:

T (t5) = (M), (57, ) = (g Xaye ) = X g € lim R[X,].

Further, since t< = lim, t* we have the following trace approximation:

ay _ (%) — T .
Tpoo (t )—11;11rp (t) hrmxarel(an R[X,].
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e For the n-strand identity braid with framings k1, ..., k, € Z we have:
k
trd(tll e trlf") = Xk, -+ Xk,
k k k .
Tpoo (! - thn) = (n(rr}1 e t}f’;))r = xpy o X, = Ty (] -+ T (87) € lim RX, ).

e For the n-strand identity braid with framings a; = (a,;), € Z, we have:
<~

‘(l—l gﬁ arl Arn
Tpoo(ty™ -ty ) = T’(tr,l ERY w4 .
= (xllll"'xulnvxllz]"'xa2,1’~--)
= (-xa“vxazp~~-)"'(xa|,17xa2,,’---)

:xal...xan
<~ <~

aj Aan
= Tpe(t) - Tpo(ty ) € lim RIX,].

Further, we have the approximation:

a a

Tyt -ty ) = lim Ty (€71 - t7) = lim (xg,, -+ Xq,,) € lim R[X,].
e For the elements ey ; € Y4,,(u) and e; € Ypoo ,(u) (i =1,...,n—1):
1 d—1 1 d—1
Eg = trgleq) = trg (3 n;)t;”t;"f) =7 mX%)xmxd_m (3.5)

poe) = Ty ((epis e i) = (zr (epri)),
(Ep, Epp,...) = (Epr), € lim R[X,],

Further, from (2.8) we have the approximation:

. (1A . .
Tpoo(ej) = hrm Tpoo (e,,r,,‘) = hgn (? n;) xmx_m) = 11;n Epr € 1(131 R[X,]
e For the elements ey ;g; € Y4 ,(u) and e;g; € Ypo ,(u) ( = 1,...,n — 1) we have the

following more general lemma.
Lemma8. Lety € Yy ,(u) and y = (yr), =lim, y, € Ypoo ,(u). Then:
6
(1) tra(y ed,ngn) = tra(ygn) = ztra(y)
(i) fp"o( Y engn) = Tp°°( Yy &) =12 Tpm( y)
e 6 . & @
(i) Tpoe(y engn) = z lim, Ty (yr).
@
Proof. (i) We have yeq 8, = % Zi;lo vt e = % Zi;lo vyt gnt, ™ so, applying the
trace yields the statement.

(i) Tp°°(<y_ engn) = (Tr(yr ep",ngn))r 2V ))r =2 pr((y_) = pr(()’_gn)-
Finally, (iii) follows immediately from (ii) and Theorem 3. [l

2

e For &'2 € Y4 ,(u) and for gl.2 € Yoo,n, Where gl.2 = (gl.z, gl.z, ...) we have:
tra(g}) =1+ (u— Dz + (u—DEy
@) =1+ w—Dz+ u—D(Ey), =14 u—Dz+ @ —D1px(e) € lim R[X,].
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e For gi3 € Y4, (u) and for gl.3 € Yoo,n we have:
trg(g)) = W —u+ Dz + W? —w)E,.
trd(gi_3) =3 —u+uNz+ w3 —ut+u ' - DE,.
Ty (g)) = (u? —u + 1)z + @ — u)(Ep), € lim RIX,].
rpm(gi_3) =@l —u+u N+ @ —u+u - D(Ey), € lim R[X,].

3.4. The Markov braid equivalence

From the topological point of view, closing a framed braid gives rise to an oriented framed
link and closing a p-adic framed braid gives rise to an oriented p-adic framed link; see Fig. 2.
By ‘closing’ a braid 8 we mean the standard closure, denoted B, where we join with simple
disjoint arcs the corresponding top and bottom endpoints of the braid. Conversely, by the classical
Alexander theorem (adapted to the various framed braid settings), an oriented framed link can be
isotoped to the closure of a framed braid.

Further, by the classical Markov theorem (also adapted to the various framed braid settings),
isotopy classes of oriented framed links are in one-to-one correspondence with equivalence
classes of framed braids. More precisely, we have the following result, which is well-known
for the case of classical framed links (see for example [11]), and which we also adapt here for
the cases of modular framed links and p-adic framed links.

Theorem 6 (Markov Equivalence for Framed Braids and p-adic Framed Braids). Isotopy
classes of oriented framed links (resp. modular framed links) are in bijection with equivalence
classes of framed braids in U,eN F, (resp. Unen Fa.n). The equivalence relation is generated by
the two moves given below.

(1) Conjugation: af ~ Bo,a, B € F;, (resp. Fyn).
(ii) Markov move: o ~ ac, !, a € F, (resp. Fa.n)-

Further, isotopy classes of p-adic framed links are in bijection with equivalence classes of
p-adic framed braids in UpeN F poo , under the following equivalence relation.
Two p-adic framed braids o= (@r)r, B = (Br)r € Upnen Fpoo , are equivalent if and only
<

if for every r the modular framed braids o, and B, are Markov equivalent in U, eN Fy p.
In view of the isomorphisms (1.12) the Markov equivalence of p-adic framed braids is
generated by the moves given below.

i j jon: ~ .
(1) Conjugation (Oiﬁ ﬁ?i’ @, ﬁ € Fpo
(i1) Markov move: @~ (oianil, 3 € Fpo .

According to Theorem 6, any invariant of oriented framed links has to agree on the closures
of the braids «, ao, and ao, . Note the resemblance of the conjugation rule and the Markov
property in Theorems 4 and 5 with moves (i) and (ii) of Theorem 6. Having, now, present the
recipe of Jones [4] we will try to define an invariant by re-scaling and normalization of the trace
try and the p-adic trace Tpeo. In order to do that we need that the expression try(ag, 1y for
o € Y4,(u), factors through try(«), just like try(g,) does from the Markov property of the
trace. Yet, we have:

trg(eg, ) = tra(agy) + ™" — Dirg(aeq ) + @™ — Dtrg(aeq ngn)- (3.6)



J. Juyumaya, S. Lambropoulou / Advances in Mathematics 234 (2013) 149-191 177
Analogous requirements apply to 7, (ag,, ), fora e Yoo, (u). Here we have:

Tpoo(agy ') = Tpoo(agn) + ™! — Drpoo(@en) + @™ — 1) Ty (aengn).

By Lemma 8(i) and (ii), we only need further that the traces try and 7y satisfy the multiplicative
properties:

trg(oeqn) = trg(a) trgeqn) o € Yq,(u) 3.7
and
Tpoo(aen) = Tpoo () Tpoo(ey) o € Yoo 5 (u). (3.8)

With these properties we could then define framed link invariants using the same method as for
defining the Jones polynomial [4]. Unfortunately, we do not have a nice formula for try(« eq ),
and this causes a similar problem for 7, (aey,). The reason is that the element ¢4 , involves the
nth strand of the braid «.

4. The E-condition

The goal of this section is to find conditions, so that Egs. (3.7) and (3.8) hold. Since d remains
fixed throughout the section, we shall denote try simply by tr and we will suppress the index d
from the framing generators of the algebras Y, ,(x). We shall also suppress in many places the
values of the indices in the summation symbols.

For 0 < k < d — 1 we now define the elements:

(k) ks ,d
: Zz s (@.1)
and also:
. . 1 4=l
E( ) —tr (e; 3) = Zxk+sxd_s. “4.2)
s=0

For example: E;Z) = 1 (2x2 + x?). With the above notation et(i(?l). =eg4; and:

EP = tw(eq;) = Eq.
Note that in the definition of Efik) the sub-indices of the indeterminates are regarded modulo d.

Remark 4. By a change of variable for s it is easy to deduce the following useful formulas,
stressing once more that the sub-indices of the indeterminates are regarded modulo d.

k+1 k-1
ka“ i} =ey; and szmxz y=EX (1em).
s=0

4.1. Computing tr(cceq )

By (3.2) every element o € Y4 ,(u) is a unique linear combination of words in one of the
following types:

Wp—-18n—1"" 'gitl'k or wn—lt,]: (k € Z/dZ, wy—1 € Yd,n—l(u))~
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We shall now give some concrete computations.

e For n = 1 the only case is o = t{‘. So,

(k)
“ _ Eq
tr(e) = xx and tr(aeq1) = E;" = ——tr(@).

Xk
e Forn =2 we have: (i) o = t{té‘ or (i) = t{glt{‘. Then:

) g®
(i) tr(a) = xgx; and tr(aeg 2) = x[E;k) = #tr(a).

(k+1)

(ii) tr(er) = z x4 and tr(ceg 2) = ZES = %tr(a).

In general we have the following results.

Lemma9. Let o = w,1,1t,]lC with wy,_1 € Yg n—1(u). Then:

(k)
tr (a ed,,,) = ﬁ tr (o) .

m) E(m+k)
More generally: tr (a e, n) = “’x—k tr (o).

Proof. We prove the more general result. We have:
mY _ 1 k mts d—s
tr (aedyn> EZtr (w,,_ltnt,;” Stn+1>
N
1 m—+k—+s
E Zxd—str <w,,_1tn )
N

1
=7 Z Xd—s Xm+k+stT (Wp—1)
)

1 k
= tr(wnfl)g ;xdfsxm+k+x = tr(wy—1) E‘(im+ )~

On the other hand: tr(a) = x tr (w,—1). U

Lemma 10. Let o = w;,—18,—1 -~-gl~tik € Yyn(u), wherel <i <n—1and wy—1 € Ygn—1().
Then we have:

tr(aeq.n) = ztr(e'eqn1)

where o' == gy_o -+ ~gitl.kwn_1 € Ygn—1(u).
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Proof. We have:

1
s d—
tr(aed’,,) = 2 Ztr(wnflgnfl ce gitikt};tn-i-ls)
s

1
= 2 Zxd—str(wn—lgn—l e git,'kl}i)
s
1 s k
= 2 Zxd—str(wn—ltn_lgn—l s &il )
s
= Zx tr(wy—1t5 gt
= d d—s n—11,_18n-2 8il;
s
z k s
- 3 Zxd—str(gn—Z s gl wn—ltnfl)
s
Z . Z —
=7 Zxd_str(a/t;_l) =7 Ztr(a’t,f_lt,‘f N =ztr(d'egp-1). O
s B

e For n = 3 we have for « the following possibilities:
. h ..
() ol Gi) gy i) M gagitt
: b ok By Ak . ho .l k
@iv) t1g1t1t3 ) 18111820 (vi) tlgltlgzgltl.

Cases (i) and (iv) are applications of Lemma 9. Cases (ii), (iii) and (v) show also factorizing
through tr(«). Indeed, by direct computations we obtain:

(k+1)
(ii) tr (@ea 3) = —4— tr(e)
Xk+1
(h+k+1)
d
Xh4k+1
(h+k+1)

) tr (aed,3) =4 tr(c).
Xh+k+1

(iii) tr (creq,3) = tr(o)

Notice that, even in the above simple cases where tr(ceg 3) factors through tr(a), the factors are
not the same and they are different from Ej,. It remains now to consider case (vi) for «. Indeed
we have:

i) tr(e) = ztr(ghhel )

(1.4) Bk
=" z2XXpk + (U — 1)zE§1 D = P
while:

2 2,1 htk+s
tr(aey 3) = 7 Zxd_str(gltztlJr )
)

1.4 u—1)z
14 zx;E;thk) + —( 7 ) Zxd_SEc(th’HH‘Y) + (u — I)ZZE;}ZHH).

s

It is clear from the above that in order to have Eq. (3.7) we must impose conditions on the set
of indeterminates X4 (recall (3.3)). For example we have the following.
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Lemma 11. Let ¢ € C\ {0}. Setting x; = ¢!, we have:
tr(eqn) =1, tr(egle) =c* and tr(aey n) = tr(a)tr(eqg,) (o € Yg,(u)).

Proof. The first two equalities follow from (3.5) and (4.2) by a direct computation. We shall
prove the last one by induction. For n = 1 we have o = t{‘ . So, tr(e) = ¢* and tr(oeq1) =

Eflk) = % Zf;ol ckFs¢d=5 = ¢k, Suppose the statement is true for any element in ¥, ,_1(x) and
let o be an element of the inductive basis of Y , ().
(k)
. E

Ifa = wn_1t,]1C with w,—1 € Yy ,—1(u), then by Lemma 9 we have: tr(aey ,) = % tr (o) =
k
Z_k tr (o).

foa=g,-1-- ~g,~tl.kwn_1 with w,—1 € Y4 ,—1(u), then by Lemma 10 we have: tr(ces )
= ztr(a’eqn—1), where o' = gy -- g,'tl-kw,,_l € Y4,—1(w). Using now the induction hy-
pothesis on the word &’ we obtain: tr(aey ,) = ztr(a)tr(eg n—1) = tr(gu—10)tr(eq ) = tr(e)
tr(eq.n). O

Remark 5. Unfortunately, the condition x; = ¢’ does not lead to an interesting framed link
invariant from the topological viewpoint. For example:

k41 +1,0
ty)

k.l k
trd(t] t2) = XpX] =¢C = X|+k = trd(tl

but the closures of these two 2-stranded braids are not isotopic as framed (un)links of two
components.

4.2. The E-system

We shall now seek conditions on a set X; of d — 1 non-zero complex numbers, other than
those of Lemma 11, so that (3.7) is satisfied.

Definition 11. Form =0, ...,d — 1, let EE,'") denote the polynomial

d—1
E((jm) = me+sxdfs 4.3)
s=0

where, by definition xg = x; = 1, and the sub-indices are regarded module d. We say that the
set of complex numbers Xy = {xy, ..., xg—1} satisfies the E-condition if x1, ..., x4 satisfy
the following E-system of non-linear equations in C:

2 0

d—1 0
E¢(1 ) = Xd—lEgi ).
Equivalently:

d—1 d—1
me—i-sxd—s = Xm szxd—s (I<m=<d-1. 4.4)
s=0 s=0



J. Juyumaya, S. Lambropoulou / Advances in Mathematics 234 (2013) 149-191 181
Note that if X4 satisfies the E-system then:

E(m)
4 —Eyj=tr(eq;) (1<m<d-—1). 4.5)
Xm

Clearly, the E-condition guarantees a common factor, namely E; = tr(eq ), at least for the cases
of o where tr(« eg ,) factors through tr(ce) (recall the case n = 3). Surprisingly, we also have the
following result.

Theorem 7. If X4 satisfies the E-condition then for all o € Y4 ,(u) we have:

tr(aeq ) = tr(a) tr(eq n)-

Proof. By the linearity of the trace it suffices to consider the case when « is an element in

the inductive basis (3.2) of Y, ,(u). We proceed by induction on n. For n = 1 we have:
®)
tr(aeq1) = EXthr(oz) = E tr(ax) = tr(a)tr(eq,1). Suppose the statement is true for n — 1,
that is, for all elements in Y4 ,—1 (1), and let « be an element of the inductive basis of Yy , ().
Ifa= wn_lt,’; with w,—1 € Y4,,—1(u), then by Lemma 9 we have:
E®
tr(aeqn) = —d_ (a) = Egtr (o) = tr(a)tr(eq.n)-
Xk

fa=g,-1-- ~g,-tl.kw,,_1 € Yqn(u) with wy—1 € Y4 ,—1(u), then by Lemma 10 we have:
tr(oeg ) = ztr(o’eq n—1), where o’ = g5 - - - g,-tl.kw,,_l in Y4 ,—1(u). Using now the induction
hypothesis on the word &’ we obtain: tr(eeg ) = ztr(e)tr(eqn—1) = tr(gn—10)trleq ) =
tr(o)tr(eq,,). O

Next, we give a useful computational result using the E-condition.

Lemma 12. For the set of indeterminates X ; we have, assuming the E-condition:

2
);_" xd—sEg(lk+S) = [Efik)] (k € N).
s

Equivalently,
2
k k
Xi tr (ed,,,_klefi,l) = [tr (efi,Zz)] .

Proof. Indeed:

1 2 1 k — 07>
d > xa-sEy = d > xa-sxirsEa = EaEy) = x! [E; )] - C
K s

Let us see how exactly the E-condition works in the case (vi) of n = 3, namely when « =
lfzglt{gzglt{‘. Recall:

tr(@) = zxyxpi + (0 — 1)z Eff’”“‘) + (u — D2* Xptit-

Hence:

e+
tr(e)tr(eq,3) = z xixpkEa + (u — 1)z Ef, By + = )22 xppi4xEa
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On the other hand:

(u—1)z
tr(aeq 3) = zszc(thrk) + — Zxd_sEt(thJrk“) +u—122 Ef/””k).

N

Then, from Lemma 12:

2
(h+1+k)
[

+ (= D EYTHO.
Xh+i+k

tr(oeq3) = zx; E[(lh+k) + @ — 1)z
Applying now the E-condition to X4 yields immediately: tr(ceq 3) = tr(a)tr(eq 3).
4.3. Solutions of the E-system

The E-system has always a not-all-zero solution. For example, we have the cyclic solution:
xe = ¥,

where ¢ is a primitive dth root of unity. Indeed:
d—1
Et(lm) = me+sxd_s =¢" and EL(JO) =1, so meﬁlo) = Eflm).
=0

The solution x; = ¢ of the E-system is a special case of Lemma 11, so it is not interesting
for our topological purposes.

Remark 6. It is worth observing at this point that the values x; = ¢/ of Lemma 11 do not
comprise, in general, a solution of the E-system. For example, for d = 3 we have the E-system:
X1 + x% = ZX%XQ
x% +xp = 2x1x§.
Substituting now x; = ¢’ does not automatically satisfy the system of equations.

Beyond the above cyclic solution, for d = 3,4 and 5 we run the Mathematica program and
we found other solutions of the E-system, for which:

Ey =tr(eq;) #1, foralli.

For example, in the case d = 3 we have the non-trivial solutions:

1 1 1
x1=xz=—§ and x1=§<—1+i«/§>, xzzz(l—{—iﬁ),

and also the solution where we take the conjugates in the previous one.
Consider now the set § = {J;} of the real numbers:

—(=1)/@=D
§j 1 = ——— i=1,...,d—1 4.6
j 71 (J ) (4.6)
and denote Eg")((S) the evaluation of E((jm) at x; = §;. According to (4.3) we have: EEIO) =1+
Zf;ll XsX4_s. Then:

-1 (_l)s(d—l)(_l)(d—s)(d—l)

d

0)

EQ6) =1 —1
@ (0 +s; e +

ey o @-
d-12 d-D¥

s=1
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Hence:

d

©)

E,”(8) = —.
a 0 =-"3

Proposition 5. The set 6 = {§;} of Eq. (4.6) is a solution of the E-system (4.4). Moreover, for
d # 2 we have for this solution: Eq = tr(eq ;) # 1.

Proof. Form =1, ...,d — 1 we have:
Efjm) =2Xp + Z Xm+sXd—s-
s£0,d—m
So:
—2(—=1)ym@=b 1 _
(m) _ (d+m)(d—-1)
E,; () = + (-1
d d—1 (d—1)2s¢§_m

B _2(_1)m(d—l) (_1)(d—l)m dd—1)
AP D

s#0,d—m
_2(_1)m(d—1) (_1)(d—l)m
= d—2
d—1 + (d —1)2 ( )
2= @ — 1)+ (=DYDm(d - 2)
B (d—1)?
—d(=1)"@D ©
=—a- - 3mEy (5).
Moreover, for d # 2 we have:
E; =tr(e -)=1E“”(5)= ;7&1 0
d )= g d—17 "

In the Appendix to this paper we give the general solution of the E-system, due to Paul
Gérardin. Namely, for a € Z/dZ we denote exp, the exponential character of the group Z/dZ,
that is:

2rak 2mak
exp, (k) := cos era + i sin 7rda (k € Z)dZ).

Then, the solutions of the E-system are parametrized by the non-empty subsets S of Z/d’Z. More

precisely, a non-empty subset S defines the solution X4 5 = {x0, X1, ..., X4—1}, where:
1
= > expik) (0O<k=<d-—1.
seS

As we note in [8] it is always xo = 1. Also,

1
Eg=tr(eq;) = K (I<i<n-1). (4.7)
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4.4. Lifting solutions to the p-adic level

Let r and s be two positive integers, such that » > s. We shall prove now that a solution of
the E-system for d = p* lifts to a solution of the corresponding E-system for d’ = p”. This is
important for showing that there are also interesting solutions at the p-adic level.

Given ¢ = ({1, ..., ¢q) € C? we define ¢’ = (¢, ..., ¢ € C4" as follows:

e, fori=1,...,d—1
$ =g, fori=j(modd).

Then we have the following commutative diagram:

r

RI%] — v RIX,]

\ Jevr 4.8)
eves

R
where ev, is the evaluation homomorphism at ¢ € C™.

Proposition 6. Let d = p* and d' = p" withr > s. If ¢ is a solution of the system of equations
Efik) = xkEfio) (k =1,...,d — 1) then ' is a solution of the system of equations E( ) = Xk

EY (k=1,...,d - 1).
: (k) __ ) : . (k) .
Proof. The equation E i = X¢E;  can be written as: trg | e dn) = Wa (ed nly +2) Now: ev,

(trd/ (efl,) )) = (evy o tryr) (e((i,) ) and from diagram (4.8) we have:

evy (trd/ (eiﬁ?ﬂ)) = (ev¢ 0 8] otry) (e;,) )
= (ev; otrg o ¢g/> (egf) ) (Lemma 7)
eve (1 (04 (ei)))
(k)
(1 (7))
eve (trd (ed nty +2)> (Induction hypothesis)

|
5

Ve |ty

try ¢> (ed/ nt,’f+2>)>
eve (8] (trd/ (ed/ ntn+2))) (Lemma 7)

= evy (trd/ (ed/,nth)) (Diagram (4.8)).

ev ¢

Hence ¢’ is a solution of the system: ng) = xkE(O) (I<k<d-1. O
5. Isotopy invariants of framed and p-adic framed links
In this section we define an infinite family of isotopy invariants of (modular) oriented framed

links using the Markov traces of Theorem 4 and the Markov equivalence of Theorem 6. Then,
we also define an isotopy invariant of classical oriented framed links and of p-adic oriented
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framed links using the p-adic Markov trace of Theorem 5 and the p-adic Markov equivalence of
Theorem 6.

5.1. Framed link invariants from trg

Letd € Nand let X4 5 = {x1,...,x4—1} be a solution of the E-system parametrized by a
non-empty subset S of Z/dZ. Then, using Theorem 7 and Lemma 8(i) we can proceed with the
factorization of try(aeq ) in (3.6). Indeed, we have from (3.6):

tra(agy ) = [e+ @™ = DEs+ @' = D@
z—(u—1)E, _

= T tra(e) = tra(g ) ()
where E; was defined in (3.5). For the value of E; under the E-condition, recall from (4.7)
that E; = ﬁ In analogy to the construction of the Jones polynomial [4], we will first do a
re-scaling, by which ag, and ag, I will be assigned the same trace value for any o € Yy ,(u).
More precisely, we define
z—(w—1)Ey
w=————

uz

(5.1)

SO

z—w—-1Ey
TWE R
u

tra(g, ") = (5.2)

Then the re-scaling map:

0; > ﬁgi’ t;(modd) — t;(modd)

defines the representation:
Qa0 Fan —> Yan(u).

Moreover, composing with the natural projection from 7, to Fy ,, the representation (2 ,, lifts
to a representation of 7, to Y , (1); we retain for this the same notation, {2; ,,. Then we have the
following.

Definition 12. Given a solution of the E-system parametrized by a non-empty subset S of Z/dZ,
for any framed braid o € F,, we define for its closure &:

1 —owu
Jow —1)Ey

Defining further the exponential sum € () of « as the algebraic sum of the exponents of the o;’s
in o and denoting

n—1
Fd,S(a) = ( ) (trd o Qd,w) ().

1 — wu _ 1
Jou—1E;  zo

we can write:

Tys@) = A" N (Vo) @ty (a)
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where the « in try(«) is the image of the braid « in Yy ,(#) under the natural mapping: o; — g;
s(modd)

N L

and i dy

Let now L denote the set of oriented framed links and let C(z, x1, ..., x4—1) be, as usual, the
ring of rational functions on z, X4 s with complex coefficients. Then we have the following.

Theorem 8. [f the set X4 s satisfies the E-condition then the map I'y s is an isotopy invariant of
(modular) oriented framed links:

Iys:L— C(z,x1,...,%4-1)
@ Ius@.

Proof. By the classical Alexander theorem, any link can be isotoped to the closure of some braid.
Then, by Theorem 6, in order to show that Iy s is constant on the isotopy class of the oriented

framed link @ for any o € U, F,, it suffices to show that Iy s(@) = [ s(&o,) = Fd,g(ozon_l)
for & € . The first equality is taken care by the coefficient A"~! in Definition 12 and the
second one by the re-scaling of the trace. More precisely, and since €(xo,) = €(x) + 1 and
6(aan’1) = e(a) — 1, we obtain:

Las(@0n) = A"V " teg(agn) = Aoz Ly s@),
— 1
Ly s(aoy ) = Ao " g(agy ') = Aoz Ty s@).
Therefore, and since A/w z = 1, the proof of the Theorem is concluded. [

5.2. Some computations

In all computations that follow the integers m in x, and Eg(im) are considered modd. Let
Xa.s = {x1,...,xq4-1} be a solution of the E-system parametrized by a non-empty subset S of
Z/d7Z.

e Clearly, for the unknot O with framing zero we have I'; s(O) = 1. For the framed unknot
O* with framing k € Z we have I'; 5(0%) = x;.

e letH = olzt{‘té be the Hopf link with framings k, ! € Z. We have e(afr{‘té) = 2 and, using
Remark 4, we compute:

Iys(H) = Awtrg(gitfth) = Aw [xlxk + (u— 1)E[(,k+l) +@w— 1z xk—H] .

—

eletT = oft{‘ be the right-handed trefoil with framing k € Z. We have e(aft{‘) = 3 and,
using Lemma 1 and Remark 4, we compute:
Fys(T) = Ao trg(g3th) = AV [(u2 —u+ Dzxg+ (u? — u)Efj‘)] .

—

olet7T' = o, 3 t{‘ be the left-handed trefoil with framing k € Z. We have €(o 3t{‘) = —3 and,
using Lemma 1 and Remark 4, we compute:

Ius(M) = AWe) [ —u? +u Do + @ —u 2 4 u” = DEP].
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N IS N I IR O B

3 8 B B s=0,...,d—1
yo 0 Jo o s rfs() ydf.so
Ly =fBn L =fo1} Lo = Btjtd=> Lax = Bt5te oy

Fig. 7. The links in the skein relation.

5.3. A skein relation for L'y g

Let Ly, L_, Lyand Lsx,s =0,...,d — 1, be diagrams of oriented framed links, which are
all identical, except near one crossing, where they differ by the ways indicated in Fig. 7. Then
we have the following.

Proposition 7. The invariant Iz s satisfies the following skein relation:

u—l — d—1 -1

LS s + S
d,S\Lg d,S\Lsgx ).
s=0 d‘/5 s=0

Vo Tys(L- )—deS(L+)+

The above linear skein relation derives from (1.5) and is diagrammatically related to Fig. 4,
but with different coefficients.

Proof. The proof is standard. By the Alexander theorem for framed links we may assume that
L is in braided form and that L = So; for some 8 € F, and for some i. Then:

_=po7",  Ly=prt',  Lyc=pttl e (s=0,....d-1).

We now apply relation (1.5) for the g_1 in the expression for F d.s(L-), we recall (1. 3) and

we note that (B0, ") = €(B) — 1, €(Boy) = €(B) + 1, e(Btit’ 1) = €(B) and e(Bt;t z+1 'oi)
= €(B) + 1, to obtain:

Tus(Lo) = A (V) P Dy (Bg)

A (@ O (B + T = Diwa(Beas) + ™' = Dtra(Beaigi)]
-1 —1

7 U i Bear) + ﬁ_ ltrdwed,,-gi)]

—1
ZA” (Vo) Prug Bl

= A" (Jw)<® [7trd<ﬂgl) +

1
= —A (o )< Bl (Bgi) + —

dJw
Tl § S P 1 d
+ dw Z AT (\/_)E(ﬂ)+ trd(ﬁtlstﬂr]sgz
s=0

_1 d 1 _1

= —Fds(m Vo Zrds(L )+ =

_ 142l
> Tus(Lsx).
s=0
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Equivalently, multiplying by +/w we finally obtain:

|

dw

ul—1

1
VolTys(Lo)= N Iys(Ly)+

d—1
7 ;rd,s@s) +

d—1
Y Tus(Lyx). O
s=0

Remark 7. Note that, by (1.7) we have Bey igi = Bgieq.i- Thus:

= B
tra(Bea.igi) = a(Bgiea.i) = aleaifgi) = - Ztrd(lftﬂfﬂgi).
=0

Hence L could be also considered to be the link #; tid o IS Bgi. Also, Ly = Bt;’t

These observations help see the extra framings in Ly and Ly, that come from 7
of the corresponding braid.

d—s __ ,s,d—s
i1 =1ty B
4=

iy at the top

Remark 8. If we restrict our interest to classical braids and we consider them as framed braids
with all framings zero we could also ‘kill’ the framing on the level of the algebra Y, ,(u) by
taking d = 1. Then, as we mentioned earlier in the paper (Remarks 1 and 2), the algebra Y| , («)
coincides with the classical Iwahori-Hecke algebra and the trace tr; coincides with the Ocneanu
trace. Hence, the invariant I' coincides with the HOMFLYPT polynomial and the skein relation
boils down to the well-known skein relation of the HOMFLYPT polynomial.

Remark 9. As mentioned in the introduction, in [8] we represented the classical braid group
B, in the Yokonuma-Hecke algebra Y, , (1) by treating the framing generators just as formal
elements. So, I'; s can be seen as an invariant of classical knots. But, then, a skein relation has
no topological interpretation. As we showed in [8], in that case Iy s satisfies a ‘closed’ cubic
relation, which factors to the quadratic relation of the Iwahori—Hecke algebra H,, (u). Further,
in [1] we show that for generic values of the parameters u, z the invariants Iy g do not coincide
with the HOMFLYPT polynomial. Yet, our computational data [2] seem to indicate that these
invariants do not distinguish more or less knot pairs than the HOMFLYPT polynomial. Also,
in [2] we show that the invariants I'; g (but not the traces try) have the multiplicative property on
connected sums.

Even if, eventually, we just obtain invariants topologically equivalent to the HOMFLYPT
polynomial, the Yokonuma—Hecke algebras comprise the only known examples of algebras with
topological applications to different knot categories, which support Markov traces that do not
re-scale directly according to topological braid equivalence.

5.4. A link invariant for classical and p-adic framed links

In this subsection we construct an invariant for classical oriented framed links (with no
modular restriction on the framing) and for p-adic oriented framed links, by lifting the values of
the invariants [y s to the p-adic context.

Let £, denote the set of p-adic oriented framed links. For positive integers r, s such that
r > s, the connecting ring epimorphism § (recall (3.4)) yields a connecting epimorphism =
from the ring of rational functions C(z, X,) to the ring of rational functions C(z, X;). It is a
routine to prove the following lemma.
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Lemma 13. Forall r > s > v, the following diagram is commutative.

e Lpo 0 Lo 1 [ <

p\ FJ FJ
=53 s

C(z,Xy) ~—— C(z, %) ~—— C(z, %))

The ring lim R[X,] turns out to be an integral domain. We shall also denote R, the field
of fractions of 1<£n R[X,]. Taking now inverse limits in the diagram of Lemma 13 we obtain the
map:

I'yoo = l(in Iyr.
reN

Theorem 9. If for all r the set X, satisfies the E-condition, then the map

Fpoo Zﬁpoo —)Rpoc

T (L,@), (@), )

for any o = (ay)r € Uy Fpoo  is constant on the equivalence classes defined by the p-adic
version of Theorem 6. In particular, restricting to the set L of classical oriented framed links, we
have that the map

Ipyeo L —> Rpeo
a (Ip@), FPQ(b?), ..
for any o € U, F, is an invariant of oriented framed links.

Proof. By Proposition 6 we have non-trivial solutions of the E-system in the p-adic context. Let
now B = (B:)r, o= (ar)r € Uy Fpo , be Markov equivalent p-adic framed braids. Then,
<

according to Theorem 6, we have that in each position the modular framed braids B, and o, are
Markov equivalent. So, I'yr (B,) = 'y (&), hence I’y (;.Z) =Tpe(p).
<

Moreover, restricting I'yeo to the set L of classical oriented framed links we have that I poo 18
also an isotopy invariant of classical oriented framed links. Recall that the classical framed braid
group is represented in the p-adic Yokonuma-Hecke algebra Y, , without modular restriction
on the framing and this fact is preserved in the invariant ['poc. [
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Appendix. The E-system by Paul Gérardin

We interpret each polynomial in (4.3)
Z XmysXd—s, 0=<m<d
0<s<d

in the d complex numbers xg, x1, .. ., xg—1 as the value at m of the convolution product by itself
of the element x : s — x; in the complex algebra C[D] of the cyclic group D = Z/dZ: the
convolution product f *x g of two elements f, g € C[D] is

frgiwe Y fgw),
utv=w

the sum being on the set of (u, v) € D x D with sum w.
The algebra C[D] is commutative algebra with unit &y, the characteristic function of the unit
element 0 € D. It is the direct sum of its simple ideals Ce,, a € D, the ¢,’s being the characters

of the group D:
eq t u > eXriaun/d,

They satisfy the following relations: e, * ej is de, for a = b and 0 otherwise, so that the
eq/d,a € D are its elementary idempotents.
The algebra C[ D] has another product, with unit eq, given by the product of values:

fegrw fw)gw),

and is the direct sum of its simple ideals Cé,,a € D, where §, is the characteristic function of
the element a € D; they are also the elementary idempotents for this structure.
The Fourier transform on C[D]:

[ froe (fxe)0) =Y fey(—u)

ueD

is a linear automorphism. In particular, 3; =e_4,8, = db,;,a € D. Its inverse is f > (u >
L f(=w)), which means f(u) = d f(~u).
The Fourier transform sends the convolution product to the product of values:
fxg=1g
hence fg =d~'f x 2.
The E-condition (4.4) can now be written as:

x*xx = (x*x)0)x.
To solve the E-system x(0) = 1, x % x = (x * x)(0) x, we use Fourier transform to obtain:
x(0) =1, 2= (xxx)(0)%.

If (x % x)(0) = 0, then X2 = 0 so x is 0 and also is x, which is excluded by the condition
x(0) = 1. Now, the equation says that the function X is constant on its support S where it is
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(x * x)(0). As the characteristic function of S is, up to the factor d, the Fourier transform of the
sum of e,, a € S, we have shown that

1
x = (0 #0)(0) > ey
seS
As x(0) = 1, we have (x * x)(0)$|S| = 1, with |S] the cardinality of S.
Finally, we have proved that the solutions of the E-system are the functions xg parametrized
by the non-empty subsets S of the cyclic group D of order d as follows:
1
= — €.
NE=2

seS

xS

For § = D, itis the trivial solution &y. The complement of the support of any non trivial solution
is another solution. In particular, each element a € D defines two solutions of the E-system: one
is the character e,, the other is given by lej v outside 0. When the order d is even, we can take

a = d/2, this gives the solution u — (1_2; ,u#0.
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