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Abstract
The numerical range of an n X n matrix polynomial P(A) = A, A™ +
...+ A1+ Ap is defined by
W(P) ={reC:2"P(\)z =0, 2€C", z#0}.

In this paper, we investigate the shape of W(P) by using the notion of
local dimension. The numerical range of first order matrix polynomials is
always simply connected. The special cases of diagonal matrix polynomi-
als and 2 x 2 matrix polynomials are also considered.
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1 Introduction

Consider a matriz polynomial
PA) = Ap\™ + A N4 AN+ A, (1)

where A; € C"*" (j = 0,1,...,m) and X is a complex variable. The spectral
analysis of matrix polynomials is very important when studying linear systems
of ordinary differential equations of order m with constant coefficients [5], [7]. A
scalar Ay € C is said to be an eigenvalue of P(\) in (1) if the system P(A\g)z =0
has a nonzero solution xy € C™. This solution zq is known as an eigenvector of
P(X) corresponding to Ag, and the set of all eigenvalues of P()\) is the spectrum
of P(\), namely,
o(P) = {A € C:detP()\) = 0}.

The numerical range of P(\) in (1) is defined by
W(P) = {Ae C:az"P(\)x =0, for some nonzero z € C"}. (2)

Clearly, W(P) is always closed and contains o(P). If P(A) = IX — A, then
W (P) coincides with the classical numerical range of the matrix A,

F(A) = {z" Az : 2 € C", 2"z = 1}.

The last decade, the numerical range of matrix polynomials has been studied
systematically, and a number of interesting results have been obtained (see e.g.,
(2], [6], [8], [10], [11] and [13]). It is known that W(P) in (2) is not always
connected, and it is bounded if and only if 0 ¢ F(A,,). In this case, W(P) has
no more than m connected components [8]. Moreover, if 1 is a boundary point
of W(P), then the origin is also a boundary point of F(P(u)), and in general,
the corners of W(P) are eigenvalues of P(A) [11].

In this paper, we continue the investigation of the numerical range W (P)
in (2), and present new results on the boundary and the geometry of W (P).
In Section 2, we study the shape of W (P) obtaining necessary and sufficient
conditions for the local dimension of a point A\g € W(P) to be equal to 1
or 2. In Section 3, it is proved that the numerical range of a linear pencil
P(\) = A\ — B is always simply connected. The numerical range of a diagonal
matrix polynomial is considered in Section 4, and it is proved that its boundary
is contained in a finite union of the numerical ranges of 2 x 2 diagonal matrix
polynomials. Finally, in Section 5, we present a method to compute the point
equation of the boundary of the numerical range of a 2 x 2 matrix polynomial.
In particular, if the numerical range of a 2 x 2 matrix polynomial is not the
whole complex plane, then its boundary lies on an algebraic curve of total degree
at most 4m, where m is the degree of the polynomial.

It is worth noting that some of the results of this paper are also valid for
more general matrix functions than matrix polynomials. It is clear from their
proofs, that Theorems 1 and 2 hold for analytic matrix functions. Furthermore,
Propositions 12 and 14 are also true for general continuous matrix functions
(since Theorem 1.1 in [11] holds for continuous matrix functions).



2 Local Dimension

Let © be a closed subset of C, and let A\g € €. The local dimension of the
point A\g in Q is defined as the limit

lim dim {20 S(o,h)}  (hE€R, h>0).

Notice that any isolated point of €2 has local dimension equal to zero, and any
non-isolated point Ay of 2 has local dimension 2 if and only if there exists a
sequence {ugtren € IntQ converging to g (i.e., Ag belongs to the closure of
Int 2).

A (boundary) point Ag € §2 is said to be a corner of 2 if there exist three
angles 6g, 61,02 € [0,27] and a real p > 0 such that 0 < 6y —0; <0y <7 and

01 < Arg(z — Ao) < 6

for every z € 2N S(Ag, p) (cf. [6] and [11]).

For a matrix polynomial P()) as in (1), the local dimension of any Ao in
W (P) is closely connected with the local dimension of the origin in F(P(Ag)).

Theorem 1 Let P(\) = A\ +.. .+ A1 A+ Ag be an nxn matriz polynomial,
and let \g € W(P) such that the origin is not a corner of F(P(X\)) and 0 ¢
F(P'(Xo)). If the local dimension of Ao in W(P) is equal to 1, then the local
dimension of the origin in F(P(X\o)) is also equal to 1.

Proof Assume that the local dimension of A\g in W(P) is 1 and the local dimen-
sion of the origin in F(P(X\g)) is 2. It is clear that Ag belongs to the boundary
OW (P) and there is a real ro > 0 such that

W(P) N S(Xo,ro) € OW(P).

By Theorem 1.1 in [11], the origin is a boundary point of F(P()\g)). Since
F(P(Xo)) is convex (see [4]) and 0 is a differentiable point of F(P()g)), there
exists a straight line g9 passing through the origin and defining two closed half
planes H; and Hz such that F(P(Ag)) C H;.

For every r € [0,70] and ¥ € [0,27], either \g +7e?? & W(P), or Ao +re'’ €
OW (P). Equivalently, for every r € [0,7¢] and ¥ € [0, 27], either 0 ¢ F(P (Ao +
rei?)), or 0 € OF(P()\g + 7¢'?)) (see Theorem 3.1 in [6]). Moreover, the origin
does not belong to the convex set F'(P'(\g)), and P(\g + re') is written

P(xo +re) = P(Xo) +re”” P'(Xo) + re’’ R(Xo, 7,9),

where ||[R(Xg, 7, 9)|| = o(1) as r — 0. Hence, for “small enough” r, there exists
a cone

Kirng ={2€C: o1 <Argz <9, 0< 23— 1 <t <7}



such that
F(P'(\o) + R(No,7,9)) C Krxo \{0}.

For suitable ¥ € [0,27], e’ F(P'(\g) + R(\o,7,9)) lies in the interior of Hs.
One can see that for every unit vector z € C",

2*P(Ng + ez = x*P(\g)z + re'?z*(P'(\g) + R(\o,7,0)).

where Arg{re?’z*(P'(\o) + R(Xo,7,9))x} € [p1 + VU, p2 + ¥]. Thus, for every
p=x,P(Xo)z, € F'(P(\g)) and for every r € [0,70] such that p+relertd) pp
re!(#21Y) ¢ M, the point

a5 P(Ao +re)z, = p+real(P'(Xo) + R(Ao, 7, 0))z,

also lies in Hs. Consequently, as r takes values from 0 to 7y, the part of
F(P(X\o)) close to the origin “moves” into the half plane Hy (note that the
numerical range F(P(\o + re'”)) depends continuously on 7, with respect to
the Hausdorff metric). Thus, for suitable ry € [0,7¢], the origin lies in the
interior of

F(P(o) +r9¢” [P (h0) + R(Ao. 7, 0)]) = F(P(o +rpe™”)).
This is a contradiction and the proof is complete. [

Theorem 2 Suppose that P(A\) = Ap A + ...+ A1A + Ag be an n x n matric
polynomial, and \g € W(P) is not a corner of W(P) or a node point of the
boundary OW (P). If 0 ¢ F(P'(X)), and the local dimension of Ao in W (P) is
equal to 2, then the local dimension of the origin in F'(P(X\o)) is also equal to 2.

(At this point, we comment that an example of a linear pencil P(\) = A\ — B
with node points on W (P) can be found in [2].)

Proof If \j is an interior point of W (P), then by Theorem 3.1 in [6], the origin
is an interior point of F(P(Xg)), and thus with local dimension in F(P(\g))
equal to 2.

If \y € OW(P), then since \g is not a corner of W(P) or a node point of
OW (P), there exists an angle g € [0, 27] such that for every ¢ € (o, o + 7),
there is a real 7, > 0 with

Ao + Ty € Int W(P)

For the sake of contradiction, assume that the local dimension of the origin in
F(P()\y)) is 1. Then by the convexity of F(P(\g)), it follows that F(P(\g))
is a line segment passing through the origin. The line of F(P(\g)) defines two
closed half planes H; and Hs in C. As in the previous theorem, P(\g + ret?) is
written

P(Xo +re'?) = P(X\g) +rePP'(No) +re"?R(No, 7, ),



where ||[R(Xg, 7, ¢)|| = o(1) as r — 0. Hence, for “small enough” r, there exists
a cone

Kirng ={2€C: o1 <Argz <9, 0< p2— 1 <t <7}

such that
F(P'(\o) + R(Mo,7,0)) C Krx \{0}.

One can verify that for some 9 € (o, @0 + 7), €’ F(P'(Xo) + R(Xo, 7, p)) lies
in the interior of the half plane H;. Since

F(P(Ao+19e™)) C F(P(X)) +r9e™ F(P'(Ao) + R(Xo. 7, 9)),
it is clear that F(P()\g + rge’”)) also lies in the interior of ;, and thus,
0 ¢ F(P(Xo +rse™)).

This is a contradiction because \g + rye’’ belongs to W (P). Hence, the local
dimension of the origin in F'(P(\)) is equal to 2. [

3 Linear Pencils

Consider a linear pencil A\ — B, where A and B are n X n complex matrices.
This special case of matrix polynomials plays an important role in the study of
linear dynamical systems (see [1] and the references therein). The last years,
the numerical range of linear pencils has attracted the attention (see e.g., [2],
[9] and [12]). From the results of the previous section, the next corollary follows
immediately.

Corollary 3 Suppose that W(AX — B) is bounded, and let A\g € W(P).

(1) If the origin is not a corner of F(AXy — B)), and the local dimension of
Ao in W(AN — B) is equal to 1, then the local dimension of the origin in
F(P(\y)) is also equal to 1.

(i) If Ao is not a corner of W(AX — B) or a node point of OW (AN — B), and
the local dimension of Ao in W(ANg — B) is equal to 2, then the local
dimension of the origin in F(AXg — B) is also equal to 2.

A bounded connected set Q C C is called simply connected if C\Q is
connected (in particular, it has no “holes”). If Q@ C C is unbounded, then
we consider the set QU {oo} € CU {00}, and we say that QU {oo} is simply
connected if (CU{c0})\Q is connected. (Note that the two definitions coincide
when  is a bounded subset of C.) By [8], it is known that if W(AX — B) is
bounded, then it is also connected. Furthermore, we have the following.

Theorem 4 If the numerical range W(AX — B) is bounded, then it is simply
connected.



Proof Suppose that W(AX — B) is not simply connected. Then W(AX — B)
has a “hole”, i.e., there is a complex number wy ¢ W(AX — B) such that for
every ¢ € [0,2n], there exists a real r, > 0 satisfying

wo + 1y € W(AX - B).

Since W(A(A+ p) — B) = W(AX — B) — i (u € C), without loss of generality,
assume that wg = 0. Then we have that

0 ¢ W(A\— B)
and for every ¢ € [0, 27],
r,e'¥ € W(AX — B),

or equivalently,
0 ¢ F(B)

and for every ¢ € [0, 2],
0 € F(Ar, e — B).

Since the origin does not belong to the convex sets F'(A) and F(B), there exist
two cones

ICl :{ZG(CI191§AI§Z§’I§1,0<1§1—191§1[)1<7T}

and
Ko :{ZE(C:ﬂQSArgZS1§2,0<7§2—ﬁ2S¢2<TF}

such that F'(A) C Int Ky and —F(B) C Int K2 . Moreover, there exists an angle
o € [0,27] such that both F(ry,e?°A) = r, e'?°F(A) and —F(B) belong to
the interior of a cone

IC() = {ZGCI ﬁoSArgZS'@o, 0<1§07190§1)[)0<7T},
where max{¢1, 92} <1y < m. As a consequence, the numerical range
F(A(rpe'#0) — B) C 1,5, F(A) + F(~B) C IntK

does not contain the origin; a contradiction. The proof is complete. [

By the proof of the above theorem, it also follows that for every exterior
point g of the bounded numerical range W (AX — B), there is a cone

’C#:{Z€(CIﬂlgArg(Z—,U,)é'lgg,0<192—191§190<7T},

such that I, N W (AX — B) =0 (see also Theorem 5 in [12]).
The numerical ranges W(AA — B) and W(BX — A) satisfy [§]

W(BA— AN0} = {p": i€ W(AN— B)\{[0}}. 3)

As a consequence, Theorem 4 yields the following.



Theorem 5 If the numerical range W(AX — B) is unbounded, then the set
W(AX — B) U{oo} is simply connected in the extended plane CU {oco} (or the
Riemann sphere S2).

Proof Since CU{oo} = S? is simply connected, we have nothing to prove when
W(AX—B) = C. Suppose now that W(AX— B) is unbounded, that is 0 € F(A)
[8], and let A\g ¢ W (AN — B). Since W(A(XA + Ag) — B) = W(AX — B) — Ao,
W(AX — B) U {oo} is homeomorphic to the set W(AXN — (B — A)g)) U {o0}.
Hence, we can assume that 0 ¢ W(AX — B), or equivalently, 0 ¢ F'(B). Then
by (3), we have (in the extended plane)

W(BXN—A) = {p":pe W(AXN— B)U{oo}},

and the map W(u) = pu~t for p € W(AX — B) and ¥(oo) = 0 is an homeo-
morphism of W(AX — B)U{oco} onto W (BA— A). By Theorem 4, the bounded
range W(BA — A) is simply connected, and since simply connectedness is a
topological property, W(AX — B) U {oo} is simply connected in the extended
plane CU{oc}. O

A nonempty subset 2 of C is said to be p-convez if for every pair of points
w1, o € C, either

or
{tpr + (1 =)z : t <0 or t > 1} C Q.

In [9], it is proved that if the matrix A is Hermitian, then the numerical range
W(AMX — B) is always p-convex.

In general, the numerical range of a linear pencil has no isolated points.

Proposition 6 Let AN\—B be an nxn linear pencil, and suppose that W (AN —
B) is not a singleton. Then the numerical range W(AX — B) has no isolated
points.

Proof If 0 ¢ F(A), or 0 € F(A) and F(A)\{0} is connected, then the closed
range W(AX — B) is connected and has no isolated points.

If 0 € F(A) and F(A)\{0} is not connected, then there is an angle o €
[0,27] such that the matrix e??°A is Hermitian. Then the numerical range
W (AN — B) = W(e*¥°(AX — B)) is p-convex completing the proof. [

The case where W(AX — B) is a singleton is described by Proposition 2 (i)
n [12]. Moreover, the local dimension of the points in the numerical range of a
linear pencil is always constant.

Theorem 7 Let AN — B be an n X n linear pencil. Then the local dimension
of every point i € W (AN — B) is constant. Furthermore, if every point of the
numerical range W (AX — B) has local dimension in W(AX— B) equal to 1, then
W (AN — B) lies, either on a straight line, or on a circle.



Proof By the above proposition, the numerical range W(AA — B) contains
isolated points (i.e., of zero local dimension) if and only if W(AX — B) is a
singleton. Consequently, for the first part of the theorem, it is enough to prove
that if there is at least one A\g € W(AX — B) of local dimension 1, then every
point of W (AX — B) has local dimension 1.

Suppose that Ag € W(AX— B) has local dimension in W (AX— B) equal to 1.
If 0 € F(A), then the arguments in the proof of Theorem 5 apply to obtain that
the 1-dimensional part of W(BA— A) is nonempty. If W (BA—A) lies on a curve,
then W(AM — B) also lies on a curve. Hence, without loss of generality, assume
that 0 ¢ F'(A). If \g € W(AX—B) such that the origin is a corner of F(A\o—B),
then 0 € o(AXg — B) [4], and thus )¢ is an eigenvalue of A\ — B. Since
W(AXo — B) # C, the linear pencil A\ — B has no more than n eigenvalues,
and consequently, there is a A\g € W(AX — B) of local dimension 1 such that the
origin is not a corner of F'(AXg—B). Since W(A(A+Xg)—B) = W(AA—B)— Ao,
we can also assume that A\g = 0. Then by Corollary 3(i), the local dimension
of the origin in F(B) is equal to 1. The convexity of F(B) implies that F(B)
is a line segment passing through the origin, and thus there exists an angle
¢o € [0, 27] such that the matrix e*#° B is Hermitian. Moreover,

W(AN = B)\{0} = {n™": p € W(e'*(BA— A))}

where the numerical range W (e%#°(BA—A)) is p-convex [9], and has an nonempty
1-dimensional part. Hence, either

W(BA—A) = {ta+(1—1)B:0<t<1},

or
W(BN—A) = {ta+(1—-t)f:t<0 or t >1}

for some «, 3 € C. Since by a Mébius transformation

_az+b
T ocez+d’

the straight line is transformed, either into a circle, or into a straight line, the
proof is complete. [

Next we characterize the linear pencils whose numerical range has no interior
and lies on a straight line or a circle.

Theorem 8 Let AN — B be an n X n linear pencil. Then the numerical range
W (AX— B) has no interior points if and only if there exist two linearly indepen-
dent Hermitian matrices Hy and Ho, and complex numbers a,b,c and d such

that 0 ¢ F(Hq, +iH>) and

A = aH; +bHy and B = cH; + dH>. (4)



Proof Suppose that W(AX — B) has no interior points and A\g € W(AX — B).
Then the origin belongs to F(B—AXg) = —F (Ao — B) and has local dimension
in F(B — A)\g) equal to 1. By the convexity of F(B — A)g), it follows that
F(B—A)p) is a line segment passing through the origin, and thus there exists an
angle ¢, € [0, 27 such that the matrix H; = %1 (B — A)\) is Hermitian. Using
now the p-convexity of the unbounded (1-dimensional) range W ((B—AAg)A—A)
[9], we obtain that there is a @5 € [0,27] for which W((B — AXg)A — €2 A)
lies on a line parallel to the real axis. Hence, there exists a complex number -y
such that W ((B — AXg)A — (e*2 A+ B —yA))) lies on the real axis. It is also
clear that the fraction

¥ ("2 A4+ B —yAXg)x  era* ("2 A4 yB — yANg)x
x*(B — AXo)x B ev1r* (B — Alo)x

is real for every unit vector € C™ with a*(B — A\g)x # 0. Since (4) is obvious
when the matrices A and B are linearly dependent, we assume that A and B
are linearly independent. In this case, the set

{z eC":2"(B—AX)r =0 and z"z =1}

is dense to the unit sphere of C". Consequently, for every unit z € C",
eP1ap*(e"¥2 A+ yB — yA)lg)x is real, and thus the matrix

Hy = €' ("2 A+ B — vA))
is Hermitian [4]. Moreover, the matrices A and B are written as in (4) with
a = 767i(’0167i4‘02’y, b= e*itplefiipz’
c=e W1 _ e Wiem W2\ 1n and d = Age ¥le %2,

Finally, by the condition W (AX — B) # C, it follows immediately that for every
unit vector y € C", (y*Hyy,y*Hay) # (0,0), that is, 0 ¢ F(H; + iH>).

Conversely, suppose that the matrices A and B are written as in (4), where
the Hermitian matrices H; and H, satisfy the hypothesis of the theorem. If
ad = bc, then the range W(AX — B) is a singleton. Assume now that ad # be.
Since 0 ¢ F(Hy +iHz), the numerical range W (Hy A — Hj) lies on the real axis
[8]. If @ = 0, then be # 0 and the numerical range

W (bHoA — (cHy + dHs)) = b~ ' (d + W (Ha\ — Hy))

has no interior points. If a # 0, then set d' = d — (bc)/a # 0 and observe that
the range

W (d' Ho\ — (aHy + bHs)) = (d')" (b + aW (HoX — Hy))

has no interior points, or equivalently, W ((aH; + bH3)\ — d' H2) has no interior
points. Hence, the numerical range

W((aHy + bH2)\ — (¢/a)(aHy + bHs) — d'Hy) = W(AX — B)



has also no interior points, and the proof is complete. [

Note that if A and B are written in the form
A =¢""H, and B = eV2 H,,

where 1,79 € [0,27] and the matrices H; and Hs are Hermitian, then the
numerical range W (A\ — B) = e!("2=9)W (H A — H,), either coincides with the
whole complex plane, or lies on the line

{z€C:Argz =15 — V1 or Argz =7+ s — 1}

By Theorem 1.7.17 in [4], it is easy to see that the matrices Hy and Hs in
Theorem 8 are simultaneously diagonalizable by congruence.

Corollary 9 If W(AM— B) has no interior points, then there is a nonsingular
matriz T such that the pencil T*(AX — B)T is diagonal.

It is known in the literature that every square matrix A is written in the
form
A= Hi(A)+iHy(A),

where the matrices Hi(A) = (A + A*)/2 and Hs(A) = (A — A*)/(2i) are

Hermitian.

Corollary 10 Suppose that AA—B is an nxn linear pencil with W(A\N—B) #
C. Then the following conditions are (mutually) equivalent.

(1) The numerical range W (AX — B) has a nonempty interior.
(ii) The numerical range W (AN — B) is the closure of its interior.

(iii) The real linear space spanned by the Hermitian matrices Hy(A), Ha(A), H1(B)
and Hy(B) has dimension at least 3.
4 Diagonal Matrix Polynomials

For an n X n matrix polynomial P(\) = A, \™ + ... + A1\ + Ap, the joint
numerical range of its coefficients is defined by

IJNR(P) = {(z* Aoz, 2" Ay, ..., 2" Apz) € C": 2 € C*, 2z = 1}.
One can easily see that
W(P) ={AeC:an\"+...+a1XA+ a9 =0, (ag,a1,...,an) € INR(P)},

and if P()\) is diagonal, then JNR(P) is a convex polyhedron in C™*1. Further-
more, the numerical range of a general matrix polynomial can be approximated
by using numerical ranges of diagonal matrix polynomials [13].

10



Theorem 11 [13, Theorem 4.2]
Let P(\) = ApA™ 4+ ...+ A1 A + Ap be an n x n matriz polynomial. Then

Uwy) = w(p) = (\W(D),
D1 Dy

where the union (intersection) is taken over all diagonal matriz polynomials
D1 (X) (resp. D2(X)) of degree m for which JNR(Dy) € JNR(P) C JNR(Ds).

Motivated by the above theorem, next we consider the problem of drawing
the numerical range of a diagonal matrix polynomial

D(\) = diag{d1(N\),d2(N),...,dn(N)}.
For any choice of indices 1 < k1 < ko < ... < ks < n, denote
D\ : ki, ko, ... ks) = diag{dg, (N\),dr,(N), ..., dr. (M)} (5)

Notice also that the numerical range of a diagonal matrix diag{ai,as,...,a,},
with n > 3, is the convex hull of the diagonal elements and consists of a union
of convex polygons with s (3 < s < n) vertices. In particular,

F(diag{ai,as,...,an}) = U F(diag{ag, , rys- .-, ak,})-
1<k <ka2<...<ks<n

By using this simple observation, the problem of drawing the numerical range
of a diagonal matrix polynomial is easily reduced.

Proposition 12 Let D(\) be an nxn diagonal matriz polynomial with n > 3,
and let s € {3,4,...,n—1}. Then

W(D) = U W(D(\: ko, k).
1<k <ko<...<ks<n
Proof Consider a diagonal matrix polynomial
D(\) = diag{di(N\),d2(A),...,d,(N)} (n>3)
and a positive integer s € {3,4,...,n —1}. Then Ao € W(D) if and only if
0 € F(D(X)) = U F(diag{d, (Ao), di, (M), - -, di, (M0)})
1<k <ko2<...<ks<n

or equivalently,
Ao € W(D()\ : kl, koy. .., ks))

for some indices 1 < ki <ko <...<ks<n. 0O

Moreover, for an n x n diagonal matrix polynomial D(\), the boundary
OW (D) is proved to be a subset of a finite union of numerical ranges of 2 x 2
diagonal matrix polynomials. This is quite useful since the numerical range of
a 2 x 2 diagonal matrix polynomial has no interior points, and thus, it is easy
to be sketched.

11



Proposition 13 If D()\) is a 2 x 2 diagonal matriz polynomial, then W (D)
has no interior points, i.e., every point of W (D) has local dimension 1.

Proof Let D(\) = diag{d1()),d2(N\)} be of m-th degree with dj(\) = b, A™ +
.o biA+b and da(A) = ¢ A™+. . .+ 1 A+co, and assume that Int W (D) # 0.
Observe that for every p € Int W (D), the origin is a boundary point of F(D(u)).
By Theorem 3.1 in [6], it follows that for every p € Int W (D),

0 € F(D'(M)),

or equivalently,
Xo € W(D').
By induction, we have
Int W (D) C Int W(D') C ... C Int W(D™~),
The numerical range of the 2 x 2 linear pencil
D=D(\) = (m — 1)! (m diag{bm, cm A + diag{bm_1, cm—_1}),

namely,

1

W(D(m—l)) — {_bm—lt + Cm—l(l — t)

i+ om(l—1) '€ [0’1]}

has no interior points (cf. Theorems 7 and 8), and the proof is complete. O

m

Proposition 14 If D()\) is an n x n diagonal matriz polynomial, then
owmyc | WDk,
1<j<k<n

Proof Let D(XA) = diag{di(\),d2(N),...,d,(A)} and let Ao € OW (D). Then
by Theorem 1.1 in [11], the origin is a boundary point of F(D(\g)), where
F(D(\g)) coincides with the convex hull of dq(Ag),d2(Ao), - .., dn(No). Hence,

0 € F(diag{d;(Ao),dr(Ao)})
for some j, k € {1,2,...,n} with j <k, and thus A\g € W(D(\: j,k)). O

The above proposition and the second part of Theorem 7 yield the following.

Corollary 15 The boundary of the numerical range of a diagonal linear pencil
coincides with a union of linear segments and circular arcs.

Example 1 Let D(\) be the 4 x 4 diagonal matrix polynomial
D(X) = IX® +diag{1, —i,i, —1 + i}\? + diag{2i, 12, V/5,0}\

+ diag{V/13, —4i, —5,4}.
In Figure 1, we sketch 1000 points of W (D), and in Figure 2, we add 100 points
of each numerical range W(D(A : j,k)) (1 < j < k < 4). The eigenvalues of
D(\) are marked with +’s. The comparison of these two figures shows how
helpful is Proposition 14 in studying the shape of the numerical range of a
diagonal matrix polynomial.

12
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Figure 2: The numerical range W (D) and its boundary.

5 Computations for n = 2

Let P(A) = ApA™+ ...+ A1 A+ Ag be an n X n matrix polynomial. Then by
Theorem 4.1 in [10], W (P) can be approximated by using numerical ranges of
2 x 2 matrix polynomials. In this section, we investigate the point equation of
the boundary of the numerical range of a 2 x 2 matrix polynomial (cf. [2])

Q\) = BpA™ + By 1 A™ 4 ...+ B\ + By. (6)

Recall that every square matrix A is written A = Hy(A) + iH2(A), where
the matrices Hy(A) = (A4 A*)/2 and Hy(A) = (A — A*)/(2¢) are Hermitian.
Moreover, observe that for any 2 x 2 Hermitian matrix

_ a+d b+ic
A_[bic ad}’

13



and for any unit vector y = [cos 9, e Sinﬂ]T € C2, we have
y Ay = a+ d cos(29) + b sin(299) cos ¢ — ¢ sin(29) sin p.
Consider now 7 as an element of the complex projective line CP!, and set
X =sin(29) cos(p), ¥ = —sin(2¢) sin(p) and Z = cos(29).

Then the point (X,Y, Z) € R3 satisfies X2 +Y? + Z? = 1 and we can identify
CP! with the real 3-dimensional sphere X2 + Y2 4+ Z2 = 1. As a consequence,

YAy =a+bX +cY+dZ
The coefficients of Q(A) in (6) can be written in the form

B, = {
J i, L I aa /I /
bj —ic; aj; —d; bj ic;  aj dj

} (j=0,1,...,m),
j

where aj,bj,c;,dj, a5, 05, ¢, d; € R (j=0,1,...,m), and then

3

QWY =Y N(a;+ b X + ;Y +d;Z)+i»_ N(a; + VX + &)Y +d}Z).
i=0 =0

For A = u +iv, (u,v € R), the equation y*Q(u + iv)y = 0 is rewritten as the
system
Re(y*Q(u+iv)y) = é1,1(u,v)X+¢12(u, v)Y+¢1,3(u, v)Z+d1,0(u,v) = 0, (7)

Im(y* Q(utiv)y) = ¢2,1(u, V) X+¢2 2(u, v)Y +¢2 3(u, v) Z+p2 0(u,v) = 0, (8)

where ¢;i(u,v) (j = 1,2, kK = 0,1,2,3) are real polynomials in u,v of to-
tal degree at most m. At this point and for the remainder, we assume that
ojk(u,v) # 0 for some j = 1,2, k = 1,2,3 since otherwise Q(\) is a scalar
polynomial. Furthermore, for every (u,v) € R2, consider an affine subspace
L(u,v) of R? defined by

L(u,v) = {(X,Y,Z) € R®: (7) and (8) are satisfied }.

Then it is clear that the numerical range W(Q) is the set of the points A =
u+iv (u,v € R) for which the corresponding affine space £(u,v) has a common
point with the unit sphere X2 +Y?2 + 22 =1.

One of the following three cases occurs :
(I) The real matrix

_ | P1a(u,v) ra(u,v) ¢ 3(u,v)
Blw) =1 gy wv) daa(un) daslu,0) ©)

has rank 2 for every (u,v) € R? except for points on an algebraic curve

G(u,v) =0.

14



(II) For every (u,v) € R?, the real matrix F(u,v) in (9) has rank < 1, and the
real matrix

| ta(wv) dra(u,v)  dr3(u,v)  d1(u,v)
Fo(u,v) = [asmmw bra(t0) o3t ) ¢2,0(uvv)} (10)

has rank 2 for some (u,v) € R?.
(ITT) For every (u,v) € R?, the real matrix Fy(u,v) in (10) has rank < 1.

First, we consider Case (I). Without loss of generality, assume that

¢1,1(U,U) ¢1,2(U,U)
det { $2,1(u,v)  P22(u,v) ]

does not vanish on an open dense subset of R?. On this open set the affine
subspace L(u,v) is 1-dimensional. A parametric representation of the straight
line £(u,v) is obtained by solving the equations (7) and (8) in X,Y,

3(u U u, V) P1,2(u
* = ¢1,1EU,U;¢2,2EU,U; - ¢1,2(U’U§¢2,1EUW§ z
4 P10(w, v)P22(u,v) — Ga.0(u, v)6r2(u, v)
¢1,1(u, 0)d2,2(u,v) — ¢1,2(u,v)P2,1(u, v) ’
v = 13w 0)¢21(w,v) = $as(u,v)dra(uv)
$1,1(u,v)d22(u,v) — ¢1.2(u,v)P2.1(u, v)
L Pro(w, V)2 (u,v) = $a0(u, v)1(u,v)
¢1,1(u, v)P22(u,v) — ¢1,2(u,v)P2.1(u,v)

Substituting these relations into the equation X2 +Y?2 + Z2 —1 = 0, we have a
quadratic equation with discriminant

D(u,v) = (h1,162.2 — d1262.1)* + (d1,102,3 — d1,3021)°
+ (p1,202,3— d1,302.1)% — || P20 [P1,1, P12, ¢1,3]T*¢1,O [h2,1, P22, ¢2,3]T 113,

where || - ||2 is the Euclidean norm. Obviously, D(u,v) is a real polynomial in
u, v of total degree at most 4m.

If Ao = wup+ivg (ug,vo € R) is an interior point of W (P), then the discrim-
inant D(u,v) is non-negative “near” the point (ug,vg), and if A\g = ug + ivg is
an exterior point of W(P), then D(ug,v9) < 0. Hence, every boundary point
Ao = ug + g (ug,vo € R) of W(P) (as a limit point of the interior of W (P))
satisfies the equation

D(UO,U()) = 0.

Note that the points (u,v) € R? for which the matrix Fj(u,v) in (9) has
rank <1 lie on the algebraic curve

g(u,v) = (¢1,1¢2,2 - ¢1,2¢2,1)2 + (¢1,1¢>2,3 - ¢1,3¢2,1)2
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+ (¢1,202,3 — d1,302.1)° = 0.

Remark For the straight line, in the 3-dimensional Euclidean space,
P11 X + P12 + 9132 + 10 = 0,
21X + @22Y + 232 + 20 = 0,

the distance d between the origin and the line is given by

|| p2,0 [P1,15 P1,25 ¢1,3]T — ¢1,0[ 02,1, 02,2, ¢2,3]T B
(11022 — P1,2021)% + (P1,102,3 — P1,302,1)% + (P1,202,3 — P1,302.1)%

& =

Let us now consider Case (II). In this case, for every u + iv € W(P), the
point (u,v) € R? satisfies the equations

$1,0(u, ) P2 5 (u,v) — d2.0(u,v)p15(u,v) =0  (j=1,2,3).

Notice that at least one of the polynomials

b1,0(u,v) P2 5 (u,v) — P2.0(u,v)¢1 j(u,v)  (j=1,2,3)

does not vanish at some (ug,vo) € R% Thus, the numerical range W (P) is
contained in an algebraic curve

C(u,v) = ¢1,0(u,v)p2,j(u,v) — ¢2,0(u, v)d1,;(u,v) = 0

for some j = 1,2, 3, and every point of W (P) has local dimension 1 (i.e., W(P)
has no interior points).

Finally, we consider Case (1II). The following lemma is necessary.

Lemma 16 Let P(A\) = AN + ...+ A1\ + A be an n x n matriz poly-
nomial, and let P(u) be normal for every pu € C. If there is a A\g € C such
that the matriz P(Ao) has n distinct eigenvalues, then there exists an n X n
unitary matric U such that the matriz polynomial U*P(A\)U is diagonal. (In
particular, the coefficients Ag, A1, ..., An are simultaneously diagonalizable by
unitary similarity.)

Proof Consider the matrix polynomial P(\) = P(X — X\g). Then it is obvious
that o(P) = o(P) + Ao and the matrix P(y) is normal for every u € C. Hence,
without loss of generality, assume that P(0) = Ap has n distinct eigenvalues.
By the normality hypothesis, we have, for real parameter t,

P(t)P(t)* = P(t)*P(t), (11)
P(te)P(te?)* = P(te'”)*P(te™’), 0 € [0,2n]. (12)

We differentiate these equations, with respect to ¢, for ¥ = n/2. Taking the
derivatives at t = 0 yields

AL AG + AgAT = AL A, + A% A,
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1A1A] — 1ApAT = 1AJA; —iAT Ay,
and thus AgAj = AjAg. By hypothesis, Ag is written Ag = U*DoU, where U
is an n x n unitary matrix and Dy is an n x n diagonal matrix with distinct
diagonal elements. Then it is straightforward that A; is also a normal matrix
of the form A; = U*D,U, where D; is diagonal (see [3], pp. 186-187). Clearly,
Ap and A; commute. Next, for ¥ = 7/4, we take the second order derivative of
the equations (11) and (12) at ¢ = 0. Then

AsAf + Ag AL + AL AT = ASAy + ASAg + AT AL,
iAg AL — iAo AL + A1 AT = AT Ay — iA3Ag + AT Ay,

which implies that AgA3 = A3Ay. Hence, As is also a normal matrix com-
muting with Ay, and there exists an n x n diagonal matrix D; such that
Ay = U*DyU. Continuing this process for ¢4 = 7/6,7/8,...,7/(2m), we con-
clude that Ay, Ay, ..., A, are commuting normal matrices, and they are simul-
taneously diagonalizable by unitary similarity. The proof is complete. [

By the assumptions of Case (III), it follows that for every (u,v) € R2, the
left-hand sides of (7) and (8) are proportional. Hence, for every unit vector
y € C?,

Yy QWy = (A g\ y)
for some complex valued continuous function ®(A) and a real valued function
g(A\,y). This implies that for every p € C, the matrix Q(p) is normal and its
numerical range, F(Q(u)), is contained in a straight line passing through the
origin. By the above lemma, there exists a 2 x 2 unitary matrix U such that

UQNU™ = diag{q1(N), g2(N)}

for two scalar polynomials g1 (\) and g2()\), and thus,

W(Q) = W(diag{q1(A), g2(A)}).

(Note that if the matrix @Q(u) has a double eigenvalue for every p € C, then
Q(p) is a scalar matrix for every p € C, and the conclusions of Lemma 16 hold.)

If g2(A\) = 0, then W(Q) = C, and we have nothing to prove. If g2(\) # 0,
then since the real matrix Fs(u,v) in (10) always has rank < 1, it follows that
for every p € C, the real matrix

Reqi(n) Reqa(p)
Imaqi(p) Imga(p)

is singular. Consequently, for every p € C, there exists a pair (ay,3,) €
R?\{(0,0)} such that o, qi() + By g2() = 0. This is true only when there
is a pair (a, 3) € R?\{(0,0)} such that aqi(\) + B¢2(\) = 0. Hence, either
W(Q) = C (when o > 0), or W(Q) coincides with the set of the roots of ga(\)
(when a8 < 0).

So we proved the main result of this section.
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Theorem 17 Let Q(A) = B, A" +...+B1A+ By be a 2x2 matriz polynomial
with numerical range W(Q) # C. If W(Q) has no interior points, then W(Q)
lies on an algebraic curve of degree at most 2m. If W(Q) has interior points,
then W(Q) coincides with the union of two closed sets Wy and Wa such that
Wy lies on an algebraic curve of degree at most 2m and the boundary OWy lies
on an algebraic curve of degree at most 4m.

Motivated by the results of the previous section, we consider the point equa-
tion of the numerical range of the matrix polynomial

Q) = diag{q:(}),¢2(N)}- (13)

Corollary 18 Let Q(X) be a 2 x 2 diagonal matriz polynomial as in (13) such
that W(Q) # o(Q), C. Then W(Q) lies on the curve

Re q1(A) Im g2(A) —Reg2(A) Im g1 (A) = 0

(recall that by Proposition 18, W(Q) has no interior points).

Example 2 Consider the 2 x 2 diagonal matrix polynomial
Q(\) = diag{\? + X\ + 1,\* + 2\ + 2}.

The numerical range W(Q) (in C = R?), in Figure 3, is the union of two arcs
of the circle S(—1, 1) with centre at —1 = (—1,0) and radius 1. The endpoints
of these arcs are the eigenvalues —0.5 £iv/0.75, —1 &4 of Q(XA). Furthermore,
it is easy to see, writing A = u + iv (u,v € R), that the algebraic curve (in R?)

Re gy (u + iv) Im gz (u + iv) — Re ga(u + iv) Im ¢y (u + iv) = v(u? + 2u + v?) = 0

coincides with the union of the axis v = 0 and the circle S((—1,0),1). The
above corollary is verified.
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Figure 3: W(Q) consists of two circular arcs.
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