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Abstract

In this paper, an algorithm for the computation of the Jordan canonical
form of regular matrix polynomials is proposed. The new method contains
rank conditions of suitably defined block Toeplitz matrices and it does
not require the computation of the Jordan chains or the Smith form. The
Segré and Weyr characteristics are also considered.
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1 Introduction and preliminaries
Consider a linear system of ordinary differential equations of the form
A "™ () + A1 gD (@) + -+ A gD () + Aga(t) = F(B), (1)

where A; € C**™ (j =0,1,...,m) and ¢(t), f(t) are continuous vector func-
tions with values in C™ (the indices on ¢(t) denote derivatives with respect to
the independent variable ). Applying the Laplace transformation to (1) yields
the associated matriz polynomial

P(\) = ApA™ + Ap A7 4 A+ A, (2

whose spectral analysis leads to the general solution of (1). The suggested
references on matrix polynomials and their applications to differential equations
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are [4, 11, 15]. To facilitate the presentation, a brief description of the Jordan
structure of the matrix polynomial P(\) in (2) follows.

A system of vectors {zg,z1,...,25}, where z; € C" (j =0,1,...,k) and
xg # 0, is called a Jordan chain of length k + 1 of P()\) corresponding to the
eigenvalue Ny and the eigenvector xq if it satisfies the equations
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The vectors in a Jordan chain are not uniquely defined, and for m > 1, they
need not be linearly independent [4]. The set of all finite eigenvalues of P()),
that is, op(P) = {A € C : detP(\) = 0}, is called the finite spectrum of
P(A). In this note, we assume that P(A) in (2) is regular, i.e., detP(\) is not
identically zero. As a consequence, o (P) contains no more than nm elements.

Let Ao € op(P) and let {x10,220,...,250} be a basis of the null space
Null P(Xg). Suppose that for every { = 1,2,...,p, a maximal Jordan chain of
P()\) corresponding to A9 and x; is of the form {z; 0,21 1,...,215-1} and

has length s;. Then define Jp(X\g) = J1®J2®---®J,, where J; ([ =1,2,...,p)
is the s;x s; (elementary) Jordan block having all its diagonal elements equal to
Ao, ones on the super diagonal and zeros elsewhere. Choosing the order of the
Jordan chains such that s; > sg > --- > s, the set Fp(Ao) = {s1,52,...,5,}
is uniquely defined [4, 10] and it is said to be the Segré characteristic of P(X)
at the eigenvalue Ao (for linear pencils, see [8, 9, 14]). In this way, the matrix
Jp(XAo) is also uniquely defined. Furthermore, if

Xp(Xo) = [ m10 211 -+ Tis—1 T20 ccc Tase—1 ot Tps,—1 |

is the n x (s1 4+ s2 + --- 4+ s,) matrix whose columns are the vectors of the
Jordan chains above, then the pair (Xp(Ao), Jp(Ao)) is known as a Jordan pair
of P(\) corresponding to Ao [4, p. 184].

The value A = oo is said to be an eigenvalue of P()) if A\ = 0 is an eigenvalue
of the algebraic dual matriz polynomial of P(\), namely,

P\ = N"P(1/X) = AN + AN b A A+ A, (3)

or equivalently, if the matrix A,, is singular. The spectrum of P()\) is defined
by o(P) = op(P) when A,, is nonsingular, and by o(P) = op(P) U {oo}
when A,, is singular. Moreover, a Jordan pair of P(\) corresponding to the
infinity is defined by (Xpoo,Jpec) = (Xp(0),J5(0)) [4, p. 185]. If the fi-
nite spectrum of P(A) is op(P) = {A1,A2,..., A}, then denote Xpp =
[Xp(A1) Xp(A2) -+ Xp(Ag)] and Jpr = @?lep(Aj). The nm x nm ma-
trix Jp = Jpr® Jp o and the pair ((Xppr Xpool, Jp,r®Jpoo) are known as
the Jordan canonical form (which is unique up to permutations of the diagonal
Jordan blocks of Jp ) and a Jordan canonical pair of P()), respectively, and
provide a deep insight into the structure of the system (1) [3, 4, 6, 10, 13, 15].
In particular, suppose that the size of Jp r is ( X ¢, v is the smallest positive



integer satisfying Jj . =0 and the vector function f(¢) is (v +m — 1)-times
continuously differentiable. Then the general solution of (1) is given by the
formula [4, Theorem 8.1]

t v—1
q(t) = Xppe'"Pre+ | Xppel™)Pryp pf(s)ds — Z XpoodPocYroo f9(t),
to j=0

where the vector ¢ € CS is arbitrary, and the matrices Ypp € CS*™ and
Yp.oo € CMM=8)X" are directly computable by ([ Xpr Xpoo ], Jpr @ Jpoo) [4].

In [10, 15], one can find a second (algebraic) method for the construction of
the Jordan matrix Jp, which is based on the notions of the elementary divisors
and the Smith form of P()). In general, this alternative procedure brings also
some inconvenience since it requires the computation of the (monic) greatest
common divisor of all j x j minors of P()\) for every j=1,2,...,n.

In this paper, generalizing results of Karcanias and Kalogeropoulos [8] (see
Theorem 1 below), we obtain a new methodology for the construction of Jp,
which contains rank conditions of suitably defined block Toeplitz matrices (The-
orem 2). Note that the calculation of the ranks can be done in an efficient and
reliable way by using existing algorithms based on the well known singular value
decomposition or the rank-revealing QR factorizations (see [1, 12] and the ref-
erences therein). The new method does not require the computation of the
Jordan chains or the elementary divisors of P(\), and it can also be formulated
in terms of the notion of the Weyr characteristic [8, 9, 14]. Moreover, in Section
3, we give an overall algorithm and two illustrative examples.

2 A piecewise arithmetic progression property

Let P(A\) = A, A" +---+ A1)+ Ag be an n x n regular matrix polynomial as
in (2). An nm x nm linear pencil S1A+ Sy is called a linearization of P(X) if

EA)(S1A+ 50)G(A) = P(A) @ Lygm—1)

for some nm x nm unimodular matrix polynomials E(\) and G()), i.e., with
constant nonzero determinants. The companion linearization of P()\) is defined
by the nm x nm linear pencil

Lp(A) = (Ingm_1) ® Am)A = Cp

I 0 0 0 0 I - 0 0
0 I 0 0 0 0 e 0 0
=0 b A : : . : : - (4)
0o o0 --- I 0 0 0 e 0 I
0O 0 --- 0 Am —AO _Al e _Am—Q _Am—l
By [4, p. 186] (see also [10, 11, 13]),
EQNLp(NGA) = P(A) ® Inm-1), (5)



where the nm x nm matrix polynomials

Ei(A) Ex(A) -+ Ema(A) 1

7 0 . 0 0

E(\) = 0 -7 - 0 0
0 0 —I 0

with Ep,(A) = A, and Ej(A) = A+ AEj(N) (j=m—1,m—2,...,1), and

I N
X I - 0 0
2 ..
Gy = | I X 0 0 (6)
X"V N2 In

are unimodular. In particular, detE(\) = £1 and detG(A) = 1, and the matrix
functions E(X\)~! and G(\)~! are also (unimodular) matrix polynomials. By
(5), it is obvious that o(Lp) = o(P).

At this point, we remark that the notion of the Jordan canonical form of
P(\) defined in the previous section is equivalent to the Weierstrass canonical

form
TA) = (IN=JpFr) ® (Jpoor —1I)

of the companion linearization Lp(\). The linear pencil T'()) is also a lineariza-
tion of P(A) and satisfies T(A\) = MLp(A\)N for some nonsingular matrices
M,N ¢ C»>*™™ [4 Theorems 7.3 and 7.6]. Furthermore, the connection be-
tween Jp o and the Smith form of P(A) at infinity (see [15] for definitions and
details) is given by [13, Theorem 1] (see also [15, Proposition 4.40]).

By the uniqueness of the Weierstrass canonical form of a linear pencil [3],
one can obtain the following lemma, and for clarity, we give a simple proof.

Lemma 1 The matrixz polynomial P(\) in (2) and its companion linearization
Lp(X) in (4) have exactly the same Jordan canonical form.

Proof By (5) and [10, Theorem 7.7.1] (see also [13, Proposition 2]), it is clear
that Jpr = Jr,.r. For the infinite spectrum, consider the algebraic dual
matrix polynomial P()\) in (3) and its companion linearization L p(A). For the
nm x nm unimodular matrix polynomial G(A) in (6) and the algebraic dual
pencil of Lp(A), that is,

I —Ix - 0 0
0 I 0 0
iP(A) = : : " : : )
0 0 I -1\
AOA Al)\ e Am—2>\ Am—1>\ + Am



we have

I 0 0 0
0 I 0 0
Lp(NG\NT = : : - : :
0 0 I 0
Aok AgAZ4+ AN - AN 4 AL oh P())

Thus, ﬁp(A) is equivalent to I,(p—1) @ P()\) Moreover, by the discussion on
the companion linearizations, it follows that there exist two mm X nm uni-
modular matrix polynomials F(\) and Fy(A) such that I,,_1) © P\ =
Fi(X\)Lp(N)F2(X). Hence, the linear pencils L () and Lp(\) are equivalent,
and by [10, Theorem 7.7.1], Jr 0 = Ji, o- Consequently,

Jpoo = Jﬁ,o = JrLp0 = Jﬁp,o = Jipoo- U

Keeping in mind the above lemma, we can compute Jp = Jpr @ Jp by
applying to Lp(A) the following result [8].

Theorem 1 (For linear pencils)
Consider an nxn regular linear pencil AN+ B and an eigenvalue Ao € o(AN+
B). For k=1,2,..., define the nk x nk matric

Alo+ B 0 0 0

A Al+B - 0 0

Qk(Mo) = 0 A o 0 0

0 0 - A AN+ B
when Ay # oo, and

A 0 0 O
B A --- 0 O
Q. (00) = o B --- 0 O
o o --- B A

when Ao = 0o. Then define the sequence

vk(Ao) = dimNull Qx(Xg) 5 k=1,2,...
and set vo(Ag) = 0.
(i) Forevery k=1,2,...; 2vp(Ao) > vk—1(Ao) + vk+1(Xo)-

(1) If 2vk(Mo) = ve—1(Xo) + vet1(Xo) for some k = 1,2,..., then there is
no k x k Jordan block of AN+ B corresponding to \g.



(iii) If 2vk(Xo) > vk—1(No) +vikt1(Xo) for some k=1,2,..., then the Jordan
canonical form of AN+ B has exactly 2vi(No) — (Vg—1(Xo) + vk+1(No))
Jordan blocks of order k corresponding to Ag.

Moreover, there exists a positive integer 19 such that
l/()(A()) < 1/1(>\0) < e < 1/7-0_1(/\0) < 1/7-0()\0) = VTO+1()\0) = .-

It is worth noting that for the companion linearization Lp(\) in (4), Qr(Ao)
is an nmkxnmk matrix. Thus, the problem of obtaining a direct rank condition
for P()\) arises in a natural way. Notice also that the derivative of the linear
pencil AN+B in Theorem 1is (AA+B)() = A, and that for every j = 2,3, ...,
(AN +B)Y) = 0.

Theorem 2 (For matrix polynomials)
Let P(A\) = Ap A+ -+ A1 A+ Ag be an nxn regular matriz polynomial and
let \g € o(P). For k=1,2,..., consider the nk x nk matriz

P(X\o) 0 0 0
1PY (%) P(\o) o 0 0
Re(ho) = | 2PP0) PO 0 0
P00 g PE ) HPM () P()
when Ay # oo, and
A, 0 0 0
Am—l Am, 0 0
Rk(OO) Am72 Amfl 0 0
Am—k+1 Am—k+2 e Am—l Am

when Ao = oo, where it is assumed that for j = —1,-2,..., A; = 0. Define
the sequence

ve(ho) = dimNullR(N\o) ; k=12,...
and set vy(Ag) = 0.
(i) Forevery k=1,2,..., 2v5(Ao) > vk—1(Ao) + Vk+1(Ao)-

(i) If 2vk(Ao) = vg—1(Xo) + ve+1(Xo) for some k = 1,2,..., then there is
no k x k Jordan block of P()\) corresponding to Ag.

(iii) If 2vk(Xo) > vk—1(No) +vit1(Xo) for some k=1,2,..., then the Jordan
canonical form of P(X\) has exactly 2 vi(Ao)—vk—1(Xo)+vk+1(No)) Jordan
blocks of order k corresponding to Ag.

Moreover, there is a positive integer 1o such that

vo(Xo) < v1(do) < -0 < wr—1(Ao) < vr(Xo) = vrga1(Xo) = -+ (7)



Proof Assume that Ao € op(P). In the case A\g = oo, the proof is similar (see

also Remark 1 below). For any k =1,2,..., consider the nmk x nmk matrix
Lp(No) 0 0 0
In(mfl) 2] Am LP()‘O) U 0 0
QLp.i(ho) = 0 Tam-1) & Am - 0 0
0 0 to In(mfl) DAn LP()‘O)

where Lp()\) is the companion linearization of P(A) in (4). Recall (5) and
observe that Qp, (o) has the same rank with the nmk x nmk matrix

E(Xo) 0 e 0 G(Xo) 0
0 E(A) -+ 0 0 G(No)
Mpp k(o) = . : . . QLp.k(Ao) ; . _ :
0 0 <o E(Xo) 0 0 - G(Xo)
P(X\) @ In(mfl) 0 e 0 0
S(No) P(X\) ® In(m,l) 0 0
— 0 S(No) e 0 0 :
0 0 =e - S()\Q) P()\Q) () In(mfl)
where the nm x nm matrix polynomial S(A\) = E(X)(Ip(m—1) @ An)G(A) is of
the form
Bi(A)  B2(A) -+ Bm-1(A) Bm(A)
s 0 e 0 0
S(A) = -1\ -1 e 0 0
—IX"2 T3 -1 0
with

Bi(A) = (m+1-DA " b 2400+ A 1=1,2,...,m.

For j =k,k—1,...,2, by straightforward computations, we eliminate all the
nxn submatrices —I, —I\g, ..., —I\g""? in the (j,j—1)-th block S(\g) of the
matrix My, (o) by using the n x n identity matrices on the main diagonal
of the (j,7)-th block of My, (Ao), that is,

P() 0 0 0
0 I 0 0
0 0 0 1



This elimination process leads to an nmk x nmk matrix of the form

T P(N) 0 0 0 0 0 0 07
0 I 0 0 0 0 0 0
0 0 I 0 0 0 0 0
1PN (N)  Ba(o) Bm(Xo)  P(Xo) O 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 I 0 0
APO0) £ PO s o POg) e 0
0 0 0 0 0 0 0 0
L 0 0 0 0 0 0 0 I |
T T T
1-st column (m+1)-th column (2m+1)-th column

Consider this matrix as an mk x mk block matrix with blocks of order n. Then
every diagonal block coincides with either the matrix P()\g) or the identity
matrix. Moreover, for every £ € {1,2,...,mk}\{1,m+1,...,(k—1)m + 1},
its &-th row is

o o0 .- 0 I O -~ 0 O
T

&-th column

and for every j=0,1,...,k—1, its (jm + 1)-th column is

(jm + 1)-th row — P()\o)

(jm + m + 1)-th row — *P(l)(Ao)

(jm 4 2m + 1)-th row — %



By changing the order of rows and columns, it follows that My, ,(Ao) is equiv-
alent to an nmk x nmk matrix of the form

Rk()\o) *
0 In(mfl)k

As a consequence,
rank Qy ., k(Ao) = rank My, (Ao) = n(m — 1)k + rank R (Ao),
or equivalently,
dim Null @y, £ (Ao) = nk —rank Ry (Ao) = dim Null Rg(Ao).

The proof is completed by Lemma 1 and Theorem 1. O

Remark 1 For the algebraic dual matrix polynomial P(\) in (3) and for A = 0,
we have %P(j)(O) = An,_; (j =0,1,...,m). Hence, the motivation for the
definition of the matrix Ry(co) (k = 1,2,...) in the above theorem is clear.
Note also that for Ag = oo, a simple proof of the second part of Theorem 2 (for
the infinite spectrum) follows by applying the first part of the theorem (for the

finite spectrum) to P(\) and its eigenvalue Ag = 0.

Remark 2 Theorem 2 admits an alternative direct proof, which is independent
from the results in [8], based on the following considerations. Let Ay € o(P)
and consider the Segré characteristic Fp(Ao) = {s1,52,...,8,} (51 > 82 >
-+ > 5, >1). Let also

Z10, Ti1y -« -y Tlsj—1 3 1:172a"'7p

be a set of corresponding (not uniquely defined) maximal Jordan chains. If for
any k=1,2,..., wedenote (; = min{k,s;} (I=1,2,...,p), then by [5, Lemma
2.5], the vectors

0

0
o | €C™y 1=1,2,....p, =G —-1,{4—2,...,1,0

Zy,1

iy |

form a basis of the null space of Ry (Ag). Thus, dimNullRy,(Xo) = D7, G
and the statements of Theorem 2 follow readily.

The positive integer 7o that satisfies (7) is said to be the index of annihilation
of Jp(Ao). This index coincides with the largest length of Jordan chains of P())



corresponding to Ag, i.e., with the size of the largest Jordan blocks of Jp(\g)
(see [16] for meromorphic matrix functions). The set

WP()\(]) = {wj()\()) = Vj()\O) - Vj71(>\0), i=1L2... ,To}

is made up from positive integers and it is called the Weyr characteristic of
Jp(Xo). By [8, Remark 5.2] and Theorem 2, it follows that for every j =
1,2,..., 7, the difference w;(Ao) = vj(Ao) — vj—1(Ao) is the number of the
Jordan blocks of Ag of order at least j.

An eigenvalue \g of the matrix polynomial P(\) in (2) is called semisimple
if all the corresponding Jordan blocks are of order 1, i.e., the matrix Jp(Ag)
is diagonal. Semisimple eigenvalues play an important role in the study of the
stability of matrix polynomials under perturbations (see [7] and its references).
Theorem 2 leads directly to a characterization of these eigenvalues.

Corollary 1 An eigenvalue \g € op(P) is semisimple if and only if

P(M\o) 0

dim Null P(Ao) = dim Null | 50 3 py )

Proof Let Ay € op(P) and consider the sequence vo(Ag),v1(Ao),v2(Xo), - ..
defined in Theorem 2. Then )¢ is a semisimple eigenvalue of P(\) if and only
if the index of annihilation of Jp(Ao) is 79 = 1, or equivalently, if and only if
vi(Ao) = r2(Xo). O

3 Numerical examples

Let P(\) = A, ™ + -+ 4+ AjA + Ap be an n X n regular matrix polynomial,
and let A9 € o(P). Then we can compute the Segré characteristic of P()\) at
the eigenvalue g,

Fr(Ao) = {s1,52,-..,8} (s1=>s2>-->5,>1),
or equivalently, the Jordan matrix Jp(Ag), by applying the following algorithm.
Step I. Let v9 =0, v; =n —rank P()\g) and k= 1.
Step II. While vy # vi_1, repeat:

(a) set k=Fk+1,

(b) if Ao # oo, then construct P*=1()g),

(c) construct the matrix Ry (A\g) as in Theorem 2,
(d) compute v, = nk — rank Rg (o).

Step III. Let 790 = k — 1 be the index of annihilation of Jp(Ag).

10



Step IV. For j=1,2,...,79, compute the differences
dj = 2v; — (Vj_1 +vj41).
Step V. Let n=0.
Step VI. For j=m,79—1,...,2,1, repeat:
if d; >0, thenset s;11=--=sy4q;, =J and n=n+d;.
Step VII. Print the numbers si(=m) > s > --- > s, > 1.

Our results are illustrated in the following two examples. In the first exam-
ple we construct the Jordan canonical form of a matrix polynomial with finite
spectrum. In the second one, we consider the infinite case.

Example 1 [2, Example 6.1]
Consider the 3 x 3 quadratic matrix polynomial

[ 8 0 V2 2 0 0
P()\):Ig)\2+g 0 12 0 [A+|0 4 0
V2 0 16 0 0 8

Then it is easy to see that detP()\) = (A + 2)°. Hence, P()\) has exactly one
eigenvalue, —2, of algebraic multiplicity 6. By [2], the Jordan canonical form
of P(A) is

-2 1 0 0
_ _ _ 0o -2 1 0 -2 1
Jp = JP,F = JP(—2) = 0 0 9 1 D l: 0 9 :| . (8)
o 0 0 =2
We can verify that
VO(_2) 0
v1(—2) = dimNullRy(-2) = dimNullP(-2) = 2
va(=2) = dimNullRy(-2) = dimNuH[ PIZ()?_Q)Z) P(L) ] =4
v3(—2) = dimNullR3(-2)
[ P(-2) 0 0
= dimNull | PM(-2) P(-2) 0 =5
| 1PO(-2) PU(-2) P(-2)
vg(—2) = dimNullRy(-2)
[ P(-2) 0 0 0
. PM(—2)  P(-2) 0 0
= dim Null %P(2)(_2) P)(—2) P(=2) 0 =6
| 0 1PO(-2) PO(-2) P(-2)
v5(—2) = dimNullR5(-2) = --- = 6.



Thus, our methodology implies that P(\) has exactly
2u4(—2) — (v3(=2) + v5(=2)) = 12—11 = 1
Jordan block of order 4 and
203(=2) = (n1(-2) +13(-2)) = 8-7 =1

Jordan block of order 2 corresponding to the eigenvalue Ao = —2, and that
the index of annihilation of Jp(—2) is 79 = 4, confirming Theorem 2. Fur-
thermore, by writing the Weyr characteristic Wp(—2) = {w;(-2) = v;(-2) —
vi—1(—=2), j = 1,2,3,4} in the Ferrer diagram

w1(—2) = r(=2)—1(-2) =2-0=2 — = *
wo(—=2) = 1a(—2)—11(-2) =4-2 =2 —  x *
wz(—2) = v3(—-2)—1u(-2) =5-4=1 — *
we(—2) = va(-2)—wv3(-2) =6-5 =1 — *
T T
Jordan block Jordan block
of order 4 of order 2

and observing that vs(—2) = v4(—2) = 6, we conclude once again that the
Jordan canonical form of the matrix polynomial P()) is given by (8).

Example 2 [4, Example 7.1]
For the 2 x 2 matrix polynomial

Q) = {_01 8}*’4[3 8]”*{_03 H”[é H

it is known [4] that a Jordan pair corresponding to the infinity is

(XQ.000 JQ,00) = <[(1) g}’{g (1)]>

One can see that

Vo(OO) = 0
. . [ -1 0
vi(o0) = dimNullR;(c0) = dimNull 0 0 ] =1
(-1 0 0 0
va(00) = dimNullRa(c0) = dimNull g 8 701 8 =2
L0 0 0 0
v3(c0) = dimNullR3(c0)

12



-1 0 0 0O 0 O
0O 0 0O 0 0 O
. 3 0 -1 0 0 O
= dim Null 00 0 0 0 0 =2
-3 1 3 0 -1 0
0O 1 0 0o 0 O

Hence, according to Theorem 2, the matrix polynomial Q(A) has exactly
2v5(00) — (v1(00) +v3(0)) = 4—3 =1
Jordan block of order 2 corresponding to the infinity.
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