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Abstract

For a matrix polynomial P(\) and a given complex number u, we introduce
a (spectral norm) distance from P()) to the matrix polynomials that have u as
an eigenvalue of geometric multiplicity at least s, and a distance from P()) to
the matrix polynomials that have i as a multiple eigenvalue. Then we compute
the first distance and obtain bounds for the second one, constructing associated
perturbations of P()).
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1 Introduction

The distance from a matrix A € C"*" with simple eigenvalues to the set of matrices
with multiple eigenvalues, and its relationship with the conditioning of the eigen-
problem of A, were originally studied by Householder [8] and Wilkinson [16]. Several
bounds for this distance have been obtained by Ruhe [13], Wilkinson [17, 18, 19, 20]
and Demmel [2]. Nearness to matrices with (multiple) defective eigenvalues can also
explain transient behaviors of the matrix exponential [3].

Using Singular Value Decomposition (SVD) and standard arguments of matrix
analysis one can easily verify the following result, which was first published (in a
slightly different form) by Golub, Klema and Stewart [5] (see also [6, Theorem 2.5.3]).
Note that || - || denotes the spectral matrix norm, i.e., that norm subordinate to the
Euclidean vector norm.

Theorem 1 (Golub, Klema and Stewart, 1976) Let A € C"*" and u € C. Suppose
that the matriz Ipu — A has an SVD of the form

In—A=U3V*=Udiag{s1(Ip — A),so(Ip— A),...,sn(Ip—A)} V7,
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where the matrices U,V € C™*" are unitary and s1(Ip — A) > so(lp—A) > - >
spn(Ip — A) > 0 are the singular values of I — A. Then the distance from A to the
n X n matrices X that have p as an eigenvalue of geometric multiplicity > k,

min {|[| X — Al : u is an eigenvalue of X with geometric multiplicity > K},
is equal to the singular value sp—+1(Ip — A), and an optimal perturbation of A is
X, =Ip—-Udiag{si(Ip—A),...,sp—x(Ip—A),0,...,0} V*.

The next theorem was recently proved by Malyshev [11], and gives the (spectral
norm) distance from A to the set of matrices with p € C as a multiple eigenvalue.
Here and elsewhere in the paper, when we consider a pair of a left singular vector
u € C™ and a right singular vector v € C™ of a matrix A € C"*™ corresponding to
the singular value s;(A), we always assume that there is an SVD of A,

A=UXV* = Udiag {s1(A), s2(A),. .., s,(A)} V*

(s1(A) > s2(A) > -+ > s,(A) > 0) with v and v as the j-th columns of the unitary
matrices U and V, respectively. This means that these (unit) singular vectors are not
arbitrarily chosen, and they satisfy Av = s;(A)u and u*A = s;(A)v*.

Theorem 2 (Malyshev, 1999) The distance from a matric A € C"*"™ to the set of
n x n matrices X that have a given pu € C as a multiple eigenvalue,

min {|| X — A|| : p is a multiple eigenvalue of X},

is equal to the maximum (with respect to v > 0) singular value

B ul — A 0
IR o owI-aA)

Furthermore, if s, corresponds to the value v, > 0, then there is a pair [ Zl ] , [ Zl ] €
2 2

C?* (uy, vy, € C*, k = 1,2) of left and right singular vectors of s, respectively, such
that an optimal perturbation of A is X,, = A + s, [u1 ua] [v1 vo]", where [vy va]' is the
Moore-Penrose pseudoinverse of [v1 va]. If s. corresponds to the value v, = 0 and
u,v € C™ is a pair of left and right singular vectors of Iu — A for the singular value
s«, respectively, then an optimal perturbation of A is X, = A+ s,uv™.

In this article, we generalize the above theorems to the case of matrix polynomi-
als. In Section 3, we estimate the distance from a matrix polynomial to the set of
matrix polynomials that have a given complex number as an eigenvalue of geometric
multiplicity at least x, and construct an optimal perturbation (Theorem 4). Then,
in Sections 4-6, we extend the methodology of Malyshev [11] (see also [12]), and
obtain lower and upper bounds for the distance from a matrix polynomial to matrix
polynomials that have a prescribed multiple eigenvalue (Theorems 11, 19 and 20).
Perturbations that lead to our upper bounds are also given. Moreover, in Section 7,
we confirm that our results in Sections 4-6 are direct generalizations of the results of
[11]. Finally, in Section 8, we present three illustrative examples.



2 Definitions for matrix polynomials

Consider an n x n matrix polynomial
P()‘) :Am)\m‘|'Amfl)\m_1 +"'+A1)\+A07 (1)

where A is a complex variable and A; € C"*" (j =0,1,...,m) with det A, # 0. The
study of matrix polynomials, especially with regard to their spectral analysis, has a
long history and important applications [4].

A scalar g € C is called an eigenvalue of P()) if the system P(\g)z =0 has a
nonzero solution zy € C". This solution z( is known as a (right) eigenvector of P(\)
corresponding to Ag. A nonzero vector yo € C™ that satisfies yP(\o) = 0 is called a
left eigenvector of P(\) corresponding to Ag. The set of all eigenvalues of P()) is the
spectrum of P(X), namely, o(P) = {\ € C:det P(\) =0}, and since det A,, # 0,
it contains no more than nm distinct (finite) elements. The algebraic multiplicity of
a Ao € o(P) is the multiplicity of Ay as a zero of the (scalar) polynomial det P(\),
and it is always greater than or equal to the geometric multiplicity of Ao, that is, the
dimension of the null space of the matrix P()\p). A multiple eigenvalue of P()\) is
called defective if its algebraic multiplicity is greater than its geometric one.

We are interested in perturbations of the matrix polynomial P()) of the form

m
Q) = PO)+ AN = S (4, + AN, 2)
j=0
where the matrices A; € C**" (j =0,1,...,m) are arbitrary. For a given parameter
e > 0 and a given set of nonnegative weights w = {wq, w1, ..., wy} with wy > 0, we
define the class of admissible perturbed matrix polynomials

B(P,e,w) ={Q(\) asin (2) : ||Aj]| <ew;, j=0,1,...,m}.

The weights w; (j = 0,1,...,m) allow freedom in how perturbations are measured;
for example, in an absolute sense when wy = w1 = --+ = wy,, = 1, or in a relative
sense when w; = ||4;]| (j =0,1,...,m). Moreover, B(P,e,w) is convex and compact

[1], with respect to the max norm ||P(\)||c = maxo<j<m|4;l-

Next we introduce the distance from P(\) to the set of matrix polynomials that
have a prescribed eigenvalue of algebraic multiplicity at least 2, or of a given geometric
multiplicity.

Definition 3 For the matrix polynomial P()\) in (1) and a given pu € C, we define
the distance from P(X\) to p as a multiple eigenvalue by
Ea(p) = min{e >0:3FQ(N) € B(P,e,w) with p as a multiple eigenvalue} ,
and the distance from P()) to p as an eigenvalue with geometric multiplicity k by
Egr(p) = min{e >0:3Q(N) € B(P,e,w) with p as an eigenvalue

of geometric multiplicity at least x} .

If P(A) = IXN — A for some A € C™*", then o(P) coincides with the standard
spectrum of A, o(A). If in addition, w = {wo, w1} = {1,0}, then B(P,e,w) =
{IN=(A+E): ||E| < e}, and the distances &, (1) and &,(p) are given by Theorems
1 and 2, respectively.



3 Computation of the distance &, (1)

Consider the matrix polynomial P(\) in (1), a set of weights w = {wp, w1, ..., wn}
with wg > 0, and perturbations Q(\) of the form (2). For any A € C, the singular

values of P()), i.e., the nonnegative roots of the eigenvalue functions of P(\)*P(\),
are denoted by s1(P(X)) > sa(P(X)) > -+ > sp(P(A\)) > 0. Observe that A\g € C is

an eigenvalue of P(\) of geometric multiplicity x if and only if the matrix P(\g) is of
rank n — K, or equivalently, if and only if

s1(P(Xo)) = ==+ 2 sn—n(P(X0)) > sn—nt1(P(A0)) = -+ = sp(P(Ag)) = 0.

Suppose that p € C is not an eigenvalue of P(\) with geometric multiplicity > k.
In this section, we compute the distance & . (u) (i-e., the minimum e > 0 such that
p is an eigenvalue of some Q(\) € B(P,e,w) of geometric multiplicity > x) and an
optimal perturbation of P(\). We consider an SVD of the matrix P(u),

P(p) = UE# Ve
= [ da - 0] diag {51(P(), 52(P(0). - su(PUR)} (1 B - 5],
and we define the matrix (see also [1, 15])
E = —Udiag{0,...,0,5, ni1(P(1)),...,s0(P(p)} V*
= —[ln-rs1 - Un] diag {sp—r+1(P(1)), -, sn(P())} [On—rt1 =+ )"

By Theorem 1, the matrix P(u) + E is a nearest matrix to P(u) that has 0 as
an eigenvalue of geometric multiplicity > . Then Ed; = —s;(P(p))d; and 47 E =
—5;j(P(u))0; forevery j=n—r+1,...,n, and [|E| = sp—x+1(P(1)). We also define
the scalar polynomial w(A) = wy A™ + - -+ + wi A + wp and the matrices

=\ J

~ W 7] .

A-——]<—> E; 7=0,1,...,m,
T w(lpd) \ gl

where we set i/|u| = 0 whenever g = 0. The matrix polynomial
m .
AN =) AN
§=0
satisfies
m .
Alp) = [ D wjlpl | w(lp)'E=E,
§=0
and for the perturbation

Q) = PO +AN) =) (4 +A)N (3)
j=0

of P(\) (introduced in [15]), it is clear that
Q(u)d; = P(u); + A(n)d; =0 and  a5Q(u) = @5 P(u) + 45A(u) =0
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for every j =n — Kk +1,...,n. As a consequence, u € (@) with geometric multi-
plicity > k, (right) eigenvectors oy,—x41,- - ., 0n and left eigenvectors ty w11, - - -, Unp-
Moreover, ||A;|| = w; w(|p]) " sn_ri1(P(u)) (j = 0,1,...,m), and hence, Q()\) lies
on the boundary OB(P, sp—p+1(P(1))/w(|u]), w).

Assume now that for a positive ¢ < sp_py1(P(p))/w(|p|), there is a Q(\) =
P(X\) + A(\) € B(P,e,w) that has p as an eigenvalue of geometric multiplicity > k.
Then the matrix polynomial A(A) is of the form

AN =D AN,
j=0

where
1A <ewj; 7=0,1,...,m,

and thus,

A <Y AP < e wjlul =ew(|p]) < sn-wir (P(n).
§=0 j=0

This is a contradiction because the matrix Q(u) = P(u) + A(p) is a perturbation of
the matrix P(u) that has 0 as an eigenvalue of geometric multiplicity > , and by
Theorem 1, ||A(p)|| > sp—x+1(P(r)). Hence, we have the following result.

Theorem 4 Consider the matriz polynomial P(\) in (1) and a scalar pn € C. Then
the distance from P(X) to p as an eigenvalue of geometric multiplicity k, is

Sn—r+1(P(1))
w(lp)

Furthermore, the perturbation Q(\) in (3) lies on OB(P, &, (1), w) and has p as an
etgenvalue of geometric multiplicity > k.

Egr(p) =

If we consider the linear pencil P(\) = IA — A and w = {wg, w1} = {1,0}, then it
is apparent that the above theorem is a direct generalization of Theorem 1.

4 Bounds for the distance &,(1)

By the definition of the distances &,(u) and &; . (p) (recall Definition 3), and the
results of the previous section, it is obvious that

sn(P(p) _ sn—1(P(p)
W(W) - gg,l(ﬂ) < ga(/‘) < 8972(/‘) = W(W) .

If s, (P(p)) = sp—1(P()), then (see also Proposition 14 of [1])

sn(L(1))

Ealw) = Eg2(w) = Egalw) = =

and an optimal perturbation of P()) is the matrix polynomial Q()) in (3) (for k = 2).
Hence, for the distance &,(u), we may assume that s, (P(u)) # sp—1(P (1)) and study
perturbations of P(A) that have u as a defective eigenvalue of algebraic multiplicity
> 2 and geometric multiplicity 1. The next definition will be needed in the sequel.



Definition 5 For the matrix polynomial P(\) in (1) and a scalar v € C, we define
the 2n x 2n matrix polynomial

| PNy 0
F[P(\);v] = [ YP'(A\) P()\) ] ’

where P’()\) denotes the derivative of P(\) with respect to \.

Clearly, a \p € C is an eigenvalue of P()) if and only if it is an eigenvalue of
F[P()\);~]. Furthermore, when 7 # 0, Ao is a multiple eigenvalue of P(\) if and only
if the null space of the matrix F[P()\o);7] has dimension > 2, as shown next.

Lemma 6 A scalar \g € C is a multiple eigenvalue of P(\) if and only if for any
nonzero v € C,

san—1(F[P(Xo);7]) = s2n—1 <[ 7];(,?/(\)3)) P&O) ]) =0.

Proof For any v # 0, the singular value so,—1(F[P(Xg);7]) is equal to 0 if and
only if the null space of the matrix F[P()g);~] has dimension at least 2, i.e., if and

only if there exist two (nonzero) linearly independent vectors [ o ] , [ 2 } e C?

Y1 Y2
(g, yr € C", k =1,2) such that

F[P()‘(J)W][i:}:[g] ; k=1,2

or equivalently,
P()\D)azk =0 and 'yP/()\o)a;k + P()\())yk =0; k=1,2.

These equations hold if and only if A\ is a multiple eigenvalue of P(\). In par-
ticular, if z; # 0 (for £ = 1 or 2), then the vectors xy, yx € C" form a Jordan chain
of length 2, corresponding to \g € o(P) (see [4] for the definition and properties of
Jordan chains of matrix polynomials). If 1 = zo = 0, then y1,y2 € C™ are linearly
independent eigenvectors corresponding to \g € o(P). O

Corollary 7 For any Ao € C, we have that either, san—1(F[P(Xo);7]) # 0 for every
v # 0, or san-1(F[P(Xo);7]) = 0.

Proof Suppose that for a 79 # 0, son—1(F[P(Xo);70]) = 0. Then A¢ is a multiple
eigenvalue of P(\), and thus, for every v # 0, so,—1(F[P(Xo);7]) = 0. O

By Lemma 6, a scalar ; € C is a multiple eigenvalue of a perturbation Q(\) =
P(A) + A()) if and only if p is an eigenvalue of the 2n x 2n matrix polynomial

e o
Fel = |G oy

Moreover, the results of Section 3 yield the following lemma.

] (for some v # 0) of geometric multiplicity > 2.



Lemma 8 If u € C is a multiple eigenvalue of a matriz polynomial Q(\) = P(\) +
A(N), then for every v # 0,

s (P < || A0 st || (= 1F6:10.

The next result leads directly to a lower bound of the distance &, (u).

Lemma 9 If u € C is a multiple eigenvalue of a perturbation Q(N\) = P(\)+A(XN) €
B(P,e,w), then for every v # 0,

H{VA’ (1) A(M)]H san—1(F[P(n); 7))

'H o MHZ TE (D) 7]
yw'(lul)  w(|p

Proof For the matrix polynomials A(u) and A’(u), we know that

1AW < Y 1Al kP < cw(lul) and A (W] < DG I1A1HRP ™ < ew!(u).

=0 j=1

Hence, for any « # 0, there is a unit vector [ :; ] € C* (z,y € C") such that

- ]

- H[VA’ ?«’ETCA() ]

=A@l + []7A () + Ay

< AW 2 + || A7) e

L2 AW A @) 2] + 1A @I 1y
(ew()) 2] + 2 (ew! ()22

2yl (ew(|uh) ! ()l gl + w2yl

_IT ew(|ul) ||| ] ?
| Iylew!(Jul) [l + ew(|l) )

T ewal) 0 annr
| ylew (jul) ew(lul) || vl
[ ew(|ul) 0

= | vew () 6w(lul)}

2

H [ ’VAA(/(Z) A(()u) }

IN

2

The proof is completed by Lemma 8. (Il

By the above lemma, it is clear that

saua (FIPG)i]) < ) | D), w&‘)]H:&wmmn“walaun f]H




Hence, the distance from P(\) to p as a multiple eigenvalue satisfies

g

Now we turn our attention to the derivation of an upper bound of &,(y). For our
discussion, it is necessary to define two n x 2 matrices related to the singular vectors
of F[P(u);7] corresponding to sap—1(F[P(u);7])-

—1
Ealp) >

(4)

son—1(F[P(p);7])
w(|pl)

- u1(v) } [ vi(7) } 2n n
Definition 10 Let , eC , eC" k=1,2) bea
[ uz(7) v2(7) (i (7), 9:(7) )
pair of left and right singular vectors of s9,—1(F[P(u);7v]), respectively (for some 7).
]

Then we define the n x 2 matrices U(7y) = [u1(7y) u2(y)] and V(v) = [v1 () va(7)]-

U v2
and right singular vectors corresponding to a singular value of F[P(u);~] (v # 0) if
. (75} V1

and only if { 7/ uz ] ’ { 3/ es
F[P(u);]|vy]] corresponding to the same singular value. Hence, for convenience (and
without loss of generality), from this point and in the remainder of the paper, we
assume that the parameter v is real nonnegative.

For any v > 0 with rank(V (7)) = 2, we will construct a matrix polynomial A, (\)
such that the perturbation Q,(\) = P(A) + A(A\) has p as a multiple eigenvalue.
First we consider the quantity

It is easy to see that { “ } , [ U1 ] € C?" (uy, v, € C", k= 1,2) is a pair of left

] is a pair of left and right singular vectors of

(recall that wg > 0, and that, by convention, /|| = 0 whenever ;= 0) and the
matrix

8y = s (FIP@DUO) | o 7 v

where V() is the Moore-Penrose pseudoinverse of V(). Then we define the n x n

matrix polynomial
m
V=3 AN
=0

with

=\ J
w; I ,
A= J (—) Ay j=0,1,...,m,
T2 w(lul) \ul )

and observe that A, (u) = A, and Al (u) = ¢ A,,.

Since [ E’Yg ] [ Ulgvg ] € C?" is a pair of left and right singular vectors of
son—1(F[P(1); 7]

), respectively, it follows
[ P’l(ix)t) P?u) ] [ 2283 ] = s2n—1(F[P(1);7]) [ Z;gi ] :



As a consequence, for the matrix polynomial

Qy(n) = Z Aj+ Ay ) (5)
7=0
we have (keeping in mind that the condition rank(V (y)) = 2 implies V (7)IV (y) = I)
Qy(wvr(y) = P(pvi(v) + Ayvi(y)
= san-1(FIP();n))ur(v) = s2n—1 (FIP(p); 2])u (v)
= 0

and

QL (1)1 (7) + Q()va(7)
= P (p)vi(y) + P(pwva(y) + AL ()i (v) + Ay (p)v2(7)
= son-1(F[P();y)ua(y) + v A v1(7) + Aqva(y)
= Son—1(F[P(); ) u2(y) — v ¢ soen—1(F[P(1); Y] ur ()

—sa (PP | 710

(
= Sgnfl(F[P( ) ])U2(7 ¢32n I(F[P( ),’7])U1('}/)

+7 ¢ s 1 (FIP(p); 7)ua(7) = s2a1 (FIP(p); 7)) u2(7)
= 0.

) =
)

This means that if rank(V(y)) = 2, then p is a defective eigenvalue of Q(\) with
v1(7y),v2(y) € C™ as an associated Jordan chain of length 2. Furthermore, it holds
that

Son— 1
A = V(!
H VJH wj |U| H |: :| ( )

Thus, for any v > 0 with rank(V(v)) = 2, the distance &,(p) satisfies

eutp) < 2PN gy 179 Ty, (6)

' ; 7=0,1,...,m.

For v > 0, we define

o P) = B2 Hv ]
S (F[P()sy I —¢
- e ] ©
and
_ a1 (F[P(p);7]) 1 —¢ f
ulPpi) = 2B o) [ 073 [y

Then (4) and (6) imply that these quantities are a lower bound and an upper bound
of E,().



Theorem 11 Suppose P(X) is a matriz polynomial as in (1) and p € C. Then for
every ¥ > 0, Ea(1) = Biow(P, 1, 7), and if rank(V (7)) = 2, then Eqa(1) < Bup(P, 1, 7).
where the bounds Biow (P, p,7y) and Bup(P,p,y) are given by (7) and (8), respec-
tively. Furthermore, if rank(V (v)) = 2, then Q,(\) in (5) lies on the boundary
of B(P, Bup(P, 1t,7v),w) and has p as a defective eigenvalue.

Note that if p is not a multiple eigenvalue of P(\), then the upper bound
Bup(P, p,7y) and the lower bound Sjo, (P, pt,y) can be strictly greater and less than
the distance &,(u), respectively. This is clear in Examples 1 and 3 below. On the
other hand, if 41 is a multiple eigenvalue of P(X), then By, (P, p,7) = Biow (P, p1,7) =0
and Q~(X) = P(X) for every v > 0, and &,(i) = 0.

If we denote by | - || the Frobenius norm of a matrix, then we see that

o= [z -+ wone-[[ ]|

ua(y V27

~—

Since the n x 2 matrices U(y) and V() are of rank 1 or 2, by [7, p. 315], it follows

ol%

< NIV < 1,

and thus, ||V (v)f|| > 1. Moreover, the difference of the proposed bounds satisfies

)
)

Bup(P, p1,7) — Bzow(P 1Y
- (o 3 7 e[ 2 1)

== (16 e eI 7]

and vanishes in a special case described next.
We observe that as v — 07 or ¢ — 07,

IN

Bup(P, 11,7) — % HU(’Y)V(’Y)TH < % HV(’Y)TH

and

ﬁlow(PnU/a’Y) - % = 5971(M)~

If v — 07 and HU O)TH 1, then both bounds By (P, i, ) and Biow (P, f1,7)
converge to Eg1(1) = sn(P(p))/w(|p|). This special case is illustrated in Example 2
below.

5 A value of v that ensures rank(V(y)) =2

In this section, we define and study a special value of the parameter v > 0 that implies
rank(V(y)) = 2.

10



Definition 12 Let v, > 0 be a point where the singular value so,—1(F[P(n);7]) at-
tains its maximum value (if any). For the sake of simplicity, we denote this maximum
value by s, = sop—1(F[P(1);7«])-

The case 7. > 0 is considered below, and the case v, = 0 is treated in the next
section. In particular, we obtain a simplification of the upper bound By, (P, 1t,7) in
(8), which allows the connection of our results with the results in [11].

First we derive a sufficient condition for the existence of ~,.

Lemma 13 Let B be an n X n matriz of rank > 2. Then as v — oo (y > 0),

([ "5 b D 0

Proof Suppose p ¢ o(P), i.e., the matrix P(u) is nonsingular. Then for every v > 0,

[Pw o)]‘l_[ P(u)~! 0 }

vB  P(u —yP(u)"'BP(un)~" P(u)~"
and
o ([P0 0 _ 1
2n—1 ([ 75 P(u) }) So ([ —’YP(S(_%)B_IP(N)_l P(l(t))_l ])
1

52 ([ ,yp(ﬂf—(ll%;(u)‘l P(/?)_1 D

By Weyl’s Theorem [7, Theorem 4.3.7] (see also [7, Exersice 7.3.16]), it follows

that
82 ([ 7p(uij—(lugl;(u)_l P(l?)_l ])

= <[ ’YP(M)loBP(M)l 8 D s <[ P(%)_l P(/?)l D
= ysa(P(u) BP() ™Y ~ |[P(w)7Y.

Since rank(B) > 2, we have so(P(u) " 'BP(p)~1) > 0. Thus, as 7 — oo,

([ ]) o

Suppose now that the matrix P(u) is singular. For any § > 0, there is a us € C
sufficiently close to p such that ||P(u) — P(us)|| < ¢ and det P(us) # 0. By the first
part of the proof, there is a real 5 > 0 such that for every v > ~;,

([ 5] =

11



As a consequence, Weyl’s Theorem also yields

st (| 28 oy ) =omer (| 797 oy )+ 1000 = Plas)l < 26

and the proof is complete. O
Corollary 14 If rank(P'(n)) > 2, then as v — oo (v > 0),
son—1(F[P(p);7]) — 0 and  Biow(P, p,v) — 0.

By this corollary, it is obvious that if rank(P’(u)) > 2, then there is a v, > 0 where
the singular value so,_1(F[P(1);v]) attains its maximum, s, = Sap—1(F[P(1);7Vs])-
Moreover, since the leading coefficient mA,, of P’()\) is nonsingular, the spectrum
o(P’) has no more than n(m—1) elements, and if u ¢ o(P’), then clearly rank(P'(n)) =
n > 2.

The left and right singular vectors of F[P(u);~y] corresponding to son—1(F[P(1);])
possess a remarkable property, which will be useful in the sequel.

Lemma 15 Let p € C and v > 0 such that sop—1(F[P(u);v]) > 0, and let [ Zl ],
2
[ Zl ] € C> (u, v, € C", k = 1,2) be a pair of left and right singular vectors
2
corresponding to san—1(F[P(p);7]), respectively. Then it holds that uju; = vivy.

Proof Let [ “ ] , [ 1 ] € C?" be a pair of left and right singular vectors of

U Vo
Son—1(F[P(u);7]), respectively, i.e., they satisfy
P(p) 0 vl ) U1
B e 0] = sepean | ] (9
and
0031 | ) pgy | = e FIPGAD 07 . (10

Multiplying (9) from the left by [u3 0] and (10) from the right by [ 1? ], we get
1

u P(p)vr = son—1 (F[P(p);y])ugur and  uz P(A)vy = son—1 (F[P(p);v])vavr,

respectively. Since son—1(F[P(p);]) > 0, it follows that uju; = viv;. O

Next we obtain that for every p ¢ o(P’), the value v = ~, ensures the condition
rank(V(y)) = 2. In the remainder of this paper, we need Lemma 5 of [11] (see also
14))

Lemma 16 Let G(¢) € C™"*"2 be an analytic matriz function on an open set ' C R,
and let s1(G(C)) > 52(G(C)) = = = Sminfn,,n} (G(C)) = 0 be its singular values. If
s;(G(€)) > 0 at a local extremum (. € I', then there is a pair of a left singular vector
u € C™ and a right singular vector v € C" of G((x) corresponding to sj(G((x)) such
that Re(u*G'(()v) = 0.

12



Applying this lemma to F[P(u);~] yields the following result.

Lemma 17 Let i € C, v, > 0 be a point of local extremum of sap—1(F[P(u);7]), and

: [ () [ v(as) ] 2
. = son_1(FIP(1):7.]) > 0. Then th ¢ , c C2n
Sx = Son—1(F[P(1);v«]) en there exists a pair [ o (1) ] [ va(7)
(ug(74), ve(7x) € C*, k = 1,2) of left and right singular vectors of s., respectively,

such that
1. us(ys)* P'(p)vi(v«) = 0, and

2. the n x 2 matrices U(vx) = [u1(7x) ua(v+)] and V(vx) = [vi(vs) va(v«)] satisfy
U(’V*)*U(V*) = V(’Y*)*V(’Y*)

un(+) ] 7 [ v1(7x) ] c C2n
u2(7s) va ()

(ug (%), vi(7s) € C*, k = 1,2) of left and right singular vectors of s, respectively,
such that

Proof By Lemma 16, we know that there is a pair [

4122 [ 1) )
dry )

= Re ([ul(%)* ua(7+)"] [ P’?M) 8 ] [ Z;Ezj D

= Re (ug(v)" P ()1 (1)) -

Multiplying the relation (9) (for v = ~,) from the left by [u1(7.)* — ua2(v«)*] and the
v1(7+)
—v2(7x)

ur (1) P(p)vr (1) — Yerta (7:) " P (1)1 (7)) — w2 (7:) " Ppn)v2 (7))

0 = Re ([m(%)* us(7.)7]

relation (10) from the right by [ ], we obtain

= s*(ul (7*)*2“ (’7*) — UQ('Y*)*UQ('V*))
and
ut ()" P (1)1 () + veuz (1) P (1)1 (74) — w2 ()" P)va ()

= S (V1 (1) 01 (1) — v2 () v2(74))s

respectively. Then it follows

27:u2 () P ()i (7x) = 8w (01(1) 01 (7%) — v2(7%) 02 ()
= () " (i) + w2 (7)) "u2(4)),

where the right hand side of the equation is a real number. Consequently, the number
u2 (%) * P'(11)v1(«) is also real, and hence, ua(v,)*P'(p)v1(7«) = 0. This means that

() (1) — w2 (ve) "u2 (7)) = v1(7) w1 (7)) — va(vs) w2 (1),

where u () w1 (7+) 4 u2 () U2 (%) = v1(9%) 01 () + v2() v2(7%) = 1. As a con-
sequence,

ur () ur () = 01 () w1 () and ug(ye) u2(e) = v2(y) v2(r). (1)

13



By these equations and Lemma 15, it is straightforward to see that U(v.)*U(y«) =
V()" V (7)- O

Now we can prove that for every u ¢ o(P’), the matrices U(~,) and V (v4) can be
chosen to be of full (column) rank.

Lemma 18 If p € C\o(P’'), v« > 0, and [ w (%) ] , [ o1 () } are the singular
u2(7+) va(7x)

Vs
vectors of the previous lemma, then vi(v.) # 0 and rank(U(vy.)) = rank(V (v4)) = 2.

Proof Both parts of the lemma will be proved by contradiction. For v = ~, > 0, (10)
is written

b | S0 pl | = ) s

If we assume that vi(74)* = 0, then the first equality in (11) implies uj(74)* = 0.
Thus,

Yeuz ()" P'(p) = 0.
Since det P'(n) # 0, it follows that wua(y«) = 0. This is a contradiction because

un (7e) s () + 2(72) ua(7%) = 1, and hence, v1(7s) # 0.

Assume now that rank(U(v«)) < 2 or rank(V (7x)) < 2. Recall (11), and observe
that uz(y.) = 0 if and only if va(y4) = 0. In this case, (9) implies v, P’ (p)v1(74) = 0.
Since P’(u) is invertible, it follows that vi(y.) = 0; this is a contradiction. As a
consequence, uz(vx) and ve(7,) are nonzero, and there is a scalar ¢ # 0 such that
u1(7x) = cua(vx) and v1 (%) = cva(7x). In this case, (9) yields

P(u)va(vx) = swuz(yx) and V*P,(H)Ul(’Y*) + P(p)va () = ssuz(V4),

and as a consequence, P'(u)v1(7x) = 0. Since det P'(u) # 0 and v1(7«) # 0, we have
a contradiction. O

Before writing the upper bound of Theorem 11 for v = ~,, once again we explicitly
construct a suitable perturbation of P(A) as in (5). In particular, for the pair of

singular vectors [ w1 () } , { vi(7) ] € C?" of Lemma 17, we define the matrix
u2(7x) va(Yx)

Ay, = =s.U(1) [ o ] V(y)f

(recall that s, = san—1(F[P(1);7v+]) > 0 and rank(V(y.)) = 2) and the associated
perturbation

m m wi [T\ |
Qv(N) =) (A + A, )N =D (Aj + WLI) <i> A%> M. (12)
7=0

= |1l

From the relation U(7.)*U(7«) = V(7%)*V(7%) of Lemma 17, it follows that the
n x 2 matrices U(7,) and V' (74) have the same nonzero singular values and the same
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associated right singular vectors. Thus, there exists an n X n unitary matrix W such
that U(vx) = WV (7). Consequently, the upper bound (8) for the distance &,(u) is

nlBre) = e |oen [ 71 [veo|

Sx

= Lslveal s e ve

g

)

and, keeping in mind Lemma 18, we have the main result of this section.
Theorem 19 Suppose that p € C\o(P'), v« > 0 is a point of mazimum value
of son—1(F[P(p);7]), and sy = Son—1(F[P(1);v«]) > 0. Then there exists a pair

[ Z;gj ] , [ 283 } € C? (up(v4), vi(v) € C, k= 1,2) of left and right singu-

lar vectors of sy, respectively, such that
and the matriz polynomial Q., () in (12) lies on OB(P, Bup(P, 11, V), W) and has (1 as
a defective eigenvalue.

) < (P = s [ven | o T v

If the singular value s, of the matrix F[P(u); 7«] is simple, then the pair of singular
ur(7x) ] [ v1(7+)
ug () v2(7x)
as they correspond to the same SVD of F[P(u);7«]). On the other hand, if s, is
a multiple singular value, then we can estimate these singular vectors by using the
second part of the proof of [11, Lemma 5.

vectors [ } in the above theorem can be chosen arbitrarily (as far

6 The non-generic case v, =0

Suppose that the singular value sg,_1(F[P(u);v]) attains its maximum at v, = 0,
and consider the matrix

PP = FlPGo = [ Y0 ]

The condition s, = s2,—1(F[P(1);0]) > 0 implies that s, = s,(P(u)) > 0, i.e.,
p ¢ o(P), and we have two cases (with respect to the singular values of P(u)),
namely,

50 = 50(P(1) = syt (P() and s, = s,(P()) < su_1(P(1).

Case 1: sy = sp—1(P(1)) = sn(P(1)).

This case was already discussed at the beginning of Section 4, and we have that

Sn (P(:u'))

5a(M) = g,2(,u) = g,l(,u) = w(|ﬂ|) )
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and an optimal perturbation of P()) is the matrix polynomial Q()) in (3) (for k = 2).

Case 2: sy = sp(P(1)) < sp—1(P(w)).

Let u,v € C™ be a pair of left and right singular vectors of P(u) corresponding to
s« = sp(P(u)), respectively. First we obtain that «*P’(u)v = 0, following the steps
of Malyshev’s methodology [11]. Only here we use the fact that the local extremum
¥« = 0 is a maximum.

Consider the analytic matrix function (with respect to v € R)

o P 0
F[P(u);~] = [ VP’l(Lu) P(p) }

for such small |y| > 0, where sop_o(F[P(1);7]) > son—1(F[P(u);v]). We denote this
range of v by I'. (Note that the definition of I' is always possible since sa,—1(F[P(u); 0])
= sp(P(p)) < sp—1(P(p)) = san—2(F[P(1);0]).) By Theorem S6.3 of [4] (see also
Theorem II-6.1 of [9]), F[P(u);~v] has analytic unordered singular values Sa,—1 ()
and $o, () satisfying S2,,—1(0) = 52,,(0) = s,. Without loss of generality, the neigh-
borhood I' can be chosen sufficiently small such that for every v € I', S2,—1(7) and
Son () are not greater than s,. We also consider a pair @g,—1(7), U2,—1(7) of left and
right singular vectors of 2,,—1(7), and a pair tg, (), U2, (7y) of left and right singular
vectors of §9, (7). All singular vectors are analytic and with respect to the same SVD
of the matrix F[P(u);].
Since §25,—1(0) = 52,(0) = 55 = sp(P(1)) < sSp—1(P(n)), it follows that

- WU . wial
tign-1(0) = < w;u > , tizn(0) = ( w;zu > ’

Gon_1(0) = < e ) and 1, (0) = ( v > ,

w1V wo2v

w11 w12

€ C?*? is unitary. Then there exists a unit vector
wa1 W22

where the matrix [

[ g ] € C? such that

[ wil w2

5] === ]
- * / *
w1 W22 B \/1+ ]u*P’(,u)v\Q u*P (,u)v
Consider the unit vectors

z(7) = atign-1(7) + Blzn(y) and y(v) = avon-1(7) + B2 (7),

for which z(0),y(0) is a pair of left and right singular vectors of F[P(u);0] corre-
sponding to s,. Then for every v € I,

FIP(p);vy(y) = adap—1(7)t2n—1(7) + B 32n(7)t2n(7)
= [t2n-1(7) U2n(7)] [ aﬁé’z;gi’;) } .
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Hence, since 33, _;(v) and 3, (7) are analytic with local maximum at = 0, it follows

0 = dcfly (la?33,-1(7) + 81755, (7))

=0

— a(y(y)*F[P(,u);’7]*F[P(:u);7]y(7))

v=0

The condition y(v)*y(vy) = 1 implies that %,go)y(()) +y (0)—70) = 0, and differ-
entiating y(v)*F[P(p); 7" F[P(u); 7]y () at v = 0 yields

0 = o WO FIPR)A] FIP();lu()
Y v=0
= (dyg) FIP(u); Al FIP () 2ly(y) + v (v) dF[PCEf;) L pip(uyialy)
90 PPl Ty o) ) PPl PG B2 )|

2 (200 + o 40

ws(wor [ o T e +a0r | ] v)

= (y(O)*[g (P/(OM))*]x(O)—Fx(O)*[P,?M) g}y(O)).

Furthermore, we can see that
o =zl oo (3 )
wol U Waoll war W22 5]
= u® ! [ ! ]
- * D/
\/1+ ’u*P’(,u)U‘Q u*P (N)U

N wﬂmp, [ P ]

and similarly,

\/1~|—|u*P’ [ *Plz()” ]

As a consequence,

[0 (P(p)* e 00 ju* P’ (1))
o7 [ o U a0 =a0r [ i,y o o = T
and thus
o d . . . [u* P’ ()0l
0= Ch(y('y) FIP(p); " F[P(p); vy (7)) o 2 Tt [P ()0



which implies v*P’(p)v = 0.
We define now the constant matrix polynomial

Ag(N) = Agp = —s.uv”
with || Aol = s« = wo(s«/wp) (recall that wy > 0). Then the perturbation
Qo(A) = P(N) + Q00 = A A"+ -+ AN+ Ag+ Agp (13)
of P()) lies on the boundary of B(P, s«/wp, w), and satisfies
Qo(p)v = P(p)v — s,uv™v = s,u — syu = 0,

uwQo(p) = u P(p) — syu*uv® = s,0™ — s,0" =0

and
u*Qp(u)v = u*P'(u)v = 0.

Thus, by Proposition 16 of [1], 1 is a multiple eigenvalue of Qu(A).
The main results of this section can be summarized in the following.

Theorem 20 If i € C\o(P), san—1(F[P(p);7]) attains a mazimum value at vy, =0
and s, = Son—1(F[P(1);0]) = sp(P(p)) (> 0), then Eu(n) < s«/wo. Furthermore,
if u,v € C" is a pair of left and right singular vectors of P(u) corresponding to s,
respectively, then the matriz polynomial Qo(\) in (13) lies on OB(P, s« /wgy, w) and
has p as a multiple eigenvalue.

Remark 21 If we allow perturbations only of the constant coefficient of P()\), i.e.,
if wo > 0 and w = we = -+ = wy, = 0, then w(|p|) = wo and ¢ = w'(Jju|) = 0.
As a consequence, if the singular value so,—1(F[P(1);]) attains its maximum s, at
v« > 0, then the definition of G, (P, p,7y) in (7), and Theorems 19 and 20 imply that
s
Ea(,uf) - ﬁlow(P),U’urY*) = ﬁup(Pa M7’Y*) = w_t]
Moreover, an optimal perturbation of P(\) that lies on OB(P, s./wo, w) and has p as
a multiple eigenvalue is given by (12) when ~, > 0, and by (13) when 7, = 0.

7 Connection with Malyshev’s results

Suppose that the matrix polynomial P(A) is of the form P(\) = IA — A for some
A € C™" and the set of weights is w = {wp, w1} = {1,0}, i.e., we consider the
standard eigenproblem associated to matrix A. Then obviously,

PO =1, w(ul) =wo=1 and ¢ =w(jul) =0

(see also Remark 21). The existence of =, is ensured, and if v, > 0, then the upper
bound of Theorem 19 is By, (P, i1, 7x) = S« HV(W*)V(%)TH = s, and coincides with the
lower bound By, (P, i1, 7« ). Hence, the distance from P(\) = IA — A (or equivalently,
from matrix A) to u € C as a multiple eigenvalue is &, (1) = si, and the perturbation
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Figure 1: The graphs of the bounds By, (P, —2 + 4,7) and Biow (P, —2 + 14, 7).

Q4. (A) in (12) is written @4, (A) = IA — (A + s, U(7)V (7:)T). Moreover, if v, = 0,
then the upper bound of Theorem 20 and the lower bound [, (P, pt,0) are equal to
S«. Thus, the distance from P(A\) = IXA — A to p € C as a multiple eigenvalue is
Ea(p) = sx, and the perturbation Qg(A) in (13) is written Qo(A) = IX — (A + s, uv™).
This means that our results in the previous three sections are direct generalizations
of Malyshev’s results [11] to the case of matrix polynomials.

For example, we consider the matrix

-1 -2 -3
A= 0 -4 -5 |,
0 0 —6+i

the corresponding linear matrix polynomial P(\) = IA— A and the scalar yp = —2+1.
The graphs of the upper bound (,,(P, —2+1,~y) and the lower bound Bjo., (P, —2+1, )
(v € [0,8]) are plotted in Figure 1, and they meet at the point (0.9249,0.9639),
which is marked as “0”. Consequently, 7. = 0.9249 and the maximum value of
s5(F[P(=2 +1);7]) is s« = s5(F[P(—2 4 14);0.9249]) = 0.9639. By Theorem 11, it
follows that &,(—2 + i) = 0.9639, the matrix polynomial

Qoo219(A) = IAN—(A+A)
—1.3608 +70.7100 —1.7947 —20.1331 —3.0561 + ¢0.0407
= I)\— 0.3571 —¢0.3035 —3.7284 4+ 70.3732 —5.1005 — 70.0209
—0.1042 — 20.2500 —0.6269 —:0.4520 —5.7867 +10.9972

(or equivalently, the matrix A + A) has u = —2 + i as a defective eigenvalue, and
IIA]| = 0.9639.

8 Numerical examples

We present three numerical examples to illustrate our results and verify the quality
of the bounds By,(P, it,y) and Biow (P, t, 7). The matrix polynomials of the first two
examples were borrowed from [1], and all the computations were performed in Matlab.
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For our discussion, it is necessary to recall the definition of the e-pseudospectrum of
the matrix polynomial P()),

cew(P) = {AEC:detQ() =0, Q) € B(P.e,w)}
{AeC:detQ(N) =0, ||Aj|| <ewj, j=0,1,...,m},

i.e., the set of the eigenvalues of all perturbations of P(\) in B(P,e,w). The pseu-
dospectrum o, w(P) is a closed subset of the complex plane, has no more than nm
connected components, and it is bounded if and only if s,,(A;,) > € wy,. The suggested
references on pseudospectra of matrix polynomials are [1, 10, 15]. The following result
of Boulton, Lancaster and Psarrakos (see Lemma 8, Corollary 15 and Theorem 18 (i)
of [1]) is also necessary.

Proposition 22 Suppose that, as the parameter € > 0 increases, two different con-
nected components of oz w(P) (# C) meet at p € C. If p # 0, then it is a multiple
eigenvalue of a perturbation Q(\) € OB(P,e,w) and

sn(P(1))

Ea(p) = Egi(p) = W)

(=e).

The special case of self-intersection points of pseudospectra described in this
proposition is the only known to the authors (non-trivial) case of scalars p # 0
where one can estimate the true value of the distance £,(u), and it is illustrated in
the first two examples. It is also worth noting that in this special case, we always
have (1) = Biow(P, 1, 0), i.e., the maximum of our lower bound coincides with the
exact value of the distance.

Example 1 Consider the matrix polynomial

(1 0], [-2 1 10
p@>_[0 1]A+[ ; _4}A+[0 4}
and the set of weights w = {1,1,1}. The boundaries of the e-pseudospectra of P(\)
for e = 0.005,0.0091,0.02,0.03 are drawn in Figure 2. The eigenvalues of P()\), 1
and 2, are marked in the figure as “+”, 00.005,w(F) has two connected components
and 00.0091,w(P) is connected with a node point 1 = 1.4145 (marked as an asterisk).

By Proposition 22 and the relative discussion, u = 1.4145 is a multiple eigenvalue of
a matrix polynomial Q(\) € dB(P,0.0091, w) and

so(P(1.4145))

1.4145) = 1.4145) = 0.0091 =
£a( 5) 0.1 ( 5) = 0.009 w(1.4145)

= Biow(P,1.4145,0).

In Figure 3, the graphs of the upper bound f,,(P,1.4145,~) and the lower bound
Biow (P, 1.4145, ) are plotted for v € [0, 8]. The vertical line corresponds to the value
v« = 0.7738, and the bounds [,,(P,1.4145,0.7738) and Bjow (P, 1.4145,0.7738) are
marked as “0”. The maximum value of s3(F[P(1.4145);7]) is

s, = s3(F[P(1.4145);0.7738]) = 0.0471,
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Figure 2: A single intersection point.
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Figure 3: The graphs of the bounds f,,(P,1.4145,~) and By (P, 1.4145, 7).

and one can see that

0.0077 = Biow(P,1.4145,0.7738) £.(1.4145) = 0.0091

<
< Bup(P,1.4145,0.7738) = 0.0243.

A matrix polynomial that lies on the boundary of B(P,0.0243,w) and has u =
1.4145 as a defective eigenvalue of algebraic multiplicity 2 and geometric multiplicity
0.8051 ] :

, is

1, with associated eigenvector v1(0.7738) = [ —0.1061

0 ) = 1.0054 0.0156 th ~1.9946  1.0156 ], [ 1.0054 0.0156
07738V = | 0.0121 1.0140 0.0121  —3.9860 0.0121 4.0140 |-

This matrix polynomial is given by (5) and (12), and it is directly computable by the
procedures described in Sections 4 and 5. Thus, Theorems 11 and 19 are confirmed.
Furthermore,

lup(0.7738)* P'(1.4145)v1(0.7738)| = 1.4471-10~ 19
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Figure 4: The graphs of the bounds £,,(P,3,7) and Siow (P, 3,7).

and
|U(0.7738)*U(0.7738) — V(0.7738)*V (0.7738)|| = 2.3778 - 1079,

verifying Lemma 17.

Consider now the scalar ¢ = 3. The graphs of the upper bound S,,(P,3,7)
and the lower bound [0, (P,3,7) (v € [0,8]) are plotted in Figure 4. The verti-
cal line corresponds to the value v, = 1.4952 and the bounds (3, (P, 3,1.4952) and
Biow (P, 3,1.4952) are marked as “o0”. In this figure, we see that

0.1131 = Biow(P,3,1.4952) < &,(3) < Bup(P,3,1.4952) = 0.2375.

The perturbation of P(A) in (12) that lies on 0B(P,0.2375,w) and has p = 3 as
a defective eigenvalue of algebraic multiplicity 2 and geometric multiplicity 1, with
0.5845 ] .

, 18

associated eigenvector v1(1.4952) = [ —0.3104

0.7840 —0.0581 —2.2160 0.9419 0.7840 —0.0581
Q1.4952(N) = ] )\2+[ ] A [

—0.0328 0.8614 —0.0328 —4.1386 —0.0328 3.8614

By Figure 4, it is also clear that for every v € (0,2.9), the lower bound S, (P, 3,7)
is greater than &£, 1(3) = s2(P(3))/w(3) = Biow(P,3,0) = 0.0611. O

In the first part of the following example, we consider a self-intersection point of
a pseudospectrum where both the minimum of our upper bound and the maximum
of our lower bound coincide with the true value of the distance &,(u).

Example 2 Let

100 0 1 0 2 1 0
PAN=1]020[XN+]|0 3 1[Ax+]|-13 0
00 3 0 -1 6 0 0 10

and let w = {10,6.1108,3} (the norms of the coefficient matrices). Figure 5 contains
the boundaries of the e-pseudospectra of P()\) for € = 0.05,0.1002,0.16. The eigen-
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Figure 6: The graphs of the bounds 3,, (P, —1.1105,v) and [, (P, —1.1105, 7).

values of P(\), 0.0877+141.4940, —1.059044 1.6051 and —0.77874+4 0.8958, are marked
as “+7, 00.05,w(P) has six connected components and ¢ 1002,w(P) is connected with
a node point g = —1.1105 (marked as an asterisk). As in Example 1,

s3(P(~1.1105))
w(1.1105)

The graphs of the bounds (3, (P, —1.1105,~) and Bje, (P, —1.1105,~) for v € [0, §]
are drawn in Figure 6, where the vertical line corresponds to the value v, = 0.6824.
The maximum value of s5(F[P(—1.1105);7]) is s« = s5(F[P(—1.1105);0.6824]) =
2.3769, and

Ea(—1.1105) = &;1(—1.1105) = 0.1002 =

= Biow(P, —1.1105,0).

0.0939 = Biow(P, —1.1105,0.6824) £,(—1.1105) = 0.1002

<
< Bup(P,—1.1105,0.6824) = 0.1452.

It is worth mentioning that since the matrices

—0.3393 0 0.4841 0
V() =] —09334 0| and U(0) = | 0.8689 0
0.1173 0 0.1029 0
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satisfy ||U(0)V (0)T]| =1,
Bup(P, —1.1105,0) = Biow (P, —1.1105,0) = &(—1.1105) = 0.1002

(recall the commentary at the end of Section 4). Furthermore, (5) yields a matrix

polynomial that lies on the boundary of B(P,0.1002,w) and has p = —1.1105 as
a defective eigenvalue of algebraic multiplicity 2 and geometric multiplicity 1, with
—0.3393
corresponding eigenvector v1(0) = | —0.9334 |. This matrix polynomial is
0.1173
0.9506 —0.1358 0.0171 0.1006 1.2767 —0.0348
Qo(N\) = —0.0886 1.7562 0.0306 | A2+ | 0.1805 3.4966  0.9376 | A
—0.0105 —0.0289 3.0036 0.0214 —0.9412 5.9926
1.8354  0.5472  0.0569
+ | —1.2954 2.1874  0.1021
—0.0350 —0.0963 10.0121

If we set p = 3 + 4, then by Theorem 4, the distance from P(\) to 3 + i as an
eigenvalue of geometric multiplicity 2 is

so(P(3+14)) 321524
w(|3414))  59.3240

Eya(3+1) = = 0.5420.

Using the methodology proposed in Section 3, we obtain the matrix polynomial

0.4134 +40.0607
0.0403 —%0.0302
—0.0037 4-40.0010

—0.1918 +70.0808
0.4100 +¢0.2467
0.0599 +¢0.0176

—0.0090 — 70.0002
—0.0611 —£0.0173
3.0019 +¢0.0016

QW) = A2

[ —1.1726 —i0.2606  0.5773 +40.0325 —0.0172 —40.0062 |
+ | 0.0974 —¢0.0325 —0.2315—-14¢0.5476 0.8931 —¢0.0727
| —0.0077 —¢0.0004 —0.8955+40.0727  6.0025 +¢0.0043 |
0.3144 —431.0114  0.3269 —:0.1683  —0.0235 — 7 0.0185 ]
+ | —0.8319 +:0.0000 —1.7334 —:2.5223 —0.1283 —:0.1682
| —0.0118 —¢0.0046  0.1245 +40.1669  10.0017 + 7 0.0080 |

in (3), which lies on 0B(P,0.5420, w) and has ;1 = 3 + ¢ as an eigenvalue of geometric
multiplicity 2.

The graphs of the bounds B, (P,3 + i,7) and Bjow(P,3 +4,7) (v € [0,8]) are
plotted in Figure 7. The vertical line corresponds to the value v = 1.9, which is
different than ., = 2.0680, and the bounds B, (P, 3+1,1.9) and Sjow (P, 3+14,1.9) are
marked as “o”. It is straightforward to see that

0.2149 = Biow(P,3+1,1.9) < Ea(3+1) < Bup(P,3+i,1.9) = 0.4901,

where our upper bound is smaller than &;2(3 + i) = 0.5420. The perturbation of
P(X) in (5) that lies on 0B(P,0.4901,w) and has p1 = 3 + ¢ as a defective eigenvalue
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Figure 7: The graphs of the bounds 5,,(P,3 +4,v) and Biow(P,3 +14,7).

of algebraic multiplicity 2 and geometric multiplicity 1, with associated eigenvector
i 0.8076

v1(0.6824) = | 0.1593 —:0.0078 |, is
| 0.0050 —¢0.0028

[ 0.3586 +40.0490 0.0819+¢0.1531  0.0015 + ¢ 0.0067
Qio(N) = 0.0108 —30.0215 0.5621 +10.2087 —0.0570 —i0.0132 | A2
| 0.0003 +¢0.0010 0.0695 +40.0095  3.0025 + ¢0.0014

[ —1.2710 —¢0.3184  1.0597 +i0.3487  —0.0014 + 70.0140 |
+ | 0.0347 —40.0345  0.0870 —40.5229  0.8983 —¢0.0622 | A
| —0.0001 +:0.0020 —0.8718 +:0.0631  6.0039 +70.0042 |

0.1915 —41.1520  0.9122 +:0.5722  —0.0094 + 7 0.0211 ]
+ | —0.9282 —40.0356 —1.2517 —%2.3192 —0.1257 —:0.1493 | . O
| —0.0012 +:0.0031  0.1664 +:0.1643  10.0038 + ¢ 0.0086 |

In our last example, the maximum value of the lower bound By, (P, p,y) (with
respect to v > 0) significantly differs from the exact distance &, (p); this was not clear
in the previous two examples.

Example 3 Consider the matrix polynomial

1 0,9 -5 0.1 00
O I e I PER
and the set of weights w = {1,1,1}. The boundaries of the e-pseudospectra of P(\)
for € =0.3,0.5,0.7 are drawn in Figure 8. The eigenvalues of P(\), 0, 5 and +i 3, are
marked in the figure as “4”, and each pseudospectrum is compact with four connected
components. By the continuity of the eigenvalues with respect to the entries of the
coefficient matrices, it follows that every matrix polynomial in B(P,0.7,w) has four
distinct eigenvalues (see Theorem 2.3 of [10]). Hence, for every u € C, E,(u) > 0.7.

For p = 6, we see that max,>0 Bow(P,6,7) = Biow(F,6,3.7670) = 0.3729 and
min.>o Bup(P;6,7) = Bup(P, 6,3.8115) = 1.1455 (where both values of v are different
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Figure 8: Pseudospectra with four connected components.

3.5

bound 0.7

Figure 9: The graphs of the bounds £,,(P,6,7) and Biow (P, 6,7).

than v, = 3.7846). Hence, it follows

max G (P,6,7) = 0.3729 < 0.7 < &£,(6) < 1.1455 = min f,,(P,6,7).
720 720

In Figure 9, the graphs of the upper bound f,,(P, 6, ) and the lower bound [, (P, 6, )
are plotted for v € [3.7,3.9]. The horizontal line between these two graphs corresponds
to the lower bound 0.7. The matrix polynomial

0.6184 0.1258 —5.3816  0.2258 —0.3816 0.1258
Q3.8115(N) = [ } /\2+[ ] A [

0.1333 —0.1235 0.1333 —1.1235 0.1333  7.8765

is given by (5), lies on the boundary of B(P,1.1455, w), and has p = 6 as a defective
eigenvalue of algebraic multiplicity 2 and geometric multiplicity 1 with corresponding

eigenvector v1(3.8115) = { gisgg ] O
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