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Abstract

In this paper, the notion of Birkhoff-James approximate orthogonality sets is
introduced for rectangular matrices and matrix polynomials. The proposed defi-
nition yields a natural generalization of standard numerical range and g-numerical
range (and also of recent extensions), sharing with them several geometric prop-
erties.
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1 Introduction

The numerical range (also known as the field of values) of a square matrix A €
C™™ is the compact and convex set F(A) = {z*Ax € C: z € C", z*x = 1}. The
compactness follows readily from the fact that F'(A) is the image of the compact unit
sphere of C™ under the continuous mapping = — x* Az, and the convexity of F(A)
is the celebrated Hausdorff-Toeplitz Theorem [12, 29]. The numerical range has been
studied extensively for many decades, and it is useful in studying and understanding
matrices and operators (see [3, 4, 11, 13| and the references therein).

Stampfli and Williams [28, Theorem 4], and later Bonsall and Duncan [4, Lemma
6.22.1], observed that the numerical range of a matrix A € C"*" can be written

F(A) = {peC: A=Al > [p— A, vAeC}

= (({reC: [p=A < A=A},
AeC

where || - |2 denotes the spectral matriz norm (i.e., that norm subordinate to the eu-
clidean vector norm) and I, is the n x n identity matrix. Hence, F'(A) is an infinite in-
tersection of closed (circular) disks D (A, ||[A — AL, ||ly) ={n € C: |p— A < ||A = A,||5}
(A € C). In this way, it is confirmed once again that F(A) is a compact and convex
subset of the complex plane that lies in the closed disk D(0, || A|2).
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Inspired by the above intersection property, Chorianopoulos, Karanasios and Psar-
rakos [8] recently introduced a definition of numerical range for rectangular complex
matrices. In particular, for any A, B € C"*™ with B # 0, and any matrix norm || - ||,
the numerical range of A with respect to B is defined as

Fij4;B) = {peC: [[A-AB|| = |p—A,VAeC} (1)
= (D IA=B]). (2)
AeC

This set is obviously compact and convex, and satisfies basic properties of the standard
numerical range [8]. Moreover, it is nonempty if and only if || B|| > 1 [8, Corollary 4].

For a ¢ € [0, 1], the g-numerical range of a square matrix A € C"*" is defined as the
compact and convex set FI(A;q) = {y*Az € C: z,y € C", "z = y*'y =1, y*z = ¢}.
This range was introduced in [22] as a generalization of the standard numerical range
F(A) (it is clear that F(A;1) = F(A)), and has been systematically investigated in
the last two decades [5, 6, 19, 20]. In [1], Aretaki and Maroulas, motivated by the
definition of F). (A;B) in (1) and (2), introduced a definition for the g-numerical
range of rectangular complex matrices. Namely, for any A, B € C™*™ with B # 0,

any ¢q € [0,1], and any matrix norm || - ||, they define the g-numerical range of A with
respect to B as the compact and convex set
F(A;Biq) = {peC:[[A=AB||=|p—q),VAeC} 3)
= (DA [A-AB]).
AeC

They have also obtained that [1]
1 1
q—2F||.||(A;B;q2) C aF”.H(A;B;m); 0<qg<@p<l1 (4)

(generalizing Theorem 2.5 of [19]), and
Fi.(A; Biq) = Fj(A;q ' B); 0<g¢<1. (5)

By the latter relation and [8, Corollary 4], it follows that F). (A; B; q) is nonempty
if and only if |B|| > ¢ (0 < ¢ < 1). Furthermore, it is immediate that for ¢ = 0,
Fj1(A; B;0) = D (0, inf)ec |[A — AB||), extending Proposition 2.11 of [19].

For n. = m, ||| = || -l and B = I, we have that F|,(4;1,) = F(A)
and Fj,(A;In;q) = F(4;9) (0 < ¢ < 1) [1, 4, 28], ie., the ranges Fj.(4;B)
and Fj.(4; B;q) are direct generalizations of the numerical range F'(A) and the g-
numerical range F'(A;q), respectively.

In this article, we introduce a new range of values for rectangular matrices and
matrix polynomials, which is based on the notion of Birkhoff-James approximate
orthogonality and generalizes the numerical ranges Fj|(4; B) and F|.(A; B;q). We
also show that it is quite rich in structure by establishing some of its main properties.
In the next section, we give the definition together with basic properties of this set for
rectangular matrices, and in Section 3, we study the case of matrix polynomials. In
Section 4, we obtain necessary and/or sufficient conditions for the boundary points,
and finally, in Section 5, we investigate the case of matrix norms induced by inner
products of matrices. Simple illustrative examples are also given to verify our results.



2 Approximate orthogonality sets of matrices

The analysis in [8] is based on the properties of matrix norms and the Birkhoff-James
orthogonality [2, 14]; namely, for two elements x and 1 of a complex normed linear
space (X, | - ||), x is called Birkhoff-James orthogonal to 1, denoted by x Lpj v, if
lIx + Al > ||x|| for all A € C. This orthogonality is neither symmetric nor additive
[14]. However, it is homogeneous, i.e., x Lps v if and only if ay Lp; by for any
nonzero a, b € C.

Furthermore, for any € € [0,1), we say' that x is Birkhoff-James e-orthogonal to
¥, denoted by x LG, o, if [|[x +A|| > V1 — €2 | x|| for all A € C. It is straightforward
to see that this relation is also homogeneous. In an inner product space (X, (-, ")),
with the standard orthogonality relation L, a x € X is called e-orthogonal toay € X,
denoted by x L€ v, if [(x, )| < €||x|| ||| Moreover, by [7, 9], x L ¢ if and only if
X L, and x L€ if and only if x L% ; 9.

For any A, B € C"*™ with || B|| > 1, using the Birkhoff-James e-orthogonality for
e =¢€p =+/||B||*> =1/ ||BJ|, one can verify that (see also Theorem 1 in [8])

Fi4B) = {peC: [[A=(u-XNB|| =\, vAeC}

_ {MGC: H%(A—MBH—BH > 1, VAEC\{O}}

= {,LLE(C:||)\(A,MB)+BHZ 162B||B|,V>\€(C}
= {peC:BL¥ (A-uB)}.

In particular, if |[B[| = 1, then F| | (4;B) ={u € C: B Lp; (A—uB)}.
By the above discussion, the next definition arises in a natural way.

Definition 1. For any A, B € C"*™ with B # 0, any matrix norm || - ||, and any
e € [0,1), the Birkhoff-James e-orthogonality set of A with respect to B is defined
and denoted by

Fi(4;B) = {peC: Bly; (A—uB)}

= {neC:a-2B| = V1= B lu— Al vV reC}
A—-)\B
~ (a2,
AeC V1-—ée B
Apparently, the Birkhoff-James e-orthogonality set F; |T_||(A; B) is a compact and

convex subset of the complex plane that lies in the closed disk D(0, || A]|/(V'1 — €2 ||B]])).
By Lemma 3 in [8] (see also [14, Corollary 2.2]), F|(|).H(A;B) is nonempty. Moreover,
for any €1, ez € [0,1) with €; < €2, Definition 1 yields F”E'IH(A; B) C F”E?”(A; B), gen-

eralizing (4) (in combination with Theorem 5 below). Hence, the Birkhoff-James
e-orthogonality set F‘T.”(A; B) is always nonempty.

1'With regard to the Birkhoff-James orthogonality, various definitions for approximate orthogo-
nality are proposed in [7, 9]. The definition given here seems to be the most suitable to the concept
of this work.



The points of the Birkhoff-James e-orthogonality set F| ”E.” (A; B) have a remarkable
geometric interpretation. In particular, a scalar p € C lies in F| ”E_”(A; B) if and only
if B 1%, (A — pB), or equivalently, if and only if ||B + A(A — uB)|| > V1 — €2 ||B|
for all A € C. This means that u € F”E,H(A;B) if and only if the one-complex-

dimensional affine space {B + A(A — uB) : A € C} does not intersect the open ball
B°(0,v1—€?||B|) ={M e C™™™: |M|| < V1—€?|B||}, as illustrated in Figure 1.

Figure 1: Two affine spaces that contain B and do not intersect B°(0,v1 — €2 || B||).

We remark that in the sequel, the zero matrix is always considered as a scalar
multiple of B.

Proposition 2. Let A,B € C™™ with B # 0, and 0 < €1 < €5 < 1. If the matriz
A is not a scalar multiple of B, then FHG'IH(A; B) C F“E?H(A;B), and in particular,
F”671”(A; B) lies in the interior of F”E?H(A; B).
Proof. For any u € F“E}H(A; B), we have

1A= pB+ (=B = /1— [ Bllu-Al, YAeC,

or
IAB + A —pB|l = /1= & B[\l > /1= & [ BIl|Al, Ve C\{0}.

Since matrix A is not a scalar multiple of B, there exists a real 6 > 0 such that

3 3 _ _ 2 2 2
o <min {win {135+ 4 - w5l - 1= GBI (V1= & - 1= ) 1311}

As a consequence,

IAB+ A= (n+&)B|| = [[AB+A—uB|| - [[€B]| = \/1 = 3 [|B|l [\, VAeC.

Hence, every point of the compact set F“C‘l” (A; B) lies in the interior of FHQ” (A;B). O
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Corollary 3. Suppose A, B € C"*™ such that B # 0 and A is not a scalar multiple
of B. Then for every e € (0,1), the e-orthogonality set FHG_”(A; B) has a nonempty
interior, and it cannot be degenerated to a singleton or a line segment.

If we allow the value 1 for the parameter ¢, then the first two equalities in Definition
1 yield FH1~II(A; B) = C. Moreover, if A is not a scalar multiple of B, then the e-
orthogonality set FIIG-H(A; B) can be arbitrarily large for e sufficiently close to 1.

Proposition 4. Suppose A, B € C"*™ such that B # 0 and A is not a scalar
multiple of B. Then for any bounded region Q@ C C, there is an eq € [0,1) such that

QC F%(4; B).

Proof. Without loss of generality, we can assume that ) is compact. Consider a
p € €, such that p ¢ F”?”(A; B) for every € € [0,1). Then for every €, = /1 — k1—2,
k=2,3,..., there exists a A\ € C such that

2
1
A= (1= )B| <y |1- ( 1—ﬁ> 1B Akl

or
B+ A~ B < 7 Bl A, ()
or 1
[INBI — A= nBI| < + 1B xel
or
Il (1= 1) <114 - uBl < 1+l 131,
or

AN+ [u[ 1Bl _ o, A+ |ul 1 B]]

1Bl (1-%) ~ 1Bl '

Thus, the sequence {\g}ren is always bounded, and hence, it has a converging sub-
sequence { g, }ten. If we assume that \x, — Ao, then by (6),

|Ax] <

1
Ak B+ A —pB| < % Bl [Ak|, V€N,

or
tim |\, B+ 4 — uB]| = 0,
or
[AoB + A — puB| =0,
where the latter relation is a contradiction since A is not a scalar multiple of B.
As a consequence, there is an €, € [0,1) such that p € F”q“‘ (A; B). Without loss
of generality, we may assume that every p € € lies in the interior of F||€_‘|‘| (A; B)

(choosing, if necessary, a larger €,). Hence, € C |J,,cq Int| g‘ (A; B)], where Int]-]
denotes the interior of a set. Since € is compact there is a finite number of points
P, 12, - - - fts € Q such that Q C (J7 Int[F W ' (A; B)]. Setting eq = max{e,, : i =

1,2,...,s}, Proposition 2 completes the proof. O



Imaginary Axis
|

As mentioned above, for | B|| > 1 and eg = /|| B||? — 1/ || B||, the e-orthogonality
set FIT_’ﬁ(A; B) coincides with the numerical range Fj(4; B). It is also easy to see
that

Fiy(4;B) = {ueC:|A=2B|=V1-E|B|u-A,vAec)

"
766:HA—/\BHZ’M—\/l—EZHBH)\,VAEC}
(e
1
= —— lyecC:|A-)B >‘ —1-¢ BA),VAe(C .
J=aypy (€€ 4Bz - VI-€|B| }

Thus, keeping in mind [8, Proposition 8] and (5), we have the following results.
Theorem 5. For any A, B € C"*™ with B # 0, and € € [0, 1), it holds that
Ff (4 B) = Fyy(a- " 4; By go) = Fy(a- ' 45 4. ' B),

where qc = V1 —€?||B||. Equivalently, for any A,B € C"™ and q € (0,1], with
1B > 5 B o
F§(A;B) = Fy (g~ A; Biq) = Fy (¢ A B),

where e, = /|| B> = ¢* / | B|
Corollary 6. For any A, B € C"™ and q € (0,1], with ||B|| = ¢, it holds that
F(4; B;q) = Fj)(4;B) = {p € C: B Lp; (A—pB)}.

Imaginary Axis

Figure 2: The sets Fl?'"‘i(A; B), me(A; B) and FMO?(S(A; B).

As an example, we consider the 3 x 4 complex matrices

44+i5 0 i 0 1 0
A= 0 -3 2 0 and B=1|0 v2
0 0 0 —i2 0 0

with ||B||2 = v/2. The approximate orthogonality sets ﬂ?ﬁ; (A; B), Fm(A;B) and
(

R
FH\-/I?(A; B) are illustrated (as the unshaded regions) in parts (a), (b) and (c) of Figure



2, respectively, confirming Proposition 2. Note also that v/0.5 = \/||B||3 — 1/ || B2

and v0.6 = /|| B||3 —+/0.82/||Bl]2, and thus, Theorem 5 yields FH‘/”_(A B) =

Fj.,(4; B) and F”\/‘O_(A; B) = Fj., (V0.8 71 4; B; V0.8) = Fj,(V0.8 *4; V0.8 7' B).

By the above discussion and Theorem 5, it is apparent that the Birkhoff-James
e-orthogonality set F) |T_”(A; B) is a generalization? of the numerical ranges F| 1 (A; B)
and F| (A; B; q), in the sense that it does not require any condition for the norm of
matrix B # 0 and it coincides with F).(4; B) and Fj.|(4; B; q) for certain values of
e. Furthermore, basic properties of the numerical range F}.;|(A4; B) obtained in [8] are
extended readily to Fy (A; B).

(Py) If A=5B for some b € C, then F”EAH(bB; B) = {b}. The converse is not true in
general; for example, if the matrix norm || - || is induced by an inner product of
matrices, then }7‘?||(A; B) is always a singleton (see Property (P7) below).

(P2) For any scalars a,b € C, it holds that F”€”(aA +bB;B) = aFj

(P3) Suppose the matrix norm || - || is induced by a vector norm (acting on C" and
C™) and n > m, and let ug € C be an eigenvalue of A with respect to B, with
an associate unit eigenvector xg € C™; that is, (A — poB)xo = 0. Then for
every ¢ € [/IBIP ~ [Bxol? / |BIl.1). po lies in F,(A: B). (In combination
with Theorem 5, this property is a direct generalization of Theorem 2.7 in [19].)

(A;B) +b.

(P4) T A4 £ 0, then {5~ € Cs p e Ff (45 B), |ul = | AI/|BI} € F (B ).

(P5) Int[Ff, (A; B)] € {ﬂec |A—AB| > vI—€&|B| \M—A\,vxec}.

(Pg) Suppose that f : (C">™ || -||) — (C™>*™2 ||| -|||) is a linear map such that
If (M| = (>, <) ||M]| for every M € C™"*™1_ Then for any A, B € C"*™,
i (F(A); f(B) = (2, <) F, (4 B).

(P7) If the matrix norm || - || is induced by the inner product of matrices (-,-) (this
is the case of the Frobenius norm || - ||r), then

(4, B)

la—
1B]|?

iy =

IIBH2 H \/ﬁHBIQ

If the matrix norm || - || is induced by a vector norm, then by Property (P3) (see
also [8, Proposition 17]), an eigenvalue po of A with respect to B lies in F”?”(A; B) if
there is an associated unit eigenvector xq (i.e., (A — Bug)zo = 0) such that | Bxg|| >
V1 —€?||BJ|. As a consequence, if the matrices A and B are square, say n X n, and B
is invertible with ||[B~!||~! > v/1 — €2 || B|, then all the eigenvalues of A with respect
to B lie in F|| H(A; B). In this case, we have the following result on the generalized

resolvent (A—zB)~!, z € C (for the standard resolvent of operators, see [15, Theorem
V.3.2] and [28, Lemma 1]).

2We remark that the definitions of F.;(4; B), Fy.|(A; B; q) and Ff. (A; B) are applicable to the
111 II-11 [I-11
elements of any normed linear space.



Proposition 7. Suppose the matriz norm || - || is induced by a vector norm. Let
€ € [0,1), and let A,B be two n X n matrices with B invertible and |B~Y|~! >
V1 —€?||B||. Then for any point & ¢ F”?”(A; B), the distance d(&, F”E_H(A; B)) from &

to FJf,, (A; B) satisfies

1
< .
S VI=eB[[(A=¢B)7

d(f,F”?“(A; B))

Proof. For any u € FH.”(ABA; I,,),

|[A—AB|
Vi-ée|B||’
and thus, F”.”(AB*l;In) C FIIG-H(A; B). By [18], for any convex set V that contains
FH.”(AB*l;In) and any £ ¢ V, we have d(&,V) < [|(AB~! — ¢I,) 7|7t Setting

=A< [AB™' = AL| < (A= AB)|| B~ < VAEC,

V= F”E.”(A; B) yields
1 (Vi—e|B|)!
d(&, Fyj (4; B)) < - T - 7
I I(AB=! = &Ln) | — ([ BTHII(AB~! = &1,) 71|
and the proof is complete. O

3 Approximate orthogonality sets of matrix polynomials

Consider an n X m matrix polynomial
P(z) = At + A2+ Az + Ay, (7)

where z is a complex variable and A; € C™™ (j = 0,1,...,1) with 4; # 0. The
study of matrix polynomials has a long history, especially with regard to their appli-
cations on higher order linear systems of differential equations (see [10, 17, 23] and
the references therein).

If n > m, then a scalar ug € C is said to be an eigenvalue of P(z) in (7) if
P(uo)zo = 0 for some nonzero vector xg € C™. This vector x is called an eigenvector
of P(z) corresponding to fy.

For an n x n matrix polynomial P(z), the (standard) numerical range of P(z) is
defined as

W(P(z)) = {peC:a"P(u)x=0,zeC" x+#0}
= {reC:0eF(P(u)}. (8)
This range and its properties have been studied extensively in [21, 24, 25, 26, 27].
Motivated by (8), and recalling (1), (3) and Definition 1, for an n x m matrix

polynomial P(z) as in (7), any nonzero matrix B € C"*™, and any matrix norm || - ||,
we define the numerical range of P(z) with respect to B (||B|| > 1)

Wi (P(z);B) = {neC:0e F (Pu);B)} (9)
= {peC: [[P(u)—AB| = |A,VAeC}

VB2 =1
= {MEC:BL?JP(M),6327‘| I },

1B

8



the g-numerical range of P(z) with respect to B (0 < ¢ <1, ||B| > q)

Wi (P(2);Biq) = {neC:0eF,(P(n);B;q)} (10)
= {peC: [[P(u) —AB| > q|A, Ve C}
— {,uE(C: BJ_;’J P(u), eq:7||BH2—q2}7

1Bl

and the Birkhoff-James e-orthogonality set of P(z) with respect to B (0 < e < 1)

Wiy(P(:);B) = {weC:oe Fiy(P(u;B) | (1)
= {weC: PG - AB| > V1= BN, ¥ AeC)
= {reC:BLly; P(p)}. (12)

The closeness of these sets follows from the continuity of matrix norms, and for
q =0, W (P(2); B;0) = C. Furthermore, by definitions (9), (10) and (11), Theorem
5 and Corollary 6 are extended readily to the case of matrix polynomials.

Theorem 8. Let P(z) be an n x m matriz polynomial as in (7). For any nonzero
B e CY™™ and e € [0,1),

Wi (P(2); B) = W (P(2); B; ge) = W, (P(2); 4. B),

where q¢ = V1 —€2||B||. Equivalently, for any B € C"™ and q € (0,1], with
1Bl = q,

W

where e, = \/||B||> — ¢* / || B||.

Corollary 9. For any B € C"*™ and q € (0, 1], with |B|| = ¢, it holds that

[(P(2); B) = W) (P(2); Biq) = W) (P(2);¢7" B),

Wi (P(2); Biq) = W) (P(2); B) ={n € C: B Lp; P(2)}.

It is worth noting that for the linear pencil P(z) = Bz — A, the first equality of
Definition 1 and (12) yield VVHe_”(Bz — A;B) = FHe_”(A; B). Furthermore, if a pp € C
satisfies P(uo) = 0, then it is immediate that pg € WHE,H(P(z); B).

If all the coefficient matrices of P(z) are scalar multiples of B, then the matrix
polynomial is written in the form P(z) = p(z)B for some scalar polynomial p(z).

Thus, for any € € [0, 1), the Birkhoff-James e-orthogonality set
Wi (p(2)B: B) = { € C: [p(u) = Al Bl > V1= &||BI||Al, ¥ A € C}

contains all zeros of p(z).

As in the case of constant matrices, the e-orthogonality set I/VHE.”(P(Z);B) is a
natural generalization of the numerical ranges W) (P(2); B) and W) (P(2); B;q),
and hence, in the remainder of the paper, we focus our interest on this set. In the
special case where n =m, B = I, and || - || = || - [|2, it is clear that W), (P(2); In) =



{peC:0eF,(P(n);In)} = {neC:0e F(P(u)} = W(P(2)), ie., the defini-
tion of W), (P(2); B) mtroduced above is a direct extension of the definition of the
standard numerical range W (P(z)).

Consider an n x m matrix polynomial P(z) = Z%:o A2 as in (7), a nonzero
matrix B € C"*™, a matrix norm || - ||, and an € € [0, 1).

Proposition 10. The following hold:

(i) For any scalar o € C\{0}, W”EH(ozP(z);B) Wi ”( (2); B), W|| ”(P(az);B) =

M/H ||( (2); B) and Wi ||< (2 + @) B) = W||.H( (2); B) —
(ii) IfR(z) = Aoz +-- -+ Aj_12 + A; = 2'P(271Y) is the reverse matriz polynomial
of P(=). then Wity (R(2): B0} = { € €y~ € Wi (P() B)\{0) }.

(iii) If the norm ||| is invariant under the conjugate operation ~, and the coefficients
of P(z) and B are all real matrices, then Wi (P(z); B) is symmetric with respect
to the real axis.

(iv) Suppose the matriz norm ||-|| is induced by a vector norm. If there exist two unit
vectors xg € C" and yo € C™ such that |xjByo| > V1 — €2 || B||, and z§Ajyo = 0

for every 7 =0,1,...,1, thenVV”H( (z); B) =C.

Proof. (i) It is easy to see that
. A Al LA
WiyepGrm = {nec: |[Pu- 38| > vizeis 3] v 2 ecf,

Wi (P(az); B) = {a’lu €C: |[P(u) — AB| > V1-e|B|[|A,V A e C} :

and
W (P(z + a); B) = {u @ €eC: |P(u) = AB|| > V1—e|B|||A, Ve @} .
(ii) A nonzero p € C lies in W”?”(R(z); B) if and only if

IW'P(u™Y) = AB| = V1= €| Bl A, VAeC,

or equivalently, if and only if

P - 2] = vim e |5,

eC.

(iii) It follows from the equalities ||P(u) — AB|| = ||[P(u) — AB| = ||P(z) — AB||
and |\ = [\ (u, ) € C).
(iv) For any p € C, it holds that

1P() = ABI| = llg[HIP () = ABl ol = o P(1)yo — Mz Byo)l| = V1 — € [|BI| [Al

for every A € C. O

10



Proposition 11. Suppose the matriz norm || - || is induced by a vector norm and
n > m, and let py be an eigenvalue of P(z) with an associated unit eigenvector

xg € C". Then for every € € [\/HBH2 — [|Bxzol|? / || B]l, 1), o lies in W”E.H(P(z);B).

Proof. Since ||Bxg|| > V1 — €2 || B, it follows
1P(u0) — MBI zoll > [[P(u0)0 — ABaoll = [IABaol > I & |B|]A, YA€ C. O

For a square matrix polynomial P(z) = Z;':o Ajz7, it is known that the numerical
range W (P) is unbounded if and only if 0 € F/(4;) [21].

Theorem 12. Let P(z) be an n x m matriz polynomial as in (7), B € C"™™ be
nonzero, and € € [0,1).

G If Wi ”( (2); B) is unbounded, then 0 € F‘T.”(AZ;B).

(ii) Suppose 0 € F||€_”(Al; B) and 0 is not an isolated point of W, I H(R( z); B), where
(

R(z) = Eé:o A28 = 2'P(271). Then the e-orthogonality set WII-H( z); B) is
unbounded.

Proof. (i) Suppose that the e-orthogonality set WHE,”(P(Z); B) is unbounded, and let
RS VVﬁ,”(P(z); B)\{0}. Then it holds that

HAWZ F AT e A+ A — )\BH >V1—e|B||]N, ¥AeC,

or
1 1 1 A
Al+Al—1_+"'+A1ﬂ+A0_l__lB Z\/1—62HB|||)\|, Ve,
K K K K
or
A 1 1
AI_JB + Al,1; 4+ Ay l 1+A0 l \/1—6‘ vAeC.

For the sake of contradiction, we assume that 0 ¢ F, i ”(Al7 B), or equivalently, that

there exists a A9 € C such that [|[4; — X\B|| < v1—¢€?||B|||\og|]. Since the set
I/VHE_”(P(Z);B) is unbounded, for sufficiently large ;1 € W”?”(P(z);B), the quantity

HAl_li +o 4 Alﬁ + AoiH becomes smaller than the difference V1 — €2 || B|| | A\o|—
|A; — Mo B||. Then setting A = Aoy yields

A
_l

<Vv1-é|B|

A 1 1 1
A — —lBH =+ HAl—l— +o+ A Ao <
M H M H

This is a contradiction.

(ii) Consider the reverse matrix polynomial R(z) = Zé‘:o Az = ZP(z71). By
Proposition 10 (ii), VV‘T_”(R(Z);B)\{O} = {,u cC:pute VV‘T.”(P(Z);B)\{O}}. Since
0 € K ”(AZ;B), it follows that 0 € VV‘T.”(R(,Z);B). Moreover, since 0 is not an
isolated point of VV‘T.”(R(Z);B), there is a sequence {p}ren C W”f”(R(z);B)\{O}
that converges to the origin. This means that the sequence {y; ' }ren C Wiy (P(z); B)
is unbounded. Hence, VVHG.”(P (z); B) is also unbounded.
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The condition that the origin is not an isolated point of the set VVH?”(R(,Z); B)
is always satisfied in the case of standard numerical range W (P(z)). This can be
verified by the second part of the proof of [21, Theorem 2.3], the second part of [24
Lemma in page 103], and the fact that the leading coefficient of P(z) is nonzero.

As in the case of constant matrices, the e-orthogonality set W”?”(P(z); B) can be
arbitrarily large for e sufficiently close to 1.

Proposition 13. Let P(z) be an n x m matriz polynomial as in (7), B € C"*™
be nonzero, and € € [0,1). Suppose also that Q C C is a compact region such that
that for every p € Q, P(u) is not a nonzero scalar multiple of B. Then there is an

€q € [0,1) such that Q C Wﬁ (P(2); B).

Proof. By Proposition 4, we have that for any p € €, there is an ¢, € [0, 1) such that
0€ F|| H( (1); B), or equivalently, u € V[/Hefﬂ(P(z);B). The last part of the proof of
Proposition 4 implies the desired conclusion. O

Finally, we consider an n x n matrix polynomial P(z) = Zé’:o Ajz7 and the norm
- [l2-
Proposition 14. Suppose py € W(P(z)), and let xo € C" such that ||zoll2 = 1
and x{P(po)xo = 0. Then for every e € [\/HBH% - \méBwOP/HBHQ,l), o lies in
VVHE.HQ(P(Z);B)-

Proof. Since |x§Bxg| > V1 — €?| B2, it is straightforward to verify that for every
A€ C, [[P(uo) = ABll2 = [la5(P(to) — AB)zoll2 = [Al |25 Bro| = V1 — € [|B|2[A[. O

Corollary 15. For every € € [0,1) such that the interior of disk D(0,v1 — € ||B||2)
has an empty intersection with the standard numerical range F(B), it holds that
W(P(2)) C e, (P(=): B).

4 The boundary

By Definition 1, it is apparent that a pg € C lies in the Birkhoff-James e-orthogonality
set FHE.”(A; B) if and only if infyec{||A—AB|| — V1 —€?||B|||po— A} > 0. Motivated
by the last part of the proof of Proposition 2, we specialize this characterization to

the boundary of FHE_”(A; B), OF|. ”(A; B).

Proposition 16. Let A, B € C™*™ with B # 0, e € [0,1), and po € F”E.H(A;B).
(1) The point pg lies on the boundary 8FH€.”(A; B) if and only if

inf {||4 = AB|l = V1= |B| lno - Al} = 0.
(i) Ife > 0, then uo € OF, Ey H(A;B) if and only if
min {4 = AB|| = V1= |B] [ — M|} = 0,
i.e., if and only if there is a \g € C such that |A—XoB|| = V1 — €2 ||B|| |0 — Mol
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Proof. (i) If pp is a boundary point of F”E.”(A; B), then for every ¢ > 0, there is a
As € C such that
[A = XsBll < V1 =Bl |luo — As| + 0. (13)

Since the difference ||A — AB|| — V1 — €2 || B|| |0 — A| is nonnegative for every A\ € C,
it follows that infyec{||A — AB|| — V1 — € ||B|| |uo — A|} = 0.

For the converse, suppose infyec{||[A — AB|| — V1 — €2 ||B|| |0 — A|} = 0, and for
the sake of contradiction, assume that pg € Int [FHE,” (A; B)]. Then there is areal r > 0

such that D(po,r) C Int[F”?”(A; B)], and hence,

|A=AB|
D,u,o,r)CInt[D()\,i . Yec,
( V1-e|B|

or

A= AB|| = V1= ¢e2||B| |0 — Al > V1—€2||B||r, YA€C,
or

inf {[|[A=AB|| = VI=€[B o~ A} = VI=€|B|r > 0.

This is a contradiction.
(ii) Suppose € > 0 and py € 8F”EAH(A; B). Setting § = 1/k and \s = A\, (k =
1,2,...) in (13) yields

1
|4 = MBIl < VI= @B 1o — Akl + 7

or

1
A= IMBI < V1= e [Bll [uo = Akl + -

Next, we adapt arguments from the proof of Proposition 4. It is clear that
Ml | Bl = [|All < V1 —€2||B|| (Jzo] + |Ak|) + 1/k, and since € > 0, we have

< A+ VI = Bl ol +1
1Bl (1= v1-¢€)

Hence, the sequence {\;}ren is always bounded, and thus, it has a converging subse-
quence {\g, }ten. If we assume that Ay, — Ao, then

| Akl

1
4= Bl < VI=& Bl ljo— M|+ - YN,
or

. 1
i (114 2,3 = VI= @ Bl o = dul - ) <0

or

1A= 2Bl = VI— B luo — Aol <0,

where the latter relation is possible only as an equality.
The converse follows readily from (i). O

13



If € > 0, then the above proposition implies that for any pg € OF, ||E~H (A; B), there is

a generating disk D ()\0, Hf\/_;%;”%””) such that py € 9D ()\0, Hf\/_;gi)\;“%”“)' As a conse-
[A—XoB||

. ¢ A D - .
quence, since FII-H (A; B) is convex and lies in D ()\0, ViZ|B] ), we have the following

corollaries (see also Corollary 3).

Corollary 17. If 0 < € < 1, then the boundary OF,
portions.

Ey H(A;B) does not have any flat

Corollary 18. Suppose 0 < ¢ < 1 and ||B|| > q. Then for any po € OF).(4; B;q),
there is a A\g € C such that ||A — XB|| = |po — qXo|. In particular, the boundary of
the g-numerical range F).(A; B;q) does not have any flat portions.

On the other hand, if ||B|| = 1, then F| By ”(A B) = F)(4; B) might have flat
portions; see, for example, Proposition 20 in [8]. Hence, in Proposition 16 (ii), the
condition € > 0 cannot be omitted.

The properties of a point u of the standard numerical range W (P(z)) are strongly
related to the properties of the origin as a point of F'(P(u)) [16, 24, 26]. Parts (i) and
(ii) of the following theorem are generalizations of Theorem 1.1 in [24] and Theorem
2 in [16], respectively. (We denote the derivative of P(z) by P'(z).)

Theorem 19. Suppose P(z) is an n x m matriz polynomial as in (7), B € C"*™ is
nonzero, € € [0,1), and py € VVM(P(z);B).

(i) If o € OWf (P(2); B). then 0 € OF (P(1); B).

(i) If0 € OFj (P (uo); B)\F”?H(P’(/JLO); B) and P(uo) # 0, then g lies on the bound-
ary 8I/VH ”( (2); B).

Proof. (i) Since ug € VVHE.”(P(,Z);B), it is clear that 0 € F‘T_”(P(uo);B). For the

sake of contradiction, we assume that the origin lies in the interior of F}f (P(mo); B),
Int[ﬂ‘?”(P(uo); B)]. Then by Proposition 16 (i), there exists a § > 0 such that

int {[|P(0) = MBI = V1= |Bll [0 — A} > 6,

and hence,
[P(10) = AB|| =0 > V1=€*|B||Al, VAeC.
Also, we have

P(2) = P(po) + (2 = po) P’ (ko) + (2 — p0) E(2, o), (14)

where ||E(z, po)|| = o(1) as |z — po| — 0. As a consequence, there is a real r > 0
such that for every u € D(ug,r), |1 — pol ||P'(10) + E(u, p20)|| < 6. Thus, for every
p € D(po,r), it holds that

1P (ko) = ABIl = |1 = pol 1P (o) + E(p, po) | > V1 = € [IBI[[Al, VA€C,

14



or

1P (10) + (1t — p0) P'(10) + (1t — 120) E(p, p1o) — AB| > /1= e[| B||[A|, ¥ A€ C,

or

[1P(u) = AB| > V1 =€ |B|[Al, ¥VAeC,

and hence, 4 is an interior point of W/ H(P(z); B); this is a contradiction. Thus, the
origin is a boundary point of Fy; ||( (n); B).

(ii) For the sake of contradiction, assume that py € Int[VVH6 ”( (z); B)]. Hence,
there is a § > 0 such that D(ug,d) C Int[VVHe.”(P(z);B)]. Recall (14), and observe
that since 0 ¢ F H(P’(,uo) B), there is a A\; € C such that ||[P'(uo) — M B <

V1 —¢€?||B]|||M|. By choosing ¢ sufficiently small, we may assume that for every
p in the (closed) circular annulus D(uo,9,0/2) = {p € C: 6/2 < |u — po| < 9}, it
holds that

IE(k, po) || + 1P (ko) = M B[ < V1= €[|B] [M],

or
(0 = 10) P (10) + (1 — o) By, o) — (1 — o) MBI < /T — € | Bl ] 12 — pao.

Hence, we can define

e= omin Ll ol (VI= @Bl M| = 1P (o) + B o) = 2B )} > 0

neD(po,0,6/2)

Since 0 € 0FH ”( (10); B), Proposition 16 (i) implies that there is a Ag € C such that

1P (ko) = MoB|l < V1 —e|B[Ao] +&.

Consequently, for every p € D(po,9,9/2),

1P(10)=XoBll < V1= ||B]| ol+lu—po] (VT = 1Bl M| = [P (o) + Ep o) = M Bl )

or

1P(1) — (Ao + Mk — o)) Bl < V1= €| B (| Aol + [A1 (g — po)])-

Observe now that A\g and Ay do not depend on g, and thus, we can choose a i €
D(uo,0,9/2) such that arg(Ai (i — po)) = arg(No). Then it follows

[1P(f) = (Ao + A1(f — ko)) Bl < V1= e||Bl| [Ao + A1(ft — po)l
and hence, [i ¢ Wi, (P(z ); B); this is a contradiction. O
Definition (11), Proposition 2 and Theorem 19 (i) yield the following.

Proposition 20. Let P(z) be an n x m matriz polynomial as in (7), B € C"*™ be
nonzero, and 0 < €; < €3 < 1. Then VVHel”( (2); B) C W||€2”( (2); B), and for any

VVHQH( (2); B) such that P(u) # 0, w lies in the interior of W” H( (2); B).
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Proof. For any p € I/VHGIH( (2); B), the origin lies in FH |( (1n); B) C F”EQH( (n); B),
and thus, p € W”Q”( (2); B). Moreover, if pu € VVH“”( (2); B) with P(u) # 0, then

the matrix P(u) cannot be a scalar multiple of B and Proposition 2 implies that the
origin lies in the interior of £’ H( (1); B). Hence, by Theorem 19 (i), 4 is an interior

point of W||€2”( (2); B). O

Corollary 21. For any scalar b € C, € € [0,1) and q
Wi (P(2);0B) = Wi (P(2); B), and W) (P(2);0B;q) =
if o =(>, <) 1.

Proof. Since the Birkhoff-James e-orthogonality is homogeneous,

€ (0,1], we have that
(2,C) W (P(2); B;q)

Wiy (P():bB) = {1 € C: bB L, P()} = {n € C: B L, P}

Moreover,
VIbP|IB|? — ¢
W (P(2);0B;q) = {u €C:bB Ly P(u), e = olIB]
BIZ — 2/ b2
NPV e i §
1B
The proof is completed by Proposition 20. U
Corollary 22. Suppose the matrix norm || - || is induced by a vector norm, and let
xzo € C" and yo € C™ be two unit vectors such that |x{Byo| = ||B||. Then for any

€ [0,1), the Birkhoff-James e-orthogonality set W”E‘H(P(z); B) contains all zeros of
the scalar polynomial P (2)yo = x5 A1yo2' + - - + 5 A1yoz + x5 Agyo. Moreover, for
any p € C such that P(p) # 0 and ziP(p)yo = 0, it holds that p € Int[W/He‘”(P(z); B)]
for every e € (0,1).
Proof. Let po € C be a zero of the scalar polynomial z§P(z)yo. Then for every A € C,
|P(10) = AB|| > |25 [P(110) — AB] yoll > | BI[|A. Thus, g lies in WY, (P(2): B), and
Proposition 20 completes the proof. O

The last result of the section is partially complementary to Proposition 20 and
gives a sufficient condition for the appearance of isolated points.
Proposition 23. Let P(z) be an n X m matriz polynomial as in (7), B € C"*™
be nonzero, and 0 < € < 1. If there is a pg € C such that P(up) = 0 and 0 ¢

FHE_”(P’(MO); B), then ug is an isolated point of WHG,”(P(Z); B).
Proof. As in the proof of Theorem 19 (see (14)), we have
P(2) = P(po) + (2 — o) P'(10) + (2 — p10) E(z, o),
where P(jio) = 0 and [[B(z, o) = of1) as |2 — pio] = 0. Since 0 ¢ Ky (P'(uo)s B),

there is a Ag such that ||P'(uo) — MoB|| < V1 —€?||B|||M\o|, and by choosing a suffi-
ciently small § > 0, we may assume that for every u € D(po,d)\{t0},

| E(p, po)|| + IP'(p0) — AoB|| < V1 —€2| B | Mol
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or

(1 = 110) P (10) + (1 = p0) E(pt, o) — (1 — pro) Mo Bl < V1 = €2 || B[ [Ao] |1 — pol,

or

1P (1) = Ao(p = po) BIl < V1 = e [|B]| Ao = po)l-
As a consequence, VVHG.”(P(Z);B) N D(up,0) = {po}, and pp is an isolated point of
VVHG.”(P(Z)ZB)- [

5 The case of norms induced by inner products

Let A, B € C"*™ with B # 0, and € € [0,1), and suppose that the matrix norm || - ||
is induced by the inner product of matrices (-,-). Then by Property (P7) (see also
Proposition 13 in [8]), the Birkhoff-James e-orthogonality set of A with respect to B
is a closed disk, namely,

(4,B)
IB]>

52| @HBH) |

It is worth mentioning that this relation (independently from the proof of [8, Proposi-
tion 13]) can be confirmed by the observation that the Birkhoff-James e-orthogonality
coincides with the inner product e-orthogonality [7, 9]. In particular, a scalar u € C
lies in Fif, (A; B) if and only if

A

Fii (4; B) :D<

B 1°(A—uB),
or equivalently, if and only if
(B, A= puB)| < €|B||[|A - pBl,
or equivalently, if and only if
(B,A - pB)(A—puB,B) < é||B||*(A— uB, A — puB),
or equivalently, if and only if

ABE  (BA B . (A (BA_(AB)
B _ i i
s e e = e s e )

or equivalently, if and only if

2 2 2

€

A, B
0= = 15p B

IBIP

(4, B)
-
‘ 13112

Consider now an n x m matrix polynomial P(z) = Zé’:o Ajz asin (7). Then by
(12), we have

Wi (P(2);B) = {neC: B Ly, P(u)}
= {peC: BL P}
= {neC: [(P(n),B)| <e|B|lP(u)]}- (15)
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As a consequence,

Wi (P(2)::B) = {ueC: [(P(u),B)f < &BI|P(w)]*}

— {ueC: (P(n), BYB, P(n) < &|BI*(P(n), P(u))}
l l l l
= {ueC: (3 A BYB, Y. Ay < @BINS. Al S A
Jj=0 j=0 j=0 j=0
l . . l . .
= {peC: S AL BB AT — EBIP Y (A Al <0
4,j=0 i,5=0

Writing 4 = u +iv (u,v € R), the function

! l
pe(u,v) = D (Ai B)(B, A4j) (u+iv)' (u—iv)! —E[1BI* Y (Ai, A (u+iv) (u —iv)’
i,j=0 4,j=0

is a scalar polynomial in u,v € R of total degree 2[, with real coefficients. Thus, the
boundary aW”f”(P(z); B) lies on the algebraic curve

{u+iv € C: pe(u,v) =0, u,v € R}.

Furthermore, for ¢ = 0, we have
WP (P();B) = { € C: (A, Byl ++-+ + (Ay, B+ (40, B) =0} . (16)

As a consequence, Proposition 20 yields the following result which is similar to Corol-
lary 22.

Corollary 24. For any € € [0,1), all zeros of the scalar polynomial (P(z), B) =
(A}, B)z! + -+ + (A1, B)z + (Ao, B) lie in the e-orthogonality set W”E.H(P(z);B).
Moreover, for any p € C such that P(u) # 0 and (P(u),B) = 0, it holds that

p € Int[Wr, (P(2); B)] for every e € (0,1).

The above discussion allows the construction of empty approximate orthogonal-
ity sets for matrix polynomials. In particular, if (4;,B) =0, j = 1,2,...,[, and
(Ao, B) # 0, then the polynomial (P(z), B) = (A, B) is constant and nonzero, and
by (16), Wﬁ”(P(z); B) = (). In this special case, we may also say that WI?H(P(Z); B) =
{o0}, since the Birkhoff-James e-orthogonality set of the reverse matrix polynomial
R(z) = Zé’:o A, VV‘?”(R(Z); B) = {p € C: (A, B)u' =0}, coincides with the
origin. This is compatible to Proposition 10 (ii), Theorem 12, and the fact that for
any € € (0,1), VVHE.H(P(Z);B) ={pneC: [(Ay,B)| <€l B| |[P()]} is unbounded and
contains a set of the form {z € C: |z| > r} for some real r > 0.

In our last example, we consider the 3 x 2 quadratic matrix polynomial

1 2
Pz)=|0 1 [224+| 0 —1|z+| 3
0 08 0.5 0.1 —0.



o
T

~
T

Imaginary Axis
o
-
Imaginary Axis

0
N
T

I I . . . I . . . I I I .
-6 -4 -2 0 2 4 6 8 10 -15 -10 -5 0 5 10
Real Axis Real Axis

Figure 3: Birkhoff-James e-orthogonality sets of P(z) (left part) and R(z) (right part).

its reverse matrix polynomial

2 1 1 i 1 0
Riz)=| 3 1|22+ 0 —1]|z+|0 1 [,
—0.1 0 0.5 0.1 0 0.8
and the matrix
0.6 0
B=1] 0 09
0 02

For the Frobenius norm, and by applying (15), we have drawn the boundaries of the e-
orthogonality sets W|T'||F(P<z); B),e=0.3,0.5,0.7,0.85,0.9,0.93, and VV‘T'”F(R(Z); B),
€ = 0.4,0.46,0.48,0.5, in the left and right parts of Figure 3, respectively. Note that
I/V‘?_'ﬁ’F (R(z); B) coincides with the complex plane excluded the lemniscus containing

the origin. The sets W”?”F(P(z);B) and W”E,HF(R(Z);B) become unbounded when
e = 0.9288 and ¢ = 0.4928, respectively, and the origin meets the Birkhoff-James
e-orthogonality sets of the corresponding leading coefficients, confirming Theorem
12. Propositions 10 (ii), 13 and 20 are also apparently verified. Furthermore, the
zeros 0.0843 £ 11.1216 of the polynomial (P(z),B) = 1.6622 — 0.282 + 2.1 lie in
VVH?”F(P(Z); B), and the zeros 0.0667 4-10.8866 of the polynomial (R(z), B) = 2.12% —
0.28z + 1.66 lie in VVHE-IIF(R(Z); B), confirming Corollary 24.
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