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Abstract

For a given ¢ € [0,1], the g-numerical range of an n X n complex
matrix A is defined by F,(A) = {z*Ay € C: z,y € C", 2"z = y*y =
1, "y = ¢}, and it is closely related with the Davis-Wielandt shell of
A, WA AA) = {(z" Az, 2" A" Az) e Cx R:2 € C", 2"z = 1}. In this
paper, we investigate systematically the g-numerical range of the 3 x 3
matrix (o) 1

0 2 0
Ale) =@0 0 0A ; a>0,

0 0 «o
and obtain the equation of its boundary by taking advantage of the spe-
cial shape of W(A(a), A(a)*A(r)). Furthermore, a parametric represen-
tation of OF,(A(c)) and the construction of a 4 x 4 matrix By such that
Fy(A(a)) = F1(Bg) are discussed. The g-numerical range of a certain nor-
mal operator on an infinite Hilbert space of complex valued (Lebesgue)
measurable functions is also considered.
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1 Introduction

Let M, be the algebra of all n x n complex matrices, and let A € M,,. For
areal ¢ € [0,1], the g-numerical range of A is denoted and defined by

Fy(A) = {z*Ay e C: 2,y e C", 2"z = y*y = 1, 2"y = ¢}.
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The g-numerical range of a matrix is known to be a compact and convex subset
of the complex plane [8, 18]. For ¢ = 1, we have the classical numerical range
(also known as field of values) of A, that is,

F(A) = F4(A) = {x" Az € C: 2 € C", z*x = 1}.

In the last decades, the g-numerical range of matrices has attracted attention,
and several results have been obtained (see e.g., [1, 2, 4, 10, 11, 12, 14, 18)]).
These results are useful in investigating and understanding matrices and opera-
tors, and some of them have been generalized to matrix polynomials [4, 16, 17].

The spectrum of A, namely, o(A) = {A € C: det(\l,, — A) = 0}, always
satisfies go(A) C F,(A), and therefore convex hull{go(A)} C F,(A). More-
over, the following properties are helpful in understanding the g-numerical range
8,9, 11, 12].

(P1) For any a,b € C, F;(aA+bl,) = aF,(A)+qb.

(P2) If A= A; @ Ay, then F(A) = convex hull{ F(A;) U F(A43)}. For ¢ <1,
the g-numerical range of A does not satisfy this relation.

(P3) For any unitary matrix U € M,,, F,(U*AU) = F,(A), ie., F,(A) is

invariant under unitary similarities.

(P4) The corners of F(A) (= F1(A)) are eigenvalues of A with special char-
acteristics (see [8] for details). For 0 < ¢ < 1, the boundary 0F,(A) is
Cl-smooth (i.e., F,(A) has no corners) and contains no eigenvalues of A.

(P5) If Ry = min{||A — AI|| : A € C}, where || - || denotes the spectral norm,
then Fy(A) ={z€C:|z| < Ra}.

Despite the simplicity of the definition of the g-numerical range, there are
many interesting unanswered questions and fundamental issues. Some are cu-
riosity driven and some are driven by its ubiquitous nature in pure and applied
mathematics. One of the most challenging problems is the characterization of
the boundary 0F,(A) and the construction of its equation [2, 3, 4, 8, 9]. Since
F,(A) is a special C-numerical range (see [15, 18] for definitions and details),
its boundary lies on an algebraic curve in the complex plane. In particular, if
F,(A) is not a single point, then there exists a nonzero polynomial P € R[u,v],
such that

(a) P(u,v) =0 for every boundary point u+iv (u,v € R) of F;(A), and

(b) the polynomial P is the product of real polynomials P;’s irreducible in
Clu,v], and P;(u,v) = 0 for infinitely many boundary points u +iv of
F,(A).

However, there are no currently known procedures for the construction of the
polynomial P, and the explicit equation of the boundary of F,(A) is known
only when A is normal or 2 x 2 [4, 10, 12, 13, 14].



Consider now a 3 x 3 matrix of the form

a1 aiz2 O
Ag = | a1 a2 0 |. (1)
0 0 a3.3

If A = <Zl’1 31’2> , then by the first part of Property (P2), F(Ap) coincides
21 @22

with the convex hull of the union F(A;) U {as 3}, where F'(A4;) is an elliptical
disk with foci at the eigenvalues of A; [8]. On the other hand, by the second
part of the same property, it is clear that we cannot have a similar conclusion for
F,(Ap) when 0 < ¢ < 1. Hence, the computation of F,(Ao) and its boundary is
a problem of special interest. Moreover, 3 x 3 matrices of the form (1), play an
important role in the study of operator dilations and related numerical range
inclusions [5].

By [8, Lemma 1.3.1], 4; — (1/2)trace(A;)I> is unitarily similar to a matrix
i
0
(P1) and (P3), without loss of generality, we may assume that A is of the form

of the form , where Argpu = Argr. As a consequence, by Properties

0 147 0
Ala, B,7) = 1= 0 0 (a,8,v€R,0<y<1). (2)
0 0 a+ip

This matrix is unitarily similar to its transposed, and if v = 0, then A(«, 3,0) is
normal and its eigenvalues are 1, —1,a+i3. The range F,(A(c, §,0)) is exactly
described in [10], and thus, in the remainder, we assume that  is positive.

In this article, we study systematically the g-numerical range of A(«,0,1)
for o> 0, and obtain the equation of the boundary 0F,(A(«,0,1)). Our main
result is Theorem 1 in the next section. In Sections 3 and 4, the surface of
the Davis-Wielandt shell of A(«,0,1) and the g-numerical range of a normal
bounded linear operator acting on an infinite dimensional Hilbert space are fully
described. A number of lemmas are contained in Section 6, and the proof of
Theorem 1 is completed in Sections 5 and 7.

2 The main result

Consider the matrix A(a, 3,7
Keeping in mind Property (Pq

in (2) with @« >0, 8 € R and 0 < v < 1.
and [8, Theorem 1.3.6], observe that

)
)
F(A(a, 8,7)) = convex hull{{u—l—iv:u,veR, u? + ,1;2 < 1} u {a+iﬂ}}.

If a®+ 3%2/4% <1, then the g-numerical range of A(a, 3,7v) (0 < ¢ < 1) is the
elliptical disk [4, Theorem 6] (see also (12) below)

qu(a,ﬁm»:Fq(( : 137))

L=y



u? v?
+ <15.
(IT4+yvi=¢*)? (v+V1-¢)?
Suppose now that o? + 3%2/4%2 > 1. If 3 =0 and v = 1, then « > 1. In this
case, we have the main result of the paper.

= {u—l—iv:u,veR,

Theorem 1 Let ¢ € (0,1] and consider the 3 x 3 matriz

0 2 0
Ala) = A(e,0,1) =10 0 0| ;5 a>1. (3)
0 0 «
I If l<a<?2, and q satisfies
a2 —a)
< - 7
1= 32 2012’

then the g-numerical range of A(«) is the circular disk

F(A@) = {zeC: <1+ V1= ¢},

i.e., it coincides with the q-numerical range of B = (8 g)

(II) If o> 2, and q satisfies

ala—2)

< - 7
¢ = a? —2a+2’

then the boundary of Fy,(A(w)) is parameterized in the form

OF,(A(a)) = {X(0) +iY(9): 0 <9 < 21},

where
X () = 2cccos ¥(2 — a?)q® + [3a3 + a(a? — 1) cos(29) — 3a] ¢ — 2a® cos ¥
B 4(a? — 1)(1 — g cos V)
—acos?/2(1 — ¢2)y/2a% — (a2 + 1)¢2 — (a2 — 1)q2 cos(29) ()
and

B 203 sin94/1 — ¢2 — a(a? — 1)gy/1 — g2 sin(29)
N 4(a? —1)(1 — q cos®)

+V2asindy/2a% — (a2 + 1)g% — (a2 — 1)q2 cos(29)

Y (9)

: ()



Every boundary point u+iv of Fy(A(«)) (u,v € R) satisfies the equation
L(1,u,v) =0, where

with

C6,0
C4,2
C2.4
€0,6
C5,0

C3,2

C1,4

C4,0

C2.2

€0,4

C3,0

€1,2

c2.0

€o,2

C1,0

€0,0

6 4,2 2.4 6 5
L(t,u,v) = ceou +cagu v°+caauv” +coev” +esotu

+c3,2 tudv? + cratu vt + C4,0 2ut + €22 24202
+¢o,4 20 +c3,0 t3u3 +cC12 t3uv? +co0 t*u? (6)

4. 2 5 6
+copt v +cerpot’u+tcoot

16(a® = 1)*(0® + ¢* — a?¢*)?,

16(a? —1)%(3a* + 202¢* — 4a*q® + 3¢* — 4a2¢* + a*q*),
16(a® — 1)2(3a* — 20%¢® — 20*¢® + 3¢* — 202¢%),
16(a ~ 12(0? — %)

32a(a? — 1) q(a? + ¢® — ?¢H) (202 — ot + 3¢% — 4a%¢® + o*¢?),
32a(a? — 1) q (4a* — 2a° + 20°¢* — Ta*¢* + 3a%¢* + 64¢*
—1002¢* + 5a'tq* — alq?),

32a(a? — 1) ¢ (20" — a® — 3a%¢® + a5¢% + 3¢* — 3a2¢* + a¢?),
8042(—@6 —a®+ 10044(]2 — 13046(12 + 5o¢8q2 + 39042q4 — 73044(]4
+41a5q¢* — 7a8¢* 4+ 30¢° — 81a2¢® 4 750" — 27a5¢° 4 3a8¢%),
8a2(—2a8 — 20 + 16a*¢® — 15a5¢* 4+ 7a8¢® — 2a%¢* — 27a’¢*
+33a5¢* — 8a8¢* 4 36¢° — T4a2¢® 4 5501¢5 — 20a5¢° 4 3a8¢%),
8a2(—a6 —a®+ 6a4q2 — 2046q2 + 20qu2 — 9042q4 + 60z4q4
—208%% — B¢t + 6¢° — 9a2¢5 + 6aq® — aSqP),

8a3q(2a° 4 o® — 2a%¢® + 6a°¢® — 30%¢® — 360%¢* + 5la’qt
—2205¢* + 3a8¢* — 40¢° + 8402¢° — 57015 + 14a5¢° — B¢),
8a3q(2a6 +a® — 100z4q2 + 3046q2 — 3oz8q2 + 12042(]4 + 9a4q4
—13a%¢" + 3a%¢* — 24¢5 + 3602¢° — 2301¢% + 8a°¢® — a¥¢%),
at(a® — 6a°¢* — 408¢* — 31a’q* — 14a5¢* + 608¢* + 112a2¢°
—1220%¢% + 460°¢5 — 4a8¢® + 240¢% — 3680%¢® + 169a¢*
—2605¢® + a®¢®),

at(a® —10a5¢% — 4a8¢® + 33a¢* + 10a%¢* + 608 — 48a2¢°
—18a*¢% 4+ 10a5¢® — 408¢5 + 48¢% — 4802¢® + 33a*¢®
—10a%¢® + a®¢®),

2a5q3(—a6 + 7044(12 + 3oz6q2 + 6a4q4 — 3oz6q4 — 48q6 + 480z2q6
—13a1¢® + a%¢%),

P la+2¢+aq)(a+2¢—aq)(a—2¢+aq)(a—2q¢—aq).

Moreover, Fy(A(a)) coincides with the (classical) numerical range of the



4 x 4 matriz

b171 0 0 b1,4
_ 0 ba2 bas  bog
By = 0 —basz b3z b3a |’ (™)
—bia —bas —b3s bia
where
b _a2—2aq+a2q _a2\/l—q\/oz—q—|—aq
v 2a-2 M Aa—1)a+1
b o — a? + 2aq + oq B a?T—q(1+q)
2,2 20é+2 5 2,3 9 /70[_*_1 ﬁ—q—l—aq’
by y = a?\/(1 - q)(1 +2q) by, - —0" =200 +a’
’ 20a+1)/a2+a2q—@+ag® 2002 ’
) a?y2a —1(1+q) B —a? +2aq+ a’q
3,4 = , D44 = .
2(a—1)y/(a+(a+qg)(a—qg+aq) 2a +2
(IIT) Suppose that
ala— 2|
0 @@ 2a12 “01°1h

or equivalently, if ¢ = cos¢ for some ¢ € (0,7/2), then the quantity
T = tan(¢/2) satisfies 0 < 7 < min{a — 1,1/(ov — 1)}. Then the g-
numerical range F,(A(a)) is the union of the convex sets,

(r+1)*

Aq {u+iv:u,v€R,u2+v2§

and
Ay = F(Bq)ﬁ{quiv:u,vER,u

where By is the 4 x 4 matriz in (7).

(P17

(14 D[(r +1)? — o?7]
DS }
8)

oo

(T+ D[(1+1)% — a?7]
a(l—7)(r2+1)

>

We remark that in the last statement of this theorem, the convex sets A,
and A, are not disjoint and their intersection is the line segment

(r+1)4

(DT + 1)2 — a7

{u—i—iv:u,vER, u? +0? <

RS A

}

a(l="7)(2+1)
(14 D[(r+1)? — a?7]

= F(Bq)ﬁ{u+iv:u,v6R,u:

b

a(l="7)(2+1)

Hence, the claim that F,(A(a)) is the union of A; and Ay correlates with the

convexity of Fy(A(a)) itself. Moreover, by
can see that in (8) and (9),

(r+1)%

straightforward computations one

= (1+ Vi@



and

(r+Dl(r+1)?—a?r] _ (4=a?)(1+ V1) +(a® ~2)¢*

a(l—"1)(2+1) 2aq

The above theorem is illustrated in the following example.

Example 1 Let o =3 and ¢ = 0.5. The conditions of Theorem 1 (II) hold, and
the 0.5-numerical range of the matrix A(3) is sketched in the left part of Figure
1 by using (4) and (5). The spectrum of A(3) is obviously o(A(3)) = {0, 3},

250 N B 2

20 : 2L

150 15(

° -
Imaginary Axis
s °
& o & -

|
i

2k : b

and the numbers 0g =0 and 3¢ = 1.5 are marked with o’s. In the right part
of the figure, the numerical range of the matrix

2.6250 0 0 1.5910
B _ 0 2.0625  1.1932  0.3007
05 = 0 —1.1932 —1.8750 1.0085

—-1.5910 —-0.3007 —1.0085 —0.1875

(see (7)) is drawn by an algorithm of Horn and Johnson [8, pp. 33-39], and its
eigenvalues —0.1875 and 1.5 are marked with +’s. Comparing Fy 5(A(3)) and
F(By.5), we see that they are exactly the same, confirming the second part of
Theorem 1.

3 Some geometry

It is known [10, 12] that the g-numerical range of a general matrix A € M,, is
strongly connected with the Davis- Wielandt shell of A, namely,

W(A,A*A) = {(a" Az, 2" A" Az) e Cx R : 2z € C", z™x = 1}. (10)

For n > 3, the shell W(A, A*A) is always convex. If n =2 and the affine hull
of W(A, A*A) is (real) 3-dimensional, then it is the surface of an ellipsoid [1]
(for more properties, see [6, 7]).



The Davis-Wielandt shell of A leads to a numerical approximation of F,(A)
[12]. For each point u+iv (u,v € R) of the numerical range F(A) (= F1(4)),
we define

hu+iv) = max{w € R: (u +iv,w) € W(A, A*A)}. (11)

This function and the function

d(u+iv) = Vh(u+iv) —u? — o2

are concave and upper semi-continuous on the convex set F(A). Furthermore,
h and ® are continuous in the interior of F(A) when IntF(A) # (), and they
are continuous on F'(A) when F(A) has no interior. The set

{(u+iv,h(u+iv)) :u,v e R, u+iv € F(A)}
is said to be the upper surface of the shell W(A, A*A), and by [12, 18],
F,(A) ={q(ut+iv)+v/1—¢? 2z P(u+iv) : ut+iv € F(A), z € C, |z] < 1}. (12)

Consider now the 3 x 3 matrix A(«) in (3) for a > 1, and let ¢ € [0, 1]. The
Davis-Wielandt shell W (A(«), A(a)*A(a)) (see (10)) is the convex hull of the
0 2

0 0) , that is,

92
W(B,B*B) = {(u—l—iv,w):u,v,w eR, u2+v2+% = 1}. (13)

point (a +10,a?) and the Davis-Wielandt shell of B = (

As a consequence, the boundary of W(A(«a), A(a)*A(a)) consists of two parts.
The first part lies on the ellipsoid (13) and the second one lies on the cone

{(u+iv,w):u,v,w R, Qu,v,w) =0}, (14)
where
Q(u,v,w) = (@*—1)w+(—2a* +4a)u w+(a* —4a?)u? +a*v* +4a’u—202w—a’.
This cone is a ruled surface and consists of a family of lines

sa?(a—cosf) . sa’sind sad(a® — 3a + 2cos )
{(a— o 1 +i PR ,a? — 1) >:S€R} (15)

(0 < 0 < 2m), where each of them is a tangent line of the ellipsoid in (13).
This observation on the cone (14) helps us below to compute the boundary of
F,(A(a)) (for o> 1). Setting s = 1 implies that the lines in (15) pass through
the (space) curve

—a+acosf  a?sind a?(1+ a® — 2« cosb)
= i :0<6<2 16
{( a? -1 —’—1012717 (a? —1)2 s0<2my, (16)



which lies on the intersection of the plane

202 n a?
w= — u+ ——0
ad — a? -1
and the parabolic surface w = u? + v2. Moreover, I' is an ellipse and its
projection on the (u,v)-plane coincides with the circle

2
ut —= +v2:0‘74. (17)
a2 -1

The ellipsoid and the cone part of OW (A(a), A(a)*A(«)) mentioned above
meet on the plane

{(u+iv,w) : (u,v,w) € R® dau+ (a® —2)w — 2a* = 0}, (18)
and their intersection is the (space) curve
C = {(u(®) +iv(t),w(t)) e CxR:0 <t <27}, (19)
where

ult) = da — a?(a® —2) cost 7

ot +4
o(t) = a?sint ,
at +4
) 402 + 2a* 4+ 40P cost
w = .
at +4

The projection C,), of the upper part of the curve C onto the (u,v)-plane is
given by

< v <
ot +4 ’ o - = o

C,upz{U—Fiv:u:4a+(2_a2)\/a4_(a4+4)1]2 _\/O;_l aZ_l}

1
= {u+iv:(a4+4)u28au+(a22)2v2a4+4042—07uz } (20)
a

when 1<a<\/§, by
2 2 2
Cup:{\ngiv:—\ggvg\g} (1)

when o = \/5, and by

da — (a2 —2)/at — (ot +4) v2 a? a?
ot 44 T Vat+d at+4

Cup—{u+iv:u— — <oy <



o] <

dor — (a2 — 9 T (ot 1 4)02 2_1 2
Uqu-+tiv:u= i )Wo' — (ol +4)v , Va < L
ot +4 o ot +4

1
= {u+iv:(a4+4)u28au+(a22)2v2a4+4a2—0,U§ } (22)
@

when a > /2. The endpoints of the arc C,, are (1 +iva2—1)/a. Further-
more, if a # /2, then the ellipse

{u+iv:u,veR, (a* +4)u? —8au+ (o —2)*? —a* 4+ 4a* = 0}

is inscribed in the unit circle {u+iv:u,v € R, u? +v? =1} and the common
points of these two curves are (1 £iva? —1)/«a. At these points, the two
curves have common tangents, which pass through a.

Note that the cone part of W(A(a), A(a)*A(a)) is the convex hull of the
curve C in (19) and the point (a +i0,a?). Hence, since the ellipsoid part of

V- axs

u-as voa u-axis

Figure 2: The shells W(A(1.7), A(1.7)*A(1.7)) and W (A(3), A(3)*A(3)).

OW (A(a), A(a)*A(cx)) lies on the ellipsoid (13), the boundary of the Davis-
Wielandt shell of A(«) can be easily drawn. Using this observation, the surface
of W(A(a), A(a)*A(w)) is sketched in Figure 2 for o = 1.7, 3. Notice the
ellipsoid and the cone parts of the two surfaces, and observe the corner (1.7 4+
10,2.89) of W(A(1.7), A(1.7)*A(1.7)) in the left part of the figure and the corner
(3+10,9) of W(A(3), A(3)*A(3)) in the right part.

The projection of the shell W(A(«a), A(a)*A(e)) onto the (u, v)-plane is the
convex set

D = F(A(a)) = convex hull {{u+iv:u,v € R, u*+v> =1} N {a}}. (23)

10



With respect to the arc C,,, we separate the interior of D as in the following:

D. = {ut+iv:u,veR l/a<u<a, |v <(a—u)/\/ﬁ7
(a4+4)u2 —8au+(a2—2)2v2 —a4+4a2 > 0}7

D. = {u+iv:u,weR u<l/a, u* +0v* <1}
Uf{u+iv:u,veR u>1/q,
(@ + 4)u? — 8au + (a? — 2)%*0? — a* + 4a? < 0}
when 1<a<\@,
D, = {u+iv:u,veR, 1/V2<u<V?2, |v] <V2—u},

D, = {u—l—iv:u,veR,u<1/\/§, u? +0? <1}
when a:\@, and

D. = {utiv:u,veR lja<u<aq,|v] <(a—u)/vVa?—-1}
WHu+iv:u,veR u<l/a,
(a* +4)u* — 8au+ (a? — 2)%? — a* +4a? < 0},

D, = {utiv:u,veR u<l/a,u?+0v? <1,
(@* +4)u? — 8au + (a? —2)*v? — a* +4a® > 0}

when a > /2. We call D, the cone part of D, and D, the ellipsoid part of D.
For any 6 € [0, 2], the line segment with one endpoint (u() +iv(8),w(0))
on the curve I' in (16) and the other endpoint at (a 410, a?) is given by

& = {(£(s) +in(s),¢(s)) e CxR:0<s <1}, (24)
where
€ = o sl g
sa?sinf
n(s) = 21 (26)
os) = af— 5043(043—3044—2(3089). (27)

(@217

The line segment & in (24) intersects the plane (18) if and only if 4a&(s) +
(a? —2)((s) — 2a® = 0. Hence, it is straightforward to see that for

(a® = 1)
ot —a?2—2acosf+2°

S =

11



the point (£(sg) +1in(se),((sg)) € & lies on the curve C in (19). Moreover,
a point (£(s) +1n(s),¢(s))) € & (0 < § < 2m) lies on the upper surface of
W(A(a), A(a)*A(«)) if and only if

0 <s<sp and arctan(v/a?—1) < 60 < 27 —arctan(v/a2 — 1)

or equivalently, if and only if

0<s<s and —-1<cost <

QI

(where 0 < arctan(va? —1) < 7/2). Using now (12), and the ellipsoid part
and the cone part of the surface of W(A(a), A(a)*A(«)), the g-numerical range
of A(«) can be written in the form

Fy(A(@) = {qu+iv)+1—-¢zvw— (u®+v2):u,v,weR,
2€C, |z| <1, u* +0? <1,
u < (4o — (0 — 2)\/a* — (a* +4)v2) / (a* + 4)
w=2+2y1—u?— 02}
U{q(&(s) +in(s)) + V1?2 /C(s) )2 +1(s)?) -
z€C, \z|§1, —1<cosf <1/a,
0<s<(a*—=2a2+1)/(a* —a? —2a cosf +2)}, (28)

where £(s), n(s) and ((s) are given by (25), (26) and (27), respectively.

4 A normal operator

Let T be a bounded linear operator on an infinite Hilbert space H with inner
product (-,-). For a real ¢ € [0,1], the g-numerical range of T is defined by

Fq(T) ={<Ty,13> €C:z,yeH, <.£E,.Z’> = <y7y> =1, (y,x) :q}'

This subset of the complex plane is always bounded and convex, but it is not
necessarily closed. The investigation of the g-numerical rage of the 3 x 3 re-
ducible matrix A(a) in (3) leads to the construction of the g-numerical range
of a normal bounded linear operator acting on an infinite dimensional Hilbert
space. In particular, we consider the domain

A, = {qu+iv)+vV1-zy/w— w2 +v2):uv,weR 2€C, |z <1,
u=a—sa*(a—cosl)/(a®—1),v=sa’sinf/(a® 1),
w=a®—sa*(=3a+a®+2cosb) /(o — 1)

0<s<1,arctan(yv/a? —1) <0 < 27 — arctan(v/a? — 1)}. (29)

The unit disk {u +iv:u,v € R, u? +v? <1} is contained in the region

{quiv D (u+iv,w) € &, arctan(v/a? — 1) < 0 < 27 — arctan(v/ a? — 1)},
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and the function w = 2 + 2v/1 — u2 — v? on the unit disk is dominated by the
function defined by

(u+iv)—w if and only if (u+iv,w) € &. (30)

As a consequence, by (28), the g-numerical range F,(A()) is contained in the
set Ay. Moreover, the projection of the line & onto the (u, v)-plane for

0 € [— arctan (\/ a? — 1) , arctan (\/ a2 — 1)]
is contained in the projection of £; for some

6 {arctan (\/ a? — 1) , 2m — arctan (\/ﬁ)} ,

and the function (30) for 6 is dominated by the same function for 6. Hence,
we have

Ay = {qlutiv)+ V1= 2w (?+v?):uvweR,
z€C, |zl <1, (u+iv,w) € &, 0 <0 < 27} (31)

At this point, we introduce the separable infinite dimensional Hilbert space
L2([0,1] x T* : ds df), which consists of the complex valued (Lebesgue) measur-

able functions f(s,e!?) that are square integrable with respect to the measure
ds df. The inner product of this space is defined by

2m 1 . _
(f,9) :/0 /0 f(s,e%) g(s,e)dsd .

Let T be the normal bounded linear operator on L?([0,1] x T! : dsdf) defined
by

. o3 o2 .
(T f)(s,e") = (a =S +s e19> f(s,e!) (32)

(0<s<1,0<6<2m).

Proposition 2 The domain A, in (29) is the closure of the g-numerical range
of the operator T in (32).

Proof For any two compact subsets 1, of the complex plane define the
distance (standard Hausdorff metric)

Q) — . _ . _ .
p(21,82) = max {Zrlneaug);1 min |21 — 22, ax min |21 22|}

If S and S’ are bounded linear operators on a Hilbert space H, satisfying the
inequality |5 — 5’| <, then it follows that p (F,(S), F,(S")) <e.

13



For any positive integer number N, consider now the mutually disjoint sets

w—1 pn o 2v—1)7 um
=(—, = e Wl <1, =
R, ( N N} X {e N <0 N ;v =1,2; , N

and define the linear bounded operator T acting on L?([0,1] x T! : dsdf)
such that

3 2
| W e N
(T )s.6) = (0= B e ) s s (5.6 € R

Then the g-numerical range of Ty is given by

3 2
. noo« [T i 2um
F,(Tn) = F, (dlag{a— Na2—1+ Naz—lel N :,u,y:l,Q,...,N}),

and we have that
Nlim p (closure{Fy(T)}, Fy(ITn)) = 0 and Nlim p(Fy(Tn),Ay) = 0.
Hence, A, coincides with the closure of Fi,(T). O

By the above proposition, it is clear that the set A, is compact and convex.
Furthermore, the equation

a \? at
= U {Fq(diag{a,u+iv}) tu,v € R, (u+ (12_1) +0? = (042—1)2} (33)

follows from the fact that the cone in (14) is a ruled surface and that the
endpoint (v +iv,w) € T' of any line segment & (0 < § < 2m) satisfies the
equation u? +v? = w. Now we can prove the following theorem.

Theorem 3 Let T be the normal operator on L?([0,1] x T! : dsdf) defined
by (32), and let 0 < ¢ < 1. Then the closure A, of the g-numerical range of
T coincides with the numerical range F(Bg) of the 4 x 4 matriz By in (7).
Moreover, we have:

(I) The boundary of A is
0N, = OF,(T) = {(X(W) +1Y(¥)) : 0 <9 < 27}, (34)

where X (9) and Y (9) are given by (4) and (5). An irreducible sextic form
L(t,u,v) satisfying L(1,X(9),Y(9)) =0 (0 <9 < 2w) is given by (6).

(II) The dual curve of the complex projective curve { [(t,u,v)] € CP? : L(t,u,v) =
0} is the quartic elliptic curve {[(t,u,v)] € CP?: K(t,u,v) = 0}, where

IC(t, u, 1}) = d470 u4 + d272 U27)2 + d0’4 ’1)4 + d3,0 tu3 + d172 t U’l}2
+ d270 22 + d072 202 + dLO t3u + d()’() t (35)
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with

dig = a*(a+2¢+ag)(a+2g—aqg)(a—2q+ag)(a—2q—ag),
dany = 2a5(a® —4¢® —2a%¢* —4q* + a® ¢*),

dos = o*(1-¢%?

dso = 8a’q(—2a* —a* +8¢* — 6a’¢® + a'q?),

dio = 8a°q(—2— o? = 2¢% + o%¢?),

dao = 8a?(—a? —a' +12¢* — 130%¢* + 3a¢?),

doo = 8at(—1—a? — ¢ + a%¢?),

dip = 32a(a®—1)(a® —2)q,

doo = 16(a® —1)2

Furthermore, the matriz By in (7) satisfies the equation
16(a”—1)* det(tIy+(u/2)(By+B;)—i(v/2)(By—By})) = K(t,u,v), (36)
i.e., the form IC(t,u,v) is hyperbolic with respect to (1,0,0).

Proof (I) Recall that the g-numerical range of a 2x2 diagonal matrix diag{a, b}
(a,b € C) is the elliptical disk with foci at ga and ¢b, and with eccentricity ¢
(10, 13, 14], i.e., the boundary OFy(diag{a,b}) coincides with the ellipse

_ . 3, _
{W_F(l?bcosﬂ—k( 1)\/7((1 b) Sin@:OSGSQﬂ'}. (37)

By the equations (33) and (37), it follows that A, is the convex hull of the set

D, = {u(8,¢) +iv(8,¢):0,¢ € [0,27]}, (38)
where
u(f,¢) = —2(%_1) (2¢ — o®q + a*cos ¢ — aq cos b
—a cosf cos ¢ — ar/1 — ¢2sinf sin ¢),
v(0,9) = 2(0;‘2_1) (g sinf + an/1 — ¢2sin ¢

—v/1—¢?cos 0 sin¢ + sin b cos ¢).

Notice also that A, is contained in D, and that for every ¢ € [0,27], we have

—a (2q — a®q + a? cos ¢) Jr_oz?’\/l — g2 sin¢

u(,0) +iv(d,¢9) = 2(a?— 1) 1 2(a — 1)
a?(q+cos ) —ia?\/1—¢sing) ;i
+ 2(a? — 1) ‘
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and
|a?(q + cos ¢) —ia?y/1 —¢2sing| = a*(1 +q cos¢).
As a consequence, the set D, is represented as the union of a family of circles
D, = {X(t,¢)+iY(t,0) : t, ¢ € [0,27]},
where

a?(1+ q cos @) a(—2q + a?q — a?cos )

X(t9) 22 —1) T 202 — 1) ’
Y(t¢) = Oz2(21(;—2q_0(1))s 9) sint + —a3 2‘ ({lgﬁzls)inqﬁ.

We remark that the centers of these circles lie on the ellipse

{Xo(¢)+iYo(¢) _ a3(Q—COS¢)—2qa+ia3\/1—q28in¢ :O§q§§27r}.

22— 1) 2002 — 1)

The boundary of A, is the envelope of this 1-parameter family of circles and
next we obtain a parametric representation of this boundary by a geometric
method. The radii

r(¢) = o(1 44 cosg) . 0<¢<2r

2a2-1 == -%=

of the above circles with centers at Xo(¢) +1Yo(¢) (¢ € [0, 27]) satisfy

2
[r(d1) —r(d2)] = % | cos ¢y — cos o]
3
sy leos9r — condal = [Xo(9n) —~ Xo(6)|

IN

[(Xo(¢1) +1Yo(d1)) — (Xo(g2) +1Yo(2))]

for 0< 1 <2 <mor m< ¢ <o <27

For a moment, identify the Gaussian plane C with the Euclidean plane R?,
denote 11 = r(¢1) and ro = r(¢2), and assume that the two circles

(u—w)*+(w—v)? =7rf and (u—u)®+ (v—v2)* =173

have an intersection with a nonempty interior, i.e.,

|’)"1—’)"2| < \/(ul—u2)2+(v1—vg)2 < 7r1+1re.

Then they meet at two distinct (real) points (ug,vo) and (ug, v(), which lie on
the straight line
2(ug —uy)u+ (va —v1) v+ (U3 —ud —ri +0? —v2 +73) = 0.

16



The (real) coordinates uy and wuj are roots of the quadratic equation (with
respect to u)

0 = 4f(u; — u2)2 + (v — ’U2)2] u?+4 [—u? - ug + u?ug + ulug

—(ug 4 ug)(v1 —v1)? + (17 —73) (w1 — ug)]u + (uf — u3)?

+2(uf 4 u3) (v + v3) — 4(uf + u3 + v} +v3) vi va + V] + 6vivs
+vy +2(r5 — r7)(uf —u3) — 2(r} +73)(v1 — v2)* + (r} —713)°.

The coordinates vg, v(, also satisfy a similar equation. By using these equations,
one can determine the two points

X(¢1,02) +1Y(¢1,¢2) and X(d1,62) +1Y (41, 62),
where the two circles
(X +1Y: XY €R, (X — Xo(¢1))? + (Y — Yo(¢1))? = r(¢1)?}
and
{X+iY : X,V €R, (X — Xo(¢2))* + (Y — Yo(¢2))? = r(¢2)*}

(¢1 # ¢2) meet. Consider now the limits of these two points for ¢; — ¢ and
¢2 - 197 N N
X)) +1Y(¥) and X(9)+i1Y (V).

One can see that X () and Y () are given by (4) and (5), respectively, and that
X (9) and Y (9) are given by

- 200 (2 — a?) ¢? cos ¥ + [3a2 + a (a? — 1) cos(209) — 3a] ¢ — 203 cos ¥

X)) =
(@) 4(a? —1)(1 — gcos¥)
+vV2a cosI/1 —¢2\/2a2 — (a2 + 1) g% — (a® — 1) ¢ cos(29)
and
V() = 2a3sindy/1 — ¢2 —a(a? —1)g/1 — ¢%sin(20)

4(a? —1)(1 —q cos®)
—V2a sind /202 — (a2 + 1) g2 — (a2 — 1) ¢% cos(29)

We take the outer envelope X (¢) +iY (J) of the 1-parameter family of the
circles. Thus, the boundary of the g-numerical range Fy,(T) is parameterized
by (34). For the polynomial L(¢,u,v) in (6), the equation L(1,u,v) = 0 for
u=X(¥) and v =Y (¢¥) can be obtained by the elimination of the variable 9,
but there is also an alternative method for the construction of L(t, u,v). Indeed,
for every 6, the variables u = u(6,¢) and v = v(f,¢) in (38) are roots of the
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polynomial
M(u,v;0) =
a?(a? +4a* +ab) — (4 + 6a% +2a%)¢* + (2 + 9% — 6a* + a®)¢*
+4a(a2 ~1)q(=2 20 +a* + ¢* + 3a%¢* — a*¢®)u
+2(a® = 1)3(— 2—2a +q +202¢*)u? +2(a® — 1)%(=2 — 2a® + ¢*)v?
+dala®(1 - ¢*)(—a® — a* +3q —a’¢?) —a(a® = 1)(a® = 5)(1 — ¢*)qu
+2(a? —1)%(1 — ¢*)u? + 2(a® — 1)%*v?] cos 0
+4a(a? = 1) qa(l +a® = 3¢* + a®¢*)v + 2¢(1 — a*) uv] sin O
1 [20%(0® — )? — da(a® — 1)(a? — &%) qu+ 26%(a® — 1)2(u? — v?)] cos(26)
+4(a? = 1) q[—a(a® — ¢*)v + q(a® — 1)uv]sin(20).

If we let p = tan(0/2), then

2
— 2
F o and sing = ad ,
1+ p2 14 42

cosf =

and the polynomial

(1+ 1)* M (u,v; )
is a quartic polynomial in . To obtain the equation of the envelope of the
1-parameter family of ellipses {M(u,v;0) = 0 : 0 < 0 < 27}, we take the
discriminant of the polynomial (1+ p2)2M (u,v;0) in u [3, 19]. Then it follows
that this discriminant is a constant multiple of the polynomial

(0® =1)"2(1 = ¢*)*[(u — aq)* + v’ L(1, u,v),

where the point aq € C is a focus of the ellipses.

(IT) The equation K(t,u,v) =0 of the dual curve of the curve L(t,u,v) =0
is obtained by considering the dual curve G(u,v;8) = 0 of the curve M (u, v;0) =
0. The 1-parameter family of the polynomials G(u,v;6) is given by

G(u,v;0) = 4(a® =1 +4qa(a® —1)(a? = 2u + a?[-a® — a*

+(4 =30 + ah)@Pu? — (a* +ab) (1 — ¢*)v?

+20%2¢(a® — Vu + a(a? — 2¢° + a?¢?)u?

+a(1 — ¢*)v?] cos 0 4+ 4a*(a® — 1) q (v + aquv) sin 6.
As above, let p = tan(6/2). Then the polynomial (1+ u?)G(u,v;0) is quadratic
in g, and its discriminant (with respect to p) is —4(a? — 1)2K(1,u,v), where
K(t,u,v) is given by (35). A straightforward computation implies equation (36)
for the matrix B, in (7). By this equation and [9], it follows that A, = F(B,),
completing the proof of the theorem. [

We remark that the polynomial (¢, u,v) in (35) is irreducible in C[t, u, v].
The complex projective curve KC(t,u,v) =0 has a pair of simple cusps



and has no singular points other than these two points. Hence, K(t,u,v) =0
is a quartic elliptic curve.

5 The proof of Theorem 1 (II)

In this section, we present a proof of the second part of Theorem 1. Suppose

that
ala—2)

o2 —2a+2°

First consider the g-numerical range of a 2 x 2 diagonal matrix,

a>2 and 0<g¢g<

F,(diag{a,b}) = {qu+iv)+V1—-g@zVw—u2—v2:
(u+iv,w) € W(diag{a, b}, diag{|a|?, |b|*}), z € C, |z| < 1}
= {qll-s)a+sb]
V1= 2z /(1 —s)|al +s[b2—[(1—s)a+sb:
z€C, 2] <1,0<s <1}

This set is the union of a family of (circular) disks C; (s € [0,1]) whose centers
q[(1 —s)a+ sb] lie on the line segment [a,b]. The boundary of Fj(diag{a,b})
is an ellipse with foci at ga and ¢b, and with eccentricity ¢ [10, 13, 14]. If
(I1+¢g)/2<s<1or0<s<(1-gq)/2, then the disk Cy does not intersect
OF,(diag{a,b}). As a consequence,

Fy(diag{a,b}) = {q[(1—s)a+sb]
+V1—=@2z/ (A =s)|al2+s b2 — |1 —5s)a+sb]?:
z€C, |z <1, (1-¢q)/2<s<(14¢q)/2}.

Thus, for every real s; and ss such that

1
OésléT and %S@Sl,

it is clear that
Fy(diag{a,b}) = {ql(1-s)a+st)

+VI=¢?z/(T—s)la® + s b2 —[(1—5)a + sb]? :
2€C, 2] <1, 51 <5< s}

As it is already mentioned in Section 3, any point (&(s) +in(s),((s)) of a
line segment & (0 < 6 < 27) defined by (24)-(27) lies on the cone part of the
upper surface of the Davis-Wielandt shell W(A(«), A(a)*A(«)) if and only if

(0> 1)

0< <
== ot —a? —2acosf +2

(= s0)
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and 6 € [arctan(va? — 1),27 — arctan(v/a? — 1)]. For @ = 7, the quantity sg
attains its minimum
a? —2a+1 (a—1)?

T = = >
B a? —2a+2 (a—1)2+1

1
5"
By the assumption

ala—2)

l<g< —/—/——2 =
7= a? —2a+2

it follows that s, > (1 + ¢q)/2. Hence, for any 6 € [arctan(va? —1),21 —
arctan(va? — 1)], all the points

(€(s) +in(s), ¢(s)) 5 0 < s < ——=

lie on the cone part of the upper surface of the Davis-Wielandt shell of A(«).
The ellipsoid part of the upper surface of W(A(«), A(a)*A(«)) is dominated
by the cone part, and keeping in mind the above discussion on the g-numerical
range of a 2 x 2 diagonal matrix (see also (33)), we can relax the condition

a*—2a2+1
ot — a2 —2a cos +2

0<s<

in (28) by the condition

0<s< 1.
Hence, F,(A()) coincides with the domain A, in (29). By the first part of
Theorem 3, the proof of Theorem 1 (II) is complete. O

Note that if ¢ = cos¢ for some ¢ € (0,7/2), and if 7 = tan(¢/2), then
0 <7 <1 and the condition
ala—2)
0 < —_—
4 a2 —2a+2
can be written as )

a—1"

6 Some lemmas

Let A(a) (o > 1) be the 3 x 3 reducible matrix in (3), and let 0 < ¢ < 1.
Next we obtain five somewhat technical lemmas, which are necessary for the
proof of Theorem 1 (I),(III). These results describe the function A in (11) and
the function ®(u+iv) = /h(u +1iv) — u2 — v2.

Lemma 4 Consider the function h in (11) defined by h(u + iv) = w, where
(u+iv,w) is a point of the upper surface of W(A(a), A(a)*A(cx)). This function
is continuously differentiable on the interior of F(A(a)), and the cone part and

the ellipsoid part of the function w = h(u+iv) have common partial derivatives
on the arc Cyp in (20)-(22).
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Proof The intersection of the ellipsoid and the cone part of the surface of the
Davis-Wielandt shell W (A(«), A(a)* A()) is the curve C in (19). The projection
Cup of the upper part of this curve onto the (u,v)-plane is given by (20)-(22).
By the discussion in Section 3, this arc has a parameter representation

u = §(s;0) and v = n(s;0)

given by (25) and (26), respectively, when the real s takes values sufficiently

close to
(a2~ 1)?

ot —a?2 —2a cosf+2°

Let 6 take values in the interval (6p,2m — 6p), where 0 < 6y < 7/2 and
cosfp = 1/a. Its Jacobian d(u,v)/0(s,8) on the arc C,, is given by

Sp =

O(u,v)  a*(l—acosh)s
a(s,0) (a2 —1)2
a*(1 - a cosh)
 at—a? -2 cosh+2 > 0

On the ellipsoid part of the upper surface of W(A(«), A(a)* A(cx)), the function
h coincides with

9(5,0) = 2+2V/1—u2—0?
2 /a2 —5) —1 ,
2+ a((2 f)) V—a*(1—s) —2a3scosf +a2(2+s) — 1,
a2 —

and its partial derivatives are given by

dg _ 203 —a3(1—5s) +a?(1 —2s)cosf + a(l +s) —cosb
ds a? =1 ,/a2(1—s) — 1\/—a*(1 —s) — 2a3scosf + a2(2 +s) — 1
and
dg _ 2a°ssind a?(l—s)—1

90 a?—1 \/—a¥(1—s)—2a3scosl+a2(2+s)—1

On the cone part, the function h is written

a3s (a® — 3a + 2cos )

_ 2
f(S,e) = a = (0[2—].)2
Its partial derivatives are given by
af ad of _ 2a3s sin 6

- = (a® - 2cos d = —.
B 2 _1) (o’ =3+ 2cosf) an 20 (@2 1)

Under the condition s = sy, we have 9f /ds = 0d¢g/0s and Of /96 = dg / 6.
These equations are deduced from the relations
2(a? —1)
a® —3a+2cosf

[—a(1 — 5) 4+ a?(1 — 2s) cos 6 4+ a1 4 5) — cos 6]
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~2(a? = 1)%(1 — a cos )

 at—a?—2acosf+2

[@?(1 =) —1][-a*(1 — s) — 2a®scos O 4+ (2 + 5) — 1]
(a? —1)2(1 — acos §)?

(a* — a? — 2accos 0 + 2)2

> 0,

=4

>0

and
a?(1—s)—1 B 1 >0
—a4(1 —s) —2a3scosf +a2(2+s)—1 (a2 —1)2

(always under the assumption that s = sg).
Notice that the ellipsoid part

w=24+2vV1-u2—-02; ur4+02<1

of the upper surface of W(A(«), A(a)*A(«)) is continuously differentiable on
the interior of the unit disk. It is also clear that the cone part of the upper
surface of the shell defines a continuously differentiable function on the domain
surrounded by the curve C,, and the two lines

. 1 u— «
utiv: —<u<a,v=t— .
«

The proof is complete. [

Lemma 5 Consider the family of line segments
{89 carctan(yv/a? — 1) < 6 < 27 — arctan(v/a? — 1)}

defined by (24)-(27), and let Q2 be the convex hull of the circle (17) and the point
a. Suppose that hy is the concave function on Q defined by hi(§ +1in) = (,
where (£ +1n,C) € &y for some 0 < 0 < 27 satisfying —1 < cosf < 1/a. Let
also @1 be the concave function defined by

D1 (E+1in) = Vhi(E+in) — €2 —n2.

(1) The function ®; is continuously differentiable in the interior of Q, and the
norm of its gradient is given by

lgrad®1(£(s;0) +in(s;0)[* = (@ + D7) (&(s:0) +in(s;0))
[1—4s(1—8)](1 - cosh)? + a?sin? 0

- 4s(1 — 8)(1 — v cos 0)2 - (39)
If we denote by ¥ (s;cos@) the right-hand part of (39), then
. _ 2 _
oY (s;) _ (2s — 1)(a® = 2ap + 1) >0 (40)

0s 4s2(1 — $)2(1 — a))?

22



when 1/2<s<1 and -1 <y <1/a, and

0¥ (s;v) _ (o —v)

oY  25(1—5)(1—ay)3

when 0 <s<1 and —1 <9 <1/

>0 (41)

(ii) Any point £(s;0)+in(s;0) € IntQ satisfying ||grad®; (£(s;0)+in(s;0))[]? =
q?/ (1 — ¢?) is characterized by the equation

My(s;0) = 4a®s(1—s)cos® 0+ [2a (1 —q¢®) —8as(l — s)]cosd
—(@®+1)(1-¢*) +4s(1—s) = 0, (42)
which has a solution

@ —1+4s5(1—8)— /1-2/1 -2 +4(a?2 - 1)s(1 —s)
das(l —s)

cosf =

(43)

for (1—¢q)/2 < s < (1+q)/2. Moreover, if C, is the curve consisting of the
points £(s;0)+1in(s;0), which satisfy (42), then for any 0 < ¢1 < g2 < 1,
Cq, is contained in the open set surrounded by Cg, .

(iii) If & +ino is a boundary point of the domain ), then there exists an
interior point & +1in1 of Q such that

B1(6 +im) ~B1(E +im) > e (6 +im) — (o im)l (40

Proof (i),(ii) We substitute w = u?+v2+2? into the equation G(u,v,w) =0 of
the cone (14). Then we get an implicit expression of the function z = &4 (u,v),

Go(u,v,2) = (a® = 1) 2* +2[(u — @)((a* — Du + a) + (a® — 1)v?]2?

+(u — a)? +2?] [(e® = 1)(u® +v*) + 2au — a?] = 0.

This equation has 2 positive roots in the domain D in (23). The function
@ (u+iv) is the greatest root, and hence,

By (utiv) = \/a2 +a(@®—=2)u—(a?— 1)(u22+v2) +a?y/(u—a)? — (a2 —1)v? .
o —1
(45)
Straightforward computations imply that ||grad®;(u +iv)||? equals
Uy (u,v)
42 —1)(a?+a(a? —2)u— (a2 —1)(u2 +v2) + a2/(u— a)2 — (a2 = 1)v?)

where

a?(a? —1)

\/(u —a)? — (a? = 1)v?

Uo(u,v) = v* lQ(aQ -1) -
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a?(a—u)

\/(u—oz)Q—(on—l)v2

+ {20 —a® +2(a? — 1) u+

Substituting now (see (25) and (26))

sa?(a — cosf)
a?—1

sa?(sin6)

= £(s:0) = a—
U 5(57) « a2_1 ’

and v = n(s;0) =
we obtain (39), and multiplying ||grad®;(£(s;0) +in(s;0))||?> — ¢®/(1 — ¢?) by
—4(1 —¢*) s (1 —s) (1 —a cosf)?, we obtain (42). The relations (40) and (41)
are also obtained by straightforward computations. Furthermore, the solution
X = cosf@ of the equation (42) is given by (43) and attains its maximum at
s =1/2. Since —1 < cosf, the solution of the equation (42) exists if and only
if (1—-¢q)/2<s<(1+q)/2. Finally, by (40) and (41), it follows that for any
0 < q1 < g2 <1, the curve Cg4 is contained in the open set surrounded by the
curve Cg,.

(iii) Assume that & +1in9 = &(s0;00) +1n(s0;00) € O, where 0 < s9 < 1
and sinflp = va? —1/a. Then 0 < & < o and ng = (o — &) / Va2 — 1. We
choose & =& and n1 = (1 —€)(a — &)/ Va? — 1 for some € > 0. Then by
(45), we have

2
@6y +im) = | SO

The function
REm) = a? +a(a?=2¢— (a2~ D +1) +a?VE—aP — (@ - D7

satisfies

E(&,m1) — k(€0,m0) = a*V2e(a — &) + {higher order terms of €},

and the equation

2 _ 5 = 2 _
Va2éy (a—&) + & (a 50)+2 2% (0 — &)
+ {higher order terms of §}

holds for § > 0. Moreover, the distance between the points £y+ing and &y+im
is e(a—¢&)/va?—1, and thus, (44) holds for sufficiently small ¢ > 0. The
case sinfy = —va? — 1/« can be treated similarly.

Finally, suppose that & +ing = £(1,0) +in(1,0) € 9Q (0 < 6 < 27). In
this case, ®1({o +1im0) =0, and we choose

& =&1-€0) and m =n(l—¢€0)

for some € > 0. Then the distance between the points £y +ing and & +in; is

EO[2

[(bo+1imo) — (&1 +im)| = R} \/(ozfcos9)2+sin2t9.
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Note also that for s =1 — ¢, the last square root of the function (see (45))

042

a?—1

y(E+in) = Va2 —2a cos+1+/s(1—s)

satisfies

V(1 —e)(1 = (1 —¢)) = e+ {higher order terms of €}.

Hence, the relation (44) holds for sufficiently small € > 0. The case s =0 can
be treated similarly. The proof is complete. [

Corollary 6 Suppose that ) is the convexr hull of the circle (17) and the point
a, and consider the (connected and closed) curve

Cq = {f(s;Q)Jrin(s;Q) : 1%(] <s< %, cosf in (43) }

Then the compact convex set A, defined by (29) satisfies the relation
0A; C{gu+iv)+/1—-¢?22P1(u+iv) :u+ively z€C, |z| =1}. (46)

Proof By (iii) of Lemma 5, it follows that for every boundary point wg + ivg
of €, we can choose an interior point u; +iv; of € such the circular disk

{q(uo +ivg) +vV1—¢?2P1(ug+ivg):2€C, 2] < 1}
is a subset of the disk

{q(ul +iv)+ V1 —-¢?2P1(ug +ivy):2€C,lz] < 1}.
Thus, the corollary follows from Lemma 5 (i), (ii) and [2, Theorem 2]. O

Lemma 7 Let B = (8 (2)>’ and let hp be the function on the unit disk
F(B) ={u+iv:u,v € R, u>+v% <1} defined by the relation hp(u+iv) = w,
where (u + iv,w) is a point of the upper part of the shell W (B, B*B), i.e.,

hp(u+iv) =2+ 21 —u? —v2. Then the function

Pp(u+iv) = Vhp(u+iv) —u2 — 02

satisfies
. u? 4+ 0?2
||grad<I>B(u + l'U)”2 = m (47)

for every u+iv € IntF(B). If éq (0 < q < 1) is the curve consisting of the
points u+iv € IntF(B), which satisfy ||grad®p(u+iv)||? = ¢*/ (1 —¢?), then

CN’Q = {u+iv:u,veR, v +0v?=¢’}.
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Furthermore, for every boundary point uy + ivy of F(B), we have ®p(ug +
ivg) =1, and the inequality

€

Pp((1—¢€)(uo +ive)) — Pp(uo +ive) > ——=
1-¢q

(48)

holds for any q € (0,1) and for sufficiently small positive e.

Proof The function ®g is given by

Op(u+iv) = \/2+2\/1—u2—v2—u2—v2,

and its partial derivatives satisfy

(3©B(u+iv)>2 B u? and (a@B(qu))? B 02

ou Tl —wu2—02 ov Tl —w?—0?

In this way, we obtain the equation (47), which implies that C, coincides with
the circle {u+iv:u,v € R, u? +v? = ¢*}. Furthermore, it is easy to see that
for every boundary point ug + ivg of the unit disk F(B),

(I)B(’U,o—‘rivo) =1 and @B((l—e)(uo—i—ivo) =14+ V2 —¢€2
(0 < € < 1). Hence, (48) holds for sufficiently small ¢ > 0. O

Lemma 8 Let D. and D, be the cone part and the ellipsoid part of the domain
D in (28), respectively, and let C,, be the projection of the upper part of the
curve C in (19) onto the (u,v)-plane.

(i) Suppose that a > 1 and o # /2, and let

C = {u+iv:(a*+4)u* —8au+ (a® —2)** —a’ + 40> =0}

da+a?(2 — a?) cosf b a?sinf

ot +4 vat+4

be the ellipse, which contains the arc Cyy (in (20) or (22)). On this ellipse,
define the function

:0§9§27T}

4o+ a?(2 — a2)6080)2 < a?sinf >2

6:/\ _ 2 2:
0(0) = 6(u,0) = a2 0 = (TG .

Then the stationary points and the stationary values of © are given by

@<1,ia2—1):1, @<a<2—a> 0):M<1

et a a? —2a+2’° a? —2a +2)?
A a2+ a) a?(2 + a)?
d 0| ——,0) = ————— 1.
o <042—|—2(J¢—&—27 ) (a? 420+ 2)2
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(i) If 1 < a < 2, then the minimum of the function |u+iv| = Vu? +v? on
the closure of D, is attained at the point ug = a(2 —«a) / (a® —2a+2) of
Cup, and if a > 2, then the minimum of the function |u+iv| = vVu? + v?
on the closure of D, is attained at the point ug = a(2 —a) / (a? —2a+2)
of Cup.

Proof (i) The function © is written

a?[—4a* cos? § + (—8a + 16a) cos 0 + ab + 4a? + 16]

6(9) (a4 + 4)2 ’

and thus, its derivative is

~ 8a3(adcosf +a? —2)sind

o'
Hence, the stationary points satisfy
2 _ 2
0059:7;" or # =0, or 0 =m,
@

and the proof of (i) follows readily.

(ii) The quantity |u+iwv| is the distance between the point v +iv and the
origin. If 1 < a < 2, then the origin does not belong to the closure of D.. Thus,
for every point u +iv € D, the line segment [0,u + iv] meets the arc Cyp.
Consequently, the minimum of the function |u+iv| = vu? + v? on the closure
of D, is attained at a point of C,,. If o > 2, then we can similarly see that the
minimum of the function |u+iv| = vu? + v? on the closure of D, is attained at
a point of Cy,. Moreover, in both cases, the point ug = a(2—a) / (a* —2a+2)
lies on C,p, and using (i), we obtain that wug is the closest to origin point of
the arc Cyp (even for a =+v/2). O

In Lemmas 5 and 7, we considered the cone part and the ellipsoid part of
the surface of W(A(«), A(a)*A(a)), respectively. The combination of these two
results yields the last lemma of the section.

Lemma 9 Let h be the function in (11) defined by the relation h(u+iv) = w,
where (u+1iv,w) s a point of the upper surface of the Davis- Wielandt shell of
A(a), and suppose C; is the curve consisting of points u +iv € IntF(A(a))
satisfying ,
: 2 q
O
where

d(u+iv) = Vh(u+iv) —u? — 02

(i) The curve C} is connected, and it is a simply closed curve in IntF(A(a)).

Moreover, the boundary 0F,(A(c)) lies in the set
{g(u+iv)+/1—-¢?2®(u+iv):u+ivel), z€C, |z =1} (49)

(This means that OF,(A(a)) is the outer envelope of the circles in (49).)
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(ii) The curve C}' meets the (u,v)-projection Cyyp of the upper part of the curve
C (see (19)-(22)) if and only if

ala—2| <a<1
o —2a+2 1 '

Proof (i) First observe that the unique zero point of the function ||grad®,||?

in Lemma 5 is given by

ala—2)

utiv = &(1/2;m) +in(1/2;7) = a1

We compare this point with the real point uy = (2 — ) / (a® — 2a+2) of the
curve C,p, and we have

E1/2ym) <up if 1<a<?2,
E1/2m)=ug if a=2,
E/2sm) > ug  if a>2.

The unique zero point of the function ||grad®p||? in Lemma 7 is the origin, and

0>uy if 1<a<?2,
UOZO if 04227
u <0 if a>2.

Thus, the unique zero point of the function ||grad®||? is equal to &(1/2;7)
when « > 2, and it is equal to 0 when 1 < a < 2.

By the definition of C}, it follows that

C,;\ = {u+iv:u,v € R, u+iv € C,ND.} U{u+iv:u,v € R, u+iv € éqﬂDe},

where D, and D, are the cone part and the ellipsoid part of the convex set
D in (23), respectively. By Lemma 5, the curve C, is connected, closed and
symmetric with respect to the real axis. Moreover, by (43), we verify that the
real point £((1+4¢)/2,m) = a[(1 —¢)a—2] / (2a —2) belongs to C;. By Lemma
7, the curve C, coincides with the circle {u+iv:u,v € R, u? +v? = ¢?}. If cp
has a point on C,,,, then the connectedness of CqA follows readily from Lemmas
5 and 7. Therefore, for the proof of the connectedness of Cé\ it is enough to
prove that if C}' C D.UD,, then C} lies either in D, or in D,. In particular,
we have the following two cases.

Case (a) Suppose that CqA has a point in D. and that C; does not meet Cyyp.
Since Cq N Cyp =0, the inequality

a2 — @)

vo = a? — 2o+ 2

< &((1+9)/2),m) < £(1/2,7)
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holds (recall that sy attains its minimum at 6 = 7, and that (43) holds for
(1-9)/2 <s<(14¢q)/2), and thus, a > 2. Furthermore, the positive quantity
&((1+¢9)/2),m) — ug equals to

a?la(a—2) — (o —2a +2)q]
2(a—1)(a? —2a +2) ’

and hence, ¢ < a(a —2)/(a® —2a +2). Since a > 2, by Lemma 8, the
minimum of u? +v? for u+iv € D, is attained at the point

: a2—a)
el =t = G ey € O
Thus, for every u+iv € De,
2 2
2 2 o(a—2) 2
> 0 7
e s P I

and consequently, CqA ={u+iv:u,veR, u+ivel,ND.}.

Case (b) Assume that C; has a point in D, and that C, does not meet C,y.
Then the origin lies in D, and ug > 0. Hence, the inequalities

a2 —a)
1 2 d =
< a< and ug a2—2a—|—2>q

hold. Moreover one can see that the set {u+iv:u,v € R, u+iv € C,ND.}
is empty, and thus, Cé\ ={u+iv:uyveR u+ivel,ND.}.
By [2, Theorem 2], the boundary of F,(A(«)) lies in the set

{g(u+iv) +/1—-¢>2®(u+iv):u+iveC), z€C, |z =1},

and the proof of (i) is complete.

(ii) Consider the cone part D, and the ellipsoid part D, of D, and suppose

that
ala—2)

a2 —2a+2"
Then every point u +iv € F(A(«)) of the closure of D, satisfies

a>2 and 0<qg<

ala—2)

s dla—2)
Jutivf > a2 —2a+2

(= ~w) > q.

Thus, Cé\ coincides with the curve C, in Lemma 5, and is contained in D.. As
a consequence, CqA does not meet Cyp.

Let us now assume that
a2 — )

1 < < 2 d 0< < ———.
@ an 9 o2 —2a+2

29



Then for every point u +iv of D., we have

a2 —a)

s 2-a)
lu+iv| > 9012

(=w) > q.

Hence, the curve Cé\ is the same as C; in Lemma 7, and lies in D,. Thus, CqA
does not meet C,y.

Suppose that

a2 — )
1 = —
<a<?2 and ¢ 20t
or ( 2)
aa—
2 d = —-——\
o > and ¢ 2 — 2012

Then C} lies in the closure of D, and meets Cyy, at the point o(2—a)/(o® —2a+
2), or lies in the closure of D, and meets C,,, at the point a(a—2)/(a?—2a+2),
respectively.

Finally, suppose that
l1<a< oo and

Then the intersection of C,, and the circle {u+iv: u,v € R, u? +v* = ¢*}
consists of two points u. +iv., where

L 2-a)VI=¢

1
o 20

Ue =

and

\/—8+4a2 —at+ (ot +4)g+4(a? —2)\/1—-¢
N 2a '
In this case, both C{;\ N D, and Cé\ N D, have infinitely many points. O

Ve

7 The proof of Theorem 1 (I),(III)

In this section, we complete the proof of the main result of the paper.

First, we consider the case (III). In other words, we assume that ¢ = cos ¢
(0< ¢ <7/2) and a > 1 satisfy the inequality

ala— 2|

—— < g < 1,
oa? —2a+2 9

or equivalently, the quantity 7 = tan(¢/2) satisfies

1
0<7< min{a—l,}.
a—1
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By Lemma 9, the arc Cy, meets the circle {u+iv:u,v € R, u? +v? = ¢*} at
two points wu. £ iv.. Moreover, the part of the curve CqA in D, is the circular
arc {u+iv:u,v € R, u?+v? =¢% u < u.}, and the corresponding envelope
of the family of circles in (49) is the circular arc

e (1 1—¢?
{u+iv:u,veR,u2+u2:(1+M)27u<“ ( +\/7Q)}
q

The quantity u. (14 /1 —¢?)/q is equal to

T+ Dlr+1)2—a%1] _ (-0’1 +V1-¢*)+ (0’ -2)¢*

a(l="7)(2+1) 2a.q

Furthermore, the envelope of the family of circles in (49) with centers in the
cone part lies on the boundary of F(B,) (see Theorem 1 (II), Theorem 3 and
their proofs). The proof of (III) is complete.

Finally, we treat the first part of the theorem, that is, we assume that

a?(2 - a)

l<a<?2 d 0<g¢g< —/——m———— .
@ an 7= (a? —2a+2)

Then, as it has been already mentioned in the proof of Lemma 9, the curve
Cé\ coincides with the circle {u +iv : u,v € R, u? + v = ¢*}. Hence, the
corresponding envelope of the family of circles in (49) is the circle

{utiviuveR w0 = 0+ VI-¢)7}

The proof of Theorem 1 is now complete. [
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