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Abstract
The numerical range of an n X n matrix polynomial
PA) = Ap A" + A AT 4+ AN+ A
is defined by
W(P) ={ eC:2"P(\)z=0,2€C", z#0}

For the linear pencil P(A\) = I\ — A, the range W (P) coincides with the
numerical range of matrix A, F(A) = {z*Az : © € C", 2"z = 1}. In
this paper, we obtain necessary conditions for the origin to be a boundary
point of F(A). As a consequence, an algebraic curve of degree at most
2n(n — 1)m, which contains the boundary of W (P), is constructed.
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AMS Subject Classifications : 15A60, 47TA12.

1 Introduction
Consider a matriz polynomial
PA) = Ap\™ + A N4 AN+ A, (1)

where A; € C"*" (j = 0,1,...,m), A,, # 0, and X is a complex variable.
Matrix polynomials arise in many applications and their spectral analysis is very
important when studying linear systems of ordinary differential equations with
constant coefficients [4]. If all the coefficients of P()\) are Hermitian matrices,
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then P(\) is called selfadjoint. A scalar Ao € C is said to be an eigenvalue of
P(X) in (1) if the system P(Ag)x = 0 has a nonzero solution g € C™. This
solution xg is known as an eigenvector of P(\) corresponding to Ao, and the set
of all eigenvalues of P(A) is the spectrum of P(\), namely,

sp(P) = {X € C:detP(\) = 0}.

The numerical range of P(\) in (1) is defined by
W(P) = {Ae C:z"P(\)x =0, for some nonzero z € C"}. (2)

Clearly, W(P) is always closed and contains the spectrum sp(P). If P(\) =
I\ — A, then W(P) coincides with the classical numerical range of matrix A,

F(A) = {z"Az:2 € C", 2"z = 1}.

The last decade, the numerical range of matrix polynomials has attracted
attention, and several results have been obtained (see e.g., [1], [6], [7], [8] and
[10]). The numerical range W(P) in (2) is not always connected, and it is
bounded if and only if 0 ¢ F(A,,) [6]. Furthermore, if p is a boundary point
of W(P), then the origin is also a boundary point of F(P(u)); in general, the
corners of W(P) are eigenvalues of P(\) [§].

F. D. Murnaghan [9] and R. Kippenhahn [5] independently showed that the
boundary 0F (A) is the set of real points of the algebraic curve whose equation
in line coordinates is

det(ul + vAL + wAgp) = 0,

where the matrices

A+ A* A— A*
A = + and Ay, = -
2 2

(3)

are Hermitian and satisfy A = Aj + iA,,. Using this fact, R. Kippenhahn
proved that the non-differentiable points of 0F(A) are eigenvalues of A. In the
last fifty years, there were no results on the computation of the point equation
of the curves OF(A) and OW (P). The only exception has been the work of M.
Fiedler [2] on the the numerical range of complex matrices. Recently, in [1] and
[10], it was proved that the boundary of the numerical range of a 2 x 2 matrix
polynomial lies on an algebraic curve of degree at most 4m, where m is the
degree of the polynomial.

In this paper, we investigate the point equation of the boundary OW (P)
continuing the work in [1] and [10]. In Section 2, a necessary condition for
the origin to be a boundary point of the numerical range of a fixed matrix is
obtained. This result provides, in Section 3, a necessary condition for points
in the complex plane to lie on the boundary of W(P) in (2), and an algebraic
curve of degree at most 2n(n — 1)m, which contains OW (P) is formulated. The
suggested reference on algebraic curves is [12]. Finally, we present examples to
illustrate our results, and an open problem is stated.



2 Matrix Case

Suppose that A is an n x n (n > 2) complex matrix with numerical range
F(A). In this section, we prove that if the origin is a boundary point of F(A),
then the polynomial f(¢) = det(A + ¢t A*) has a multiple root of modulus one.
The next lemma is necessary.

Lemma 1 For any pair of n X n complex matrices A and B,
hm - (det(QA +5A+sB) —det(24+ s B)) = 2" ' ndetA.

Proof Let A = (a;jx) and B = (bjx) (j,k=1,2,...,n) and denote
K(s) = det(2A+sA+sB) —det(2A+ s B).

By the definition of the determinant, we have

K(s) = Z sign(o H 20j,0(j) + 5 0j0() + 5bj0(5)
oEeS, j=1

n

=Y sign(o) [[(2aj00) + sbj00):

oEeS, j=1

Straightforward computations yield

o1 .
ig}% g K(S) - gs: blgn(a) a1,0(1) 2 a2,5(2) - -+ 2 An,o(n)
+ Z Slgn 2&1 (1) 32,5(2) - - - 2an’a(n) + ...
o€ES,

+ Z sign(o) 2 a; (1) 202,5(2) - -+ O o(n)
oEeS,
= 2" lndetd
completing the proof. [

Our criterion, and main result of this section, is the following.

Theorem 2 Let A be an n X n complex matrixz with numerical range F(A),
and let 0 € OF(A). Then the polynomial

f(t) = det(A+tA")
satisfies one of the following:

(i) The polynomial f(t) is identically zero, i.e., f(t) =0 for every t € C.



(i) f(t) is a nonzero polynomial of degree at most n, it has a multiple root
to = €%, 0y € [0,27], and the boundary OF (A) has a unique tangent at
the origin,

0 0
€g = {u+iv - (u,v) € R%, ucos (;) + vsin (20) :()}.

Proof If 0 € OF(A) Nsp(A), then by Lemma 3.3 in [7], there is a unit vector
y € C" such that Ay = A*y = 0. Then the matrix A + t A* is singular for
all complex t, and thus the polynomial f(t) = det(A + ¢ A*) is identically zero.
Hence, we assume that the matrix A is nonsingular and we consider two cases.

First we consider the case where F'(A) has no interior points. Since 0 € F'(A),
it is clear that there exists an angle ¢g € [0, 7] such that A = ie'® H, where H
is Hermitian. In this case, we can assume that

A = e diag{a,ay,. .., an},

a; € R (j=1,2,...,n), and hence the polynomial f(t) is written

n n
f@&) = [[Ge? a; —ite™ 0 a;) = (—ie )" [ []a; | (¢ =€)
1 j=1

J

Since A is nonsingular, all the scalars aq,aq, ..., a, are nonzero. Then f(t) has
a multiple root ty = e2%0. Note also that the origin is not an endpoint of the
line segment F'(A4), and F'(A) lies on the line

€y = {quivG(C:(u,v) € R2, wucos ¢g + vsin ¢y :0}.

Second we consider the case where F(A) has a nonempty interior. Since
A is nonsingular, the origin is not a corner of F(A) [3], i.e., the boundary
OF(A) is differentiable sufficiently close to the origin. Thus, the supporting
line of F(A) at 0 is unique and coincides with the unique tangent of JF(A)
at 0. Moreover, there exists an angle ¢; € [0,27] such that the numerical
range F(e'?* A) = €91 F(A) lies in the right closed half plane. Equivalently, the
Hermitian matrix

P A 4 o1 A*

5 = cos 1 Ap, + sin ¢y Agp,

where the matrices Aj, and Ay, are defined in (3), is positive semidefinite.
Consider the polynomial

F(t) = det(eT ™1 A+ tel1 A%) = 7 f(e201),

Then f(t) has a multiple root ¢y, = €?2?! if and only if f(t) has a multiple root
t, = 1. Hence, without loss of generality, we assume that the Hermitian matrix



Ap, is singular and positive semidefinite, and it is enough to prove that tg =1
is a multiple root of f(t). Under our assumptions, it is clear that

f(1) = 2"det(Ap) = 0.
For the derivative, we have
PO =l (00 - 1)
= th_r)r(l) % (det(24), +t Ap — it Agp,) — det(24, — it Agp))
+ %51(1) % (det(24;, —it Ag) — det(244)).
Hence by Lemma 1,

1
f/(1) = 2" 'ndet(Ay) + }irr(l) i (det(24y, — it Agp) — det(244))

}H% % (det(QAh — itAsh) — det(QAh)).

As the limit lim;_o (1/¢) (det(24, —it Asp)—det(2A4y)) exists, we may evaluate
it by restricting ¢ pure imaginary. Consequently,

) = —i lim é(det(QAh bsAg) —det(24n)  (s€R).  (4)
For the real variable s, consider the polynomial g(s) = det(A4, + s Ag). Then
g(0) = 0 (recalling that detA, = 0), and by (4), it follows that f'(1) = 0 if
and only if ¢’(0) = 0. By [11], sufficiently close to the origin, the polynomial
g(s) can be written in the form g(s) = H;-Lzl Aj(s), where the eigenvalues of
the Hermitian matrix Ay + s Asp, A1(8), A2(8),..., An(s) depend analytically
in s € R. Since ¢g(0) = 0, we may assume that A;(0) = 0. Furthermore,
for the sake of contradiction, assume that for every j € {2,3,...,n}, A;(0) #
0. Since the Hermitian matrix Ay is positive semidefinite, all the eigenvalues
A2(0), A3(0), ..., A, (0) are positive. If Aj(0) < 0 (resp. Aj(0) > 0), then there
exists a real d > 0 such that for —§ < s <0 (resp. 0 < s <9),

Ai(s) >0 and Aj(s) >0 (j=2,3,...,n).

Thus, the Hermitian matrix Ay — 0Asp, (resp. Ap + 0Asp) is positive definite.
This means that for every unit vector zo € C™ such that xjApzo = 0, we have
x5 Asnro # 0, which is a contradiction since 0 € F(A). Hence A{(0) = 0, and
consequently, ¢’(0) =0 and f’(1) = 0. The proof is complete. [

The converse of the above theorem is not true. For example, if 0 is a normal
eigenvalue of A (even in the interior of F'(A)), then the polynomial f(¢) is always
identically zero. Furthermore, for every complex diagonal matrix A with at least
two nonzero real diagonal elements, the polynomial f(t) = det(A +t A*) has a



multiple root tg = —1, but the origin may be either an interior or an exterior
point of F(A).

Remark 1 One may ask if for every matrix A such that the polynomial f(t) =
det(A + t A*) is identically zero, 0 is necessarily a normal eigenvalue of A.
This is not true as is illustrated in the following example. Consider the matrix
A=A, +iAg, with

0 0 O 0 2 1
Ah = 0 —4 0 and Ash = 2 4 2
0 0 1 1 21

Then the polynomial f(t) = det(A + t A*) is identically zero, or equivalently,
for every t € C, the matrix

0 2t t
A +tAg = 2t 4t —4 2t
t 2t t+1

is singular. It is easy to see that the eigenvector of Aj + t Ay, corresponding
to 0 is y(t) = [—2, —t, 2¢t]7. The Hermitian matrices A, and Agj, have no
common eigenvector corresponding to 0. Consequently, the matrices A and A*
have also no common eigenvector corresponding to 0, and 0 is not a normal
eigenvalue of A (see also Lemma 3.3 in [7]).

3 Matrix Polynomial Case

For the remainder of the paper, it is necessary to recall an algebraic criterion
for a scalar polynomial to have a multiple root. Consider a polynomial of the
form

gt) = aptt + a1t F L+t + g

and its derivative
gt = logt" '+ (1= Dag_ 172+ ...+,

where ag,a1,...q; € C and t is a complex variable. We define Dg the re-
sultant (Sylvester determinant) of g(t) and ¢'(t), that is, D, = detA,, where
Ay is the (20 —1) x (21 — 1) matrix

[ oy (I —1Day_q ay 0 0 ... 07
0 loy (-Daoy—1 ... o 0o ... 0
A = 0 log (—-Dog—r oo oo g
97| o o1 o 0o ... 0
0 (67} (7] (&%) 0

| 0 o7} a1 Qo |




The polynomial ﬁg = detA, is homogeneous in variables ag, a1, ... aq, of de-
gree at most 2/ — 1, and contains a factor «;. If a; # 0, then the quantity
D, = D,/a is said to be the discriminant of the polynomial g(t), and it is a
homogeneous polynomial in «ag, a1, ...q; of degree at most 2] — 2. Further-
more, D, = 0 if and only if g(¢) has a multiple root [12]. If oy =0, then D, is
assumed to be zero.

For an m x n matrix A = (a; ), consider the polynomial
f(t) = det(A+tA*) = apt” +an_1t" 14+ + it + g,

where a,, is allowed to be zero. Then every coefficient oy (¢ =0,1,...,n) is a
homogeneous polynomial in a; and @; 5 (j,k = 1,2,...,n) of degree at most
n. Hence, the discriminant Dy of the polynomial f(t) = det(A + t A*) can
be viewed as a homogeneous polynomial in a; and @;, (j,k =1,2,...,n) of
degree at most 2n(n — 1).

Let P(\) = A, ™+ ...+ A1)+ Ag be an n X n matrix polynomial as
in (1) with numerical range W(P) as in (2). In the following, we estimate the

point equation of the curve OW (P) generalizing somehow results in [1], [5], [9]
and [10].

Theorem 3 Consider a matriz polynomial P(X\) as above. Then the boundary
of the numerical range W (P) lies on the algebraic curve

{u+iveC: (u,v) € R? Dp(u,v) = 0},
where Dp(u,v) is the discriminant of the polynomial
Gp(t;u,v) = det(P(u+ iv) + ¢ [P(u + iv)]"), (5)

with respect to variable t. This discriminant is a polynomial (not necessarily
with real coefficients) in u,v € R of total degree at most 2n(n — 1)m.

Proof By Theorem 1.1 in [8], every boundary point p of W (P) satisfies the
condition 0 € 9F(P(u)). Thus, by Theorem 2, the discriminant Dp(u,v) of the
polynomial (with respect to ),

Gp(tyu,v) = det(P(u+ i) + t [P(u + iv)]*),

where (u,v) € R? and t € C, satisfies Dp(u,v) = 0 when u + iv € OW (P). The
matrix polynomial P(\) can also be written in the form

]91,1()\) P1,2()\) P1,n()\)
POy = pz,lz(k) pz,z‘:(k) pz,r?()\) ,
PaiD) Pa2d) oo Paa(V)

where the entries p; x(\) = p;jr(u+ i) (j,k = 1,2,...,n) are polynomials in
u,v € R of degree at most m. Therefore, the discriminant Dp(u,v) of the



polynomial Gp(t;u,v) in (5) is a polynomial in u,v € R of total degree at most
n(n—1m. 0O

It is worth noting that for the polynomial Gp(¢;u,v) in (5), we have

" Gp(t u,v) = det(t[Plu+ )" + Plu+iv)) = Gp(t;u,v).

Hence, ty is a nonzero root of Gp(t;u,v) with multiplicity k if and only if
to " is a root of G p(t;u,v) with the same multiplicity. Moreover, if the poly-
nomial Gp(t;u,v) is quadratic with respect to ¢, and for some (ug,vg) € R?,
G p(t; ug, vo) has a double root tg, then clearly [t9] =1 (see Examples 1 and 3
below).

Remark 2 If ug + ivg (up,v90 € R) is an isolated point of W (P), then by
Theorem 2.1 in [8], P(ug + ivg) = 0 and consequently, G p(t; ug, vo) = 0.

Our method is applicable to a “generic” matrix A or matrix polynomial
P(\) to compute the point equation of the boundary dF(A) or OW (P) as it is
illustrated in the following three examples. Notice that in the first example we
consider a known special case of matrices verifying Theorem 3.

Example 1 Let A be a 2 x 2 complex matrix. By Properties 1.2.3 and 1.2.4
in [3], we may assume that
a b
=10 L]

where a € R and b € C. Then for the linear pencil L(A) = IA — A, we have

GrL(t;u,v) = det(L(u+ i)+t [L(u+iv)]")
= ((u—1iv)? —a®)t* + (2u® + 20® — 2a% — D) ¢
+ (u +iv)? — a®.

The discriminant of Gp,(¢;u,v) is
Dr(u,v) = 4[b]*u® + (166> + 4[b]*)v? — |b|* — 4a|D|?,

and for b # 0, the algebraic curve Dy (u,v) = 0 is the ellipsis

4u? 4v?
0F(A) = ] C: R, ——— + —— =1
(A) {u+w € C: (u,v) € R, 12 4 O + e }

as in Theorem 1.3.6 in [3].

Example 2 For the 3 x 3 matrix

A:

o O O
o O O
S O =



consider the linear pencil L(\) = AX + I. Then the numerical range of L()\) is

W(L) = {XN1teC: e F(-A), \#0}
= C\{XeC: |\ <2}
The polynomial
Gr(t;u,v) = det(L(u+v)+t[L(u+iv)]")

= (t+1)?—(t+1)|u+iv’t
t+1)*+(2—u? =) t+1)

has a multiple root (which always has modulus equal to one) if and only if
u?+0? =4 or u? 402 = 0.

Hence, if Dy (u,v) is the disciminant of G (t;u,v), then the algebraic curve
Dy (u,v) =0 is the union of the origin and the circle

OW(L) = futiv € C: () € B, w2 427 = 1),

Example 3 Consider the quadratic matrix polynomial

1 02 11
p(A)_[O 0]/\ _[0 1]
The numerical range W (P) consists of two unbounded connected components,
and a few thousands of (mostly interior) points of W (P) are sketched in Figure

1. It is obvious that we cannot have a clear picture of W (P) and its boundary,
yet. The polynomial Gp(t;u,v) is given by

Gp(t;u,v) = det(P(u+iv) +t[P(u+iv)|")

(u? —v? =14 i2u) + (u? —v? — 1 —2uv)t -1 })
—1 —1-1

= —(u?—v?—1—i2uw)t® — (2u* —20? — 1)t
— (u? —v* — 1+ i2uv).

:det{

The discriminant of Gp(t;u,v) is
Dp(u,v) = —16u*v* 4 4u? — 40* — 3,

and the real algebraic curve Dp(u,v) = 0 coincides with the boundary of W (P)
and has two branches,

3 [ 4u2 — 3
, : 2 >£ — -
{u+zv€(C (u,v) € R*, u > 5 , v == 11160



and

3 4u? — 3
{u+iv€@:(u,v)€R2, ug—g, v = 4116%}

(see Figure 1). Notice that for every point (ug,vo) € R? such that Dp(ug,vg) =
0, the polynomial G p(¢;up,v0) has a double root

2u? — 203 — 1

B 2ug — 21](2) —2— i4UQUQ

to =

with [to] = 1. This explains why the curve Dp(u,v) = 0 is exactly the same
with the boundary OW (P).

~

~

IMAGINARY AXIS
A N o

'
&

0
REAL AXIS

Figure 1: An unbounded numerical range and its boundary.

Remark 3 The disciminant Dp(u,v) in Theorem 3 is a polynomial in real
variables u,v (of total degree at most 2n(n — 1)m) but its coefficients may be
non-real. Then we can write

Dp(u,v) = ReDp(u,v) +iImDp(u,v),

where ReDp(u,v) and ImDp(u,v) are real polynomials. As a consequence,
if T'(u,v) is the greatest common divisor of the polynomials ReDp(u,v) and
ImDp(u,v), then the non-isolated part of the algebraic curve

{(u,v) € R*: Dp(u,v) = 0}

coincides with the non-isolated part of the real algebraic curve of total degree
at most 2n(n — 1)m,
{(u,v) € R* : T'(u,v) = 0}.

(By the non-isolated part of an algebraic curve we mean the curve without its
isolated points).
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4 An Open Problem

Let P(\) = Ap A"+ A 1 A™ 1+ .+ A1 + Ay be an nxn matrix polynomial
with numerical range W (P) # C. Suppose now that the polynomial Gp(t;u,v)
in (5) is not identically zero and has the following irreducible form:

p2
Gp(t,u,v) = H Gh,j(u,v)] H (G2,;(t,u,v)] (6)

where Gy j(u,v)’s and Ga ;(t, u,v)’s are mutually distinct (up to constant mul-
tiple) irreducible polynomials in the polynomial ring C[t, u,v] with at least one
nonzero power of ¢t in every Go ;(t,u,v) (j =1,2,...,p2), and n;’s and m;’s are
positive integers. If m; > 2 for some j € {1,2,...,ps}, then the discriminant
Dp(u,v) of the polynomial Gp(t;u,v) (with respect to t) is identically zero
providing no information.

Suppose that there is a factor [Go ;(t,u,v)]™ in (6) with m; > 2. If for
every (u,v) € R? G ;(t,u,v) has no root on the unit circle of the complex
plane, then by the second part of Theorem 2, we can just take away this factor
and compute the disciminant of Gp(t;u,v)/[Ga,;(t, u,v)]™. Otherwise, we
consider the polynomial

p1 P2
G#tuv HGL]uv Hngtuv

The discriminant fo (u,v) of Gﬁ (t; u,v) (with respect to t¢) is a nonzero poly-
nomial in u,v € R, and it seems that the boundary of W(P) lies on the
algebraic curve Dﬁ(u,v) = 0, as in the Examples 4 and 5 bellow. Until now,
there is no proof known to the authors.

Example 4 For an n X n matrix polynomial of the form P(\) = p(\)I,,, where
p(A) is a scalar polynomial of degree m, it is easy to see that W (P) coincides
with the set of the roots of p(\) (with at most m elements). The polynomial
Gp(t;u,v) = det(P(u + iv) + ¢t [P(u + iv)]*) is of the form

Gp(t;u,v) = (p(u+iv) +tpu+ )™
Hence, the square free polynomial, with respect to t,
GE(t;u,v) = p(u+ iv) +t plu + iv)
is identically zero when p(u + iv) = 0, and it has a single root

p(u + iv)

t1(u,v) = — FOERT)

when p(u + ) # 0.

11



Example 5 Consider the linear pencil L(\) = IA — A, where

0
1
0
0

oSO = O

1
0
0
0

OO OO

Then the polynomial G (¢;u,v) = det(L(u + iv) + t [L(u + iv)]*) is given by

Grt;u,v) = (u— i)'t + (u—iv)?(4u® + 40 — 3) 13
+6(u? +v?)(u? +02 - 1)t?
+ (u + i) (4u® + 40 = 3) t + (u +iv)*
= [u+iv+ (u—iv)t]?[(u—iv)*t?
+ (2u? 4 20% = 3) t + (u +v)?],

and its discriminant Dy, (u,v) (with respect to t) is identically zero. Note also
that for every (u,v) € R?\ (0,0), Gr(t;u,v) has a multiple root

U+ v
t(u,v) = — h .
U — v
with |t(u,v)| = 1. By the above discussion, we consider again the square free

polynomial
Gf(t; u,v) = [u+iv+ (u—iv)t] [(u—iv)?t* + (2u® + 20% — 3)t + (u + iv)?].
The discriminant of Gﬁ (t; u,v) (with respect to t) is

Df(um) = 27(u? 4+ v?)(4u? + 40° - 3),
and the algebraic curve Df(u, v) = 0 coincides with the union of the origin and
the circle {u +iv € C : (u,v) € R?, u? +v? = 3/4}. One can verify that the
numerical range W (L) = F(A) is the circular disk

{u+iveC: (u,v) € R? u?+v? <3/4}.

12
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