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Abstract

The envelope of a square complex matrix is a spectrum encompassing region
in the complex plane. It is contained in and is akin to the numerical range in the
sense that the envelope is obtained as an infinite intersection of unbounded regions
contiguous to cubic curves, rather than half-planes. In this article, the geometry
and properties of the envelopes of special matrices are examined. In particular,
symmetries of the envelope of a tridiagonal Toeplitz matrix are obtained, and the
envelopes of block-shift matrices, Jordan blocks and 2 x 2 matrices are explicitly
characterized.

Key words: eigenvalue, envelope, cubic curve, numerical range, tridiagonal Toeplitz matrix,
block-shift matrix, Jordan block.
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1 Introduction

Let M,,(C) denote the algebra of n x n complex matrices. The classical numerical range (also
known as field of values) of a matrix A € M,,(C) is defined as the compact and convex set

FA)={z"Az € C: 2z € C", 2"z =1},

whose basic properties are presented in [7, Chapter 1]. Among them is the well-known spectral
containment property o(A) C F(A), where o(A) denotes the spectrum of A. Apparently, the
numerical range contains the convex hull of the spectrum, co{c(A4)}, which reduces to equality
in the case of a normal matrix A.
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For a matrix A € M, (C), denote by H(A) = AJFTA* the hermitian part of A and by

S(A) = A_QA* the skew-hermitian part of A. Then A = H(A) + S(A), and the matrices H(A)

and 1.S(A) are hermitian. Let also

51(A) = 65(A) = -+ > 5,(A)

be the eigenvalues of H(A) in a nonincreasing order, and y; € C™ be a unit eigenvector associated
with the largest eigenvalue §;(A4) of H(A). The eigenvalues of A that are vertices of co{c(A)}
are called extremal [11].

By [8] (see also [7, Chapter 1]), for any 6 € [0, 27), the line £y = {z € C: Rez = 6, (¢! A)}
is a right vertical supporting line of the convex set F(el A) = € F(A). Moreover, if () is a
unit eigenvector of H(e'? A) associated with its largest eigenvalue 1 (€!? A), then Ly is tangential
to F(e?A) at the point y}(6)(e' A)y; (), which lies on the boundary, denoted by OF(el’A).
By the convexity of the numerical range, yi(6)(e'?A)y;(0) € OF (e A) is a right-most point
of F(el?A), and F(e!?A) lies in the closed half-plane Hy = {2 € C: Rez < 61(e?4)}. As a
consequence,

F(A) = () e "Hs.
0€0,2m)

In other words, F(A) is an infinite intersection of half-planes, providing the most commonly
used method to draw the numerical range; see [7, §].

Consider now the real quantities
u(A) = Tm(y; S(A)y1) and  v(A) = [S(A)ull3,
where ||-||, denotes the 2-norm and |u(A4)| < |yiS(A)yi| < /v(A). In [1], Adam and Tsat-
someros introduced and studied the cubic curve
I(A) ={z€C: [(61(A) —Rez)” + (u(4) — Im 2)?*](d2(A) — Re z)

+ (61(A) —Rez)(v(A) —u?*(4)) = 0}, (1.1)
showing that all the eigenvalues of A lie to its left; namely, o(A) lies in the unbounded closed
region

Din(A) = {2z €C: [(61(A) —Re2)? + (u(4) — Im 2)?](62(A) — Re z)
+(61(A) —Rez)(v(A) —u?(A4)) > O} ,

which is a subset of the half-plane Ho = {z € C: Rez < §1(A)}. A description of the cubic
curve I'(A) is given in the appendix at the end of the paper.

Motivated by the above, a finer spectrum localization area that is contained in the numerical
range is introduced and studied in [10, 11], called the envelope of A € M,,(C) and defined as

EA)= [ e Tin(?A).
0€[0,2m)
One may immediately observe that £(A) is generated analogously to the numerical range F'(A),

by replacing the closed half-planes Hy with the regions I';,(ei? A), # € [0,27). Since, for any
6 € [0,27), e?a(A) = (e A) C Ty, (e!? A) C Hy, it follows that

c(A)CEA) = [ e Tim(e?A)C [ e "Hy=F(A).

0€(0,2m) 0e(0,2m)



The envelope £(A) is a compact subset of the complex plane (since it is a closed subset
of the compact numerical range F'(A)), but it is not necessarily convex or connected. It has,
however, a rich structure and it satisfies some of the basic properties of F/(A) and o(A) listed
next (see [10, 11]):

(P1) T(AT) = T(A4), T(4*) = T(A) = I'(A), E(AT) = £(A) and E(A*) = E(A) = £(A). In
particular, if A is real, then the curve I'(A) and the envelope £(A) are symmetric with
respect to the real axis.

(P2) For any unitary matrix U € M,,(C), T'(U*AU) =T'(A) and E(U*AU) = E(A).

(P3) For any b € C, T'(A +0bl,) =T'(A) +b and E(A+bl,) = E(A) + b, where I,, denotes
the n x n identity matrix and adding a scalar to a set means adding this scalar to every
element of the set.

(P4) For any r >0 and any a € C, I'(rA) = rT'(A) and E(ad) =a&(A).

(P5) If A is normal and 5\1, 5\2, el j\k are its simple extremal eigenvalues, then
E(A) = m e ¥{zeC:Rez<d(?4)} | U {;\1,5\2, . .,5\;@} .
0€[0,2m)

(Pg) If A1, g, ..., A, are the eigenvalues of A, then
(V{Tin(R"'AR) : R € My(C), det(R) # 0} C Ty (diag{A1, Aa,..., An})

and

(V{E(RT'AR) : R € M,(C), det(R) # 0} C E(diag{ 1, Az, ..., An})-

In this article, we study additional features of the envelope by turning our attention to
special types of matrices that have also been studied in the context of the numerical range.
In Section 2, we obtain the symmetries of the envelope of a tridiagonal Toeplitz matrix. In
Section 3, we construct explicitly the envelopes of block-shift matrices and Jordan blocks. In
Section 4, we prove that the envelope of any 2 x 2 matrix coincides with the spectrum of the
matrix. Finally, in Appendix A, we provide an alternative analysis of the cubic curve I'(A) that
complements the one provided in [1] and assists in the developments of some of the new results
herein.

2 The Envelope of a Tridiagonal Toeplitz Matrix

In this section, we investigate the envelopes of tridiagonal Toeplitz matrices that arise e.g., in
the numerical solution of differential equations; they have constant entries along the diagonal,
the superdiagonal and the subdiagonal, that is,

a b DY O
c a .o

Tn(c,a,b) = | € M,(C), bc#0.
0 c a



As shown in [5, Corollary 4], the numerical range of T),(c, a,b) coincides with the elliptical disc
{bz+cz: 2 € F(Jn(0)} + {a},

where J,,(0) is the n x n Jordan block with zero eigenvalue and its numerical range, F(.J,,(0)),

coincides with the circular disc D (O cos( +1>> centered at the origin and having radius

s
COS nti )

and also [6, 9]) are

)' see [14, Theorem 1]. Moreover, the eigenvalues of T),(c,a,b) (see [3, Theorem 2.4]

Aj = Aj(Tn(e,a,b)) = a + 2(be)*? cos (nj——:—rl> , j=12...,n, (2.1)

. . T .
and the corresponding eigenvectors x; = [x;1 j2 -+ ;] can be chosen to have entries

c\k/2 kjm
Tjk = (?) sin (n——|—1> , k=1,2,...,n. (2.2)

Clearly, A1, A2, ..., A\, are simple eigenvalues of T, (¢, a,b) lying on the (complex) line segment

. arg(b)farg(c) T s
! 2 1 —=24/|b — | < v <24/ —
{a—i—we |c|cos(n+1> <5< |c|cos(n+1>},

and they are located symmetrically with respect to point a.

The above fundamental results motivate us to consider in what follows the envelope of a
tridiagonal Toeplitz matrix.

Theorem 2.1. The envelope of a tridiagonal Toeplitz matriz Ty (c,a,b) € M, (C), bc # 0, is
symmetric with respect to point a.

Proof. Due to the translation property (P3) of the envelope, we have (T, (¢, a, b)) = £(T,,(c,0,b))+
{a}. Hence, without loss of generality, we may consider the matrix T}, (¢, 0,b) with bc # 0, which
we denote by T, for brevity. Then it suffices to prove that £(T),) is symmetric with respect to
the origin, which is true when T'(€!T,,) = I'(—¢'T,,) for every 0 € [0, 27).

Keeping in mind equation (1.1), it is enough to prove that for any 6 € [0, 27),
61(—6i0Tn) = 51 (eieTn), 52(—€i9Tn) = 62(€i9Tn),
v(=e?T,) = v(eT,), and u(—eT),) = u(eT),).

Denote () = bel? +ce= 19 6 € [0, 27r) By (2.1), the eigenvalues of the hermitian tridiagonal
Toeplitz matrix H(e!T,,) = 1T,,(8(0),0, 8(9)) are

5;(T,) | cos ( ) =1,2,...,n. (2.3)

Since (0 + ) = —B(0) for all € [0,27), (2.3) yields the first pair of desired equalities for the
eigenvalues.

By (2.2) and the formula 377, sin? (n+1> = 2+l a unit eigenvector of H(e'?T),) associated

with the largest eigenvalue 81 (e!T),) is

sin ( i
2 sin n2—j:1

() = D(0) _ ; (2.4)

sin (nJrl)




and a unit eigenvector of H(e!T},) associated with the smallest eigenvalue 6, (€%T},) is

nm

Sin n_+1
; 2 o sin ZLJ:;
Yn(0) e (9)

3 n27r
S (n—+1

n+1
2, —sin (727)

N———

\
—~
)
~

(=) sin (22

s\ (5o \"” 50\
D) = ding (W> (W> (W>

Observe now that y1 (6 + 7) = y, () is a unit eigenvector of

where

, . . 1
H('"*MT,) = H(=e"T,) = —H(e'T,) = —5Ta(5(9),0,5(0))
associated with its largest eigenvalue
61T = 6, (—eT,) = —6,(T3,).

One can also see that each entry of the vector S(e'T),)y; (0 +7) = S(eT},)y,(0) is either equal
to the corresponding entry of S(€!?T},)y; (0) (at the even positions) or equal to the corresponding
entry of S(eT),)y; () negated (at odd positions). As a consequence,

V(—eT) = [|S(—eT)yn (0 +)|[; = [|-S(ETn)ya(6)]),
= (S("T)ya(0)" (S(ETw)yn(9)) = (S(VT)y1(0))* (S(eT)y1(0))
= v(T,).

Moreover, it is straightforward to verify that
Yi (0 +m)S(eTa)ys (0 + ) =y (0)S (€ Ta)yn(0) = —yi (0)S(e”T)ys (9),
which yields
W(—e?T,) = Tm(y} (0 + m)S(—* T )ys (0 + 7)) = Im[— (3 (0)S(”T)1 (8))] = u(e“T),
completing the proof. O

Theorem 2.2. The envelope of a tridiagonal Toeplitz matriz Ty (c,a,b) € M, (C), bc # 0, is
symmetric with respect to the line

E(Tn(c, a, b)) = {a + ,Yei‘drg(b);rarg(c) e ]R} '



Proof. Without loss of generality, and for the sake of simplicity, we consider again the matrix
T, = Tn(c,0,b). We also denote 0y = w Then, the envelope £(T},) is symmetric with
respect to the line £(T,(c,0,b)) if and only if £(e71%T,) is symmetric with respect to the real
axis. By properties (P1) and (P4) of the envelope, we observe that

E(em10T,) = E(e7T,) < E(%T) = E(e™%T,) & E£(*T) = &(T,),
which equivalences hold when
D(el0+2007%) = D(T),) < T(e710+200)T, ) =T(eT,), V6 € [0,2n).
In order to verify the later equality on the cubic curves, it is sufficient to obtain that
81 (e71OF20)T Y = 5, (e9T,), 8a(e E+200) T ) = 5,(eT,),

V(efi(eﬂe")Tn) = v(eT),), and u(efi(eﬂe")Tn) = —u(T,)

for any 6 € [0,27). As in the proof of Theorem 2.1, consider the ellipse 3(0) = be'? + G,
6 € [0,27). Then, according to expression (2.3), the two largest eigenvalues of the hermitian
tridiagonal Toeplitz matrix H(e~'(0+200)T, ) = 177, (B(—0 — 26,),0, B(—6 — 26,)) are given by

—i 0 _ Jm
§;(e71OF200)T ) = |B(—6 — 26p)| cos (—n—i—l)

= (|b]> + |¢|* + 2Re((be)e2(T07200)))1/2 ¢ ( 1)
= (|62 + |¢|* + 2Re(|bc|e2—0790)))1/2 cos ( 1)
= (b +|¢)* + 2Re(|bc|ei2(‘9+0°)))1/2 coS ( )

= (|b]% + |ef? + 2 Re((bc)ei2)) /2 cos <n]—+1)

— Jao)eos (2
= 0;(eT,), j=1,2.

N———

Moreover, by (2.4), a unit eigenvector of H (e‘i(9+290)Tn) corresponding to the largest eigenvalue
851 (e~10H200)T, ) is given by

: s
S P

. 27
2 Sin i
y1(—0 — 20,) = ’/n—+1 D(—8 — 26y) A
sin (n"fl)

where D(0) is as in the proof of Theorem 2.1. To further simplify the exposition of our calcula-

tions, we denote
v(0) = be'? —ce 1?6 <0,2n)

and




Then, the following computations ensue:

h/(_g _ 290)| — [(be—1(0+200 _ 561(0+200))(56i(9+290) _ Ce—i(0+200))]1/2

_ (|b|2 (be)e —i2(64260) _ (E) i2(0+2600) 4 |c|2)1/2

_ (|b|2 |bc|612906712(9+290) |bc|e*i29°ei2(9+29°) + |c|2)1/2

= ([b* —2Re([bee* ") 4 [¢f?)1/2,

N = (ke —ee ) (Be™ — ce))V/?

= (b - ( ) 20— (be)e™ 4 |¢)1?
— (|b|2 |bc| 12906129 |bc|e—i2906—i29+ |C|2)1/2
= (Ib]* — 2Re(|bele® %)) 4 |¢[*) !/,

7(_9 _ 290)6(_9 — 290) (be—i(9+290) _ Eei(9+290))(56i(0+200) + ce—i(9+290))
— |b|2 + (bc)67i2(0+200) _ (E)ei2(0+200) _ |C|2
|b|2 + |bc|ei20067i2(9+290) _ |bC|67i2006i2(0+200) _ |C|2

[b]? — i2 Im([bc|e™(+0)) — |ef?,

TOBO) = (e — ) (bel” )
= |b]? + (be)e 2% — (be)e?? — |cf?
= |b|2 + |bc|e‘i29°e_i29 . |bc|ei2006129 _ |c|2

= b2 — 2 Tm(|be|eXOH00)) — |e]?,

7(_9 _ 29())% _ (be_i(0+20°) _ Eei(0+200))(56—i9 + Cei@)
|b|267i2(0+90) + (bc)efﬁeg _ (E)eﬁeg _ |C|26i2(0+90)

|b|2€7i2(0+90) _ |C|26i2(9+00),

and
Wﬂ(_e _ 290) _ (56710 _ ceie)(be i(64200) +ce 1(9+290))
|b|267i2(0+90) + (bc)e1200 _ (bc)efﬁeg _ |C|26i2(0+90)
= |p[2ei200+00) _ |¢|2i2(0+00).
Thus,

(=0 —200)| = [v(0)], (=6 —200)B(~0 —2600) = 1(0)3(6),

(=0 — 200500 = SBB(—0 — 260, and L0 200BCO=200) _ 2(0) B(6)

B(—0 — 26o) B



The above relations yield

. ) 2
V(671(0+200)Tn) _ H8(671(9+200)Tn)y1(_9 — 290)’
2
= —wl'D(=60—2600)" 18 (e OF200)T )2 D(—6 — 260 )w
1 (6)] —1(8)°B() T
4 0 4@ 0 0
0 |’Y(§)\2 0
—1(0)°6(6) 0 . . .
= wl 4B(0) _ wy
0 =v(9)"8(6)
48(0)
' I’Y(g)\2 0
—v(0)2B(6) 0)|2
0 Viﬁ)(e)( ) 0 |’Y(4 \ ]
= —wl' D(0)~1S(eT,)2D () wy
= HS e?T,)D(6) le
=[S Tym @),
= v(e leTn)
and
u(e 1OFWOT Y = Tm(yi(—0 — 260)S (e 1200, Yy, (—60 — 26,))
= Im (wlTD(—e —20p) 1S (e~ 1O +200) T, ) D(—9 — 290)w1)
) 4 —1/2 4 1/2
= Im|zwl'T, [ —(0) & ,0,7(0) &
2 p(0) p(0)
= Im (wlT D(0)-15(e"T,,)D(0) wl)
= —Im (wipD(G)_lS(ean)D(G)wl)
= —u(eT,),
completing the proof. O

Example 2.3. Consider the 5 x 5 tridiagonal Toeplitz matrices T5(2+ 3i,0, —1 —1) and T5(2 +
3i,0,0.8 —1i). Their envelopes are illustrated by the unshaded areas in the left and right parts of
Figure 1, respectively. The envelope of T5(2+43i, 0, —1—1) consists of three connected components,
the envelope of T5(2 + 3i,0,0.8 — i) is connected, and the eigenvalues of the matrices are marked
with +’s. The symmetry results in Theorems 2.1 and 2.2 (with respect to the origin and the
straight line determined by the eigenvalues) are confirmed. It is worth noting that the numerical
range appears, as a by-product of our drawing technique, in all of our plots of an envelope; indeed,
the numerical range is depicted as the outer outlined elliptical region.



Imaginary Axis
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Real Axis Real Axis

Figure 1: The envelopes £(T5(2 + 31,0, —1 — 1)) (left) and £(T5(2 + 31,0,0.8 — 1)) (right).
3 The Envelope of a Block-Shift Matrix

A square matrix of the block form

0 4 0 0
0 0 A 0

A= , (3.1)
0 O 0 A,
0 O 0 0

with m > 1 and the zero blocks along the main diagonal being square, is called a block-shift
matriz. The next lemma can be found in [13] (see Theorem 1 and Remarks 2 and 4), and it is
stated here for the sake of completeness.

Lemma 3.1. Let A € M,,(C). The following conditions are equivalent:

(i) A is permutationally similar to a block-shift matriz.
(i1) For every nonzero a € C, A is diagonally similar to aA.

(iii) There is a nonzero a € C, which is not a root of unity, such that A is diagonally similar
to aA,

(iv) For every 6 € [0,27), A is unitarily diagonally similar to e® A.

Lemma 3.2. Let A € M, (C). Then A is permutationally similar to a block-shift matrix if
and only if for every 6 € [0,27), there exists a unitary diagonal matriz Uy € M,,(C) such that
H(A) =U;H(A)Uy and S(A) = Uz S(e? A)U,.

Proof. By Lemma 3.1, A is permutationally similar to a block-shift matrix if and only if for
every 6 € [0,27), there is a unitary diagonal matrix Uy such that A = U el AUy, or equivalently,
H(A) =U;H(e A)Up and S(A) = Uy S(e'® A)Us. O



Using the above lemmas, we are now able to show that the envelope of a block-shift matrix
is a circular disc centered at the origin.

Theorem 3.3. Let A € M,,(C) (n > 3) be a block-shift matriz. Then E(A) coincides with the

circular disc D(0, R) centered at the origin, with radius

R= (6%<A> ~ (VB A )~ 5 - \/v<A>)2) "

Proof. Suppose A € M,,(C) is a block-shift matrix as in (3.1). Lemma 3.2 asserts that for any
0 € [0,2m), H(eA) = UpH(A)U; and S(e?A) = UpS(A)U; for some unitary Uy € M,,(C).
Thus, the eigenvalues of H(e'? A) remain constant (independently of the angle 6 € [0,27)) and
equal to 61(A) > dz(A4) > -+ > 6,(A).

Consider a unit eigenvector y; of H(A) associated with the largest eigenvalue d;(A). Then
Upy is a unit eigenvector of H (el A) associated with d;(A), and hence,

V(e 4) = [|S(e 0o, = U35 A)an|; = 15 (A)mall; = v(4)

and
u(e? A) = Im(y; Uz S(e* A)Upy1) = Im(y; S(A)y1) = u(A).

It follows that all rotations of A have the same cubic curve; that is, I'(el? A) = T'(4) for all
6 € [0,2m).

We are now interested in the type of the cubic curve I'(A). It is known by [12, Theorem 1]
that F'(A) = D(0,7(A)), where r(A) is the numerical radius of A. As a consequence, d;(4) +
iu(A) = r(A) > 0 (the right-most point of F|(A)), u(A) =0, and (1.1) takes the form

I(A) = {z€C: (62(A) — Rez)[(61(A) — Re 2)% + (Im2)?] 4 (01(A) — Re 2)v(A) = 0}. (32)

Recall that I'(A4) is symmetric with respect to the real axis (see [10] or the appendix below),
and every eigenvalue of A lies to the left of the curve. Since A has only the zero eigenvalue of
multiplicity n > 3, Theorem 3.2 in [10] ensures that I'(A) is connected with no closed branch.
These observations lead us to the conclusion that, carrying out the rotation of I'(A) about the
origin, the envelope £(A) coincides with a circular disc centered at the origin.

The radius of the disc can be determined by calculating the shortest distance from the
origin to the curve I'(A). To achieve this, we have to minimize d = /52 + 2, or equiva-
lently, d?, subject to s +it € T'(A) (s,t € R). Since the curve I'(A) lies in the vertical zone
{s+iteC: s,teR, §z(A) <s<6(A)}, (3.2) can be written as

I'A)={s+iteC: s,t € R, f(s,t) =0},
where

(1(4) = s)v(4)

f(s,t) = (01(A) —s)* + 12 + 5 (A) —

Solving f(s,t) = 0 for d? = s? + t?, we obtain

&> = d(s) = 01(A) (25 — 61(A)) —

10



Hence, minimizing d? subject to f(s,t) = 0 is equivalent to minimizing d? with respect to s,
with d2(A4) < s < 61(A). Therefore,

v(A)(61(A) — 52(A))
(02(A) — 5)?

(d*(s)) = 261(A) — =0

results into
61(A) — d2(4))
201(A)

(B2(A) — 52 = YA (> 0),

and due to d2(A) < s < §1(A), we have

Hence, the minimum distance is

Ro= (20(4)5(4) — 5, (A1 —v(4) + 2 VARG =)
o\ 1/2
= (6 - (VIR m ) o) - Vi) )
and the proof is complete. O

Remark 3.4. As mentioned in the above proof, the numerical range of a block-shift matrix
is also a circular disc centered at the origin [4, 12, 13]. The numerical radius of a block-shift
matrix A is r(A) = 61(A). Hence, it is straightforward to verify that

r(A) — B = (VErAA) ~ 5(A) - Vi)

Example 3.5. Consider a 6 x 6 block-shift matrix as in (3.1) with m = 3:

000 -1 0 0
002 i 0 0
q_l000 0 20
000 0 3i 0
000 0 0 5
000 0 0 0

The envelope £(A) is illustrated in Figure 2 by the unshaded area, exhibiting the circular shape
proven in Theorem 3.3. Its radius is R = 2.7416 since §; = r(A) = 3.1495, J; = 0.9522 and
v(A) = 4.7094. The zero eigenvalue of A is marked with a 4+ and coincides with the center of
the circle.

We next apply Theorem 3.3 to determine the envelope of a Jordan block with zero eigenvalue.

Theorem 3.6. Let n > 3 and consider the n x n Jordan block

Al 0

Jn(\) = C | aec

11
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Figure 2: The envelope of a block-shift matrix.

The envelope E(Jp(N)) is the circular disc D(\, R) with radius

—451 + 262 +2(n+1)0102 + 65 — n
n+1

461 — (n+3)02 — 62 +n

R:
n+1

+2 \/251(51 — 5)

where §; = cos (nj—fl), j =1,2. Moreover, for n =2, E(J2(\)) = {A}.

Proof. Denote by J,, the basic n x n Jordan block J,,(0). By the translation property (P3) of

the envelope, we have
E(Tn(N) = E(Jn + M) = E(Tn) + A

By Theorem 3.3, £(J,,) = D(0, R,,), where

Ry = (20(1)8(02) = 83(h) = V() + 2 VARG ) — 8000 - (33)

In the sequel, we will compute the quantities d1(J,,), d2(J,) and v(J,) = HS(Jn)yng, with y;
a unit eigenvector of H(J,) corresponding to d1(Jy,).

Following the notation given in the previous section for tridiagonal Toeplitz matrices, we

notice that H(J,) = T, (3,0, 3) and its eigenvalues are given explicitly by (2.1); that is, §;(J,) =

coS (nj—:l), j=1,2,...,n. Moreover, a unit eigenvector y; of H(J,) associated to é1(J,) can
be readily calculated by (2.2), that is,
2 : s : 2T : nm T
Y1 = ] [Sln(n—_’_l) sm(n—H) sm(n—_ﬂ)} .
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As a consequence,

) =180l = 1 (=503 ) |
[ 1 0 —3 0 0]
o 1+ o -1
403 0 | [
[sin(nL_H) sin(n"—&)} _
—% 0 % 0 _% Sin(n"—fl)
S SN
L 0 e LU
[ Loin (27) — Lsin (25
%sin n2—+1 %sin f—fl
—isin (ﬁ) + %sin (ng—j:l) — isin (f—j:l)
i) - 45 -
—2sin ((”nfl)”) + £ sin ((nnfl)”) — Lsin o
—% sin ((nnfl)ﬂ + %Sin ((nnjrll)”)
1 sin (("n_fl)w) + § sin (n"—fl)

. T 1 . T 1 37
[sm(nﬂ) (Zsm(nﬂ)_zsm(nﬂ))
. 2w 1 . 27 1 . 4
—|—sm(n+1)(§sm(n+1) ZSln(n—l-l))
. 3T 1. 0 1. 3r 1.
—|—sm(n+1) <_Zsm(n+1>+§sm<n+1>_Zsm
. —2) 1 . n—4)mr 1 . n—2)mw
—|—sm<(n+1) )(—151 <(n+1) >—|—§sm<7(n+1)
. n—1)m 1 . n—3)m 1 . n—1)m
—|—sm<(n+1) )(—151 ((n—l-l) )—1—55111(7(”_’_1)
v (35) (o () o (5
n+1 4 n+1 4 n+1
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sin n|——)sin
+ n+ n+

+1 sin? 27 1 i 27 i 4

— sin — —sin in

2 n+1 4 n+1 n+1

1 1 . 3 . 5
— —sin sin
4 n+1 n+1
m=2)r\ . [((n—4)7 1 . 5((n=2)7 1. ((n=2)7\ ., nmw
] Sin ] +2sm ] —4sm 1 Sin ]
sin (n = 3)r + 1 sin? 7(71 — Ur
n—+1 2 n+1
nm i (n—2)m n 1 sin? nm
in | —% — sin
n+1 n+1 4 n+1
= ; sin? il +2§sin2 j—w + sin? o —27§sin ]—F sin M
2(n+1) n+1 = n+1 n+1 =~ n+1 n+1
n—2 . . 2

B 1 . Jm G+ )7 .o f 2w Lo f(n—=1)m
= 2(n+1) Z(sm(n+1> sm( 1 —+ sin ] —+ sin ]

Applying now the sum-to-product trigonometric identity, and keeping in mind the relation

| | Lo
zcos (%)—n_zsm (_):n_”; -1

v(J) = ﬁ 7§4 (sin2 (nj—l) cos? (%)) + 2 — cos? <n247:1

Jj=1

" o Jm 9 us o mm
ZCOS — cos — cos
— n+1 n+1 n+1
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Substituting §; = 0,(J,) = cos (ﬂ), j = 1,2, into the above, we obtain

n+1
v(J,) = %[4(1—53) <"—_1—25f>+2—25§]
2(n+1) 2
= nil{2(1—éf)<n7_l—2éf>+l—6§]
= nil[(1—5f)(n—1—46%)+1—5§]
= nil[45§l—(n+3)5f—5§+n}.

In turn, we substitute the above expression for v(.J,) into (3.3) to derive

461 — (n+3)0% — 85 +n
n+1

461 — (n+3)02 — 65 +n
n+1

R? 20105 — 67 — +2 \/251(51 —85)

—451 4+ 202 +2(n+1)0102 + 65 — n

4 Y
_ +2\/251(51—52)461 (n+3)07 =9y +n

n+1

n—+1

01

For the 2 x 2 Jordan block Jy = {O 0

} , we have

2
=1/4.
2

b=t =172 =0 s =0, 2 [V2

According to the discussion in the proof of Theorem 3.3, the curve I'(¢!?.J5) remains unchanged
during all rotations 6 € [0, 27), with equation

1

and discriminant A = (§; — §2)% — 4(v(J2) — u?(J2)) = 0. Taking into account the case (b)
of the classification mentioned in the appendix, the curve is singular with a node at the origin
(0,0) = (@, u). Hence, the rotation of the curve about the origin yields £(.J;) = {0}. O

<Rez—%)2+(lmz)2 +£<Rez—l) =0 (3.4)

4 The Envelope of a 2 x 2 Matrix

In this section, we derive that the envelope of every 2 x 2 complex matrix coincides with the
point set of the spectrum of the matrix.

Theorem 4.1. Let A be a 2 x 2 complex matriz. Then E(A) = o(A).

Proof. According to Schur’s triangularization theorem, A € Ms(C) is unitarily similar to an

upper triangular matrix T = {g\ a} , where A and g are the eigenvalues of A, and a € C.
1

If & = 0, then by [11, Corollary 4.2], £(A) = E(T') = o(A).
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If & # 0 and A\ = p, then properties (Ps), (P3) and (P4) of the envelope yield
E(A) =E(T) =EM 2 + ad2(0)) = A+ a€(J2(0)) = {A} = o(A).

Suppose now that o # 0 and A # p. By Lemma 1.3.1 in [7], there exists a unitary matrix
U € M;(C) such that

. tr(T) L N |c|eifs
v (=) v=[a o= Lo 0]

for some ¢,d € C and 61,65 € [0,27). Consider the unitary matrix V =

T - I = ¢ :
VU < 5 2> UV =¢" 2 [|d| 0

0
i9291‘| for which
e~z

Due to the unitary invariance property (P2) and the translation property (Ps) of the envelope,

it follows that
;01469 0 |C| tI‘(T)
A)=¢"z .
e = (g ]) + 5

If cd = 0, then we get one of the trivial cases discussed above. Thus, it suffices to describe the

|2| |Sq, with ed # 0. Notice that ++/|cd| are the eigenvalues

of B. Moreover, using for brevity the notation 6,4 = 6,;(¢'?B) (j = 1,2), ug = u(e'?B) and
vg = v(e? B), we have

envelope of the matrix B = [

EB)= () e Twn(c’B), (4.1)
0€[0,2m)

where
Tin(€?B) = {s+ite C: s,t R, (62,0 — 5)[(01,0 — 5)> + (wg — t)*] + (d1,6 — 8)(vo —ug) > 0} .
Next, observe that

y 0 eie|c|+2efie\d| " 0 eie\c\72efie\d|
H(e'B) = el 1 ] , S(eYB) = el 4]
2 0 2 0
el 4 e 19d 2+ |d|? + 2|cd]| cos(26
i 5y = gy = [T _ T Aol o) w2
as well as that a unit eigenvector of H (¢!’ B) corresponding to the eigenvalue 01,0 is
V2 1
yl,é’ = T efie|c|+ei9|d\ .
2010
Hence,
; 2 1, o2 e+ |d? — 2|ed] cos(26)
vo = ||S(Byyroll, = 7 [e“le] — e ld]|” = - (4.3)
and
i0 —i6
. . i 1 %ol e—if]g 0 e lel—e”"|d| 1
e = ylves(e GB)yl’e = 9 [1 %} [e‘9c+eied| > e el +e?|d]|
’ 2 0 2010
1 i —i —i i —i i i —i
= 8519[(6"|C|—e ®ld])(e™e| + €ld]) — (e |e| — e*[d])(e|e] + )]
. |ed] sin(20)
= i—". 4.4
e (4.4)
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It is apparent from (4.1) that

im im im im

E(B) CTim(B) Ne 2Tin(e? B) Nezli(e” 2 B).

To prove that the above intersection coincides with the spectrum of A, we need to calculate the
quantities (4.2), (4.3) and (4.4) for the angles 6; =0, 6 = § and 03 = —7, that is,

cl +|d c d
o= M (oMY g

and

c[—|d e + |d|\?
517% :517_%:L2|||7 v = vV_ :(||2| |> , u

For ; = 0, the discriminant of the cubic curve I'(B) is Ag = (d1,0—02,0)%> —4(vo—u3) = 4|cd| > 0.
From the case (a) described in the appendix, it follows that the region

(ME
w3

Lin(B) = {s+it € C: s,t €R, (s +51,0)t* < (610 — 8)(s* — |ed]) }

comprises two branches; a closed bounded branch lying in the vertical zone
{s—l—ite(C: Ved| §s§5170,t€R}

and an unbounded branch lying in the closed half-plane {s +iteC: s<—y/|cd|, t € R}.

For 62 = 5 and 03 = —7, the cubic curves F(eiTﬂB) and T'(e~ % B) are identical, and their
common discriminant is Az = A_z = (01,7 — 52}) - 4( vz — u%) = —4led] < 0. The case

(e) in the appendix reveals that I';, (e B) = Iy, (e~ % B) is an unbounded region lying in the
closed half-plane {s +iteC:s<d,z,t€ R}. As a consequence, we have the rotations

im im

e 2ly(e2B) = {s—|—1t€(C s,t € R, (s—|—51 )2 < (6 1,z — 8 s) (s* + |ed])}
= {s+1t€(C. s,t €R, (61,2 —t) s* < (61,2 +1) (t* + |ed]) } (4.5)
C {s+iteC:seR t>—-bz}

and

e%Fin(e*%B) = €% {s+iteC: s,teR, (s—|—51 ) t? S(dlg—s) (s* + |ed]) }

= {s+iteC:steR, (01,2 +1t)s* < (01,2 —t) (t* +cd])} (4.6)
C {s+iteC:seR t<dz}.

By (4.5) and (4.6), it is now clear that both regions e~ % Iy, (e
symmetric with respect to the imaginary axis. Moreover, e
e i, (e” % B) with about the real axis and the origin.

s B) and e3Tin(e™ % B) are
%1" ( B) is a reflection of

It is straightforward to identify the points at which the curves e~ ¥ '(es B) and e 2 I'(e~ % B)
meet. Indeed, the equations
(61)% — t)82 = (517% —|— t)(t2 + |Cd|) and (517% —|— t)82 = (61)% — t)(t2 + |Cd|) (47)
yield readily that
s? =12 + |cd|. (4.8)
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Figure 3: The curves I'(B) (solid curve), e~ 7 I'(e 7 B) (dashed curve) and e'2 I'(e~ % B) (dotted

curve) intersect at the eigenvalues of B.

Substituting (4.8) into any of the two equations in (4.7) implies that ¢ = 0. As a conse-
quence, the curves e~ 2 I'(eZ B) and e 2 I'(e ™2 B) intersect at ++/|cd|, and thus, the intersection

e 5T, (eF B)Ne T Ty (e % B) lies in the vertical zone {s +iteC: —/|ed| < s < y/led], t € R}.
Hence,

im im

T;n(B) N e FTi(e?B) N e3Min(e % B) = {£/|cd]} = o(B),

and the proof is complete. O

Our last example illustrates the observations in the above result and the concepts in its
proof.

Example 4.2. Consider the 2 x 2 matrix B = {g (2)}, with spectrum o(B) = {—4,4}. The

curves T'(B), e 3 T'(e% B) and e3 (e~ % B) are illustrated in Figure 3 by the solid, dashed
and dotted curves, respectively. As one may observe, they all meet at only two points, the
eigenvalues of B, which are marked by *’s.

Appendix A An Alternative Analysis of I'(A)

The cubic curve I'(A) defined in (1.1) is introduced and studied in [1] and subsequently led to
the consideration of the envelope in [10, 11]. In this appendix, we present an alternative analysis
and classification of I'(A), used in the main part of the paper.

By definition, I'(A) is the locus of the points z = s +i¢, with coordinates s € [d2(A), d1(A)]

18



and ¢ € R, such that fa(s,t) =0, where
Fa(s,t) = [(01(A) = 8)” + (u(A) = 1)*](52(A) — ) + (51(A) — 5)(v(A) —u?(A)) (A1)

is a real polynomial in two variables of total degree 3. Changing variables s — x + J2(A) and
t — y+u(A) in (A.1), converts fa(s,t) = 0 into a more amenable equation. In particular,
consider

Fa(z,y) = —a°+2(01(A) = 62(4))2” — [(61(A4) — 62(4))* + v(4) — u*(A)]z
+(01(A4) = 62(A))(v(4) — u?(4)) — ay?,

and let us denote a(A4) = §;(A4) — 52(A) > 0 and B(A) = v(A) —u?(4) > 0. Then (A.1) is
transformed into its canonical form with respect to the new coordinates z € [0, «(A)] and y € R,
that is,

Fa(z,y) =0,

or equivalently,
2y? = —2% + 20(A)2? — [0?(A) + B(A)]z + a(A)B(A),

or equivalently,

ry? = —(x — a(A)(2? — a(A)z + B(A)). (A.2)

According to Newton’s classification of cubic curves [2], (A.2) belongs to the class of defective
hyperbolas. The curve has only one real asymptote, the vertical axis © = 0 (or s = d2(A)) and
it is symmetric with respect to the horizontal axis y = 0 (or ¢t = u(A4)). The cubic polynomial
P(z) = —(z — a(A))(2? — a(A)z + B(A)) has at most three real nonnegative roots, the nature
of which classifies (A.2) into five different categories. Specifically, we consider the discriminant
A = a(A)? — 4B(A) of the quadratic factor of P(z), and we distinguish the following cases:

(a) Suppose that P(z) has three distinct positive roots

= a(A), = CA VA W VA

2 2

In this case, A > 0, §;1(A) > §2(A) and v(A) > u?(A), and T'(4) is a conchoidal hyperbola
with an oval at its convexity. The oval forms a bounded region lying in the zone oriented by
the vertical lines determined by the roots x; > x2, while the hyperbola forms an unbounded
region lying in the left half-plane determined by the root x3; see Figure 4(a).

(b) Suppose that P(x) has two equal positive roots

xlza(A)>@:x2:x3.

In this case, A = 0, §1(A) > §2(A4) and v(A4) > u?(A4), and I'(A) is a curve where the
conchoidal hyperbola and the oval coalesce (folium of Descartes), intersecting each other at
the node (z2,y(z2)) = (@, O); see Figure 4(b).

(¢) Suppose that P(x) has only the zero root
r1 = Ty = X3 = 0.

In this case, A = 0, §;(A) = d2(A) and v(A) = u?(4), and I'(A) coincides with the vertical

axis ¢ = 0.
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Figure 4: Different types of cubic curves (A.2), corresponding to the cases (a) A >0, (b) A =0
and (e) A <O0.

(d) Suppose that P(x) has two equal positive roots

= 3.

xlzxzza(A)>#

In this case, A > 0, 6;(A4) > 62(A) and v(A) = u?(A), and I'(A) degenerates to the vertical
axis x = 0 with an isolated point-acnode (z1,y(z1)) = (a(4),0).

(e) Suppose that P(x) has only one real root
x1 = a(A).

In this case, A < 0, 61(A) > §2(A) and v(A4) > u?(A), and I'(A) is a pure conchoidal curve
(degenerating to the line z = 0 whether 61 (A) = d2(A)) with no oval, node or isolated point;
see Figure 4(e).

The aforementioned description verifies that I'(A) is a nonsingular curve in cases (a), (¢) and
(e). An essential attribute of a nonsingular cubic curve is the measure of how much it deviates
from a straight line, namely, its curvature. Affine transformations preserve the curvature, and
therefore, we shall use the curvature formula for F4(x,y) = 0 in (A.2). The symmetry of the
curve with respect to the horizontal axis y = 0 permits us to restrict to the positive quadrant
and specialize to the curve

T

y=y(z) = \/<O‘(A) _ 1> (22 — a(A)z + B(A)) >0, (A.3)

at which we apply the curvature formula

ly" ()]
((y'(2))? +1)3/2
Now we want to find out how large x(z) can get. Our search for maxima starts studying the
critical points of k(x), which occur at points z € [0, «(A)] where the first derivative

y" (@) + (' (2)?) = 3y’ (2)(y" (x))
((¥'(x))? + 1)°/2

r(x) =

k' (z) =
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vanishes. Thus,
y" (@) (1 + (' ())?) = 3y (x)(y" (2))* = 0. (A.4)
Using ordinary differential calculus in (A.3), we calculate (for z,y # 0)
=223 + 2a(A)x? — a(A)B(A)
2x2y

y'(x) =

)

B(A) [4904 —12a(A)z3 + 1202 (A)z? — 4a(A)(a?(A) + B(A))x + 3042(A)B(A)]

" _
y ((E) - 4:174y3 )

y"(x) = 3a(4)B*(4)
—20z* + 50a(A)z® — (4202 (A) + 8B(A))z? + 12a(A)(a?(A) + B(A))z — 5a*(A)B(A)

86y>
xr — aA))°

If we substitute these derivatives into (A.4), we derive
(—2x + a(A))(4z* — 8a(A)z® 4+ 6a*(A)x? — 203 (A)z + o*(A)B(A)) = 0.

So the critical points of x(z) are © = o4)

5—, or the real roots of the quartic polynomial

Qx) = 4ot — 8a(A)x® + 6a%(A)x? — 203 (A)x + o (A)B(A).

Using Sturm’s theorem, we can count the number of distinct real roots of Q(x) in [0, «(A4)] in
terms of the number of variations in sign of the values of the Sturm’s sequence at the endpoints
of the interval. Hence, we firstly compute the Sturm sequence for Q(x):

Qo(z) = 4a* —8a(A)x® + 602 (A)2* — 203 (A)x + o?(A)B(A),

Qi(z) = 162° —24a(A)2? + 12%(A)z — 2a°(A),
Qa2(z) = # —a?(A)B(A) = %.

Then we evaluate {Qo(x),Q1(x),Q2(z)} at = 0 and 2 = a(A), and we obtain S(0) =
{aQ(A)B(A), —a?(A), OFSTA)A} and S(a(A)) = {a2(A)ﬁ(A),a3 (A), O&TA)A}, respectively. The

curve y = y(x) in (A.3) is nonsingular whenever A > 0 or A < 0. Therefore, we have:

1. If A > 0, we can see by case (a) that (A.3) is the upper half of a conchoidal hyperbola
a(A);\/Z} U [Q(A);\/Z,Q(A)

the curve attains its maximum curvature lies on the oval and occurs at one of the two
distinct real roots of the polynomial Q(z). This is due to the fact that S(0) = {+,—,+}
contains 2 sign changes whereas S(a(A)) = {+, 4+, +} has no sign change. Also, the value
z =24 does not verify y = in (A.3

== yy =y(z) in (A.3).

and an oval with =z € (O, . Evidently, the point at which

By the fundamental theorem of algebra and the fact that the non-real roots of any
polynomial equation come in complex conjugate pairs, we expect exactly two real roots
0<m <z <a(d) of Q(z) = 0.

2. If A < 0, then (A.3) is the upper half of a pure conchoidal curve with no singularities in the
interval [0, «(A)] (see case (e)). Apparently, Q(z) has no real roots, since S(0) = {+,—, -}
contains 1 sign change, as well as S(a(A)) = {+,+, —}. This implies that the maximum

a(A)

curvature of the curve occurs at the point (z,y) = (T? —V;A)
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Likewise, we also consider the symmetric points with respect to the axis y = 0 and sum up the
aforementioned approach in the next proposition.

Proposition A.1. Let A € M, (C). Suppose that the cubic curve I'(A) defined in (1.1) is
nonsingular and §1(A) > d62(A). If A < 0, then the mazimum curvature of I'(A) occurs at the

points w +i (u(A) + @) If A >0, then the mazimum curvature of I'(A) occurs at
the points z € I'(A) such that Re z is the largest real root of the polynomial
Q(s) = (5—01(A))(s — 02(A4))[(25 — 01(A) — 62(A))* + (31(A) — 62(A4))?]
1
+7(01(4) = 3:(4))*[(51(4) — 85(4))* - Al.
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