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��owk}hx{i��byp k ó oyknr Elnegoqj hxoyk�j vxbypcowk³�c{i~qbweaj ���m~aj _neqr�hz��l��/�!�
st_n�qvxbyj­b�stkn��uwe|���a�­�Êp lëln����j ��kiegknhxfi��la�
ego|{U��l�jtb�snpnltstbyj ���ieaj hx{U{Qktstk�p l"hzb���_a`cb
hx{i��byp k

A
owknr E lnegoqj hxowk�j vzp �qbyj�owk�~aj _neqrg�hz��l

OA
oyknr D0

��l�jnlnegoqj hxog�q�n�����a�^g!k�~aj _neqr�hz��l
OA

�iu�d�b�oyl�jnhzr�egfg`z��� c2%(�*),+�À
-
./'§X�¦�-6¯*7 f c2%('*),+�-
./'102%43�¢k'13*02Z>)�' owknr�hx{i��byp knr � ��¥���k"bw�cln�q��knhxog_Q~aj lneq�g�
hz��ltowl³stknrDuwvxknr�e�o|{iemp ~aj l�~aj bw�|`cr�eqhx{m�iu�d�kiegoyl�j -q+o<q<
��'*./.�%436� lne"�n�ap hx��kiegowl�j
b�st_neg�Õhxo|{ie»p ~aj lQbwr|`cbyp l|·.hzv�fi��l���� Bo·.l ¸ ��·Ø� ¸�¸ f `*'1���1non�¯1n�' lneS�n�ap hx��kiegowl�j�b�st_neg�hzb�siln�q_t����{��ibw��bwr|`cbyp bw�p·.hzvxfi��l&��� Bo· d ¸ ��·.~ ¸�¸ � � emoylO~aj lneg��hz��ltoyl AB

��l�j
Γ∆byp eql�j�stln�q_t����{��il�`cl7d��q_n�cknr���b

AB//Γ∆.
?�j ~aj ����ogbw�qlz��~q��k³stln�q_t����{��il7f³hzrqd��

élê�ërì1ípî�ï ^2ñ�élù þ�þ ôRí,ì1ì*÷ ��õ�V_�[í,ôRõ��#��ö#�rí�=a÷ í,ýL	 ÿ ì1í��ûí
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d��qln���Êj ��_D~aj lneq��hz��ltowl
AB

��l�j
Γ∆

�iu�d�kiegoyl�j :*./5*����:1`1' ·.hzv�fi��l���� Bo·.l ¸ ��· d ¸�¸ �lnegoqp hxowk�j vxl '*),02Z\����:1`1' ·.hzv�fi��l���� Bo·Ø� ¸ ��·.~ ¸�¸ �ilne!k�ji{i�Êj bwr|`cbyp bw� � HH��l�j Γ∆
uwvxknr�e

o|{ie�p ~aj l���lnegoqp hxoyk�j vxl�lnegoqp `cb�o|{x�x�ckn�q_�� � e�k�jz~aj bwr|`c��eqhzbyj �!~q��k�~aj lneqr�hz��_tow��eUbyp eql�j
��_a`cb�ogbw�a��owl�~aj lneq��hz��ltoyl�`clQ�iu�d�kiegoyl�j 36��X�Ya0r' f :*�aX�:2<«�W)2%(' ��l�jq`cl�d��q_n�cknr���bRæ
AB⊥Γ∆.

]!� Y (a`cb*ã&�db6ßS� Plân�U��ã!T�à®��#��
g!l³bw�cln�q��kthxog_D~aj lneq��hz��ltoylDvx�g{ih�j ��ktstk�j kn��egowl�jchxo|{fe\r�h�j �nf�dcj lDo|{ie}stln�q_nhxoylnhx{
��b�d�b«`���e��tsi���Ubyp eql�j�{}~q��eqln�c{�hzb»uweql�hx{i��byp k���{�oylnvx�ao|{�oyl�bweq�n��ra�tj ��kn��hx{i��byp knr
hzb���_tstk�j kQhx{i��byp k"o|{i�$og�qk�vzj _n��oyknr��r�qbw�qdz{Q~qr�eq_n��b���e$�c� �x� sz�«�»st_n�qvxknr�e��n�c������l�j
�cr�h�j ��uw�U��ltowlnhxog_nhzbyj �Uhxoqj �Qktstk�p bw�U{�stln�q_nhxoylnhx{�bweq�n����b�d�u«`cknr��U�cstkn�qbypceql�dcp eqbyj
j hzkn~q��eqln��l�ltst�7~aj _n�ckt�qlm��b�owl,�q�}oyknr���bw�cln�q��knhxog_m~aj lneq��hz��ltoyl�stknr�uwvxknr�e"�n�c���
o|{ie�p ~aj l�~aj bw�|`cr�eqhx{x�a�ckn�q_»��l�j���u�og�qk��6S­j l�stln�q_n~qbyj d���lUln�­`cb����gfihzknr���b&o|{U�qktfx�a��b
hxoyla`cbw�gf�oylnvx�ao|{�oyl��n�qbwr�hxowkn�Q��uwhzl}hzb!bwr|`c����ra�tj eq~q�aj ���"hx�&��fieql��
g!��ogb$hzb$���il�owl
���n�aj lmowknr��qbwr�hxoykn��lnegoqj hxoyk�j vxkn��e}p ~aj lD~aj lneq��hz��ltowlm��l�jcuweqlDktstk�j kn~gf�stk�ogbUltst�Dowl
~aj lneq��hz��ltoyl�lnraog_"`cl�~g��hzbyj�o|{ie"p ~aj l}si��{i�qkn�ckn�ap l"dcj l}o|{�~aj bw�|`cr�eqhx{x�to|{}�ckn�q_���l�j
o|{ie�oylnvx�ao|{�owl�owknrD�qbwr�hxoykn���´?�snp¹si�iuwkiet��ltst�7d�b�����b�og�aj �nfmhx��ktsnj _��Êbyp eql�jÊ��lnegbw�q�
��oqj�k�j&j ~aj ��o|{�ogbw��o���e³hzv�{i��_to���e³~gbwe7b
�qln�go|��egowl�j­ltst�Õo|{7`cuwhx{�oyknr���hxoykOv����qk��
?�stkn��uweg���mrast_n�qvxknr�e7stbw�aj sio|��hzbyj �Dhxo|{�S�b�����b�og�ap l lt���i_ë��l�j�hxo|{ge\r�h�j �nfx�&hxoqj �
ktstk�p bw�}{�uweqeqk�j l7oyknr7bw�cln�q��knhxoykn�D~aj lneq��hz��ltowkn��ltstkn~qbyj ��eg��b�oylnj¹lneqb�stln�g�nfi�a�¡S­j l
oyknr����i�ad�knr��\lnraoykn���\byp eql�jtltsiln�ql�p o|{�o|{U{Ud�bweap ��bwr�hx{�o|{i�$uweqeqk�j lt�SoyknrUbw�cln�q��knhxoykn�
~aj lneq��hz��ltoykt�a�
»Ul��iuw��b\��oqjn~q��k�bw�cln�q��knhxog_"~aj lneq��hz��ltowl

AB
��l�j

Γ∆
byp eql�j %=-
:*c,m�)�'*./' lne���l�j

���ieqk�lnembyp eql�j¹kn���n�q�qktsil³��l�j¹uwvxknr�e�owkëp ~aj k®��u�og�qk��;¥���kÕ�c{i~qbweaj �n_�~aj lneq��hz��ltowl
`clm`cb����qkn��egoyl�jÊj hzkn~q��eqln��l��´g!k�hz��eqk��ik³������e�o���em~aj lneqr�hz��_to���e}stknrDbyp eql�j�j hzk��
~q��eqln��l�st�qkn��uweqlÕ~qbw~qkn��uwegk®~aj _neqr�hz��l

AB
kieqkn��_,�gb�oylnj Yan�Yam,X�Y���:ªc2%(�*),+�-
./'

��l�j�owk
AB

uweqln� '*),02%4`1��5*-«­�`1:*7 owknrHb��ibw�|`cbw�qknrO~aj lneq��hz��ltoykn�a�¶©§hzkn~q��eqln��l��
�cstkn�qbyp���lneqbyp �meql�äa~qbyj å�owk b��ibw�|`cbw�qkë~aj _neqr�hz��lëhzlne³uweqlObw�cln�q��knhxog�ë~aj _neqr�hz��l
stknrO�n�c���³uwvxbyj�o|{ ~qr�eqltog��o|{�oyl eql&äa��b�oylt�xj eqbyp oyl�j å�stln�q_t����{��ilOst�qkn�7owkieÕbwlnraog�
oyknr��c~aj lto|{i�g��egoyln�Uo|{D~aj bw�|`cr�eqhx{x��o|{D�ckn�q_��z��l�jcoyk³��u�og�qkDowknr�� ó �n�qkn�¡äab��ibw�|`cbÁ�
�qk7~aj _neqr�hz��l�å}lneqln�cuw�gb�oyl�jzog��ogbq�chxo|{ie�b��ibwr|`�bw�ap lDstknrmuwvxknr���b�hxo|{ie�b�snj �ikqdzfmowknr
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hx{i��byp knr�bw�cln�q��kqdzfi�a�
g!k�hz��eqk��ik�o���e b��ibw�|`cbw�g��eë~aj lneqr�hz��_tow��e³`cl�owkJhzr��z�nk��tp �qknr���b³��b D ��l�j\oyl
hxowk�j vxbyp l�oyknr7��b

α, β, γ
�
a,b, c

�c� �x� sz����o|{�hzr�equwvxbyj l®uwegl®b��ibw�|`cbw�qk�~aj _neqr�hz��l
`cl�stln�aj hxog_neqb�oyl�jz��b»uweqlne"ktstk�j kn~gf�stk�ogb�lnegoqj st�q�nhx�&st��oyknr��zbw�cln�q��kthxog��~aj _neqr�hz��l
·»sz� v��Hoyk b��ibw�|`cbw�qk ~aj _neqr�hz��l

α
hxowk�hzv�fi��l���� EO��b�oyk bw�cln�q��lnhxog�O~aj _neqr�hz��l

�§³ ¸ � $&%(Yam,X«+�)�-6¯ � ��:1��� ��l�j ./¦a0���: bweq�n�

�\v�fi��lp��� E�æ«?��ibw�|`cbw�qkm~aj _neqr�hz��l

b��ibw�|`cbw�qknrm~aj lneq��hz��ltoykt�U`cl�kieqkn��_,�qktrg�
��bmo|{ ~aj bw�|`cr�eqhx{x��o|{ �ckn�q_O��l�j�owk���uÁ�
og�qk��xlnegoqp hxoyk�j vxl��xbweq�n�Uktstk�j knr�~gf�stk�ogb�l��
egoqj st�qknhx�&siknr�owknr��pg!kO��u�og�qkÕoyknr®~aj l��
eq��hz��ltowkn�

α
hzr��z�nka�tp �qb�oyl�j���b |α|. ¥���kb��ibw�|`cbw�qlÕ~aj lneq��hz��ltoyl

α
��l�j

β
`clÕ�iuÁ�

d�kiegowl�j -q+o<q<
��'*./.�%436� lne���l�jt���ieqk"lne
uwvxknr�e}o|{ieDp ~aj l�~aj bw�|`cr�eqhx{x�Ê~g{��iln~gfD~q��k
ktstk�j k�j ~gf�stk�ogb�lnegoqj st�q�nhx�&stk�p�oyknr��Dbyp eql�j
hzrqdxd��qln���Êj ��_QfQstln�q_t����{��il}bw�cln�q��kthxog_
~aj lneq��hz��ltowl��ª»Ub����qkn����b³��oqj\owl��c{i~qbÁ�
eaj ��_7bw�cln�q��knhxog_³~aj lneq��hz��lioyl

AA,BB�c� �x� sz� �Ê��b"ln�qv�fDowl®~aj _n�ckn�gl7hx{i��byp l�owknr7v����qknr E �cstkn�qkn��e�eqlm`cb����g{g`ckn��e�j hzk��~q��eqln��lQ��l�j�b�stkn��uweg���$lnraog_���l�j����ieqk�lnraog_}kn�ap �qknr�e»uwegl}b��ibw�|`cbw�qk�~aj _neqr�hz��l"stknr
owkDkieqkn��_,�qktr���b .P¯*c�Y�)2%4365]Yan�Yam[XPY��,:�c�%Á�1),+�-
./' ��l�jzowkDhzr��z�nk��tp �qknr���b»��b

0.

]!�ji -�ßPá�kRb
âa'�Plân�U�%l!T�àká�#4m �
��owk�hz��eqka�ik D ow��e�b��ibw�|`cbw�|��eU~qj lneqr�hz��_tow��e»kn�ap �qknr���b�owk�_a`c�gk�j hz��l α+ β

~q��k
~aj lneqr�hz��_to���e

α
�
β
����b
�gfi�aæ � e ó ∈ E og��ogb³kn�ap �qkiegowl�j&oyl�hx{i��byp l � ��l�j Γu�ogh�j���hxogb

OA = α
��l�j

AΓ = β
�^g!kOb��ibw�|`cbw�qkÕ~aj _neqr�hz��l

γ
�Hstknr®kn�ap �qbyj­owk

~aj _neqr�hz��l
OΓ = OA + AΓ,

byp eql�j$lneqb
�q_n�go|{�owk�ltst��o|{ie b�snj �ikadzf�owknr ó ��l�j
�iu�d�b�owl�j ��X���:^%=-
./' ow��e

α
��l�j

β
�«S��q_n�cknr���b

γ = α + β
�

DUln�qlto|{i�qkt����b!��oqj�lne�owlm~aj lneq��hz��ltoyl
α
�
β
byp eql�jz�c{�hzrqdxd��qln���Êj ��_}��l�j

OB = β,og��ogb�oyk
OΓ = γ

kn�ap �qb�owl�jtltst��o|{"~aj lidz��eaj kQowknr�stln�qlt����{��i�qd��qln���cknr ó � S6H���l�j
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�\v�fi��lk��� J�æ&st�q_,�qbyj �Uhxowk D
b�stkn��uweg���Ubyp eql�jzstln�q_t����{��ik�st�qkn�»oykmb�snp stbw~qkmow��e ó � ��l�j ó H"·.hzv�fi��lk��� J ¸ ���oyk7hz��eqk��ik D kn�ap �qb�oyl�jz��l�jcowk <�%\)�5*./Y�)�: λα ~aj lneg��hz��ltoykn�

α6= 0
b�snpÊln�aj `c���

λ ∈ R? = Rr{0} ���$owk�~aj _neqr�hz��lQstknrQuwvxbyjno|{ie�p ~aj l�~aj bw�|`cr�eqhx{�·.hzrqdxd��qln���Êj ��� ¸��b³owk
α
��l�j�byp eql�j æëkn���n�q�qktstkH��b³oyk

α
�!lne

λ > 0,
lnegoqp �q�qktstk���b7oyk

α
�!lne

λ < 0
��l�j�uwvxbyj���u�og�qk |λα | = |λ| |α| ·.hzv�fi��lk��� J ¸ � � e�owk α byp eql�j�owk7�c{i~qbweaj ���~aj _neqr�hz��l�f�lneQ��nUõ�kn�ap �qknr���b

λ0 = 0
��l�j

0α = 0.S­j l
λ = −1

owk
(−1)α

uwvxbyj�owk³p ~qj kD��uÁ�

�\v�fi��lk��� M,æ

og�qkF��l�jU~aj bw�|`cr�eqhx{)��bëoyk
α
lt���i_Al��

egoqp `cb�o|{)�ckn�q_�� »UlFoykF�iuw��b '*),02Z X�Y�À
0r: oyknr

α
��l�j�`cl�oyk®hzr��z�nka�tp �qknr���b"��b

−α, ~g{��iln~gf (−1)α = −α. DU�qkn�clne|���lne
AB

byp eql�jtuweqln�\lnegoqj st�q�nhx�&stkn��owknr�bÁ�
�ibw�|`cbw�qknr�~aj lneq��hz��ltoykn�

α
og��ogb�oyk

BAbyp eql�j&uweqln�mlnegoqj st�q�nhx�&stkn��oyknr −α. � ?��ogh�jØ�Êhz��������eql7��b�o|{7hz���z�nlnhx{mstknrm��_��
eqln��b&dcj lQowk�hzr��z�nka�tj hz�����|`cl�d��q_n�cknr���b
AB = −BA

dcj l oylHb��ibw�|`cbw�qlO~aj lneq�g�
hz��ltoyl��

u '*���*c�Y[%�<
./'�#oç�d*ç¿#oç � e � �,HU� Γ,∆ byp eql�jzhx{i��byp l�owknr E og��ogbq�xltst��oykieQkn�aj hz���
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o|{i�Ust�q�nht`cbwhx{i�a�zu�stb�owl�jcln��uwhx���U��oqj

AB + BΓ + Γ∆ = A∆
��l�j

BΓ = BA + AΓ = AΓ−AB.

u '*���*c�Y[%�<
./'&#oç�d*ç U1ç �\b�uweql}ra�tj ���}hx{i��byp k}stknrU�n�ap hx��b�owl�jØ�nhxo|{�`cuwhx{ ó lnhx��kn�g�egowl�jzog�qbyj �U~qr�eq_n��byj �
F1
�
F2
��l�j

F3.� e
R = (F1 + F2) + F3

byp eql�j¹{³hzr�eaj hxoyln��uweg{Dowknr��9·.hzv�fi��lº��� M ¸ �¹og��ogbQdcj l�eql��byp eqbyjxowkmhx{i��byp kmlt�xp eg{�owk��i`cl�st�qu�stbyj�eql�~q�q_nhzbyjzh,�tlnraog�m�Êp lm~q��eqln�c{�p hx{���b −R.

� st�"oykie»kn�aj hz���"o|{i�$st�q�nht`cbwhx{i�!~aj lneqr�hz��_to���e!��l�jtowknr�stka���iltsi�ilnh�j lnhz��kn��~aj lneq�g�
hz��ltowkn��b�snpqst�qlid���ltoqj ���!ln�aj `c���!��l�jg��b�o|{\�nktfg`cbyj l!o|{i��hxoyk�j vxbyj ��~qknr��
?Sra�n�ibyp ~qbyj ln�
S�b�����b�og�ap ln�U�cstkn�qkn��eQeqlDltsikn~qbyj v�oykn��e�k�j�j ~aj ��o|{�ogbw�aæ

α+ β = β +α

α+ (β + γ) = (α+ β) + γ

α+ 0 = α

α+ (−α) = 0

(κ+ λ)α = κα+ λα

(κλ)α = κ(λα)

1α = α

κ(α+ β) = κα+ κβ.

·����>� ¸

dcj l���_a`cb
α,β,γ ∈ D ��l�j κ, λ ∈ R.e st�qknhzb�oyl�j �aj hxoqj �nf�j ~aj �aog{�owl�~ap eqbyjxo|{�~qr�eqltog��o|{�oyl�kn�aj hz��kn��la`c�qk�p hz��ltoykn�!og�aj ��e�f

stbw�aj hzhz��ogbw�g��e£·Ôstb�stbw�qlnhz��uweqknr"si��fg`cknr�� ¸ ~aj lneqr�hz��_to���et�
��o|{�hzr�equwvxbyj l�stln�qla`cu�owknr���b�~q��k�d�b�����b�og�aj ��uw�Ubw�cln�q��kqd�uw�a�

w|$&%('^Z\��Y�-6¯]Ya+,X«+o<
���*././:1+º0�.P¢*./'10r:*79-
Y�c�:�X�¦�),0r'&n�52<
:&n'o§3,p�.
qSr�s�t!uLvxwZrXyLv#ucz�{�wZr;|~} � � HU�#� }W�#t�r;�#r;|�z�{�wZr;| u Q�� {��Wr;�#�#r;|~}�� � HJ� z � rc��}?r;|B��}��
AM = λMB

wZr
λ 6= −1 �� v#z�{ � � ?Shxow� ó uweqlUhx{i��byp kUoyknr�v����qknr$��l�j OA = rA, OB = rB

owl�~aj lneq��hz��ltoyl
`cuwhx{i��o���e}hx{i��byp ��e � ��l�joHU� ó st�qknhz~aj kn�aj hz���n�»oyknr�hx{i��byp knr|Q lneq_id�b�owl�j�hxoykie
st�qknhz~aj kn�aj hz����oyknr}~aj lneq��hz��ltoykn�\`cuwhx{i�

rM
�q� ?Svxknr���b»��oqj

AM = rM − rA, MB = rB − rM, AM = λMB,
ktst��ogb

rM − rA = λ(rB − rM)
��l�j�b�stbyj ~gf

λ 6= −1, rM =
rA + λrB

λ+ 1
.
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� e
λ = κ/µ

��b
κ+ µ 6= 0

og��ogb»{�ogb��ibwraoyl�p lmhzvxuwhx{�d��q_n�cb�owl�j

rM =
µrA + κrB

κ+ µ
.

·���� ô ¸
DUln�qlto|{i�qkn����b!b�snp hx{i�Q��oqj
#2è lne

λ > 0
og��ogb�oyl

AM,MB
byp eql�j�kn���n�q�qkistl»��l�j�b�stkn��uweg����oyk´Q byp eql�j���b�oyl,�q�

ow��e � ��HU��?�j ~aj ����ogbw�qlz�xlne
λ = 1,

og��ogb

rM =
rA + rB

2

·���� C ¸
��l�jzowk£Q byp eql�jzowkD��uwhzkmowknr�bwr|`crqd��q_n����knr"og�cfi��ltoykn� � HU�
U�è lne

λ < 0
og��ogb\oyl

AM,MB
byp eql�j�lnegoqp �q�qktstlQ��l�j�b�stkn��uweg���\oyk;Q byp eql�jnb��nog�n�

oyknr�og�cfi��ltowkn� � HU�oQë_t�tj hxoyl7lne
λ > −1

oyk9Q �n�ap hx��b�oyl�j�ln�aj hxogbw�q_Dowknr � �cbweg�
lne
λ < −1

oyk£Q �n�ap hx��b�owl�j�~qb
�aj _�owknr�HU�

w
w� ¡+o<q<
��'*./.�%4365o0r¯10r'º0��2%Á�W)�-6¯*./Y[Z�­W)
� t�|~}Cz�{�wZr;|~} � ��HU�oS wZr�yL��}��Lv#z�w!} � }C�#��z�{��?sR�
��t
u��?wZ|~}f}�t;�c�mó>�

rA, rB, rΓ}�� � | z � uL� �R}#����}?r;|~��}���z�����r;�#�#r;��}����?}��c��}���wZ�L��uc}������L��t;�Wux������t�}L�#w
} � �B��uL|�}�t
� �#w'uL|
l, m, n,

���W������uL��w�{�yL���x� � � � uL� u�� � z � rx�
lrA +mrB +nrΓ = 0

��}��
l+m+n = 0.

� ���LyLr;� ��{ � � ?Shxo�� � �oHU�oS�og�ap l³~aj _n�ckn�qlD��b�owl,�q��owknr���hx{i��byp l³�Êp ln�"bwr|`cbyp ln�£·.b ¸ �g!��ogb�rast_n�qvxbyj
λ = k/µ

ogu�oyk�j k}��hxogb
AΓ = k

µΓB
�P�\��������eql}��b$o|{}hzvxuwhx{�·���� ô ¸`clmuwvxknr���bRæ

(κ+ µ)rΓ = µrA + κrB
��l�j�_n�ql

µrA + κrB − (κ+ µ)rΓ = 0.

?�stkn��uweg���Sj hzvx��byja�Êp l�hzvxuwhx{�o|{i�S��kn�q��fi�aæ
lrA+mrB+nrΓ = 0

��b
l+m+n = 0

�
�tstknr}owknra�i_nvzj hxowkie"uweqln�Ultst��oyknr��

l,m, n,
byp eql�j�~aj _n�ckn�gkn��owknr��c{i~qbweq�n�a�

� egoqj hxog�q�n�����a��uwhxo�����oqj�rast_n�qvxknr�e�st�qlid���ltoqj ��k�p­ln�aj `c��k�p
l,m, n,

stknr�~qbweDbyp eql�j
���ik�jÊ�c{i~quwet��ogu�owk�j k�j���hxogbRæ

lrA + mrB + nrΓ = 0
��l�j

l + m + n = 0.
?�stbyj ~gf

n = −(l+m)
uwvxknr���b

lrA +mrB − (l+m)rΓ = 0
f�j hzkn~q��eqln��loæ

l(rA − rΓ) +

m(rB − rΓ) = 0.
?�p eql�j��n�c���

l 6= 0
f
m 6= 0

·.lne�f�owlne
l = 0

��l�j
m = 0

��`�l
f�oylne}��l�j

n = 0)
�®� ?Shxow�

l 6= 0
�´g!��ogb

rA − rΓ = −m
l (rB − rΓ)

��l�jÊ_n�qlDoyl � �
HU��Së�n�ap hx��kiegowl�jzst_neg��hxo|{ie�p ~qj lDbwr|`cbyp l��
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¥���kA�c{)�c{i~qbweaj ��_)~aj lneq��hz��ltowl

α, β

�\v�fi��lp��� O�æ

byp eql�j�hzrqdxd��qln���Êj ��_ÕlneD��l�j����ieqkëlne7rg�
st_n�qvxknr�eÕst�qlid���ltoqj ��k�p\ln�aj `c��knp

λ 6= 0��l�j
µ 6= 0

��b
λα + µβ = 0.

DU�q_id���l��
oqj�lne�byp eql�j¹hzrqdxd��qln���Êj ��_7og��ogb}rast_n�qvxbyj
λ 6= 0

��b
β = λα

��l�j�_n�ql
λα +

(−1)β = 0.� egoqj hxog�q�n������lne
λα + µβ = 0

og��ogb
β = −λ

µ
α
��l�jg_n�ql�byp eql�jqhzrqdxd��qln���Êj ��_z�

»Ul"�iuw��b\��oqjtog�ap l�~aj lneq��hz��ltoylQbyp eql�j -q+�À
)�Ya`6Zb`1Y�c�' lne���l�j����ieqk®lnemk�j­~aj bwr|`c��eqhzbyj ��oyknr���byp eql�j¹stln�q_t����{��ibw��st�qkn�}oykëp ~aj k
b�snp stbw~qk

(π)
�P»Ul�~qbyp �qknr���b$��oqj�og�ap l��c{}�c{i~qbweaj �n_}~aj lneq��hz��ltowl

α, β, γ
byp eql�jxhzrg�

eqb�snp stbw~ql�lne\��l�j����ieqkUlne$rast_n�qvxknr�e\st�qlid���ltoqj ��k�paln�aj `c��k�p
κ, λ, µ,

�ivzj����ik�j��c{i~quwet�
ogu�owk�j k�ja��hxogbRæ

κα+λβ+µγ = 0.
DU�q_id���ltoqjØ�alne!j hzvx��byj�{Uhzr�ew`�f��n{x��rastka`cu�oykiegowln�

��oqj
µ 6= 0,

`cl³uwvxknr���b
γ = −κ

µ
α − λ

µ
β .
g!��ogbQltst�7oykie}kn�aj hz���Dow��e}st�q_,�qb���e

o|{i�Ust�g�nht`cbwhx{i��~aj lneqr�hz��_to���e���l�jxowknr}stka���iltsi�ilnh�j lnhz��kn�}~aj lneq��hz��lioykn��b�snpcln�aj `x�
�����­u�stb�owl�j���oqj­oykë~aj _neqr�hz��l

γ
uwvxbyj­~aj bw�|`cr�eqhx{³stln�q_t����{���{�st�qkn����_a`cb}b�snp stbw~qk

(π)
stknr³byp eql�j¹stln�q_t����{��ik³st�qkn�}owlÕ~aj lneq��hz��ltowl

α
�
β
��l�j�_n�ql�byp eql�j�hzr�eqb�snp stbw~qk

��b»lnraog_��
� ?Seqlmb�snp stbw~qk
(π)

st�qkn�UowkDktstk�p k�oylmog�ap lD~aj lneq��hz��ltowlmbyp egl�j�stln�q_t����{��il
byp eql�jzoykDb�snp stbw~qkmstknr�~aj uw�qvxb�oyl�jzltst�DuweqlDhx{i��byp k ó ��l�jcbyp eql�jzstln�q_t����{��ik�st�qkn�Uoyl
~aj lneq��hz��ltowl

α
�
β.� egoqj hxog�q�n������lne7owlOog�ap lO~aj lneq��hz��ltowlëbyp eql�j�hzr�eqb�snp stbw~ql��

(π)
byp eql�j�uweqlOb�snp stbw~qk

st�qkn�Sowk"ktstk�p kQlnraog_Qbyp eql�jastln�q_t����{��il���l�j
O,A,B

hx{i��byp lQowknrUb�snj stuw~qknr���b
OA =

α, OB = β
��og��ogb³dcj l�owkJ~aj _neqr�hz��l

γ
stknr�byp eql�j\stln�q_t����{��ik�hxowk

(π)
`cl

rast_n�qvxbyj�hx{i��byp k�SJoyknr
(π)

��b
γ = OΓ = OA1 + OB1 = κOA + λOB =

κα + λβ
·.hzv�fi��lk��� O ¸ dcj lm��_tstk�j l κ, λ ·.ln�ckn� OA1//OA, OB1//OB ¸ �
� � �ql

κα+ λβ + (−1)γ = 0
�

u '*��'10r¢*��¯*-6¯ #oç>s6ç¿#oç´#2è � ó owlne"~q��k�~aj lneq��hz��ltoyl α � β ,
lnegoqp hxowk�j vxl�og�ap lm~aj lneq�g�

hz��ltowl
α, β, γ,

hzr�eq~quwkiegoyl�j���b��Êp l"hzvxuwhx{Qo|{i�\��kn�q��fi�
λα+µβ = 0

�ilnegoqp hxowk�j vxl
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κα+λβ+µγ = 0
�nv����ap �!���ik�jnk�j�hzr�egogb��ibwhxoguw�

κ, λ, µ
eql}byp eql�jn�c{i~quwet�q`cl��iu�d�k��

egoyl�j <
��'*./.�%43^�W7�Y#h�'*�,0r¯*./¦�)�' �x»Ul³�iu�d�kiegoyl�j <
��'*./.�%43^�W7�'*)�Y#h��*�[0r¯10[' lne
~qbwe"byp eql�jxd��qln���Êj �n���»b
�qln�go|{i��uweqlz�
U�è ?�p eql�jgst�qkn�clnequw����oqjgog�ap lU~aj lneq��hz��ltowl�byp eql�jyd��qln���Êj �n����lneqb
�q_n�go|{�owl��qj hzkn~q��eqln��l
�c{�hzr�eqb�snp sibw~ql��ilne\��l�ji���ieqk�lne\��_a`cb�d��qln���Êj ���n��hzr�eq~qr�lnhz���n�So|{i����kn�q��fi�

κα +

λβ + µγ = 0
hzr�eqb�st_id�b�owl�j���oqj

κ = λ = µ = 0.

u '*���*c�Y[%�<
./'�#oç>s6ç¿#oç S­j l"ktstk�j ln~gf�stk�ogb�~aj lneq��hz��ltoyl α, β, γ eql"~qbyj vi`cbypi��oqjioyl
~aj lneq��hz��ltoyl

u = α + β , v = β + γ, w = γ −α byp eql�j�hzr�eqb�snp stbw~ql��
� ���LyLr;� ��{ � ©§hzvx��byj 1(α + β ) + (−1)(β + γ ) + 1(γ − α) = 0

v����ap �"���ik�j�k�j
hzr�egogb��ibwhxoguw��eqlmbyp eql�j��c{i~quwet�
©§hzkn~q��eqln��l"`clm�cstkn�qkn��hzb���lneqbyp �Ueqlm~aj lt���ap eqbwjxoqj �Ustbw�aj sio|��hzbyj �aæ
'^è � e®oyl�~aj lneq��hz��ltowl

α, β, γ
byp eql�j�hzr�eqb�snp stbw~ql�og��ogbq�\ltst��owkieÕkn�aj hz��� ow��e

st�q_,�qb���e"��b�oyl,�q�}~aj lneqr�hz��_tow��ei�xu�stb�oyl�jc��oqj���l�jzoylD~aj lneq��hz��ltowl
u, v, w

byp eql�j�hzrg�
eqb�snp stbw~ql��
Å6è � e»owl

α, β, γ
~qbweUbyp eql�j�hzr�eqb�snp stbw~ql���l�j�rastka`cuwhzknr���b$��oqjxj hzvx��byj��Êp l�hzvxuwhx{

o|{i����kn�q��fi�
κu+λv+µw = 0

��ktst��ogb
κ(α +β )+λ(β +γ )+µ(γ −α ) = 0,og��ogb

(κ− µ)α + (κ+ λ)β + (λ+ µ)γ = 0
��l�jzb�stbyj ~gf}oyl

α, β, γ
~qbwe"byp eql�j

hzr�eqb�snp stbw~ql\`clUj hzvx��byj
κ−µ = 0, κ+λ = 0, λ+µ = 0,

j hzkn~q��eqln��l2æ
κ = −λ = µ

�
ktst��ogb»oyl

u, v, w
byp eql�j�hzr�eqb�snp stbw~qlDln�ckn�}{�rast�a`cbwhx{Dj hzvx��byjc��b»sz� v��

κ = µ = 2
�

λ = −2
�

]!� V £¶áUT
bqâa'�Plân�U�%l!T�àká�#4m �
»Ub����qkn����b}~q��kÕ�c{®hzrqdxd��qln���Êj ��_®~aj lneq��hz��ltoyl

α, β ∈ D ��� ?Svxknr���b�~qbyp���oqj¹dcj l��_a`cb�_t���ikQ~aj _neqr�hz��l
γ
stknrUbyp eql�j�hzr�eqb�snp stbw~qkQ��bSlnraog_���rast_n�qvxknr�e$ln�aj `���k�p

κ, λ ∈
R
ogu�owk�j k�jz��hxogb

γ = κα + λβ .
·���� B ¸

ó jcln�aj `c��k�p�lnraowk�pcbyp eql�j���kieqknhxfi��lne|oyl���la`ckn�aj hz��uwegk�j�dcj ltoqpclne"rastka`cuwhzknr���b»��oqj æ
γ = κ1α +λ1β = κ2α +λ2β,

og��ogb
(κ1−κ2)α + (λ1−λ2)β = 0.?�stbyj ~gf"�n�c���\oyl

α
��l�j

β
~qbwe�byp eql�jnhzrqdxd��qln���Êj ��_Q{"hzvxuwhx{"lnrao|f»`cl}j hzvx��byjnlne���l�j

���ieqkmlne
κ1 − κ2 = 0, λ1 − λ2 = 0.

g!kDhz��eqk��ik {α, β} `clm�iu�d�b�owl�jc�Êp l Å1�1-^¯
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hxowkëhz��eqka�ik®ow��eDhzr�eqb�snp stbw~g��eD��b�oyl
α, β,

~aj lneqr�hz��_to���et�|g!lÕ~aj lneq��hz��ltowl
κα��l�j

λβ
`cl}�iu�dck�egoyl�j -q+�)2%=-
0��W-
Y�7 owknr

γ
����st�qkn��o|{Q�n_nhx{}lnrao|fx�^� ó oylne��n�c���!{

�n_nhx{�`cb����qbyp owl�jx~qbw~qkn��uweg{"b
�Qln�qv�fi��stka���iuw�U�ckn�quw�S`cl"`cb����qkn����b$���Uhzr�eaj hxo|��hzbw�
owknr

γ
��l�jzoyknr��Qp ~aj knr��»oyknr���ln�aj `c��kn���

κ, λ
�

� ?Shxo��
α, β, γ

og�ap l}�c{Qhzr�eqb�snp stbw~ql�~aj lneq��hz��ltoyl��6g!��ogb�dcj l"��_a`cb�_t���ik�~aj _neqr�hz��l
δ
rast_n�qvxknr�eQ��kieqknhxfi��lnegowl���la`ckn�aj hz��uweqknjzln�aj `���k�p

κ, λ, µ ∈ R ogu�oyk�j k�jz��hxogb

�\v�fi��lp��� G�æ

δ = κα + λβ + µγ .
·���� E ¸

DU�q_id���ltoqjØ��`cb����qkn����b­uweql»hx{i��byp k
O
oyknr

v����qknr E �!oylJ~aj lneq��hz��ltowl OA = α
�

OB = β
�

OΓ = γ
�

O∆ = δ
��l�j

o|{ie�bwr|`cbyp l
∆∆1

stln�q_t����{���{Õst�qkn�Do|{ie
OΓ
·.hzv�fi��lk��� G ¸ �«g!��ogb

δ = O∆ = O∆1 + OΓ1 = O∆1

+ µγ = OA1 + OB1 + µγ

= κα + λβ + µγ, κ, λ, µ ∈ R.
eJu����c�qlnhx{»lnrao|f�oyknr

δ
byp eql�j�lneqb
�q_t�go|{q�

o|{�ltst��o|{ie�b�snj �ikadzf$owknr!hx{i��byp knr
O ∈ E �?�snpns��iuwkie»k�jtln�aj `c��k�p

κ, λ
��l�j

µ
byp eql�jt��kieqknhxfi��lnegowl���la`ckn�aj hz��uwegk�j2· dcj ltoqpB¤ ¸ �6� ?Seqlhz��eqka�ik

B = {α, β, γ } og�aj ��eQ�c{�hzr�eqb�snj stuw~g��eQ~aj lneqr�hz��_tow��e!`cl��iu�d�b�oyl�j Å1�*-6¯owknr D. � ó si������l�j¹st�aj emowlë~aj lneq��hz��ltowl κα � λβ � µγ ·Ôf���l�j­k�j­ln�aj `c��k�p κ, λ, µ ¸hxo|{Ohzvxuwhx{�·���� E ¸ `clO�iu�d�kiegowl�j -q+�)2%=-q0��W-
Y�7 oyknrÕ~aj lneq��hz��ltoykt� δ ���Dst�qkn�mo|{
�n_nhx{7lnrao|fx�_?�p eql�j¹�clneqbw�g�7��oqj¹�Êp lD�n_nhx{³byp eql�jÊuweql³~aj ltogb�owlidc��uwegk7hz��eqk��ik³~aj lneqrg�
hz��_to���em��b"o|{ieDuweqeqk�j l³��oqj�~ap eqbyj��Êp l®~aj ltogb�oylid���uwe|{Dog�aj _n~ql�hzr�eaj hxow��hx��et�¡� ?�ogh�jØ�
lne

(κ, λ, µ)
byp eql�j�k�j�hzr�eaj hxo|��hzbw�Uowknr

δ
���Ust�qkn�»o|{}�n_nhx{

B = {α, β, γ} , og��ogbk�jzhzr�eaj hxo|��hzbw�Uowknr����»st�qkn�»o|{"�n_nhx{
B1 = {β, α, γ} byp eql�jzk�jzln�aj `c��k�p (λ, κ, µ).

u '*���*c�Y[%�<
./']#oç �1ç¿#oç ¥�p eqb�oyl�jx�Êp l��n_nhx{ B = {α, β, γ} owknr D �4¥Ul�ltstkn~qbyj vi`cbyp��oqjq��l�jqowk�hz��eqka�ik
B1 = {p, q, r} �a�tstknr p = α+β−2γ , q = α−β, r = 2β+

3γ
byp eql�j�b�snp hx{i�\�Êp l»�n_nhx{Uowknr D ��l�j�eql��n�qb«`ckn��e$k�jihzr�eaj hxo|��hzbw��oyknr»~aj lneq��hz��ltowkn�

s = α + β + γ
���Ust�qkn�»o|{}�n_nhx{

B
��l�jzo|{��n_nhx{

B1.
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� v#z�{ � � ?Shxow�)��oqj�rast_n�qvxknr�e
κ, λ, µ ∈ R : κp + λq + µr = 0.

�\v�fi��lp���>�|õ�æ

g!��ogb�byp eql�j æ
(κ+λ)α+(κ−λ+2µ)β+

(−2κ+ 3µ)γ = 0.?�stbyj ~gf³�n�c���"owl
α, β, γ

byp eql�jcd��qln���Êj �
�n���³lneqb
�q_n�|o|{�oylO{ hzvxuwhx{ lnrao|fHj hzvx��byj
lneQ��l�j����ieqk�lne

κ+λ = 0, κ−λ+2µ = 0, −2κ+3µ = 0.

©§hzkn~q��eqln��lz�"lne���l�j����iegkLlne
κ = 0

�
λ = 0

�
µ = 0.

� � �qlFowl
p, q, r

~qbwe
byp eql�j�hzr�eqb�snp stbw~ql®��l�j�b�stkn��uwe|����ltsik�ogbÁ�
�ikn��e»�n_nhx{�oyknr D. � st��o|{ieQu����c�qlnhx{Qoyknr s �cl�p eqb�owl�jxln��uwhx���»��oqjxk�jzhzr�eaj hxo|��hzbw�oyknr}����st�qkn��o|{}�n_nhx{

B
byp eql�j

(1, 1, 1).
� e {s1, s2, s3}

byp eql�jck�jchzr�eaj hxo|��hzbw�Qowknr
s
����st�qkn�»o|{ie

B1
og��ogb$`clDbyp eql�j æ

s = α + β + γ = s1p+ s2q + s3r

= s1(α+ β − 2γ ) + s2(α − β ) + s3(2β + 3γ )

= (s1 + s2)α + (s1 − s2 + 2s3)β + (−2s1 + 3s3)γ .

?�stkn��uweg���
s1 + s2 = 1, s1 − s2 + 2s3 = 1, −2s1 + 3s3 = 1,

ltst�m�tstknr�u�stb�owl�j æ
s1 =

2

5
, s2 =

3

5
, s3 =

3

5
.

u '*���*c�Y[%�<
./'"#oç �1ç U1ç ¥�p eqb�oyl�j�uweqlÕogb�og�q_nbw~q�qk ó � HlS�� � e ∆,E
byp eql�j�oylë��uwhzl

ow��e!lt���c��e ó � ��l�jaHlS�lne|oap hxoyk�j vxl���eql��n�qb«`ckn��e$k�jihzr�eaj hxo|��hzbw��owknrU~aj lneq��hz��lioykn�
∆E

���Ust�qkn�»o|{}�n_nhx{ {OA,OB,OΓ} .
� v#z�{ � � e�¦Obyp eql�jzoykD��uwhzkieQowknr ó H"·.hzv�fi��lk���>�|õ ¸ �xog��ogbRæ

∆E = ∆Z + ZE = 1
2AB + 1

2OΓ

= 1
2(OB−OA) + 1

2OΓ

= −1
2OA + 1

2OB + 1
2OΓ.

?�stkn��uweg����k�j�hzr�eaj hxo|��hzbw��owknr
∆E

byp eql�j {−1
2 ,

1
2 ,

1
2

}
.
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»Ub����qkn����b7�Êp lH�n_nhx{
B = {e1, e2, e3}

owknr D ��l�j�owl�~aj lneq��hz��ltoyl
α
�
β
�
γ
��b

hzr�eaj hxo|��hzbw�
αi, βi, γi, i = 1, 2, 3

lnegoqp hxoyk�j vxl��z���Qst�qkn��o|{��n_nhx{mlnrao|fx�c~g{��iln~gf�æ
α = α1e1 + α2e2 + α3e3

�
β = β1e1 + β2e2 + β3e3, γ = γ1e1 + γ2e2 + γ3e3.g!��ogb!dcj lmo|{ie}j hz��o|{�oyl

α = β
o���e�~aj lneqr�hz��_tow��eQuwvxknr���bRæ

α = β ⇔ α−β = 0⇔ (α1−β1)e1 + (α2−β2)e2 + (α3−β3)e3 = 0⇔ αi =

βi, i = 1, 2, 3,
~aj ��oqjaowlQ~aj lneq��hz��ltowl

e1, e2, e3
byp eql�j��c{»hzr�eqb�snp stbw~ql|· d��qln���Êj �n���

lneqb
�q_t�go|{�oyl ¸ �� ó ��k�j lHk�j�siln�qlt��_tow��~aj lneqr�hz��ltoqj ��uw�7hzvxuwhzbyj �®j hzkn~gr�eqln��kn��e®��bDoqj ��lne|oap hxoyk�j vxbw�
lt�ad�bÁ�n�aj ��uw�aæ

α = λβ ⇔ αi = λβi. γ = α+ β ⇔ γi = αi + βi, i = 1, 2, 3.

� egoqp hxoyk�j vxbw�}hzvxuwhzbyj ��j hzvx��knr�e���l�j¹hxo|{ie�stbw�ap siow��hx{�bweq�n��hzr�eq�a�iknr7hzr�eqb�stj stuw~g��e
~aj lneqr�hz��_to���et���tstknr³�cr�h�j ��_Õ�Êp lë~aj lneqr�hz��ltoqj �nf³b
�ap hx��hx{7`clOj hzkn~qr�eqln��byp­��b}~q��k
lt�ad�bÁ�n�aj ��uw�a� � e}owl�~aj lneq��hz��ltowlDo|{i���n_nhx{i�

B = {e1, e2, e3}
byp eql�jÊlneq_7~q��k³kn�y�

`ckqdz��eaj l�og��ogb»{}�n_nhx{��iu�d�b�oyl�j :*�aX�:2<«�W)2%(' � � e�b�snpcs��iuwkie"oylD~aj lneq��hz��ltowlmbyp eql�j
��l�jÊ��kieqln~aj l�p l��c~g{��iln~gf |ei| = 1, i = 1, 2, 3,

og��ogbQ{m�n_nhx{D�iu�d�b�oyl�j :*�aX�:13*'*)�:oÀ
)2%43�¢ ��?�snj hx{i��l�p eqknr���bU��oqj�lne

B = {e1, e2, e3}
byp eql�jc�Êp l7kn�w`ckqdz��eaj l}�n_nhx{�og��ogb

owk®hz��eqk��ik
B′ = {ε1, ε2, ε3}

��b
εi = ei

|ei| , i = 1, 2, 3
byp eql�j¹�Êp l®kn�w`ckt��lteqk�eaj �nf

�n_nhx{�stknr}st�qkt���asiogbyj�ltst��o|{ie
B
�

]!�j§ �Jl!T"#&%�à®��#�� T
l!�&#Rb�#­�» �àK¨¹�Xm �
��o|{ieÕstln�q_id��qln��k����>�®byp ~qln��b7��oqj\��owlneÕ~qka`cbyp\uweql�hx{i��byp k

O
owknr v����qknr���og��ogb

hzb���_a`cb�_t���ikOhx{i��byp k
P
lnegoqj hxowk�j vxbyp�lt���aj �t����uweqlë~aj _neqr�hz��l��­owkO~aj _neqr�hz��l³`cuÁ�

hx{i�
r = OP

owknr
P
� � eOb�snj si�iuwkieO~qka`cbyp\��l�j$�Êp lH�n_nhx{�~aj lneqr�hz��_tow��e

B =

{e1, e2, e3} ,
og��ogb�hxowk®~aj _neqr�hz��l

r
lnegoqj hxoyk�j vxbyp¹�Êp l�~aj ltogb�owlid���uweg{mog�aj _n~ql7ln�aj `x�

�c��et��k�jÊhzr�eaj hxo|��hzbw�Qoyknr
(x, y, z),

u�ogh�j���hxogb
r = xe1 + ye2 + ze3.

?�stkn��uweg���
��owlnem~qka`cbyp¹owkÕhx{i��byp k

O
��l�j¹{D�n_nhx{

B
og��ogb�hzb���_a`cb�hx{i��byp k

P
oyknr³v����qknr7l��

egoqj hxoyk�j vxbyp��Êp lë~aj ltogb�oylid���uweg{7og�aj _n~qlÕln�aj `c�c��e
(x, y, z) ∈ R3.

ó j�ln�aj `���k�p­hxo|{ie
og�aj _n~qlëlnrao|fx�&stknr7`cb����qkn��egoyl�j­��l�j&k�j&hzr�eaj hxo|��hzbw�moyknrÕ~aj lneq��hz��ltoykt�

r = OP
�

kieqkn��_,�gkie|oyl�j -q+�),0�Ya0r'1<
./¦�)�Y�7 owknr7hx{i��byp knr
P
����st�qkn��oyk -qm�-q0r¯*./'µ-q+�),0�Y�À

0r'1<
./¦�)�­W) stknr�ltstk�ogb��ibyp oyl�jcltst�Dowk7hx{i��byp k
O
��l�j�o|{��n_nhx{

B = {e1, e2, e3}
f
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hz��egoykn��l {O, e1, e2, e3} .»Ul�d��q_n�cknr���b
P(x, y, z)

dcj lmowkDhx{i��byp k

�\v�fi��lp���>����æ

P
��b»hzr�egogb�owlid���uweqbw�

(x, y, z)
��l�j

P(r)dcj l�owk�hx{i��byp k
P
��b!~aj _neqr�hz��lQ`cuwhx{i�

r.ó jx�ckn�qbyp �$ow��eUbw�cln�q��knhxo|��e»hxoyk�hx{i��byp �
k

O
~aj lneqr�hz��_tow��e�stknrUb��nst�gknhx�&stkn��e$owl

~aj lneq��hz��ltoyl\o|{i�­�n_nhx{i�/·.hzv�fi��l¡���>��� ¸ �iuÁ�d�kiegoyl�j �'h�:o)�Y�7 oyknr!hzr�hxo|fi��ltoykn��hzr�egogbÁ�
oylid���uweg��e ��l�j»hzr��z�nka�tp �qkiegoyl�j���b

x′x
�

y′y, z′z,
lnegoqp hxowk�j vxl���©$�$`cb�oqj �nf��ckn�q_

ow��e"l,�q�ieg��e�`cb����qkn����b!o|{��ckn�q_�ow��e"l��
egoqj hxowk�p v���e�~aj lnegr�hz��_tow��et�´��{i��byj ��eqknrg�
��b���b

Ox, Oy, Oz,
lnegoqp hxowk�j vxl³oqj �}{q�

�Êj bwr|`cbyp bw����b!o|{Q`cb�oqj �nf��ckn�q_9· XPYa02%436:6Z
¯*.�%(�'h�:�)�Y�7 ¸ ��g!k b�snp stbw~qkOow��e Ox, Oy

hzr��z�nka�tp �qknr���bm��b
xOy

� � egoqp hxoyk�j vxl
hzr��z�nk��tp �qknr���bU��b

yOz, xOz
owl³_t���il7~q��k7b�snp stbw~gl��/g!l7b�snp stbw~ql³lnraog_D�iu�d�kiegowl�j

Ya`6Zb`1Y�c�'�-q+�),0�Ya0r'1<
./¦�)�­W) �
� st��oykUhx{i��byp k

P(x, y, z)
�cuw�qknr���b¹o|{ie

PP1
stln�q_t����{���{$st�qkn��oykie�_,�qkieql

z′z
��uwvx�aj

eql!og�cfihzbyjgoyk»b�stp stbw~qk
xOy

hxoyk»hx{i��byp k
P1
��l�j|oqj �

P1X//y′y, P1Y//x′x, PZ//OP1.g!��ogb
r = OP = OP1 + OZ

= OX + OY + OZ.

� ���i_�owl�~aj lneq��hz��ltoyl
OX, OY, OZ

byp eql�j�hzrqdxd��qln���Êj ��_H��b7owl�~aj lneq��hz��ltoyl
e1, e2, e3

lnegoqp hxoyk�j vxl���ktst��ogb
OX = κe1

�
OY = λe2

�
OZ = µe3.

?�stkn��uweg���
r = κe1 +λe2 +µe3.

� ó �c���
r = xe1 + ye2 + ze3.

� � �ql
x = κ, y = λ, z = µ��l�j�b�stkn��uweg���

OX = xe1, OY = ye2, OZ = ze3.

� e"{}�n_nhx{
B = {e1, e2, e3}

oyknr�hzr�hxo|fi��ltoykn�Qhzr�egogb�owlid���uweg��e�byp eql�j�kn�w`ckt��lnegk��
eaj �nfx��og��ogb�oyk³hz��hxo|{i��l³hzr�egogb�oylid���uweg��e��iu�d�b�owl�j :*�aX�:2<«�W)2%=: f ik'*�[0�Y�-P%('*),5 �
?�p eql�jcog��ogbRæ |e1| = |e2| = |e3| = 1

��l�jc_n�ql |OX| = |x| , |OY| = |y| , |OZ| =
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|z| , ktst��ogb7owl x, y, z byp eql�jSk�jläqst�qknhx{i��lnhz��uweqbw�7ltstknhxog_nhzbyj �ûåëowknr P
ltst�Howl

b�snp stbw~qlmhzr�egogb�oylid���uweg��e
yOz, xOz, xOy,

lnegoqp hxoyk�j vxlk·Ôsz� v��&oyk
z = ±(PP1)

��b
owk§ä8ª}å}eql�lnegoqj hxoyk�j vxbypzhxog{�stbw�ap sio���hx{�stknr�owk

OZ
byp eql�j�kn���n�q�qkistk�owknr

e3
��l�j

owk9äQ�lå}hxo|{�stbw�ap sio���hx{mstknr�oyk
OZ

byp eql�j�lnegoqp �q�qktstk�oyknr
e3 ¸ �� ?Seql���ln�gogbwh�j lneg��hz��hxo|{i��lH`cl�hzr��z�nk��

�\v�fi��lk���>�|ô�æ

�tp �qb�owl�j�hzr�egfg`����}���
Oxyz

��l�jÊ{D�n_nhx{
owknr}���

B = {i, j, k}�\b�uweql���ln�gogbwh�j lneq�»hz��hxo|{i��l�hzr�egogb�oylid��
��uweg��e�·Ø�t�iu�stbUhzv�fi��lk���>�|ô ¸ uwvxknr���bRæ
|r| = |OP| =

√
(OP1)2 + (P1P)2

=
√

(OX)2 + (OY)2 + (OZ)2

=
√
x2 + y2 + z2.ó stk�j kn~gf�stk�ogb&b��ibw�|`cbw�qk»~aj _neqr�hz��l

α
byp �

eql�j�~aj _neqr�hz��lD`cuwhx{i��lt���aj �t����bweg�n��hx{q�
��byp knr

A(α1, α2, α3)
��l�j�_n�qlÕoykë��u�og�qk

owknr�byp eql�j æ |α | = √α2
1 + α2

2 + α2
3.� e

rA
��l�j

rB
byp eql�j�owl ~aj lneq��hz��ltowl7`cuwhx{i�D~q��kOhx{i��byp ��e

A
��l�j

B
lnegoqp hxoyk�j vxl��

og��ogb»{�ltst�nhxowlnhx{
d(A,B)

ow��e"~q��kDhx{i��byp ��e�byp eql�j æ
d(A,B) = |AB| = |rB − rA| .� e

A(α1, α2, α3)
��l�j

B(β1, β2, β3),
���³st�qkn��uweql ��ln�gogbwh�j lneq� hz��hxo|{i��l��\og��ogb

rB − rA = (β1 − α1)i+ (β2 − α2)j + (β3 − α3)k
��l�j�_n�gloæ

d(A,B) =
√

(β1 − α1)2 + (β2 − α2)2 + (β3 − α3)2.
·���� J ¸

u '*��'10r¢*��¯*-6¯}#oç��*ç¿#oç � e (π)
byp eql�j�uweql®~qbw~qkn��uweqk³b�snp stbw~qkÕhxowkëv����qk��¹uweql®hz�g�

hxo|{i��lQhzr�egogb�owlid���uweg��et�abyj ~aj ����ogbw�gl�dcj lUoyl�hx{i��byp l�oyknr»b�stj stuw~qknr���ltstk�ogb��ibyp oyl�j�ltst�
uweql}hx{i��byp k

O
owknr�b�snj stuw~qknrQ��l�j��Êp l��n_nhx{

B = {e1, e2}
hxowk�hz��eqk��ik}o���e�·.hzr�eqbÁ�

snj stuw~g��e ¸ ~aj lneqr�hz��_tow��e���b"~aj bwr|`c��eqhzbyj �Qstln�q_t����{��ibw�"st�qkn��oyk®b�snp stbw~gk��|�\b"��_a`cbhx{i��byp k
P
owknr}b�snj stuw~qknr�lnegoqj hxoyk�j vxbypxuweql�~aj ltogb�oylid���uweqk��qbwrqd�_n�aj

(x, y) ∈ R2,
stknr

byp eql�jxk�jxhzr�eaj hxo|��hzbw��oyknr�~aj lneq��hz��ltoykt��`cuwhx{i�
r
oyknr�hx{i��byp knr

P
����st�qkn��o|{Q�n_nhx{

B
����bQhx{i��byp k�lneqln�ckt�q_t��owk

O
�/� ó �il7oyl7stbw�apÊhzr�hxo|{i��_tow��e�hzr�egogb�oylid���uweg��e}hxowk

v����qkDj hzvx��knr�e"��l�jzbw~g�J��b�oqj ��lneqlidz��l�p bw��og�qktstktstk�j fihzbyj �a�
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]!�¬« -�ßSRUT}�U�S��#­RW`´âaT�àK­U'�T�l!T"#&%�à®��#­RU'�T�l!�&#Rb�#­�» �àK¨¹�Xm �
»Ub����qkn����b�~q��k�{i�Êj bwr|`cbyp bw�

Ox
��l�j

Oy
stknr»~qbwe!byp eql�j�lnegoqj ��byp ��bweqbw�q� ó ji{i�Êj bwr|`cbyp bw�

lnraoguw�}kn�ap �qknr�e�uweql�b�snp stbw~qk��;?�snj �iu�d�knr���b"owk®uweql�ltst��oyl®~q��k®��uw�g{�·Ô{i�Êp v����qk�j ¸ �hxoyl ktstk�p lëoyk b�snp stbw~qkOv����ap �qbyj�oyk v����qk�� ó �ap �qb�oyl�j�og��ogbm�Êp lO��kieqln~aj �tf®��r��|ogf
dz��eap lDo|{i�Qktstk�p ln�Qk�j�si�ibwr��quw��`cb����qkn��egoyl�j�~aj ltogb�owlid���uweqbw�U��bUst�g�&o|{�o|{ie

Ox
��l�j

~qbw�aogbw�g{�o|{ie
Oy
�qe�dz��eap l�lnrao|f»�iu�d�b�owl�j `1��:*-
'*)�'10r:2n*%=-
./¦�)r¯ ��l�j�hzr��z�nka�tp �qb�oyl�j

��b
(Ôx,Oy)

� � ��rastka`cuwhzknr���bU��oqjc{
Ox

hxog�quw�cb�oyl�jzstbw�apcoyk ó ~aj lid��q_n�ck�egowln�»oyk

�\v�fi��lp���>�LC�æ­`cb�oqj �nf�dz��eap l �\v�fi��lp���>�
B2æSln�qeg{�oqj �nf"dz��eap l
bwhx�&ogbw�aj ���}o|{i��dz��eap ln�»��uwvx�ajxeql�hzr��cstuwhzbyjz��b!o|{ie

Oy
� � et�tdcj l�eql�hzr��z�nbypzlnraog���

{��ckn�q_�o|{i��stbw�aj hxog�qkn��fi�Ubyp eql�j�lnegoqp `cb�o|{�ltst��o|{m�ckn�q_�stbw�aj hxog�qkn��fi�»o���e}~gbyj �nog��e
oyknr³���qka�ikadcp knr���{³dz��eap lÕ�iu�d�b�owl�j X�Ya02%43�¢ ·.hzv�fi��l&���>�LC ¸ � em{®�ckn�q_�stbw�aj hxog�qk����fi��byp eql�j�b���byp eg{�o���e}~qbyj �no|��e�oyknr}���qk��ikqdcp knr���og��ogb»{�dz��eap lm�iu�d�b�owl�j '*��)r¯102%43�¢
·.hzv�fi��l ���>�
B ¸ �]e�lt�ad�bÁ�n�aj �nfÕoqj �cfOo|{i�Ddz��eap ln� (Ôx,Oy)

kn�ap �qb�oyl�j&���7{Olt�ad�bÁ�

�\v�fi��lp���>�LE�æ ®W¯�°�±�²K³#´�³xµ�¶
·�¸�¹ º °K» ¹ ±
°K»�¼�½K²�¾�»L¿ À�»�¼ ¹ ¯�¼�½5»�Á�ÂL¼�½5Ã ¸ ¼�À�²�¾L²�»;¼#Ä ¹ À�±�Å;¾�¼�½ º�Æ�º Ä�¼�½5±�Ç º Å;¾�» ¸ ¼9»;¼
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ó �o»Ub����qkn����b»��oqj�{}dz��eap lmstknr�hzvx{i��ltoqp �qknr�e"~q��kmlnegoqj ��byp ��bweqbw��{i�Êj bwr|`cbyp bw��byp eql�j
`cb�oqj �nfx�Wg!��ogb�dcj l³o|{ie�lt�ad�bÁ�n�aj �nf�oqj �cf

θ
o|{i��st�qknhzlneqltowk��tj hz��uweg{i�Udz��eap ln�}j hzvx�g�

byj æ −π < θ ≤ π
�g©$� <«­W)2Z\' ~q��k ~aj lneqr�hz��_to���e

a
��l�j

b
kn�ap �qknr���b�o|{®d���eqp l

o���eD{i�Êj bwr|`cbyj ��e ó � ��l�j ó H���b
OA = a

��l�j
OB = b

��l�j ó ogr�vxl�p këhx{i��byp k
owknrëv����qknr�� ó kn�aj hz���n�Dlnraog�n�Dbyp eql�j�lneqb
�q_n�go|{�owkn�mo|{i�7b�snj �ikadzfi�Dowknr ó ��»Ub��­�
�qkn����bUuweql7hz��hxo|{i��l�hzr�egogb�owlidc��uwe|��e {O, e1, e2}

hxoyk³b�snp stbw~qk��®g!l³~aj lneq��hz��ltoyl
OA = e1

��l�j
OB = e2

~qbweÕbyp eql�jShzrqdzd��qln���Êj ��_O��l�j�_n�ql
( ̂OA,OB) 6= 0

�
g!k®hz��hxo|{i��lD`cl��iu�d�b�owl�j c�Y#h2%(5*-q0���:*��: lne

( ̂OA,OB) > 0
·.hzv�fi��lº���>�LE ¸ ��l�j'*�2%=-q0�Y���5*-q0���:*��: lne

( ̂OA,OB) < 0
·.hzv�fi��l����>�LJ ¸ �k� ?Shxow� {O, e1, e2, e3}

élê�ërì1ípî�ï>î�È,ñ%=Rø;Éa÷ < ÿ ��ôRó�:�í élê�ërì1ípî�ï>îxÊ�ñPí,ôa÷ ÿ ��ø
ôL< ÿ ��ôRó�:oí
�
ýRí ÿ 	 ÿ �Lörì1í ÿ ù�ý���ø��ûí þ ì��
ý���ý ÿ �ûórý�ø��[ó����R÷ ��<ºê�ü�ôRó E ï Q ó ÿ 	 ÿ �Lörì1íTí,ù���<pú�í��� þ ø��
í�÷ .  #Ë / -'*,+�&�)'"%)ÍÌ ÿ ê�ërì1í�î�ï î�È#Î>Ìbí,ý��L� ÿ �
ó�÷ ê�íC$'& / *,+� #&�-'*,+�&�)'"%)'Î�Ì ÿ ê�ërì1íî�ï>îxÊ�Îlí,ý>�ûó ÿ 	 ÿ ��örì1í ÿ ù�ý���ø��
í þ ì��
ý���ý {O, e1 e2}

�
ó,ù|ø���� �[ø;=Ró,ù
:�í�� ýRø��ûí�÷2í���<��ûó
���
ôRí����
ó,ù

e3
�%�>=Rø;Éa÷ < ÿ ��ôRó�:�ó5Ìbí,ý��L� ÿ �ûó�÷ ê�í£í,ôa÷ ÿ ��ø
ôL< ÿ ��ôRó�:oó�Î ïÏa� í?@,õ ÿ ö�=R÷ í,ýRù ÿ ì1õ��;��ý {e1, e2, e3}

�ûó,ùxê�ü�ôRó,ù D ��� þ ø��ûí�÷ .  #Ë / -'*,+�&�)'",H�í,ý��R÷ V
ÿ �
ó�� ê��%�d$'& / *,+� #&�-'*,+�&�)'",H4A
í,ý þ ÷ í6�
ýRí ÿ örì1ø�� ó E �
ó,ù E �
ó ÿ 	 ÿ �Lörì1í ÿ ù�ýx�Rø1V�
í þ ì��
ý���ý {O, e1, e2, e3}

ø�� ýRí�÷'=Rø;Éa÷ < ÿ ��ôRó�:�ó9í,ý��R÷ ÿ �
ó�� ê��%�;í,ôa÷ ÿ ��ø
ôL< ÿ ��ôRó�:�ó2ï Eó,ôa÷ ÿ ì�<��´í,ù���<��´ø�� ýRí�÷oí,ýRø;ÉRõ,ôx�Lö#�ûó��Wí���<��ûó ÿ örì1ø�� ó E ïÐ í����
ì1øS<#�R÷�ó�ø��[ó����R÷ ��<���ê�ü�ôRó�� E ø�� ýRí�÷�G% �+ / U 0 ë�$'& 2 H�+ / U 0 �[ôRó ÿ í,ýRí��ûó��[÷ ÿ ì��1VýRó���A�í,ý>�ûó ÿ 	 ÿ �Lörì1í ÿ ù�ý���ø��
í þ ì��
ý���ý?�[ó,ù8�
ê�ó,ù�ì1ø�ø��,÷ ���;ÉRøû÷BA�ø�� ýRí�÷!=Rø;ÉR÷ < ÿ �Rô�ó�:�ó�ëí,ôa÷ ÿ ��ø
ôL< ÿ ��ôRó�:�ó9í,ý��L� ÿ �ûó�÷ ê�íoï�� E ì1ó�÷ ípópê�ü�ôRó�� D ����ý£ø��rø
ùLú
�
ô���ý8=a÷ í,ýRù ÿ ì1õ�����ýø�� ýRí�÷qú�ø��R÷ ��õºëºí,ôRý�ö#�R÷ ��õa�[ôRó ÿ í,ýRí��
ó#�[÷ ÿ ì��
ýRó��9í,ýpö9@,õ ÿ öa�[ó,ùg�
ê�ó,ù�ì1ø§ø��,÷ ���;ÉRøû÷ø�� ýRí�÷!=�ø;Éa÷ < ÿ ��ôRó�:oö;ë�í,ôa÷ ÿ ��ø
ôL< ÿ ��ôRó�:oö�í,ý��L� ÿ �
ó�÷ ê�íoï
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]!�jÑ (HT8më#Rb6ßlâiN?­W �â|�R­´àKb¹�SR
QëbUo|{��nktfg`cbyj lmog{i�"bwegeqk�p ln��owknrm��u�og�qknr�bweq�n�Q~aj lneq��hz��ltowkn�U��l�j�o|{i��dz��eap ln�"~q��k
~aj lneqr�hz��_tow��e��cstkn�qbyp���lneqbyp �7eqlHkn�ap hzbyj�o|{ieÕuweqeqk�j lëoyknrObwhx�&ogbw�aj ��kn��dcj eqkn��uweqknr
hxoyk D ��� ?Shxow� a,b ∈ D �/g!k Y�-«­�0�Y��2%4365�<�%b)�5*./Y�)�5 owknr�� a · b kn�ap �qb�owl�j����"kst�qlid���ltoqj ���n�»ln�aj `c���n�aæ

a · b =

{
|a||b| hzr�e (â,b),

lne
a 6= 0

��l�j
b 6= 0

0,
lne

a = 0
f

b = 0
.

·���� M ¸
?�p eql�j��clneqbw�q�®��oqj�lneDowk

a
byp eql�j�kn�w`ckqdz��eaj k�st�qkn��oyk

b
·.~g{��iln~gf�k�j�~aj bwr|`c��eqhzbyj �

oyknr��"byp eql�j���_a`cb�ogbw� ¸ og��ogb a · b = 0
� � egoqj hxog�q�n�����a��lne

a · b = 0
og��ogb

a = 0
f

b = 0
f�owk

a
byp eql�j�kn�w`ckqdz��eaj k�st�qkn�Uowk

b
�«?�stkn��uweg���

a · b = 0⇔ a = 0
f

b = 0
f�oyk

a
byp eql�j�kn�w`ckadz��eaj k}st�qkn�Uowk

b.

� st�mo|{ie§·���� M ¸ st�qkt���asiogbyj�ln��uwhx���U��oqj

|a| =
√

a · a =
√

a2
��l�jWhzr�e

(â,b) =
a · b
|a||b| .

·���� O ¸
ó j�hzvxuwhzbyj �Qlnraoguw�Q�clneqbw�|��eqknr�e���l�j�owkie�knr�h�j lnhxoqj ���Dvxln�qlt�no|fi�ql�oyknr�bwhx�&ogbw�aj ��kn�
dcj eqkn��uweqknr�æ ó j|�nlnh�j ��uw����b�og�aj ��uw�&uweqeqk�j bw��owknr��cf���knr��&��l�jgo|{i�&dz��eap ln�S�cstkn�qkn��e�eql
~qka`ckn��eS��b�o|{\�nktfg`cbyj _�owknr$��l�jq���ieqk�� � st�»owkie\kn�aj hz���!oyknr!bwhx�&ogbw�aj ��kn�Sdcj eqkn��uweqknr
��l�j���bUhxowk�j vxbyj ��~qbyj �!d�b�����b�og�aj ��uw�U��b«`c�n~qknr��»ltstkn~qbyj ��eg��kie|oyl�jxk�j�j ~aj ��o|{�ogbw�aæ

(i) a · b = b · a
(ii) (λa) · b = λ(a · b)

(iii) (a + b) · c = a · c + b · c
(iv) a · a ≥ 0.

?�p eql�j æ
a · a = 0⇔ a = 0.

·���� G ¸

DUln�qla`cu�owknr���b�~q��k�stln�qln~qbyp d���lioyl�bw�cln�q��kqdzfi��oyknr�bwhx�&ogbw�aj ��kn�Qdcj eq�n��bweqknr��

u '*���*c�Y[%�<
./'º#oç��*ç¿#oç ¥Ul�~qbyj vi`cbypn��oqjthzb$uweql�j hzknhx��b��iuw�\og�ap dz��eqk"{»�n_nhx{QowknrU��l�j{�lnegoqp hxowk�j v�{�~aj _n��bwhzkn�Ubyp eql�jz��_a`cb�ogbw� �
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� ���LyLr;� ��{ � DU�q_id���ltoqjØ��vx�g{ih�j ��ktstk�j ��egowln��o|{mhzvxuwhx{p·���� C ¸ byp eql�j æ

r · (b− a) =
a + b

2
· (b− a) =

1

2
(|b|2 − |a|2) = 0.

u '*���*c�Y[%�<
./'�#oç��*ç U1ç · z )�5*./:*7�0r:1+T-q+�)r¯*.�Z 0r:�)�:�+ ¸ æ��owkmog�ap dz��eqk
ABΓ

·.hzv�fi��lk���>�LG ¸ j hzvx��byj æ |γ|2 = |β|2 + |α|2 − 2|α||β| hzr�e θ.� ���LyLr;� ��{ � � st��o|{Uhzvxuwhx{ γ = β−α uwvxknr���bRæ |γ|2 = γ ·γ = (β−α)·(β−α) =

|β|2 + |α|2 − 2α · β = |β|2 + |α|2 − 2|α||β| hzr�e θ.
��o|{³hzr�equwvxbyj lm�n�ap hx��knr���bQo|{ie�u����c�qlnhx{

�\v�fi��lk���>�LG�æ

owknr»bwhx�&ogbw�aj ��kn�$dcj eqkn��uweqktr$���Sst�qkn���Êp l
kn�w`ckt��lteqk�eaj �nf��n_nhx{�~aj lneqr�hz��_to���et� � e
{ {i, j,k} byp eql�jt�Êp l"kn�w`ckt��lnegkieqj �tf!�n_nhx{og��ogbRæ

i · j = j · k = k · i = 0.

i · i = j · j = k · k = 1.

·����>�|õ ¸
� � �qlJlne

a = a1i+a2j+a3k
��l�j

b =

b1i+b2j+b3k,
og��ogb�ltst��oqj ��st�qkt{ad�kn����bÁ�

eqbw�Uhzvxuwhzbyj �»st�qkt���asiogbyj æ

a · b = (a1i+a2j+a3k) · (b1i+b2j+b3k)

= a1b1 + a2b2 + a3b3.

·����>��� ¸
��l�j�dcj lmowkD��u�og�qkmbweq�n�U~aj lneq��hz��ltowkn�

a
`clDuwvxknr���bRæ

|a| =
√

a · a =
√
a2

1 + a2
2 + a2

3.
·����>�|ô ¸

u '*��'10r¢*��¯*-6¯µ#oç��*ç¿#oç � e"{�`cb����qkn����bwe|{��n_nhx{m~qbwe"byp eql�jckn�w`ckt��lteqkieqj �tf}og��ogb�k�jst�qkt{ad�kn����bweqbw��hzvxuwhzbyj �m~qbwe�`clOuwvxknr�e7og�nhzkOltsi��fÕ��kn�q��f®ln�ckn�m`clëstbw�aj uwvxkiegoyl�j
��l�j&oylOdcj eq�n��bweqlO��b�oyl,�q�®ow��eÕ~qj lneqr�hz��_tow��e³o|{i�m�n_nhx{i�a��~g{��iln~gfÕoylH��u�og�ql ow��e
~aj lneqr�hz��_to���e�o|{i���n_nhx{i�U��la`����»��l�j�k�jc��b�owl,�q��oyknr���dz��eap bw�a�

u '*��'10r¢*��¯*-6¯µ#oç��*ç U1ç g!k�������u��ikn�Uow��e}hzvxuwhzb���e§·����>��� ¸ �^·����>�|ô ¸ b
�qln�gog_towl�j�ltst�o|{H�n_nhx{�stknr�vx�g{ih�j ��ktstk�j kn����bq�!bweg��oykJl��S��u��ikn�Õuwvxbyj!kn�aj ht`cbyp$ltst�Jo|{�hzvxuwhx{
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·���� M ¸ ��l�j&byp eql�j&lneqb
�q_n�|o|{�oykOltst�®�n_nhzbyj �a��?�stkn��uweg���a��lne a′i ��l�j b′i � i = 1, 2, 3byp eql�j�k�j�hzr�eaj hxo|��hzbw�}ow��eD~aj lneqr�hz��_to���e
a
��l�j

b
lnegoqp hxoyk�j vxl��¹����st�qkn���Êp l®_t����{

kn�w`ckt��lnegkieqj �tfQ�n_nhx{x�zog��ogb\`clDbyp eql�j æ

a · b = a1b1 + a2b2 + a3b3 = a′1b
′
1 + a′2b

′
2 + a′3b

′
3,

|a| =
√
a2

1 + a2
2 + a2

3 =
√
a
′2
1 + a

′2
2 + a

′2
3 .

� ?Shxow�
a,b ∈ D � b = b1 + b2

�¹�tstknr
b1
n

Prab
{³kn�w`�f7st�qk��nka��fDoyknr

b
hxoyk

a��l�j
b2⊥a

·.hzv�fi��lk��� ô�õ ¸ �«?�p eql�j æ

a · b = a · (b1 + b2) = a · b1 + a · b2 = a · b1 = a · Prab .
·����>�LC ¸

� � �qloæ�� u�r1z�s � r_t
�B���������L��wZr���u�yLv#u�yL��}����#z�w,� � sR��� z�uLv � }���wZr � u�r�z�s � r_t!�Ò���8�����L�xÓ
wZr��xu � ux�5r��L����r���| � {��9Ô u1t����xÕf��t!u1��u���� � u��K�x�#��ux�fz�Ö�}�� � � �|?�snp�si�iuwk�eDltst�®o|{
hzvxuwhx{k·����>�LC ¸ st�qkt���asiogbyj���oqj�owkD��u�og�qk�o|{i��si�qk��nk���fi�»oyknr b

hxowk
a
byp eql�j æ

|Prab| = |a · b||a| .
·����>�
B ¸

� e"`cb����gfihzknr���bq�Ê�tsi����st�qj et��o|{iemlneq_t�ir�hx{Doyknr
b
hzb�~q��k³��_a`cb�ogbw��hzr�eaj hxo|��hzbw�a�

~g{��iln~gf
b = b1 + b2

�Ê�tstknr
b1
n

Prab//a
��l�j

b2⊥a
og��ogb

b1 = λa
dcj l7��_tstk�j k

λ ∈ R ��ktst��ogbq�nltst��·����>�LC ¸ ��uwvxknr���bRæ a ·b = λ|a|2 ��l�j�b�stkn��uweg��� λ =
a · b
|a|2

�^� � �ql

b1 =
a · b
|a|2 a

��l�j
b2 = b− b1.

 ¡+�)r¯*.�Z 0r:�)�']c2%(Yam,X«+�)�-6¯*7
� ?Shxow� {i, j,k} �Êp l"kn�w`ckt��lteqk�eaj �nf$�n_nhx{»oyknr D ��l�j a ∈ D ��b a = a1i+a2j+a3k

�
� e»`cuwhzknr���b;·.hzv�fi��lk��� ô�� ¸ θ1 = (â, i)

�
θ2 = (â, j)

�
θ3 = (â,k)

og��ogb

a1 = a · i = |a| hzr�e θ1, a2 = a · j = |a| hzr�e θ2, a3 = a · k = |a| hzr�e θ3

� � �ql

a = (a · i)i + (a · j)j + (a · k)k

= |a|( hzr�e θ1 i +
hzr�e

θ2 j +
hzr�e

θ3 k).

·����>�LE ¸
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�\v�fi��lp��� ô�õ�æ �\v�fi��lk��� ô���æ

DU�qkn�clteg���$owk�~aj _neqr�hz��l}hzr�e
θ1 i +

hzr�e
θ2 j +

hzr�e
θ3 k =

1

|a|a
byp eql�jx��kieqln~qj l�p k���l�j

stln�q_t����{��ik�st�qkn�Uowk
a
�q� � �ql
hzr�e 2θ1 +

hzr�e 2θ2 +
hzr�e 2θ3 = 1.

·����>�LJ ¸
ó jcln�w`c��k�p

λ1 =
hzr�e

θ1
�
λ2 =

hzr�e
θ2
�
λ3 =

hzr�e
θ3
�iu�d�kiegowl�j -q+�)r¯*.�Z 0r:�),'�c2%(Yam�À

X«+�)�-6¯*7 f c2%(Ya+,X«m�)�:�),0r'¼-q+�)r¯*.�Z 0[:o)�' owknr�~aj lneq��hz��ltoykt�
a
����st�qkn�}o|{7�n_nhx{

{i, j,k} �

]!�j× (NkXmë#Rb^ßlâiN?­  �â|�R­´àKb¹�SR
g!k Y#h�­�0�Y��2%4365�<�%b)�5*./Y�)�: ~q��k�~aj lneqr�hz��_tow��e

a,b
byp eql�jnuweql"~aj _neqr�hz��lQstknrQhzr��z�

�nka�tp �qb�oyl�j���b
a× b

��l�j�kn�ap �qb�owl�jz����b
�gfi�aæ
#oç � e�oyl

a,b
byp eql�j¹�c{³hzrqdxd��qln���Êj ��_Doq�aoqbQoyk®��u�og�qk���{³~aj bw�|`cr�eqhx{m��l�jÊ{³�ckn�q_

owknr
a× b

kn�ap �qkiegowl�jzltst��oqj ��hzvxuwhzbyj �aæ
Ø
i
è |a× b| = |a||b|| {i� (â,b)|,Ø

ii
è

(a× b)⊥a, (a× b)⊥b,Ø
iii
è eL�n_nhx{ {a,b,a× b} byp eql�j�~qb
�qj �nhxoq�gkn��{x�

U1ç � emoyl
a,b

byp eql�j­�c{®�c{i~qbweaj ��_���l�j�hzrqdxd��qln���Êj ��_z�¹fÕlne7uweqlÕltst�ëlnraog_ëbyp egl�j
�c{i~quweDkn�ap �qknr���b����

a × b = 0.
DU�qkn�clneg�����cstkn�qkn����b}eql�d��q_,�cknr���b

a × b =



UoU ikY����1n�'^%=: #oç�$&%Á'1),+�-
./'102%4365*7�8;:2<�%=-
./5*7

|a||b|| {i� (â,b)|e �S�tstknr e
byp eql�j&owkH��kieqln~aj l�p kë��_a`cb�owk ~qj _neqr�hz��lë��ltog_Oo|{O�ckn�q_

oyknr
a× b.� e�H/¥ byp eql�jÊoyk®���ckn��owknrDstln�qlt����{��ik��

�\v�fi��lp��� ô�ô�æ

d��q_n����knr ó � S6HH��b­�n_nhx{�o|{ie ó � �gog��ogb
oykDbw�z�nln~q�ieUoyknr

E
byp eql�j^·.hzv�fi��lk��� ô�ô ¸ æ

E = |a|(B∆) = |a||b|| {i� (â,b)| = |a×b|.
� � �qlmoyk7��u�og�qkDoyknr�b
�g�&ogbw�aj ��kn��dcj eqkn��uÁ�
eqknr�~q��k�~aj lneqr�hz��_to���e

a,b
byp egl�j�p hzkm��b

oyk»bw�z�nln~g�ie&oyknr\stln�qlt����{��ikqd��q_n����ktrSstknr
uwvxbyj�����~aj ln~qkivzj ��uw��si�ibwr��quw�Qoqj �

OA =

a
��l�j

OB = b.
� � ��bwhx{Õhzr�equ�stbyj lëoyknr

kn�aj hz��kn��byp eql�j���oqj æ
a×b = 0⇔ a = 0

f
b = 0

f
a//b.S­j lDktstk�j ln~gf�stk�ogb�~aj lneq��hz��ltowl

a,b, c
��l�j

λ ∈ R j hzvx��knr�e�k�jcj ~aj ��o|{�ogbw�aæ

a× b = −b× a.

(a + b)× c = a× c + b× c.

a× (b + c) = a× b + a× c.

(λa)× b = a× (λb) = λ(a× b).

� e {i, j,k} byp eql�j��Êp lD~qb
�qj �nhxoq�gkn��{}kn�w`ckt��lteqk�eaj �tfQ�n_nhx{�og��ogbRæ

i× i = j× j = k× k = 0.

i× j = k, j× k = i, k× i = j.

ktst��ogbq�qlne�����st�qkn��o|{��n_nhx{!lnrao|f!byp eql�j æ
a = a1i+a2j+a3k

��l�j
b = b1i+b2j+b3k,`clmuwvxknr���bRæ

a× b = (a1i + a2j + a3k)× (b1i + b2j + b3k)

= (a2b3 − a3b2)i + (a3b1 − a1b3)j + (a1b2 − a2b1)k

=

∣∣∣∣∣
a2 a3

b2 b3

∣∣∣∣∣ i−
∣∣∣∣∣
a1 a3

b1 b3

∣∣∣∣∣ j +

∣∣∣∣∣
a1 a2

b1 b2

∣∣∣∣∣k.

·����>��M ¸
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QÕstkn�qkn����b�eqlm`cb����gfihzknr���bQ��oqjÊ{7u������glnhx{Dlnrao|f7st�qkt���asiogbyjÊltst�³owk®lneq_tsiogrqd���l
���Ust�qkn�»oylDhxowk�j vxbyp l�o|{i��st�g�&o|{i�»d��qln���cfi�»o|{i��hzr��z�nk��tj �nfi�_äakn�ap �qknr�hzln�Lå,æ

a× b =

∣∣∣∣∣∣∣

i j k

a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣∣
.

·����>�LO ¸
e)hzvxuwhx{�·����>��M ¸ �nj hzkn~q��eqln��lU{|·����>�LO ¸ byp eql�j�{�u����c�qlnhx{�oyknrUb
�g�&ogbw�aj ��kn�$dcj eqkn��uweqktr���Ust�qkn�U�Êp lD~qb
�aj �nhxog�qkn�z{}kn�w`ckt��lnegkieqj �nfQ�n_nhx{x�
u '*���*c�Y[%�<
./'�#oç�t*ç¿#oç � e a = 2i− 3j + 5k

��l�j
b = −i + 2j− 3k,

���»st�qkn���Êp l
~qb
�aj �nhxog�qkt��{}kn�w`ckt��lnegkieqj �tfQ�n_nhx{ {i, j,k}, og��ogb

a× b =

∣∣∣∣∣∣∣

i j k

2 −3 5

−1 2 −3

∣∣∣∣∣∣∣
= −i + j + k.

u '*���*c�Y[%�<
./'p#oç�t*ç U1ç Ø ~k5*./:*7_0[­W)_¯*.�%�0�5�)�­W)2è �
�\b&uwegl�og�ap dz��eqk ABΓ
j hzvx��byj æ

α{i�
Â

=
β{i�
B̂

=
γ{i�
Γ̂
.

� ���LyLr;� ��{ � »Ub����qkn����b�owl)~aj lneq��hz��ltoyl

�\v�fi��lk��� ô�C�æ

α = ΓB, β = AΓ, γ = BA
·.hzv�fi��l

��� ô�C ¸ �P?�p eql�j γ ª β = −α, ktst��ogb α×·
γ
ª
β ¸ = −α × α = 0 ⇒ α ×

γ +α× β = 0⇒ α× β = γ ×α �?�stkn��uweg���
|α||β| {i� (α̂,β) = |γ||α | {i� (γ̂,α).

��l�jz_n�ql
|β|{i�
(γ̂,α)

=
|γ|{i�
(α̂,β)

.

� ó �c���U{i�
(α̂,β) =

{i�
Γ̂
�z{i�

(γ̂,α) =
{i�

B̂
��l�j�`cu�oykiegowln�»dcj lmowl7�cf��n{�ow��e"si�ibwrg�

�g��e |β| = β, |γ| = γ
uwvxknr���b

β{i�
B̂

=
γ{i�
Γ̂
.
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� ó ��k�j lmltstkn~qbyj ��eg��b�oylnjx��l�j
α{i�
Â

=
γ{i�
Γ̂
.

u '*���*c�Y[%�<
./' #oç�t*ç�d*ç ¥Ul��ir|`cbyp�oykmhz��hxo|{i��l7��b»lid�eg��hxoyknr��»oyl x1
�
x2
�
x3
æ

a1x1 + a2x2 + a3x3 = 0

b1x1 + b2x2 + b3x3 = 0

� v#z�{ � � e}`�b����gfihzknr���b�owlë~aj lneq��hz��ltowl
a,b,x,

��b}hzr�eaj hxo|��hzbw�³�¹����st�qkn���Êp l
~qb
�aj �nhxog�qkn�z{7�n_nhx{x��owknr��mln�aj `c��kn���

ai, bi, xi, i = 1, 2, 3
lnegoqp hxowk�j vxl��­og��ogb�oyk

hz��hxo|{i��lmd��q_n�cb�owl�j æ
a · x = 0, b · x = 0.

e b�snp �ir�hx{}owknr�hzr�hxo|fi��ltowkn�Uj hzkn~qr�eqln��bwp���b!o|{ie�bw���qbwhx{"ow��e�~aj lneqr�hz��_tow��e
x
stknr

byp eql�jz��_a`cb�oyl�hxowl
a
��l�j

b
��l�j�_n�qlmhzrqdxd��qln���Êj ��_���b�oyk

a× b.
?�stkn��uweg���

x = λ(a× b), λ ∈ R.
� � �ql�{��i��hx{�oyknr�hzr�hxo|fi��ltowkn�Qbyp egl�j æ

x1 = λ(a2b3 − a3b2), x2 = λ(a3b1 − a1b3), x3 = λ(a1b2 − a2b1).

]!�«]�[ * âiNU#R­W �â|�R­´àKb¹�SR
g!k .�%43*0�5£<�%b)�5*./Y�)�: og�aj ��e�~aj lneqr�hz��_to���e

a,b, c
byp eql�jquweqln��ln�aj `c���n�

(a b c) ∈ Rstknr�kn�ap �qb�oyl�jzltst��o|{mhzvxuwhx{�æ

(a b c) = a · (b× c).
·����>�LG ¸

Qëk��ikieq�aoaj�oykH�Êj �nog�ëdcj eq�n��bweqkOkn�ap �qb�oyl�j�_n��bwhzl ltst� oykHbwhx�&ogbw�aj ���O��l�j�owk�b
�g�­�
ogbw�aj ���7dcj eq�n��bweqk���l,�ap �qbyj­j ~aj l�p ogbw�g{i�"st�qknhzkiv�fi���i�qdz�Lo���e7j ~aj k�o|f�ow��e�oyknrD��l�j¹o|{i�
d�b�����b�og�aj �nfi�»owknr�hx{i��lnh�p ln�a� � st�mowkie�kn�qj hz����si�qkt���asiogbyjc_n��bwhzlm��oqj

(a b c) = |a||b||c|| {i� θ| hzr�e φ,



#oç¿#�¬�{²%43*0�5T<�%\)�5*./Y�)�: Uo�

�tstknr
θ = (b̂, c)

��l�j
φ = (â, b×c).

� e�`cb����gfihzknr���b�oykÕstln�qlt����{��ib�snp stbw~qkë��b
si�ibwr��quw�

OA = a
�
OB = b, OΓ = c

·.hzv�fi��lª��� ôRB ¸ � ó ln�aj `c���n� |B| =

|b||c| | {i� θ| byp eql�jgoykUbw�z�nln~q�ieSo|{i���n_nhx{i�a�a~g{��iln~gf!oyknr$stln�qlt����{��ikad��q_n�c��knr OBZΓ.g!k®���ckn�}owknr7stln�qlt����{��ib�snj stuw~qknrDbyp eql�j�kÕln�aj `c���n�
h = |a| | hzr�e φ| . ?�stkn��uweg����k�qdz��kn�»owknr}stln�qlt����{��ib�snj stuw~qknr�byp eql�j æ

V = |B|h = |(a b c)| . ·���� ô�õ ¸
� � �qlQ{"ltst���irao|{Qoqj �cfQowknrQ�Êj �noykn�»dcj eqkn��uwegknr»og�aj ��e»~aj lneqr�hz��_tow��e�byp eql�j�p hx{���b\owkie
�qdz��k�owknr}stln�qlt����{��ib�snj stuw~qknr"stknr�hzv�{i��ltoqp �qknr�et�
� st�Õo|{®hzvxuwhx{]·���� ô�õ ¸ st�qkt���asiogbyj����

�\v�fi��lk��� ôRB2æ

oqjzowlD~aj lneg��hz��ltoyl
a,b, c

byp eql�j�hzr�eqbÁ�
snp stbw~qlk· d��qln���Êj �n����b
�qln�go|{i��uweql ¸ lne��l�jz���ieqkmlne

(a b c) = 0.

DU�q_id���ltoqjclne�byp eql�j�hzr�eqb�snp stbw~qlDog��ogb
V = 0

��l�j�_n�ql
(a b c) = 0.

� egoqj �
hxog�q�n�����a�clne

(a b c) = 0
og��ogbRæ$byp ogb

owknra�i_nvzj hxowkie�uweql ltst�Oowl
a,b, c

byp �
eql�j�owk��c{i~qbweaj ���}~aj _neqr�hz��l}byp ogb!owk

b
byp eql�jxhzrqdxd��qln���Êj ���}��b!owk

c
�xbyp ogb!owk

a
byp eql�j

��_a`cb�owkmhxowk
b× c.

�\b»��_a`cb�stbw�ap sio���hx{�oyl
a,b, c

byp eql�jzhzr�eqb�snp stbw~ql��
� e {i, j,k} byp eql�j��Êp l}~qb
�aj �nhxog�qkn�z{Qkn�w`ckt��lteqk�eaj �tf»�n_nhx{Q��l�j a = a1i+a2j+a3k

�
b = b1i+b2j+b3k

�
c = c1i+c2j+c3k,

og��ogb­{�u����c�qlnhx{\oyknr$�Êj �noykn�Sdcj eqkn��uweqknrS���
st�qkn�»o|{��n_nhx{�lnrao|f�byp eql�j^·Ôst�qkt���asiogbyj�ltst��oqj ��hzvxuwhzbyj ��·����>�|õ ¸ �L·����>��M ¸ ��l�j6·����>�LG ¸4¸ æ

(a b c) =

∣∣∣∣∣∣∣

a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣∣
.

·���� ô�� ¸

� st�ëowkie³kn�aj hz���Õoyknr®�Êj �noykn�7dcj eqkn��uweqknr7fÕo|{ie³u����c�qlnhx{T·���� ô�� ¸ si�qkt���asioyknr�e7k�jj ~aj ��o|{�ogbw�aæ

(a b c) = (c a b) = (b c a) = −(b a c) = −(c b a) = −(a c b).
·���� ô�ô ¸
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� e"oylD~aj lneq��hz��ltoyl
a,b, c

~qbwe�byp eql�j�hzr�eqb�snp stbw~qlDog��ogb
(a b c) > 0

f
(a b c) < 0.?�p eql�j

(a b c) > 0
lneQ��l�j����ieqkmlneQ{��n_nhx{ {a,b, c} byp eql�jz~qb
�aj �nhxog�qkn��{x�DU�q_id���ltoqjØ�­b�stbyj ~gf®��l�j­{ {b, c,b × c} byp eql�j�~qb
�aj �nhxog�qkn�z{x��{ {a,b, c} `clëbyp eql�j~qb
�aj �nhxog�qkn�z{mlne}��l�j����ieqk7lne�oyl³~aj lneq��hz��ltoyl

a
��l�j

b × c
�n�qp hx��kiegoyl�jchxoykie�p ~aj k

{i�Êp v����qkHstknr kn�ap �qb�owl�jSltst��uweqlHb�snp stbw~qk�stln�q_t����{��ikHst�qkn�7owl
b, c

ltst�H��_tstk�j k
hx{i��byp k ó ��l�j­ltst�Õowl

b, c
·.hzv�fi��l&��� ôRB ¸ � � raog�ë�n�c����hzr��z�nl�p eqbyj�lnem��l�j­���ieqklne&·

â,b×c) ∈ (−π
2 ,

π
2 ),

lne®��l�jS���ieqkHlne®hzr�e
(â,b×c) > 0,

lne®��l�jS���ieqk lne
a · (b× c) = (a b c) > 0.

]!�«]$] Cfb¹�lâiNxáÙ¡U�´ßS�UPRb,¢Á �à®��#­� NQ�xâÚb6Þ��´ßPà®R\ 
¨¹'

#oç ¥Ulmltstkn~qbyj vi`cbypx{�b�snj ��bw�aj hxoqj �nf�j ~aj ��o|{�oyl�oyknr�b
�g�&ogbw�aj ��kt�Qdcj eqkn��uweqknr�æ

a× (b + c) = a× b + a× c.

� ���LyLr;� ��{ � � ?Shxo�� u = a× (b + c)− a×b− a× c
��l�j

v
uweql}ogr�vxl�p k�~aj _neqr�hz��l��

g!��ogb
v · u = v · [a× (b + c)]− v · (a× b)− v · (a× c).

� ���i_mltst�mo|{�hzvxuwhx{k·���� ô�ô ¸ uwvxknr���b a · (b× c) = (a× b) · c, _n�ql

v · u = (v × a) · (b + c)− (v × a) · b− (v × a) · c
= (v × a) · b + (v × a) · c− (v × a) · b− (v × a) · c = 0.

?�stbyj ~gf�lnraog�Dj hzvx��byjxdcj lm��_a`cb�~aj _neqr�hz��l
v
u�stb�oyl�j���oqj

u = 0
· dcj ltoqpB¤ ¸ �

U1ç g!k c2%=7RÀ Y#h�­�0�Y��2%4365 <�%\)�5*./Y�)�: og�aj ��em~aj lneqr�hz��_tow��e
a,b, c

kn�ap �qb�oyl�jÊ����oyk
~aj _neqr�hz��l

a× (b× c)
��¥Ulm~qbyj vi`cbyp���oqj

a× (b× c) = (a · c)b− (a · b)c.

� ���LyLr;� ��{ � � e����»st�qkn�»�Êp lm~qb
�aj �nhxog�qkn�z{�kn�w`ckt��lnegkieqj �nf��n_nhx{ {i, j,k} oyl�~aj lneq�g�
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hz��ltowl
a,b, c,

uwvxknr�e"hzr�eaj hxog��hzbw�
ai, bi, ci i = 1, 2, 3

lnegoqp hxowk�j vxl���og��ogb

a× (b× c) =

∣∣∣∣∣∣∣

i j k

a1 a2 a3

b2c3 − b3c2 b3c1 − b1c3 b1c2 − b2c1

∣∣∣∣∣∣∣
= (a1c1 + a2c2 + a3c3)b− (a1b1 + a2b2 + a3b3)c

= (a · c)b− (a · b)c.

� st��o|{ie"oylnraog��o|{�owlDlnrao|f�st�qkt���asiowknr�eQ��l�j�k�jzoylnraog��o|{�ogbw�aæ
a× (b× c) + b× (c× a) + c× (a× b) = 0.

(a× b)× (c× d) = (a b d)c− (a b c)d.

·���� ô�C ¸
e�st�g�&o|{mbyp egl�jxd�eg��hxo|f���l�jz���Uowlnraog��o|{�oylmowknr

Jacobi
�

d*ç´�9)��1no+�-6¯pc2%('*),m�-
./'10r:*7 �q¥�p eqkiegowl�j�~q��kU�c{Uhzrqdxd��qln���Êj ��_U~aj lneq��hz��ltowl
a, b��l�j\uweql�~aj _neqr�hz��l

d
oyk�ktstk�p k `cu��iknr���b³eql�lneqlt�i��hzknr���b7hzb®~q��k�hzr�eaj hxo|��hzbw�a�

~g{��iln~gf
d = d1 + d2

�\u�ogh�jS��hxogbDoyk�~aj _neqr�hz��l
d1
eqlHbyp eql�j���_a`cb�oykOst�qkn�³uweql

b�snp stbw~qk�stknr�~aj uw�qvxb�owl�jnltst�}��_tstk�j k}hx{i��byp k ó ��l�j�byp eql�j�stln�q_t����{��ik"st�qkn�!oyl
a, b,��l�jÊowk

d2
eql®byp eql�jÊstln�q_t����{��ik³st�qkn��owkÕb�snp stbw~qk®lnraog��� � �ckn�

d1⊥a, d1⊥b
`cl

rast_n�qvxbyj
λ ∈ R, ogu�owk�j k³��hxogb d1 = λ(a × b)

�;?�stkn��uweg���
d = λ(a × b) + d2.�\v�{i��ltoqp �qkiegowln��oykQbwhx�&ogbw�aj ���Udcj eq�n��bwegkUo|{i�\hzvxuwhx{i�\lnrao|fi����bSowk"~aj _neqr�hz��l

a×bst�qkt���asiogbyj æ
(a × b) · d = λ |a× b|2 ��l�j�_n�ql λ =

(a× b) · d
|a× b|2

=
(a b d)

|a× b|2
.

?�stkn��uweg���
d1 =

(a b d)

|a× b|2
(a× b), d2 = d− d1.

s6ç � e
a,b, c

byp eql�j&og�ap lH�c{ hzr�eqb�snp stbw~qlH~aj lneq��hz��ltowlOeqlH~qbyj vt`�bypS��oqj&dcj l ��_a`cb
_t���ikm~aj _neqr�hz��l

d
j hzvx��byj

d =
(d b c)

(a b c)
a +

(a d c)

(a b c)
b +

(a b d)

(a b c)
c.

e�hzvxuwhx{mlnrao|f�~ap eqbyjzoqj ��hzr�eaj hxo|��hzbw�Uoyknr
d
���Ust�qkn�»o|{��n_nhx{ {a,b, c}.� ���LyLr;� ��{ � ¹ �g{ih�j ��ktstk�j ��egowln��o|{�~qbw�aogbw�g{�ltst��oqj �Õowlnraog��o|{�ogbw�]·���� ô�C ¸ ��l�j$oqj �hzvxuwhzbyj �|·���� ô�ô ¸ uwvxknr���bRæ

(a× b)× (c× d) = −(c× d)× (a× b) = (c× d)× (b× a)

= (c d a)b− (c d b)a,
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ktst��ogb
(a b d)c− (a b c)d = (c d a)b− (c d b)a = −(a d c)b− (d b c)a.� st�mo|{ie"ogb��ibwraowl�p lmst�qkt���asiogbyjz{�ltstkn~qbyj �noguwl�hzvxuwhx{x�

�1ç � ?Shxow�
a,b

d�eg��hxog_D~aj lneq��hz��ltowl�oyknr D ��l�jz{�b
�ap hx��hx{

x + x× a = b
·���� ôRB ¸

(i)
¥UlD~qbyj vi`cbyp���oqjclneQ{�b
�ap hx��hx{muwvxbyjz�i��hx{mlnrao|f"`clmbyp eql�j���kieqln~aj �nfx�

(ii)
¥Ul��ir|`cbyp�{�b
�ap hx��hx{x�

� ���LyLr;� ��{ �
(i)
� ?Shxow�)��oqjz{�b
�ap hx��hx{�uwvxbyjc~q��k��i��hzbyj �

x1
�
x2
�«g!��ogbUbyp egl�j

x1 + x1 × a = b, x2 + x2 × a = b

� �cl�j �g��egowln����ltog_J��u���{�oqj �ëhzvxuwhzbyj �ëlnraoguw�ëuwvxknr���bRæ
x1 − x2 + (x1 − x2) ×

a = 0
��DUka���iltsi�ilnh�j _,�qkie|oyln�"o|{iemogb��ibwraoyl�p lÕbwhx�&ogbw�aj ��_®b�snp

x1 − x2
st�qkt���asiogbyj

|x1 − x2|2 = 0
�zltsa�n�tstknr}u�stb�oyl�j

x1 = x2
�

(ii)
DUk����iltsi�ilnh�j _,�qktr���b!o|{ie�b
�ap hx��hx{k·���� ôRB ¸ b
�g�&ogbw�aj ��_�ltst�m~qb
�aj _���b a

æ

x× a + (x× a)× a = b× a ⇒ x× a− |a|2x + (x · a)a = b× a.
·���� ô�E ¸

?�snp hx{i��{£·���� ôRB ¸ d��q_n�cb�oyl�j x×a = b−x
��ktst��ogb\stka���iltsi�ilnh�j _,�qkiegoylt�$bwhx�&ogbw�aj ��_

��b
a
uwvxknr���bRæ

(x× a) · a = b · a− x · a ⇒ x · a = b · a. ·���� ô�J ¸
� egoqj ��la`�j hxo|��egoyln�»hxo|{ie�b
�ap hx��hx{p·���� ô�E ¸ oyl x× a

��l�j
x · a ·���� ô�J ¸ uwvxknr���bRæ

b− x + (b · a)a− |a|2x = b× a ⇒ (1 + |a|2)x = (b · a)a− b× a + b

⇒ x =
1

1 + |a|2 [b + (b · a)a + a× b] ,

{�ktstk�p lDbyp eql�jx�i��hx{x��ln�ckn�}b�stlt��{g`cbw��byjzo|{ie"b
�ap hx��hx{x�

]!�«]SY ��T"NU%�T
bqâ�'
#oç ¥�p eqb�oyl�j$��lnegkieaj �n��stbwegog_idz��eqk

ABΓ∆E.
¥Ul��n�qb«`ckn��eëk�j!hzr�eaj hxog��hzbw�®ow��e

~aj lneqr�hz��_tow��e
AΓ, A∆

���Ust�qkn�Uo|{��n_nhx{ {AB, AE} .
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U1ç � e7oylO~aj lneq��hz��ltoyl
a,b, c

~qbwe7byp eql�j&hzr�eqb�snp stbw~ql��&eqlOltstkn~qbyj vi`cbyp���oqj&��l�j­oyl
~aj lneq��hz��ltowl

u = 2a + b + c, v = a + 2b + c, w = a + b + 2c
~qbwe³byp eql�j

hzr�eqb�snp stbw~ql��
d*ç ¥Ul�ltstkn~qbyj vi`cbyp|��oqjgowl»hx{i��byp l

A(1, 2,−1)
�
B(0, 1, 5)

�
Γ(−1, 2, 1)

��l�j
∆(2, 1, 3)�n�ap hx��kiegoyl�jzhxoyk7p ~aj kmb�snp stbw~qk��

s6ç ¥Ul³rastk��ikqdcj ht`ckn��e}k�jcdz��eap bw�Qoyknr�og�aj dz��eqknr
ABΓ

lne
AB = 2i − 6j, AΓ =

3i + j,
�tstknr {i, j} byp eql�j��Êp lDkn�w`ckt��lteqk�eaj �nfQ�n_nhx{x��1ç ¥Ul}~qbyj vi`cbyp���b$o|{��nktfg`cbyj l���ltoylt����f�����eU~aj lneqr�hz��_to���e»��oqj�oyl�����{�bweq�n�$og�aj dz�­�

eqknr}~aj uw�qvxkie|oyl�jxltst�mowk7p ~aj kmhx{i��byp k��
�*ç � e

a, b
byp eql�jx~q��k��c{}hzrqdxd��qln���Êj ��_}~aj lneq��hz��ltoyl��teql��n�qb«`ckn��e�k�jxhzr�eaj hxo|��hzbw�

bweq�n��~aj lneq��hz��ltowkn�
c
���}st�qkn��o|{m�n_nhx{ {a, b} ��b"o|{D�nktfg`cbyj l³o���eDbwhx�&ogbw�aj �n��edcj eqkn��uwe|��e

a · a, a · c, b · c, a · a, b · b.��ç ¥Ulmltstkn~qbyj vi`cbyp���oqj æ
(i) (a× b) · (b× c)× (c× a) = (a b c)2 .

(ii) (a× b) · (c× d) = (a · c) (b · d)− (a · d) (b · c) .

(iii) (a× b)2 + (a · b)2 = a2b2.

(iv)
� e

a = b× c, b = c× a, c = a× b,
eqlm~qbyj vi`cbyp���oqjzoyl

a, b, cbyp eql�j�lneq_m~q��k���_a`cb�owl���l�j���kieqln~aj l�p l��
�*ç ¥Ulmltstkn~qbyj vi`ckn��eQk�jzowlnraog��o|{�ogbw��·���� ô�C ¸ �t*ç ¥Ul»rastk��ikqdcj ht`cbypqkU�adz��kn��owknr$ogb�og�qlnuw~q�qknr

OABΓ,
�tstknr

OA = 3i+4j, OB =

−3j + k
��l�j

OΓ = 2j + 5k.#�¬*ç ¥���k��n_nhzbyj �U~aj lneqr�hz��_tow��e
A = {a1, a2, a3}

��l�j
B = {b1, b2, b3}

�iu�d�k��
egowl�j '*./:^%�Å1'^Z\Y�7 ·

reciprocal ¸ lne ai · bj = δij , i, j = 1, 2, 3,
�tstknr

δij = 1
�Êlne

i = j
��l�j

δij = 0
�¹lne

i 6= j
�§·�g!k

δij
�iu�d�b�oyl�j c�¦ano0r'¶0r:1+

Kronecker ¸ ��¥Ulltstkn~qbyj vi`cbypx��oqjzlne
V = (a1 a2 a3) ,

k�jn�n_nhzbyj �
A, B

byp eql�jzln��k�j �nl�p bw��lneU��l�jz���ieqk
lne�j hzvx��byj æ

b1 =
a2 × a3

V
, b2 =

a3 × a1

V
, b3 =

a1 × a2

V
.

#o#oç � e
A = {a1, a2, a3}

�
B = {b1, b2, b3}

byp eql�jÊ~q��k�ln��k�j �nl�p bw���n_nhzbyj �a�
rogr�vxl�p kD~aj _neqr�hz��l���l�j

V = (a1 a2 a3)
�zeqlmltstkn~qbyj vi`cbwp���oqj æ

1. V ′ = (b1 b2 b3) = 1/V
2. r = (r · b1)a1 + (r · b2)a2 + (r · b3)a3.
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#�U1ç ¥Ul��n�qb«`cbyp�uweqlÕ~aj _neqr�hz��l
x
ogu�owk�j kÕ��hxogbRæ

x × a = b, x · c = λ,
�tstknr

a, b, c,
d�eg��hxog_D~aj lneq��hz��ltowl���b

a · c 6= 0
��l�j

λ ∈ R d�eg��hxog�n��ln�qj `c���n�a�#�d*ç ¥Ul"�ir|`cbypt���$st�qkn�
x
{Qb
�ap hx��hx{�æ

a×x = b,
�tstknr

a, b
d�eg��hxog_�~aj lneq��hz��ltoyl

��b
a 6= 0.#,s6ç »Ub����qkn����b�ogb�oq�g_nbw~q�qk

ABΓ∆
��b�uw~q�qbw�

E1, E2, E3, E4
� � e

ε1
�
ε2
�
ε3
�
ε4,byp eql�jnlnegoqp hxowk�j vxl"oyl���_a`cb�oyl�hxoqj ��uw~q�qbw�$lnraoguw�!~aj lneq��hz��ltowl��i��b$��u�og�ql�p hzl}st�qkn�$owl

lnegoqp hxowk�j vxl�bw�z�nln~q_�o���eQbw~q�g��e»��l�jx�ckn�q_�st�qkn��owk�b
�g�&ogbw�aj ���"oyknr"ogb�og�qlnuw~q�qktr��neql
ltstkn~qbyj vi`cbypz��oqjcbyp eql�j æ

ε1
ª
ε2
ª
ε3
ª
ε4 = 0.#��1ç »Ub����qkn����b

ν
hx{i��byp l³owknrDv����qknr

Ai(ri), i = 1, 2, ..., ν.
¥Ul³ltstkn~qbyj vi`cbyp���oqj

{Dhzvxuwhx{
λ1r1 + λ2r2 + · · · + λνrν = 0

byp eql�jclneqb
�q_n�go|{�o|{�ltst�Do|{ie�b�snj �ikqdzf�o|{i�
ln�qv�fi� ó �­lnem��l�j­���ieqkÕlne

λ1 + λ2 + ... + λν = 0.
¥UlÕ~qka`cbyp��Êp l®d�b�����b�og�aj �nf

bw�q�c{ieqbyp l}dcj l
ν = 2, 3.#��*ç »Ub����qkn����b�owl

ν
hx{i��byp l³owknrDv����qknr

A1, A2, ..., Aν
��l�j�owknr���lnegoqp hxowk�j vxknr��

st�qkn��lnraog_}ln�aj `c��kn���
m1, m2, ... ,mν

��b ν∑
i=1

mi = M 6= 0
�/·¿D�� v���k�ln�aj `c���t�

mieqlQbyp eql�j�{���_,�qlQra�tj ��kn�»hx{i��byp knr»stknrUbyp eql�jihxo|{�`cuwhx{
Ai ¸ � ó �ap �qknr���b&oyk Å1'*�,mo36Y�À),0���: owknr�hzr�eq�a�iknr»ow��eW�qbwrqdz��e

A = {(A1,m1) , (A2,m2) , ..., (Aν ,mν)} ���\oyk�qbw�qd�kn�
(G,M)

�n�tstknr
G
oyk�hx{i��byp k"stknrQkn�ap �qb�owl�jtltst�"o|{"hzvxuwhx{ ν∑

i=1
miGAi = 0.¥Ulmltstkn~qbyj vi`cbypz��oqj æ

Ø
i
è g!kDhx{i��byp k

G
�z�tsi����kn�ap hxo|{���b»snj kmst_neg�$�xbyp eql�j���kieqln~aj �n���

Ø
ii
è � e�byp eql�j

Ai(ri)
�z����si�qkn����_tstk�j lmln�qv�fx�xog��ogb»oyk7~aj _neqr�hz��l"`cuwhx{i�

g
owknr

G
byp eql�j æ

g =
m1r1 +m2r2 + · · ·+mνrν

M
.

Ø
iii
è � emowkÕhz��eqk��ik

A
uwvxbyj��nln�q�a��bwegog�qk

(G,M) ,
owkÕhz��eqk��ikk�qbwrqdz��e

A′ =

{(Ai, cmi) , i = 1, ..., ν} �z�tstknr c hxoyla`cbw�q_���uwvxbyjx�nln�q�a��bwegog�gk (G, cM) .Ø
iv
è � e

S
byp eql�jSuweqlHrastknhz��eqk��ik oyknr

A
��b��nln�q�a��bwe|oq�gk

(GS ,MS)
·.��b7_��

`c�qk�j hz��l�ow��e}lnegoqp hxoyk�j v���e�ln�aj `��c��et�xoykie�ln�aj `c���
MS),

og��ogbUoyk��nln�q�a��bwegog�qk�owknr
hzr�eq���iknr

(B \ S)∪{(GS ,MS)} byp eql�jab�snp hx{i��oyk (G,M) .
¥}{��iln~gfx�qowk!�nln�q�a��bwegog�qk

bweq�n�Uhzr�eq���iknr��qbwrqdz��e"~qbwe"��b�oyl��n_t���ib�owl�j�lneQ��_tstk�j lmltst��oyl§�qbw�qdz{�owknr�hzr�eq���iknr
lnegoqj ��ltoylthxoyla`ckt��eQ��b»owk��nln�q�a��bwegog�q�}oyknr��a�


