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Kscpdc)\ou.o 1

Baouxeg Monuartt xeg
‘Evvoiec

O oxondg autol Tou xeQahaiov elvo Vo PEREL TOV AVAYVWGOTN OE ENAPY UE TG
Baoixéc padnuatinés €VVoLEC TOU Aot TOUYTOL YLOL TNV XUTAVOTIOT) OPLOUEVWY TR0~
Ywenuévwy Yepdtov g Yewplag mdavotAtwy o g otoyaotuxic avdivorng.
H x0pla Suoxohio tou xepoahatov autol elvar 6Tt 0 avaryvodotng Yo cuVaVTAGEL
xa Yo TEETEL VoL QPOULOLCEL [iat GELPE Ao 0PLGOUG 0L OTOlOL EVE EX TEWTNG
odewe galvovtar mepimhoxot elvon oty mparyuotixdtTnTa TOAD guoxol. Ot mepto-
cbTepoL amo AUTOUE YEVIXEVOLY EVVOLES Ao TLC oToLyelddn Jewpla mdavothtwy
ou omoleg Vo mpéner va elvan AdN YvwoTtéc oty mhetodnpia Twy avayvwotdy. O
AoYOg mou BloAéEoe Vo ETLOXOTHOOVUE TNV Yewplor TIovOTATWY XAt auTd TOV
TpoTo elvon yortl étol Yo unopéoouue va etodyouie €VVoleg oL omoleg efvar mo-
N0 YphowuEeS oTiG EQOPUOYES o Sev UTopolV ol var eptypapoly. Enlong,
YENOUUE VO TPOETOYLAGOVUE TOV avary Vo Ty Tou mdoavoy Yo fleie vo aoyohniel
pe TNV epeuvnTuer BBAloypagia 0TOV YWEo TNG CTOYACTIXAC AVAAUOTG XAl TV
eQapuoY®y e (. Quow, podnuati Blokoyia, YeNLATOOXOVOULX X.0L) Xat-
¢ tétolo tpémo hote va unopel va mopaxoroudel Tic e€ehielc ou onoleg elvan
EXTEPEACUEVES GTNY YAWGoa auTh. O TpooTalfcoude o OAn TNV didpxeLa Tou
xepoiaiov autol Vo tapadéToue 600 10 SUVAITOY TEPLECOTEP TUPOSELY AT TTOU
Yo Eexardapllouy Toug opLoolc TOL ELGAYOVTOL.

1.1 Boaouxég €vvoieg Jewplog miavotriteny

Otav puhdue yior mdovétnteg, autopata oxentéuacTte 0 néco edxoho (f -
oxolo) elvor vor cuuBel xdmoto yeyovoc. Ta vo Statunddoouue ulor podnuoatixs
Yewpla Twv mlavotitwy Yo Teénel GUVETKS Vo oplooue XATEAANA Tig EVVoLeg
yeyovos xou €Vkolo. Autdg elvar xou 0 oxonde autod Tou XeQahaiou.
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1.1.1  o-dAyefpeg

I var oploouue padnuatixd Ty évvola Tou YEYoVOTOQ, 1 TNS OUANOYTS YEYOVO-
v, Yo TEENEL VoL ELOAYOLUE TNV €Vvola TN¢ o-GAYePBpaC.

Oprowodg 1.1.1 Eotw Q kdrow ovvoro. Mia o-alyefpa F endvw oto ovvoro 2
elvar pia oikoyévela vmoowddwy tov Q) pe tis mapaxdtw 1010TNTES:

(i) beF
(i) FEF=F=Q\FeF

(ZZZ) Al,AQ,... EF = A:= U;.il Al eF

Ané tov 1o ndvew opLoud UTopoUIE EUXON VO GUVEYOUUE TNY Topoxdte WLdTrTaL:
Av F elvon plo o-ahyeBpa xou A; € F 161

ﬁA,»: (mAg> € F.
=1 i=1

IMTopdderypa 1.1.1 Eoww
0 =1{1,2,3}
Téte n
F={0,0,{2},{1,3}}

elvar pia o—dAyefpa apot umopolue elkoda va doljie ot ikavonolel Tig ovvinkeg
Tou mapandvw opiopov.

Hopddevypa 1.1.2 Eotw
0 ={1,2,3,4}
Tére n
Fi=A{2,0,{1},{2},{1,3,4}}
dev elvar pla o— dAyefpa yati nepiéyer ta vrnootvoda {1} kar {2} addd dxt to

{1ru{2}={1,2}.
H

Fo = {Q; @; {1}7 {2}7 {17 2}7 {37 4}a {17 3, 4}7 {27 374}}

elvar pia o—dAyefpa. Eivar pukpdrepn amo tny o— dAyefpa mov mepiéyerl da ta
vroovroda tou §.
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Ou o— dhyeBpec ouvidwe yenouytomoobvton Yo var teptypdpouy Souég TAn-
pogoplag. To otouyela tou cuvérou € utopolv va Yewpndoly cav ol mdavég
XATACTACELG TOL XOGOL 1) Tal whovd anoteAéouarta evog mewpduatog. Mio
o— dhyeBpa, 1 onola €€ oplouol glvor €val GUVONO TwWY UTOGLUVOAWY Tou €2 elvor
XUTA XATOLO TPOTO To GUVOAO OAWY TwV TIAVOY EpWTACEWY Tou UTopel Xdmnolog
va 0€oeL yla To melpopor auTd B THY XATACTACT) TOU X60H0oL. BTNy Yewplo mudo-
VOTATWY TOARES Qopég Tar uTocUVoha Tou 2 ovoudlovtar yeyovota. H ovouaoia
auth Yo ypnowuonomiel apxetd cuyvd oto BiBAo autd. Ou Wdotnteg g o—
dhyeBpac emAéydnpray xatd TETOL0 TEOTO WOTE oV XATOLOG UTOEEl VoL XAVEL TLC
EPWTYOELS:
(o) umopel var cuuPel to yeyovog A C Q xan
(B) pmopet va ouUBEL To Yeyovos B C
TOTE UTOPEL VoL XAVEL X0 TNV EQWTNOT
(v) umopel va oupet to yeyovos A xaw t0 YEYOVOS B 10 omolo podnuoatixd too-
duvael ue to chvoro AN B
(f wwodtvaa (Y') uropet va oupet to yeyovée A % to yeyovie B 10 onolo woo-
duvael ue o olvoro AU B) xadde xaw v gpdtnon (3) umopel vor uny ouuPel
0 yeyovée A (1o omolo teoduvopel pe o A°).
Oa enavéhdovue ato onueio autd otny Tapdyeapo 1.1.7.

Ou ouveyloovue ue TV ToEdUecT, LEPLXDY XU OPLOUOV.

Opiouég 1.1.2 H eldyrotn o-&hyeBpa mov opiletar ano éva alvolo A, elvar
n HikpoTepn o-dAyefpa mov mepiéyer to otvoko A. H dAyefpa avtr) ournilog
oupfolilerar o(A).

IMopdderypa 1.1.3 Ia napdderyua ag Dewprjoovue tny dAyefpa
{0,0,A, A°}.

Avtij elvar n eNdrotn o-dAyefpa mou mepiéyet to ovvodo A, omdte elvar n o(A).

IMogdderypa 1.1.4 Eoww Ay kar Ay vrooivoda tou Q tétowa dote

AiNAy =0 xar A UA =90

H o— dAyefpa
{0, A1, As,Q}

elvar n) eNdqrotn dAyefpa o(A) n onola mepréyer o A = {Ar, Az}

IMoedderypa 1.1.5 Eoww Ay, Ay kat Az vrnootrvola tov ) térowa dote

ANA; =0, i#£j ka A UAUA3=Q
H o— dAyeBpa
{0, A1, Az, A3, A1 U Az, As U A3, A3 U A3, Q}

elvar 1) edayiotn o— dAyeBpa o(A) n omola mepiéyer to A = {A;, Ay, As}.
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Opwowog 1.1.3 H jukpdrepn o-dAyefpa n omola mepiéyetar oe kdle o-dAyefpa
elvar n TtetpLévn 1} expuliopévn o-dAyefpa O = {0, Q}.

Y10 napdptnue Tou xepoahalou (BN, mopdypapo 1.8.3) avopépovton xon XEmoteg
AGAAEC XNAOELC UTOCLVOAWY oL oTtoleg elvar yEHOWES, OTWS T.Y. T T-CUCTAUATA
XL T A-CUGTAUATA XoL Tws UTopel auTd var yenouuomotndoly YL VoL YopoxTr-
ploovue Tic Widtntee ulog o-dhyefpac (BA. Oempnua povétovne xhdone 1.8.5).
To Véuorto autd umopet var mapaAngdoly o TEMTN avdyvwoT.

1.1.2 'A\yeBpoa Borel

Ou oploovue Twpa ula cuyxexpulévn o-dhyePpa 1 ontola elvar Wialtepa yprouun
oty Uerétn e Yewplor mavothtwy xar TN otoyacTxrc avdhuvong. Oo Je-
weroovue Q = R xou Yo xataoxeudoovue ulo o-dAyelpa mou amoteieiton and
unocUvoha Tou R.

Opiowodg 1.1.4 H dAyefpa Borel , tny omola ouuPorilovue oav B, elvar n eAd-
Xt o-dAyefpa mov mepiéyel tny kAdon C Awv twv daotnudtwy tTns HopPns
(=00, ), Ta onola pnopel va Jewpnioly ws vrooilvoda tng mpaypatikig evlelag.
Ta oroweta tov B ovoudlovtar ovvola Borel.

Mropel va anodetydel 61t 1 B toolton pe tnv xAdon tooduvauicg Ghwv twv dta-
oTUdTeV Te Hopehc (a,b). Iepéyel enione Gha To LTOCUVOAX TOU TEPLEYOLY
Hoévo éva onueio (singletons ) {z} xou petphiowes EVOOELS TETOLWY UTOCUYONDY
(my. To unoolvoro {0, 1,2, ...} eivar éva chvoho Borel). 'Etol 1o B neptéyet mpo-
xTLxd Ol To utocvora Tou R ue ta omola Yo aoyorndodue. o napadelyuota
UTOGLVOALY Tou R o omola Sev avixouy oty B topanéunovue otov [37].

Ov évvoieg g dhyePpag Borel xat twv cuvokwy Borel unogotv va yevixeudoiv
xon og utootvora Tou R Snhadn dtav Q0 = RY. Adue 6L éva mopodnhéypotyo
tou R? elvon évo, umoovoro tou RY e wopghic

(a,b] = {z € R? 1 a; < 2; < by,i = 1,...,d}
6mou a = (ay,...,aq) € R xou b = (by, ..., bg) € R?.

Opiopés 1.1.5 Ho—dAyefpa Borel B(RY) civar n eddyiotn o— dAyeBpa n orola
Tepiéyer dAa ta mapaAAnAdypappa tng popens (a,b] 1 pe dAda Adya tny o—
dAyeBpa mov mapdyetar aro ta napaAAnAdypappa.

Kotd avooyia e 1o tpornyolueva i B(RY) nepiéyel mpoetixnd 6Aa ta umto-
cOvoha Tou R? ou Yo poc amacyoricouy.

IToANég gopéc Va ypelaoTel va yenowdonotioouue Tig dhyeBpeg Borel tou no-
pdryovion anb opouéva daotfuata Tou R # yevixétepa tou RY. Av d = 1 xou
Yewphoovue t0 ddotnua [a, b] € R téte 1 0-dhyeBpo mou Topdyeton and T Sto-
oThUaTo ToL avixouy 6Tov [a, b] Ya cuuPoliletor ye B([a,b]). H yevixevon yio
onotodrrote d elvar Tpopavrc.
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1.1.3 MetproLuog Yweog
Oa oplooude THPA TNV EVVOLA TOU UETRHGLUOU YOEOL.

Opwonog 1.1.6 Eow éva odvolo Q) ka1 pia o-dAyefpa F mov amoteleirar and
vrootvola tou Q. To Levyos (2, F) kaleltar wetphorrog xwpog (measurable
space).

IHopdderypa 1.1.6 (i) Ag Jewprioovpe to odroro @ = {1,2,3} kar ty o-
dA\yeBpa F1 = {Q,0,{2},{1,3}}. To Letyos (R, F1) elvar évag petpoipos xapos.
(17) Ag Oewpnioouvue kar mdAr to ovvolo Q dnws kar taparndvw aAdd ag ndpouvue
Tdpa Ty o-dAyeBpa Fo = {Q,0,{1},{2,3}}. To Lebyos (2, F2) elvar eniong évag
HETPHIOLLOS X WDPOS.

Hopddetypa 1.1.7 (i) To Levyos (R, B) elvar évag petprionios xapos.
(i1) To Levyos (RY, B(R?)) efvar évag petprionjios xcpos.

1.1.4 Meétpo miavotnrag

Ytg mponyolueveg mapaypdpoug Yéouue o auoTned uodnuatixd TAAlco TNV
€vvola ToU YEYOVOTOS. O AVTIUETWTICOUUE TWE TO EPWTNUA TOL T60o €UkoAa
umopel vor cuuBel xdmoto yeyovog. To edxoha o oyetiotel ue évav aprdud o
omolog Yo avTLoTOLYEL UE XATOW0 YEYOVOC TOL OTwG eldaUE UEYPL TWOEA OTNY Uo-
Yot YAOooo Uetoppdletan o€ XEmoLo GUVONO TOU aviXeL OE Ulot XOTAAANAL
emheyuévn o—diyeBpa. Ilpénel Aowndv va elodyouue TNy €vvola GUVHPTAGEWY
7oL TapEVoLY €var GOVONO xa To avTLoTOLYoUY o€ xdmoto aprdud. Tétoeg cuvap-
THoew ovoudlovta rétpa. XNy Yewpla miavotitwy Yo ypetaoTel vo elodyouue
plo el neplntwon uétpou, o0 ETpo mMLavoThTAC.

Optouog 1.1.7 Eva pétpo mudavotntag P endvw o€ éva petpnoipo xwpo
(Q, F) elvar pla arewcdrion P : F — [0,1] pe ug 16idtnteg
(i) P(@) =0, P(Q) =1

(13) Av A1, Ay, ... € F kar ta {A;} elvar avd 600 Eéva, téte

P(J 4 = P(4)

=1

IMapathpnomn: Av nopodeidpovue tnv cuvdixn P(Q) = 1 tdte Mue bt n P elvon
éva wétpo xou Oyl éva étpo mudavétntas. Yto Liiio autd Ya xpathcouue
Tov cuuBoloud P yia uétpa mrdavothtwy xon Yo ypnouuonotolue to cuuBoAous
L YLOL YEVLXE ETROL.

Ané tov mopoamdve oploud elvon cagés 0T éva UETpo elvar ular amedvLon Tou
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amewovilel éva chvolo e éva Tparyatixd apudud. Katd xdmoo tpdmo évor ué-
Tp0 exgpdlet To uéyedog evog cuvohou. Emedr| yia xdmoto 6UVoho UnopoluE vo
oploouue meplocbtepa amd €val UETpa To Vorfjud Tou HEYEJoUS Tou GUVOAOU TOU
Tpw Alyo avapépaue, e€apTtdtot ano To €{80Ug Tou UETPoUL Tou EYOUUE OploEL.

H évvowa tou uétpou umopel va gaivetar agnenuévn ex mptdtne 6dens (xou
Tpdypott unopel va etvon!) etvon duwe mohD guowh. Tuyxexpuuéva, o xadévac
pac amo mohd uxen o éyet éplel oe enapy| ue v €vvola tou uétpou. Ilopo-
@pdlovtag tov ApyovioywpeLdtn tou MoAiépou, toAlol ano euds yenolonolovy
T0 WETPo OAN Toug Ty Lwi| ywelc va To E€pouv. Av o Glvolo 6Tto omolo a-
vapepouoote elvat éva Stdotnua tne mporypotixic evdelog, téte o URxoC Tou
elvon éva eldoc pétpou 1o onolo ovopdleton pétpo Lebesgue. Ouolne, 1o eufads
evée Topahnhemiédou, R o dyxoc evéc umoouvéhou Tou R? elvon mopedelyor
T TNC yevixeuone tou pétpou Lebesgue oto oGvora B2 o R? avtiotouyo (BA.
napadelyparta 1.1.10,1.1.12).

Y ouvvéyewa Yo ddoovue mopadelyuota uétpwy tou Yo del€ouv To Twg N
évvolar Tou Uétpou umnopel va ypnousonotndel o TO APNENUEVES XATACTIGELS.
To napadelyuato autd Yo anocapnvAcouy Toug mo Tavw optouols. o uloa mo
EXTEVY] EloaYwYT 6TNy e@apuoyr Tne Yewplag uétpou otny Yewpla miovothtwy
Bh. my. [17].

IMopdderypo 1.1.8 Métpo apidunons (counting measure) Eotw (2, F)
évas apiiurjouos xdpos. Ia kdde ovvolo A € F umopolue va opioovue tnr
ovvdptnon p : F — N C R katd térowo tpdno dote p(A) va elvar o apiuds
v otoelwr tov ovwvdlov A. Elvar elkodo va el kavel§ éut n ouvvdptnon p
elvar éva pétpo endrw atov xopo (Q, F to omolo anokaleftar uétpo apidunong.
Mrmopotue va aAldéovue tov opioud avté Alyo kar va opicovue tny ovvdptnon
P:F - NCR érot dote P(A) = p(A)/card(Q) (érov card(Q) elvar o apiiuds
v orolelwy tov ). Tdte n ovvdptnon P elvar éva uétpo mbavitnrag.

Iopdderypa 1.1.9 Métpo uno cuvdhixr mdavotntog Ag Jewprjcovue 6vo
vrootroda A kar B ta omola elvar vroodvola evég ouvddov Q kar ag ovpfolilovue
e F uila o—dAyefpa nov mepiéyer to A. MnopoUue va opiloovue tny aneitkérvion
A — P(A|B), énov P(A| B) = Pg?g?) n omola opiler éva véo pézpo mbavdtn-
wag oto F o omolo ovopdletal to UG GLVINXAY LETPO MLVAVSETNTAS.
MropoUue elkola va amodeiéovpe ot to véo pétpo avtd tkavonotel TS 116TnTES
tou pétpov. Ipdypan, av Q(A) = P(A | B) ywa bedouévo B éxoupe

o0 o]

QU 4n) =Y. Q(An), Anard 560 Eéva
n=1

n=1
Ia va detéovue tnr tedevtala oxéon epyalduacte ws akoloving

o

Q(UAH) = P(UAn|B)=

n=1

P(Upey 4n)NB _ P(U,~,(4n N B))
P(B) B P(B)
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> P(4,NB d
- Z%=Z§Q(An)

n=1

émov ypnotpornotjoapie to 6t epdoov ta A, elvar avd 6vo Eéva kai ta C,, = A, UB
efvar avd 6vo Eéva.

‘Otav 10 cbvoho Q elvor apLdufoLho, 1 xataoxevr Tou Uétpou TiovdTn-
Tag elvon amhf. Ltnv nepintwon mou to (2 elvor N aprdUioLho 1 xaTtaoxeun
Tou uétpou mbavétnrag dev elvar tdéco amhn Siadixaciar UL xaL 0TNY MEPLTTWON
auth ev yével Ya éyovue P(w) = 0 yio xdde w € Q. e TETOLEC TMEPLTTWOELS
elvon amopalTNTN N ELCAYWYT TEOYWENUEVWY EVVOLGY TNS Vewplag UETEOU Yia Vo
duconohoyniel n xotaoxev uétpwy moavétnTac. Av xou oto nagdy Yo yenouuo-
Tofioouue pétpa mdavdtntoac oe un aprdufowe obvora (r.y. oto R), dev Yo
aoyohndolue we Ty xotaoxevy| toug. Kdtt tétoto elvan apxetd é€w and tig BAé-
el Tou TUPdVTOC X TUPAUTEUTOVUE Ot £YyELpldia Vewplag UETEoL X avdluong
m.y.[18], [35]. Ou apxecToVUE €3¢ Vo aVaPEPOUUE [EPIXd TopadElYoTa UETPWY
oto R xou 610 R?.

Hopdderypa 1.1.10 To pétpo Lebesgue oto R Onwg avagépaje kar mpon-
youuévws éva uétpo otov R elvar to pétpo Lebesque pr. Xto mapddeyyua
avté Aoméy Uewpolue 6t @ = R ka1 éut F = B. Ta o pérpo avtd wyver
pr([a,b]) =b—a drov [a,b] € R elvar éva kdnow sidotnua. To puétpo avtd ev
efvar pépo mavétnrag!.

IMapdderypa 1.1.11 Ag Oewprjoovue mddt @ = R kar F = B. Mnopolue va
oploovpe to puétpo P : B — [0,1] o omoio elvar tétowo dote kdtw amd avtd n
ewkéva tov daotijuatos I = (—oo, z] va elvar n

P(I) = \/% /_; exp (-%’2) dy

MmropoUlue e€vkoda va 6olue ot to uérpo P elvar éva uétpo mbavdtnras otov
R. Onws Oa dolue kar mapaxatw, to puétpo avté oyetiletal pe tny kavovik
xatavoun oto R.

Topdderypa 1.1.12 To pétpo Lebesgue ato RY Ag Jewprioovue tépa Q =
R? ka1 F = B(R?). MropoUyic va opioove to avdloyo tou uétpov Lebesgue otig
d daotdoas ws eéns. Tumkd otoryeta tov B(RY) efvar iaotipata s popenis
[a1,b1] X ... X [ag, bq], a; < b;,i =1,...,d. H eixdva tov draotrjpatos avtod kdtw
and to pétpo Lebesgue pr q elva

HL,d([alg bl] X ... X [ad, bd]) = (bl — al)...(bd — ad)

IMropel va yivel éva puétpo mdavétntog av avti yia 6ho o R ndpovue éva Sidotnua [1, z2]
xow avti Ty B ndpouue ™y dhyeBpa Borel tou napdyeton and dha to StacTAota Tou tepLéovToL
670 [21, T2], Xt oploovyue to Yétpo P = w:}m . 'Onwg Yo dolpe xon Topaxdtw, T0 UETPo autd
oyetileton UE TNV OUOYEVH xotavour 6to Sdotnua [z1,Z2].
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To pétpo avtd dev efvar pétpo mdavdenrag 2.

TMapdderypa 1.1.13 Ag Jewproovue Q@ = R xar F = B(RY). MropoUue va
opiooupe to pérpo P : B(R?) — [0,1] o omoio efvar tétowo dote kdto and avtd n
etkdva tov didotipatos I = (—oo0, 1] X ... X (—00,x4] va elvai n

1 “ wd yit.ty3

Mrmopotje elkoda va Oolpe ot to pérpo P elvar éva pétpo mbavétnrag otor
R?. Onws Oa dovte kair tapakatw, to uétpo avtd oyctiletal je Ty Kavoviky
katavoun oo RY.

Iolkéc Qopéc oTNV xaTAoXELY) TV UETpwY Tiavdtntog Yeetdlovtal optoué-
var anotehéouata and Ty Yewplo uétpou tar omola avopépovTtal Xdtw and Tny
yeviny| ovouacio “Dewpruoata enéxtaons’. Mio abvtoun avagopd oto Yéua autd
yivetan oty Tapdypago 1.8.4 Tou TapapTAUATOS TOL XEQUAaiou dTOL avapEpETOL
70 Yedpnua enéxtoons tou Kopodeodwpy| (BA. Oedpnua 1.8.8). To Yéuata autd
umopel vo napaAngdoly oe ula TedTN avdy VKo,

1.1.5 Xdopog miavoTiTwy

Ou oploovue TP TNV EVVoLa TOU YWEoL TWHAVOTHTWY.

Optopdg 1.1.8 Ag Jewprijooupe éva otvolo Q, pla o—dAyefpa F endvw o€ avtd
kat éva pétpo mbavétnras P. H tpudda (2, F, P) ovoudletar yodpog mdavo-
THTOV.

Qo dwoouue Tpa Ueptxd TopadelyaTa YOpwy TiovoTATWY.
IMopdderypo 1.1.14 Eotw Q = {1,2,3} xar
f = {m7 {1}’ {2}7 {3}7 {17 2}’ {]" 3}7 {27 3}’ {17 2’ 3}}
Ag oploovue to pétpo apltunons P katd tétowo tpdno dote
1 1 1 2
PW) =0, P(1}) = 3, PU2D) = 5, P(3) = 5, P(1,2) = 2,
P({1,3}) = 5, P({2,3}) = ¢, P({1,2,3}) =1

H todda (2, F, P) elvar évag ydpos mbavorritwy.

wi

2
3

Wil N

Hopdderypa 1.1.15 A¢ Jewprjoovue Q = R, F = B kat P to pérpo mOavd-
Tntag mov opioape oto mapdderyua 1.1.11. H todda (R, B, P) elvar évag xdpos
mfavotrtwy.

TMapdderypa 1.1.16 Ag Jewprjoovpe @ = R, F = B(R?) ka1 P wo pérpo
mavétnras mov optoaue to mapdderyua 1.1.13. H tpdda (R, B(R?), P) efvar
évag xapos mbavorrtwy.

2Mropel va yiver éva pétpo mdavétnrag av avil yia 6ho 1o R ndpovue éva Stdotnuo Iy =
[z1,1,22,1] X ... X [T1 g, T2 q], avTl TV B(R?) ndpoupe tnv dhyeBpea Borel tou napdyetar and dha
KL .d
(z21—z1,1)...(x2,a—21,4) "
To uétpo autd oyetiletor YE TNV OLLOYEVH xatavour 6to ddotnua 4.

T SraoTAUATA o TEpLéovion 6To I, xou oploouvue To WETpo P =
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1.1.6 Metprioro chvolro

Mia mold onuavtin évvota elvar 1 évvola Tou Uetpriotuou cuvéhou. H €vvoa
auth optleton TAVTOTE W TEOS Ula GUYXEXELUEVT G-BAYEBpa.

Opiopog 1.1.9 Ta vrnootvora F tov Q) mov avijkovr otn o—dAyefpa F arnoka-
Aovtar F- pretpfiotua.

IMoapdderypo 1.1.17 Eoto Q = {1,2,3} xar ag Jewprioovue tg o-dAyeBpes
Fi = {0,90,{2},{1,3}} kar Fo = {0,9Q,{1},{2,3}}. To ogivoro {1} C Q evar
Fo—petpriotuo aAdd dev elvar Fr— petpnrotpo.

HMopdderypa 1.1.18 Eotwoar ! = R ka1 F = B. KdUe hidotnua tns pHopens
[a,b] émov a,b € R elvar B—petprjoyuo.
1.1.7  AZiopatixy Jepeliwon tng Yewplog mdavotitwy

Yty nopdypago auth Yo SoUue Twe oL £VVoleC Tou oploaue WEYPL TR UTopoVY
va ypnouonotndoly yio Th €xgpacn evvoldy g Yewplag tidavotitwy.

‘Evor undderyua TELpdUATOC ToU EUTERLEYEL xdTL TOo Tuyalo umopel va TepLypapet
oav évag yodeoc mdavotitwy (Q, F, P). o cuyxexpiuévo

o Q) elvar 0 Ydpog deypdtwy (sample space). Autdc elvar 0 ydpoc oTov
omolo meptéyovtor dha Tor TOVE AMOTEAECUATA EVOS TELPAUATOC.

‘Eva ototyeio w € 2 amoxakelton onueio delyuatoc (sample point,) xou elvor
1) CUYXEXPLUEVT] EXBaoT EVOS TELPAUATOC.

H o-dhyefoa F amoxaheiton ovxoyévera yeyovotwy (family of events).
Yty dhyeBpa auth) euneptéyovton Ohec ot mavéc epwTAoEC Tou UTopel
XATOLOC VoL XAVEL YLor vl elpoqua.

e 'Eva yeyovég elvar éva ototyelo tou F, ue dAha Aoyia évar F-UETEHOLIO UTo-
otvoho tou Q. Ta yeyovota unopel va elvon o mepimhoxa ano uia oAy
€xPoor evog meLpdUATOC.

e To uétpo mbavétnrog P uog mhnpogopel 16co gdxolo 1 Sboxoho elvon va
ouuBel xdmoto yeyovéde. Il ouyxexpwéva to P(F) uac TAnpogopel 1o
1660 evxoho glvon vor oUUPBEl To yeyovoe F € F. Av P(Fy) > P(F) yw
dVo olvora Fi, Fy € F t6te Myue 61 1o yeyovog Fi elvan mo mdavéd and
T0 YeYovog F.

H Satdnwon tne Yewploc mdavotitwy pe Bdon tny yehon wiac teuddac (2, F, P)
ouvndileton va ovoudleton atwuatixy deperinom tng dewplag mdavot-
TwY oL évag and Toug Tpwtepydtes tne elvon o Kolmogorov[16].

HMopdderypa 1.1.19 Ag Jewprioovue tdpa oav tapdderyua éva melpapa mov ovu-
viotatar oto otplpipuo 6Vo vopoudtwr. Oa oupfolivovue tny kopdva pe to H
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kail ta ypdupata pe to T. ‘Etor av ypdipouvue ny TH onuaiver én to mpddto
vouopa épepe ypdupara kat to devtepo kopwra. Ia to melpapa avté o xdpos
dayyudrwr etvar 0 Q = {HH,HT,TH,TT}. H cuAloyn dlwv twy vrocuvédwy
tou Q (okoyéveala yeyovdtwr) umopel va elvar n o-dAyefpa

F = {0,Q{HH}{HT} {TH}{TT},{HH,HT},
{HH,THY,{HH,TT},{HT,TH,TT},{HH,TH,TT},{HH, HT,TT},
{HH,HT,TH},{TH,TTY,{HT,TT},{HT, TH}}

BAénovpe Aotrdy dut eved to () mepiéyer pévo tny mbavr ékfaon evés ouykekpl-
névov mepduatos, to F mepiéyer des tis mbavés epwtnioels mov umopel kdmolog
va kdvelr ya éva melpaua OmwsS TY THY €pATNON TOU TXETILETal Ue To va @épovy
kat ta 6vo voulopaza o (b anotédeéopa {HH,TT} kAn. Mia emAoyn ya o
mnétpo mbavétnrag P elvar to pétpo aptbunons otnv F, onAadn n ouvvdptnon
P : F —[0,1] nov naiprer rig Tipég

PW) =0, P(Q) = 1, P({HHY) = 7, P((HT)) = |,

PUTHY) = 3, PUTTY) = 1, PUHH, HT)) = 3 P(HH,TH)) = 5,
P({HH, TT}) = %,P({HT,THTT}) = Z,P({HH,THTT}) = %,
P({HH,HTTT}) = g,P({HH, HTTH}) = Z,P({TH,TT}) = %,
P({HT,TT}) = %,P({HT,TH}) = %

I'a napdderypa otny ovvniopévn yAéooa tns Jewplag mbavoritwy to P({HH})
umopel va epunvevlel oav n mbavétnta va gépovy kar ta 6Vo voulouata kopd-
va. Av ta voplopata elvar ‘tlua’ kar egéoov kair or plpeg elvar aveEdptntes n
mbavdtnra aveny efvar lon pe 1/4. Katd napdpoo tpdno to P({HH,HT,TT})
umopel va epunvevtel oav n mbavétnra to anotédeéoua tov mepduatos va elvai
HH n HT nTT, to onolo xpnoLHomoldvtas atoyelidn €ntyepniuata Hnopoure
va betéoupe 6n elvar loo pe 3/4.

Oa Uérajie va tovioouue dnt avdloya e Tig epwtnoels tov Jélovpe va kdvoue
OxeETIKd L€ TO TEPAUa UTOPOUE va oplooupe kat dagpopetikés o-dAyefpes. Ia
rapdberypa propolue va ndpovue tny vro-dAyefpa tns F

Fo=A0,Q{HH},{HT},{HH,HT},{HT,TH,TT},{HH,TH,TT},{TT,TH}}

n omofa mepiéyel TS epwtiioels mov oyetilovtal pe to ‘va ouvufel kdtt dedopévou
étt to mpddto vioua éxer péper kopdva’. H o-dAyefpa avtn elvar Baoikn otny
kataokevrj tns vré ovrdrikn mbavitnrag.

IMopdderypa 1.1.20 Eva dAdo mapdderyua elvar to €€ng. Ag Oewprioovue dtt
emAéyovpe tuyaia apiuovs oto didotnua [0,1]. Xwnv nepintwon avtn, évag
TpoToS va meprypdipoupe to melpapa avté padnuatikd elvar va Béoovpe oav xdpo
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Setypdrowr to Q = [0, 1] kar oav owkoyévewa yeyovdtwr tny diyeBpa Borel B([0,1])
mou mepiéyel da ta vroovvoda tou Baotiuarog [0,1]. Xav pérpo mbavétnrag
P umopotue va emAééovue to pérpo Lebesgue mdvw ovo didornua [0,1]. Me
avtdr tov tpdmo umopolue va meprypdipovpe padnuatikd tny emAoyn opoduoppa
kataveunuévwy tuyalowy apriudy peta&d tov 0 kar tov 1.

1.2 Tuyaleg petafBAnNTég %ol OTOYAOTLXEG dLadL-
xacleg

Oa eLodyouue T@pa TG Baoinés EVvoleg Tou ypelalovTo GTOV 0pLoUs TV TUY LWV
HETOPBANTAOV X0 TWV GTOXAGTIXOV SLadXaCLOdY.

1.2.1  F-pyetproLun cuvdetnom
Oa EeXVACOUUE ELOAYOVTOC TNV EVVOLaL TNG UETPAOWUNG CUVEPTNOTG.

Oprowés 1.2.1 Eotw Q) kdnoo advolo. H ouvvdptnon Y : Q@ — RY anoxaleitar
F-uetpfiowun av

Y U)={weQY(w) eU}eF
ya kde avorkté abvolo U € RY.

Me diha Moyia Mue 6tL 1 ouvdptnon YV elvon F-uetpriowun av 1 avtiotpogn
exdva evde utocuvehou tou R? | xdtw amd TNV OUVEETNOT QUTH, AVAXEL OTNV
o—dhyeBpa F. T va anavifiocouue Aowndv tny ep®dtnor av 1 ouvdptnon Y
nabpver T oto U da mpénet var €yovue otny duddeon pog v mAnpogopia mou
nepéyeton oty F.

Metd o topoamndve eluaoTe €TOWUIOL VAL TOPOLGLAGOUME TNV €vvola TNne Tuyatag

peToBAnTAC.

1.2.2 Tuyaleg petafAntéic

Opwowég 1.2.2 Mia (mpaypatikrj) tuyodo wetoaBAnTy elvar pia F-petprjoiun
ouvdptnon X : Q@ — RE drov (0, F, P) clvar évag xapos mbavorritwy.

Mmnogotue vo Jewpricouue Ty tuyalo uetaBAnT X cav ula ueTtaBAnTr mou
7 Tyn g e€optdtan and tnv ExBaorn evég tuyalou Tewpduatog. O oploudg auTodg
o Aéel 6T Yo xde xadoTtoon nofpvouue éva tporyuatid Sidvuoua X € R?
(puowd av d = 1 naipvoupe évay aprdud). Tor vor anavtAcoude Ty eptdnon Tt
T unopet vo téipet 1 petaBAnTtA X do tpénel var Eyouue tny TAnpopoplo oyeTixd
HE TiC exBAOELS TOU TELPAUATOS oL TEPLEYovTaL 0TNY o—dAyePpa F.

Hopdderypa 1.2.1 Pavraoteite pia avanopdoiotn odoimdépo o€ éva atavpodps-
. Aev yvwpilet av Oérel va orpuper apiotepd 1 oesd. Ia va Byel and tny
ovokoAn Oéon aropacioer va otpliper éva véuoua. Av to véuoua géper ypdupa-
ta Ua otpliper apiotepd allds Ja otplper desid. Xny mepintwon avty) o xdpos
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detypdrowr elvar 0 Q = {H,T} kar pnopel kavels va oploet éva pétpo mbavérnrag
P xatd tpdmo dote

H wayUtnta g odoindpov efvar pia tuyaia petapAnei v : Q@ — R? térowa dore
U(H) = (—U,O), U(T) = (’LL,O)

omov u elvar to pétpo s TayvtnTag tns odotmdpov (to oloTnua ouvetayuévwy
éxer apxri 0to oTavpodpor).

HMopdderypa 1.2.2 Ag Jewprjoovue éva xopo mbavotritwr (Q,F,P). Eotw
w € Q. Tore n ovvdptnon X : F — R n onola opiletar xatd tpémo dote

. 1, ar weA
X(w)_lA_{O, ar wgA

elvar pla tuyala petafAnti av to ovvodo A C Q elvar éva yeyovds (A € F). H
tuyala avty petafAntn ovoudletar Seixtpia cuvdptnom (indicator function)
Tov ourddov A

IMapdderypa 1.2.3 Ag Jewprioovpe ot emAéyovue tuyaia, évav mpaypatiko a-
ppé andé to didotnua [0,1] katd tpdmo dote Ao or apilpol va elvar worni-
Oavor. Onwsg avagépape kar mponyovpuévews oto mapdoeryua 1.1.20 to melpaua
avtd pmopel va meprypagel padnuatikd xpnoiponowdras tov ydpo mbavotrjtwy
([0,1], B(]0,1]), P) érov P etvar o pézpo Lebesgue oto drdornua [0,1]. Ag Oew-
pricovpe tapa o kdmotos novtdpet otov apiud mov Va éplet évor vote va kepdiloet
pta Spaxun av éper aprduds pikpdrepos tov % kat va xdoer pia opaxun av épdet
aptdpds peyalitepos tov &. To képdog tov X, elvar pta tuyaia petapAneri

X(w) ={

1, ar w<
-1, ar w>

B[

1.2.3  Koatavour pidg tuyaiog etoBAnTrg
Kéde tuyeio petafifin X endye éva uétpo py oto RY, 1o onolo opileton olu-
Qwva. UE TNV oyéor
px(B) = P(X~'(B))
Yo xdmoto obvoro Borel B oto B(R?). To uétpo autéd amoxaheltor 1 xotavoun
e X. H xaraoxev| auth gatveton oto Yy. 1.1.
Tépa ag Yewprioovue 6t d =1 xou F = B. Mnopolue vor oplcovue tny ou-
vé&ptnon xatavouwng uloc tuyaias petoBAntic X, Fix olugwvo Ue g oyEoe
P(X <) Fx ()
Pla< X <b) = Fx(b)— Fx(a).

H ouvdptnon Fx xadopilet 10 uétpo mdavotntoc P. H cuvdptnon Fx wovomolel
TG ToPodTw GUVITXES
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Rm

Yyfua 1.1: H xoataoxeur| Tou uétpou pix.

H Fx elvor adZouoca.
H Fx elvou 8e€id ouveyric.
IoyVet limy oo Fix (z) = 0 xou limy 00 Fix (z) = 1.
Av n ouvdptnon Fx unopel va exppactel cov o ohoxhipwua Riemann uidg
un apvNnTXhc ouvdptnone f(x) tne omolag To OhoxAfpwa ENdvew ot 6ho To R elvon

{oo ue éva 1, té1e M ouvdptnon f(z) amoxohelton N TURVOTHTR TIAVOTNTAS.
Yty meplntwon auth

Fk@y:[;f@dm’

[:fumx=1

I v ouvdptnon tuxvétntag mdavdTnTag Loy e

P(X e€B) = /Bf(x)dm

vy xdmowo B € B.

IMopddevypa 1.2.4 H gurdptnon katavouns plas tuyaias petapAntic X mov
elvar opoyeves kataveunuévn ovo didotnua [0,1] elvar n ouvdptnon

0, z <0
Fx(z)=¢ 2, 0<z<1
1, 1<z

IMogdderypa 1.2.5 Yar devtepo mapdderypa umopolje va ndpovue uia tuyaia
pneraPAntny X mov elvar kavovikd kataveunuévn. Téte

oo [ gen(4)
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elvar n ovrdptnon katavouns kat

fly) = \/%exp (—%)

n ovvdptnon tukvétntas mbavétnrag. YTny mepintwon avty Aéue éu n tuyala
petaPAnty X axodovlel tny kavovikrj katavour) pe péoo 0 kar draomopd 1, n
omola ovpuPorilerar N(0,1).

I topamdve and ula Tuyaieg UETABANTES UTOPOUUE Vo 0plGOUUE TNV Al XOoL-
vo GUVAETNON XATAVOUTNS.

Eotwwoov X1, ..., X4 tuyoiec petointéc oe xdmolo yopeo mdavothtwy (2, F, P).
H ané xowol cuvdptnon xatavouic F (1, ..., £q) twv Tuyalny autdy LetaBAnTtoy
elvon plo ouvdptnon yia Ty omola oy Let

F(z1,...,zq) = P(X1 < 21,..., X4 < 2q)
Ioyel 611

lim F(z1,...,2q) = Fx,(z;)
T1seesTi—1,Ti41,.-05Lgd—>00
6mou Fx, (z;) elvon 1 ouvdptnon xotavourc mdavotntag tne tuyolas METOBANTAC
Xi. Ye uepxéc Teplnt®oelc Unopel vo oploTel 1 amd x0ovol TuxvOTNTo XATAYOUTC
ndavotnrog 1 onola etvan pia ouvdptnon f(z1, ..., z4) yia TV onola oy Vel

wl Zd 1 1 7 !
F(zy,...,zq) = / / flzy, . yzy)de, ...dxy,
T x&de olvoro B = Ay x ... x Ag € B(R?) woyle

Pley € Ay, q € Ag) :/ o f@, e ade, ey
A1 Ag

1.2.4 H o-dAyefpa mov mopdyeton and wio tuyoalo weta-
PAnth

Ac Yewphoouue éva ydpo mdavotitwy (2, F, P) xou ulo tuyolo UETHBANTH, é0Tw

X. Ané 1o napandvw Brénovue 6t n X elvan €€ oplopod F-uetpriowun. ‘Ouwg,

xotd xavéva Yo undpyouy uxpdtepeg o-dhyeBpeg yia Tig onoleg 1 X Vo elvon

eniong uetprow.

Opwowog 1.2.3 H uuxpotepn o-dAyefpa ya tny onola n tuyala petafAnei X
elvar petprjowun, amokadeftatr 1 o-dAYERPA MOV TMUEAYETOL ATO TNV TUY LK
petoAntd X kat oupBoriletar o(X).

Me Aoy n o(X) elvon 1 uixpdtepn o-dhyefpa Tou TEPLEYEL THY TANPOQOpia
OYETWE UE TIC TLUEC Tou Umopel va mdipeL n X

Idaltepa ypriowo Yo Tov yopoxtnelopd e o-dAYeBpac ¢ mpog tnyv onola
elvan uetproyn ulo tuyato wettofAnty elvar To axdloudo AMjuua, To onolo elvon
YVWoTé xon we Afuua twv Doob-Dynkin:
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Ockpnua 1.2.1 Eoww X,Y : @ — R, o tuyales petapintés. HY efvar
HeTProUn ws mpog tny o-dAyeBpa n onola tapdyetar and tny tuyaia petafAntn
X, 0(X), av xar uévo av vrdpye ouvdptnon g, petpioiun xavd Borel, g : RY —
R? térowa dore Y = g(X).

Anéde&n: Mopokelneton. T tyv anddelln BA. my. [32]. O

Hopgdderypa 1.2.6 Yuveyilovtag and to napdderyua 1.1.19 ag opioovpe tny tu-
xala petapantn

Y = { 1, mpdto véuoua péprer kopava
1=

0, o€ kdle dAAN TepinTwon

1, OeUtepo vépuoua péprel kopdva
Xo = ol ,

0, o€ kdOe dAAN mepinTwon

Kal 4 = Xl + XQ.
Ot Xy, Xy kat Z eilvar tuyales petafAntés. Ot petafAntés avtés maipyvovy
TS akbAovles Tipés oo (2.

we Xij(w) Xi(w) Z(w)

HH 1 1 2
HT 1 0 1
TH 0 1 1
TT 0 0 0

H o-dAyeBpa mov napdyetar aro tnr Xy elvar n
J(Xl) = {07 Qa {HH, HT}: {TH> TT}}
H o-dAyefpa mov napdyetar aro tny Z elvar n
o(Z) = {0,Q,{HH}{TT},{HT,TH}
{HT,TH,TT},{HH,TT},{HH,HT,TH}}
O o-dAyefpes avtés elvar yukpdérepes ané tny F (n omola amoteAeitar and 16
otoryela).

IMapdderypa 1.2.7 Eotw n otabepri tuyaia ovvdptnon Xo(w) = ¢ ya kde
w € Q. H o-dAyefpa mov mapdyetar aro tny ovvdptnon avtn elvat n tetpipuévn
dAyeBpa {0, Q}.
IMopdderypa 1.2.8 Eva dAo tapdderyua tuyaias petdpAntng elvar n delktpa
ouvvdptnon €vios ourdlou
1, av weA
Xo(w) = Talw) = { 0, allids

H o-dAyePpa mov tapdyetar ano tnv delktpia ovvdptnon 14 elvar n {0, Q, A, A°}.
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ITopdderypa 1.2.9 Ag Jewprjoovpe ty tuyaia petafAnti)

co, av  w € Ag
X3(w) = c, av w € A1
2, av  w € As

omov Ag U A1 U Ay = Q ka1 ta olvoda avtd elvar ava 6vVo Eéva peta&d tovs. H
o-dAyefpa mov napdyetar aro tny tuyala avty petafAntn elvar n

{waQaA07A17A27A0 U AlaAO U A27A1 U AQ}

MmopoUpe va dodue o ny tuyaia petapAnei Xs umopel va ypagel oav

n

Xylw) = Y cilla, (@)

i=1
émov n = 3. Téroes petaPAntés, or onoles unopel va ypagolv oav Ypau ko
oUrOUaoTOS SEIKTPLDY TUVapTioewy, anokaAlolytal anheg.

1.2.5 Xroyoaotixég dLadixacicg

Ou oploovue Twpa TNV évvola Tne otoyaotxrc Stadixaotag.

OpLomog 1.2.4 Mia otoyactixy Svadixacio elvat pla tapapetpiopuévn ovA-
Aoyrj tuyaiwy petaPAntdr {Xibier o1 omoles opilovar o€ éva ydpo mbavotijtwy
(Q,F, P) xat raiprovr tipués oo RY.

Mia otoyaotiny Siaduxactia éyel hotndy dVo ‘petaffAntéc’, tnv t xou Ty w.

e Tl x&de t € T (to omolo Vewpolue dedouévo xon otodepd) €youue ulo
tuyodo eTaBAnT

w—= Xp(w);w e Q

® Oewpnvtag otaepd w € ) Yewpolue TNV cuVdpTnon
t— Xy (w),t eT
1 onolat ovoudleton Ttpoytd (path) tne Xi.

AronoINTLxY] AVTLUETOTLOY:

Evoc t1p6m0o¢ var xatavoioouue StanodnTind tTnv évvola Tng GToyacTixg dadtxa-
otog etvon vor dewprioovue plo cuAoYY cwpatdiny ta onola to tapaxolovdodue
oTov Ypovo. Mnopolue va Yewpricouvue 6t To t elvan ‘ypdvoc’, o omolog unopet
va elvan elte ouveyig elte Staxpitdg, xan 1o w avtiotoyel oe éva GUYXEXPLUE-
vo ‘owpatidio’ 1 nelpoua. Mio cuyxexpuyuévn emthoyy| tou w Yo ovoudletar ula
npaypartonoinom e otoyaotixic dadixaciog. Téte Xy (w) elvon 1 Véon tou
cwuatdiou w Ty ypovix otiyur| t 1 Lood0VaUO TO ATOTENEGHO TOU TELRGLOTOS
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w Ty ypovu] ottyur) auth. Mropolue va tauticouue to x&de w ue Ty cuvdip-
tnon t = X;(w) mou anewoviler T — R, Tée 1 o-dhyeBpa F Do nepiéyet tny
o-8Ayefpa B mou nopdyetar ano cOVOAA TNS Lopphic

{w;w(ty) € Fi;..;w(ty) € F} Fy € R otvoha Borel .

To nopandve oydho uag odnyel oTNy Topoxdtw exdva:
Mo otoyaotixt| Siaduxaoto unopel Yewpniel cov éva uétpo mdavotntag P oe
€vory XAt 0pLOUEVO YOPOo WETEOL Snhadh

| S“TOXAXTIKH ATAAIKAYIA <= METPO NIOANOTHTAY |

A¢ dolue thpa UEPLXE TORABELYLATAL GTOYAGTIXOY SLoBIXACLOY.

Hopdderypa 1.2.10 Eva napdderypa otoyaotikns owadikaoias pe diakpid ov-
vodo bewktdvy T (Brakpied xpdvo) elvar to akérovlo. Ag Oewprioovue 6t piyvouvpe
dadoyixd €va vépoua kat w; ag elvar to anotédeoua tns i pins. Av ewpnoovue
TS tuyales petaPAntés X; ot omoleg maipvovr tig Tiés

_ 1, av w;=H
Xi(w)_{ -1, av w; =T

H niurj ts X; pumopet va Gewpndel oav to képdog €vig maiktn, katd tnv i plypn av
rovtdper 1 dpayun oto av éplel kopdva 17 ypdupata. H napapétpiopérn ovAloyn
tuyalwr petapntdr {X;}, i € N elvar pla otoyaotixrj dadikaoia oe diakpitd
xpdvo. H tiun tng efvar ta képdn tov naiktn katd tnr Oidpkela tov maryviolou.

HMogdderypa 1.2.11 Yav éva deUtepo napddctypa otoxyaotknis dadikaoiag o€
owvexn) xpovo umopoUie va Jewpricovue du t € RY kar ya kdOe t optlovue pia
tuyaia petapAntny Xy n omola éyer tnyv katavoun mbavérntag
1 z y2
PX;<z)=——= exp|—=;)d
(X <) @ﬁ[m p( %>y

Yuvends, n Xy elvar pua otoyaotikny 6radikaoia kar propodue va Jewprioovpe dt
yua kdle t € R n Xy elvar pla kavovikd xataveunuévn tuyaia petapAntn pe
péoo 0 ka1 draomopd t.

Ot nopaxdtew optouol Yo Ypelastoly 6T ENOUEVAL.

Opiowée 1.2.5 Oa Aéue du pia 16idtnta wyver oxedév BéPona (0.5) av bev
Vel pévo oe éva ovvodo pérpou 0.

ITohkéc gopéc to uétpo P dev elvan amopaitnta Uétpo mdavotntog Aéue 6T 1
WLotnTa LoyUeL oYESOV TAVTOV av LoyVEL O TUPATAVGD 0PLOUOC.

IMopdderypo 1.2.12 Ta napddeypa X < Y, 0.8 (ws mpog to pétpo P) av
PUX >Y})=0.
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Opiopog 1.2.6 Mia otoyaouikr) dwdikacia Xy oe ouvexn) xpovo, ovoudletar
de&Ld ocuveyng ar X; = Xyy dmov Xyy = lime 0 Xie

Opiowodg 1.2.7 H otoyaotiki) dadikaoia Ay ovopdletar ad&ovoa av yia oye-
80y Aa ta w € Q@ n Ay(w) elvar pla un apvnuixry, un divovoa Se&id ouvexnis
ovvdptnon oto t > 0.

Opiowée 1.2.8 H oroyaotikrj diadikaoia Yy ovopdletar pia exdoy® (version)
1} pla tporonoinoy (modification) tng otoyaotikis dadikaoias Xy av ya
kdOe t > 0 wylva Xy =Y; 0. 6nladn P(w: Xi(w) = Vi(w)) = 1.

Yo napaxdte Yo Yewpolue ot umdpyet ulo de€id cuveyric exdoyh Yo xdde
otoyootix dtadixacia Tou o evdlapépet.

1.3  Avegoptnola

H évvola e avelaptnoloc elvon ula évvolor moAd peyding onuaoctog otny Yew-
pla miavotitwy. Ou Eexwvroouue opilovtag v évvola Tng avedoptnotog yio
yeyovota, xotomy Yo cuveyloovue opllovtog Ty évvola tne avelaptnoloc yio
OUNOYES YEYOVOTWY dnhadn yia o-8hyeBpec xou téhog Va opilouue tnv évvola
g avedaptnotog yio tuyaleg petaBAnTéS.

1.3.1 Ave&dptnta yeyovéta

'Onwe Yuuduaote ano v Baowr| Yewplo mdovothtwy

Opiowée 1.3.1 Avo yeyovdta A kar B Aéyovtar avebdptnta av P(AN B) =
P(A)P(B).

Xpnowonowwdvtag Ty Swaloinon wog, hue 6t 0o yeyovota etvon aveEdptnto oy
70 €va dev emnpedleL To dAho.

Hopddevypa 1.3.1 Eotw du extedoUue éva meipaua katd to omolo piyvoupe 600
tiua voptlopata. Ag ovopdoovue A to yeyords oo omoio to mpddto vooua pépret
ypdupata kar B to yeyovis ato onolo to deUtepo vépuoua géprel ypdupata. Efvar
Tpogavés ot ta 6o avtd yeyovdta elvar aveEdptnta, agol To T Péprel To éva
vooua oev emnpedler to t Va pépet o dAdo. IIoAU elkola pmopolue va dodue
tws P(AN B) = P(A)P(B).

ITopdderypa 1.3.2 Av 6Vo yeyovéta A kar B elvar ave&dptnta tote kar ta
yeyovéta A° kar B® elvar emlong avebdptnra.
Ipdypamn,
P(A°NB°) = P((AUB)’)=1-P(AUB)
P(A) - P(B) + P(ANB)
P(4) = P(B) + P(A)P(B) = (1 - P(4))(1 - P(B))
= P(A)P(B)

1-—
1-—
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H évvowa tne avelaptnolog unopel va optotel xan yior TEpLGGOTERA TV dVO
YEYOVOTWY.

Optopdg 1.3.2 Mia mavdy dreipn ovdoyri yeyovdtwr (Ap)ner €lvar ula ave-
EdpTnTn ouvMoyr) av yua kdOe memepaopévo vrootvoro J tov I wyvel

neJ neJ

Ané tov oplopd gatvetan Tt dev elvan apxeTod Yo Ty aveloapTnola NEPLOCOTE-
pwV Twv dVo yYeYovdTwV va €youue avelaptnato ava do yia xdde Ledyog. Autd
umopel vou pavel xot omd TO ToEUXSTW TUEASELYUAL.

Hopgdderypa 1.3.3 Eva napdderypa yeyovétwy mov elvar avd 6vo avekdptn-
a aAAd dyt avekdptnta elvar to akdlovlo. Ag Oewprioovue to odvolo 1 =
{w1, wa,ws,ws} ka1 ag ewprioovue dtr P(w;) = %, 1 = 1,2,3,4. Tére ta ov-
voda A = {wr,w2}, B = {wi,ws} kat C = {we,ws} elvar ava 6o ave&dpinta
apov P(ANB) = P(A)P(B), P(ANC) = P(A)P(C) ka1t P(BNC) = P(B)P(C),
aAld dx1 aveEdptnra epdoov P(ANBNC) = P(#) =0 # P(A)P(B)P(C) = .

1.3.2  Ave&dptnteg o-dhyePpeg
Ac Vewphioouue plo o-dhyeBpa F emdve ot évar obvolo .

Oplowog 1.3.3 Or o-vnodAyefpes Fi, ¢ € I g F ovoudlovtar avegdptnteg
av ya kdOe vroovrolo J tov I kar kdOe ovvoro A; € F; éxovue

P(() An) = [ P(An)
neJ neJ
1.3.3  Aveidptnteg tuyaleg petafAntég
Me Bdion tov oploud Twv aveEdpTHtwy dAYEBPMY UTOPOUUE VO 0plGOUUE TNV €V-
VOLoL TV oveopTATwV TUYaiwy LETUBANTOY.

Oplonog 1.3.4 Ortuyales petafAntés X;, i € I ovopdlovar ave€dptnteg Tu-
xoleg petaPAntég av o o-dAyefpes mov mapdyovtal and Tis tuxales petafAnTés
(BX. opoud 1.2.3) elvar avekdptnres.

Hopddetypa 1.3.4 Ag Jewprjoovue tny pippn 6o vopoudrwy kat ag ovopdoou-
e X1ty tuyaia pevaPrnen

Y, = 1, o mpddto vououa péprel kopdva
7o, drapopetird

xar Xy tnr tuyaia petafAncn

Y, — 1, 7o devtepo vououa péprerl kopdiva
270, dapopetikd

Or tuyales petafAntés X xar Xo elvar aveEdptnteg.

Y10 napandvw mopdderyua, av ) Xo e€optddtay xot and To AmoTEAECUN TNG
Teod NG pldmng, ov Xy xow Xo dev Vo rav aveldptnrec.
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1.3.4 To ywoépevo uétpo (product measure)

Eivor oA onuoavtind oty cbviourn auth napovstaon e évvolag g avedop-
noloc vo xdvouue plo culAtnon Yo TNV xatavour| Tou axoloudoly aveldptn-
teg tuyaleg yetafPintée. Ilo ouyxexpuuéva ac Yewprioovue tuyales wetoBAntéc
X;€R, i=1,..,d, o onoleg elvar aveEdptnteg pwetadd Toug xou Tou 1 xdde ulo
amo ouTég endyet to wétpo davdtnrac px,. Kotaoxevdlovue ty tuyolo pweta-
Bt X = (X4, ..., X4) € R TTowd Yo ebvan to pétpo mdavédtnroc mou endye
otov R? 1 tuyato uetofBinth X;

I var amatvtioovue v gp@tnon oty o npénel vo oploovue tnv évvola tou
ywopevou pétpou (product measure).

Opiopodg 1.3.5 Av Oewprioovpe tous ydpovs pétpov (i, Fiypi), © = 1,..,d,
HTopoupe va oplooupe To Yivopevo wéteo (product measure) py ®...Q g
olupwra pe tov Timo

(11 @ . @ pa)(Ar X oo X Ag) = pa(Ar)..pa(Aa)

émov A; € F; kar pe Ay X ... X Ag ovpBolilovue to kapteowavd ywipevo twy
oo A;.

To ywiduevo pérpo opiletar endve otn Ywopevn o-dAyeBea Q) F; n ornola elvar
1 pHikpdTepn o-dAyefpa mou mapdyetat and dAa ta ovvola tng popeng Ay X ... x Ay,
k=1,...,d dnov ue to Yvouevo evvooUue €dd) To kapteoavs YvOuevo.

H Omapén xan wovadixétnta tou ywéuevou uétpou unopel vo amodeuydel ou-
oTNEd, oAAG Yo TV anddelln nopanéunovue oe €va onolodrinote eYyelpldio Ve-
wploag uétpou 1 VYewploe mbavotitwy (BA. my. [15]). Eniong, o opioudc tou
ywoéuevou uétpou umopel va yevixeudel xar oty meplntworn mov 1o d = oo. H
neplntwon autr etvon Wialtepa yprowur, edixd 6Toy UEAETAUE TNV AOLVUTTWTLXY
GUUTEPLPORS. GTOV YpOVO, TUYaiwY TEpaUdTwy T.Y. dnelpes pldels aveldptntwy
VOULOUGTWY XAT.

To ywéuevo uétpo elvor 10 Hétpo mou avtiotolyel o cUANOYEC avelopTATwY
uyatwy uetaBAnTtdy. Eyouue Aowndy to noapaxdtew Yedpnua.

Ocwpnua 1.3.1 Eoww X; € R? tuyales petaPAntés mov endyour ta pétpa m-
Oavitneas px,, 1 = 1,...,d. Ov X; elvar ave€dptnres av kar pdvo av n tuyala
perapney X = (X1,...,X4) € R endya wo puérpo (dnAadn éya ratavour)
ux = px; ® ... px,.

Ambdergn: Adyw tng aveloptnolog To topandve LoyVel Yio cUVoha NG HLopQTC
B = By x ... x Bg. Tw tnv yevixeuon oe omolodfnote GToLyElo TNE YWOUEVTC
o-8hyefBpog amarteiton N yprion Tou Vewprdatog wovétovne xhdorne (monotone
class theorem) xou mopoelneton. T'iar Ty anddelln napanéunovue oto [15]. O
IMopdderypa 1.3.5 Eoww Xi,...,Xq avebdptntes tuyales petapintés. Tote
ya tnv ané kool ovvdptnon katavouns tous F (1, ..., xq) wyve

F(l’l, ...,:L'd) = P(Xl S T, ...,Xd S :I?El) = FX1 (Il)---FXd(xd)

émov Fx, (x;) = P(X; < x;) elvar n ovvdptnon katavouns s X, i = 1,...,d.
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1.4 Meon tpi

Ou aoyorndolue tpa Ue TNV €vvola TNC UEOTC TWIHC, TOV OPLOUO TNG XAt TLG
Baoxéc tne Widtneg.

1.4.1 OpLopodg g EONS TLUNAS
Opiouoédg 1.4.1 H péon twwn pds tuyalas petapAneis X, 1 onowaodnmote
ouvvdptnong s opiletar wg

E[X] = /QX(w)dP(w) = /Rdwdux(x) = /Rd:vux(da:)
Blo(0)] = [ oX@)dPw)i= [ g@dux@)i= [ gwnx(dn)

OpLouéves gopéc uag evdiagépel 1 uéom tyun ulag tuyatag PeTHBANTAC ETdve
oe éva uocvolo A Tou GUVOROL TwV YeEYOVOTWY. Autd To GuUBOAlouuEe WS
E(X;A) := [, XdP(w).

O mapandve optou 6 YéAeL xdmoto attlohdYNon we TEdC TO TL oxEBOS onuaivel
10 ohoxhfpwua endve oto pétpo P. H mhieng arttohdynorn umnopel vo Beedet
oe onowodfinote BP0 endve oty Yewplo mdavothtwy (m.y. [13] 1 [37]). Ou
TpooTadRCOVUE OUWE EBW VO OXLOYPAUPHOOUUE ToL XUPLOTEPO oNUEld oYETXS [UE
v péon T xou va ddoouue ulo Stanodnted déa e onuaciac e péorng
TG,

Oa Eexwvroouue e to dancdnuxd uépoc. Mia tuyalo uetaBinth X unopel vo
Yewprioovue OTL yia xdde mparyuatonoinom evog Tuyalou TELRAUATOS, TNV onold
ovuBoliloupe e w, nofpvel pia T X (w). H uéon wunf tng elvan o ddpolopoa
OAWY TOV TWIOV AUTWY, otodulouéveg ue TNy mbavdtnta eu@avicens tne xdde
Tparyuatonoinong tou melpduatog w. Av to  elvan apriuroluo tote ) uéomn T
Yo elvan 0 dipotopa Twy TV Tou Yo talpvel 1 X oe dheg g davég exBdoelg
Tou mepdpatos, X (w), otadutouévey ue Ty TlavdTnTo TS EUPAVIcEWS TOU
xdde w. Xuvenwg otny mepintwon auth

E[X]=) X(w)Pw)

H péon tyur elvon xatd xdmowo tpémo 1 ‘avauevouevn’ Ty ya Ty tuyolo ueto-
Banth X.

[ tov wadnuotind optoud tng uéong Tyhc yior o onotadrinote tuyata Ue-
TaBAnth Yo mpénel vo axolovdicoupe ta Topoxdtw Buarto:

1. Av n X elvon plor amh tuyado uetoBAnt otov yweo mdavothitwy (2, F, P),
dnAad”) ular wetaBAnTr g Hopgic

n

X:ZCilAiv A,’ﬂAJ‘:Q, OAZ'ZS_L
i=1

i=1
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1ote N wéon T e X umopet var oplotel oav

n

E[X]:=)_ciP(4))

i=1

[ 1o mapandve ddpolcua yenoyonoteitar o cUUBOALGUGS
E[X]:= /QX(w)P(dw) = / XdpP
Q

2. T va oplooupe v péon Ty v yevixdtepeg tuyales uetaf3intée Va
npénel vo BoototoVue 60 YeEYOoVOS Ot xdde Yetunn| Tuyala uetaBAnTY unopel
var tpooeyylotel and uia axoroudio amiodv uetoaAntody X, n onola eivor
LovOTOVY o cLYXEXEYEVA adZovoa Tou Telvel Tpog to X xaddg 1 — oo,
(X T X). H npooéyyion auth 8ev elvon povadinr. Do mopdderyuo pio
vy tpooéyylon otny X elvan n axoloudio X, nou oplletar ¢ e€hc

X, (w) = k277 av B2 < X(w)< (B4+1)27" xou 0<k<n2"-1
nlW) = n, av X(w)>n

Me mo ouunayf uopph 1 mpooéyylon auth unopel vo ypogel X,(w) =
272" f(w)] A n, 6nou [] elvon to axépono uépoc. Mnopel vo Setydel ot
X, 1tX.

3. MnopoUue Aowdv vor tdpovue Ty Uéon T TN axolovdiog wetaBAntodvy
X, mou etvar aniéc (ondte n péon Ty diveton and Tov Tapoamdve optoud
yia amhéc YeToBANTéS). Autd odnyel otny axohoudio TporyUaTXY oELdU@Y
E[X,]. Onwg Ya dodue xou mapaxdtw (BA. Ocdpnua 1.6.2) unopodue va
det€ouue g Xy (w) = X (w) xou E[X,] = E[X] xadde n — oo.

4. Mropouue topa va oploouue TN wéon Tr yio plo onoadhrote Yetud
tuyolo peTaBAnTe ooy

E[X] = s%pE[Z]

67OV TPVOLUE TO SUP ENMEVW GTO GUVORO OAWY TWV AMAWY TUY ALKV UETO-
BNty Z yia tic omoleg oylel Z < X.

5. Téhog, yia vo oplooupe v péon T Yo uia onotadrinote tuyolo HeTa-
Banth X opxel va mapatnpoovue 6t X = X1t — X~ 6nou Xt xou X~
elvar 9eTinée Tuyaleg peTafBAnTég xan vor oploouue

E[X]=E[XT] - E[X™]

YxoAivo: Ta mapandve Privata unopel va cwtioloyndoly avctned ue tny dotd-
nwor xatah Aoy Yewpnudtwy. Kdtt tétolo 1o anogelyouue 8w, aAAd naponé-
MTOLUE ToV avaryvooTn elte oe omowdhnote PiAio Jewplag uETpou xouw OAOXAY-
pwone (m.y. [35]) elte oe PiMo oyetind ye g mdavétntee (m.y. [14]).
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Ye pepéc mepnTwoelc 1 uéon Ty unopel va ypagel ue amloboteprn Uop@.
Av 7 tuyota petoBAnTh X éyel ouvdptnon muxvétntoc miovétnroc? f(z) téte 7
péon tun tne X unopel va ypagel cav 1o chvnleg ohoxAfpwua Riemann

Koatd mivien avoroyla, otny meplntwon auth 1 uéon LU oTolacdoTE GUVAETN-
ong e X, unogel va exgpactel wg

B0} = [ h@)f)de.

IToh0 yphowog oe optouéves epapuoyés (tou oyetilovtar xuplwe Ue Tov vTo-
Noytoud g péone tuic mocotAtwy mou edaptivTol and aveEdptnies Tuyales
HeTHBANTES) Elvon XAt 0 UTOAOYLOMOS EVOC OAOXANPOUATOS ETEVE OTO YLVOUEVO
ETP0 300 1) TEPLEGOTEPWY UETEWY GOy TOMNATAG, 1 ETovoloBotvoE Vo ONOXATEC-
Hotar emdve ool emyuépoug WéTpa. O tpdmog var Yiver autd diveton 6To Topodte
Yewpnuo mou elvon ouctaoTxd yevixevon touv Yewpriuatog tou Fubini, mou é-
YOUUE OLUVAVTACEL OYETLXE UE TA TOMAATAS OAOXANEOUATA GTOV ONOXANPWTIXG
hoyioud, xon mou napatiieton €36 ywplc anddelin.

Ocedpnua 1.4.1 (Tonelli-Fubini) Eotw py kat pe 600 pétpa otovg Ydpouvs
(Q, F1) kar (Qa2,F2) avtiotova. TIa kdOe ovvdptnon ® nov elvar Fi @ Fo

-METPNOIUN Kal TOU €lvar OAOKANPGOU) @S TPOS TO VIVOUEVO UETPO 1 @ [io
1y Vel

/<I>(x1,;n2)d(u1 ®p2) = /{/‘1’(117I2)M1(d$1)}u2(dﬂﬁ2)

/{/(I)(xlﬂ”Z)uz(d:vQ)}ul(dxl)

H yevikevon o€ ywvéueva e tepioodtepa twy 600 pétpwy elvar evront.

Anddelgn: Ioporeineton. [opanéunovue otov [14]. O

Qo dOooVUE TWPO UEPXE TOPAdElYUATA, 0L OTNY EMOUEVY Topdypago Vo a-
vapeplolue otc WdTNTES TN Uéone TYnC.

Hopddetypoa 1.4.1 Ay X =14 tére E[X] = E[14] = P(A).

3 Autd wodlvaua umopel va exppactel bt T0 wétpo px éxer wia Topdywyo Ue Ty évvola
¢ mapaydyov Radon-Nikodym. Yo 9éua tng mapaydyov Radon-Nikodym Yo enavéhdouue
apydTeEQaL.
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IMopdderypa 1.4.2 Av X (w) elvar to képdos and to tuxepd maryvidr katd to o-
rofo movtdpovpe 1 Spaxuri otny éxPaon evds tiuov voulouaros. Tére E[X] = 0.
MmropoUue va vroloyioouue eniong omotadnmote ovvdptnon tov X. I'a napddery-
Ha

Elexp(AX)] = %exp()\) + %exp(f/\) = cosh(\)

IMopdderypa 1.4.3 Eoww X pia tuyaia petaPAnty mov akodovlel tny katavo-
un Poisson pe mapdpetpo A, 6nAadn X : Q@ = N kat

~ N
P(X =j)= ﬁe A
Tote
00 ' . oo /\] .
E[X] = Z]P(X:J)ZZJTG
j=0 j=0 7"
o0
AT A\
= )\Z(]il)!e =Xete M=

IMopdderypa 1.4.4 Eoww X pia un apvnuxn tuyaia pevafAnc nov axolovel
v exletikn} katavoun pe napduetpo A, dniadry P(X < z) = foz Xe™Mdy. Tdre
n péon uun tns tuyalag petafintris h(X) drmov h orowdimore un apvntikn
ovvdptnon €lvar lon e to oAokAnpwpa

Eh(X)] = /000 h(z)Xe™ dx

epoooy BéPaia avtd auykAiver

Hopddevypa 1.4.5 Eotw X tuyaia petafAnt nov akodovlel tny kavovikn
kazavouri N(0,1) onkadr

H péon npn onowaodnmote ovvdptnons h(X) wng tuyalag petafAntic X elvar
lon pe

ER(X)] = \/%_ﬂ 1 Y h@)e % da

Abyw ovppetplas pmopolue moAv evkoda va dovue 6tt E[X™] = 0 ya n mepirtd
axépaio.

HMopdderypa 1.4.6 H péon tiun xdtw and alhayn pétpouv Yo optoud

s péons nung ptag tuyaias petafAnig X ypnotponoeitar kdmotw pétpo ma-
vétnrag to onolo oyetiletar pe Ttny tuyaia petaPAntrj (otov opioud Jewprjoape
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ot To pétpo mov ypnotuonoteltal elvar to puétpo mov endyer n X. IIoAAES popés,
eidikd oTtny xpnpatootkovouikn, umopel va Jewprjioovue ot kpatdue oradepés ng
Tpés plag Tuyalag perafAncris (1§ yevikdrepa ulag otoyaotikiis dadikaciag) kat
petafdAdovpe to pétpo kdtw and to omoio or Tiués avtés eppavilovtar. Oa dolje
Tapa Tws aAddlel n éxppaon ywa tny péon tun ulag ovvdptnons f tng tuyaliag
pnetaPAntnis X drav aAldler to pétpo kdtw amé to omolo tny vrodoyilovue.

Ag Oewprjoovue tny tuyala petafAnty X kar ag tdpovpe tny péon uun s
mpdTa kdtw and to uétpo P kar petd kdtw and to kdmoo dAAo pétpo Q. Ag
vnolléooupe apxikd yra anAétnta 6t o ovvolo () elvar aprunoipo. ‘Exouue én

P(w) P(w)

Ep[f(X)] =) PW)f(Xw) = ZQ(w)mf(X(w)) = Eq [mf(X(w))}

[ P . [ . . ,
H nooétnta L(w) = Qg:g efvar n moodtnta pe tny omola mpémel va moAlarAaoid-

oovue tnr ovvdptnon f(X) ya yive o vnodoyouds tng péong nung oco véo
nétpo Q. H moodtnta avtn, dnws Ja dolue kat ota endueva, naile idaitepa
onuavTiké poko ata xpnpatootkovoutkd patinuatikd kai ovoudletar muXVOTNTA
e TLuhg xatdotaong (state price density).

Yny nepintwon mov to oUrolo § dev elvar aprunoipio, puropolie kal mdAt va
ypdipouvpe pia mapdpoia oxéon aAdd to L tddpa malpver pla drapopetikn) popen,
L(w) = %(w). H évvoia tng napaydyov twwr Vo pétpwr (tapdywyos Radon-
Nikodym) Oa opiotel ota endueva.

HMoedderypa 1.4.7 Eotw X > 0 tuyala petapAnt. Ioxver ot
oo oo
E[X?] = p/ P(X > z)a? 'de = p/ P(X > z)a?'dx, p>0
0 0
apkel BéBara va opiletar n toodtnta E[XP].

Oa amodetéovyie Tov €va and Toug 10X UPLOUOUS aUTOUS Kal apriyoupe tov dAdo
otov avayvaotn. Mropolue va dolje mws wyle 6t

x? :/ ds:/ 12P > s}ds.
0 0

Oérovtag x = X kar maiprovtag tnr puéon tun éxovue ot

E |:/ l{XP>s}dS:| =F |:/ 1{X>51/P}d5:|
0 0

pE [/ 1{X>w}mp_1dx] :p/ P(X > z)zP"tdx
0 0

E[X7]

émov 0to teAevtaio Pripa avtikataoTrjoape tny péon Tun pe to (0o TNg oav to
odokAnpwua endrvw oto pétpo P kar ypnotpomomrjoaue to Vedpnua Fubini yia ta
ToAAamAd oAokAnpdpata.
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1.4.2 Iduotnteg tng wéong TLUYg
Yy nopdypoago auth Yo acyonolue ue oploUéves Baoxée LBLOTNTES TNE Uéomg
TS mou elvon amopaltnTeg Yol Tl ETOUEVAL.
Oevdpnua 1.4.2 H péon nun éxe s napaxdtw onuartikég 1616tnTes
(i) H péon nprj elvar ypapjukds tedeotris oniadn av X kar Y elvar tuyaieg
HeTaPAnTES kar ¢ kai ca otalepés ToTe
E[ClX + CQY] = ClE[X] + CQE[Y]
(i) Av X <Y, 0.8. tdre E[X] < E[Y].
(1ii) Av X = ¢, 0.8. énov ¢ otadepd, tére E[X] = c.
(iv) Av X >0 tére E[X]:= [ X dP =0 av kat udvo av X = 0 oxeddév mavtoy
(ws mpog To pétpo P).
Anodegn: H anddeiln elvon mohd amh xon aghiveton cav doxnon. o tnv and-
detgn tou (iv) yperdletar o Yedpnuo Lovétovne obyxhong (BA. Oedpnua 1.6.2).

H anddeln tou (iv) o dodel oav nopdderyua apybdtepa (Bh. HMopdderyua 1.6.1).
O

Ou ouveyloouvue avaPEEOVTaC TECOEPELS OTNUAVTLXEC OVICOTNTES TOU Loy DOLY Yo
™y héomn T

Ocsdpnua 1.4.3 (H avicotnta Chebychev ) Eotw X tuyala petapAnti.
Ioxver n axérovin aviodtnta

E[X?]

P(X(@) |2 0) < =5

Anodergn: Ioylel navicdtnta 021{|x\3a} < X2, Hpdrypatt, av 1o w elvon t€T010
wote | X |< a téte 1) nopamdve oyéon yivetor 0 < X2 7 onola Loylel tévTote.
Av tdpa w elvon tétoo dote | X |> a téte n nopandvew oyéon toylel enlong.
Mrnopolue Tpa Vo TIEOLUE THY HEST TLUY OTNY TURATAVEL OVICOTNTA OTOTE
2 2
Ela*1{x >0 < E[X7]

and v onolo npoxUntel to {nroduevo. O

Enlong moAd onuavtin elvar 1 aviodtnta tou Jensen

Ocedpnua 1.4.4 (Avicétnta tou Jensen )

Eoww g : G — R upia xvpth owvdptnon * oec éva avoucté vroodvodo G tov R
kat X pia tvyaie petafAncri térowa dote E[| X |] < o0, P(X € G) = 1 ka1
E]| 9(X) |] < oo. Tére

Elg(X)] = g(E[X])

AMia xvpth cuvdptnon elvar wio cuvdetnom Yo Ty omota woylet g(px + (1 —p)y) < pg(z) +
(L-p)g(y),0<p<1
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Anédegn: Topadeineton (BA. my. [15]). O

Hopadetypata xuptdv cuvaptfoewy elvor ol | = |, 22, e®.

Téhog Yo YenoLLOTOLACOUUE GUYVE TNV TAEAXATL AVIGOTNTOL:

Oedpnua 1.4.5 (H avicotnta Holder)
Eotw X, Y tuyales petapAntés. Ioyvea ot

{Ell XY ["I}/m < {E[ X PIY/AE[ Y |7}/

1 1

émou p,q,r > 0 kar p~t + ¢t =171, apkel puoikd o1 mapandvw Toodtnres va
optlovrar. Ynr adikrj tepintwon énovr = 1,p = q = 2 naiprovue tnr aviodnta
Cauchy-Schwartz.

Anodergn: Oo anodet&ouue Ty edr] tepintwon r = 1,p = ¢ = 2 xou apHvouuE
v Yev meplntwon oav doxrnor. o omowodhnote A € R €yovue

0 < E[(AX +Y)?] = M E[X?| + 2\E[XY] + E[Y?]

OeWE®VTAC TNV TOPATEVE TUPAOTACT, GOV EVOL TELWVULO GTO A XAl YENOLULOTOLGD-
VTOC TS WLOTNTES YLOL TO TPOGTUO TOU TELWYOUOU XUTUAYOUUE OTO 6Tl

E[XY)? - E[X)E[Y?] <0
mou etvan xow t0 {ntoluevo. O

Ocedpnua 1.4.6 (Avicdtnta Minkowski) Eotw X, Y 600 tuyaies petapin-
té téroes dore {E[| X P]}7, {E[| Y |P]}* < o0, p > 1. Ioyte éu

1 1 1
{Ell X + Y [Pl}» <{E[| X [}» +{E[|Y [P}
Anddeign: Apxel va ypddouue
| X+Y P=|X4+Y [ | X+Y P<(X|+|Y]) | X+Y [P

VoL TEPOVUE TNV UECT), TUY| Xa var epapudoouue TNy aviodtnto tou Holder.O

Yxoio: To clvoho Ghwv Twv Tuyalwy HETIBANTOY X Ylo Tic omoleg LoyUeL
{E]| X |P]}'? < oo amotehel évav ydpo mou ovoudleton o ydhpoc LP(P) # yio
ouvtouta o ywpog LP. O ydpog autde unopel va amodeuydetl 6t elvor TARen®
yio p > 0. H nocémnra || . [|,= {E[| . [P]}Y/? unoget vor amoderydel 6t amotehet
plo vépua ya tov yodpo LP. Etnv el meplntwon 6mou p = 2 dnhadr otny
neplntwon tou xdpou L? unopolue va Selfouue 6L N vépua tapdyetor amd éval
e0wTERXS YWoUEVO, cuvenwg o L2 elvor évac ydpoc Hilbert. Av ou mapamdve
évvoleg dev elvar Yvwotég ula obvtoun etoaywyy) topatideton 6To TapdpTnUa ToU
xeqoraiov.

Oa xheloovue v nopovsiooT) Twv WOTATWY NG Méong TWRg Ue TV oulAtn-
omn g oyéong uéong Tunc xou aveloptnoias. Ioylel o nopoxdtw Yedpnuo:

5 Anhad+ 610 ybheo autd x&de axoroudia Cauchy cuyxhivel oe éva ototyeio Tou LP
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Ochpnua 1.4.7 Eotw X;, i =1,...,d avekdptnres tuyales petapAncés. Tote

d

d
E[[] xi]= H E[X}]

i=1

Anédergn: H anddelln ypnowwonotel v yevixevon tou Yewpruartoc tou Fubini
Yot TOMATAS OAOXANEGUATA, GTNV TERITTWOT OAOXANEWUATOY ENEVL G UETPA
mavotitov. Adyw tng avelaptnolog twv PeTofANTdY T0 HéTpo miavdTnTag
nou endyel (§ adAds N xatavour) e X = (X1, ..., Xq) elvon 10 yvopevo uétpo
px = p1 Q... ® pg 6mou p; elvon o xotavoués twv X;. To Yedpnua tou Fubini
e€aopailel 6Tt T0 OAOXAHPWU ETAVG GTO YWOUEVO UETPO LUTdEyEL Xau elvar (6o

ME

/fd(pl ® ... ® piq) :/...{/{/f(:cl,...,xd)pl(d:cl)}uz(dmz)}...pd(dxd)

T Ty amddeLn Tou ATOTEAEGUATOC oUTOV TOPATEUTOVUE oTo [14]. Amd tnv
Tapondve oyéon, 9étovtac f(z1, ..., xq) = &1 - - - T4 xaTahiyouvue 6to {ntoduevo
anotéAecuo. O

1.4.3  Auvaxdupoavon-Suvdioxduovon

Mo onuavtixn nocdtnta elvon xat 1 Stoaxduavor (variance) ulog tuyolog peta-
Banthc. H Stoaduavon uag Setyver méco xovtd oty uéon tiur tng Beloxovtar ot
wuéc ploc tuyatag yetafintic X.

Opiowée 1.4.2 Yay Swaxduavorn (variance,) Var(X), tng tuyaiag peta-
BAntis X opiletar n moodtnra
Var(X) = E[(X - E[X])*]

DN mapamdve and ula tuyaiec uetofAntég umopolue va oploouvue xon TNy
ocuvdloxduavon (covariance).

Optomog 1.4.3 Eotw X karY 6o tuyaies petafAntés. Yav cuvdiaxdavon
zoug (covariance,) Cov(X,Y), opiletar n noodtnza

Cou(X,Y) = E[(X — E[X])(Y - E[Y])]

Hopdderypa 1.4.8 AraxOuavon adpoliouatog aveEdetntwy Tuyolwy [(e-
TaBANTOY
Eoww X;, 1 =1, ...,d avedptnres Ttuyaies petafAntés. Tote
d d
Vm“(z Xi) = Z Var(X;).

i=1 i=1
H anédeién tov wyvpiopot avtod elvar ankny epappoyr) tov opiopod kat tov Jew-
pnuazos 1.4.7 ka1 apniivetar oav doknon.
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IMopdderypa 1.4.9 ZuvSiaxbavor §0o aveddptntowy Tuyalowy weToBAn-
TOY

Eotw X ka1 Y 600 avelaptnres tuyales perafintés. Tére, Cov(X,Y) = 0.

H anddea&n tov 1wy uptopot avtol elvar atknj epappoyr tov optopol kat tov Jew-
pnpatog 1.4.7 kar agpnvetar oav doknor.

IMoedderypa 1.4.10 Ia tnr ovvdakluaron 6o tuyaiwr petafAntdy X kai
Y woyve

| Cov(X,Y) |< {Var(X) Var(Y)}l/2

H anddaén wov mapandvw 10xuptopotl €lvar dpeon pe Tty xpnon s aviootnas
Cauchy-Schwartz.

1.5 Yno cuvinxn neon T

H évvowa g und ouvdfxn uéone e (conditional expectation) etvon Wiadtepa
XENOUWN OTNY GTOYACTLXY) AVAAUGT).

1.5.1 OpLopodg Tng UG cLVITXY LEONS TLUAS

Oewpolue 6TL 0 avayvooTNg €xel Ula TpdTN emagr UE TNV €vvola TN uTtd cuVI-
xn TdoVOTNTAC Xa TNV Evvola TN LTS cuVI XN Lo TLUNC amd TNy OTOLYELOdN
Yewplo mdavotitwy. H mpocéyylon yag otnyv évvota awty elvan vo Eexwvicouvue
He ula oyetxd apnenuévn TeocEYYLoN Xou UETS var ddoouue Topadelyuota Teg
N apnenuévn auTy €vvola Utopel Vo CUCYETIOTEL UE EQUPUOYESC XAl UE TPOGAO-
Bévouoeg toapaotdoelg and TNy oTolyelddn Yewplo twv mdavoTHTwy.

Opwoudg 1.5.1 Eoww évag xdpos mbavoritwr (Q, Fo, P), pla o-dAyeBpa F C
Fo kar pla tuyaia perafinti X € Fy (6nhadn Fo petpriowun) ywa tnv omoia
wyve Ef| X |] < oco. Tére umopotue va opioovpe tnv tuyaia petapAnty Y =
E[X | F] pne ug ibidtnres

() YeF

(i) [y XdP = [,YdP, YA€ F. Hvuyala petapAnti E[X | F] ovopdletar
N uT6 cLYONXY KEST TLY TNg Tuyalag ETABANTAG X wg Tpog TNy
c-dAyefea F .

Ané tov mapamdve optoud umopolue vo dolue 6T 1 UTO cuvIxn UéoT TLUr dev
optleton pe povadind tpdémo ahhd tdvtote modulo cuvélwy PETpou 0.
Avonoinuixd unopolue va Yewprficouue tnv F cav v ‘TAnpogopia’ Ty omola
€yovue otny ddeon pac. LNy neplntwon auth 1 uTd cuVixn uéon TLn
E[X | F] etvar 1 xohOTepen extiunon (xatd v évvola tne ehaytotonolnong
e L? vépuog tou opdluatog) tng tuyotag peteBintic X dedouévng tne mhn-
pogoplag mou €youue otnv dddeon poc. Mnopel vo anodewydel o axdhouvdo
Yedpnua
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Oewpnua 1.5.1 Eotw X tuyala petafAni ya v onola wyler E[X?] < 0o
kat F pia o-dAyeBpa. H tuyala pewapAnti Y = E[X | F] elvat n kaldtepn
F—petprjotun katd eAdyioto tetpdywro ektiuntpia tns tuyaiag petafAnrig X
dn\adrj eaxrotorolet Ty moodrnra E[(X — Y)?].

Anodegn: H anddeln yprowonotel g BOTNTES TOL YWEOU TV TUYXHKY UETA-
Barov Xy Tic omoteg woyler E[X?] < oo, o onolog elvar évac ywpoc Hilbert
mou Yo ouyPolicoupe oav L2, xou cuoyetiler v und cuvidhn uéon TR Y
HE TNV TpoPorr tou ctotyelou X o éva xatdhAnho utdyweo Tou yopeou L2, H
Wibtnta mou oyupllbuacte axohowdel and Tic WLOTNTES WV TPoBohedv (BA. ma-
pdotnua Tou xeporalov). Hoparéunovue oto [37] yio hentopépetec. O

pIHLINE

1. Eow F = O n tetpévn o-8hyefpa O = {g,0}. Téte dnwe unopet
e0xola var gavel and Ttov oploud TNg LTS cuVixn uéong Twurg OTL Loy e
E[X | O] = E[X] 3nhadf 1 uéon twur e tuyotog yetohnthc X 6. Auté
€p)ETOL OE GLUPGVIOL UE TNV Do ONTIXT UG AVTLIETOTLGT] TOU VEUATOS TNG
umo ouvirnn uéong g Egdcov n tetpuuévn dhyeBpa O pog mpoopépet
10 eEAdYLoTO T0G6 TANEOYOElAC, TOTE UE TNV UTG cuVITixn uéor TuT xdmotog
ueTofBAnThc endve oty SAyeBpa auth amAd Aaufdvouue TNy U€om TLUn TS
ueTaBANnThC auThc.

2. 'Botw F = o(X), n o-dhyeBpa n onola napdyeton omd tny tuyolo LetaBAnTi
X. Ty mepuntoon auth BAémoupe 6t E[X | F] = X. Auté elvar anhé
enaxéAoudo 1oL optoiol e U cuvihxn wéone Tyurc 7. Xenotdonotbvroc
v épunvela e o-dAyePpoc ooy mAnpogopia UTOPOVUE VO EQUNVEUGOUIE
v F ooy Ty LEYLOTN TAnpogopia Tou éyouue otny diddeon uag yio Thy
tuyato wetaBAnth X, dpat yenoudomoldvTag T UEYLOTY auTH TAnpopopia
UTOPOUUE VoL avaxTHOOUUE U€ow NG UTO cuVITxn uéong TLUnS Endve oTny
F, v Bty tuyakor uetoBAnT.

3. 'O)ec ot dhheg emhoyéc yia o-dhyePpec elvon xdmou yeta€ld twv dGo nopo-
TV TEPLTTWOOEWY OE GYEOT] UE TO TEPLEYOUEVO TNE TANPoQoplac Tou divouy
ya v tuyalo UETABANTY, UEow NG LTd GUVITXY Uéong TUnG.

1.5.2 Idu6tnteg tng und cuviInRxn Léong TG

H und cuvdinn péorn wun wavomotel tig ouvndiouéves BLOTNTEC TOL XAVOTIOLEL
N uéon T (. TV YpouxétnTa, TNy ovio6tnTo Tou Jensen x.o.) ohhd extég
and outéc €xel xat HepéC onuavtixée emnpooletec Wiotntec. Eivow xohéd o
avary veotne va eEotxelwiel e Tie tdTnTES auTéS oL omtoleg elva TOA YpHOLUES
Yot T0 UAX6 Tou oxohoudet.

SEgboov 1 eElowon Jq XdP = [, YdP wxavorowitar yio Y = E[X] xou agol n e&lowon
ndvToTE LoYVEL av N ohoxhApwon yivetow emndvw ot éva cOvolo uétpou 0.
TEgboov n tuxaio puetaBinth X eivon F-uetphouun xou IA XdP = fA XdP ywxdde A € F
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Ocwpnua 1.5.2 Ilpbdodeteg duotnteg tng UTE cLVOYXY EONG TLUNAG.

(7)

(i)

(i)

(iv)

(v)

E[E[X | F]] = E[X].
H 1616tnta aver) pepikés popés ovopdletar vopos g ohuxfg mdavotrn-
ToG.

Av Fi C Fs tote

(a) E[EX|FA]|F]=E[X|F]
(b) E[E[X|F]|FA]=EX|F]

1) H€ dAa Adywa n pukpdtepn o-dAyeBpa (1) n pikpdtepn mAnpogopia) ndvtote
ureployvet!

AvAeGrar E|Y |< oo téte

E[Y14 |Gl =14E[Y | G]

Av X € Gkar E[| Y |, E[]| XY |] < o0 tdte
E[XY |Gl = XE[Y | G]

1) pe dAAa Adyra pmopoUue va BydAovue é€w and tnv uvnd ovvdnkn péon
nun éu elvar yrwotd!

Av X elvar pla tuyaia petaPAner avekdptnen and tnr o-dAyefpa F tote
E[X | F] = E[X]

1) pe dAAa Adyra, n mAnpogopia mov mepiéyetar otny F Adyw tng avelaptn-
olag, eltvar dypnotn ya tnr kadUtepn npdPfAeyn tng X, omdre elvar o dro
oav va xpnoporoujoovpe tnr tetpiuérn o-dAyefpa O!

Alvouue ooy nopddelypa Ty anodetn uloc and T WLOTNTES AUTEC oL APVOUUE
T UTOAOLTIEG GatY Ao AOELS.

IMopdderypa 1.5.1 A¢ anodetéouvue tnr didenea (ii)(b). Av A € Fy tdre

/AE[X|.7-'1]dP:/AXdP

Egéoov Fi C Fa kar A € Fy tore A € Fy kar éyovpe dul

/ E[X | F,)dP
A

/AXdP = /AE[X|}'2]dP

(A € F2, xpnowormowUpe tny t.u. X)
[ BB | 7| A
A

(A e 7 xpnoworowdue ty t.u. Y = E[X | F3))
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Avté detyrer on
/ XdP = / EIEIX | 7] | F]dP
A A
étot dote

E[EX | 2] | Al = EIX | Fi]

IMopddevypa 1.5.2 I'a tny anédeién tov véuov tng olixns mavétnrag mpémel
va xpnotponoujooupe tny tapandvo widtnta e ty emdoyr) Fr = O (tny tetpr-
pévn o-dAyefpa) kar Fo = F. Xpnowonowdrzas tny ihidtnta E[X | O] = E[X]
kar T (i) (b) to nroduevo amotédeoua arxolovlel.

Oa xheloovue Y Uehétn g und cuViixn uéong TG UE OPLOUEVA TOPA-
delyporta mou Stacapnvilouv Tov UTOAOYLEUS TNE XAl Tou delyVouv 6TL OUGLUGTIXE
elvan eZENEN cLYPDY LBEDY ToL €YoLUE RO CLUVAVTAGEL GTNY GTOLYELOSY Vewpla
TwV TYoVOTHTOV.

IMopdderypa 1.5.3 Ag duunodue tov timo ya tnv vré ouvdnkn mbavétnta

P(ANB)

PA|B) = =5

émov to aprotepd pélog elvar n mavdtnza du to yeyovis A mpayuatonoeitar Se-
Souévou du o yeyorés B ouvvéBe. Xpnoiponowdrtag tny opoloyla mov éxouue
elodyer puéyptl tpa uropolue va 6olue étt av B € F téte pumopolue va oploovye
™y kKAdon Twv yeyovotwy

BNF={ANnB:AcF}:=Fg
n onola elvar pla o-dAyefpa. To uétpo P* mov opiletar oav

P(ANB)

PANB) = —F (1.1)

elvar éva pétpo mavdétnrag endvw otny Fp ondte (B, Fr, P*) elvar évag ydpos
mavotjtwy. Enlong, ya dedopéro A pnopolue va oploovue to uétpo Pp oav
P(ANDB)
Pp(A)=————-=P(A|B
5(4) =~ = PA|B)
endvo otnr F kar PAérovpe dn (Q, F, Pg) elvar évag xdpos mbavorrjtwy. To
Hétpo avtd ovoudletar vné owvdnkn pérpo mbavdétnag.
Ag Oewprioovpe tdpa odvora yeyovétwr B; tétowa dote U;B; = ). Mropolue
va oploovue vrd owvinkn pétpa mavorritwr Pp, = P(- | B;) kat pnopolue
€UkoAa va amodeiéovpe tov timo odikng mbavitntas ya kdle yeyovés A € F

P(4) = P(4| B)P(B)
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Mnopotpe tdpa va vrodoyivovue tny péon nury s tuyalas petafineris X
endvo ota pérpa Pp, (néon tun dedopévou ta B;) n onola elvar

Ep,[X] = / XdPg, = ﬁ /B XdP,

Optlovpe tddpa v véa tuyala petaPAnti
Xo(w) =Y Ep,[X]1p, ().
i

H tuyaia aver pevafAney elvar petpriotun ws mpog tny o-dAyefpa mov napdyetal
ané ta vroovroda By, Fo. And tov opiopd avtd akolovOel dnl

/XOdP:/XdP, VAe F
A A

BAénovpe Aowmdy 6t ) tuyaia petapAner) Xo elvar n vré ovvdnkn péon tiun g
tuyaias petaPAntris X ws mpos tny o-ddyefpa Fo oniadny Xo = E[X | Fol.

IMolég @opéc umopel va ypetaoTel va unohoylooude TNy uto cuvdixn uéon
T xdmotog Tuyadog YeToBANTiC Y dedopévng Tng TS 1 TwV TYU®Y xdmotag
dhAng tuyaloag uetaBintic X. Ytny meplntwon auth, EVWoolUUe omhd Ty umd
ouvixn péon TR e Y we mpog v o-dhyefpa tou topdyer 1 X dnhadn wg
mpog v o(X). Enlong, moléc @opéc umopel va ypeootel vor unohoyloouue
v und cuvipen péon Ty ulag Tuyalag LETUBANTAC WC TEOg xdmoto YeyovoC.
Auto elvar ula eldur) tepintwon twv mopandve Yewpdvtag Ty o-dhyelpa mou
TOPAYETOL A6 TO YEYOVOS QUTO.

Hopdderypa 1.5.4 Eoww X, Y Owakpités tuyaies petapAntés mov maipvovy tig
uués X; kar Yy aviororya. Tove

EY | X =2;]=Y yP[Y =y | X = 2]
k=1

kat av oploovue tny tuyaia petafAnc

ElY | X = z], av P(X =x)
onowdrirote Tur, av P(X =)

>

o O

10 ={
umopoUe va anodetéovpe ot wyvel
E[Y | X] = f(X)

Hoedderypa 1.5.5 Eotw X ka1 Y ouveyels tuyaies petafAntés. Tote

o0

Ewyxzﬂ:/’yﬂmm@

— 00



34 KEPAANAIO 1. BAYIKEY MAOHMATIKEY, ENNOIEXY

z
OTov

fll o) =0

érov f(y,x) elvar n aro kool wukvdtnta mbavétntag twrv Y kar X kar fx(x)
n rukvétnta mbavdtntas tng X. H E[Y | X] elvar n tuyaia petapnti ya tny
omola wyvVa E[Y | X](w) =E[Y | X =z] av X (w) =z

Hopddetypa 1.5.6 Av or X; elvar ave&dptnres, duowa kataveunpuéves tuyaleg
petaPAntés kar S, = 3.1 X; Yrodoyiote tny vnd owvdikn péon nur E[X; |
0(Sn)] = E[X; | Sn] ya n < n. To rapdderyua avtd opeidetar otov [37].

Ag ovopdooupe px tov kowd véuo twr X,;. Ag ouuPolicovue e s to ddpowoua
§ =121+ ...+, kat éotw B éva avvodo Borel. ‘Exouue dut

/ .../mlux(dﬂcl)...,ux(dxn)
seB
Abyw ouupetplag

/ /mzﬂX (dx1)...px (day)
€B

= E[X;:{S.€B},i=1,..n

E[Xy1;{Sn € B}]

AvY elvar n tuyala petafAntriY = E[X; | S,] and tov opiopd tns vnd ouvdikn
néong nuns Ya oy vel

E[Y;{S, € B}] = E[X1;{S, € B}]
Ané to mapandve duns PAémouvpe bt
ElY;{S, € BY| = E[X;;{S, € B}], i=1,..,n
omdte kai
E[Xy | S,] =...=E[X,| Sy]

émov guoikd 1 wétnta wyve oxeddr PéBara. AGpotlovtas Tis tapandvew oyéoerg
KATAA)YOUNE 0T

1 1
E[X1|Su] = .= E[X,, | Sp] = —E[X1 + . + X0 | Su] = =S
n n

onov otnr tekevtaia oxéon kavainéape enedn o dpowoua S, = X1+ ...+ X,

etvar o(S,,) -petproo.

1.6 Xtouyela yia v obyxAion Tuyalewy LeTaSAn-
TV

T tv mAnedTnTar Tou Tapovtog xealaiou Yo tapadécouue oplouéves Baotxég
évvoleg xou Wotnteg and Ty Yewpla g oOYXAonNg TUYL®Y UETIBANTOY.



1.6. YTOIXEIA I'TA THN YYTKAIXH TYXAION METABAHT 2N 35

Oa Eexwrioouue e ula oo WLoTNTo TG oUYXAoNg twv Pétpwy. To na-
poxdite Yedpnua e€aopariler Gt 1 olyxhon YEYOVSGTwY (CUVOAWY) GUVETAYETOL
%ol UYXALOT) TWV UETEOY TWY CUVOAWY QUTWY.

Oedpnua 1.6.1 Eotw (2, F, P) évag xdpos mbavorrjtwy kar {F,} € F ula
axodovllia vnoourddwy tou . Av F, T F téte P(F,) T P(F).

Yxoio O oupPohioude F, T F onualver 6t F, C Foyq xou |J,, Fro = F. O
ouufohouds P(F,) 1T P(F) onualvel v uovotovn oOyxhon e oxohoudiog
{P(F,)} € R otov npaypatixd apudud P(F). H povétovn odyxhor tpovnodéte
ot P(F41) > P(F,).

Anoden: H anddeln yenoyonoel tic Wiotntec tou yétpou. Av oploouye
v axohoua Gy := Fy, Gy := F \ F,—1, n > 2 t61€ ta obvoha G, elvan Zéva
HETOED TOUC XoL
F, = UinzlGi.
Arnd g Wiubtntee Tou uétpou
P(F,) = P(UL,Gi) = ) P(G)
i=1
H axohouda 7, := Y1 P(G;) ouyxdiver povétova 610 bplo Y ooy P(G;) =
P(F). 'Etou anodetydnxe to {ntovuevo.O

Oa acyokniolue Tdpa Ue Tig didpopeg Evvoleg GUYXAOTG TUYAlWY UETABANTOV.

Optopodg 1.6.1 Mia axolovlia tuyalwv petapAntdr X, Aéue dut ovyklivel
oxedbv BéPana o€ pia tuyala petapAnt) X (ovpBodilovue X, — X, 0.6.)
av P(X,, » X) =1, 6nadnj av A = {w : X,,(w) = X} wdre P(A) = 1.

H oyedov BéBoun obyxhon Sev elvon to udvo eldog ciyxhiong mouv Tapouctdlet
EVOLAQEPOV OTNY UEAETN TWY OTOXAOTIXWY dladtxaotddy. ‘ANot mdavoy evdiapé-
povtee TpoToL oUyxAlong elvon 1 olyxhiorn xatd péoo tetpdywvo 1) alyxhion
otov L2 (meansquareconvergence,A2— covepyevce) xou 1 obyxhion oto péco A
olyxhon otov L' (convergence in mean, L'—convergence). Ilapodétouue tov
YEVIXO 0ploud e oLyxAlong otov LP, mou uag Sivel Ti¢ mopandve €VVoleC GTLC
eldée mePLITOGELS 6ToL p = 2 xou p = 1 avtioTotyoL.

Opwonog 1.6.2 H akodovdia tuyalwy petafAntowv X, ovykdiver otny tuyaia
petaPAnti X otov LP av limp oo E[| X,y — X |P] = 0. XupBodilovue
X, 5 x
Mio yeroyun évvoia elvon xaw 1 alyxAon oe mdavotnta

Oprtowoédg 1.6.3 H axolovlia tuyaiowr petafAntdv X, ouvykdivae otnv tuyala
perapAnty X oe mdavétnta av Ve > 0, P{w ;| X, (w) — X(w) |> €} = 0
kalds n — 0o. XuuPorilovue

X, > X.
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Téhog, yeriouun elvar xaw 1 €vvola Tng GUYXALONS GE XUTAVOUT).

Oprowodg 1.6.4 H axolovlia tuyaiwr petafAntdv X, ouvykdive otny tuyaia
petaPAnty X oe xavavowy av ya kdOe¢ mpayuatikn, gpayuévn kar ovvexn
ouvdptnon g : R4 = R woyve lim, o E[g(X,)] = E[g(X)]. Zupporilovye

X, 2 x.

Mia ouvagnic évvola elvar 1 évvola tng aodevols cUYXALOTG TIOU UETOPEREL TNV
gvvola TG 0OYXALONE O xATAVOUT Yo xdmota axohoudia Tuyalwy UETABANTOY,0E
ulo oxohoudia uétpwy mdavédTnTaC.

Oplopés 1.6.5 Eotw pia axolovdia pétpwv mbavétnras p, otov R, Aéue du
N iy oLYXAVEL aodevds oto uétpo mbavdintas w, av kar udvo av [ fdu, —
[ fdu ya kdOe gpaypévn kar ovvexn ouvdptnon f: R4 — R. Xupfodilovue

fin = po

Optouévol tinol obyxhione elvar mo Loyvpol and dAAoLE UE TNV Evvola OTL av dia
axohoudio Tuy eV UETABANTOV cUYXAIVEL XATd XETOLO 0pLOUEVO TUTO GUYXALOTC
T6HTE Eiotocpockilema N o0yxhon TG xatd xdmoto dhho tomo. o napdderyua, av
X elvow uor axoroudio Vetinddv tuyaiwy HeTaBAntodv xat yvwpeilouue 6t X, —
X otov L? té1e umopolue va Solue and v avioétnto Cauchy-Schwartz 6t 9o
toylet enfone 61t Xy, — X otov L | woodivauo 6t E[X,] — E[X]. Avtdérac
av X, = X, (0.8.) t61€ 8ev elvon amapaitnro 6u Vo woylber xau X,, - X otov
L' 3nhadA 6t 9o toyler E[X,] = E[X].

I v obyxion xatd uéon tiur €youue to axdroudo Jewpnua To omolo xon
avopépoule Ywplc anddetgn

Ocwpnua 1.6.2 Foww X, axolovlia tuyalwy petafAntdy térowa dove X, —
X, 0.8. onov X etvar pia tuyaia pevapAnen. Toze wyvovr ta axérovla:

(i) Movétovn ocOyxhon Av 0 < X,, T X (vo oduPoro T ouufoliler tny
povérorn ovykiion) téte E[X,,] T E[X] < oo.

(11) To Mjppa tov Fatou Av X, > 0 tdre E[X] < liminf E(X,,)

(171) Kuprapxnuévn cOyxhion (Dominated convergence) Ay | X, (w) |<
Y (w), Yn,w érov E[Y] < oo téte E[| X, — X || = 0 éror dote E[X,] —
E[X].

(iv) Ppayuévn oOyxhomn Av ya kde tenepaopévn otadepd K, | Xy (w)
K, VYn,w tdte E[| X, — X |] = 0.

<

Amédergn: Ou anodellelc umopel vo Bpedolv ota neplocdtepa BiBAo nou aoyo-
hoOvtar pe v Vewpla Uétpou xou v ohoxhipwon. Evewtind napanéunovue
oto [37]. O
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IMapdderypa 1.6.1 Xpnowonowdvtag to Jecdpnua povitovng odykiions deléte
i av X > 0 téve E[X] = 0 av kar uévo av X = 0 0.3. (oxeddv mavrod kdtw
arnd to pézpo P).

Oa mpooeyyloovue tnry X and pia axodovlia amidv tuyaiwy petafAntdr X,
térowa dote X, T X. Adyw tov 6u X > 0 Oa wyvdea du X,, = Y., cpla,,
¢ > n. Mmnopolue va dolue éut apod X, 1+ X, X =0 o.f., av kar uéro av
Xn = 0 0.f. y1a kd9e n to onolo ovuPaiver av kar uévo av E[X,] = 0. To
Tedeutaio mpokUnTeL and Tov oploud TS Héons TunNS yia ula atAn tuyala peta-
BANTH. Ané o Oecdpnua povétovns ovykhiong éxovue én E[X,] T E[X] kat and
Ty povétovn ovykAwon tns (mpayuatikig axolovdiag) E[X,]| kataAnyouue ét
E[X] = 0 ovvendyetar 6t E[X,] =0 dpa ka1 X,, =0 0.5. ya kd0e n ondre kat
X =000

Or oyéoelg ueto€l TV dtapdpwy TOTWY GUYXALOTG UTOPOLY VoL cUVOPLOTOUY OTa
TR ATy SudrypauaToL:

‘ Y0yxhion otov LP — Boyxon o mbavotnta — BOyxAon oe MO(TO(VOHY’]‘

‘ Yoyxhon 0. — Toyxhon oe mbovétnta

Yx6ho: H olUyxhion xatd ndavotnto Sev eaopariler tnv oyeddv BéBaun o0-
Y¥AoT, unopel xavelg va xotaoxeudoet Tapadelyuato oaxohout®y tuydiwy ue-
TOBANTOY oL cuYXAlvouy xatd TavéTnTo aAAd Oyt oyeddv BéPona.  Mmopet
ouwe var amodetydel 6tL av plo axoloudio Tuyalwy UeTABANTOY cuyXAivel xatd
mdavétnto téte undpyel ula urtaxoloudio tne 1 onola cuyxAivel oyedév BéBara.

IMoedderypa 1.6.2 Eoww X;, i = 1,...,n ave€dptnres duowa kataveunuéves

Tuyaies petaPAntés or omoles axodovdov tnv kavorikij katavour N(0,1). Ag
optoovue Sy, =Y i X; ka1 Yy, = exp(aSp, —bn). Ia p > 1 beléte éu

P , 2b
X, = 0 apkel p < o

Apxel va detéovue 6t E[| Y, |P] = 0 yra n — oo. Ipdyuan
Ef| exp(a Sy = bn) |P] = exp(—pbn)Elexp(pa Sy)]

= exp(—pbn)E[H exp(pa X;)] = exp(—pbn) H Elexp(pa X;)]

i=1 i=1

n a2p? 212
= exp(—pbn) Hexp ( 2 ) = exp ((—pb—{— T) n>

=1

o omolo telver oo 0 apkel va 1oyvel p < Z—Z
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Ytov vrodoyioud xpnorponotrjoape Ty 100tnTa 6n av n tuyala petaPAnTy
X axolovlel Tny kavovikn kavavoury N(0,1)

Elexp(A\X)] = % /_ O; exp(Az) exp <—“’;> dz = exp (—%2>

IMopdderypa 1.6.3 Eotw X;, ¢ = 1,...,n avefdptnres duola kataveunuéves
tuyales petaPAntés ya g onoles wyva P(X; = 1) = P(X; = —1) = 3. Aelére

‘ ;g P ,
briay Sp =3 1 X; kar V,, = %Z?:l X, wyve éu V, = 0 kaldg n — co.

Apxel va detéovue dnt P(| V,, |> €) = 0 kaldg n — oo. Ilpdyuat,

E[S] 1 )
P(| Vi[> €) = P(| Sy |> ne) < ean Z%—>0, kaddg n — 00

Ia va kataAnyovue ota mapandvew ypnouorotoape tny avioétnta Chebychev
(BA. Oecdpnua 1.4.3) ya v tuyaia perapAnes S, kat wo 6t E[S2] = n (A\dyw
g avebaptnotag twr X;).

Yyetxd ye tnv olyxMon npénel Vo avapépouue €val Yeoylo anoTéAEoUA, TO
Afjupo Borel-Cantelli. To AMjuuo autd pog Siver onuovticd nAnpogopio oyetixd
HE TNV OCUUTTOTXY GUUTERLPORE axoAoUHLdVY YEYOVOTwY. XpetaloUaoTe TpohTo
Tov oxéhouvdo oploub.

Opltopdg 1.6.6 Eotw A, jua axkodovdia yeyovétwy oe éva ydpo mbavotitwy
(Q,F,P). Optlovue

oo

limsup 4,, := ﬂ U A :{ilAn:oo}
n=1

n—roo n=1 \m>n

To limsup,,_, o, An €lvar éva yeyovis to onolo éyxer tny mbavolewpntikn eppunreia
{wo A, oupBaiver anelpws ouyvd}. IoAdés popés xpnorpomoteitat o oupfolouds

limsup 4, = {A,,i.0.}
n
Ocdpnua 1.6.3 (Afupa Borel-Cantelli) Ag Jcwpricovue tny akodovdia ye-
yovdtwr A, o€ éva ydpo mbavorrjtwr (Q, F, P). Ioxvovr ta akélovda:
(i) Av Y 2 P(Ay) < oo, téte P(Ay,i.0.) =0

(11) Av P(Ap,i.0.) =0 kat av ta A, elvar aveEdptnta yeyovéta tdte,
S P(Ay) < oo

Anéden: Mapaelnetor. o v anddelln naponéunovue oto [14]. O

YxoAvo: Mio evadhoxtxry poper tou debtepou oxéloug touv Afuuatoc Borel-
Cantelli etvor 1 oxéhovdn: Av A, elvar uia oxohoudia and ave&dptnta yeyovota
xaw Yo7 P(Ap) = oo tét€ P(A4,, i.0.) =1.
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IMopdderypa 1.6.4 Eotw X, pfa axodovlia aveEdptnrwr tuyaiwy petafin-
Ty mov akodovloly TNy kavovikn katavoun pe péoo 0 kar draomopd 1, N(0,1).
Xpnowornowdrvzas to Ajupa Borel-Cantelli 6etéete dn

P(X, > p\/logn, i.0) =0,av p>+2

Ilpdypan, ywa tny kavovikn katavoun woyve

s = g [on( B)ocs [on(5)

© 4 wZ a2
/a ~exp (—?> dr = exp (—7>

Xpnoonowdvras to napandrvw arotédeéoua nalpvouue ot

2
P(X,, > p\/logn) < exp (_p lggn) =n 72

IN

Yuvends
o0 o0 5
ZP(Xn > pylogn) < anp 2
n=1 n=1

Kkat n oepd ovykAiver av p > /2. XNuvvends ané to Anupa Borel-Cantelli xata-
Anyoupe ot

P(X, > p\/logn, i.o)=0arp>+2

1.7 XopoxTneLoTLXES CUVARTNOELG

Mio Wattepa ypriown évvola Yo Ty UeAETN Tng avedopTtnotog xodde xoL Yevi-
%x6Tepa TV WOTATWY dapdpwy Tuyalwy UeTUBANTOY elvar 1 évvola TNG Yopo-
XTNPLOTLXAS cuVptNong (characteristic function).

Opwonog 1.7.1 FEoww X € R pia tuyaia perafAnt) kar px to pétpo miavi-
ntag mov endyel. H yapoaxtnplotixf cuvdptnon ¢x(A) s X opilerar oav
n péon upn

bx(N) = By [eX] = / N dpuy

omov i elvar n pila tov —1 kar A € R. H yapaxtnpiotikn ovvdptnon umopel va
ypagel xpnotponowdvras tny ovvdptnon nukvétntas ntbavétntas P(z) oay

dx(\) = / h e P(x)dx

— 00
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Syoha (i) H yopaxtnpiotxh cuvdptnon elvat ouoLtactind 0 UETUOYNUATLIOUOG
Fourier tou pétpou mbavétnrac px A e ouvdptnone nuxvétnroc mdavétnroc
P(x).

(17) O moapandvew oploude Uropel vo yevixeudel xou yia Tuyalec uetafBintéc X €
Re. Yty mepintwon auth, 1 YopaxTnetoticd cuvdpetnom eivar ula cuvdptnon d ue-
TABANTOY A1, ..., Ag xou 0plleton sav ¢(A) = Elexp(il- X)] énov A = (A1, ..., Aa),
X = (X1,.,Xg) xat A= X = M Xy + ... + Ag Xy ebvar to ouvidec Euxdeldio
£owTEPLX YVéUEVO oTov RY,

HMopddevypa 1.7.1 Eoww X pia tuyaia petafAnci n onola elvar Bernoulli 6n-
Aadn} maiprer 6Vo tpég, 1 ka1 O pe P(X =0) =pxar P(X =1)=1—-p. H
Xxapaxtnponkn ovvdptnon s X elva

px(\) = E[e™] = e*p+ e (1 —p) =p+e(1-p)

IMopdderypa 1.7.2 Eotw X ula tuyala petafAntn n omola axolovlel tny opio-
yerrj katavourj oto idotnua [—a,a]. H yapaktnpotixrj ovvdptnon g X elvar
n

@1 e — e sina)

_ I[eiAX] _ L oide g _
ox () = Ble™7] = /a 2a° do 2ai\ a\

Hopddevypa 1.7.3 Eoww X pia tuyaia petafAner n onola axokovlel Tty ka-
vovikn katavourj pe péoo i kar Sraomopd 0. H yapaxtnponixki ouvvdptnon s
X elvar

_ axy_ [ e 1 _(iﬁ—ﬂ)z _ . _02)\2
¢x(\) = Ele ]—/_Ooe mewp gz dz | =exp | —ipA 5

To napandvew amotédeopa umopel va uvroloyotel (popualiotikd) kdvovtas éva
HetaoyNuaTiond petaPAnTédr 0To tapandvew oOAOKATpwHA BOTE va KaTtaoTel 0 €k-
Uétng éva téeio tetpdywro. H olykhion tov odokAnpduatos araitel otoryeldoes
yaoag ptyadikng avdivong aAld dev elvar arapaitnen otny napovoa gdon. O
UToA0YIOU0S agnvetar oay doknon.

H yopoxtnpiotiny ouvdptnorn xodopiler povadixd éva uétpo mdavotnroc.
H povodudtnta npoxdntel and tny povadixdtnta tou yetaoynuottouod Fourier.
Enfone unopel vo amodetydel 61 1 yopoxtneiotixr) cuvdptnom evog uétpou mda-
votnTag i toodUvoua utde tuyatag uetaBAntic elvar plo cuveyhc ouvdptnon tou
A xow av oyVer B[l X |¥] < 0o éyer xon ouveyele maporydyouc uéypl xon té€nc k.

IMTopdderypa 1.7.4 O mapdywyor tng xapaktnplotknis ovvdptnong piag tu-
xatag petapAneric X oyetilovtar pe ng ponés tng katavouns tns. Ipdyuat
umnopel va anodeyylel étr av X € R tuyaia petafAntn, wyler to axélovio avd-
nrvypa Taylor
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mov Ry, elvar kdnolog dpog mou mepiéyel ta vmodoima. Puoikd ya va 10y Vet o Timog
avtds a mpénet n X va wkavoroiel Tny ovvdnxkn E[| X |"] < 0.
H anédeién tov maparndvw 10y vpiopol €lvar anAn, apkel va mapatnprioouvpe 6t

dkﬁ—fk(x) = E[(iX)*e*X] ka1 va Oéooupe X = 0.

H yapoxtneiotiny) ouvdptnon elvon Wialtepa ypriowun otrn UeAétn Tng olyxAL-
one tyalwy HeETABANTOV. Avoagépouue ywplc anodetln to topoxdtw Vedhpnua.

Ochpnua 1.7.1 Ag Jewprioovue pia axodovdia pétpwv mbavorritwy u, ovo RE.
Exoupe 6t iy, — p av kat uévo av ¢n(A) = ¢(\)

Anoédergn: H anddeln tou Jewprjuartog mou Bacileton otny yerion tou ewpr
patog Twv Stone- Weierstrass amd tnv cuvaptnolaxy| avdAuon topaieinetor. O

O yopoxtnplotxéc cLUVUPTACELS UTOPEL VoL [AC SMOOLY CNUAVTIXEC TANPOPO-
plec oxetxd ue tov av xamotec tuyaleg uetaBhntéc elvan aveldptntes ¥ oyt. o
TOV OXOT6 AUTO UTOROUUE VoL YENOUIOTIOLAGOUME TO TARoXdTe VEDPNUOL

Ocwpnua 1.7.2 Fotw X = (X1, ..., X4) € R¢ pla tuyala perafined. O tu-
xales perafAntés X; € R, i =1, ..., d elvar avekdptntes av kar povo av

d
dx(\) = dx (M, Aa) = H ox; (A;)

Andde&n: To eudd unopel vo amodetydel oD edxoAa YENOUIOTOWOVTAG TOV
0pLOUS TNC YUEAXTNELGTLXAS CUVEPTNONG %o TS WOTNTEC TN Uéone TS we
npde TV avelaptnoto tuyaiwy pwetaBAntdy. T 1o avtiotpogo, ag Yewprioouue
6TL Lo VEL 1) TOPATEV® GYEOT YLoL TNV YUPAXTNELOTLXY) CUVEPTNOT, XL €0TW OTL
px elvan 1o pétpo mbavdtnTag Tou avtiotolyel otn Tuyala uetaBAnTh X. To
YWOUEVO H;l:l dx; () elvon 1 yopoxtnEloTnf cuvdpTnom oL avToToyEl GTo
Hétpo miavotntog fix, ®...Q0px, . AdYw TNG LOVABXOTNTOG TNG YUEAXTNELOTIXNG
OUVEPTNONE YO TNE LOOTNTIC UTOPOVUE VoL CUVAYOLUE OTL ix = fiX; @ ... ® IX,, -
Auto Suwe glvon xan teavd yia var tdpouue v aveloaptnota v X, 1 =1, ..., d.
O

1.8 ITopdetnua

Y10 TapdipTNUA AUTO TUEAIETOUUE OPLGUEVO ATOTEAEGUOTA OO TNV GUVAETNGLOXN
avdhuon xat v Yewplo LETpoL TOL Yeetdlovtar 6TNY PBadUTEPN XATAVONOT TWV
evvoldv tou xegohaiov. To nopdptnuo autéd unopel vo mapaingdel oe mpd
vy veoT).

1.8.1 Boaouxol opiopol and tny cuvapTnoLaxy avaAuon

Oa EEXWVACOUUE UE TOV 0pLGUG TOU UETEXXOU YMOEOU.
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Opwonog 1.8.1 Eotw X kdnows ydpos. Mia araxénion p : X x X = R
ovopdletar petpux av ya kde x,y,z € X kavonotel TS napaxdtw 10106TNTES
(i) plz,z) =0,
(i) p(z,y) >0 avz £y
(i) p(z,y) = p(y,z)
(iv) p(x,2) < p(2,y) + p(y, 2) (wryewric) anodenza)
Evag xawpos X epodracuévog pe ula petpixn p ovoudletar RETELXOG Y WPOG.
H petpuer) yevixeler Ty €vvolo Thg anbéoTaoTS O XATOLO Y WEO.
IMTopdderypa 1.8.1 Eva napdderyua petpikol yapouv elvar m.y. to R* pe tny

EvkAeidwa arndéotaon

plz,y) =

ITopdderypa 1.8.2 Ao napdderyua elvar 0 xdpos Twy ovvexdy ouvaptioewy
Tov daotiuatos [a, b] pe petpikn

ple,y) = sup | f(x) = fy) |

a<z<b

TMopdderyma 1.8.3 Eva dAAo mapdderyua elvar o xdpos twv tuyalov petafin-
v X ya ng onoles wyver E[| XP || < oo, p > 0, 6nAadrj o ydpos LP, e
HeETPLKT)

p(X,Y) = {E[| X =Y [']}/7.
Ye xdmoto petpxd oo (X, p) uropodue vo oploovue Ty évvola e olyxAong.

Opiopég 1.8.2 Ag Oewprioovue pia axolovdia®{z,} € X. Aéue éu n axo-
Aovllia {z,,} ovykdiver o€ kdmowo ororyelo x € X av lim,,—, p(2n,z) = 0. Oa
ovpforilovue lim, o ,, = x. Mruopel va amodeyOel étt to dpro elvar povadikd.
Me Bdomn tov oploud avtd g obyxhione oploaue Ty olyxhlon Tuyolwmy UETO-
BAntdyv otov LP.

Xproweg elvon eniong oL €vvoleg Tou avoLxTo) XoL TOU XAELGTOL UTOGUVOAOU
EVOC UETPXOU YDPOU.

O¢iopodg 1.8.3 Ye éva petpikd xdapo (X, p) to ovvodo
S(xo,r) ={z € X : p(xo,z) <71}, 7>0.20 € X

ovoudletat avolxth opalpa aktivas r kal KEvtpov .
Ye éva perpikd xapo (X, p) to ovvolo

S(xo,r) ={z € X : p(xo,z) <1}, 7>0.20 € X

8Me tnv évvola axoloudia otov X evvoolue wla anewxdvion n — o tou N otov X
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ovopdletar xh\evoty opalpa aktivag r kat KEVTPOU To.

Eva vroovvolo G C X ovoudletar avouxté av mepiéyel uila avoiktr) ogaipa
YUpw ano kdOe onuelo tov.

‘Eva vrootrodo G C X ovoudletar xAewotod av to ovumdnpouatiké tov X \ G
elvar avoikto.

H évwon xarddde xou 1) tenepacuévn 1o Thdog Tour; avolxty cuvorwy etvor entong
avowxtd obvoro. To (3o toylet xon yior 1o XAELOTA GUVOAAL.

Oa ELGEYOLUE TOPA OPLOHEVES EVVOLEC OTIWE TL.Y. OL EVVOLEG TN TANEOTNTaG
%ol TG TUXVOTNTOG ToL Yo YPELAoTOUV GTNY UEAETT Tou xeqohaiou 4.

Opiou6g 1.8.4 Mia axolovdia {x,} € X ovoudletar akodovdia Cauchy av ya
kdOe € > 0 vndpyovr N, M térowa dote

m>M, n>N= p(xm,Tn) < €.
Ioodvvapa pumopodue va ypdpovue éu uia akodovdia eivar Cauchy av

lim p(zp,zm) =0.
m,n— o0
Kde axoroudio mou cuyxiiver elvoan xon Cauchy. To avtictpogo Sev oylet
névtote xau anotehel plo WidtnTa Tou UETELXOL YWEOL

Optopoég 1.8.5 Evag uetpikds xdpos otov onolo kdOe axodovdia Cauchy ov-
ykAiver ovopudletar tAfeng. Me dAAa Adyra évag petpikds xwpos elvar tAripng av
drav {zy} elvar pla axodovdia Cauchy téte vndpyer x € X térowo dote xp, — .

Topadelyuata TApwy yhewy eivor oL ydpeotr LP.

Opropdg 1.8.6 Eva vrootvodo A €vdg petpiiol xapov X ovoudletar mavtoh
nuxv6 0to X av ya kdle x € X xar kdle € > 0 vndpyer y € A térow dote
p(z,y) <e.

Av évag petpixds yapos X éxel éva aprdunotio vroodvolo to omoio elvar mavtov
Tukvé o€ avtdy, ovoudletar Suoywpioiog (separable).

1.8.2 X0yxAiion axolovdiwy cto R

Oa emoxonicouye Twpa Uepés Baoég Evvoleg and TNV cOYXALGT axohouddy
070 GOVORO TWYV TAEAYUATLXWY otV ToL elval YEACUWIES OTNV UEAETH TNG OU-
Yxhiong tuyalwy UETABANTOY.

Yo Eexwvicoupe UE TNV €vvola TG YovdTovng axolouvdiog.

Optoudg 1.8.7 Mia axodovdia {z,} ovoudletar povétovn av woxie efre dur
(1) Tp41 <y y1a kde n

efte ot

(i) Tp+1 < T Y@ kdOe n.

Xy mepittwon (i) n axolovdia ovoudletar pn ¢divovoa evd otnr mepintwon
(73) n axokovdia ovoudletar un avéovoa.
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Mia povétovn axorouvdia cuyxhiver otov R av elvon gporyuévn (adhide ou-
yxhiver otov R*). T ulor un edivouca axorovdia 1o dpro elvon to eNdytoto dvw
pedryua (sup) Tov dpwy. o uio un adZouoa axohoudia to dpto glvor 10 UéyloTo
x4t ppdryua (inf) 1wy dpwv.

Oa cuveyloovue ue TV évvola Tou limsup xou Tou liminf.

Opiouodg 1.8.8 Eotw puia akodovdia {z,} € R.

(i) Ag oploovue to olvolo Sy = {xk,Tkt1,...} Kat to ag ndpovue To eAdyroTo
dvw gpdyua (sup) tov, My, = supSy. H axolovdia { My} etvar pOivovoa kar éxer
xdmoto dplo oto R* to omolo e€lvar to péyoto kdtw ppdypa tov My,. To dplo avtd
ovoudletar to limsup,,_, .,

lim sup z,, = inf sup{zk, Tpt+1,...}
n—o00 k>1

(i1) Ag mdpouue tdpa to uéyoto kdtw gpdyua (inf) tov ovvdlov Si, my =
inf Si. H axolovOia my, elvar avéovoa kar éyet kdmoto dpro oto R* to omoio elvar
0 eAdx10to dvew ppdyua (sup) twv my. To dpio avtd ovoudletar limin fr—ooTn,

liminf z,, = supinf{zg, Tgt1, ...}

Ioy e ot
my <my < M < My, j<k

OTOTE XL

liminf z, < limsup z,.
n—o0 n—oo

HMopddevypa 1.8.4 Eva napddeypa axoloviiag yia tny omota to limsup xat to
iminf 6ev ouunittouvr elvar n

1+1 ar nnepees
Ty = " ;
-n, av ndptwo

TIa v akolovlia avtr éyouue

lim inf 2,, = —o0,
n—oo
Kat
limsupz, = 1.
n—o0
O axdhovdog yapaxtneiouds tou limsup xar tou liminf etvar ToAéC @opéc
yefiowoc. Do tny anddelln nopanéunovue oto [35].

Oevpnua 1.8.1 Eotw {z,} pia akodovdia ovo R*. Tére woxvovr ta akélovda:

(1) Eoww éu limsup,,_, ., v, = M. Tdre
(ta) Av a < M wyvea du a < xy, ya drepa modAés Tués tov n, kat
(i) Av M < b wyvea du x, < b ya n mov elvar apketd peydro.



1.8. ITAPAPTHMA 45

(17) Eotw éu liminf,, . x, = m. Tdze
(i) Av a < m woxVel éu a < x, yia n wov elvar apketd peydlo, kat
(i1f) Av m < b oyve 6ut x, < b ya drea moALES TipéS ToU M.

Ioy el 6t
lim inf z,, = — lim sup(—z,),
n—00 n—o00
xou 6T
limsup z, = — lim inf(—z,,).
n—0o n—oo

To axohoudo Jedpnua lvon TOAD yeriowwo
Ocedpnua 1.8.2 Mia akoloviia {z,} éxel dpro x av kar pudvo av

liminf x,, = lim sup z,, = =.
n—o0 n—00

Téhoc yprowua etvon xon tar axdrouda

Ocdpnua 1.8.3 (Bolzano-Weirstrass) Mia gpayuévn akodoviia {z,} mepié-
xel pla ovykAivovoa vrakodoviia.

Oedpnua 1.8.4 (Kpithipro cOyxAiiong touv Cauchy) Mia akodovdia {z,,} €
R ovykAiver av kar uévo av yia kdde € > 0 vrdpyar N € N térow dote | xp —
Tm |<€ear N <m xat N <n.

1.8.3 To Jeswpnua Lovotovng xAdong

Oa TapoustdcoLUE TGea To Yewenua LovéTovng xhdong To onolo elvon Wiattepa
yeriowo otny anddetln anoteheoudtwy otny Yewplo mdavothtwy. Oo ypetactol-
HE TPMTOL UEPIXOUS 0plololc.

Oplouog 1.8.9 Mia ouAdoyn) C, vroourddawr €vis xdpou 2, ovoudletar éva m-
olotnua (w-system) av elvar kA€10té kdtw and menepaoiéves topés, dnladn av
A€ ka1 B € C ovvendyetar 6t ANB € C.

Optowoég 1.8.10 Mia ovAdoyr) D, vrnoouwddwy €vig ydpou Y, ovoudletar éva
A-ovotnua (A-system) av éxer tig mapakdtw 1616tnTES

(i) QeD
(1) Av A, B€D nue BC Atwte A\BeD
(1i1) Av Ay, As,...€ D ue A, T A, téte A€ D

Treviuuilovue 6t 0 ouuPolouos A, T A onuaiver 6t A, C A,p1 xou 6T
(oo}
U A, = A

n=1
Eluoote thpa ot Héor va napovaidcouue to Jedpnua Lovetovng xAdomng.
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Ocpnua 1.8.5 Eotww C éva n-ovotnua kar D éva A-ovotnua oe kdmow xdpo
Q, térowa dore C C D. Tdre, n o-dAyefpa mov napdyetar and to C mepiéyetat oto
D 6nAadrj o(C) C D

Arédegn: Mopokelnetor. T Ty anddelln nopaméunovue T.y. oto [14].0

To Vewdpnuo povotovng xhdong etvon Wialtepar onuavtixd. Av 9éhovue var a-
nodel&oupe xdmotor ot YLor ulor o-dAyeBpa apxel vo Ty anodetfovue Yo ulo
O AT, XAAOT) GUVOA®Y, X0t UETE VoL TNV ETEXTEVOLUE GTNY G-ShyEBpal xdvovTag
yerion tou Yewpruatog awTtol.

IToANéc gopéc elvar ypriowo va €youue moapohhayés Tou Yewpiuatog auto
yia ouvapthioeg. Iopadétovue éva tétolo Yedpnua.

Ocwenua 1.8.6 Eotw M ula kAdon gpayuévov ovvaptiioewy nov aretkovilovy
0 Q oto R. Ag Oewprjoouvue duu n M elvar kdewot kdtw and tny mpdén tou
ToAAamAaoiao ol dnAadn) ot

f[LgEM = fge M.

Ag opiooupe
F=o(M) = {f7(A); A € BR): f € M}

kat éotw H €vag Savvopatikos Xwpos T€Tows whoTe
) MCH
(1) O H mepiéyer g otabepés ovvaptrioels

(113) Av {fn} € H elvar pia axorovilia ouvaptiioewr ya Ty omola wyve 0 <
fi < fo < ... tdte av n owvdptnon f := lim, o €lvar gpayuévn, 1wyde

out f€H
Tove 0o H nepiéyer dAes tis ppaypéves ovvaptioels mov elvar F—HeTpiotjies.

Arnéden: Mapakelnetor. oty anddelln BA. m.y. to [37].0

1.8.4 OcwpRuarta eNEXTACTS

Oo mapouctdcouue Topa ywelc anddelln opouéva Yewprjuota enéxtaons. Ta
Vewprorto autd elvat yeHotua Yio Tov 0ploud evog UETEOL oE xdmota o-dhyeBpa,
EexuwvdvTag and Tov 0ploUd UETPWY OE To omAég Soués.

Ocpnua 1.8.7 Eotw Q éva ovvoro ka1 C éva m-ovotnua oo ). Ag oploovue
w1 kat py 6o pézpa oo (Q,0(C)) ta onoia elvar nenepaopéva (p;(Q) < 00,1 =
1,2) kat y1a ta omola wyver py = po oo C. Tére

= p2 oto o(C)

To axdroudo ol Boowxd anotéleoua elvon anopaltnto otov oploud Hétpwy
(mdavothtwy) oe Sidpopa GUVOaL.
Ou ypeLacToVUE TPATA TOUS axbGhovdouc opLollolc
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Opiopdg 1.8.11 Mia owkoyévera Fy mov anoteleltar and vroovvoda evos ouvvo-
Aov Q ovopdletar dhyeBpa av elvar kAewotn kdtw amo MENERPACUEVES €VHOELS
katl topés kalos kar kdtw and tny npd€n ng oVUTANpwHaTIKETNTAS.

H Bwpopd tne dhyefpog amo v o-dhyelpa elvar axpBids oTo mENEPUCUEVES
evioels xat Touéc. Anhadh otov optoud 1.1.1 tne o-dhyePpoc otny Wiétnta (ii4)
Yo Dewpriooupe Ty oxohoudiar A; var pTdvel UéypL TETERUCUEVO N.

Ogiopég 1.8.12 H armeikdvion po : Fo — [0,00] ovopdletar apifuroiua mpo-
oOetikrj (countably additive) av ikavoroel g tapaxdtow ovvikeg

(0) po(9) =0

(i1) Av {F,} € Foy etvar pfa axolovdia ovvérwy Eévwr peta&d tous térola dote
F=U,F, € Fo tdre

po(F) = no(Fy)

Efuoote tdpa oe ¥éom va nopouctdoouue to Yedpnua enéxtaons tou Kapo-
Yeodwpt.

Oevpnua 1.8.8 (Oewpnua enéxtacng tou Kapadeodwpr)

Eotw Q éva ovvodo, Fo pia dAyeBpa oto N kar ag oploovue F := o(Fp).

Av po etvar pia apiurjoua mpoodetikn ametkévion and tny Fy oto didotnua
[0,00] € R* tdte undpyer pétpo p oto (Q, F) tétowo dote

w=po owo Fy.
Av n po ewvar menepaopérn (po(2) < 00) tdte n enékraon avtrj elvar povadikj.

Aréde&n: BA. n.y. to [37].0

Eva mopddetyuo tng yerions tou Yewpfuotog autol elvor 6TV XAUTUOXEVY| TOU
ué€tpou Lebesgue # otnv xataoxeut| tou pétpou Wiener.

1.8.5 Xdpotv Hilbert xou eapuoyég otny Yewplo miavo-
TV
Ou dDCOLUE TEWTA TOV OPLOUSG TOL SLAVUCHATIXOD YWEOU

Optoudg 1.8.13 Eva odvolo X oo omoio éxovr opiotel 6o aneikovioeas (mpd-

gerg)
+: X XXX, (z,y) 2z+y
Rx X =5 X, (a,z) > azx

ovopdletar Stavvopratixds xweog endrw oto R av wyvovr o tapakdtw 1616-
TnTES
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(i) x+y=y+z yuakdde z,y € X,

(179) (a+bd)x = ax+bzx, a(z+y) = ax+ay, ya kde a,b € R ka1 kde x,y € X,

)
(77) a(bz) = (ab)z, yra kdle a,b € R ka1 kdle z € X,
)
v) lz =

(i

Ed6 oploaue tov Stavuouatind yopeo endve oTto 6OVORO TWV TRAYHAUTXGOY opLd-
uov R Ev yével évag Stavuouatinds xopog Unopel var 0ploTel ETdve Ge 0ToLodT-
note alyeBpxd 1edio, T.y. endvw aTo GUVORO Twy Hyadwy aprduwy C. Enlong,
oL mpdigelg + xou - umopel vo uny elvon ov suvidels Tediels T Tpdodeang xa Tou
TOMNNATAAGLAGUOU oA YEVIXE TEAEELS TTIOU €Y 0LV LBLOTNTEC TUPOUOLEC UE QUTEC.
IMopdderyupata Stavuopatixwy ywewy elvar ov ydpor R*. Autd mou uog evdo-
@épeL €3 elvon 6Tl oL yopol v Tuyaleny UeTaBAnTey X yio i onolec Loy let
{Ep[|] X |p]}% < 00, dnhadh ot yopot LP(P) givon dtavuouatixol yodpol. Xto
endueva Vo napakeinovue to P xan Yo suuBohilouue toug ythpous autols amAd
oav LP.
Oa JOCOLUE TP TOV OPLOUS TNG VOPUAKC.

Oplomog 1.8.14 Mia vopua efvar pia un apynuikn mpayuatixn) ovvdptnon
|| . || o€ éva Bravvopatixé xdpo, téroia dote ya kde x € X kara € R,

(i) Avz #0, [ z||>0,
(@) |l az ||=[a |l =yl
(@) |l +ylI<lf =]l +1[lyll

Evag xopos X epodraouévog e pta vépua || . || ovopdletar xdpog (e vopua.
Mopoadetyuata vopumy elvar ou cuvdptnoew || . ||ro:= {E]| . |p]}% Ot ouvoe-
THoelg auTég elvar vopues aTtoug ydpouc LP. Anéd ula vépua || . || unopolue vo

oploouyue uia yetph we p(z,y) =[xz —y ||.

Opwonog 1.8.15 Eoww X évag Siavvopanikds xapos endvw oe éva akyefpikd
redio (m.x to R). Mia areixérion (.,.) : X x X — C ovopdletar eocwtepixd
Ywouevo otor X av yua kdle A\, 2 € R kat z1,22,y € X wkavonotel g
napaxdtw 1010TNTES

(i) (z,y) = (y,7)
(i1) (A1 + Aama,y) = A (21, 9) + Ao(22,y)
(7i7) (z,z) >0 kat (z,x) =0 av ka1 puévo av x = 0.
Oplouéveg vopueg umopel v exgpactody e v Bordeia evéc ecwtepnol
Ywouévou e v wopdh || = ||>= (z, 7). Mopdderyua tétolag vopuac elvar T.y. 1
vopua || . ||={E]| . 2]}z mou uTopel Vol EXPPAUCTEL GUVHPTAOEL TOL ECKTEPLXOU

ywouévou (z,y) = Efz - y]. Avidétwe ou vépues otov ywpo LP dev unopel vo
napary o0V amd éval EoWTEPLXS YIVOUEVO.
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Opiopog 1.8.16 Evag mAnpng petpikds xdpos pe vépua mov napdyetal ané éva
€0wTEPIKS Yviuevo ovoudletar xapos Hilbert

Aré toug yopoue LP mou avapépae, o ywpoc L? etvor évac ywpoc Hilber. H
Yewpla twv ywewv Hilbert Bploxel evdiagépouces epapuoyéc tny Yewplo nwdavo-
Thtwy. Mio eviiagépovoa epapuoy lvon 1 egapioyt| TN Yewplag Twv TEoBordy
otoug yweoug Hilbert otny pehétn tne und ouvdrnn uéone turc. Oa del€ouue
YLol TOPSELY A TS 1) UG oLV XY UéoT Ty untopel va exppacTtel cav 1 ool
o€ xdmoto UTbywpo Tou Yheou Hilbert L2.

Opiowég 1.8.17 Eoww H évag ydpos Hilbert kar V' évag kAeiotds ypaupikos
undywpos tov. H mpofodn) evds daviouaros x € H owov V ouvviotatal owo va
ndpoujLe to povadiks ovoryeloy € V o omolo elval kovtitepa oo x. Xvpfolilovye
y = Hxz énov II elvar o tedeotnis mpofolns.

Ioy el To mapoxdtew Yedpnuo

Ocwenua 1.8.9 O tedeotis mpoforns Il - H — V, V. C H, vrndpyel, elvat
poz/a&Kdg Kai tkavomolel T mapakdtew 1016TNTES

(¢
(17) z =z ya kd0c x € V

(i4i) My = 0 ya kdey € V+ := {y € H : (z,y) = 0}

(v) (z,y) = (z,11y)

) 1
)
)

(iv) Ta xddex € H, v — Tz € V-
)

(vi) OTI elvar ypapupurds tedeotig: A1z + Aay) = A1z + Ao Ily
)

(vii) To Iy elvar to povadiké otoryelo tov V. C H to onolo elvar tétow dote

(ly, z) = (y,x) ya kd0e¢y € H, x € V.

Aev Yo anodetfouue g WLoTNTES owTég £d. it TNy amddetén napanéunovpe oe
BB cuvaptnolodfic avdivone m.y [3], [12], [26] A To [14]. Ou ddcouue duwe
™y oyéon g und cuviixn wéong g Ue Ty mpofolt oe yweoug Hilbert.

A YewpHoOUUE TOV YMOPO TV TETEAYWVLXA OAOXATPOOULWY TUY WY UETOBAT
TV o éva yweo mavothtwy (2, Fo, P) tov onoto cuufolilouue L2 (Q, Fo, P)
# mo amhd L2 O ydpoc autée elvor évac ydpoc Hilbert. Av dewphcovue ula
c-unodhyelpa F C Fo, o yopos L2(Q, F, P) eivon vnoywpoc tou L2(Q, Fo, P).
Ac ovoudoouvue H = L2(Q, Fo, P) xoo V. = L*(Q, Fy, P). Av opicouue cav
eowTeEPXd Yvéuevo v mpdén (X,Y) = E[XY] téte and to Oehdpnua 1.8.9
uUnopovUE va dolue 6tL undpyel ula tpoolf and tov yweo H otov V tétolo -
ote (Ily,z) = (y,x). Av petogppdooupe Ty oyéon auTh o UEOEC TLUES TTodpVOUNE
6TL udipyeL ular ovaduer Tuyakor UETABANTA Y € L%, F, P) 1o Gote

E[YZ] = E[YZ] VZ € L*(, F, P)
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1} SropopeTind dtL uTdpPyEL g METEHoWN WG Tpog TNV F TéTola )HoTE
/ Y ZdP = / Y ZdP, YAe F
A A

Auté buwe dev elvar mapd 0 optouds g und cuvdixn uéong Twhe EY | F.
Apa, M OmapEn g und cuvixn Léong TWWAC xat TV WOTATWY TNg UTopel va
deydolv and g WidTnTeg TwV TPoBoAmY.

ITopdderypa 1.8.5 Yay 0vo amdd napadetypata twy 10wtitwy s vié ovrdi-
kNS péong tiung mov umopel va mpokUpouvr and g 1610TtnTES TWY TPOPOADY OTOV
xepo Hilbert L? umopotue va avapépouue ta eEfg:

(i) And tnr dotnta twr tpoPoddy éxovue éu lle = x ya kdle x € V.. Avtd
umopel va petappaotel otny yrwot wdtnta ts vrnd ouvvinkn péong tung
EY | Fl=Y ar nY elvar F-petprjotun.

(11) And Ty bidtnta twv tpoPoddy (Ily, z) = (y, z), Oétovtag z = 1 majprovue
(IIz,1) = (z,1). Avtd petagpdletar oo

E[Y1] = E[Y1] = E[E[Y | F]] = E[Y]

1.9 Boowxd cnp.sioc TOU xe:q)oc)\ou'.ou

Y10 xe@dhono autd eodyoue Uepixés and Tig Yepehddeg évvoteg g Vewplag
navotitwy. T 6t axohoudel o avayvidotng Yo npénet var yetplleton xohd Tig
axéloudeg évvoleg

e Tnv évvola g o-dhyefpoag, N onola oyetiletar ue v évvola g Sourc
mhnpogoplac, TNy €vvola Tou UeTpou TiavoeTNTaC, TNV Evvola TNne Tuyalog
LeTaBANTrc, TNg XaTavouns e, xou tne o-8AyeBpag mou optleton and ula
Tuyador UETOBANTY.

e Tnv évvola xou Tig Boaowég WLOTNTES TNC UEone TWAC Yo Tuyodec UETAUBAN-
Tég.

e Tnv évvola g umo ouvixn peong Tyng xon TV dtonoInTin TN epunvela
cav TNV xoAOTeEn duvarth TEOBAEdN Yior TV Ty uLdg tuyatag peToBANTAG
dedouévng tne mAnpogopiag mou mepEyeTon ot wio o-dAyeBpa.  ISadtepa
xefoweg oe 6Tt oxohovdetl efvon oL 8LOTNTEC TNg LTS cLVIAXT Uéong TWWHAC.

e Tnv évvola tng L? oLYXAOTG.

e T1Vv £VWoLa TV YOpAXTNPLOTIXWY GUVAPETAGEWY %ot TNE YENONS TOUG YLoL TOV
YOEOATNPELOUO CUVAPTHGEWY XATAVOUNC.

Ta neprocdTepa amd Tar Yéuator ToL XeQaAaiov aUTOU avixoLY oE éva udinua
Baowhc Yewplag mdovotiTemy xon avoryxaoTixd xohbeimnoy ed6 oYeTxd Yeriyo-
PA, AV X0l TEOCTAIACAUUE VoL GUUTERLAGBOVUE apXETd GToLyEelol WOTE VoL Efvon TO
Tapov 660 To duvartd autévouo. T'a ula mo Aentouepelony) UEAETN TwY Veudtwy
T0L XeQahalou aVTOV TapaéuTovUE otov [14] ¥ otov [37]. Mia dhn avopopd, N
omolo 6uwe elvon eT{one oyeTIxd oUUTUXVWUEYY elvon To [15].
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Avaotxaociec martingale

Y10 xeqdharo autd Yo aoyorndolue ye plo el xhdorn otoyaoTixwy Stadixa-
owwyv, g Stadixaciec martingale, ol onoleg nallouv TOAD onuavTXd EOO oTNY
oUyyeovn Yewplo TOAVOTATOY, THY GTOYACTIXY AVEAUGT) Xou TG EQUPHOYES TNG.
Enlong ot Stadixactec martingale elvon moAd onuavtinég oto podnuoatixd utodely-
pato tne yenuortoowovoulxic. H dewpla twv martingales elvor Wialtepa exteviic
xar otor mhadotar Tou BBAov autol Yo apxectodue vo Topodécovue T Baouxég
WLoTNTES TOUG, CUYVE YWEl amddelET), Tic oTtoleg Vol YPELUCTOVUE TNV AVAmTUEN
TV Yepdtov Tou Yag eviLapEépouy.

Av xau 10 yeyahUtepo U€pog Tng padnuotixic Yewplag Tewv martingales oget-
Aeton otov Auepuxavo mdavodewentind Doob, n oo Wéa ftay YvwoTh apxetd
vopltepa, lowe axdua xan and tny enoy ) tou Bachelier otic apyéc tou 200uL cndva.

2.1 Opiouodg twy martingale
Ac oploovue mpdta Ty évvola e SuAdnorng (filtration).

Opiouég 2.1.1 Mia 8vidnon (filtration) eivar pia owkoyévaa and o-dAyefpeg
Fi térowa dote

s<t = FsCF

Onwe avapépaue xoL oTa TEONYOVUEVA XEQIAona, 1 o —dAhyeBpa Fy umopel va
Yewpniel coav 1 mAnpogopia 1 omola elvon Stadéoiun uéypt Ty yeovixn otyun t.
Mo duiinon unopel vo Dewpniel anid cav uia avgavouevn doun mhnpogopiog
xodde mepvder o ypdvoc. Mia apxetd cuvnhouévn évvola etvon 1 évvola Trg
@LoLXNG dLdnong. Autrelvar 1 difdnon n onola tapdyeton and ula otoyaoTxn
Sadweactio X;. ‘Oco nepvdel o ypdvog xar TapatneolUe TNV v AOYw GTOYAGTLX
draduxaotor Téco auEdvel xat 1 TANpoopia Tou €yxoure GtV Sideon Lo Yo TNV
Stoduxaotor auTh.

Env ouvéyeta Yo oploovue TNy évvola Twv Tpocapociévewy (adapted)
TuyleV UETOBANTOY.

51
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Opiopdg 2.1.2 Mia owkoyéveia tuyaiowy petafAntdv X ovopdletar npocop-
wooweévr oty innon F; av n Xy elvar Fy -petpriotun ya kdOe t.

Me Aoyior autd onuoabver 6t 6An 1 TAnpogopia 1 omolo aPopd TNV GTOYACTLXY
petoBAnTh Xy uéypl v ypovixh otiyus t nepiéyetan oty o —dhyelea F. And
Tov {dLo Tov oploud NG QUoTc Stnifoewe Unopolue va JoluEe 6Tt ula GToY Ao TIX
Sadwaotor Xy elvon mpocaptnuévn otny Quow Tne Suidnon.

"Exovtoc oploel ¢ mapandve €Volee UtopolUE T@pa Vo oploovue ulo evdio-
@épouca el xatnyopio Tuyaiwy UETOBANTOV (1] 6TOYAOTIXMY SLABXAGLOY) TS
martingale xodd¢ xon Tic cuvagelc ue awTéc supermartingale xou submartingale.

Optopdg 2.1.3 Eoww (2, F, P) évag xdpos mbavotrjtwy, Fy pla sujdnon ony
F (Fi C F) kar Xy pla owkoyévela mpaypatikcyy, olokAnpdoipwy (E[| X; |] <
00) TuYainy petafAntdy mov elvar tpooapuoouévn otny dujinon F.

(i) H owxoyévaa X; elvar ula martingale av

EX, | Fs]=Xs 0.6. s<t.

(13) H owcoyévaia X elvar pla supermartingale av
EX | Fs]<Xs 0.6. s<t.

(t9i) H owkoyévaa X, ovopdlerar pia submartingale av
EXi|Fs] > Xs 0.6. s<t.

YxoAivo: To t umopel vo etvon elte évag ouveyrc delxtne t € R elte évag StoxpLtoc
delxtne. Lnv neplntwon auth o delxtng Yo cuuPBolileton ouvidwe pe n, k H m
xaw Yo €yovue 6t n, k,m € N.

Me amhd Aéyra ot Tapamdve optouol uag Aéue ét yia uta martingale €yovtog
unoPny uog TNV TAnpogopia mou meptéyeton otny Fy N xoAOtepn TedBAedn tou
umopolUE Vo xdvoupe v Ty T e Xy elvon ot X, Av n Xy elvon
supermartingale n xoAUtepn TpdBAedn TOU UTOPOUUE VO XAVOUUE YOl TNV TUIT
g X éyovtag unodn tny mhnpogopia mou TepLéyeton oty F, Yo elvan uixpdtepn
and v wuh Xs. Téhog, av n Xy elvor submartingale 1 xahOtepn nedBiedm tou
UTOPOVUE VO XEVOUKE Yior TNV TWh e X éyovtog umodn Ty TAneogoplo Tou
nepéyeton otny F, o elvon peyoltepn and v turn X;.

H mopomdve ewdva yiveton mo xadapr| av dewproouue v Xy cav ulo oto-
Yoot Sadaoio e to ¢ va €yel TNV €vvolal Tou yedévou. H F; umopel va
elvor onotadrimote dujdnorn ohhd plo emAoyy umopel va elvon 1 guolxy| dufdnon
Fi = 0(Xy,u < t), Snhadh n duidinon tou nopdyeton and i TpoyLés Tne Tuyolag
Siodwactact. H Fy oty nepintwon auth unopel vo Yewpndet oav 1 thnpogopta
nou amoxo{{ovUE Yo TNV cuureplpopd e otoyaotxic Stadixaciac Xy mopa-
TNEGVTOS TNV amtd TNV apy’| TV Xpovwy t = 0 we v yeovwh otyur t. Av

ITrevivuilovpe 6t o(Xu,u < t) elvar n o-dhyefea xdtw and TNy onola elvon LeTpROLULES
ot tuyodec petofAntéc Xy v u <t
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X; elvon martingale, éyovtag mAfien yvdon tou otL €yel cuUPel uéypt Ty ypeo-
v otyur) s 1 xahOtepn medPAedn v to Xy, t > s elvon n wuh X dnhady
N TeEAeVTalol TNG TWUT OTaY TEAELWOEL 1) TEPlODOC NG MOPATHENONG. LUVETMS Yot
plo martingale n mAnpogopior mou mepéyetar oty F, dev Yo pag Pordrioer va
npoPBAéPouue tinote oyeTind pe To UENNOV TS oToyaoTixhc dodtxaciog X;.

[ var xdvouue tor tpdryuotar axdpo o antd o urtodécouue 6t n martingale
X pmopotoe va Yewpnlel ooy 10 x€pdog amd xdmoto Tuyepd TonyvidL (1. POUAE-
T0r), TOTE M xahOTEPN MEOPBAEPN Yiar To %E€pdog Uac TNy Ypowxt oTyun t ExovTag
Tapaxohoudrioet Ty éxBaon tou maryvdlol uéypet TNy yeovixn otiyur) s o elvon
70 %€pdog Tou elyaue TNV ypovixh oTiyur s dnAadr) to Xy. Mio martingale umope!
ooy vo Yewpndel ooy to xépdog amd €var tiuto monyvidl. Avtideta, av n X; elvon
plo supermartingale téte 1 xohOtepn npolAedn yia 0 x€pdog UOC €YOVTOC TP
%x0AoUDoEL TO oy VISL Uypt TV yeovixy| otyur s Yo etvon 6Tt 1o %€pdog uog Yo
pewwdel. Xuvende ula supermartingale unopel va Yewpenldel ocav 1o x€pdog and
éva un tiuto mony vidL otay movtdpouue ato ev3EYGUEVO TIOL SEV ELVOE(TOAL OO TOV
oyedlaoud tou monyvdiot. Téhog av n X, elvor submartingale téte 1 xahOtepn
Hog TedBAed yia To ®€pSog Hag Exovtag Topoaxoloudiioel To TonyvidL uéypet TNV
ypovuh otiyun s Ya elvar 6Tt To x€pdog pag Yo awndel. Tuvende ula submartin-
gale unopel va Yewpndel cav to x€pdog and évor un tiuto monyvidt av tovtdpouue
o70 evde OUEVO TO oTolo euvoeital amd Tov oyedtacud Tou mawywdtol. T Ty
mo axpB1| tapddeon twv Wekv avtdv delte ta nopodelyuota 2.1.1,2.1.2,2.1.3.

Ou martingales €youv v axéhoudn onuoavti WdTNTA WG TEdS TNV UEoT
.
Ocdpnua 2.1.1 Av n X, elvar ula martingale tdre
(1) B[X] = E[Xo]
(i7) E[X: — X5] =0

Anodergn: T'o v amodetydel awtd Yo npénel va ypnouuonotioovue ulo ond e
WotnTee e und cuVITn U€one TWNG XAl CUYXEXELUEVA TOV VOUO TNC OAXAC
ndavétnroc.O

Avddoyec Widtnteg LoyVouy xou yia submartingales xou supermartingales pe e
xatdAAnheg aviodTnTeg oty Yéom Tng LooTNToC.

Oa Tapo)écovue TP UEPIXS TapadelyaTo ot aToYaoTIXES dtadixaales Tou
elvor martingale ¥ super- xot submartingales. To mapadelyuato Yo elvon o€
daxprtd ypdvo. Ilapoadelyuata oe cuveyr yedvo Yo Solue 6To ENOUEVO XEQINOLO
nou Ya ewodyouue TNy xtvnon Brown.

IMogdderypa 2.1.1 Tlapdderypo wioag martingale

Eva khaooiké mapdderypa oxetikd pe ng dwadikaoies martingale elvar to akd-
Aovbo: Ag Oewprioovue dadoyikés plpers evds tipov voulopatos (6niadn éva
véuioua mov éxea (dia mbavétnta va éper kopdva kar (dra mbavdtnta va gépel
ypdupaza), kar ag opiooupe ya tny n—pipn (n € N) v tuyala petaAnty

_ 1 Kopava
Xn = { -1 ypdupaza
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kalos kat Ty tuyala petapAnedg S, = Y, Xi. Av Oewprjoovue éva mayvitt
katd to omolo kdmoios maiktng movrdper pia dpaxun ovo av Va épda kopdva 1
ypappata (kepdiler pia dpayun av épdea kopdva kar xdver ula dpayun av épdovr
ypdupata) téte n petaPAner Sy, pag diver tny mepovoia tou maiktn TNy Xpovikij
oryun n (Oewpdrrags 6n Eexvioapie pe teplovoia 0).

Ag oploovue oav F,, tny o-dAyeBpa mov mapdyetal and Tig Tuxales pHetafAnTéS
(X1, ..., Xy). Eivar pavepd (tovddxiotor draiodnuixd) ot n tuyaia petapAner
X1 €lvar aveEdpTnen tng o-dAyefpas Fy, €étol dote

E[Spt+1 | Fn] = E[Sh+ Xny1 | Fu]l = E[Sn | Ful + E[Xn+1 | Ful
S, + E[Xn+1] =5,

Xto napandvew anotédeoua xpnoiuorotoaue to yeyoros o n tuyala petaPAncn
Sy etvar Fp-petpionun. Ané avtd unopolue va ovvdyovue 6t E[Sp, | Fp] = Sy,
yia m > n. Egéoov E[| S, |] < 00, n S, elvar ula martingale ws mpog tnv
oujinon F,. Avté pag Aéa out o maiktng mepipéva va éxer otny n+ 1 plhn tny
b1a meprovata mov elye otny n piyhn, dedopuérng tng wtopiag Tov mayyvidlov.

ITopdderypa 2.1.2 ITopdderypa wiog supermartingale

Oa mapaueivovpe ota mAalowa tov mapadelypatos 2.1.1 pe tny dagopd ot Ua
unotéoouvpe Tws to vopoua éxel mapardre mbavétnta va géper ypdupata mapd
kopdva dnAadn 6t P(X, = 1) < 1/2. Tére, emavadapBdrovtas tny napandve
dadikaoia pumopodue va betéovue 6t E[Syy1 | Fn] < Sn, ourends olupwva
e Tov opioud n Sy, elvar ula supermartingale. H anédaén elvar modd amAn ka
agnvetar oav aoknon.

ITopdderypa 2.1.3 IMapdderypa wiog submartingale

Oa mapapeivovpe ota mAalowa tov mapadelypatos 2.1.1 pe tny dagopd ot Va
unotéoovpe mws to vououa éxel mapandve mbavditnta va @éper kopdva mapd
ypdupata oniadr étt P(X, = 1) > 1/2. Tére, pnopodue va detéovpe 6t E[Sp41 |
Fn] > Sn, ovvends olupwra ue tov opioud n S, elvar pla submartingale. H
anédeién elvar moAV anAn) kar agnivetar oav doknon.

Ta tpla tponyolueva napadelyparta Stacapnvilouv tnv epunveia uiog mar-
tingale oo évar tiuto (8ixono) monyvidt xadde xou Ty epunvelo plog sub- ¥ super-
martingale cav évo un tluto monyvidt.

Ynuoavtixd Nyohio: Mio martingale dev opileton uévo we mpog plor Suidn-
on oAk enlone xou o oyéon ue éva uétpo miavdtntog (to onolo oucLtasTIXE
EUTAEXETOL OTOV OploUd e Wéone tuhc E). Mnopel va ouufalver yio xdmota
dupdnon n otoyaotxr dodixactior X vo elvon plor martingale w¢ npoc xdmoto ué-
teo mavétntag P evd va uny elvon plo martingale we mpog xdmowo dAlo uétpo
navotntoc Q. Buveyilovtag To Tapandvw GUANOYLOUG, UTOPOUUE VO UETATEE-
ouvue uto dedouévn otoyaotiny Siadixaotia X; o ulo martingale npocaptdvtoc
oe auTh To XotdAhnho uétpo miavéTnToag (xpatdviag dhadh Tic Tpoytéc NG
draduxaciog g €youy aAd TPOCUPTAOVTNG OTIC TEOYLES AUTES Xdmota mdavoTnTa
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var eugavioToly). Mropolue var Eexadopicovue to mopandvw oyoho oto Thol-
oo tou apadelyuotog mou avagépaue. H otoyaotin Staduactia S, elvon ula
martingale av cav pétpo mdavéTnTac TdEouUE To LETPO Tou oplleTan EEXVOVTUC
amd ™y unddeon 6t P(H) = P(T) = 1 od\& Sev eivan plo martingale av tnv
Yewpoovue e mpog o uétpo miavdntac mou oplletar Eextvdvtoag and Ty u-
nédeon 6Tl To véutopa dev elvon Tluto SnAadt| we Teog xdmolo UETeo TETOLo KHOTE
Q(T) # Q(H). Ac Vewprooupe howndy b éyoupe dedouévn tn dodixaocia Sy
(dnAadn pior culhoyh oxorhouddy (X, ..., Xp,.on) omd —1 xon 1 xon ané owtég
xortaoxeLELovUe To emuépous adpolouata S, = > or; X; malpvwviag étol ula
oLAhoyT amd axohoudiég apdudy Sy). H oculhoynh twv X, xou ue v oetpd g
GUALOYT TV S, elvon dedouéveg. Ag Vewphoouvue thpa 6TL e xdmota tdavotnTa
UTOPOVUE VO ETAEEOUUE GTOLYELD TV GLUAAOYOY QUTWY. Ag QAVTAGTOVUE NOLTOV
ot ) mavétnTa emhoyhc (il axoroudioc (X1, ..., Xp,...) TOU ExeL oTdATOTE
otolyelo oe oudfimote 9éon odAd +1 oty Véon ¢ elvar P(X; = 1) = p. H mdo-
vétnta emhoy g pide oxorouvdiog (Xq, ..., Xy, ...) Tou et otdhnote otoyeio oe
otdhnote Yéon ahhd —1 oty Véon i ebvar P(X; = —1) = 1 — p. H mdavbdnra
emthoyic elvon otny Staxpltixt] Log euYEpeLa ol AUTO ouctaoTxd elvon 1 emAo-
Y1 ToL YETPou THAVOTATWY TO OTOl0 TPOGANTOVUE GTNY aToyacTr Stadixacta.
Av emié€oupe p = % t6te n Xy yiveton ulo martingale. Av emhéyouue p # %,
avéhoyo e v T oL p 1 Bla axpPidc otoyooTixh dadixacio (ot (Sieg axpt-
Bde tpoytéc) ue Tic mponyoUueves Umopel va yivouv elte supermartingale eite
submartingale.

Tovileton 6t dev elvan nédvtote Suvartd yLa oToLdHTOTE oTo) Ao TIXH dtodtxacia
VO XUTUOXEVGGOVUE UETEO TLdaveTNTaG TETOL MOTE XATwW Amd TO HETPO AUTO 1|
otoyaoTixy| Staduxacia va efvon martingale.

To oybho autd aroterel Ty Bdon yia €vor TOAD oNUOVTIXG ATOTEAEGUA OTNY
Yewpla ™g oToyaoTXhS avdhuong (xou Wialtepa oty Yewpla Sudyuone), to Je-
wenuo Cameron-Martin-Girsanov. To dedpnuo autd éyel ToAég eqapuoyec
OTNV YENHATOOLXOVOULXT], OTIWE LY. oTny podnuotixy Yewpla tne anotiunong
YpeoYpdypwy (asset pricing ). Ou enavéldouvue oto Yéua autd UE TEpLocdTERT
AEMTOUERELDL OTNV GUVEYELAL.

Yuveyilouue ue nopddeon Uepxdv axdun YeNoWWY ToEAdELYUATwWY.

Iopdderypa 2.1.4 Eotw Z tuyaia petafAnti), n onola opiletar oe kdmoio xdpo
mbavoritwr (2, F,P), n onola elvar odoxAnpdowun (E[| Z |] < o0) kat uia
oujnon Fn, Fn C F. Av oploovue tnr akoloviia tuyaiwy petapAntdr (6niadr
v otoyaotky dabikaoia) X,, = E[Z | F,], n X, elvar martingale.

H andédeaén, mov ypnoiuonotel ng 1016tntes tng vnd ovvinkn péong s,
agpnvetar oav doknon. Avtiotoo anotédeopa pnopel va daturwiel kat drav o
detlktng elvar ovveyris (t € R)

Hogdderypa 2.1.5 Eoww uia akodoviia and ave€dptnres dpola kataveunuéves
(independent identically distributed (i.i.d) ) tuyales petapntés (Y;),i=1,2,...
ya g oroles wyve E[Y;] =0, E[Y?] = 02, i = 1,2.... Ag opioovue tnv tuyaia
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petapAne) Xo = 0, X, = (X p_; Ya)?> —no?. Tére n X,,,n € N etvar pla mar-
tingale wg mpog tny finnon mov napdyetarl ané ug puetaPAntés Y, kar tny omola
as ovuPolioovue F,, = o(Y1,Ys, ..., Y,).

H anddaén éva ws e&nis. Hpdra PAérovue dut Ef| X, |] < 2no® < co. Haipvo-
rzag tny vré ovvinkn péon Tl ws mpos Tty o-dAyefpa F,, éxoupe

EXu1 | Fa] = El(Yar1+ ) Yi)* — (n+1)o” | F]
k=1

n
EY2, +2Y, ZYk + X, —0” | Ful
k=1

B2, | Fal 423 Vi EYoir | Fol + X — 0°
k=1

= Xn

Avtd arodeikvia tny 16i6tnta martingale ya tnr tuyaia petafAnti X,. Xn-
HEWDHTTE dTL Ypnotonojoape to yeyovds ot ot tuyales petafAntés X, kar
Yorey Vi etvar F-petpriowues (agot eéaptévrar pévo and ug Yi,...,Ys), éror
ote va umopéoovpe ekdyovpe and tny vid ovvdikn mbavdtnta ws mpog Ty o-
dAyefpa avtn. Xpnowyuorowjoaue enions to yeyovds ot o1 Yy, elvar aveEdptnteg,
OWVETNS Aotmdy kat Yni1 avebdptnn tng Fp, yia va ndpovue ot

E[Yr?+1 | Fu] = E[Y’I’?-‘rl] =0’
E[Yn+1 | fn] = E[Yn+1] =0.

IMopdderypa 2.1.6 H Stadixacia martingale tou Wald

Yo (610 mAaloto e To mponyoluero tapddetypa ag opioovpe tny tuyala petafAnti

Xo =0, X, = o(N) "exp(A(Y1 +...+Y,)) dnov ¢(A) = Elexp(AYy)], k =1,2,...

Téte n Xp, n € N elvar pia martingale ws tpos tny ouidnon F, = o(Y1, ..., Yy).
H anddéei&n agnverar oav doknon.

Oa xheloouue auTd TOV ©OUXNO TaPadELYdTeY UE pio TOAD ypHoLun xatnyopla
martingales. Autéc umopel va mapaydolv amd xdmota dedopuévr martingale ué-
O EVOS UETACY NUATIOUOV, Tou UeTaoynuatiopol martingale. H yevixeuon tou
peTaoyNUoTIopo) autod e cLVEYT Ypovo Vo anotehécel Ty Bdom tng UeAéTng
TOU OTOYAOTIXO) CAOXATPOUATOC.

Hopdderypa 2.1.7 O petaoynuotiopds martingale

Eoww X, pia martingale ws mpds éva pérpo mbavdtnrag P kar pia oujinon Fy
kar ag Jewprioovue uta axolovdia tuyaiwy petaPAnToyv a,, térowa dote a,(w)
ppayuévn ya xde n,n € N kat a,, € Fr—1. Tuyales perafAntés mov tka-
vomololy g ouvvinke§ mov tkavomololy ot a, ovoudlovtar mpoPAédriues. Ag
KaTaokevdooupE TApa TNy 0ToxYaoTiky dadikaoia

X, =(Xea),:= Zai(Xi —Xi)=a1 (X1 — Xo) + ... +an(Xp — Xp—1)

i=1
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H X,, ovoudletar o petaoynuanopds martingaletns Xy xar elvar kar avtrj mar-
tingale.

T av o dolpe avtd aprel va vrodoyioovue to E[X,, | Fn-1] kat va detéovpe
én 1wovtar pe X, 1. Xty anébaén maile onuavtiké pélo to 6t 1 ay elvar
mpoPAéun. Metd apkel va epyactolue etaywyikd yra va dectéouvpe émt

E[Xn | Fm] = Xm, gla m<n.

IMogdderypa 2.1.8 Ya mlaiowa tov mapandve rapadelypatos ag ewproovpue
6u n X, elvar super(sub)martingale ka1 n oroyaotik dSwadikaoia a,, elvar npo-
BAép N kar emmAéor an > 0. Tdte n otoyaotikn dradikaoia

Xn = (X L] a)n = ZGZ(X, — Xifl) = al(Xl - Xo) + ..+ an(Xn - anl)
i=1

elvar eniong pla super(sub)martingale.

Oa TpémeL va oNUELOGOUUE €8G 6Tl onotadritote cuvdpTnor ulac martingale
dev elvon amapaitnta xou auth uia martingale ! To axérouvdo Yedpnua pog divet
éva TpéTo xotaoxeuric submartingales ané martingales.

Ocwpnua 2.1.2 Mia kvpt ovvdptnon plas martingale Xy elvar pia submartin-
gale. Xvykexpiuéva av X; elvar pia martingale ws mpog tnr oudnon F; xat ¢
elvar pla kupt ovvdptnon, téte n otoyaotikr] dadikaoia My = ¢(Xy) elvar pia
submartingale wg mpog Tty (dra ndnon.

Anb6de&n: H anddetln mpoxintel edxoha amd v oviodtnta tou Jensen (BA.
Oetpnua 1.4.4). 'Eotww ¢ uia xupth ouvdptnon. Téte

E[¢(Xt) | -7:5] > ¢(E[Xt | ‘7:3]) = ¢(Xs)

(epboov X etvan uloe martingale). H aviootnra auth pog delyvel 6t n otoyaott-
x| Stadixactar My elvon uta submartingale. O

Iopdderypa 2.1.9 Kataoxevr) submartingale ané martingale
Oa kivnlolue kar wdAr ota mAaiowa tov napadetyuaros 2.1.1. Epboov n ovvdptnon
P(z) = 2? evar pta kyptij ovvdpTnon kat n Sy elvar ufa martingale oVugwva
pe o maparndve Jecpnua n S2 Ya rpérer va efvar uta submartingale.

Avtd umopel va emaknevlel ebkola kair and tov opioud tng submartingale wg
ekng: Mmopotue va ypdipovue S, = Sp—1 + Xy, ‘Exouvue Aoindy

B[S} | Fao1]l = E[Sp + X7 +25,_1X, | Froi]
= Sp 425, E[X,]+ E[X] | Fau]l > 55,
70 omolo amodetkvvel evléws dtt n Sy, elvar submartingale. Xta mapandvew xpn-

owonotjoape to 6t n S,—1 elvar Fp_q petpiowun, n X, evar avekdptntn g
Fu—1, 6t E[X,] =0 kat 6t epdoor X2 > 0 wyve éut E[X2 | Fo—1] > 0.
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2.2 Xpovoul cTdong

Y10 tuAua autd Yo oplooupe ula ToAD onuoavtixny| xatnyoplor Tuyadwy Ypovoy,
TOUC XPOVOLG oTdomg (stopping times).

Opiopodg 2.2.1 Eotw (Fi)ier pla otidnon oe éva otvolo Q, drov I elvar éva
ouvvolo detktayv (Gxt anapaitnta dakpied). Evag xedvog oTdong oxetikd ue tn
oninon avtr) elvar pla anaévion T : Q — I téroa cote

{I'<tyeF, Viel

A6 Tov nopamdve oploud etvon gavepd o6t 1 T elvon plor tuyada petoints. Av
0 Ypovoc atdong T < 00, 0.4. Aéue 6TL o T elvar tenepacuévog .5, Av woylel bt
7 <T < 00 1ot MuEe 6T 0 Ypovog otdong T elvon Qporyuévoc.

Av 7 duvidnon Fr Yewpndel cav n puoud dufdnon mou mapdyeton and xdmola
otoyaotxt| Stadixactio Xy ( mo yewwud Yewphoovue 6t n Fy etvon ulo Stidnon
Tou xdver Ty X UeTprowun), douodNnTind unopolue vo ToVUE OTL 1) Tuyolo Ue-
oAt T elvan €vag ypdvog otdong av 1t e unopet va xadoplotel and tny
Yvoon e otoyaotiig Stadixaciog uévo xatd to maperddv xar dev ypetdleTon
mhnpogopia and To UEAAOV. BTG TEPLOCOTERES TMEQLITWOELS EVaC YeOVOS OTACTC
elvor 1 mpdTN opd nou VYo cupPel éval yeyovoc.

IMopdderypa 2.2.1 Xta mAaiowa tov napadetypatos 2.1.1 ag opioovue oav T'(w) =
inf{n : S, = K}, 6nAadn v npdtn gopd mov o maiktng majpver K Spaypés.
Téte n tuyaia petapnei T'(w) elvar évag xpdros otdong.

Iopdderypa 2.2.2 "Evag ypovog nou dev elvan xpbdvog otdong

Yta mAaiowa tov mapadelyparos 2.1.1 ag opioovue oav Ty(w) Tov xpdvo mov Va
Tpénel va otapatiooupe to Tatyritt €tol dote va eluaote akppas 4 plipes mpy
gtdoovue oto mood Twv K Spaxudy. O xpdvog avtds Oev elvar xpovos otdong
0ev umopouue va Eépouvue mowds Ja elvar o xpovos avtés napd pévo apov Ja tov
éovue mepdoa. Iho ovykekpipéva (av ywidtar va wa&ibevovpe oto mapedddv
kat oto puéAov) Ba énperne va grdvape oto mood K (to omolo a yiva oe a
xpovikrj otiyun) T(w) > Ty(w) kar pdévo tére Ja pnopéoouue va katopioovue tov
Ty(w) = T(w) — 4. Mid kar o T(w) elvar xpdros otdong PAérovue étr n Tuyaia
petaPAnti Ty arawcel yrdon tov péddovtos yati {Ty < t} & Fy.

ITopdderypa 2.2.3 Xpbdvor eto6dou xou €€630L o xdnoro chvoho
Kdtww ané opiojuéves oxetikd aolevels auvinkes, tg onoles dev Oa avagpépoujie
b, 0 ypovos ewwédov TC niag ovoyaonxis dadikaoctas X; oe éva otvolo G C
R™ onAadn o

T w) =inf{t > 0: X;(w) € G}

elvar évag ypdvog otdons. To (610 10xvel kat yra tov xpovo e£6dov and to ovvodo

G
7% =inf{t > 0: X,(w) ¢ G}

Mropotue ebkoda va dovue 6t T = 7 ka1 7¢ = T,
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Yov tehevtolo nopadelyuato avogpépouue tor oaxdhouda, ta onolo etvon Wiai-
TEPAL YPNOLUA OTNY ATOBELEY] AMOTEAECUGTWY OYETIXE UE TOUS YPOVOUS OTdoNG.

HMoedderypa 2.2.4 Av T xar S ypdérvor ovdong tére kar S +T, SAT, SV T
etvar emiong xpoévor otdons. To (610 10y Vet kar yia ot AT

Hogdderypa 2.2.5 Eoww pia akodovdia T, arnd xpdvouvs otdons ws mpog kdmola
ounonon Fs. Tére xar ov xpovor inf, 1,, liminf, 7,, limsup, 7, elvar emiong
Xpovor otdong ws mpos Ty ujdnon Fi apkel n aindnon avty va elvar 6e6id
ouvexns onkaon va wyver Fy = Fiv i= ()5 Fte-

Hopdderypa 2.2.6 Ilgooéyyion evog xpdvou oTdong and wic axolou-
Vi ppayUévey xpodvwy oTdong

Me Bdon s mapatnpioes tov napadelyuatos 2.2.4) pnopodue va dolje ot kde
XPovos otdong T umopel va mpooeyylotel ané uia axokovdia and ppayuévouvs xpo-
vous otdong kat ovykekpipéva ané tny akodovdia T A n, ywa tny omola guotkd
woxvet limy,_yoo T An = 7. H mpooéyyron avtn xpnoiponoieitar moAd ovyvd otny
anédeln Vewpnudtwy oxetikd e Toug xpovous otdons.

Hopdderypa 2.2.7 Ilgooéyylon CLUVEX®Y XEOVWY CTACNG ANG droxpl-
To0g xpovoug otdong [8] IloAdés gopés atny andbeén amoteleopdtwy oe ov-
vexn) xpovo, elvai mo elkodo va anodelkyiovue mpata To arotéleoua o€ dlakpitd
XPOvo Kal Katoémy va XPnoLLoToOUUE TNY TPOooEY IO ToU aureXoUs Xpovou and
pia axolovlia drakpidy ypdvwy kal va maiproupe to katdAAnAo dpto. XTny me-
pittwon avty elvar anapaitnto va npooeyyloovue évay ouvexr) xpovo otdons and
pia akolovOla Srakpitdyy xpovewy otdons. Avtd umopel va yilvel ue tov akélovdo
Tpomo:

Ag Oewprioovpe pia axolovlia ypovwy t; :=t7 ya tny onola wyve 0 = tf <
t7 < ... kavlimi o0 8 = 00 kat limy, oo sup | tp,  — i [= 0. Ag Jewpriooupe
évav (ouvexny) xpévo otdons T ws mpos Ty dujinon Fiv 1= (.o Fite Kat ag
oploovue tny akolovlia

.o thpr, av tp <7t <tp.,, k>0
" 0o, av T =00

Hapatnpodue éu av t, = max{t} : i} <t} wére
{m<t}={m <t} ={r<t,} € R, CFH

Yuvendg, n axolovdia T, elvar pla axodoviia drakpitddy xpdvwy oTtdons ws mpos
Ty oujinon Fy ywa Ty onola wyvel limy,_soo 7, = 7. H axolovdia 1, Aowndr
pmopel va ypnotporonel ovav Sakpier Ipooéyylon Tov ourvexols xporou otdons
7. Tndpyer pla elevlepia ovov tpomo emdoyns tns axodovdiag t7. Mia mbavn
emAoyn elvar t! = an I'a v emhoyn avty umopolue va ypdipouvue o€ ovunayn
HOop@n T, = 27" [2"T 4 1] drov [-] oupBorilea to axépawo pépos, kat wxver T, | T.

IToAd yprowoc oto péhhov Va elvor xat o oplopds g o-dhyeBpac mov a-
vToTolyel oty TAnpogopla yia ulo otoyaotiny dtaduxactio uéypl xdmoto ypdvo
otdong T.
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Xy X

VAAAM i/l =
st masas

Eyhua 2.1: Btdon (Staxonn) e otoyaotixic dadixaoiog Xy oTov Ypovo otdong
T. Ytnv mpwtrn ewdva gaiveton 1 apyw otoyaotur Swadxacia Xy xou otny
deltepn 1 otapatnuévn Staduacta Xy tov Tuyalo yedvo T

Oplomog 2.2.2 Eow F; C F pta stjinon. H Fr énov T elvar évag xpovog
otdong ws mpos Ty 0ujinon Fy elvar to oUrodo mov anoteleltal and ta yeyovita
A € F nov ikavorowvr tny owvdrikn AN{T < t} € Fi. H Fr elvar ula o-dAyeBpa.

Av S xou T elvan d0o ypdvol atdong tétowol wote S < T téte Fg C Fr.

2.3 Em)\sxuxv’] c‘tdcc‘q

H emextinf otdon (optional stopping) uoc Siver mAnpogoplor oyetixd UE TO TU
umopel va ouuBel av otauatoouue ulo martingale B uia super(sub)martingale
o€ xdmowo ypovo otdone T. H emdextnr| otdon anotekel ula Wialtepa yprouun
TEYVLX OTNY OTOYAo T avdhuoT xat Ty Yewplo wv martingale xat Steuxohbvet
UTIONOYLOMOUS UECKY TYUMY Xt TOCOTHTWY Tou oyetilovTo Ue ypdvous oTdong.

Ou Zexwvfioovue UE Tov oploud TNe otauatnuévne dadixaotioc (stopped pro-
cess).

Oplonog 2.3.1 Av T elvar évag xpovog otdons tdote umopoUue va oploovpe tny
oraparnuévn dadikacia X = Xyar.

Eivar mpogovéc amé tov oploud, 6t 1) otauatnuévn diadacio X éxel axplBoc
T (dieg Tpoylec we v Xy uéypet Tov ypévo otdong T, eved UETA TOV YpdVo GTdoTC
T n XTI evon ‘rayouévy oty twh X, Snhads

r_ | Xilw), oav t<T(w)
X _{ Xr(w), av t>T(w)

Mo mparypatonoinon tne Stodixaotoc Xy xou 1 otopotnuévy Sadacta X1 =
Xiar @aivovton oto Xy. 2.1. Eivon ebxolo va ehéyEoupe OtL plor otauotnuévn
super(sub)martingale etvon xou auth ulo super(sub)martingale.

Ocwpnua 2.3.1 Mia otapatnuévy martingale elvow pwio martingale
(¢) Av X, elvar pia martingale wg npds pia sidnon (Fy kar T évag ypbrog otdong
w§ Tpds Ty (a Snnon téte n otapatnuévn Sudikacta X = Xiar etvar ka1
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avtj puta martingale wg tpog tnr da Sujinon. Ioyve ovvends E[Xiar] = E[Xo]
(17) Av n Xy elvar ula super(sub)martingale tére n orapatnuévn dadikacia elvar
eniong pta super(sub)martingale. IoxUel owvends E[Xiar] < (>)E[Xo].

Anodelgn: Oo ddoovue Ty anddelln tou Yewpuotog oe dloxpltéd ypdvo t =
n € N xau Yo oxwarypagpricovue uévo v dtadixactior g anddellne oe cuveyH
xeovo t € R. Tty mAfpn anddelén oe cuveyn ypbvo mopaméunovue atov [1].
(1) Opiloupe v axoroudio tuyaiwy petoBANTdVY (otoyootxr dtadixaoia) a,
¢toL Wote

o — 1, av n<T
T 0, oG

Avn < T 16t Xoar = Xy xt @y = 1 via 1 < m < n. Tuvenoe, otny
neplntwon auty

Xn/\T - XO = Xn - XO = an(Xn - Xn—l) + an—l(Xn—l - Xn—2)
+ ...+a1(X1 —Xo)

Avn >T w6te T = m 6nov m < n xow Xpar = X7 = Xy Ty neplntoon
AUTA EYOUUE Q1 = ... = Ay, = 1 XU Gpng1 = Qg2 = ... = Gy = 0. Tuvende

Xn/\T - XO = Xm - XO = am(Xm - anl) + amfl(mel - Xm72)
+ ...+a1(X1—X0):(X.CL)n

Ye xd&le nepintwon howmdy Eyouue 6T

Xonr — Xo = Zai(Xi - Xi1)
i=1

Mmnopolue entong v mapatneiocovUe Ot a, € Fp_1, Snhadh n otoyaotiny dia-
dwaota @y, elvar mpoPrédun. Autd umopel vo gavel and to 6Tl TO YEYOVOHC
{an = 0} = {T'(w) < n—1} € Fp_1 xadédc enione xou and 10 6T T0 YEYO-
véc {an =1} = {T'(w) > n} ={T > n—1} € F_1. Me & MbyLa unopolue
vor amo@avdolue oyetxd Ue o av 1 LeToBANT ap, malpvel Ty a1 1 ty i
0, yvwpeilovtag v wtopia g X; 1évo we 10 i = n— 1 xou Oyt anopaitnTo wg 10
i = n. Emotpégovtac oto napdderyua 2.1.7 BAénovue 61t Xpar = (X 0a), énou
e (X o a) ovuPBoliloupe Tov yetaoynuatioud martingale tne martingale X, ue
v otoyootx ddixaoia ay, (BA. HMopadetyua 2.1.7). Aelaue buws oTo Topd-
detyuo auto 6Tl 0 UeTaoy nuaTionés martingale plog martingale etvon xon owtog
martingale. Yuvende n X,a7 elvor martingale xou woyler E[ X a1] = E[Xo].

[ tov ouveyt xpovo optlovue ula axoroudio dtaxprtdy yedvwy T, = (kj—nl)t av
g—ﬁ <T<L (k;'—nl)t H otoyaotiud dwduxacia X e etvan pla martingale oe Suaxpttd
Ypovo (o Seixtng tou ypdvou elvan to k, ondte yu auth woylel E[X7,] = E[X;]
yia xéde n. Metd npénet anhd vo ndipovue to 6plo n — oo. [ Tig Aentouépeteg
naponépnovue otov [1]. Tovileton 6t oV nepintwon touv cuveyolE YEGVoL Elvor
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anapaitnto 1 martingale X; vo wavonotel tnv WtétnTa g dedLdc cuvéyetog.
(1) T v meplntwon twv super ¥ submartingales n anddelln elvon mopdUoLaL
uo6vo ou Yo yenoluonolioouUE To anotéAeoua tou topadelyuatog 2.1.8. O

YxoAio: Y10 nopandvew Yewpnua, av 1 X; elvor ula diaducactio o cuveyt| xpdvo
Yewpolue Ot elvon de&Ld cuveyrc.

Eivor moAd onuavtind vor anavTAcOUUE TNV EpWTNOT OYETXE UE TO Tt cuuBol-
vel oty Péon TN ulag otopatnuévne martingale . Amo to napandvew Yedpnuo
pmopoVuEe var dolue 6t yia xdde t éxouue 6Tt E[Xiar] = E[X]. Elvar emitpe-
Tté opws va ypdpovue anhd E[X7] = E[Xp]; 'H ¥étovtag to epdtnua Ayo
dtaupopeTind elvan EMLTEENTO VoL TEPOVUE TO OpLo t — 00, VO AVTLOTPEPOUUE TNV
oelpa e péong TLuhc xat Tou oplou, xou va xatohflouue 6t E[X ] = E[Xol;
Mrnopolue va xatohdBoupe 6t xdtL tétolo umopel va elvon mpofAnuotixd av o
xeoévog otdone T' dev elvon menepacuévog. H andvinen howndv oto mopandve
gpdTNUO elvor xaTopotixny| 6 opLopkéveg Wovo neptntoec! To Sio cuuPaivel
xat oty meplntwon wlog super(sub)martingale oA\ thpo T0 epdTNU Elvon 1
woy¥ g avtioTtoyng aviodTnTag aTo 6plo xodwg ¢ — 0o. Ot MepLnTdoELS aUTég
ocuvodiloviar 610 TapoXdTe YedpnUdL.

Ocdpnua 2.3.2 Eotw X pia super(sub)martingale ka1 T évag ypdvos ordong.
Téte n Xr etvar oddxkAnpcorun kar wyvel E(Xr) < E(Xy) o€ kdOe pla ané tg
Tapakdtw TEPITTHOES

(1) T ppaypévos
(11) X gpaypévn yia kde t kar T o0.5. gpaypévos
(174) E[T] < o0 kat ya kdnow K wyvea

| Xs(w) — X¢(w) [ K, Vs, t,w
Av n X elvar pia martingale 1wyver n wdtnza.

Amédelgn: Oa ddoovue v anddelln yior Ty dtoxplth meplntwor. Lo tny
ouveyt| meplntworn apxel vo epyaoToluE dTwe xar 0To Vedpnua 2.3.1.

Ané 1o Yedpnua 2.3.1 7 X = X;a7 elvon ohoxhnpdowun xow E[XT — Xo] < 0.
Yy nepintwon (i) apxel vo ndpouvue T0 n (00 UE TO dvw @edyua Yo to T
Yy neplntwon (i1) unopolue vo 9€covue n — 00 oY avledTATAL YLl TNV
péon Ty e otauatnuévne super(sub)martingale xou vor ypnoutonotioouue
0 VYedpnuo gpayuévne obyxhone. Trevduuilovue 6t oluguva pe autd to
Yedpnua av X,, = X 0.6. xou | X, |< K, Yw,n w6t E(| X, — X |) = 0.

T to (#48) otnv Stoxprt mepintwon éyovue

TAn

D (Xk — Xpo1)

k=1

| Xoan — Xo |= <KT
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xou ooV E[T] < 0o umopolUe va 9660LUE N — 00 OTNY AVeOTNTA Yiar THY Uéom
T T otamatnuévne super(sub)martingale xaw vor ypnotuonotioovue o Yed-
prua xvplapyuévne oLyxhone (dominated convergence theorem).

T Ty ouvey mepintwon amhd unopolue va emhégovue ular XatdAANAn oxo-
houdo and ypdvouc 6Tdone xon vo cTopaticovue Ty (super)martingale otnv
axohoudio TwV Ypovwy autey. O

Yxoho: Apxetol ouyypageic (m.y. [4] f [13]) ouvodilouv tic cuvdixes yia
T0 TopamdvL Yedpnuo 0T Teelc Tapaxdtw cuvirixec Tou TEENEL Vo Lo UoLY Tow-
Oy POV

1. T < o0, 0.0.
2. X7 oloxAnpwowun
3. E[Xylirsny] = 0 xadde n — 00

O Aoyoc mou mapadéoaue o Yewpnuo oty Uop@h Tou elvon e8¢ (BA. m.y. [37])
elvan yrotl oty poper auth ot cuvirxeg elvon cuvilnwg o elxolo Vo eheyloly.
Etvow BéBona Suvartdv va Sewydel dtL ot dVo uopgéc elvon loodivopeg.

Hopdderypa 2.3.1 ITapddelyira €QARLOYNAS TOL VEWPNUATOG ETLAEXTL-
®NG oTdoNG

Ag Oewpnoovue évar tuyalo mepinato o€ pia didotaon. O tuyaiog mepimatntig
éxet ton mOavdnta ya pta kivnon npog ta ée&id 1 pia kivnon mpog ta apiotepd.
Ag ovopdoouue Y; tnr tuyaia petafAntn

Vv = 1, xivnon mpog ta de&id
"7 =1, xivnon mpog ta apotepd

Ot tuyales petaPAntés Y; elvar aveEdptntes kar dpowa kataveunuéves (i.i.d ) pe
ElY;] = 0 ka1 E[Y?] = 1. Tére n 9éon tov tuyaiov tepimatntr (Jewpdvtag ot
Eexwvder and o 0) elvar n tuyaia pevapAnti So = 0, S, = Y p_, Yi. Optlovue
y tuyala petaPAnty T = min{n : S, = —a or S, = b} (n mpdtn popd mov o
Tuyalog mepimatnTis gTdver oto onuelo —a i b).

(1) Aetéze 6t pe mOavdtnra 1 o nepinatntis Ja eykataletper ta SrdoTnua [—a, b
0€ TEMEPAOEVO X pdro.

(i4) Bpetre tnv mbavdétnta o tuyaiog mepimatntris va gtdoel oto —a mplv o b.
(741) Howd etvar n péon nun g T';

‘Exouvue 1non et 6t n otoyaotikn dadikaoia S, elvar pia martingale ws mpog
v oujonon F,, = o(Y1,...,Y,). To (6o ovuBalver kar ya tny otoyaotikrj diadi-
kaola Z, = S2 —n. Mnopolue enlong oyetikd €bkoda va Soljie 6ti n petapAneh
T etvar évag xpdvos otdons ws mpos tnv dtyinon F,.

(i) Ioyver 6ut E[S2, 7 — (n AT)] = E[S2 — 0] = 0 (Juundetre dn avtd wylet
ndrzote xwpls kavéva mepopiopd otov T). To Spar €lvar gpaypévo kai wxvet
—a < Spar < b ondre kar SZ . < K ya katdAAnAn emloyri tov K. uvends
E[T] = E[S%,7] < K. Ard avtd pmopolue va ovurepdvouue 6u T < oo 0.f.
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(av avtd bev to PAénete apéows ypnoponoelote tny avioérnra tov Chebycheuv)
omdre P(T < 00) = 1 kat o wepinatneris Ja eykataletper to didotnua [—a,b] oe
TEMEPATIUEVO X POVO.

(i7) Ag ovopdoovue p, tny dyvwotn mdavétnta. Ioyve 6t E[Spar] = E[Sp] =0
(Bvpunletre 6t avtd wxle ndrvrote ywpls kavéva mepopiopd otov T'). H otoya-
otikn dwadikaoia Spar €lvar ppayuévn epéoor —a < Spyar < b kar ovvends and
o Uedpnua kuprapxnpévng ovykAiong

E[So] = nh_)n;o E[Suar] = E[nlggo Snar] = E[ST]

(ovowaotikd ypnotponowdue to (iii) tov Yewprparog 2.3.2). I'a tov xpovo otd-
ons T Aowndv wydovr or ovvinkes tov Jewpripatog 2.3.2 kar éyovue E[Sp] =
E[St]. Egéoor Sy = 0 to apiotepé pédos wng elowons avtis elvar (oo pe
0 0. Ané tov opwopé wov T, n St unopel va mndper elte tny nuny —a pe m-
Oavitnta p, €fte tyr uun b pe mavétnra 1 — p,. Elvar Aowndr mpogpavés étn
E[ST] = —apa + (1 — pa)b. Eror and o Jeddpnpa emdektiknig otdons éxouvpe ot

b
a+b

0= _apa+(1_pa)b = Do =

(¢41) I'a va Bpodue v uéon nurj tng T Ya xpnotponoujoovue &avd én n tuyala
petapAntii Z, = S2 — n efvar ufa martingale. Orwg eldape mapandvo o xpdros
otdong T 1kavoroiel pia and g ovrinkes tov Jewpnuatog emAektikng otdong
(2.3.2) ondre éxouvpe

ElZr] = E[Z)] =
0 = pua®+(1—p,)b* - E[T] =
E[T] = ab< oc.

Avté to anotéleopa pumopel va BpeOel kat pe atoryedddn tpdno xpnoiponoidrtas
owdvaotiky yia va Bpolue tny katavoun mov axolovlel n S, aAAd avtdg o
Tpémog elvar katd moAV mio €Ukolog.

TpbBAnuoato oyetuxd e to mopandve napddelyua Peloxouvy onuavuxés e-
QUPUOYEC OTNY AVOROYLOTUXY| EMLOTAHMT XOL CUYXEXPULEVO GTOV UTOAOYLOUO TOU
anodeuatinol acPaAeTXGY eTonpel®y. Aev Yo enextolodUe GE TETOLES EQOPUO-
véc oto BiBhio autd. Ta plo mohd xohr) xdhudn tou Yéuartog Tapanéunovue 6To
[19].

Qo ddoouue Thpa xou €vor ToEddelyUa 6To 0omolo ot GUVITIXES TOL VEWPRHILUTOS
2.3.2 dev woyouy.

ITopdderypa 2.3.2 '‘Evag xpovog otdong yia tov onolo 8ev toylel to
YedpNUa EMLAEXTIXNG OTAONG

Oa mapapelvoupe ota mAaiola tov tapandvw napadetypatog aldd topa as oploovpe
oav T = min{n : S, = b}, b # 0, 6nAadr} T efvar o mpddTog Xpdvos mou o
repiratnts grdrver oto onueio b. O xpovos T elvar évag xpdvog otdons. Eotw
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ont propovoaue va epapudoovue to Jeddpnua 2.3.2 ya Tty martingale S,. Tote
Oa elyape E[St] = E[So] xat apol St = b ka1 Sy = 0 Oa éovue b =0 o onofo
etvar dromo. Ilov vndpyer to mpéPAnua; To mpéPAnua elvar ént var pev wyve
E[Spat] = E[So] = 0 ondre kar lim,,— o0 E[Spar] = 0 addd tddpa

0= E[So] = lim E[Surr] # B[ lim S,nr] = E[S7]

pid kat n Syar Oev elvar tAéov amapaitnta ppayuévn (umnopel va yiver kar —oo)
ondte to Dechpnua kuprapynpévng ovykhiong dev umopel tAéov va epappootel yia
va owcaodoynea n avuipetdOeon s péong uuns pe to dpo. Ernlong to Spar
Oev elvar anapattnta povitovn axolovdla kai éval dev UTOPOUUE Va €PapUiooUHE
ovte to Oedypnua povitorng ovykAions. Mnopel udAiota va amodeyOel dtt ya
Tov xpdvo otdons T wyva T < o0,0.8. aAdd E[T] = co.

K\elvovtog to tufua awtd, 9éhouvue vo tovicouvue &t 1 e@apuoy ) Tou Yewpr-
Hatog ETAEXTIXAC oTdong amontel TOAD ueydhn npocoy ot (owe elvar xohitepo
var Eexwde and v oyxéon E[Xar] = E[Xo] mou wyle yio ula martingale yio
omoLodfnote ypévo otdone 1’ xou yetd va npoonadodue Vo SLxatohoYROOVUE TNV
oyéon E[XT1] = E[Xo] av woylel malpvoviac 10 6plo n — 00 X0l TPOoTo@OVTaC
VoL XPNOLUOTIOMGOVUE xdmoto and ta Yewphidota abyxhong, Topd va epopudlou-
ue xoteudeloy to Yewpnua 2.3.2 extog xon av eluaote Tohl olyoupol yia Ty Loy 0
v ouvdnxay (i) — (ii4).

2.4 XOyxAiom diadixaciov martingale

Oa acyohniolue tdpa Ue TNV oLYXALON Twy dodxaowwy martingale. To Véua
auT6 efvor TOAD evBLapépov amd ewpntixhc drodng xadode xou Wiaitepa yperoLylo
oe ulo oepd and egapuoyéc. Tndpyouv ula oelpd and Yewpuata cOYXAoNg Yo
martingale oAid euelc ede Vo meploptotolue oe dVo Yewpruata Ta ool elvar
apxeTd Yol toug oxonolg pac. Ta Yewpruata autd avagépovtar oty abyxhion
martingales oL onofec elvor L' %o otny oVyxhion martingales ou omoleg elvar o-
Hotbuoppo ohoxknp@olues (o optouds e évvolag authc axohouet).

Eexavdyue pe To Yedpnua oyetxd ue Ty olbyxhon L' martingale.

Ochpnua 2.4.1 EOyxhion Li-martingale
Eotw X; pta L' super(sub)martingale, dn\adr uia super(sub)martingale ya
v omola wxvel E | X; |< oo. Téte to dpio limy_eo Xy vndpyet o.3.

Anodergn: BA. napdptnua Tou xepohaiov. O

To 6po X := limy— o0 etvor plor L1 tuycto petohnts Snhadt oy e B[] X |] < oo.
To nopandve Yedpnua uag eZacpalilet oyedov BEBoun alyxALeT 0ANS oyt GUYXAL-
on otov L' 1 onota etvor xon amapaitntn 1oy 9EAOLUE Vo LEAETACOUNE TLC UEOES
Twég xdmotog otoyaoTixhc Stadixactiag xar to 6pla Ttoug. T var e€acpahicovue
v obyxhon otov L 9o mpéner var emPBddihoupe xa pla entthéov ouvidiun otic
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martingales, Ty cuvirixn tTnc opoLOUopPNG OhoxANewaotdTNTag (uniform
integrability).

Opiopdg 2.4.1 H otoyaotnikny dwbikaoia Xy ovoudletar opoldpoppa olo-
xAnpwoiun av ya kdde € > 0 vrdpyer M > 0 tétoio dote

{1 X |>M}

ya kdOe t.

Syoha(1) H Xy unopel va 9ewpndel amhd xon oav ulo owxoyévelo tuyaiwy ue-
ToBANTOVY 1 oay ulo axohovdio Tuyolwy UETABANTOY.

(2) Mnopolue va detfoupe (aghvetar cav doxnon) 6t 1 tuyadio vetaBinth X
elvan ohoxknpwolun av xat uévo av yia xdde € > 0 undpyer M > 0 tétolo Hote
E[| X |;{| X |> M}] < e. Xuvende yia xdde oxohoudio tuyaimwv uetofintdv X,
urdipyeL axohoudio aprdumy My tétow dote El| Xy | {| X¢ |[> M}] < e. Av ta
M, elvan ave€dptnto tou t téte 1 axoloudior X; elvon opoLouop@a OAOXANEGoLUN.
(3) "AMhot ouyYpagelc YpNOYLOTOLOVY YLOL TOV OpLOUS TNC OUOLOUOPONS ONOXAY-
pwotudTnTag TNV oLviixn limas oo sup, Ef| Xy [;{| Xi |> M:}] = 0. Towc auth
N Qop@Y| Tou oplouol va elval xoL o xodapY) OYETXS UE TO TL onUalvVEL 1] OUOLO-
LOP®PN OAOXANEWOLUOTNTA XOL TO Twe 1) WLOTNTA auth e€acaiilel tnv abyxhion
xotd L

To mapoxdte mopddetyuo mou ogelletar otov Williams [37] divet mohl eboto-
X0 TNV dLopopd eTafl L tuyodev UeTeBANTOY %on 0poLbu0ppa ONOXANEGOLUGY
Tuyaley YeTofANTeY xou To yiatl umopel var ypetaoTel o Sioywetoude autodg doy
HEAETAUE obYXALON.

HMopdderypa 2.4.1 Ag Jewpricovue to xdpo mdavoritwr ([0, 1], B([0,1]), P) ¢-

mov P elvar to pétpo Lebesgue oto didotnua [0,1]. Ag ndpoupe tnv axoloviia
dwotnudror I, = (0, ) kat ag dewproouvpe Ty axodovdia Tuyaiwy petapntadr
Xn =nly,. HX, pnopel va Oewpnlel oav pia otoyaotixr) diadikaoia oe dlakpied

Xpovo n.

(i) H axolovdia avth etvar L' (evvoolue dniadhy gpayuévn otov L') epdoov
E[X,] = 1 ya kd0e¢ n. Ouws, n axoloviia avth dev elvar opoidpoppa odo-
KAnpdoun 6nws umopel va pavel kadapd and to du ya orowodnmore M > 0 av
emAébovpe n > M éyovue dtt

EH Xn |7{| Xn |> M}] = EH Xn | 1{\Xn|>M}] = nP(In) =1

Suvends pta Lt axolovidia tuyaiov petafAntdy dev elvar anapaitna kat opors-
Hoppa odokAnpdoiun. BéBawa pia opoiduoppa oloxAnpdotun akodoviia tuyaiwy
petapAntar da elvar anapacitos kar L.
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(17) Ag bovpe tdpa Tig ovvéneles tov naparndve otny oUykAion. Mropolue elko-
Aa va boUue dut X, — 0 oxeddv BéBaia aAdd E[X,] = 1 ya kdOe n kai ovvemnds
E[X,] A 0. Xurends y1a axolovdies tuyaiwy petafAntdy mov efvar L' n oxeddv
Bépan ayrion Sev cuvendyetar arapaftnta kar Ty olyklion xard L'. Avté
Vel uéro yra opodoppa oAokANPaoueS akodovlies Tuyalwy puetapAntadr. H
rapatipnon avty €lvar ovpfatr) pe ta arotedéouata tng rapaypdeov 1.6.

‘Eva ebhoyo gpwtnua efvon 10 TS UTOPOVUE VoL TOREYOUIE OLOLOUORQA ONO-
xhnpwoluec otoyaotnés dadixaoieg

Hopdderypa 2.4.2 Av X; elvar pla otoyaonikn Swadikacia téroa dote E|
X [Pl < C,p>1 ya kdOe t tére n Xy elvar opordpoppa oAokAnpadoipn.

Hpdypary, av v > M > 0 tére v < MP=PuP. Suvends ya kdOe t éxyovpe

| X; | dP < M*™P / | X; |PdP < M*~PC

{I1X:|>M} {I1Xe >0}

Yuvends, emléyovtas € = M'PC umopolue va Solue éut n Xy ikavonotel Tty
ourOnkn yia TNy opoduopyn oAokAnpwoLudTnTa.

Iapathpnon: To nopandvw anotéleouo dev toylel Yo p = 1. Av ula oto-
Yoot Sadixaoto ewvar gporypévn otov L té1e Sev toyler amapattnta 6TL ouTh
elvan xat o[oLOHOopPa OAOXANEGOGUT dTws TPoéxue and To mapdderyua 2.4.1.

IMogdderypa 2.4.3 Av n otoyaoukn dadikacla X elvar ppayuévn ané uia
L' ruyaia peraPrned nladn | Xi(w) |< Y(w), E[Y] < oo, téte 1 otoyaotikn
dwadikaoia Xy elvar oporduoppa odokAnpdowun. Avtd kar mdAr dev épyetar oe
avtifeon e ta doa elnape mapandvew yatl var pev n Xy nov éyel tny mapandve
widtnta efvar LY addd or Xy pe v didtnra avtyj anotedoly pla mo ek
katnyopta L' otoyaotikdy dadikacidv epéoov uta omowadimore LY oroyaomikr
dadikaoia Sev ikavorotel anapattnta Tny ovvdnikn | X (w) |< Y(w) ya kdOe w.

Oa xheloovue Ty Topddeon twv TapaderyUdTwy UE €va TOAD YeNoULo Tapd-
devyua yiar tor Yéportar mou axoloudolv.

IMopdderypa 2.4.4 Av X elvar pia odoxAnpdoun tuyaia petafAner kar Fy
kdmota Oujdnon tdte n oroyaoukn dadikacia X; mov opiletar and tny oxéon
X = E[X | F] elvar pla opoduoppa odokAnpdoun otoxyaotkn dadikaota.
Mdhiwota pumopoUpe moAv amdd va dodue o ewar kar pia martingale. Avto elvar
Kal to mpdTo mapdoerypa piag opolpoppa oAokAnpdoiuns martingale.

Eluoote tdhpa o ¥éon va Sdoouue éva Yedpnuo cOYXAMONE Yol 0UOLOUop@aL
ohoxAnpoolueg martingale.

Ochpnua 2.4.2 LOYRALomN OUOLOUOPPR ONOXANE®OLULLY martingale
(i) Eotw Xy opoibuoppa okokAnpdoun supermartingale. Tdte vndpyer tuyaia



68 KEPAANAIO 2. AIAAIKAYIEY MARTINGALE

petapAnti X térowa dote limy oo Xy = X ka1 n oUyrAion efvar ovov L.

(i) Av n X, elvar martingale téte pnopel va ypagel oav Xy, = E[X | F] dnov
X =limy_ 0 Xt 0 dpto Tng Xy ovov L', xar Fy = 0(X5, 8 < t) (n o-dAyefpa mov
rapdyetar and tnr X;).

Amédergn: BA. mopdptnua tou xepahaiov. O

Hopddevypa 2.4.5 Av X; elvar pla opotdpoppa okokAnpdoiun martingale kat
limi— 00Xy = a otov L' yia kdnow a € R tére X; = a, 0.3.

Ilpdypan, olugwra pe to mapardvew Jedpnua éxovue éu Xy = E[X | F] 6-
mov X =limy_, o Xy = X 70 dpro tns Xy ovov L*. Epdéoov limi_0o Xy = a otov
L' 9a éovpe éu Xy = Ela | Fi] = a. H naparndvew wétnra woyve o.5.

H evarhonctind| anddet&n tou véuou 0 — 1 tou Kolmogorov anoteAel xAacoixd
TOPASELY L EQOPUOYHAS TOU VEWPHLATOC GUYXALONC OOLOUOPPA. OAOXATPOCLUWY
martingales.

IMopdderypa 2.4.6 Nopwog 0 — 1 tou Kolmogorov

Eotww X, pla axolovdia aveEdptntwy tuyalwr petafAntdr, n € N. Opilovue
g o-dAyefpes Tn, = 0(Xpp1, Xnta,...) kar T = (), Tn. Xy T, mepiéyerar n
TAnpogopia arnd tny petafAnt n+1 ka1 wépa, evdd T mepiéyel Tny aovuTTWTIKN
mAnpogopia kadds n — co. Av F € T téte P(F) =01 P(F) =1.

Anéde&n: Opilovue ng o-dAyeBpes Fr, = o(X1,...,Xpn) ka1 tnr otoxaonikn
dabikaoia Y, = E[14 | Fy] émov A € T. Elugowva pe to napdderypa 2.4.4n'Y,
elvar pta opowdpoppa odokAnpdoiun martingale ondre vndpye pila tuyaia peta-
BANTA Y tévowa dote Y, — Y (otov L') ka1 Y,, = E[Y | F,]. BAérovue Aoindy
on E[Y | Fn] = E[1a | Fpn] ya kdOe n. ZwverdsY = 14 0.8. E@doov dumg o
Xy, elvar ave&dptnres peta&d touvs n tuyaia petaPAne 14 elvar aveEdptnen g
o-dAyeBpas Frn. Apa Y, = E[14 | F,] = E[14] = P(A). BAénouue Aomdr én
P(A) =Y, =Y =14. H 14 elvat duwg pia tuyaia petapAnerj mov talprer puévo
ovo tiués 0 kar 1. Apa P(A) =01 P(4) =1.

Oa xheloouue Ty Tapdypapo oty Ue éva anotéheaia To omolo elvon ol tepa
xefoudo.
Ochpnua 2.4.3 FEotw X pia L' tuyaia perapAnti kar Fy uta oujdnon. Téve

Jlim B[X | F] = E[X | Fu]

émov n oUykAion elvar oxeddy BéBan (o.B.) kar Lt -oUyrhion. 25 Fo optletar n
o-dAyePpa Foo = (U Ft) 0nAadn n o-dAyefpa mov mapdyetar and ta ovvoa
A €U0 Tt

Anodeig&n: Bh. nopdptnuoa tou xepohaiov. O



2.5, ANIXOTHTEYX MARTINGALE 69

2.5 Avicotnteg martingale

Qo napodécouvue THPA OPLOUEVES BACXEC AVIGOTNTES TIOU LoyLouY Ylor martin-
gales. ©o mapadécovue T AVLGOTNTES YLal CUVEYT YEOVO OANd 1) YEVIXEUOT OE
daxprtd Ypovo elvar mpogavhc.

Ocwpnua 2.5.1 Avicétnta yra submartingales tou Doob. Eoww X
pta un apvnuxn) submartingale. Tdte yia ¢ > 0

cP(sup Xy > ¢) < E[Xn,{sup Xy > c}] < E[X,)]
k<n

Anodergn: BA. nopdptnua tou xepohaiov. O

H enduevn avicdtnta etvon enfone Wialtepa yeriowun

Ocdpnua 2.5.2 Eoww p > 1. Av X; elvar pla martingale 1) pia Oetikny sub-
martingale téte

El(sup | Xs )"] < B[ Xo ']

Anddelgn: BA. napdptnuoa tou xepohaiov. O

IMopdderypo 2.5.1 Av X, elvar aveédptnres, duoa kataveunuéves (iid) tu-
xales petaPAntés ya g omoles wyva P(X; = £1) = 1/2 ka Y, = Y1, X;.
Arnodetére dn

&}

Plsup | Vi[> a] < e in

m<n

Anédeldn H'Y, elvar uta martingale. Egéoov n cuvdptnon b efvar xuptn
ovvdptnon n e elvar pla un apynurry submartingale (PA. Ocdpnua 2.1.2).
Yuvends éxoupe

P[sup Yy, > a] = P[sup e®¥™ > %] < e % E[e""] = e~ (coshb)™

m<n m<n

émov ypnoiporotrjoape tny avebaptnota twy X; ya va vroloyloovue tny péon
nuh E[e¥]. EravatapBdvovyie to (610 pe ty —Y,, xar naiprovjie

P[sup (=Yy,) > a] = P[sup e Y > ] < =P E[e Y] = e (coshb)"

m<n m<n
Alpotlovtag nig 6V0 avtég arwodtnres nalprovue

P[sup | Y |> a] < 2e**(coshb)™

m<n
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Ereio1) yua kdOe b wxve coshb < /2 n mapardrve aviodtnta umopel va ypagel
)

Plsup | Yy, [> a] < 2e7ab+¥"n/2
m<n
Méxpt tddpa to b rav avdalpero. Av Aoimdr emAééovue b = a/n katalifyovue
oto ouumépaoa

w2
Plsup | Yy |> a] < ™3

m<n

2.6 H siaduxacio teTpaywvixng LeTafolng

To Yewphuata Tou axoroutody uag dtvouv €va yopaxTNELoUG YEVIXGOY Stadtxa-
owdv supermartingale cav tn dtaopd uiag martingale xou ulac adZovoag do-
duaotag. Ta Yewpuata autd etvon Wialtepa ypriowo o SLiPopeC EQapUOYES
e Yewploc Twv martingales, yio nopdderyua oe mpoAfuata BEATIGTONOMONG
.Y mpoPAfuata BélTiotne otdone (optional stopping). ‘Evo peydho uépog twv
npoBANUdTwY Tou eugavilovtal oTol YENUATOOOVOULXd uodnuaTtixd utopel vo
eExPPacTOVY Gav TEOBAAUTA AUTAHS TNG Lop@hc. Oa enavéhiouue ota TEoBAAU-
TOL VT XAL TNV AVLUETWILOY) TOUS APy TEQQL.

Oevpnua 2.6.1 AnocOvdeor Doob-Meyer Mia dc&id ovvexris opotdpoppa
odokAnpdorun supermartingale Xy umopel va ypagpel otny axdrovdn uopen

XtZMt—At

omov {M;} elvar pla de&id ovvexris martingale kar { A} elvar pta abéovoa sadr-
kaola (increasing process ) ywa tny onoia wyvet Ag = 0. Tdoo n My dvo kar n A
elvar mpooapuoopéves otny ouyinon nov tapdyer n Xy. EmmAéov n aroodvieon
avtn) elvar povadikn.

Anédeign: MMapakelnetor. BA. ny. [8].0

H anoocOvieon Doob-Meyer nalpvel ula xortd xdtt Stopopetint] Lopph otny dto-
%Lt Teplntwor oTov Ypdvo YU autd xou Ty mapatétouvue €dk. H amnoclvieon
auth oty dtaxplth tepintwon ovoudletor anoocvvieon tou Doob.

Ocewpnua 2.6.2 Ay X, n € N elvar pla supermartingale, téte vndpyer pia
martingale M, ka1 pla avéovoa dadikaoia A, térowa dote X,, = M, — A,,. H
M,, elvar petpriowun ws mpos tny Fp, kar n A,y elvar petpriogun wg mpos tny
Fn. YrevOuuilovue nwg Fp, = o(Xg, k < n).

Anodegn: Aev Yo doxudoouvue va nopadécoupe 860 Ty anddelln tou Yewpr-
HATOC 0TV YEVLXY Teplmttwor ohkd Yo ddoouue xdmolo oyEdto anddel&ng yio tny
Stoxplth meplnwon. A¢ oploouvpe Ty uetaBAnTY

My = Xp

Mn Mn71+Xn_E(Xn | .7‘-”71)
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Eivor edxolo va edéyEouue 6t 1 My, ebvan ulor martingale. Tdpo ag opicouue
A, =M, - X,. Téte

An = An—l +Xn—1 - E(Xn ‘ -7:71—1)

xon ool 1 {X,,} elvon ulo supermartingale unopolue vo SoUue and tov optoud
e supermartingale 6t A, > A,_1. A@rvouue tny anddelln e uovadixdtntac
otov avayvootn. o tig hentouépetes napanéunovye m.y. oto [27].0

Me Bdon 1o nopandvew Yewdenua UTopolUe vo oploovue tnv évvola tng Sadi-
xaotog tetpaywvixig wetaBolrc ulag martingale.

Opwonog 2.6.1 Av X, elvar pla tetpaywrikd odokAnpdotun martingale n Svo-
Suxaoia tetpaywvixf wetaBordg s (quadratic variation process) eivat
n owvexns avéovoa dadikacia < X >4 n omola elvar térowa oTe ) OTOYATTIKT)
dadikacia X7 — < X >; va elvar martingale n onota undevitetar oto t = 0.

H Sroduaoto tetporywvinic UETABOATC £xEL xou Eva SLPOoRETING YUPOXTNELOUO
o omolog Yo uag Qavel YeRouLog oTNY avdnTUET TOU GTOYAGTLXOU ONOXATEOUATOG.

Oplonog 2.6.2 EvalhoxTtixdg oplomos tng dradixaciog TeTpaywvixig
petaBoris Eotw A = {0 = tg < t1 < ... < ty = t} pla dapuépion tov da-
otipazog [0,t] kar X; pla tetpaywrikd olokAnpdorun martingale. H Siadikaotia
TETPAYWVIKTS UeTafornS tns Xy umopel va oplotel kar oav to dpio katd mavo-
mta

X >= 1 X, — X1.)?
<X >, ‘Algog( ti — Xi,)

omov | A |= sup | tig1 — ti |-

O mpdtog oprouds e dradixaciog TeTpaywvixc LeToforrc yia ula martin-
gale umnopel va ypnowuomnoindel xou yioo martingales oe SiaxpLtéd ypovo.

Yx6ho: ‘Onwe Yo Solue xat mopoxdtw oto xepdhato 4 6tay culnTRooVUE TNV
€VVoLaL TOL GTOYACTIX00 OAOXANEOUATOS, 1 Sladxacia TeTpaywVXTc UETIBOAAS
ulog ouveyole martingale umogel var oplotel xon U€ow TOL GTOYACTLXO) ONOXAT
pouatog. Tmé v €vvola auth 0 EVAANIXTIXGS 0ploude elvon TepLTTéC on Yo
unopovooue vo detouue otL oL dtadixaciec mou opilovtat oToug optopole 2.6.1
xot 2.6.2 tautilovion. Evd eyeic edd otnpilapue tnv Umopln tne dtodixaciog te-
TeaywVIXAC HETafohic oty anocUvieot Doob-Meyer Yo unopoloaue va tnyv del-
Eoupe anevielog xEvovTag YproT TOU 0pLOHOU TOU GTOYAGTIXO) ONOXANEOUATOG.
Do plor Tétotor ontn| Topanéunouue T.y. otov [15].

IMogdderypa 2.6.1 Ya mAaiowa tov mapadetyparog 2.1.1 éxovue dut < Y >p=
n.

Oa cuveyloovue Twpa Ue éva TOAD ypriowo anotélecua to onolo Yo ypnot-
pomotnel ToAd oty Yewplar TOU GTOYAGTIUOU ONOXANEOUITOG.
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Opiouodg 2.6.3 Avaduxacieg ppaymévng netafords (Processes of bounded
variation ). Eotw A = {0 =1ty < t; < ... <ty =t} pia dapépion wov daorj-
pavog [0,t]. I'a pla Swadikacia X, opilovue

StA = 2 | Xti+1 - Xti
i

Aéue du n duadikaoia X elvar nenepacrévng petafolfic (finite variation )
av ya kdOe t

Sy = sup S& < oo
A

Ay limy— 50 Sy < 00 Tlte Aéjie dnt n dadikaoia elvar Qeayrevng ETAHBOATS
(bounded variation ).

Oedpnua 2.6.3 Mia ourvexnis martingale {X;} pe nemepaopévn petaforn (fi-
nite variation ) kat Xo = 0 elvar {on pe to 0 ya kdde t, SnAadn X; = 0.

Aréde&n: Ac ovoudoouue Vi tnyv petaBorf tne X oto ddotnua [0,t]. Téte

k—1 k—1
E[th] = E[Z(thz+1 - thz)] = E[Z(Xti+1 - Xti)2]

OTOU YeNoyoTotAcoUE Tig WLETNTES TNG UTd cuvifinng Kéong Tuurg xaL To Yeyo-
vog 6t n X, elvon martingale . Ot Aentouépelec agprvovion oo doxmnon.
"Exovue duwg 6t

k—1
E[Z(Xti+1 - Xti)2] S E[SUP | Xti+1 - Xti
i=0 ¢

]

‘/t] S KE[Sup ‘ Xti+1 - Xti
(2
onou K elvon évar gpdryua yior Ty uetaolrr tng Stadicaciag. Kodde A = 0 Moyw
e ouvéyetac e Xy, to de&io uéhog e tootnTac authc telvel oto 0 €tol Wote
EX{]| -0 = X, =0, Vt, 0.p.
Auto xou ohoxhnpidvel Ty anddeln. O

H dwoduxooio tetporywvixric uetoforic unopel va yevixeudel xan otny meplntw-
o1 mou €YoUUE TEpLoabTepeg and ula martingale. Mmropolue téte var opioouue
™y and xowou Siadixacio TETpaywVIXAC UETABONAS.

Opiowodg 2.6.4 Eorw M xat N dvo tetpaywvikd olokAnpdoipes martingale.
H and xowol Sradixacia tetpaywvixig hetoBolhg (joint quadratic vari-
ation) twv M kair N opiletar n duaudikaoia

<M,N >:=-(<M+NM+N>—-<MDM>—<N,N >

N =
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H amo xowol Swdiacio tetpaywvinic uetofolfic dvo martingale €yer xou
évay evolhaxtixd oploud o omolog umnopel va efvon yproluog.

Opwo6g 2.6.5 Evalloxtixdg oplopos tng and xowol Siadixaciog te-
Tpaywvixis petaforfic Eotw A = {0 =ty < t; < ... < ty =t} pia dapépon
Tov Baotiparog [0,t] kar My, Ny 600 tetpaywvikd olokAnpdoiues martingale. H
ané kowov dadikaoia tetpaywyiknig petaforrs twy My kar Ny pumopel va opiotel
ka1 oav to dpio kard mbaviTnra

< M,N >;= ‘ii‘gozi:(MtiH - Mti)(Nti+1 - Nti)

omov | A |= sup | tig1 —ti |-

HMoedderypa 2.6.2 H < M, N >; elvar n povadikn dadikaocia téroia dote n
otoyaotikn owdikaoia MyNy— < M, N >; va elvar uia martingale n omoia un-
Oeviletat oo t = 0.

Ilpdypan, pumopolje va ypdipouvue

1 1 5, 1
MtNt - §(Mt +Nt)2 - §Mt2 — §Nt2

Agpapoljie ka1 aro ta 600 pékn tns oxéons avtig tny moodtnta < M, N >; kai
XPnotuonolwytas tov optopd 2.6.2 maipvovue
MiNi— < M,N >; = (My 4+ N;)’—= <M +N,M+ N >)

+

N — N =

ME— < M, M >, 41 N7— < N,N >,
2

Kdvovrtag xprion twy 161otrtwy tng dladikaolas tetpaywriknig LeETaforns yia pia
martingale to {ntoduevo émetar.
Me Bdon v mapatripnon avty purnopolue va detéovpe 0Tl Yra omolovOnToTe Teme-
pacuévo xpovo otdons T 0y UelL

E[M.N,] =< M,N >,

2.7 Martingales oTtny OLXOVOULXY,

Ot Sradweasiec martingale Bploxouv moAES ypriouUeS EQapUOYES OTNY OtOVOULXH
Yewplo. Mio and tig TA€oV eVOLOPEQOUGES EQUPUOYES, ElVAL OTNY YENUATOOLXOVO-
UL ooy UOVTERD YL TLS TUIEC TV YPEOYPAPwY ot ula ayopd R otny amotiunon
YPNUAUTOOXOVOULX®Y TEPLOUGLAXWY GToLyElwY. ANNeg evdiapépouoes eQapUOYES
elvan oe mpofhiuara BéNToTng oTdong B YevdTtepa o€ TROBAAUTA EAEYYOU.
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2.7.1 Ou tLpég TV Ypeoypdpwy wg martingale

Iy YeNUATOOXOVOULXY, OL TYIES TV YPEOYEAPWY LY VA YewpolvTal 6TL £Y0UV
xdmota dour) martingale. To unddetyua AUTO YOl TIC TWEC TWV YPEWYEAPWY U-
nootnplydnxe toyupd anbd tov Auepicavé owxovouoldyo Paul Samuelson 2. To
unodeLya auTo Unopet va cuvdedel ue Baoinéc uTodéaels yia Tig aTOdOTELS XaL Tig
TPOTWACELS XolL dpor unopel var ouvdedel ue dAAec owovouée Yewplec. Enlong to
unddetypa autod pmopel vo cuvdedel Le Ty udleon TN ATOTEAECUATLXOTNTAG
g ayopds (market efficiency ) nou ypnowonoteitar TohO cuyvéd oty yen-
patoowovouh. XNougwva ue tny unddeon auvty 1 }dN undpyovoa tAnpopopla
Yo TV oLxovouior avToVoAdToL OTLG TLUEC.

Oa nopovaidcouue €3 ev cuvToula Ta EMLYELEUATO ToU Samuelson Tou yer-
owonoinoe ya vo utootnel&et TNy Véom 6t oL Tég €xouv Ty WéTHTA martin-
gale 3

Ac¢ Eexwvrioouue napovatdlovtag Ty Staudyn UETAED 3U0 SLapopETX®Y Ty 0-
MOV owovouhc oxédng xan Yo tpocnadfcovue vo Selfoupe nwg To entyelpnua
Tou Samuelson xotdpepe vor TG cLUPLALOCEL. Miot oyolr elvon 1 oyoAr Tng Ve-
HeEMDBoLG avdhivong (fundamental analysis) cOugwva ue Ty omolo 1 €v-
doyevrig 1) Wepehddng’ Tun eVOS YPEOYPAPOU LOUTAL UE TNV POT) XEQUAXLWY TNV
omnola 10 Ypedypapo autéd eEacpahilel aTo UEANOY GTOV XATOYO TOU, EXOVTIUC Ad-
Bet unddn ™y xoTdAAnin Stopdwon we Tpde TV alio Tou yeRuatog (discounted
cash flow). Ot mparypotixée (napatnpolueves) Tuyléc Tapouctdlouy dtaxuudy-
oelg YOpw and Tig Veuehddeg Tyés. Etol, obugwva ue tnv oyold auti, évag
0ZUdEEUNC AVIAUTAG UTOPEL YPTOLUOTIOLWVTAS TNV XATEAANAT TANPOPOpla Var UTto-
hoyloel v Y| xdmotou ypeoypdpou. Kéodoc umopel va emitevydel aryopdlovrog
1} TOLAGOVTOC U1 CWOTE EXTLUNUEVA TEOLOVTA, XAl OTNY TERINTWON AT OUWS 7
mparypotixy (opdoloyn)) toug alia eviéhet Va gavel! Auth n dewplo oy mohd
ayannT 6ToUC *AAGOIX0UE OLXOVOULOAGYOUS ohhd eV galvovTay vo Loy Vel oty
TpdEn. Audopot epeuvntéc (UeTall dAAWY xat o dudonuog otatiotixde Kendal 1
0 Yvwotog and v Yewpla wwv fractal Mandelbrot) pekétnooy v cuunepLpo-
PS TV WGV SLopdpmV YPEOYPAPWY X0 XUTAANEAY OTO CUUTEPUOIO OTL OL TLIES
@atvovton ooy va elvon Thfpwe tuyales. H nopoathenon aut édwoe ednon otny o-
vémtugn plog oelpds LTodelYUdTwY Ta onolo ovoudoTnxay LTodelyuota Tuyaiov
neptndtov (random walk models). To yovtéha autd galvovtay (Touldyt-
otov Ty enoyh auth) TeEElwS eExTOC TOoU YEVdTEPOL Thatolou TNe Topadootaxhic
OLXOVOULLXTC OXEPTC.

Oa nopovstdcoupe Topa To entyelpnuo Tou Samuelson. Axolouddviog Tnv
ontix) Twv onad®y e Yepelmdous oyolfic (fundamentalists) 7 twun uioc yeto-
YhS TV yeovixh otiyun ¢ o TEETEL Vo AV TOVOXAGL TNV OVAUUEVOUEYY, LEANOVTLXY
T e, ouv o Ueplouata, TEOEE0PAOUUEVT TNV CTUEELVT) NUEEA

pr = (]. + T)_lE[pt+1 + dt+1 | ft]

H oyéon auth etvar uia xodopd ‘opohoysy’ ayéon. Onwg duwe Yo dodue uno-
POUUE amtd TNV GYEOT AUTH Vol TEPOUUE [id Tuyodar xou ampdBientn tocodtnTa. Ag

20 Samuelson tydnxe ue o Peafeio Nobel to 1970 yia Ty owxovourxy emotiun
3 Aelte 10 mOM) xatatonioTind dedpo [22]
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ovoudoouue hy tov apriud Twy Ypeoypdpuwy Tou xatéyel éva auolBalo xe@dioo
™y yeovuxh otiyun t. Tote n a&lo tou auolBoiouv xegolalou TNV Ypovixh oTlyun
t, mpoeogphobuevn Ty ypovix otyur) t = 0 o oy

v = (1+7) "pehy

Ac Yewprioovue topa 6L 10 auoBalo xepdhato totovetel o eloddnua Tou o-
6 o yeployara Eavd oe véa ypebdypaga (emavatonodetel o x€pdn Tou amd To
ueplopora ot petoyéc). Tote

Prrrherr = (D1 + dig) by
Ac unoloyloovue thpa TV UTS cuVITXN PéoT Twh TG TEoeEoPAnUévng TN

(discounted value) tou ouoBaiou xepahaiou we TPog TV TANPogopia oL Elvor
Stodéotun v ypovixh otiyur t

Bl | F] = E[(L+1)" " peiher | F]
= E[(1+7)"" (g1 + diga) e | Fi
= (1+7) " (1 +7) ' Elpiyr + diyr | Fi
= (147 "phy =v;

H oyéon auty| delyver otL 1 a&lo Tou aotBaiou xepolaiov, vy etvon plor martingale!
‘Etol, é0tw %o EeXtvOVTAC omd €vol LOVTEAO TOU ZEXWVEEL OO TNV OTTUXY TNC
Yeuehiddoug oyohnig unopel var xotohEoUUE UE TOGOTNTES TOU €YOLY IOTNTES
martingale. Mmnopel ot Tyéc TwV Ypeoypdpwy autéc xadeautéc vo unv elvan
martingale ohA& n nocdtnta v; mou elvon Gueca cuvdedeuévn pe avtéc, elvat
martingale.

[epattépw, ypnoylonotvtog WiéTnTeg Twy martingale o Samuelson anédete
ot

oo
pe=> (1+7)IEldy; | Fi]

j=1

T0 omolo uag el OTL 1) T TS UETOYAC TNV Xpovixh otiyun t elvan (on ue To
ddpotopa ng péong TLunc (avopevouevne TLunic) Tne onuepVc o&log Twy UEARO-
VIV Peptopdtmy. Auté elvar enlong éva anotéheoua to onolo elvar cuuBiBoacto
e ula drodn e Yeuehwdoug oyohic.

2.7.2  XpnUuotooLxovouLxy o€ dtaxplto yeovo: Egapuorég
g Jewplag twv martingale otnv arnotiunorn yeco-
Yedpwy

Ac Yewprioovue v otoyaotiny dadixacto X;, ¢ € N Auth n otoyaotxt| Stadi-

xaota Yewpolue 6t unopel va neptypddet Ty tlun evog ypeoypdpou tig SlaxpLtéc

ypovuéc otiypég i. To yeyovde 6t o ypdvog elvon Stoxpttog dev elvon 1660 xoxd,

dedouévou GTL oL TYES XATOYPAPOVTOL GE GUYXEXPLUEVES OTLYUES TNG NUEPOS T.Y.
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oTO dvolyua xou To xAelowo g ayopds. 'Etol ou xatayeypauuéveg TUIES TV
Yeeoypdpwy unopel vo Jewpricouue OtL Topdyouy ula otoyaoTixy| dadixacio oe
SraxpLtd ypodvo.

Ocewpolue Twpa o GLAOYY TETOWY oToYAoTXWY dadxaotdy {Xnit, 1
xadeuld and Tic omoleg avtiotoyel oty Ty eVvoc SeSouévou ypeoypdpou (To n
yopaxnellel To YpeSYPaPo Xl TO i TOV Ypovo). ATo To Ypedypapa oUTE Evol
nallel Stapopetind poho, xadwg Vewpeltor 6Tt dev euneptéyet xivduvo xat Yo to
ovoudloupe opbhoyo (bond). Ta oudhoya, ot TAAGLY TOU AmAol ALTOV UO-
viélou mou Yo napouctdoovpe, unopel va Yewpndolyv étu nallouv tov pdro uloc
aoporole tpanelnhc xatdeons. To eldixd autd ypedypapo moAAéS (opég Vo
Yewpelton 61t mallel Tov pdho Tng povddog HéTenone WE TNV omola UETPAUE THY
aglo xdmotou dAAou YpeoYpdpou mou umopel vo euneptéyel xivduvo. Oo Yewpr-
couue eniong 6Tl uTdpyEL xdmolo eTLTdXLO T avd Teplodo, ondte xdle neplodo N
aglo Tou ypruatog avgdvel xotd éva napdyovta 1 4+ r. Etol éva oudloyo ofiag
Xo,0 Ty xpovuxh otyud ¢ = 0, Yo éxer afla Xor = (14 1)t X0 v ypovo
otiyun t. H Xo 4 unopel va ypnotuonownel yior vo uetopépet tnyv o&la omotoudt-
TOTE YPEOYEAPOL GTNV Ypovixr oTiyun t oty avtlotolym tou ofia Ty Ypovixt
otyuht = 0. Etorn X, = f(;: elvar m o&lor v ypovinh ouyun t = 0 tou
Xeeoypdpou Xy, 4 UE TNV €vvola Tou GTL efvan 1o Too6 ou av Tonodetniel oe ula
aopof enévduon ofjuepa (t = 0) Yo anodmoet 10 1066 X, 4 TNV YEOVIXTH OTLYUR
t. H X, 4 ovoudletor npoeZoghnuévn Tuuf.

Tapa Yewpolue bt cuviétouvue Eva yapto@uAdxto. Eva yaptopuidxio dev
elvon tlnote g0 amd ula cuAAOYY amd ueToyéC xaL oudhoya. BOewpdvtag Ot
an,; elvar 1 TocdTTa XouuaT@Y and 10 x&de ypedypago n, n = 0,1,...,N tnv
POV otyur| @ 1 ouvolu?| adlo Tou yopTogulaxiou TV ypovixh otiyun @ Yo
ebvon Vi = >0 0 @n,iXn,i- YTOOETOLUE W TO YOPTOPUAGXLO EVIIUEPWVETOL TNV
YOV GTLYUY, 1, £YOVINC YVWOT LOVO TV TUIMY UEYEL TNV Yeowxr otiyur i — 1.
H nopandve unddeon unopel va exppaoctel ypdpovtag 6t ot (tuyalec) uetoPAntéc
an,; elvon Fi_q petphiotdec § 6 apn; € Fi—1 ( 6An 1 minpogopla tou ypetdletan
YLOL VO ATV THGOUUE EPWTNOELS OYETES UE TIG TUUES TTOU odpvouy ot UEToBANTES
Gn,; TEPLEYOVTAL TNy 0-GAYeBpa Fi—1 n onola elvon 1 TAnpogopia tou unopel vo
AneUel Tapatnedvtae T otoyaoTé Stadaociee X, ; wg TNV yeovixh oTiyun
t=1i—1).

Oewpolue TOPa 6TL TNV Ypovixr] oTtyUr t = 1 €Vog EMEVOUTAC XPAUTAEL Gy ;
povddec amd 1o ypedypapo n. H uetaforr tne tiunc tou yeeoypdpou auto
and v ypovix| oty t = i — 1 oty ypovud otiyur t = i elvan AX]! =
Xn,i — Xn,i—1. To xépdoc tou enevdutol e€artiag e xivnong e TS Tou
ouYXeEXPLEVOUL Ypeoypdipou elvon GF = a, ;AXT. To cuvolxd x€pdoc amd ol
Ta YpedYpapa TNV yeovxh oTiyun t =i elvar G; = Zgzo G} = Zgzo an i AX].
YTrodétoupe dtL n ol Tou yopToguiaxiov urnopel vo uetaBAndel uévo egartiog
TV XEPdOV and TV xivon TV TWOVY TV Ypeoypdpny Snhadl Sev tpootideton
1 aponpeitan xavéva eEwTepd YpNUatixd 1066 aTo YopTo@uAdXo. Kdtw and tig
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ouviixeg autég N adlo Tou yaptoguALXiov TNV Ypovixh ottyur t Yo elvon
t
Vi=Vo+ ) G (2.1)
=0

‘Eva tétolo yaptopuidxto (Snhadh ulo tétota otpatnyix| ENEVOVCEWY Ay ;) OVO-
Héleton avto-ypnuratodotovuevo (self-financing). Ané tov oplopé evéc avto-
YeNuatodotoluevou yapTtogulaxiou umopolue vo dodue 6t 1 o&ial Tou YoPTOPU-
haxdou autol efvan o petaoynuatiouds martingale tov X, ;. O petaoynuotioude
martingale efvar To doxpLtd AvdAOYO TOU GTOYAGTIXOV OAOXANEWUATOS.

And v & peptd, 1 adio Tou yapTogulaxiouv autol TNV Ypovix oTtyur ¢
umnopel va dodel xou and v oyéon V; = ZnN:o an,iXn,i. H napandve oyéon -
oy Vel aveEdpTnTa amd TO AV TO YUPTOQUASXLO Elvol aUTOYENUATOSOTOUUEVO 1) O)L.
Av 10 yaptoguidxio elvar auTé-ypnatodotoluevo, cuvdudlovTag TNV TaEUTd-
v oyéon ue v e&iowon (2.1) BAérouue OTL Yol EVal AUTO-YENUATOSOTOVUEVO
XOPTOQUALLO Loy DEL

N
> AaniXpi1=0 Vi

n=0

H nopoandve oyéon et 6t 1 odpolotiny| entdpoon twv UeTaBoAOY TNV yeovix
OTLYUT § TV TOGKY Tou xdde YpeoYpdPoL oL EYEL GTNV XATOYY) TOU EVG ETEV-
duthc mpénel va e€loopponeltan. Autd yivetow mo xadopd dtav N = 1 Snhady
undipyeL Lovo ulo uetoyn xou utor opohoylo. Mtnv neplntwon avty elvar govepd
amd TNV TApATAVG OYECT OTL oL AAAIYEC OTO TOGS TWV UETOYWY TOL €YEL OTNY
xatoy 1} ToL 0 ENEVOLTAC TEETEL Vo TANP®VOVTOL amd Tar xEEdN oL Ao BdvovTon
and v ohhory) Tng TS TN oohoylag xat avtiotpopa.

Ou tée evdg ypeoYpdpou Elvor O YUPOXTNELOTIXES oV ELVOL XAUVOVIXOTIOL-
Héveg wg Tpde xdmoto oxeTxod Héyedog, To omolo unopel vo emheyel vo elvon 1
T TV opoloyi@y. ‘Eva evdiagépov anotéheoua elvar 6TL av €va Y apToQUASXLO
elvol U TO-YENUATOSOTOUUEVO TOTE XOL 1) XAVOVIXOTIOUNUEVT TOU Lop@r] Yo elvon
xor ot awto-yeruatodotoduevnt . To anotéheoua outd TOMNEC Qopéc oTny
YENUATOOXOVOULXY) avVapépeTaL ooy To numeraire invariance theorem. ‘Apa yio
€VaL AUTO-YPTLATOSOTOVUEVO YAPTOQUAAXLO EYOUUE OTL

Vi=Vo+ G

6mou V; = Zf:o an,iXWv, va = Ni_an’,v, %O TOPOUoleS Lot TNV G. H Suodi-
xaoto N etvon 1 dtadixacior TRy onolo YeNoULOTOLO0UE VLol TNV XAVOVIXOTIONGT),
xou yror Ty omola ywelc BAABN tne yevixdtntag Yewpolue twg Ng = 1. Xe mohhéc
nepuntoeg Ny = Xo ;.

Ou elodyouue tpa v Booixr évvola tou arbitrage Me v évvola
arbitrage évvoouue éva yopToguAdxLo To onolo umopel va emupépet BéBano xépdoc
xwelc xtvduvo. O padnuatindg oploude tou arbitrage elvar o axdhovdog

5

4EZunaxovetar 6Tt 1 Sradixacia cOUPLYR Ue TRV omola xavovixotodue elvon Tavta DeTuxy.
5 , ’ ; ’ . , , .
O eMnvixdg 6pog Vo nopoloE Vo Aoy TeoxeLomn oAl epdoov dev exel xadiepwiel Yo
TPOTLUNCOLUE TOV avTioTowy o ayyAxd bpo
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Opiopog 2.7.1 Eva yaproguldkio a elvar éva arbitrage , av elvar avto-ypnua-
todotoUievo kat av wyve Vo(a) = 0 kar Vi(a) > 0 ya kde t kar E[Vr(a)] > 0.

1o napamdve yedgoupe V(a) ya va xodoploovue 6t auth glvon 1 oToyooTixy
draduxactor mou avtiotouyel oty a&ia eVos cuyxexpluEvou yapTtogulaxiov a. Tlo-
poro nou To arbitrage etvon 1o dvelpo Tou xde enevduth dev elvar amodext oty
yenuatoowovouwy yiortl Yewpeliton 6t xwvel tnv aryopd UaxpLd and Ty xortdoTta-
o1 woppotioc.

"Evoc nepottépw TEPLOPLOUOC TOU ETLPEROUUE GTNY GTOYACTLXY dladixaotor Tou
avtiotoyel ot éva yopToQUAGXLo elvor 6Tt 1) Stadixactor auty) Yar mpéner var elvon
AW QEoryUEVN amd Eva TETEPACUEVO apvnTixd apudud. Auth 1 Wdotnto xohelton
L3LoTNTal Tov anodextov, (admissibility ) xou 1 owovou| Tng onuacia lvor
oTL évag enevdUTAC €xeL €va TEPLOPLOUEVD TEpLIWELo Ypéoug Tplv avaryxaoTel vo
eyxatoheldel Ty ayopd. ‘Ol tor yoptopuAdsea ta omolo Yo AdBouue undn uag
Vo €youv TV WLOTNTAL AUTH.

Elpaote téhpa o Oéon vo Sodue tnyv mpdtn e@apuoyT tne Yewplog twv martin-
gale oty ypenuatoowovouxr. To Yedpnua tou axoloudel Aéel ovolaoTixd 6L 7
anoucio arbitrage oe xdmota dedouévn ayopd elvor LlGodvoun ue Ty Unapén evog
Lo0dUVAUOL UETEPOU XdTw antd To onolo 1) TEOEEOPANUEYY dadxacior TwY TYIWY
(discounted price process ) elvon uia martingale. "Eva tétoto pétpo ovoudletan
10 Lo080vao uétpo martingale ( equivalent martingale measure)S.

Ocdpnua 2.7.1 Aev vndpyovr evkapies arbitrage oe ula ayopd av kar pévo av
undpyel €va 1wodlvauo pétpo martingale

AT6dergn: Oo anodeloupe e3¢ U6VO To Lxovd dnhadr| 6T atv UTdPYEL LoOSVVAUO
uétpo martingale dev Qo undipyel arbitrage otnv oryopd. XpenollomolwyTag entyet-
PAUOTA AVEAOYAL UE AUTE TOU YENOLUOTIOMACHUE Yot TNV am6deln Tou numeraire
invariance theorem umnopoUue va dolue 6TL éva yopTopuAdto elvar éva arbitrage

av %ot UOVO oV OTIOLUSHTIOTE XAVOVIXOTIOLNUEVT] Lop®Y| Tou efvon éva arbitrage.
Ou gpyoaotodue Aottby Ue TV Tpoelophnuévn uopgn (discounted version ) e-
voc yaptoguhaxiov. T Ty a&lo evog auTo-YpNUatodoToVUEVOL YoapToQUAaXiou
oy Ve

t

u=1

OTOU Y PTOLLOTOLHGUUE TNV CUVTONOYPUpLd ay - AX, = 25:0 an AX?. Ocw-
POUME 6TL X4t amd 10 PETpo @ 1 atoyacTixy dadixacio tpoeo@Anuévng TS
(discounted price process) X efvor o martingale we mpog xdmota Suidnomn (F).
Téte epéoov 1 V ebvor o uetaoynuotiopée martingale tne otoyaotinic Staduxar
olac X ebvon xou oauth uio martingale xdtw améd to uétpo Q xon Ty duhdnon (F).
H W6t martingale onuatver 6t

Eq[Vr] = Eq[Vo]

6 Ao pétpa Aéyovia toodlvoua av éxouy ta (S undevixd ovvoha (null sets) Snhady P ~ Q
av P(A) =0 = Q(A) = 0 yw xdde chvoho A tétowo wote P(A) = 0.
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Av Vo =0 xoe Vi > 0 0.8. ©¢ tpoc to pétpo @ t6te amd tnv Wdiétnto martingale
éxouue 61t Eg[Vr] = 0 70 onofo (uall pe tny Wbtnta Vr > 0 0.8.(Q)) poc
dtver 6 Vp = 0 0.3.(Q). Agol ta pétpa P xon @ elvon LoodOvaua xat 1 €vvola
oL oyeddv BéPana elvan plor WioTHTAL TOU TyETiEToN UE GOVOAA UETEOU UNBEV
UTopoVUE Vo BOUHE Twe oy x3TL Loy Vel 0.6. we Tpog To uétpo P téte toylel 0.0.
w¢ mpog To Uétpo (@ xan avtlotpopa. To mapandve emvyelpnua delyver xodopd
otL av umopel vo Bpedel éval tloodvouo uétpo martingale (equivalent martingale
measure) ) téte dev undpyouv euxatples arbitrage otny oryopd.O

Yxo6ha 1. To pétpo P elvor 1o pétpo mdavotntog mou ENGyETaL omd TNV GTo-
Yoot dodixaoto X;.

2. To Yedpnua autd woyler xou oty TepnTwon Tou cuveyolg ypdvou. XTnv
TEPIMTWOTN AUTH UTEPYOUY TEYVXES TNG OTOXAUOTUXS AvdAUCTC OL OTOlEC [UTopEl
vaL yenotonotndoly yia tov EAeyyo e Unopéng toodivauwy uétpwy martingale
(BMéme to Vewpnua tou Girsanov). Teyvixéc yio Tov Eheyyo tng UTopEng TETOLWY
LETPWVY ot BlaxpLtd ypovo Eyouv tpotadel factouévec oto Yewpnua Tou Stoywpl-
Covtog unepeminédou (separating hyperplane theorem).

H Unopén evée loodbvopou pétpou martingale emttpénet enfong xon tnv dixona
amoTUNOT 0PLOUEVGY TORAYWYWY CUUBOAULWY 1| YEVIXOTERO GUYXUELOXGY GUUBO-
Aolwv (contingent claims). "Eva ouyxuplaxd cupBbéhato (contingent claim ) etvor
éva ypedypapo Tou onolou 1 a&lo elvon plor Tuyodo wetaBinth. Lt neplocdtepes
TEPLTTWOELS Elvor €vol YpeEdYPaPO Tou 1) TN Tou e€opTdton amd Ty T xdmoLou
dhhou ypeoypdpou Tou anoxohelton Boowxd (underlying asset ). Ilopadelyuorto
oLYXUPLIXAY cLUBOASLWY elvar Tar Suxonduora (options ) # tor cuUBONoLA LEANO-
vixhc exmhMipwonge (futures) xAr.

Modnuartixd unopel vor oploouue éva ouyxvplaxd cupfoloo cav wlo Un-
apvnTixh tuyata wetoBAnth F' ) omola elvar F UETEAOLUT, XL OVOTAELOTA €val
ouuféiono Tou To Toob F(w) tny ypovix otyud T av ouuBel to yeyovéc w. To
cuufBéhono awtd unopel var ayopaotel B var twhniel omoladAToTE Ypovixh oTiyun
t <T. Tnv ypeovuer ouyuh T' 1o cuyxuptaxd autéd cuuforoo éxel a&ia ton ue 1o
TOG6 TOL ATOPEREL GTOV XATOYO ToL dNAadY F. 'Eva Baowxd epdtnuo mou amo-
oyokel TNy yenuoToolxovouLxy eivar 1 amotiunoT evog cuyxuELaxol cuuBohaiou
1 ARG TOCO TEETEL VAL TANPWOEL XAVELS YLoL TO GUHPBOANLO QUTO TNV YPOVIXT
otyur t omou t < T

‘Evog tpémoc var oplooupe v TLun evég tétotou cuBolaiou etvon o axdiou-
Yoc: Ac¢ mpoono}oOUUE Vol XUTUOXEVAGOUUE EVOL YAPTOPUASXLO @ TOL oTolou 1|
TLh Ty yeovix oteyuf T elvan lon 0.5, pe y adlo e anaitone F(w). H apyt-
xf aglor Tou yopToQUANXioL CUTOL THY YPovixn oTiyUN t elvol TO TOG6 TOU TEETEL
enevdulel and tov TwANTH Tou oupfolaiov Yia Vo cUVIEGEL €val YUPTOPUASXLO
T0 omnolo Yo avanapdyel ™y o&ia Tou GLUBolaloL (TNg amALTNONS) TNV XPOVLXH
otiyun T, xow xatd tov tpémo autd Va emttpédel oTov TWANTH Tou GuUBohaiou
VoL avTomoxpLtlel oTNY UTOYEEWOT] TOL WE TEOS TOV X3ToY 0 Tou cuuBolalou. Autd
elvan 1 agloAdynon tou cuuBohaiov and TNV TAevpd ToL TWANTA. Mio TopduoLa
a&tohdynon tou cuufolaiov umopel va yivel xou amd TRV TAELEE TOU AYOPUGTH.
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Y10 Véuo autd Yo emavérdouue oe endueva xepdhoa. To yaptoguidxio to o-
nolo avomapdyel Ty a&ia Tou cuuBolalou ovoudleTal avamAEdY WY YoUETOPUASXLO
7 hedging portfolio 1 replicating portfolio . H xataoxevy| evéc tétolou yopto-
pulaxiou dev elvor tévtote euth. To av elvar duvarth 1 oyt e€optdton and T
Wibtntee e ayopds (TAnpdtnta e ayopds, completeness).

Av downby umdpyel éva yoptoguAdo tétoo Gote Vr(a) = H o0.6., tote
N Twh g anoltnong Ty yeovixh otyun t dev elvon dAo amd v o&ia tou
YopTopUAdoL Ut TY Ypovixh otiyun t, éotw T(t) = V;7. Oo epyaotolue pe
v poeZopinuévn Sadixacia X = X/X0 = X yia v onola éyouue

Vi =& F

Trodétouue tdpa v anoucta arbitrage otny ayopd. Liugwva ue 0 Yedpenuo
2.7.1 undpyeL éva toodivauo uétpo martingale @ xdtw and to onolo 1 oTOYACTIXT
Siodixactio X efvon pio martingale . Téte duwc 1 Srodixactio afloc V Yo elvor
xou vty martingale ool elvar o yetaoynuatiou6c martingale g dtodiactog
Twov. Ané v WBiétnto martingale tne V éyouue

EQlVr | F] =V
xow GLVETOC N a&la (Twun) Tou cuuBolaiou T ypovixt otyun t Yo etvan
n(t) = EQlérF | Fil.

H mo xowd emhoyt| yio to & etvor 1 (1 4 7) 7 Snhadh yenousonotodue Ty T
ToL oUoAGYoU oav numeraire. H 1y tou ocuyfBoiaiou tn ypovixh otyur t = 0
elvon 7(0) = Eq(&rF) omou Fo = O = {0, Q} (dev éxouue xopulo yvodorn oyetxd
e v dadixaoior TGV EQOGoV LGNS apylCoUE VoL TNV TOpATNPOVUE).

H uédodoc twv martingale uog Sivel évay xoAd TpoTO VoL ATOTUUHCOUUE €Vl
ouyxvptoxd ovuforoo F, apxel BéBoua vo unopécouue va Bpolue to uétpo @
70 omolo petatpénel Ty tpoeZophnuévny Sadixacia Tudy X oe martingale. Yto
TOPOATL TOEASELY AL SIVOLUE Vo TPOTO UTOAOYLOUOU ToU HETPOL auTol GE €val
OUYXEXPUIEVO BLlaxpltd UoVTERO.

Hopdderypa 2.7.1 Kataoxevs) tou EMM oto Stwvupuixd movtélo tng
ayopds.

Eva povtélo mov ypnoiuomoreitar modU ouxvd ya tny mepyypagn uias ayopds
efvar to dwwrupkd povtélo tng ayopds. XYe pia amAn popen tov povtélov auv-
ToU urndpyel ula petoyn kar éva opdroyo. H tun tov opoAdyov akodovlel tnr
owdikaoia

X()’t = (1 —+ T)tX()’O

H petoxrj éer avénon Ripq1 = X1 441/ X1 Ty xpovikn meplodo t ion pe (1+ a)
i (1 +b) pe mlavétnra p kar 1 — p avtiotolyws. Or avéfoes elvar aveEdpTnteg,

TAutd guowxd toyvel oty TepinTwon 6mou éxouue amoxhelosl TNV UTAPEN EUXALELHY YLOL
arbitrage otnv ayopd avty.
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opowa kataveunuéves tuyales petafAntés. Yta akédovla Ua mapaleimovue tov
OcilkTn 1 and tny Tun g Hetoxns.
Xpnoworowdvras tny mponyoluevn pebodoroyla umopolue va dolue du n
aéla evés ovykupakoV ovpfolaiov F Ty xpovikn otyun t elvar
n(t) = EQlérF | Fi]
omov ér = (1+7)~T (ypnorponootue Ty akia tov opoAdyov oav numeraire) xai
Q elvar To pérpo mavénrag kdrw ard o onofo n Sadikacia Xy = (1+ 7)1 X;
etvar martingale. Ioid elvar To pétpo Q; B
Egpdoor kdtw amd to uétpo avtd n dwadikacia X; elvar martingale tote
EQ[Xt | Fea] = Xi
AMNd Xy = (14 7r) Ry Xy—1 ondre avuxadiotdvrag oto napardvew
EQ[(I + T)itXt_lRt ‘ ft—l] = (1 + T)itXt_1EQ[Rt | .7:,5_1]
= Xa=04+nr"Yx,
epéoov Xy elvar Fy_q petprioiun kai to emirokio r Jewpetrar oralepd. Aaipcr-
vtag pe to (14 7))t Xy—1 maiprouue éu

EQ[Rt | -7:t71] =1 +r

Oa ypnoponoujooupe tny Whidtnta avty ya va Ppolue to pétpo Q. Aol o Ry
elvar ave&dptnres, duowa kataveunuéves petaPAntés

Eq[Ry | Fi—1] = EQ[R]

Ag vroOéoouvpe tdpa 6t Q(R; = 1+a) = QR = 1+4a) = 1—q kar du
Q(R; =1+b) =Q(Ry =1+b) =gq. Tdre o1 60 mapandvw eEiodoes pag divovy
ot

r—a

EQ[Rt]:(1—q)(1+a)+q(1+b):1+rﬁq:b_a

To véo pétpo Aowmdv elvar téroto dhote
t
Q(R1 = W1,R2 = W2, ...,Rt = wt) = Hqi
i=1

émov

q, av w;i=1+b

=11 =1
—-q, av w;=1+4+a
Imuetwon: To pérpo avtd opilevar pévo av a < r <b. Ava =b to povtédo

avtd dev éyel onuacia kat otny ovola efvar vTeTepuULVIOTLKO.

‘Exovtag Aoimdv uia emAoyn ya to wodvauo nétpo martingale Q umopolue va
vroAoyioovpe tny aéia tov napaydyov ovpuporaiov. To povtélo avtd mpordOnie
ané wovg Coz, Ross kar Rubinstein kat elvar to dtakpied avddoyo tov povtélov
Black-Scholes [7]. Mropel pdliota va deyyOel dtt to diakpitd avtd povtédlo ov-
ykAiver o€ avtd twv Black-Scholes.
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2.7.3 Movtéha avalhtnong (search models)

Evo axdua nopddelypa 6mou 1 Yewpla twv martingale unopel va ypnotuonourndet
oo oteovouxd, etvan 1) owcovoutx g avaltnone. Oo topouctdloupe TopddeLy-
ot TETOoL [LOVTEROL 86, xou cuyxexpLUéva évar UovTélo avalftnong epyactog,
70 omolo éxel ypnowwonondel apxetd oty BBloypapia.

Ac Yewprioovue bt éva dtopo avalntel epyootio xon dtu xdde uépa ExeL axpl-
B ula tpocpopd yia gpyacio. Ye xde npocgopd avtiotolyel xdmotog aptdude
o omolog elvar 1 mpoeZophnuévn onuepwvi| a&la (discounted present value ) twv
woBlwv amodoydv tou and v epyaocto auth. Tautdypova, BéBowa n avalrhtn-
on epyaoiog €yel xdmoto x6010¢ %xadtdg To dToHo TEENEL Vo cuvTneeiTar Xl
$dyver v epyaoio. Ataopetixol midavol epyodotee xdvouv SlapopeTinés Tpo-
opopéc 60 dtouo autd. Tic SlapopeTinéc auTéC TEOTPORES TS UOVIEAOTIOLOVUE
pe ulo otatioTin xatavour tpocgopwy F.

Ac unodéoouvue Tdpa 6Tt ulo Tpocopd epyaotoug TNV XPOVLX oTLYUT| § ATOpE-
PEL OO dToUo X EVPEG EVG UTLERYEL €vaL aTodEpd XOGTOC € EVPE YLAL TNY CLUVTAENON
ToL x&e ypovxt| tepiodo. Av Jewproouue 6Tt To dTouo mou Ydyvel yia epyaoia,
XPUTAEL TNV HEYANDTERT TPOCPOEA TTOL TOL €xeL YiVeEL Uéypl TNy Ypovixt neplodo
n t61e 1 anddoon mouv Ya €yel otauatodvTac TNy teplodo n Yo etvon lon ue

Y, = maz(Xy,...,X,) —ne.

H Y, elvar plo toyolo yetaBint. Eivar evdiogépov vo pwthoouue Ty epodTnon,
notoc Yo elvan (av BEPonor umdipyeL) o BEATLOTOC YPOVOC Yol VAL OTUUATACEL 1) O
valtnon epyaotog €tol GoTe 1 anddoon auth vo yivel uéyiotn. Me dAho Aoyta,
UTdEYEL EVOC YpOVOC oTdoNE N* TETOLOC WOTE

E[Yy+] = sup, E[Y;]

6mou 1o sup hauBdveton oto GOVORO GAWY TV XPOVWY GTAOTC.

To epwtnua autd umopel va amavtniel yenoyonowwvrog Tnv Yewpla Twv mar-
tingale. H hentouepric avdlvor mpofinudtwy tétoou TOToU aQrvEToL Yol TNV
oUVEYEL. Apx0oUUOOTE TPOC TO TOPGY VoL AVapEPOUUE OTL 1) amdvinoT etvon 8 6-
T elvan BéltioTo va otapatcouue Ty avalTNoY 6To 1 Tou elvol TETOLO DOTE
maz(X1, ..., X,) > v 6nov v elvan 1 Mon e e€lowong

E[(X -yfl=c

Me diho Aoya elvan BéATLoTo var suuneptpepfolue ‘Uuwmixd’ xan vo amodeydolue
TNV TEWTY TEoopopd Tou og Yivetow apxel auth var elvon (o amd €var xaTPAL
v. Avth n dewplo ypnotuonouiinxe yior vo e€nyfioet v xaunvAn tou Philips,
N omola elvon ufar eumelpLr XaUTOAT TOL GUVYSEEL TNV LTOATACYOANOT UE TOUG
odole[31]. Mapdpola tpoBhiuata eugavilovior 6Ty amoTiUNon ToUpaYDdY®Y
Apepudvixou tonou.

8BA. 1 t0 xhacowxd dpdpo twv Chow xou Robbins [6]
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2.8 Opiougveg yevixeloelg

Oa etodyouvue e8 oploPéVeg £VVOLEC oL OTOlEC YEVLXELOUY TLC €VVOLEC TV mar-
tingale nou eldaue o qUTd TO AEPANALO WOTE VAL €YOUV EQUPUOYES XOL OE TLO
YEVLXEC TEPLMTWOELS.

Ou Zexwhioovue Ue Ty évvola g Totxic martingale (local martingale).

Oplonog 2.8.1 H owoyaonkn dwadikaoia My elvar pla Tomuxy) martingale
(local martingale) av vrndpyer akodovdia xpdvwr otdons Ty, T, — o0, Tétowa
aote n otoyaotikn fabikacia X; " = Xyat, va elvar uia martingale yra kde n.
Av n otauatnuévn dadicacia X" = X, va elvar pia terpayowvied ooxAn-
paaun martingale yra kdOe n, tére n X; ovoudletarl tetgpaywvikd oAoKANPoOLUN
tomkn} martingale. H axoloviia T, ovopdletar tomki) akodovdlia (localizing se-
quence).

Ané ulo ouveyr martingale M; unopolue va xotaoxevdoovue ulo Toxn
martingale ypnowonowdvtog Ty axohouvdia ypdvwv ctdone Ty, = inf{t :| M; |>
n}. IloA\d ané ta anoteAéouata oL SWOOAUUE To XEPIALo aUTé UTopel vor Startu-
nwdoly yio Totxég martingales. Yav nopddetypa @épvovue to Yemdpnua enthe-
ATAC OTAOTG.

BOa ddaouue Twpa Tov opLoud Uiog Staduxactiag Tou elvon ToTXE TETEPAOUEVTS
petoBorfic (locally of bounded variation).

Opiowodg 2.8.2 H otoyaotikyy dwadikacia Ay elvar ja dwadikaoia tomkd meme-
paouévng petafoing av vrdpyovr xpoévor otdong R, tétowot dote n otoyaotikn
dwadikacia Ar, ar va elvar gpaypévns petaBorns.

Etvon duvatéd va deuydel 6t to Yedpnua 2.6.3 umopel var yevixeuvdel otny me-
pintwon tomxwy martingale ol onoleg elvon tomixd tenepacUEVNS UETOBOATS.
MrnogoUue tépa va oploovue xon Ty évvola Tne semimartingale.

Opiopog 2.8.3 H oroyaonikr) dwdikaoia Xy elvar pla semimartingale av
umopel va ypagel oav to dipowoua uiag tomkns martingale kar piag dwadikaoiag
tomikd gpayuévng petaBorris, 6niadr av Xy = My + Ay.

INo pio semimartingale Xy woylet < X >i=< M >4.
H Yewplo twv semimartingale Bploxel egapuoyéc otnv Yewpla tne otoyaott-
xS OAOXAPWONG XA TV GTOYAGTXODV DUPOPLXDY EELGDTEWY.

2.9 Ilogdotnuo: Anodeieig Jewpnudtwy

Y10 mapdptnua autd Yo Sdooupe TNy amddelEn tou Yewphuatog L oliyrhiong yio
martingales. o v andde&n tou Yewpruaroc elvon amapaitntee (i) 1 anddelln
evée Paoxold Mupotog, Tne aviedTntac Twy Tepacidtwy (upcrossing inequality)
Tou Doob xou (i) 1 anddelZn 1wy avicothtwy Yo Tic martingales nou napadécoue
oty 2.5. O anodel&etg mou mapovctdlovtar e8¢ elvar TAEOV XhaooXES xaL 1|
Tapouatdon toug Pooileton oty mapousioon twv [1] xa [15].
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2.9.1 H ovicétnta Tty nepacudtey touv Doob

‘Eva népaopo tne X; and to ddotnua [a,b], Yewpelton uia didBaon te X; nou
Yo Eexwvhoer xdtw and 10 ¢ = a xou Yo Beedel endvew and 10 & = b ywplc va
EavoPpelel xdtw and 1o & = a uéypt vo tepdoEL ENdvw ond o ¢ = b. Moadn-
potxd, autd unopel vo o exppdoouue opllovtag ypodvoug s1 < 1 < s2 <t <
. < 8p < tp < t Tét0w00C Wote X5, < a xor Xy, > b yo x&de k°. To ehdyioto
dved @pdypo (supremum) TV 1 yla oL OTolo UTPY0UY TETOLOL XPOVOL Sj XOL T
elvon xou 0 aprdude v Tepaoudtwy Tou Swothuatog [a,b] yia thy Xy, o onolog
ouuPoriletor we N (t).

Afupa 2.9.1 Aviootnta Twy Tepacudtewy Tou Doob

Eotw Xy pla (sub)martingale dmov o t naipva tués oe éva apidunopo (count-
able) otvodo xar ag oupPoricovue pe NE(t) tov apidud wwv mepaoudrwv tou
daotiuatos [a, b] and tnr Xy péxpt tny xpovikr owyun t. Tdte

E[(X: —a)"]

b—a
Amodegn: Ac Yewproovue yowplc BAABN e yevidmtag 6t 1 X, elvan pla
Srodixaota oe Stoxpttd ypovo xou 6t t € Zt. H anewévion X — (X —a)T
elvan xLETH o cLVETADE 1 Yy = (X¢ — a)T etvor xou auth pio submartingale. Ta
nepdouata Tou dtacthdatos [a,b] and ty Xy avtiotoryoly 6T TEPAOOTA TOU
draotAuaroc [0,b—a] and my Y;. Xwpic BAEBN T yevixdtntac Aotndy unopolue
va utotécouue 6Tt Xy > 0 xon a = 0.

Ac oploouue tdhpa Toug YpdVoLS GTdOTG

B[N, (#)] < a<b

op =inf{n > 7,_1; X,, =0}, 71, =inf{n >o0p; X,, > b}, k€N

Eilvor mpogavég 6t yia Toug mopamdve ypdvoug otdong toylel 0 = 15 < o1 <
T <oy < ...
Opllouue v otoyaotxh dodtxacia

Vn = Z l{ak<n§m}7 neN
E>1

Aoyw e eduig popgric tng Stadicactiag Vi, mou exppdleton cav dipotoua del-
XTPLWY oLVUPTHOEWY, 1 Stadacia Vi, elvon mpofréduurn. O petaoynuotiouods
martingale (1 —V) e X eivor Aowndy eniong pia submartingale (epboov 1 (1 —V)
elvon ulor un apvnun Stadixaoia). Luvende

E[(1-V)eX)]>E[((1-V)eX)o]=0

A6 10V 0ptoud Tou apriuol Twv Tepaoudtwy éyouue 6t (V e X)), > bNY(t).
Yuvdudlovtag Tal TUPATEVG XATUAYOUUE GTNY OVLeOTNTA

DEIN(1)] < E[(V o X),] < E[(1 0 X),] = E[X,] - E[Xo] < E[X]]

Av Juundodue v avtixatdotaon tov xdvoye, otny onola X; ~ (X — a)t %o
0~ a, xotaAfyovue oto {nroduevo. O

90 axpPhc oploude TV Yedvey autdy Yo Sodel otny anddelEn Tou Auupatog 2.9.1
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2.9.2 H anédeiin twv avicotitwy martingale

T v pekétn e obyxhong ypeetalouaote emmhéoy xou TV anddelln v avi-
coThtwy martingale tou avagépinxay otny 2.5. Qo Lexwvioouue pe TNy anddetln
ToL YewpRuatog 2.5.1 o omolo TapadéTovuEe Eavd Yo TNY EUXOALS TOU aVaY VOGTY).

Ocwpnua 2.5.1 'Eotw X ula un apvnuix submartingale. Téte yioo ¢ > 0

cP(sup Xy, > ¢) < E[X,,; {sup X}, > ¢}] < E[X,)]
k<n k<n

Andédelgn: Oo epyaotolue oe dtaxpltd ypovo. Ag oploouye tov ypdvo otd-
onc T = n Ainf{k; X; > ¢} xou 10 oOvoro B = {max<, Xi > ¢}'° . O ypbvoc
otdong T elvon gpayévog epocov T < n, xan To oUvolo B uetpriowto wg tpdg Ty
o-8hyeBpo Fr dnaadf B € Fr. T'a 1o obvoho B oylel 6t ¢ P(B) < E[X;; B].
SUVET®S, YENOLULOTOLOVTAS TO ATOTEAEGUO AUTO XL TO VEDEPNU ETMAEXTUXAC OTA-
ONC YL TOV YeOVO GTAONG T XATAAYOUUE GTNY OYEoT

¢P(B) < E[X,; B] < E[X,,; B] < E[X,{]

70 omnofo xou delyvel Ty avicdtnTa ToL Yéhaue vo amodel&ouue. o vo unopécou-
ME VAl XPNOULOTOL\COUUE TO VeWpnio ETAEXTIXAC OTAONE OTNY LORQT| TOL UOC
ypetdleton, BaotoTixoue 6T0 YEYOVHS OTL 0 Ypbdvog atdong T elvar gpayuévog. O

Yxoiwo: H avicotnua auth toylel xat v cLveyY Ypovo, xat 1 anddetn e
Baotiletow oty mopamdve anddetln xou Ty yenorn tou YewpRuatog xuptapynué-
VNG oUYXALOTG.

Oa acyohniolue topa Ue TNV amddeln Tou Yewphuatog 2.5.2, Ty exQdvnom
Tov onolou mapadétovue Eavd yior TNV euxollo TOU AVALY VOGO

Ocpnua 2.5.2 Eow p > 1. Av Xy elvon pia martingale ¥ uia 9etnr| sub-
martingale téte

E[(sup | X |)"] < C E[| X |"]

s<t

Anddelgn: Oo cpyoaotolue oe doxpttd ypovo. H anddeln oe cuveyr| ypovo
umopel var mparyuartonotniel yenoluonotdvTag Ty anddelln o SLaxpltd Ypovo oL
70 YetdpnuoL HovoTovng GUYXAMONG.

Ac oploovue Yo euxolia otov cupPoloud

Xp=suwp | X, X7 =sup | X, [[XIp= B[ X ]
ERS

1094 Sropopetind B = {w : maxg<, Xg(w) > c}
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Xpnowonowdvtag v avioétnta tou Jensen éyovue 6t n | Xy | elvon ulo sub-
martingale oty onola umopoduEe Vo EQapUOCOLUE TNV avledTnTa ToU Yewphuatog
2.5.1 yia vo AdBoupe ot

cP{X} > c} < E[| Xt ;{X{ >c}], c>0 (2.2)

Ou ypnowonotficoude Thpa éva anotéheoua Tou omodelfoue 0TO TUPASELY UL
1.4.7

IX0=p [ PG>0 e
0

Me Bdion to mopoandve: anoTéAECU, YPNOLIOTOLWYTIC TNV EXT(UNOT 2.2 ot xdvo-
vTag xpron e avtodtntog tou Holder oto ohoxApwua, unogolue va ypddouue

o0
I X705 < /0 E[| X |; X} > ¢]cP™2de
p/ / | X¢ | ¢*~?dedP
0 {X;>c}

X7
p/ | Xt | {/ cp_zdc} dpP
0

q/ X, | (X2PUdP < g || X [l X7 (12

6mou to ¢ wovornoel Ty oxéon pt + ¢ = 1. Awnpdvtag xon tor d0o PN TNe

napomdve aviobtnrag ue 1o || X |[B71 xartahiyoupe oto entduuntéd anotéreoyo.
O

Sy 6oz T va Loy bouy ta mapamdve yeetdletan vo utodéoouue 6t || Xy ||p< 00
and to omolo mpoxintel 6Tt || Xy |[p< 00 v s < ¢ xou ouvende || X ||p< 00.

2.9.3 Anddei&n tov YewpAuatog L-cOyxAiong

Yo aoyorndodue thpa pe TN anddeln Twy Yewpenudteny clyxAong yior martin-
gales. Yo Zextvoouue pe v anodelln tou Oewpruatog 2.4.1. Ioapadétovue
Eavd TNV EXPOVNOT TOU VEMRTILATOS YLal TNV SLEUXOGAUVGT] TOU ovary VOOTY).

Ochpnua 2.4.1 Eotw Xy uta Lt (sub)martingale Sniady woyler E[| X || < oo.
Téte 1o bpro limy_,o0 Xy UTdpYEL 0.5.

AnédetEn: O epyaotolue apynd ot dionplté Ypévo. Eotw NP = lim; o NO(t).
T % Ledyog a xou b pnTddy, YENOULOTIOLOYTAS TNV OVLOOTNTA TWV TEPAUOUATWY
xaL To VEMpNo UOVOTOVNG GUYXALOTS UTOPOUUE VoL GUUTERAVOUUE OTL

B[N <elb—a)™

émou ¢ elvon plo otodepd. Améd to mopandve Brérouue 6t NP < oo, 0.8. Avtaa
xau b elvor omooldrinote mparyUaTixol, UTopoUUE Vo TPOcEYY{GOUUE To SidoTnua
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[a, b] oav évwon Sractnudtwy [a, b] 6mou a xou b pnrol. Maipvovtog Ty évwon au-
T BAémouue dtL dev elvon duvartd 1 axohovdlor Xy va €yet lim sup Xy > liminf X,
Suvenwg 1 oxohoudia X; ouyxivel 0.8 oe xdmowo dplo X. Oo mpénetl vo omno-
det€ouue 6Tt T0 GpLo aLTO elvan xou Qparyuévo. Ao to Mjuua tou Fatou €youue
ot

Ellim | X; |] <sup | X;|< o
t—00 t

6mou 1) teheutala aviodTnTA TPoXUTTEL and To YeYOvoe 6Tt N Xy ebvon L1
(sub)martingale. Ané auté xatodfyouue oto 6Tl Xy GUYXAIVEL OE €V QEAUYUEVO
6plo. O

Yxo6ho: To Vewpnuo woylel xou yio supermartingales . Apxel va Vécouue
—X; 6mov X;.

2.9.4 Anédelln touv Yewpuatog TNg CUYXALONG OULOLOUOE-
(o oOhNoxAnpwoLuwy martingale

Oa anodelfouue thpa t0 Vewpnuo 2.4.2 oyeuxd ue Ty ouyxAion ouolduopga
ohoxAnpooluwy martingale. Hapadétouue to Yedpnua yior Ty guxoiio Tou ovo-
YVOOT).

Ocwpnua 2.4.2X07%ALoN OLOLOLOPPA OAOXANEWCLL®Y martingale

(1) Eotw X; ouotbuoppa ohoxinpedowun supermartingale. Téte undpyel Tuyaia
petafanth X tétos wote limyyeo Xy = X xon 1) oUyxhon ebver otov L.

(13) Av n X, elvon martingale t6te umnopel vor ypagel cov Xy = E[X | Fi] 6nov
X = limy0o Xy = X 710 6po tng Xy otov LY, xon Fy = 0(Xs,5 < t) (n o-
dhyeBpo Tou mopdyeTon omd Ty Xy).

AnddeiEn: H olyxhon otov L axohoudel améd tnv oyedév BéPorn odyxhon

g X¢ xon Ty WLotTnTaL TN ouoLduopeng oloxhnpwaoiudtntag. Av t < n, loylel

Noyw Tou 6t 1 Xy elvon martingale 6t Xy = E[X,, | F¢]. 'Eow A € F;. Tée
E[X; Al = E[X,; A] = E[X; A]

apol 1 X, bpto otov L, 10 omolo ovoudlouue Xoo. Egboov 1 topandve oyéon
toyVet Yo xdde A € Fy, UTOPOUUE VO GUUTIEPEVOUUE OTL

X = E[ X | Fi]
Auté xan ohoxAnp@vel Ty anddelén. O
Oa dbcouue Thpa xat TNV anddelEn tou Yewpruatog cOYXAong g Vd GuV-

Vun uéone TWhc we mpog Ty djinon (Oedpnua 2.4.3). To tnv guxohio Twy
VoY VooV TopardETouUE Eavd xow TV EXPOVNOY ToU Vempruatos.
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Oewpnua 2.4.3 Eotw X pla L tuyeio uetoant xor Fy uio Sufdnon. Téte

Jlim B[X | 7] = E[X | Fu]

6mou 1 olyxhon ebvar oyed6v BéPaun (0.8.) xon Li-clyihon. Q¢ Fuo optleton 1
o-6hveBpa Foo = 0 (Uyso Ft) dnhadt) n o-dhyeBpa mou mopdyeton ané T 6OvVOAeL
A €U0 Fr-

AmobdelEn: Ac epyaotolue yia amhétnta o dloxplté ypdvo. H otoyoaotiny
dradiwacto My = E[X | Fi] elvar uio opotbuoppo ohoxknpdolurn martingale
cuvenwe urdpyet tuyedo uetoBhnt M € L1(P) tétow dote My — M xodo
k — 00 0.8. xou otov L. Apxel topa va detfouye 6t M = E[X | Fool. Ané tov
oploud e LTd cuVIuN Léomng T apxel vo del&ouue 6t

/XdP:/MdP, VAe | 7 (2.3)
A A k=1

Topatneolue 6t

| My — E[M | Fi] |1 py=l| EIMy, = M | Fi] [l Lue <-4,

To €16 uéhog telvel oto 0 xadide k — 0 dpot toyvet bt

k— o0

Anéb autd unopolue vo xatahfigovue otny e€lonon (2.3) xat to {ntoluevo éretaL.
O

2.10 Boaouxd c'qp.st'.oc TOoL xe:cpoO\ou'.ou

Y10 xe@dhono autd ewodyope Pactxéc évvole tne Yewplac twv martingale otig
onoleg Paoileton 1 Yewplo Twv yenuatoowxovouxdy wodnuatixdy. O Boaocuxég
évvoleg oL xeahalou autol (oplopéves and Tic omoleg cuvavtioope and To
TPOMNYOUUEVO XeQdNato) elvar oL axdhoudec:

o Actypotxde yopoc, o-dhyeBpec xat uétpa miavdTnTac xou 1 oYEoT TOUg
ue Tc évvolec tne dounc mhnpogopiac. Oplouévec and Tc VVOLES AUTES
elvar texVés xou (owg oTpLYVES oE TEWTN emagr, oahhd elvor Suvatd v
€yete xdmotar dtonadnTind €A YLl TO TL AVTLTPOCWTEUOUY AUTEC.

o Y16 cuviiun uéom T we 1 xaAUTEEY duvart| TEOBAEdT Yo TNV TN Xdt-
notag Tuyatag UeTaBANnTAC dedopévng Tne TAnpogoplac Tou TepLEyeTaL O %J-
nowa o-dhyeBpa. T v avtiueTdmon Twv martingale elvon anapattnTo va
avatpélete oL WLOTNTES TNE LTS cLVINRUNG UEoNE TUINC TTOL TUPOLGCLACT
xav 070 Tponyoluevo xepdhowo. Tovi{ovue Eavd v avdyxn StawcdnTixie
AATOVONONG TWY SLOTATWY AUTGVY.
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o Auvjdnon: Mia dour ab€ovoag TAnpogopiag.

o Awduxaoiec martingale xon ot didtnTec Toug. Idiaitepn mpocoyT ypeetdleTon
oTic WidTnTe Wy martingale we mpog Toug ypdvouc otdong (m.y Yedenua
eMAEXTXAC 0TdoNC).

e Ou martingales eugaviCovtar ue Quowéd teéTo oTny owxovoulxy. Eva na-
pddetyua elvar TocéTnTES TOL GyYETOVToL UE TYIES YPEOYPAPWY.
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K&:(po'c)\ou.o 3

H xf.w]ov] Brown

Mia and Tic mo onuavixés otoyaotxéc dadixaoleg elvon 1 xlvnon Brown. H
xivnon Brown (mou umopel xovelc vo tnv cuvavtAoel xou UE To Gvoua dtadixaoto
Wiener ) napouotdlet peydho evdiagépov 1600 and Yewpniinic anddenc 660 xou
and mhevpdic egopuoYdy. H otoyaotind auth Stadixaoto nailer mold onuavtixd
p6Ao 0Ny Vewpla TwY GTOYACTIXWY SLAPOPX®Y EELOWOEMY Xt ATOTEAEL €vay amd
ToUg axPOYWVLatoug AMJOUC TWV YENUATOOXOVOULXGY [LOUMUATIXOY, OGOV Apopd.
ToL OVTEA OE GLVEYT] XPOVO.

Y10 xepdiono autd Ya oploovue v xivnon Brown xau Yo nopovcidcouue tig
XUELOTEPES LBLOTNTESC TNG.

3.1 Opiowdg tng xlvnong Brown
O Eextvioouue UE tov optoud tne xivnong Brown

Opiowoég 3.1.1 H kivnon Brown elvar pla otoyaoukn dwadikaoia By n onola
natprer tipés ovor R xar éyer g akorovleg 1016tnTeg

(1) Avitg <t < ... <tn téTe O TUyales petafAntés By, By, — By, ..., By, —
By, , etvai ave&diptnrteg (aveldptnres petaBorés)

(1i) Av s, t >0, tdre

P(Bori-Boe )= [ e (121
s+t s = A(Zm)l/Qexp 2 )

omov A kdmoo oUvolo Borel , 6nAadn o1 petaforés tng kivnons Brown elvar
KaTaveUnuUEveS e tny xavovixy xatavoy (katavour) Gauss ).

(131) O Tpoyiés Tng kivnons Brown elvar cuveyelg pe mbavdtnta 1, 6nladr
nt— By elvar ovvexns ovvdptnon.

91
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O tpelc autég Wiotnteg opilouy ulo xou wovadxr otoyaotxr dadixactio. Mropel
vor amodetyVel awotned podnuatind n Unapén wloc otoyaotixrc dtodixaciog ue
TG TapAmdve WLOTNTEC.

Ané g WBidtnieg e xivnone Brown umopolue va cuvdyouue Tig didtnteg
ToL UETPOL 1 Tov awTH emdyet (uétpo Wiener)

n
Nt1,t2,...tn(A1 X Ag X ... X An) = / d.’El / diEQ/ d:ﬂn Hp(ti — ti,l,xi,l,xi)
Aq Ao A, i—1

omouv xg =z, t; = 0, o

_ 1 ly—a
p(taxay)_ (27Tt)1/28$p - 2%

H nopandve ntocdtnta elvon xotd xdmoto tpomo 1 mdavotnra va Beloxeton 1 oto-
Yoot Staduasia Tic ypovixée oTiyué t; ota unoolvoha A; € B(R). Mnopolue
VO OXEQTOVUE TOL UTOGUYORA auTd ooy dtacthuata tou R ondte xow 0 napand-
Vo moodTnTa elvon ouctaoTixd 1 mdavétnta va Bploxetan 1 xivnon Brown Tic
YeoVWéC oTiYEC t; o ouyxexpuéva Siaothuata Tou R, H nocdtnta

Pty o, tn (A1 X A2 X ... X An) = .P(Bt1 € A17Bt2 € AQ, ---;Btn c An)

OVOUGLETAL TENEPACUEVNG SLACTAONG XATAVOWY XAt 1) YVWON Tne elvar mo-
A0 oNUAVTIXA OTO Vo XOTAOXEUEOOLUE To UETPo 1 (Oedpnua eTéXTAoNS TOU
Kolmogorov).

H xatavour) tou By e€aptdton and to apyxd onueio oto onolo Eextvdue Ty
draduxacto, dnhadn to onueto By. Av By = x tdte 1 cuvdptnon xotavour Yo
ouupoiiletar P, (By € A) v xdmowo obvoho Borel A. H uéon | 1§ uno ouv-
Wpen péon T we tpog To PéTpo autd Ya cuuBolileton E, i E,[] avtiotolync.

YxoAvo: TloAol ouyypagelc otov oploud Toug Yo TV xivnorn Brown nofpvouv
6t xivnon Brown Zexwder ané to 0 (BA. m.y. [4]). Eueic axohoudolue tnv
oUpPaon va agrivouue v xivnon Brown va &exwvdel oe onotod¥inote onuelo
(BX. my. [29]). To onueio mou Va Zexwdel 1 xivnon Brown Vo yiveton coagéc
oto Wétpo mavotnTag mou Yo yenotuonoteltar xou av dev avapépetar tinota Yo
evvoelton 61t Eexwvdpe and to 0. H xivron Brown nou Eexwdel oto 0 ouvidung
avagépetar xou oav tutxf (standard) xivnon Brown.

IMopddevypa 3.1.1 Av B, elvar pula povodidozatn kivnon Brown tétoia dote
By =0 tire

BB = = [ fw)ew (—%) dr

(H péon nipn AapuPdretar s mpog to puérpo Wiener mou endyer n kivnon Brown
Tov &exvder oo 0)
Xpnotponowdvas to mapandvw detéte étt E[B?] = t.
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Yyhuo 3.1: Mo tpoyid tne xivnong Brown .

Hogdderypa 3.1.2 Ay B, elvar pla povodrdozarn kivnon Brown térowa dote
By = x tdte

£l = = [ rwew (<25 @

(H péon nun Aaufdvetar wg mpos to pétpo Wiener mou emdyer n kivnon
Brown mov éyet apyioer oto onuelo x). Xpnoponowdvtag to mapandve Oetéte
6t Ex[By] = = xa1 6ut E,[(B; — x)%] = t. ®vowkd wxvea kar 6t

E,[f(B))] = Eolf (e + By)] = Bl[f (e + Bi)] = & /, " fo+y)es (’Z_J de

émov n devtepn kat tpitn péon nun elval endvew o€ pia kivnon Brown mov ekvdel
oto 0.

Hopdderypa 3.1.3 H 1-didotaty xivnon Brown xou cAAoyn xpovixig
xhipaxag. Av By = 0 téte ya kde t > 0

{Bst,s >0} = {tl/ZBs,s >0}

6mov n wdtnta onuaivel 6t ot o auvtés orkoyéveies Exouvy tny (da (tenepaouévng
didotaong) katavour).
Ipdypan,

1 a 1.2
P(By <a) = W[mexp (_ﬁ> dx

1 at™!/2 :vf .
- Tz
(27st)t/2 [m «rp ( 2s :1:1)

1 at—1/2 :L'%
7(27&9)1/2 /700 exrp (*g) dzq
P(Bs < at™'/?) = P(t'/?B, < a)
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omdte o amotédeoua mov Gélovue anodelyOnke. Xtny anédbeén xpnoipomoujoape
my aAdayni petaPAntév =t~z oto odoxArpwia.

IHopddertypa 3.1.4 'Eva povtého yia Tig TLuwég Ypeoypdpwy (securi-
ties). Eva povtélo ya ws tipés xpeoypdpwv (m.x. THES peToydv) to omolo
Ua ovvavtijoovpe ToAd ouyvd oto PifAio avtd, elvar 6n n niun Sy plag petoyns
Ty xpovikn otiyun t dlvetar and tov timo

2
S; = Sgexp <(r — %)t + aBt>

onov r kat o €lvar Jetikés mpaypatikés aradepés, Sy pla vretepuvionikny apyxikn
ovrOnkn kar By pia povodidotatn kivnon Brown. Ilowd Oa etvar n paOnuatikn
mpoodokia (uéon tpun) yia v upr s petoxns ty xpovikr otyun t, B[S
Etvai1 n S; pla martingale g npog tny dujdnon F; nov napdyetar ané tnv kivnon
Brown-

Yo puédov érote xpnotponotoUie to aUuPoro tng péong Tung xwpls ovyke-
Kpiuévn avagpopd oo uétpo to omolo xpnotponooUue Ja vrobétovpe du efvar to
Hétpo Kkdtw amd to omolo n oroyaotikn) dadikaocta By elvar pta xivnon Brown .
‘Exoupe Aoimdv ot

g

1 7 2 2
El[S] = Nors / So exp <(T— 3 )t+ax) exp (—%) dx

So e <(r 02)1&) 7e < v + :17) dz = Spexp(rt)
—(ex - = xp| —— +0 = X
ot p 2 P 2t 0 €Xp

To amotédeoua avtd pag delyver 6t n otoyaotikn dadikacia Sy dev elvar uia
martingale epdoov yia pia martingale 9a mepipévape E[S;] = E[Sy] to omoio
€bcd Oev 1wxvel apov exp(rt) # 1. Autd to anotédeoua BéBara wyver pe fdon to
Hétpo kdtw and to omolo n otoyaonikn hadikaoia By elvar pta xivnon Brown.
Ornwg Oa dove otnr ovvéyea vrdpyovy pétpa () kdtw and ta onola n oToYaTTlk:
dwadikaota Sy pmopel va elvar martingale.

IHopddetypa 3.1.5 Ouv 3uoétnteg Ty petaBolwy Tng xivnong Brown
Ylugowva pe tny 1bidtnta (ii) tov opiopol s kivnons Brown umopoUue va
dovue o1

P(

B; — B, ga):/;\/ﬁexp <—2(tm7j$)> dz

ovrend§ 1 mukvétna mbavétnuag wng tuyaias petapAntic X = By — B, elvat
n owvdptnon p(t — s,x,0) = p(t — s,0,). Ané avtd umopolue va dolue ot
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ITo ovykekpiuéva éyovue

E[(Bt — B,)] =0
E[(B; — B,)*=t—s

Eriong av Fy = 0(By,u < s), n 0-dAyefpa mov tapdyetar and tny kivnon Brown

HéxpL TNy Xpovikn) oTiyur} s, Téte Abyw tng idtntag (i) éxovpe t n petafoln
B, — B; etvat ave&dptntn and tny o-dAyefpa F,. Xpnotponoidytag tig 1016tntes

s vné ovvInkng péons Tung éxovue
E[f(Bi — Bs) | Fs] = E[f(Bi — Bs)]
Kal mo oUyKekpiLéva

E[(By — By) | Fs] = E[(B; — Bs)] =0
E[(B; — Bs)* | Fs) = E[(B; — Bs)?] =t — s

Kletvovtag to napdderypa avté Ja Oélae va emotrioovpe tny mpoooyn tov ava-
yvéotn on n petaBodn By — By elvar ave&dptnn s Fs kat oxv n o n By!
Eto1 éxovue dut

E[B; | F;] = E[B; — Bs + B; | 5] = E[B; — B, | 5] + E[B, | Fs] = B;
T anotédeopa Oa énpeme va ndpovue av n By frav aveEdpTnTn s Fs;

Hopdderypa 3.1.6 H yopaxtnpiotixy cuvdetnon tng xivnong Brown
Xpnoporowdvras Tis 1d1étntes Tng kivnong Brown umopolje va vrodoyioovue
Y XapaxkTnploTiky ouvdptnon tns kalds kat Ty xapaxKtnplotiky ovvdptnon
TV UETAPOAGY TNS.

Oa vnoloyloovue mpdTa Ty XapakTnPLloTky ovvdpTnon twy HeTafoldy s
kivnong Brown:

¢B,-B,(\) = Elexp(iX(B: — B;))]
o] 1 sz
/700 V27(t — s) “rp <_2(t —5)

Ia tov vrodoyioud tov odoxAnpapatos avtov apkel va ypdipovpe tny moodtnta
n onola elvar péoa oto exletikd oav éva téheo tetpdywro

) exp(iz)dz

Do & _oiMt=9)? XN(t-s)
2(t—s) 2(t — s) 2

Kdvovtag tny avuikatdotaon kat ektedavag tg npdéeg Ppiokouvpe tedikd dut

P

- (3.1)

#B,-B.(A) = exp (-

Ané Ty xapaktnpotiky) avty ouvdptnon umopoUue va vmoAoyloouvue OAe§ TS
TOAVWYUHLKES poTés Twy petafoldy tns kivnong Brown. Avtd umopel va yiva
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rafprortag TS avdTepes mapayyovs s ¢p,— s, (A) ws mpos o A kar Hrwrtag
A = 0. Ia napdderyua pmopolie va dolue ot

E[(B; — By)"] = 3(t — 5)”

Ia tny edpeon tng xyapaxtnprotikig ovvdptnons tng kivnons Brown apkel otny
eklocon (3.1) va Oéoovue s =0 ya va AdPovue

¢B,(A) = exp (—/\;)

IMopdderypa 3.1.7 Bpelte tnr and kool katavoun twy tuxalwy petaPAntdy
B, ka1 B, ka1 xpnoworoidvag tny vrodoylote tny péon tipn E[ByBs).

Ag Oewprioovue xwpls PAdBN tns yerikdtnrag du s < t. Kdvovrag xpnron
twy WwthTwr g kivnons Brown (ovykekpyuéva towv bwtitor (i) kat (ii) tov
opwopov) umopolie va dolue dt

1 z’ (z - y)2>
B.(x,y) =p(s,0,2)p(t —s,x,y) = ————eaxp | —— | exp | ——F——~
. (5.9) = 95,0, )0l = 8,2.) = ey (=5 Y e (=58
H péon npn wng noodenras By B, umopel va ypagel oav odokAnpwua endvw otny
and kool katavoun

o0 o0
EB.B,] = / / 2yp(s, 0, 2)p(t — 5, z,y)dzdy
—00 —0o0

= /m zp(s,0,z) <1m yp(t*s,x,y)dy> dz

= / 22p(s,0,2)dx = s

—00

O Aemropéperes tns odokAnpwons agnvovtar otov avayvaotn. Levikd Aondy
KataAnyovue 6t

E[BsB;] = s At = min(s,t)

3.2 Avo onuaviixég LdLoTnTEg

Mia mohb onuaviua] Widtnta e xivnone Brown elvon 6t €yel tnv Widtnta
Markov xou v toyver Widtntae Markov. Ou Wiétnteg autég elvar moAd yer-
OWEC GToug UToAoYlouoUe Ue v xivron Brown. o ouyxexpuuéva, 1 yehon
e Wotntac Markov yio mapddetypor umopel vor Steuxohlvel onuavtixd 1o uto-
AoyLop6 LTS GUVIAXY UEGWY TYLKOY OPLOUEVLY GLVORTACEWY TNS xivnone Brown
WG TPOG CLUYXEXPLUEVES G-BAYEPpes mou oyetiloviar He v woToplo TN xivnong
Brown. Tétolol unohoytouol eugaviloviar cLyVe GTOV UTOAOYLOUOS TV TLUOY
0pLOUEVOV TPy WY wy cLUBoRaiwy oTwe Yo Sodue xou atny cuvéyeto. Mio dhkn
gapuoYn elvon oty apy’) TNe avdxhaong, 1 orola Bploxel onuAvTIXES EQUPUOYES
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GTOV UTOAOYLOUO TWV TV EEWTIXDY TORYWYWY T.Y. Topdywyo cLUBOAaLa UE
pedryparta (barrier options). AZ{let va towotel dn i xivnon Brown Sev etvon 1
uovn otoyaotr Stadixacia Tou €yel v Widtnta Markov. Oa dolue ota end-
peva ulor YEVXT] XAJOT) GTOYXACTIXGOV SLadXacidY Tou Topdyetor and Ty xivnon
Brown xou mou €yet Ty WotnTa auTh. Emlong moAAég evdiagpépouces oTOYAOTIXES
draduaolec m.y. dadicaoiec avavémons xAt éxouy v WibtnTa awth (BA. Ty

(8], [38])-

3.2.1 H du6tntar Markov

Avonodnuxd to 6t n xivnon Brown éyet ty Wibtnrae Markov onuaiver 6t av
ndipovue xdmoto s > 0 t6te N Biys — By elvan plo xivnon Brown 1 omola elvon
aveEdpTnTn amd o Tt GUVERN Tew TNV ypovixr otiyun s. ‘Etot, n xtvnon Brown
Eexvaet 10 mapeAdov e mAfpwe xou 6Tl cuufBalvel and To TNV Yeovixh oTLYur
s xou mépa e€aptdTan UGvo amd Ty ek T e xivnong Brown Snhadn and
t0 B;. Eniong, n Byys — Bs elvaw xon awth| ploa xtvnon Brown n omola éyel uéon
T 0 xon Staomopd: (t+8) — s = ¢, dnhadr| av topaxohouticovue Ty Stadixaoio
By s — B; glvon ooy var mapoxohoudolue ulo dtodixacio Brown n onola Eextvdet
oto 0 xan ‘Teéyel’ v xpovo t. H Wduotnta auth npoépyetar and tov 0ploud Tng
xivnone Brown (3eite enfong xou to mopdderypo 3.1.5).

Oa mpoonodcouUE TOPA Vo LETATEEPOUE TOPATEVEW SlonainTixs TedTaoT
oe ulo mo axpelBh medtacy. Ou YENOULOTOLACOLUE TNV €vvola TNS UTO cuvifixn
péong Twhc UE Tov axéhovdo TeoéTO:

‘Eotw Fy = 0(By,u < s) 1 o— dhyeBpa nou topdyeto and v xivion Brown
g TNV yeovxh otiyun s. Auth 1 o— dhyeBpa elvon 1 ixpdtepn o — dAyeBpa
omolo xdvel Ty tuyalo wetointh By, r < s uetpriowrn. Kotd xdmoto tpémo 7
Fs mepléyel 6L OAN TNy Thnpopopia oyeTixd Ue To T cLVEREL oty xivnon Brown
HEYPL TNV XPOVIXT OTLYUT S.

Av f elvor gparypévn ouvdptnon téte Yo xde T € R woylel 6

E,[f(Biss — B.) | ] = Eu[f(Bess — By)] = / f @’)ﬁe’{p <_%> dy

Aoy g avelaptnoiac v UetaBoAdy e xivione Brown. Yuvend¢ unopolue
vou ypdpouue

Ey[f(Biys) | Fs] = Ez[f(Bigs — Bs + Bs) | Fs
xat apoV T0 Byys— B, elvon ave&dptnro tng dhyeBpag Fy xou 1o Bs mhipwg yvwotd
LéxpL TV YoV oTLyur| s Umopolue va Yewprioouue OtL €yovue dedouévn tny
Twu tou By = z xon ypdpouue

Ew[f(BH—s - Bs + BS) | -7:5] =E, [f(Bt+s — Bs + Z)]

To Bits — B, 6uec etvar xou awtd uia xivnon Brown n omola apyilet oo 0 xon
‘Tpéyel’ Yo xpovo t+s—s =t. ‘Apa, n daduxacio Bys — B + z €lvow toodbvaun
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oe vouo (éxer tnv (B xatavoun) ue ulo xivnon Brown n omola Zexwder oto
onuelo z xan ‘tpéyel’ yio ypdévo t. Buvenwg

Bl (Buss = But 2= [ S+ 2) o (<5 ) o

T L =2\ 4 _ _
= [ sz exw (-5 ) dy = B8] = Bn (8]

Koatahfyouue Aowmév oto 6T

Elf(Buse) | 71 = En B0 = [ 1)z e (U505 ) ay (2)

H Wuotntor auth elvon o éxgppaon tne Wiétntag Markov yio tnyv xivnon Brown.

Or oyéoeic mou exgpdlouv v Widtnta Markov we npog g puéoec TLuég Uno-
pel va ypagoLy oodivaua xon w¢ oyéoec yia tig mdavétnieg, av avtl cav f
emhéZovue TNy delxtplar ouVdpTnom evoc cuvohou. T'ar mapdderyua 1 WLOTNTA
Markov 3ivet

Pz[Bt+s cA | ]‘—s] = Pp, (Bt € A)

yiat x&e ocOvoho Borel A.

YxoAo Oo mpénel va elvar @avepd 6tL ula woodlvaun Hoppr Tng WLéTnTOC
Markov elvon 7

E.[f(B:) | Fs] = Ep,[f(Bis)], s <t

To nopandvew uag Aéel Ue amhd AoyLo 6Tt av TdeouUEe TNy UTd cuvixn wéon Ty
xdmotog cuvdpTnone e xivnone Brown tn ypovix otiyun t éxovtac unddny tnv
‘lotopla’ g xlvnong Brown péypet tnv ypovixr otyun s apxel va unohoyloouvue
my Bl tosdTNTa ENdVW o€ Ulo xlvnom xowvolpyla Brown tou Eexwvdel otny Yéon
Tou elye QTdoeL 1 apyxh| xivnorn Brown Ty ypovixr otiyur| s, Snhadh v By xou
‘Tpéyel’ Yo ypovin) Sdpxela t — s! ‘Ohn 1 wotoplar Tng apyinric xivnong Brown
Tply amd TNV Ypovixh oTiyur| s pog lvon dyenotn!

3.2.2 H ypnom Tou TEAECTH UETATOTLONG

H Wi6tnto Markov mohkég gopéc eugavileton oe ula xdnwe o agpnenuévn Lop-
@1, ToL duKC elvor apXeTd YpErowun ot Sudpopeg egapuoyés. H popph auth xdvet
yeron tou tekeoty petatonong B (shift operator) o onolog uac uetatonilet
endve oe Ul cuyXeExpLUEVN Tpoyld Tne oToyaoTxhc dadixactias (oTny ouyxe-
xpuuévn mepintwon e xivione Brown) xotd uia ypovin| petatémon s. Evag
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TPOTOG Vo To Ypdipouue autd cuuBoixd etvon Yewpricouue Ty Tuyalo LeTaBANTA
B, cav vy tuyala ouvdptnon B(w(t)), 6mov w(t) elvon to anotéheoua tou tu-
yodou melpduaTog TNV Ypovixh ottyur| t and to onolo xat eaptdTon 1 TLUR TG
tuyalog peTofAntic By. Mnogolue ue tov tpémo autd va opicouue tnv Spdom
Tov TEAEOTH| B EMAVW GTO W UE TOV axdlouvdo TedTo

(Osw)(t) = w(t + s)
YUVETOC
By oty = B((0:w)(t)) = Biss

H 8pdion tou teheoth yetatdmong Oy endve oe wlo tpoyla tng xivnone Brown
galveton oto oyfua 3.2.

H dpdion tou teheoth| uetatdmong unopel vo yevixewdel pe Bdon to tapandve,
oe omoLAdNIOTE AmEOVLOT) TTOL 1) T TN¢ e€aptdtat and v xivnon Brown. Av
Y =Y (w(t),t) 6mov n e&dptnon and 1o w(t) unodnhdvet Ty e€dptnon e Y and
v ¥éon g xivnong Brown v ypovuxd otiyun t, tote

Vobs =Y((0sw)(t),1) =Y (w(t+s),1)

Ipémel vo 1o toviotel 6Tt 0 teleoThc uetotomone dpd wévo endvw oto w(t)
dnhadY| emdvey oto TUYALO LEpog TNg Y xaw by YEVXS ETdvew oTo ¢!

Ac onuewwldet 61t av Y = f(By) t61€ Y 085 = f(Bsyt).

‘Eyovtog w¢ Bdon v Wiotnta Markov oty poper, e e€lowone (3.2) xou tov
oploud ToU TEAEOTY) UETATOTLONE UTopolE va delfouue to moapaxdtw Yedpnua,
70 onolo anoteAel plo evalhaxtixnd Lopph Tne Wiotntag Markov.

Oedpnua 3.2.1 (I8té6tntae Markov) Eotw Y ula gpayuévn petprioyun ov-
vdptnon kat 05 o tedeotris petatdmons (shift operator) o omoiog éyer tny axd-
Aovdn dpdon (Bsw)(t) = w(t + s). Tdre

E,[Y 005 | Fs] = Ep,[Y]

Anodergn: BA. nopdptnua tou xepohaiov. O

O Moéyog mou divouue €3 Ty WidTTor Markov oty uopgr| avth elvan yratl 1
Y umopel va etvar ulor uetaBAnty nou e€optdtan omd Ty By oAAd oyt amopaitnToL
g popwhc f(By). Autéd gaiveton ato axdrovdo Topdderyuos

Hoapdderypa 3.2.1 Opilovue tnr ovvdptnon u(z,t) = E, [fg g(By)dr], émou g

etvar yna gpaypévn ovvdptnon. Xpnowporojote tny idtnta Markov ya va
ovunepdrvete 6t av 0 < s < t tde

EI[/O g(By)dr | Fi] = /Osg(Br)drvLu(t— 5. B,)
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B
0.0
$ identify
[0
0 t=t-s
s t

Iyfua 3.2: H enidpaon tou tekeoty| uetatomong s oe uia tpoyid tng xivnong
Brown .

Savaypdgovye to apiotepd jélog tng €§10doems avtiis oTtny 1Lopen
s t
B[ o(Byir | 7]+ il [ oBoar | 7
0 s

= /Osg(B,«)dr + Em[/ g(By)dr | Fs) (3.3)

6mov xpnoipLoTotioae To yeyovos 6t fos g(By)dr etvar Fs-petprjoqun kalds kat
g W0woTnTes Tng vné ovvOnkn péong nung. Optlovtag Y = fg_s g(By)dr pmo-
povle va dolue o

Ew[/ g(Br)dr | Fs] = Eg[Y 085 | Fs]

Kai xpnowponowdvtag tny idtnta Markov otny teAevtala éxppaon KataAryovue
ot

B[ oB,)dr | 7] = E.[V] = En] /  4(B)dr] = ult — 5, B,)

Avukathordrtag tny éxgpaon avtrj otny eflowon (3.3) maiprovue to anotédeoua
mov Oéloupte.

IMopddetypa 3.2.2 Yo cuvidxn RESN TLUY TWY TLROV ULES LETOYTS.

Ocwpolje dnws kat oto napdderyua 3.1.4 6t n run Sy pidg peToxns Ttny xpovikn
otiyun t divetar ané tn oxéon

2
S; = Sgexp ((r — %)t -+ oBt>

omov r kat o elvar Yetikég mpaypatikés otadepés kar By elvar pia povodidoratn
kivnon Brown. Na euvpeOel n vro ovvdrikn péon tun E[Si+r | Fi].
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MropoUue va ypdipovue
o2
St+'r = St exp <(7' — 7)7’ + O'(Bt+7- — Bt))

Xpnoyonowdvras ng 0i6tnTes tng vro-ovvdnkn péongs nung Aaupfdvovue:
o2
E[St4r | Fi] = Srexp ((7‘ - 7)) Elexp(o(Btir — Bi)) | Fi (34)
Ané ng 10idtnTes s kivnons Brown Eépovue du n petaBodn Biy, — By elvar
avekdptnTn and tny Fi, ouvends
Elexp(0(Biyr — Bt)) | 1] = Elexp(0(Biyr — By)]
o

_ \/% 7exp(o'x) exp (—g) dz = exp ( ; ) (3.5)

Avuxadwtdrag tny eglowon (3.5) otnr (3.4) AapBdvovue
E[St+7- ‘ .7:1] = S(t) EXP(’I" T)

Hopddetypa 3.2.3 Mia debtepn patid oto noapddetypa 3.2.2. Enavep-
XOpaote tipa oto napdderyua 3.2.2 kdvorvzag xprion wng widtnras Markov kat
ToU TeAeoT) petatomons. Me tov tpomo avtd Oa yiver mo oagng n xpnon s
wiétntas Markov kat tov oupfoliopol TS e THY XPIION TOU TEAEOTH) UETATO-
mong. Me tov oupfoliond avtd n 10idtnta mov anodeiéape oo napdderyua 3.2.2

raipver TNy popen
E[Siys | Fs] = S exp(rt)
Anéoaén: Ilapatnpolje mpcta ot
St+s = exp(a (t + s)) exp(o Biy.s)
émova =r— "2—2 Egéoov n a elvar pia artiokpatikrj (vretepuunotikn) ovvdptnon
kat dpa telelws aveEdpTntn ané ng widtntes tns kivnons Brown uéyptr tny
xpovwkijy otiyuny s (6nkadn aveEdptntn and tny oujdnon Fs) éxovue du
E[Ss+t | Fs] = exp(a(t + s)) Elexp(o Bis) | F]
Opilovue Y = exp(oBy). BAémovue dnr
Elexp(0Bis) | Fs] = E[Y 0 6; | 5] = Ep,[Y]

AMAd n tedevtaia péon tun, elvar n péon nurj tng tuyaias petapAntigY endvo
oto pétpo mov opilel pia kivnon Brown mov &exwvder oto onuelo y = B (o
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. P N ( .
onolo Jewpolje dur elvar bedopévo - oradepd) kar ovvemnds

Ep.[Y] = Ep. [exp(0By)] = \/% / exp(o x) exp (—%) da

o’t o’t
= exp (7) exp(oy) = exp <7) exp(oBs)

(6nkadrj Oewpolpe tdpa to By oav pia kivnon Brown n omola &xivnoe oo
onpeto y = By). Yvvduvdlovtag ta napandve PAénovpe bt

E[Ssit | Fs] = exp(as) exp(rt) exp(o Bs) = exp(rt)Ss

IMapdderypa 3.2.4 Ag emdébovpe ws f(Bi) = 1yp,ery; t € [t1,12] dmov I etvar
kdnowo didotnua tov R (e otalepd drpa). Tére and tny 1bidnta Markov exoupe
ot

Pw(Bt € I,te [tl,tQ] | .7:3) :PBS(Bt € I,t S [tl —S,tQ —S])

3.2.3 H woyver Lduétnta Markov

H woyvpn Wudtnra Markov efvan ouctactixd to 6t i Widtntar Markov toylet
O)L HOVO VLo ALTLOXEATIXOUE YPOVOUS OANGL oL Yot [lor CUYXEXPUUEVT ot Yopla
Tuyolwy YEdVWY TOUg XPOVOLG GTAGNG. JTOUG YEOVOUS GTACTNC avapeUXoUE
EXTEVOC OTO XEPIAOLO 2.

H Bdon tng woyverc Widtntag Markov, yia tnv xtvnon Brown elvar to nopo-
x4tw Yewpnua to onolo uag e€acqoliletl 61t N avelaptnolo Twv LeTUBOAGY TG
xtvnong Brown toylet 6yt UdVO Yol aLTLOXEATIXOUE YPOVOUS OAASL XOL YL XPOVOUS
oTdoNg.

Iptv avartdEouue Ty oyven Wibtnta Markov neénel npdta vor uteviuuicou-
HE TOoV axpl1| oploud tne o-dhyefpag mou mepLéyel Tal YEYOVOTa ou oyeti{ovtat
HE TNV otoyaoTtixy Swadacia uéypl Tov ypdévo atdong T

Oplowog 3.2.1 H o-dAyefpa Fr émov T elvar évag xpovos otdong opiletar oav
Fr={A€ Foo: AN{T <t} € F,Vt > 0}
Mrnopolue Téhpa VoL SLUTUTGOVUE TO TUEOXATw VeDENUL:

Ocwpnua 3.2.2 Foww By pla xivnon Brown kar T évag nenepaoiiéros xpovog
otdong yia ty B;. Téte wyva éu {Byr — Br} elvar pia kivnon Brown
aveEdpTnn s dAyefpag Fr.

Anodergn: BA. mapdptnua Tou xepahaiov. O
Me Bdion to noapamndve Yewpnuo unopodUe vo SelouuEe 6Tl anoTEAEoUATO AVAAOY A

pe v Widtnta Markov yio outioxportinois ypbvoug toydouy xot yia xatdhhnha
EMAEYUEVOUG TUYALOUS YPGVOUG. BLYXEXPLUEVA EYOUUE OTL
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Ocdpnua 3.2.3 Eotww §, o tedeotris petatomons, Y pia gpayuévn petpioun
ovvdptnon ka1 T évag xpovos otdong. Tére

E.[f(Y o0r) | Fr] = Ep,[Y]
Anodergn: BA. nopdptnua Tou xepohaiov. O

‘Onwg xon mponyouuévng uia evdiagépovoa ewdixy| Teplntwor Tou Tapandvw elva

N
E,[f(Beyr) | Fr] = Ep,[Bt],

onou f etvon ulor ppayuévn ouvdptnon. H mopomdve Wotnta vag Aéet 6t 1)
U6 ouVIXN PéoT Ty TNg cuvdptnong f vtoloylopévng otny Véan Tou EgTace
n xtvnon Brown tnv ypovu otiyur| t + T Sedouévne tng mAnpogoplac ylor Tnv
x{vnomn Brown wc tov ypdvo otdone (tuyalo ypévo) T, elvor n péon tuf tne
Bl mocod TG ENdve ot uia xivnon Brown 1 onola Eexwvdel oo onueio By tou
gptaoce 1 apyw xtvnon Brown v ypovuxr otyun T', xow mou tp€yel yia ypbvo
t. Av cav f emhéEovue Ty delxtplar cUVAPTNOY EVOS GUVOAOU TOTE 1) WLOTNTY
Markov unopel vo ypapel cav ula oyéon mrdavothtwy

PI[Bt+T €A | -7:T] = PBT(Bt)

H wyvpn ibétntoe Markov umnopet vo yenoytonowmiel yio v amddeén op-
XETOV YPHOoWoV Wothtewy e xivnone Brown. Autr mou cuvavtdue mo cuyvd
o€ SLAPOopPES EPUPUOYES ElvoL 1) apY Y| TNG AVEXAAOTC.

Hopdderypa 3.2.5 H apyxm tng avdxdaons. Mia evdiapépovoa epappoyn
s wxvpns widtntas Markov eugaviletar otnr anédaén tns apxns s avd-
KAaons ywa tnv kivnon Brown. Eotw ét ntaiprvovue tny povodidotatn kivnon
Brown nov &kwdel oto onueio 0. Opilovpe ws T, = inf{t : B, = a}. Tére n
otoyaotikn dadikaota

B - By, t<T,
7Y 2a=By, t>T,

etvar kar avtr) pla xivnon Brown. H By efvai anAd n apxixn kivnon Brown jdévo
Tov éyet avakAaoOel ws mpos tny evlela x = a petd tny mpddTn gopd mov ‘yTimn-
o€’y evlela avtn).

Ta va detéovpe éui n By efvar pia kivnon Brown Oa opioovue g Pondntucés aro-
xaotukés owadikaoleY, = By, 0 <t < T, kv tnv Z; = Byy1, —a = Byy1, —Br,,.
Egéoov o tuyaiog xpévos T, elvar évag ypdvog otdons, oljugwra e to Deddpnua
3.2.2 n dwadikaocia Z; Ja elvar pia xivnon Brown aveEdptntn and tny dAyeBpa
Fr, ka1 ovvends aveEdptnTn and tny oroyaoukn dwadikacia Y. Apa, and tg
widtnes tng kivnons Brown kav n —Z Oa elvar pla kivnon Brown avetdptnTn
s Y. Xvvends o1 dwadikaoies (Y, Z) kar (Y, —Z) Oa éxovv tny (ba katavoun.
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Ag mdpovpe tdpa Ty anetkorion
¢:(Y,Z2) = Yy, + (a+ Zi—1,)1>1,1)
H anaxdérvion avej elvar avvexris oto t = T,. Adyw tng ouvéyelag tng anetkivi-
ong ¢ kat tov 6 o1 Sradikaoies (Y, Z) kar (Y, —Z) Oa éxyovv tny (ba kazavour),
Katadrjyovpe oto ouumépacua 6t kar oo uadikaotes ¢p(Y,Z) xar §(Y,—Z) Oa
éxovy tny 0a katavoun. Opws
#(Y,Z) = Bly<r,y + (a+ Birr, -1, — 0) 1>ty = Bilp<r,y + Bilgst,y = By

Kat

o(Y,~-Z) = Bilyc<r,y +(a— (Bt -1, —a))lyst,)
= Btl{tSTa} + (2(1 — Bt)l{t>Ta} = Bt

Yuvends o1 By kar By éxovy tnr (da katavoun kat n By elvar pta xivnon Brown.

H opyn tne avdochaong umopel va yernoysonoindel yior tny ueAétn tng Stadixo-
olag ueylotou v xlvnone Brown.

HMopdderypa 3.2.6 Eotw S; = sup{B, : u < t}. Tdre

P(S;>a,Bi<a—-y)=PB;>a+y), a,y>0t>0

BOa ypnotporoioovie Ty otoyactikh Sadikacia By (mov oploaue oto mapd-
derypa 3.2.5). Opilovpe tov xpdvo €£6dov tng otoyaotikiis avtig dadikaoiag
T, = inf{t > 0,B; = a}. Egéoov n B; efvar ka1 avtij uta xivnon Brown (a-
koAovDel tov (510 véuo pe Tty By) avauévouue xar o1 xpévor c€édov T, wxar T,
va axolovlolv tny (Da katavoun. Xuvend§ epdoov ot 0toxaoTikés HeTaPANTES
(T., By) xar (Ty, By) axolovloty tov (6o véuo (éxovr v (ha katavourj) da
wxvet

P(T,<t,Bi<a—-y)=P(T, <t,By<a-—y) (3.6)

Egéoov duws n By kar n By efvai axpifis ot (dieg péypt tov xpdvo T, éxove 6n
Ty = T,. Enopévag ta akédovia yeyovita elvar ta ida

{To,Bi<a—y}={T, <t,2a—B; <a—y}={T. <t,B; >a+y} (3.7)
(apoti yia t > T,, B; = 2a — B;). Ané ug (3.6) xat (3.7) naipvovue
P(T,<t,Bi<a-y)=PT, <t,B>a+y) (3:8)

Oua pedetrjoovpe tdpa xwpotd ta 6vo pédn s e€lowons (3.8):
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o Actié pélog: Ioyva du {T, < t} = {S; > a} owends {T, < t}N{B; >
a+y} ={S; > a}N{B; > a+y}. Heparrépw éyovue tnr oxéon {B; > a+
y} C {S; > a} nonola pag diver 6 {S; > a}N{B; > a+y} = {B; > a+y}.
Yuvends

P(T, <t,Bi>a+y)=P(S; >a,B;>a+y)=P(B;>a+y)

o Apwotepd pédos: Epéoov {T, <t} = {S; > a} Oa wyva

PT,<t,Bi<a—y)=P(S;>a,B;<a—y)

KaraAipyovue Aoy oo ént

o0

P(Si>a,Bi<a—y)=PB>a+y)= / ——exp (——) dy
a+y

mov efval kat to (nrovjevo arotéleopa.
Mia 10060vaun poper) tov arotedéopatos avtov elval kat n akélovin

P(S; > 2,B; <y) =P(Bt > 2z —y)

Me 3dom 10 nopandve AnoTéAEoU UTOPOVIE VoL UTOAOYICOUUE oL TNV XoTo-
VOUT| TV Xpovwy Tpotng e€680u and 1o ywelo = < a.

IMTogdderypa 3.2.7 Na vrnodoyroOel n katavoun twy tuyaiowy xpdvowr T,
‘Exouvue apyikd 6t
P(T, <t)=P(S, >a)=P(S; >a,B; <a)+ P(S; > a,B; > a)

Ia va xatvaAnéovue oo mapardve xpnoiponoujoaje
(1) dut Ta yeyovita {T, < t} ka1 {S; > a} elvar ravtdonua
Kat
(17) 6n o yeyovds {S¢ > a} pmopel va ouuBel pe 6o tpdrovs: eite n kivnon
Brown Bynke and to xwplo x < a mplv tnr xpovikn otiyun t kal tny xXpovikn
otyun t éga emotpéper avd oo xwplo avtd, efte Bynke and to xwplo mpw Tnr
xpovikny otyun t kar Ty xpovikn otyun t ovveyila va Ppivketar ébw andé to
xwplo avtd. Ta dVo avtd yeyovita amoxAclovr to éva to dAdo.

Opws epdoov {B; > a} C {S; > a} wyve

P(StZa,Bt>a):P(Bt>a)

Eriong xpnoonoidrtas to anotédeopa tov mapadetyparog 3.2.6 emAéyovtagy =
0:

P(S; > a,B; < a) = P(B; > a)
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KaraAipyovue Aowrdv oo ont

PT,<t) = P(Si>a)=2P(B;>a)= 2 7exp (——2> dx

\/g ?exp (_y;) ay (3.9)
!

Me pia amAn rapaydyron ws mpogt uropolue va vnodoyioovie Ty KATavour twy
Xpovwy €€60ov tng kivnons Brown andé to xwplo © < a. To anotéleoua elvar

Anotehéouarta ooy xou autd mou divovtar oto Topadelypota 3.2.6 xan 3.2.7,
xar mou oyetilovion Ue Ty apyn TNg avdxhaong, elvor Wialtepa ypoudo GTNV
YENUOTOOXOVOULXY), XAl CUYXEXQUIEVA GTNV ATOTUNGY 0pLOUEVWY TORUYDYWY
ouuforaiwy, To omolol AMAVTHOVTOL UE TO YEVXOTEPO Gvoua e€wTind mapdywyo
(exotics). Oa emavéldouue oto Véua autd apydtepa.

Oa TUPOUGLAGOUIE TWEOL TNV UEYT TNG AVAXAACTS YPNOULOTIOLOVTOS TOV TE-
Aeot petatémiong 6 yio va e€oelwdolUe Ue TNV Yprom xou TG WLOTNTES Tou:

ITopdderypa 3.2.8 Anodeilte tny apyn) tns avdkAaong xpnoyLotowirTas tny
wxvpn) idtnta Markov oe pfa xatdAAnda emdeyuévn ovvdptnon tns kivnons
Brown. Yvykexpiuéva, apyixkd deite dn

P(T, <t)=2P(T, <t,B; <a)
érov T, = inf{t: By = a}, and o onolo éretar dut

P(T, <t) = P(S; > a) = 2P(B; > a).

Onwg kat mponyovuévamg Sy elvar to péyroto tns kivnons Brown uéxpt tny xpo-
vikn otyun t.

Optlovpe tnr Tuyaia petaprnen

_ _ ]., s < t, Btfs <a
Ys(w(®) = Ys(B(w(t) = { 0, o€ kdOe dAAn mepinTwon

6mov e to w(t) vrodnAdwvouue tny e€dptnon and to By. Ag ypnoyionotioovue
tov tekeotn pevarémong §. Av Guunbolue to nws o teAeotris petatomiong opd
endvw otny tpoxid g klvnons Brown PAémoupe dut

17 s <t Bt+Ta—s <a

Yoobr, =Ys(Bw(t+T.)) = { 0, o€ kdOe dAAN TepinTrwon
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(Buunbeite én o tedeatijs petardmong emdpd woévo endvw otny kivnon Brown).
Yuvends

Vi 0 — 1, T, <t, Bi<a
Ta "1 =0, Xe kdOe dAAN mepintmon
Xpnoponowolue tapa tny wyvpn widtnta Markov ya tnv ourdptnon aven
EolY; 00: | 7:] = Ep, [Y7]

émov T elvar évag xpdros atdong, kat to 6e&16 pédog elvar n ovvdpTnon ¢(x,s) =
E.,Y, vrmoloywouévn oto s = 7 kat x = B;. Ag¢ emAébovue s = T, étor dote
B, =a.

Ag vnodoyioouue tdpa tny ovvdptnon ¢(z,s), yia tny emAoyn avty tov Y:

oz, 5) =zmm=/uKMwH@m%

¢ 1 (z —x)?
- /—oo 1{S<t} /277r(t—3)ewp(_ 2(t—8) )dZ

Yrov mapandve vmodoyopd dexOnkape ot to 6t o pétpo p, €lvar to pétpo
Wiener mov endyer n kivnon Brown éovtag &ekwvioea oto onueio By = x (BA.
rapdypago 3.1). Xuvends, to oAokAnpwua Tng XapakTnploTikig ouwvdptnons
1¢B, .<a} €mdve oto dp, dev elvar tapd n mbavénta tov yeyovéros {By s < a})
(ywa kivnon Brown mov &exivnoe oo x) n onola divetar and to odokArpwua Tov
ypdipaje napandvew. Oétovtag tpa x = a otny mapandvw oxéon Ppiokovie 6t

a,s)=1 /a L ex (—(Z_a)2)dz—11
) = L{s<t} e \/m p Q(t_ S) - 9 {s<t}-

Erot pe tnr xprjon wng wxvpns wiwetntas Markov Ppiokovue dn

(

1
Bo[Yr, ofr, | F1.] = 51{s<t)-

Tdpa maipvovue tny péon tiun Ey kat twy 600 peddr s naparndve e€lowons kat
Xpnotponowdrtag Ts Widtnres tng vro ovvdrkn péons tuns (kar ouykekpiéva
Tov vépo tns oliknis mbavétntas) Pplokoupe ot

1
P(T, < t,Bi < a) = 5 P(T, < 1) (3.10)

(rapaleimovue o Py).

‘Exovtag arnodetéer tny napandvw 1016tnta puropolue tdpa va anodetéouvpe tny
apxn s avdkiaons. Xpnoyonowdvtas enyelpnpata 0nws Kal ota mponyoUjera
rapadetypata pnopovje va ypdipouvue:

P(Tagt) = P(Ta£t7Bt>a’)+P(TaSt7Bt§a)

= PI.<1.B>a)+ 3P, <1) = P(B, > ) + 3P(T, <1)
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ané tny onola umopolue va dolje dtl
P(T, <t)=P(S; >a) =2P(B; > a)

Mio axopo evdiagépovoa epapuoyh g loyveng Wiotntag Markov yia tnv
xivnon Brown elvon 0 Aeyouevog véuog tou avtioteo@ou cuvnuitévou tou Levy.

IMopdderypa 3.2.9 Acifre éu n mbavétnra va éxer n kivnon Brown touddyt-
otov éva onuelo undeviopot oto Srdotnua [to,t1] dedopévov dtt By = 0 diverar

ané tny oxéon
2 [to
p = —arccosy| —
™ t1

i < = = > = —
P[ogl;l%tBu <0 By =aq] P[Olgggt B, >0| By a

MmropoUlue va ypdipouyie

= > =0| = <
P[Orélggt B,>a|By=0=P(T,<t)

a1 a?
_E ; SBTexp %% ds, a>0

Xny mpdTn wdétnTa xpnoyuorotjoaue TNy oUHpETpla Tns kivnons Brown ylpw
ané v tun 0, otny 6elTepn tNr Xwplkn) opooyéveaa tng kivnons Brown ka
yla tnr tedevtaia to amotédeopa tov mapadetypatos 3.2.7.

To mapandve amotédeopa pumopel kat va epunvevdel kar ws e&ng: Av By, = a
téte n mbavdtnta P(a), va éa n By touldyiotor éva pundevioud peta&d twv to
kat t, elvai

a1 a?
P(a)—m | P |~ g, ds

To armotéleopa avtd mpokUmTeL amé Ty opowoyévala atov Xpdvo TS Kivnong
Brown, evd n aréAven tiun npokintel yia Adyovs ouppeTplag.

Ia va vrodoyioovue tnr mbavétnta va pndevilerar n By tovddyiotor pia
popd oto didotnua (to.t1) dedopévov 6t By = 0 Ja beopedoovue oe GAes g
mbavés rpés tng By, : Av By, = a n mOavétnra va undeviletar n By oo sidonua
(to,t1) etvar ion mpos P(a). Tuvends,

o D) o a2
p= /700 P(a)P[By, = a| By = 0]da = ”W_to/o P(a)exp <_2_t0) da

Metd and Alyn dAyeBpa
1 [t o 2101
p = / 373/2/ aexp @ —+ — )da|ds
™ to 0 0 2 a to

Vig [fte d 2 i —1t 2 It
= —0/ v = —arctan ! 0 — —arccos A
T Jo (to+s)v/s =« to ™ ty
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3.3 Iduotnteg martingale tng xivnong Brown

H Yewpla tng xlvnone Brown unopel vor avamtuydel xdvovtog yerion anoteAeoud-
v and Ty Yewpla Twy dudixactdv martingale. ‘Onwg Yo del€ouue xow otny
napdypapo autr, 1 xivnon Brown elvor martingale, xou moAlég and Tic WdLH-
TNTEC NG Unopel var cuvorydoly amd Ty WoTNTA aUTH. Suyxexpluéva Loy Vel To
TapoXdTey Yedpnud

Oedpnua 3.3.1 Eotw B, ula kivnon Brown kat Fs = o(By,u < s). Ot tapa-
Kkdtw oToYaoTikés Oadikaoles elvar martingales ws mpog tny oujinon Fs:

(i) By
(i1) (By)® —t

(i) M} = exp ()\Bt - %)

Aréde&n: (i) Mnopolue va Solue étL E[| By |] < 00 €@boov 10 ohoxhipmua
[7. | @ | exp(—x*/2t)dz ouyxhiver. Toyler 6t

E[B,|F,] = E[B,—B,+ By|F,|=E[B, — B, | Fs] + E[B; | T
= E[B, - By + B, = B,

I tov et 6po oo ddpotoua aUTd YENOULOTOLACUUE TO YEYOVOS OTL 1) uetafo-
A By — B, etvan ave&dptnmn and v Fy, xou 6Tt 1) wéom | e MeTaBolrg authc
elvan 0. T'wa T0 Seltepo bpo yenoudonoticoue 10 OtL 1) By elvon Fy-uetpriown.
O (i1) xan (497) apvovtae ooy doxnon. O

IMoedderypa 3.3.1 H dwadikaoia tetpaywviknig petaforns tns kivnong Brown
elvarn < B >;=t. Avtd umopel va pavel and to (it) tov Jewpnpatos 3.3.1 kat and
Tov 0pLo U6 TNS dradikaoiag terpaywrikng petafoAng yia uia martingale. Mmopel
Ouws va arnoderyUel kar evéws arno tov oplops TS TETPAYWVIKS HETABOANS wS

<B>;= 1 B, — B;.)?
t ‘Al‘rgozi:( i1 1)

émov {t;} elvar pia Srapépion tou [0,t], A = sup; | tiy1 —t; |, kat éplo AapPdvezar
katd mavétnra. Oa eravélbovpe otny ontikn avty otny napdypago 3.5.

IMopddetypa 3.3.2 Nopog twyv Xpdvwy e€68ou yia tnv xivnon Brown
Oa xpnoiporotjooupe to Jecdpnua 3.3.1 ya va Bpolue e diapopetiké tpdmo to
vépo ya tny tuyaia petafAntr T, = inf{t: Sy > a} émov Sy = sup,«, Bs, kai
B etvar n povodrdoratn kivnon Brown mov Eexivde oto 0. B

An6 to Oecdpnua 3.3.1 PAémovue 6n yra A > 0, n oroyaouki) owdikaoia
M} etvar pta martingale. Ag Oewprjoovue tipa Ty otapatnuérn martingale
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M}y . Avth efvar pta martingale n omola etvar gpayuévn amé to er xar

OVVETAS Xpnotponowrtas to Jedpnua emidektikng ordons PAémovpe nwg

E[M} | = E[My] = 1.

E {emp </\a - ’\22T“>] =1
B [emp (f AZQT”H — eap(—a)

7 z z 2 7
Optlovtag o s and tny oxéon s = >‘7 Taipvouue

Avtd pag diver dut

oméTe

E(e_ST“) — e—\/ﬂu
Ouws, av f(t) elvar n mukrdenta mbavétnrag tns tuyalag petapntig T, tote
E(e=*T=) = / e L f(t)dt
0
omdre E(e=*Ta) efvar 0 petaoynuationds Laplace tng mukvétnrag mdavéntag

s tuyalag petapAntis T,. Avaotpépovtas tov petacynuatiopd  Laplace
XPNOLHOTOLdYTAS TUTLKES edddous Bpiokouue ot

1) = —aeap (-
V273 2t)
Yyetkd pe vov peraoynuatiopnd Laplace xar tig 1616tntes tov napaméumovpe o€
eyxepida epappoouévor padnuatkdr (BA. my. [23]).

HMopdderypa 3.3.3 Xpnoponowdrrag g 10idtntes martingale tng kivnong
Brown kai tnv avwoétnra submartingale tov Doob umopotue va deiéovpe dtr
av Sy = SUp, <, B, tdte

2
P(S; > at) < exp (—%t)

Anédetn: TNa A > 0 a ypnoponoujoovue Ty exdetikrj martingale M
repopopérn oto adotnua [0,t]. Arnd g bidtnres s exletikis ouvdptnons
(novotovia) éxouue dn

A2t N
erp | NSy — T3 < Slilt)Ms
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Kat ané avto malpyoupe

P(St Z at)

IN

)\2
P {sup MSA > exp ()\at - 7)}

s<t

2
exp < Aat + %) E(M).

IN

Egéaov M> etvar martingale 1oyde éu BE(M}) = E(MJ) = 1 ka1 apo?

e 2 _ .2
)1\1;%( Aat + \°t/2) a“t/2

(eAaxiotonoolue ws mpog A) éretar to (nrovuevo.

3.4 Xopaxtnelopog tng xivnong Brown

Oa TapovctdcoLUE TWpa Eva TEOTO EAEYYOL Tou av Ulo dedouévn oToyaoTIXH
dradiacior (we mpog v didnon mov mopdyet) elvon xivnon Brown 4 oyt. O
TpoTOC eAEYyoL Boolletan oe éva Veuehmddec amoTéNeoa TOU OYELAETOL OTOV
Paul Levy xou mou yopaxtneilet tnv xivnon Brown yenowwonoldviag ouctactixd
g WioTntee martingale mou auty €yel. Iopoadétovue To Yedpnuo autd xan Yo
ddoouue T anddelln 0To TapdETNUA TOU XEPUAXLOU.

Ochdpnua 3.4.1 (Levy ) Eotw Xy, t > 0 pla otoyaotkij dwadikacia kar Gy =
o(Xs,s < t) n duidnon mov mapdyevar and averi. H X elvar pla xivnon Brown
av kai puovo av wyvovr o akéAovles ournkes

(1) Xo=00.0.

(17) Ou tpoyies tng Xy elvar ouvexels ouvaptioes touv xpdrou.

)
)
(4i1) H Xy elvar pla martingale ws npos tny dujinon Gy = o(X,, s < t).

)

(iv) H X} —t efvar uia martingale g mpog tnr oujinon Gy = 0(Xs,s < t).
Anddelgn: BA. napdptnua tou xepokaiov. O

Inpeiwon: To Yedpnua awtd yopoxtnellet tnv xivnon Brown ovctactixd and
Y Héon U TS xat Ty Stadaven xot guotxd Ty aveaptnota twv uetofo-
MOV TS, TUYXEXPLUEVE UTIOPOUIUE VO OVTLXATUOTACOVUE TiC oLVORXES (444) xou
(iv) oL TapATVL ﬂswpnuarog HE Tig ouvIfxeg:

(m) H Swoduxacia X; éxel otdowuec (stationary ) xou ave&dptntec uetoBohéc
(iv) O petoBoréc Xy — X, , 5 < t elvol XOTAVEUNUEVES UE TNV XOVOVLXY| XOITAL-
voun ue uéco 0 xou dwaomopd t — s.

Eniong n ouvdinn (iv) unopet vo avuxatootadel and uio ouvdinn oyetind ue v
tetparywvix wetofforr) tne martingale X; xou ouyxexpiuévo and tny < Xy >=1t.

To Yedpnua auvto elvar Wiaktepo yprowo xou Beloxel apxetés eQaproYés GTNV
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Yenuatoowxovouwxy. Autd mou meénel vo uag eviunwiel 86 elvar to otL av pla
dtaduxaoto elvon xivnon Brown # éyt e€optdton and my duidnon ty onolo tnv
ouvodelet xardde xou and To Uétpo mdavdtnTog x4t ond 1o onolo Ty BAEmoLUE.
Ou Wéeg autég Ya Eexadapicouy xan Tapoxdte dtay avantdEouue To Yedpnuo Tou
Girsanov.

ITopdderypa 3.4.1 Xpnowuonowdrag to Dedpnua tov Levy anodeléte 6n n oto-
xaotxn owadikaoia X; = Byyr — B dnov By elvar pia xivnon Brown kair T évag
VTETEPLVIOTIKOS Xporvos elvar kat avty pia xivnon Brown.

H 6idnon G¢ mov mapdyer n otoyaoukn dwadikacia X; oyetiletar e tnr
oujinon F; mov mapdyer n kivnon Brown. Ilpdypat

G =0(Xs,s<t) =0(Bsyr — Br,s <t)=0(Bs,s <t+T) =Fpqr

Ot ihidenzes (i) kar (i1) Tov Oewpripatog tov Levy elvar mpopavels and tov opiopd
g kivnong Brown.
Oa eAéybovue tny (iii)

E[Xt ‘gs] - E[Xt_Xs+Xs |gs]:Xs+E[Xt_X3 |gs]
= E[Bt+T - Bs+T | -7:s+T] + Xs’ = E[Bt+T - Bs+T] + Xs’ = Xs

(to pétpo kdtw amd to omolo malpvoupe TS éoes TIUES €lvar To Hétpo mou Tapdyel
n xivnon Brown,).
Oa eAéyéovue tdpa tny (iv)

E[XtZ_t‘QS] = E[(Xt_Xs+XS)2_t|g8]
= E[(X;—X,)? |G| —t+X]
= E[(Bur — Bsyr)® | Fosr] -t + X?
= (t+T—(s+T)—t+X2=X2—5

émov xpnowuonotijoaue tny istnta 6t E[Xy — X, | Gs] = 0 nov deléaje kard
my anéde&n g ihidtnrag (iit) kar ug didTnzes Tng kivnons Brown.

Yuvend§ n otoyaotikn oadikacia Xy elvar ula xivnon Brown. Aokipdote va
betteve rg Widtnzes (iii) xar (iv) oav doxnon.

Hopddevypa 3.4.2 Ag opioovue tny otoyaonikn dadikaola Z; = %Bc% émov
¢ > 0 xat By n ktvnon Brown. H otoyaotikr) dwadikacia Zy efvar uia kivnon
Brown.

H anéoeitn umopet va yiver xpnoponowdvrag to 9éwpnua tov Levy. Oa ypn-
oomotjoovpe ot n o-dAyefpa Gy mouv mapdyetar and tnr dwdikacia Zy elvar
ovolaonikd n o-dAyefpa F2y omov Fy elvar n o-dAyefpa mov mapdyetar and tnv
kivnon Brown. Ta vrnéloima agrvortar oav doknon.

3.5 I8uotnTeEg TV TROYL®Y TNg %Xlvnong Brown

Ou tpoyLéc e xivnong Brown éyouv uepinéc yapoxtneiotinés duotnteg, LeETn
TV OTOlWV €YEL ATACYONAOEL apXeTd TNV Hadnuoti] xowotnta. IStaditepa ue to
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Yéua auto aoyohiinxay ueydiot uadnuotixol 6nwg t.x. o Levy , o Wiener x.a.

Ede amhd o avagépouue tig mo onuavixég ano autés. Tao anoteAéopoto autd

elvon apxeTd TEYVIXQ, YU UTO XoL avVaPEPOVUE TOL TEPLOCOTERA Ywplc AmddELdn.
ZexVaE UE TNV LOTNTA TNG GUVEYELIS TWV TROYLWV.

Oedpnua 3.5.1 FEoww 0 < € < & kar 0 < T < 0. Tére, vndpyer tuyaia

petapAnty N (n onoia eéaprdrar kar and ta € kar T') térowa dhote E[NP] < oo Vp,
0 < p < 00 ywa T omoia 10y Vel

| By(w) — Bo(w) [S N(w) [t — s |27, Vs,t €[0,T]
Anéde&n: Mopodelneton. Bh. my. [21]. O

O Kintchin éyet anodeiet éva mo toyupd Vedpnuo oYETXE UE TNV CUUTEPLPOES
Y TpoYLOY TN xivione Brown oe uixpolc xau ot peydloug ypdvoug, mou Sive
éva o xoh6 Qedyua amd to nopandve. To Jedpenua autd elvor Yvwotd wg o
vépoc tou enavolopBovopevou hoyaplduou (law of the iterated logarithm).

Ocwpnua 3.5.2 I'a v kivnon Brown wxvovy o1 tapaxdtw oyéoegs e mia-
vétnta 1

. B; I B, 1
imsup ———— = limsup ——— =
10 [Inin (%) ttoo  /Inin(t)
B, B
liminf ——=%  — liminf — =4 = —1

t10 \/m ttoo \/Inin(t)

Anodegn:opoheineton. O

H nopomdve Wiotnta tne xivnone Brown , mou ouvctaotxd pag Aéel otL 10 6pLo
% oto t = 0 dev undpyet pog divel uia Wéa yia v modohoyixy| cuumept-
Inin( ¢
popd. Twv TeoyLOV NG xivnone Brown. AuthA 1 Wéa umopel va enBeBarwidel xon

and 1o anoteAéouaTo oL TapatideEvTon TNV CUVEYELA.

Enuovtixd efvon n ot Tng awtoouodtntag e xivnone Brown:

Ocwpnua 3.5.3 Eotw By ula kivnon Brown. Tdte kat o1 0toyaotikés dadika-
oleg

(Z) X = %Bc%

(i1) Y; =tB1
elvar eniong kwnoes Brown.

Anbodel&n: H anddeln tne (i) éxet ovolaotind oxtoypagpniel ooy mopddetyuo
oty mopdypago 3.4 yenorlonoldvtag o Vewpnua tou Levy. H anddelln tne (i4)
entong umopel va yiver eniong xdvovtog yeron tou Yewpruatog tou Levy. To
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Hovo hentod onuelo elvan 1 anddelln tng cuvéyetag tng Yz oto onuelo t = 0. T
vou yiver autod ypetalbuaoTe évo anotéeouo and Ty avdivor. o to topdy o
apxel vo AdBouue Ty ouvéyela g Yz oto t = 0 wg deSouévn.O

Mia yopoxtnpelotind| Widtnta e xivnone Brown elvan 6t dev etvon Stapoplot-
un mtowdevd o.f. Elvor dnhadn éva mopdderyuo cuvdptnong n onola elvar cuveytic
oG un dwpoplowun. H andden tng Wiotntog authc yior Ty xivinon Brown
drartunddnxe yior tpcdTn @opd TNy dexoetia Tou 1930 and toug Paley, Wiener xou
Zygmund. Iopadétovue plo pop@r tTou anoteréouatog autol.

Ocpnua 3.5.4 H kivnon Brown By elvar un dagopionun o.B. oto onpuelo t,
yia kdet > 0 .

Anoédergn: Iopohelneton. O

H tetpayoviny yetaBolf e xivione Brown oto dudotnua [0,t] elvon ion ue
t. Avtideta 1 xwnorn Brown éxel dnepn petoorr. To amoteréouato awtd ou-
voilovton oTo mopaxdtw Vempnuo

Ocwenua 3.5.5 H kivnon Brown éxel tg mapaxdtw 1016tnTes

(i) H tetpaywvixij tns petaPodn oto didotnua [0,t] elvar lon pe t.

(11) H petaBodri tng elvar dren.
AnédeiEn: (i) Mpoxintel and to 61t n otoycotx Stodixaota B —t elvor mar-
tingale. Mioa evodhotinr) omodetén diveton oto Mapdderyua 3.5.1.

(#7) HpoxOnter and o 6w 1 By elvon ouveyrfc martingale xou and to Yedpnua
2.6.3. O

To yeyovog ot i uetoBol| tne xivnone Brown etvor dmewpn elvan WBradtepo omua-
VIO yior autd mou Yo oxohoudioouvy. Adyw tng WtétTnTag avutrc Sev unopol-
He va oplooupe 0 ohoxAfpwua uiag cuvdptnong f emdve otny xivnon Brown,
J f(s,w)dBs cav éva ohoxhhpwuo Riemann-Stieljes odhd Yo mpémer va Bpolue
€val EVOANAX TG TEOTO 0pLeU0U TOU, £TOL MOTE TO OAOXAPWUA AUTO VoL EYEL VOT-
po. Qo emavéhdouue oTig WEEC AUTES oy GLUINTAUE TNV EVVOLA TOU GTOYACTIXOU
ohoxAnpouatog tou Ito.

HMopdderypa 3.5.1 Aeiére 6n

n—1
: n 2 _
Jm 3 (A =t
1=

émov ATB = By — Bir kar pe tf ovupodilovpe tny dapépon ) = % ToU

draotriuaros [0,t]. H otyxdion efvar olyrdion katd L?.

Apkel va detéovpe du

n—1 2
lim (Z(A?B)Q—t> =0
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Mrmopotue va ypdipovue

E <n21(A?B)2 - t)

i=0

E

S (wemr- %)

i=0

Aéyw avebapTnoiag

- nZ;E [((A?B)Q _ 1’;)2

= Y {Earsy- 2earsy+ )
=0

Opws, ané ng 10idtntes tng kivnons Brown yvwpilovue dtt

312 t

E[(A"B)Y] = =, E[(A"B)? = — 11
(A} B)7] pry (A} B)7] - (3.11)
Yuvendg,
iy , N | =Hose e e 242
E A"B)? — = L
;( iB) t ;(n'z n? +n2> n

and émov umopolue va ouuTEPdvoUE OTL

n—1 2
. n 2 _ _
nll)n;oE ( E (A'B) t> =0

i=0

Ero1r anodelyinke to {nroduevo. To (610 anotédeoua pumopel va deryOel kar ya
yevikérepes dapepioas. Ané tg 1didtnres g olyrhions PAémovue 6t n L-
oUykhion e€aopalile kar Tny oUyklion oe mbavétnta, ondte to mapddetypa avtd
Hag Oetyver pe dagopetikd tpdmo 6n n dadikaola tetpaywvikis petaforns tng
kivnong Brown < B >;=t.

3.6 Hoku&c&c‘ca‘m xi.vqcs'q Brown

Oa oplooupe Topa TV ToALSLAoTOTY Xivorn Brown.

Oprowoég 3.6.1 H xivnon Brown d-biaotdocwr elvar n otoyaotikn dadikaoia
B, = (B14, B2, -, Bay) 6nov By, i =1, ..., d elvar kwvijoeis Brown ave&dptnteg
neta& tous.

Ou WiotnTeg e toAudidotatne xtvnong Brown umnopel va cuvaydolv and tig
WLOTATEC TWV €M UEPOUE LOVOBEGTATWY XV cewY Brown mou tnv anoteAoiv.

Opiopég 3.6.2 Mia d—bidotatn kivnon Brown elvar pia otoyaotikr) 1adika-
ofa By n orota mafprer tués ovor RE kar mov éyar tig axdlovles ihidenreg
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(i) Avty < t1 < ... < ty, TéTE 01 (Bravvouatikés) tuyales petafAntés By, , By, —
By, ...,Bi, — By, , elvar aveédptnres, (ave&dptnres avéfioeg)

(¢i) If s,t >0, tdre

P(Bsy: — B GA)—/;&T EdN
T s =) ez P\ " e )0

émov A € B(R?). O avérjoeis tng kivnons Broun oe d—daotdoag elvar
Kataveunuéves pe tny kavovikr katavoun oe d—owotdoeag (katavoun
Gauss ).

(7i7) On tpoxiés ng kivnons Brown elvar ovveyels pe mbavdnta 1, 6niadn n
ovvdptnon t — By elvar ourexris.

Ou tpelc avtée Widtnteg opllouy i xou wovadixy otoyaotix Siadcaoia. H
Umapén g otoyaotixig Stadixactiag UE Tig Topamdve WlotnTeg Untopel var Yivel
YPNOWOTIOLOVTAS YEVXEVOELS TwV TEoTwY anddeting e Unapdng tng Uovodid-
otatng xivnong Brown.

Ané tic Widtnieg e xivnone Brown umopolue va cuvdyouue Tic didtnteg
Tou U€Tpou Tou endyel N xivnon Brown otig d-Stactdoelg:

Mthtz,...tn(Al X A2 X ... X An) = / d:[l / dIQ/ dﬂ?n Hp(ti — ti_l,xi_l,xi)
Aq Az An i=1

omovzg =z €RY, t; =0, 4; € B(RY),i=1,....,n xou

_ 1 ly —a
p(taxay)_(?n_t)d/zexp - 2%

Me tov cupPohoud | | evwoolue v Euxketdio vépuo otov R, H nocédtna
Bty oot (A1 X Ax X . x Ay, elvon xatd xdmoto tpémo n mdavétnta va Peloxeton 1
otoyootxh Sladixaota By tig ypovixés otiyués t; ota unocbvoha A; (tou avixouv
oto cUvoho Borel mou mopdyetor amd 1o RY. H mocédtnro auth ovoudletor
TEMEPAOUEVNC BLACTACTE HATAUVOUY| XOL 1) YVOON TNG Elvor TOAD GNUAvVTIXT GTO VoL
*oTooXELEoOLUE To péTpo p t

H noludidotatn xivnon Brown €yel moAkég amd Tic WSLOTATEC TN UOVOdLE-
otatng xivnone Brown. 'Eva mapdderyua elvar 1 Widtnta Markov xou 1 woyve
Wiotnta Markov. Evo dhho nopddetypa elvar ol t8tétntec martingale tne xivnong
Brown xot dtapdpwv ouvapthceny tne. IIo ouyxexpluéva, unopolue edxoAo Vo
Solue Ty yevixeuon tou Yewpruatog Tou Levy yia tnv xivion Brown oe nepto-
ootepec e ulag ddotaong.

Ockpnua 3.6.1 Eotw Xy = (X1,4, ..., Xay) € R, ¢ > 0 pia oroyaonxy dad-
kaola ka1t Gy = 0(X,,s < t) n dujinon nov mapdyerar and aver). H X, elvar pia
xivnon Brown av kat uévo av wyvovr ot axérovles aurinkeg

X pnowomotdvrag 1o Yedpnuo enéxtaong touv Kolmogorov (Kolmogorov’s extension theo-
rem). Biéne n.y. [1]
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(1) Xo =000

(i1

)

(17) O tpoyaés ng Xy elvar ouvexels ouvaptioes touv xpdrou.
) H X; elvar pla martingale wg npog tny dujinon Gy = o(Xs, s < t).
) O

(tv Xit X — 0i5t, 4,5 = 1,...,d elvar martingale ws mpog tnv oundnon

gt =0(X,,s <t). To d;; elvar o 6éAta tov Kronecker.

3.7 Koataoxeuy| tng xlvnong Brown

O aoyorndolue T ev cuvtoula UE TNV xataoxevt| tng xivnone Brown. Av
xaw o anddeln vnopdne g moAD onuavTixic auTHS oToyaoTixg Stadixactiog
elvan amopaitnTn, 0 Adyog Tou Vo To xdvouue autd dev Tydlel TAYpws and Vew-
prixd evdlagépov. Ot uédodol xartaoxevric tng xivnong Brown nou Yo Sdcoupe
elvarl XOTOOXEVAOTIXES XL GUVETGS UTOPEL var Uag goavoly yeroyles otny opld-
MITL) XATAOXEVT] Tpoyt@Y TNng xivnone Brown xou otnv nopaywyr aprduntixwdy
ahyoplduwy yiar Ty enthuon tpoBAnudtmy.

O ddoovue dUo Sapopetinés xataoxevég e xivnone Brown, ula mou Boot-
Cetar oTNY VamORECTACT] TNG XPNOULOTIOLOVTAS XATIAANAES GuvapThoelg Bdong,
xou plor xoTaoxevn TNE ooy To XATAAANAO GpLo evdg Tuyalou TEpLTdTOU.

3.7.1 Avanogdotacy tng xivnong Brown yenoiponotmviog
ouvaptroelg Haar
Oa Zexwvrioouye elodyovtag uia BT TOU YWOPOU TWY GUVEXWY CUVIRTACE®Y, TNV
Bdon twv cuvapthoewy Haar.

Opwowés 3.7.1 O ouvaptijoers ¢;(t) = [0,1] = R mov opilovtar pe Pdon wov
Tapakdtw TUTO

9li-1)/2,

gij(t) = ¢ —20-D/2 —2271 <t< 3—]

0, yia kdOe dAdo t

yai=1,2,..xa1j=1,2,..,2""1 ovoudlovrar cuvaptnoetg Haar.
Ou ouvapthoeig Haar €youv uepixég mohd ypriowues WLOTNTES:
o Ou ouvapthicelc Haar eivar opdoyodvies oo [0,1] ¢ npoc 10 eowTeEPLXd
ywéuevo < f,g >= fol gfdt
e Ou ouvapthoegc Haar amoteholy éva oploxavovixd mAfeec cUGTHUA OTOV
xGpo L2[0,1] = {f :< f, f >< oo}

e O ypopuuwxol cuvduaouol twv cuvapthoewy Haar etvor tuxvol oto obvoro
TV oLVEY WY cLVAETHoELY. Katd cuvénela, e@doov 1o GUVONO TV GUVEYKOY
cuvopThoEwY elvor TUXVS ooy Ywpo L2[0, 1], oL ypopuixot cuvdlaouol Ty
cuvopthoewy Haar Yo ebvor Tuxvol otov ywpo L2[0, 1].
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Me Bdion to topamdve BAETOVUE 6Tt oTtotadnote cuveyhc cuvdptnon oto [0, 1]
xot omoLadhnote ouvdptnon mou avixel otov L2[0, 1] Yo unopel va mpooceyyiotet
ooV YpoULXOS cuvdlaoudg ouvapthoewy Haar. Kotd cuvénela, xar 1 xtvnon
Brown mou eunintel otic napandvew xotnyopieg Yo unopel vo exgpactel ue Ty
Boretlo Twv cUVIPTACEWY AUTWY.

IIgboeyyLion tng xivnong Brown
Optlouue ¢

Vij(t) = /Ot ¢i;(s)ds

xan Yewpodue ula axoloudia and aveZdoTnTES OUOLA XATAVEUTUEVES XAVOVLXESG
wetoBAntéc Yy, pe E[Y;] = 0 xou E[Y3] = 1.
Kataoxeudloupe to odpolopota
Vo(t) = Yootboo(t)
21‘—1

Vi(t) = > Vigthi(t), i > 1
j=1

To ddpoloua

o] oo 2i71
Xe=) Vi) =)y Yiylt), i>1
i=0 i=0 j=1

elvan ufa tpocéyylon tne xivnone Brown oto Sudotnua [0, 1].

T v tpocéyylon tne xivnone Brown oe onolodyinote didotnua apxel va yenot-
pomnolfcoue tny Wtétnta tne xivnong Brown 6t av By elvar xlvnorn Brown téte
XouL N ﬁt =t By elvor xivnon Brown. H di6tnra auti| enextelver tnv topandve
xatoloxeun yia ¢ omd 1o ddotnua [0, 1] oe x&de t.

To ot 1 nopandve xataoxeur] elvo xahd oplouévn xat To ott TpoceYYilel TNV
xivnorn Brown unopel vo exppaotel pe to napaxdte Yedpenuo:

Ocdpnua 3.7.1 H capd Y .o Vi(t) ovykdiver opodpopga oo t (0.5.). Av
X =32 Vilt) tove n Xy elvar ud kivnon Brown ya tnv onofa wyvet Xo = 0.

Anodeg&n: B [1]. O

YxoAiwo: H avanopdotaon tng xivnong Brown yenowonowwvtac g Bdon tig
ouvopthoelc Haar Sev etvon 1 puévn Suvarr tétola avamapdotaon. Mia opxe-
8 dInuoguifc avanopdotaon e xivione Brown etvon cav ula oewpd Fourier pe
tuyaloug cuvtekeotéc. H avanapdotaon oauth ovoudletar avdntuypo Karhunen-
Loéve. X0ugwva ye v avamapdotact auth 1o ddpocua

Xt(w) = i Zn(w)q)n(t): 0 S t S T
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61ou
o) = —Y2L G @niDmt o1,
@n+ 1)r o

xar ou {Z;}, ¢ = 0,1,... elvon aveEdptnres xavovxéc tuyalec petoBAntéc ue
E[Z;] = 0 xor E[Z2] = 1, ouyxhiver xatd L? oe plo xivnon Brown oto Sudotnua
[0, 7]-

3.7.2 H eufivdion Skorokhod (Skorokhod Embedding)

Oa droovue tpa Utar evahhoTixr) XaTaoxeLT| Tng xivnong Brown yenotuonold-
vTaC ¢ Poowxd epyadelo tov tuyalo mepinoto. Xpnotuomoldvtag Ty WX ¢
guPUdione tou Skorokhod (Skorokhod embedding) unopolue va tpoceyyicouue
wlo xtvnon Brown Eexwvidvtog amd évar Tuy oo TERITATO Xou XEVOVTAS TNV XUTAHA-
AN ooy xhiuancag.

H xevtpud Wéa g xataoxeuic autic Paotletar otny axdloudr) nopathenon:
Eotww & aveldptnteg xou duoto xataveunuéveg tuyales UetoBAnTég tétoleg Hhote
E[&] = 0 xou E[€2] = 1. OpiCoupe Ttov tuydio mepinato Sy = & + ... + &n.
Téte undpyet uio xtvnon Brown B, xou ypévol otdone 71 < 7 < ... €00l OoTE
B, = Sy, 0.5. yia x&de n.

H xevtpu awth déa pumopel vo Ypagel oe To auoTne Uop®h UE TNV XeHom
oL TapaXdTe YewphuaToc:

Oedpnua 3.7.2 (Skorokhod, Strassen) Eotw & aveEdptntes, duowa kataveun-
péves Tuyales petafAntés wéroteg wote E[€] = 0, kat E[€2] = 1. Ag ypdipouue
Sp =& + ... + &, Tore, vndpyer pia xivnon Brown tétowa dote

1
mSIiI;|S[T]—BT |—)07 t — 00
r

émov e [r] ouvpuPoAilovue to arépaio puépog Tov r, kat to dpio Yewpeltar wg oU-
ykAion o€ mBavdénza.

Anddelgn: H anddeln nopateinetor. Loty anddelln napanéunouue otov [15]
O

To napaxdte Yewdpnua uag Selyvel tde unopolbue va npooeyyloovue nocotnTeg
UTOAOYLOUEVEC OTNY TeoyLd ulac xivnong Brown and mocodtntee unohoyLoUEVES
ota dradoyixd onueia mou emtoxénteta évag Tuyatog nepinatog. To Yedpnua av-
16 ogelleton otov Donsker xon moAAéC popéc avagpépetan oty BuiBMoypaplo ooy
TO oLVAETNOoLAXO XEVTELXO optaxd Vempnua (functional central limit
theorem).

Ocwpnua 3.7.3 FEotww §; avebdptntes, opota kataveunuéves tuyales petapan-
©é§ ya g omoles wyvet E[&;] = 0 kv E[€2] = 1. Ag oploovue tnr oroyaotikrj
dwadikaoia

L1
X' =~ &, te0,1],n=12,..
k<nt
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Eotw eniong 6u B elvar pla kivnon Brown oo [0,1] xat ag oploovpe oav D]0, 1]
oV xdpo twy ouvaptioewy oto [0, 1] mov elvar 6eéid ouvexels kat éyovr apotepd
dpa. Eoto [ pla areixdrion f: D[0,1] = R perprioun xar 0.8. ovvexnis otnr
tpoyla tns B. Tote

f(X") = f(B)
kai n oUykAion €lvar oUykAon 0€ kKatavour).

Anédein: oy anddelln napanéunovue otov [15] O

Me Bdon 1o mopandve UnopolUe Vo TPOTEVOUUE TNV Topoxdte Sladixaoio mpo-
oéyylong g xtvnong Brown.

ITpooéyyion tng xivnomg Brown yernoiuonoiwkyvtag tov tuyolo mepi-
TATO.

T va mpooeyyicouue Tic tpoyleg tng xivnong Brown umopolue vo axohovdn-
COLUE TNV TaPoXdTw Stadixaota:

o Iopdyouue axohoudieg Tuyolwy uetaBAntodv & oL onoleg elvon ave&dptnTeg
xou 6oL XaTovEUNUEVES, Ty, TéTolec Gote P(E =1) = P(¢=-1)=1.

e Trnohoyilouue ta dpotouota

L1
X{'=—7 > &, te0,1], n=12,.
k<nt

Ta X yio apxetd ueydio n etvon mpooeyyloeig tne tpoytoac ulag xivrong
Brown B;. H mpooéyyion evvoeltor xatd Ty €vvold TOU TEQLYPAPEL TO
Yedpnuo 3.7.3.

o T v eméxtoon e Stadixaciag xataoxeunc €€w and to ddotnua [0, 1]
apxel var ypnoudonoticoude Ty Widtnta 6t av By elvon xivnon Brown téte
xou N By = tBy ) ebvou xou awth xivnon Brown.

3.8 Ilopdotnua: Anodellerg Jewpnudtwy
3.8.1 Andédet&n tng LduoTnTag Markov

Oo napovatdoouue e8@ uia anddelln tou Yewpruatog 3.2.1 nou anotehel uia
éxppaon g Wiotntag Markov yia tnv xivnon Brown. T'o tny euxollo twv ava-
YVWoTHV Topadétouue Eavd TNy dotdnwon Tou Yewpriuatos.

Ocdpnua 3.2.1 Eow Y ula gpayuévn uetpriowun cuvdpetnomn xo fs o tehe-
othc petatédmone (shift operator ) o omolog éxel Ty axdhoudn Spdon (8,w)(t) =
w(t +s). Tote

E,[Y o8| Fs] = Eg,[Y]
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Aréde&n: Doty anddelln axohouvdolue tov Bass [1]. Oa Zexwvioovue ue
v neplntwon Y = f(By) 6mouv f gpayuévn xou uetpriowun xatd Borel cuvdptn-
on. Ly neplntwon avth 1 tpog anddelln oyéon nalpvel TNV HLopgY

E,[f(Xy) 00, | Fs] = Ex, [f(Xy)]

Apxel va del€ouue 10 mopandve anotélecua v TNy meplntwon 6nou f(x) =
e*® 6nov 2 = —1 xu k € R H yevixétepn f umnopel vo mpooeyylotel ooy
évac ypopupxde cuvduaoude bpwv Tre popphc e (avdmrtuypa Fourier), onéte
XENOULOTOLOVTOC THY Ypouwxy Wdtnta tne und cuviixn wéong TUAC UTOPOUUE
Vol XaToAEOUUE 6T0 {NTOVUEVO.

"Eyouue hoindy

Eo[f(Bt) 0 0s | Fs] = Eo[f(Bits) | Fs] = Eq [eikBHs | s
— Ez[eik(BtJrs_Bs)eikBs |-7:s] — eikBsEm[eik(Bt+s—Bs) |-7:s]

. . 2 .
— eszsEm[ezk(Bt_H—Bs) ‘ -7:5] — e—k t/Qezk:Bs

OTIOU GTOV THPATAVG UTOAOYLOUOG YENOULOTOLAGAUUE Stadoytxd TNy WLotntaL Tng
xivnone Brown clugwva pe v omolo 1 UeETHBON] Byts — By elvon aveZdptntn
e Fs xou Ty WéTnTar 6T N artavoun tne MetoBoric authc elvon i N(0,¢). o
x&de z €youvue 6Tl

Ez[eikBs] — Eo[eikBt ezk:] — eikze_k2t/2

Avtxadiotdvtag 10 2 e 1o X, €youue to InToduevo.

o v yevixotepn mepintwon Yo Jewpricouue 6t n Y elvan gporyuévn xon
HETPROWN S TPog TNV 0-AAYERpa Fop. BTNV MERIMTOOT QUTY UTOPOVUE VAL TRO-
oeyyloouue v Y oav to ywéuevo [[1, fi(By), s <t < ... <&, 6mov ot f;
elvon pparyuéveg ouvapthoec. H yevinh neplntwon umopel va entteuydel yponouuo-
TOLOVTOG TNV YRUIIXOTNTO TN UTG cuVIXTN UEoTE TUUNG Xot TOpVOVTOS TO 6pLO
n — 00. X710 6pto auT6 Yo TEooEYYICOUUE TNV YEVIXT Qpayévn xan Foo UETENOL-
un Y. H avotnper arttohdynon tne npooéyytone authc Baocileton otny yphon tou
Yewpruatog Lovotovne xhdone (monotone class theorem) ané v Yewpla Létpou
to omolo elvor extéC TwV Thanolwy tTou napdvtoc. Ta neploodTepe AenTouépeLes
napanéunovue ot [33], [15]. H anddeiln e Widtnrac Markov yio Y € Foo e
napamdve Lop@ic umopel va yivel ue enaywyh. T n = 1 o woyvploude Loylet
omwe detfope o mdvw oty mepintwon mov YV = f(By). Ac unodéooupue mwg
LoyVeL yia Yevixoé n. Yo tpoonodioouvue vo del&ouue 6t toylel xan vy n+ 1. Ag
Yéoouue V = | [i(By; — By,) xau h(y) = E,[V]. Eyouue

Jj=2
n+1
E[[] fiBu) | ] = EulE,[V o6y, | Fo] | F]]
j=1

= E[Ep, [V]fi(By,) | Fs] = Ez[W(By,) f1(By,) | Fs)
Eu[h f1(By,) | Fs] = E,[h fi1(Bt, )]
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AN\G vy xdde y éyouvue

Ey[(hf1)(Bty—s)] = Ey[Bp,_,[V1fi(Bt—s)]
= E,[E [V oby_s| Fii—s|fr(Bt—s)]
= Ey[(v o etlfs)fl (Btlfs)]

Oétwvtoc V = H;L;l fi(Bt; — By,) xau y = B nalpvouue tny to6tnta mou 9é-

houue yioen 4+ 1 xou €toL ohoxAnpdveton To Buc Tng enaywyrc. O

Yx6ho: Y10 mopoandve Yewpenua 10 Y € Fo 6mov Fy = o(Bs,s < t). Ta
anotehéopara Tou Yewphuatog wybouvy xou Yo Y to omolo elven UeTproUO ©C
Tpoc xdmolec ueyohltepec o-dhyeBpec Tic Fi émou Fi = Neso Feae OmOU F
elvon 1 o-dAyefpa F oty omnola €yovue cuumeptAdBel xon tor oUvola T ool
€youv PEteo 0 xdtw and to wétpo Wiener. I'a tny yevixeuon napoaméunouye oto

[1].

3.8.2 Andédel&n tng Loyverg LdLotnTag Markov yio tny xi-
vnon Brown

Ou acyohniolue twpa ue TN anodelln g toyverc Widtntag Markov. o ano-
del€ouue mpddta o Yedpnua 3.2.2 o onolo xat topodéToupe Eavd yia Ty guxohia
TWV VALY VWO TMY.

Ocdpnua 3.2.2 Eotw By ulo xivnon Brown xou T évag nenepacuévog ypo-
vog otdone ywa ty B;. Téte woyler 6t {Bipr — By} elvon pia xivnon Brown
ave&dpTtntn g dhyePpag Fr.

Anédegn: Lo v anddedn tou Jewpruatos Va ypeetaotel vo tpooeyyicou-
ue tov Ypovo otdone T ue ula axohouvdio ypbévwyv otdong T, 1 onolo oplleton
oav T, = £ av T(w) € [(1;1),2%). H axoloudia oty telvel povétova otov
ypovo otdone I', Ty, | T'. Treviuuiloupe enlong xou tov optoud e o-dhyefpag
Fr

Fr={AeFo: AN{T <t} € F, Vt >0}
T Ty anddeln tou woyuptouol g aveloptnotag apxel va detovue ot
E, [eiV(BT+t—BT)ei>\BT—r:| =E, |:ei”(BT+t—BT):| E, [eMBTff]
(av xplvete oxémMUO GLUBOUNEUVELTE TNV TOPAYPAUPO OYETXE UE TIG YOEUXTNEL-

otwéc ouvapthoels xat v avelaptnoia). Egpbécov o xpbévoc otdone T Vewpeiton
@AY UEVOC UTOPOUUE VoL YPAPOLUE
k

o0
Ew [eiV(BTn+t_BTn )eiABTnff] — E E,E eiV(BTn-Fi_BTn)ei)‘BTn*T . {Tn —- —
b 277.
k=1

ZE]: [eiV(BTn-H*BTn)]Ez [eiABT"_T]]-{Tn:%} — Ez[ei"(BTn-H*BTn)]E’m [eiABTn—‘r]
k=1
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OTOU GTNV TEOTEAELTOLX LEOTNTA YpNOoLtUOTOMooUE TNV aveEoptnoia Twy B%H -
B wontwv B .y xdle k. Mropolue téhpa vor tépoule 10 6plo n — 00 oty
TORATAVG LOOTNTA XA Y PNOLUOTIOLWYTAS TO YEWENUA XUPLUPYNUEVNS CUYXALOTG VoL
TEPACOVKE TO GpLo Héoo and TNy Uéon T xatokhiyoviag €Tol oto {nToduevo
anotéheoua. AnodelEoue howndv tny aveloptnola.

Ou anodelloupe twpa 6t N Bryy — By elvon pio xivnon Brown mou udhota
gxer v B xaravour ue v By, Ta va yiver autd apxel va utohoyloovue tny
YOPAXTNELOTIXTY GLUVAETNET TNG Tuyatag UeTafBANThC Bry: — Br. Oa yenowuonot-
floouue v Btar Stadixaotior Tpooéyyone Tou ypovou otdone 1. "Eyouue hoindv
ot

o0
Ez[ei)\(BTnth—BTn)] _ ZEz [eiA(BTn+t—BTn)1{Tn:2L;L}j|

Tapa, Tolpvouue 10 6plo N — 00 XL XENOLUOTOLOVTIG TO VEDENUO XUELUEYTULE-
VNG OUYXALOTC YLOL VO AVTUIETAUECOVUE TOV TEAESTY| TNG UéoNC TLUNS UE To 6pLo
XxoTOARYOUUE GTO OTL

. 2
E, [eM(BT+t —BT)] e

10 omnolo delyvel 6t | Bryy — By etvon ula xawvnorn Brown.

Yxoiwo: O nepropioude T gpayuévog Sev elvan anapaitnrog xon unopel va mo-
poketpOel. Tiow tic Aemtouépeteg napanéunoupe oto [1].

Oa anodetiouue twpo to Yewpnua 3.2.3.

Ocpnua 3.2.3 'Ectw 0, 0 teheothic HETATOMLONG TOU 0plOTNXE TEONYOLUEVKS,
U ploa gparyuévn uetpfoyun ouvdptnon xar T évag yedvog atdorng. Toéte

E.[f(Yobr) | Fr] = Ep,[Y]

Anddegn: T v anddeln tou Yewpruatog 3.2.3 Yo ypnotuonoticovue nd-
A NV Tpocéyylon tou Ypdvou otdone T and v axoloudia Ty, (BA. amddetln
Yewpruartoc 3.2.2). Apxel vo del€ovue ot

Ez [f(BT+t) | ]:T] = EBT [f(Bt)]

yia f ouveyh xow QeorylUévn.
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Av A xdmowo chvolo Tou avixer oty o-dAyeBpa Fr, Unopolue vo ypddouue

BLlf(Br o A0 T = 20} = BLf(B,, )i AN (T = )]
k k

EI[EB%f(Bt);Am{T ZQ—n}]ZEz[EBTnf(Bt);Aﬂ{T =2—n}]

6mou yenowonothooue TNy Wotnta Markov yia Ty xivnon Brown otov ypévo
k

2
Me Bdion tov mapandve UTOAOYLOUG €YOULUE

E[f(Br, 11); AN{T < x0}] = ZE [ (Br, 11); AN{T, _—}

=3 | En, (BB AN (T, = 33| = B (B LH(BIE AN (T < 0)]

k=1

Iotpvouue Tpol T0 HpLo N — 00 XL YENOULOTOLOVTAS TO VEMENUA XUPLAPYNLEVNC
SUYUNMONG XATOAYOUUE GTO

Ex[f(Bri1); AN{T < oo}] = Ex[Ep,[f(B)]; ANA{T < oo}]
Ané tov oploud g und cuvixn LEong YRS XATAATYOUUE GTO 6T
Eu[f(Biyr) | Fr] = Ep.[f(By)]
H yevixdtepn Y unopel va npooceyytotel oav ywvéuevo tng wopphc [T, fi( By;)

OTO GPLO OTIOL N — 00 UE TAPEUPERT| TPOTO dTwe xon oty Wiétnta Markov. O

3.8.3 Amndédelln touv Jewpruatog touv Levy

Qo aoyorndolue €3 ue Ty anddelln tou Yewpruatog tou Levy. To Jedpnua
auTé ExEL TNV axolouln UoE®H.

Oevpnua 3.4.1 Eotw Xy, t > 0 ula otoyaotn dwduasio xar G = (X, s <
t) n duidnon mou napdryetan and auth. H Xy elvon ulo xivnon Brown av xou uévo
av toybouy ot axdéhouvdec cuVITixeg

(17) Ou tpoylec e Xy elvon ouveyelc cLVPTATELS TOL YPOVOU.

(791) H Xy elvon plo martingale we npog ty duhdnon G = o(Xs, s < 1).

(iv) H X}? — ¢t elvon plo martingale w¢ mpoc v dufdnon Gy = o(X,, s < ¢).

Anodeg&n: To eud elvon amhéd xou ovotacTixd 1 amodelén €xet Sodel otny and-
dei€n tou Jewpruatog 3.3.1. To avtiotpogo amartel Alyo mopandve x6mo. O
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YPNOUWOTOLAGOVUE XaL TTHAL TNV EVVOLAL TN YOPaXTNELOTIXAG ouvdpTnons. Av 1
Xy éyel tic Widtnreg 1-4 unopolue va detéouue 6Tt 1 otoyaotiny Stadixoocia

1.
Mt = exp (i)\XtAT + 5/\2 (t N T)>

elvor martingale yio xd&e A, 6mou T xdmolog (ppaypévoc) xpdvoc oTdone ol
i? = —1. T onowodfnote A € F,, s <t < T éyouue

E[14M; | Fs] = 14 M,

amd 6oL UE XATAAANAT avaBLOpYdVWST] TV pWV XATAATYOUUE OTO
E[14eMXe=X)] = p(4)e= ¥ (=

Ané v oyéon auth gnopolue vo cuunepdvouUEe 6Tl 1 UeTaBolr By — By elvan
avedpmntn e Fs xou elvon xatoveunuévn ue Bdon v xatavoun N(0,t — s).
Yuvenwg, 1 Xy etvon xtvnon Brown . O

3.9 Boaowxd ov]p.t-:!'.oc TOU xe:cpoO\ou'.ou.

Y10 xe@dhato autd elodyaue ula TOAD onuovTixy otoyootix) dtadaota, tnv
x{ivnon Brown (¥ diadcaclo Wiener) xou peletiioope xdnoteg and tic ddTntee
me. H xivnon Brown elvar mohl Boaowh) yior Ty oToyao iy avdluoT xon TG
dduaotec ddyuone ewdixdtepa, agol amotekel ty Bdomn yio Tnv UeAétn mo
TEPITAOXWY SLABXACLEV.

Mpénet va Yupoduaote:

e Tov opioud g xivnone Brown xow 1o étu axohowdel tny xoavoviny| xorta-
vou.

o H xivnon Brown éyel tny Wiétqra Markov xan tnv toyven Wdétnta
Markov. H woyven diétnto Markov elvan n (8o ue v Wdétnra Markov
aAAG yror ular xatnyoplo Tuyalwy yedvwy, Toug Yedvoug GTAoTS.

e H xivnon Brown oyetileton ue uepixés martingales. Ou 3t6tntec mar-
tingale tn¢ xfvnong Brown elvar ueavée yio Tov yopaxtnetousd tng xivnong
Brown e Bdon to Yewpnuo tou Levy .
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Kecpo’c)\ou.o 4

H dewpla tng oToyactiXg
0NOXARWENG

Y10 xe@dhano autéd Yo ewodyovue Uepnéc Boowxég EVVOLEC amd TNV OTOYAOoTL-
) avéhuor. Ot évvoleg autéc oyetilovtal UE TOV OpLoUG TOU OAOXANEMUATOC
YeNoLHoToLmVToS we dtadixascio ohoxAhipwone (ohoxhnpwty) uia otoyaotixy da-
duaota 6mwe my. N xivnon Brown. Oo ueletrfioouye extevade ty Yewplo g
OTOYAOTIXAC OAOXApWoNS ETdVe oty xivnon Brown ot tig Widtnteg tou oto-
YUOTXOU OAOXANEGUATOS. 10 TEN0g Tou xepaiaiou Vo dodolv vOZels Yo ene-
ATAOELC TWV EVVOLOV AUTOV YLoL ONOXAPWOT] ENAVW GE TLO YEVLXEC GTOYACTIXEG
Sradixaciec.

H Yewpla g otoyactinic ohoxifipworng Beloxel Tolkég epapuoyég ot Sudgo-
poug ETLOTNUOVIXOUE Xhddoug. Idaltepo evdlagépov Topouotdlouy oL EQapUOYES
TNC OTNV YENUATOOXOVOULXY|, XL CUYXEXEUIEVA GE TPOBAAUAT OTWS T.Y. TULO-
ANOYNON YENLOTOOLXOVOULXGY TEPLOUGLAXMY OTOLYEIWY (TLLOAGYNON TopayhYwY
ouuforaiwy), EmAOYH YapToQUIAXiOL X.d.

4.1 To o‘coxonc‘cmo’ okox)\'r']p(op.oc Tou Ito

Onwe eldaue oto xe@dhato oyetixd Ue v xivnon Brown n xivnon Brown elvot
wlo ouvdptnomn naoloyxn g onolag N Tapdywyog dev oplletar tovdevd. ‘Oung
MUTOROVUE VoL OAOXANEMGOLUE ETEVK ot auTh. Ohoxnpduata endve otny xivnon
Brown etvon mohb yprioyua 6tay ypeetaotel vo ueEAETHOOUUE TNy Yewpla SloyUoewy
1 ¢ oToyaoTiéS dopopxéc eELoMaE;. LTo xe@dlono awtd Va delfouue Twg
UTopOVUE Vo 0plGoUUE To oAoXApwUd ETdVe oty xivon Brown napouctdlovtag
Tov 1pdémo nou LTEdELEE ool TEAT TN dexaetiog tov 1940 o Idnwvag podnuotixde
Kyoshi It6 . Katd tnv Sudpxeta tou xepaiaiov Yo avapepdolue ev cuvtouia xou
o€ gAMoL EVIAAIXTIXOUG TEOTIOUG 0PLOUOU GTOYAGTIXWY OAOXATPOUATWY.

127
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g NN

tith t3 ty ts t

f(t, 0

Eyhuo 4.1 Tlpooéyywon (hemth ypauuh) e f(t,w) (noyewd yoouuh) yior pia
Hévo Tparypatonolnon e otoyaotixic Stadixaciac (Snhadn yid xdnoto Sedouévo
wy.

4.1.1 Opiowdg tov ohoxAnpwuatog It : Etcaywyn

Ag Vewprioovue 6T éyouue ulo Tuyala cuvdptnor f 1 omola e€aptdton He xd-
moto TeéTo and TNV ExPao xdmotag xiviong Brown xou 9éAovue va oplcouue to
ohoxAfpwua TNE EMAVw oTig UeTaBoréc Tng xivnong Brown. ©élouue dnAady va
oploouue T0 ohoxAHpwUL

b
/ f(t,w)dB(w)

omou By(w) elvon ulor uovodidotatn xivnon Brown nou Eexwvdet and to 0 evdd f
elvon ulo ouvdptnon f : (0,00) x @ = R. Oswpolue guowxd 6t (2, F, P) eivon
évag ywpog mdavotitwv. H e€dptnon tne ouvdptnone and ty tuyaia uetaBAnTy
%ol oLUYXEXPLUEVY amd TNy xivnorn Brown evundpyel uéow tou w.

Ac Eexuvrioouue Ue to va e&nyicouie dlonadnTixd Tt EVVOOUUE UE TO TOPOTAVE
ohoxhfpwuo xat xatomy Yo aoyorndolue Ue Tov auoTnEd 0pLloUd TS EVVOLIC
autrc.

Opiopodg 4.1.1 Ag Jewpnioouvue tny dapépion a =ty < t1 < ... < tp, = b wovu
daotripatos [a,b] kat én mpooeyyilovue tny ovvdptnon f(t,w) wg

n—1

f(tvw) = Z f(ti7w)1[ti7ti+l)(t)7

i=0

(BAére oxnpa 4.1) To ohoxMipwpe Itd  uropel va opotet oav o dpro owov L2
b n
[ i) = tim D (0 By, = B
i=

Oa tovicouue Vo onueia Tou oplouol ota omola Yo enavéhdovue oY GUVE-
YELOL UE TEPLOOOTEPES TEYVLXES AETTOUEPELES.

e H tun e ouvdpong f tnv yeovur, oty ¢t Yo mpénet var e€optdton and
g TYég Tou By yio s <t ahA& OxL o s > ¢
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e To épto haPdveton xord Ty L2 évvoro xou oyt onuetoned SnhodH yio xdie
w.

Ta d0o napandve onuela etvon Wialtepa onuavtxd xat dtopoponooby To o-
hoxhpwua tou Itd and dhhoug mlavols 0pLoUOUE GTOYACTIXMOY 1) XoL VIETERHL-
VIOTIXOV OAOXANEWUATOV.

Me moapoéuoto tpémo unopel vo oploTel To 0TOYAOTINS OAOXA AU fab ft,w)dX,
EMAVW OE Mo YEVXEG aTtoyaoTxég dadixacieg X Mia doaitepa evdiapépouca
nepintwon eivon 1 nepintwon o6mouv n Xy elvor martingale. Oa enavéiiouue cto
Yéuo autd oty Tapdypago 4.8.3.

IMapdderypa 4.1.1 Ag Eexivrjoovue e éva mapdderyua oxetikd e to mov umo-
pel va xpeaaotel éva térowo odokAnpwua. Ag Jewpnooupe ot évag emevoutig
umopel va emevdioel kamoo mood o€ évav titho n a&la tov omolov, Sy, €lvar ui-
a otoyaonki Owdikaoia. Ag vroéoouue be ot éva povtédo ya tny Tiur} tov
tltAov avtov elvar n klvnon Brown énkadn Sy = By. O emnevdutig amopacile
kdUe xpovikn otiyun méoa koppdna ané wov titho Ua éxer otnr katoxn tov, ag
ovopdoouvpe hy to mood avtd. H andpaon wov méoa kopudtia Ja kpatroer and
Tov titdo oty ddeon Tov o emevduTig ebaptdrar and tny e£éaén Ttng Tung Tov
TltAov dnAadn elvar kar avté pia tuyala petafAncr) mov e€aprdrar and tny By.
Oua ypnowonotjoovpe tov oupfolond hy = h(t,w). Ye kdnoio ypovikd sidoTnua
At = tiy1 — t; katd to omolo Jewpolje dn to hy mapapéver otalepd, Adyw Tng
pnetaBoAng tns nung tov titdov o emevdutig Ja éxer petaforn) tov mAovtov Tou
katd h, (S0, — St;) = he;(Be,py — By;). O owvolixds tov mhovtos, Vi, oty
KataAnktikny xpovikn otyun t, n wodlvaua petd ané tny ndpodo N xpovikdy
Tep16dwr, Va elvar to dipowoua twv petafoldy avtdy dnladn

N
Vi=Vo+ Zhii (Bti+1 - Bii)

i=1

omov ty = t. Av Oewprioovue 6t sup;(tirs — ti) — 0 1§ woddvapa étt N — oo,
OnAadn 6t o1 petaforés yivortar o€ moAU uikpd xpovikd dwaotripata étol dote
0 xpovos va umopel va Ocwpnlel dnt petaBdAretar ovvexds, téte PAémovpue ot
0 mAoUtog Tov emevouT) umopel va napactalel arné éva oToYaotiké olokAnpwpa.
Avtd elvar pla modV amAn mpdtn epappoyn. Omnws Oa dolje kar otnr ouvéyea
oL 16éeg autés umopel va emektafolv kal Yia TEPITTHOE TOU 0t OladlkaoleS Twy
Ty umopel va efvar kai mo wepimAokeg ané tny kivnon Brown.

MrnogoUue va x8vouue TNy donoUnTix aUTH TEOGEYYLOT TOU OAOXANEMUATOC
xatd Itd mé avotnen ue Tov axdhouvdo tpdTOo:

e MrnopoUue v 0plooupe Uia GUYXEXELUEVT XAGOT GTOYAUCTIXGY SOBLXAGLAY,
Tt dtadixasieg BAuatoc (step processes ) ot onoleg elvat g Lop@hic

n—1
Fstep(t) = Z i L1t t540) (F)
3=0
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omou 7); elvar TETPAYWVIXE ONOXATPWOLIES TuYaleg WeTaBANnTég oL onoleg
elvon Fy;-petprioweg xou t; etvon uio ioépton tou Staothuotos [a, b] tétow
wote a =1ty <t <...<ty, <b Mnopolue va Jewprioouvue ula oxohovdia
drauepioewy Tou SlacTAUNTOg TOU Yivoviow OAo xot o AETTEG XodE TO
N — 00 0L CLVETWS Vo Tdpovue uia oxohovdio ano Siadixaoieg Bruatoc
fstep,'rr

¢ To otoyaotnd ohoxhfpwua unopel va optotel yia ulo Stadicaoto Biuctog
cav €va didpotoua

fstep / fstep dBt Z’b Bt1+1 - j)

[ 10 oTtoyaotind ohoxhipwua piag dtadixaciog Bructog woydet ot

/ fstep dBt

o Acedouévne plog otoyactixfic dadwacioc f(t) Aue bt éyovue uia mpo-
oéyylon e dadixaotog avtic and ula axoloudio Stadixaoldy Briuctog
Fstep,n(t) av Loy leL

[| I(fstep

b
/ | faten(t) |? dt] (4.1)

. 1/2
H f - fstep,n ||M2:: </ | f - fstep,n |2 dt) -0, xS N — 00
a

° MTEOpEL vo amodetydel 61t 1 oxohoudia I(fstep n) Elvow {J.LO( axohoudio 7
omola efvor ocohoudia Cauchy otov ydpo L? xou 1 onolo cUVETGC ou-
vhbvert. Autéd ogeiletor oto 6L oylel 1 WiétnTa (4.1) Yo T ohoxAn-
pwpata dodixaotdv Bruatog. Mnopel eniong vo amodewydel étL to dpro
e axoroudiog autrc elvan aveldptnto amd TNV TEOCEYYLoN Tng Stadixo-
olac f amd ddixooies BAuatoc dnhadr aveldptntn Tne emAOYAS TS o-
XONOUVHOC fotep.n (cpxel Quotxd 1 axohoudior auth var TAnpel Ty cuvdrixn
limp—oo || f— fstepn [|m2=0). To bplo tne axohoudiog I( fstep,n) opileton
oav 10 otoyaoTxd ohoxAewua I(f) tne cuvdptnone f.

e Suvodilovtoc unopolue va oploouue (o) tov xwpo M? mou amoteheiton
and Tic otoyaotixée dadixaoies f(t) tétoleg GoTte va Umopolv vo Tpo-
OSYYLG‘EOOV and axohoudieg dodixactdv Bruatog xou ya T omoleg oy ve

f | £(t) |2 dt] < 0o xon (B) Tov xwpo L? 1wV TETpoywvixd 0OhoXANeMotL-

pow tuxouo)v LETABANTAOV SNAAdT Twv Tuyalwy YETHBANTOY i Yo T omoleg
oyter E[n?] < 0o xou vor 9ewpho0UE T0 6TOYXUoTING ONOXAApLUS oo Ula
anewbvLoT amo tov xopo M? otov ywpo L2. H amewévion auth eivor ula

IBA. mapdptnua Tou xepahaion 1 xou TapdeTnua Tou TapdvTog xepolaiou.
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Yoo amewxévion 1 omola elvor xon wior loouetplo UETAED Twy U0 Ytpwvy
Snhadn Loy Vet

IO == f Hlare

Me Bdon tnv mapandve XATIGXELY), TO GTOYAGTIXG OhOXAfpwUd UTopEl va
optotel yla onoladRmote oToyaoTLe dtadactio Tou avixel otov yhpo M2. Tlo-
patneoVUE 6Tt 1 TpooéyyLon Tne ouvdptnorng f(t, w) Ttou viodethooue oTov oploud
oL ohoxAnpwuatog Tou Itd elvar ulo mpocéyyion g oToyacTic Sadixasiog
authc and uia dadixacia Bhuatog, 6mov n; = f(t;,w). Mnopolue va Solue T
av f € M? téte xou n; € L2
4.1.2 Opiowoég tov ohoxAnpwpatog Itd : Teyvixd onuela

Yy napdrypapo ot Yo avahboouue o SteEodixd tar Ttopamdve BriuoTa.

Ac Eexwvnoouue e ueptxols oplopole.

Oplwowuog 4.1.2 Mia otoyaonikn dadikacia f n omola pmopel va ypagel otnv
Hopy1}

n—1
OB NI () (4.2)
j=0

ya kdrowa Sapépon a = tg < t1 < ... < tp, = b tov daotiuaros [a,b] drov
nj tuxales petafAntés ov omoteg elvar Fy; petprjorues xat E[nJQ] < o0 ovoud-
Letar Sradixaocia BRuatos. Oa ocuvupordilovue pe Mgiep([a,b]) to ovroro twr
dadikaoidyv Prijpazos oo didoTnua [a,b).

Ou oplcoupe TP To oToYACTIXG OAoXApwHa Yo uia Stadixacio BuaToc.

Opiopdg 4.1.3 Av n otoyaotikny Swdikaota felvar dadikaoia Bripatog Tng
Hopenis g e&lowong (4.2) tére To oToNATTIKG OAOKANpwHa TNS WS TPOS TNV
kivnon Brown opiletar wg

b n—1
/ f(t)dB, = Z 1 (B;y — Bt;)
a j=0

IMopdderypa 4.1.2 Av foep €lvar pia dradikacta Pripatos anodeiéte 6n wydet

1 wopetpia tov Ité dnAadn du
b
=FE / | fstep(t) |2 dt

H 1b16tnta avtrj énwg eldape xar tapandvo elvar ibaitepa onpavtixi) yia tny ka-
TAoKEVN TOU 0ToYaoTLkoU 0AOKATPOMUATOS Yia omoladnmote oToyaotikn diadikacia

2

b
Bl I(fuep] [2) = E / Futep(t)dB,




132 KE®PAAAIO 4. H OE(QPIA THY Y¥TOXAYXTIKHY OAOKAHP(QYHY

7.

AnodelEn: A Uewprioovpe tny dadikacia Pripatog

n—1
fstep(t) = Z Ujl[t]- i) (t)
Jj=0

1 omola 6nws €ldajie kat mo Tdvw €xel TO OTOYAOTIKG 0AOKANpWLA

b n—1
I(fstep) = /fstep(t)dt = Z n;j (Btj+1 — Bt].)
a Jj=0

Mrmopotue tdpa va vroloyloovue tny puéon tiun tov terpaywvov tns mapd-
otaons avtig. Eyovue du

n—1
| I(fstep) |2: Z 77]2'(Btj+1 - Btj)2 +2 an(Bth - Btj)nk(BtkH - Btk)
j=0 k<j

omov amAd ywploapue Tous daynrious kal Tous un dtaydriovs dpous oto dlpooua
avté. H petafodrj wns xivnons Brown (By,,, — By;) elvar aveldptnen and du
ovvéBe mply and Ty xpovikn otiyun t;. Yuvends, epdoov 1 tuyala petaPAnTy n;
elvar Fy; petprioiun, ot tuyales petafAntés (By,,, —By;) kain; elvar avedptnreg.
To 610 1w0x Vel kar yra onowadnmote ouvdptnon twy HETaPANTAY aQUThY. XUVends

E[nj(Btjs1 — By,)’] = EI1E[(By;,, — Bi;)’] = E[nj1(tj41 — t;)

epéoov E[(By,,, — By;)?] = (tjq1 — t;j) and ug bidtnres g kivnons Brown.
EmmAéov epdoov k < j o tuyales petapAntés ny, By, ., — By, 1j, By, — By,
elvar ave€dptntes peta&d Toug kar ovvemds

E[nj(Btj+1 - Btj)nk(Btk+1 — By, )] = E[nj (Btk+1 - Btk)nk]E[Btj+1 - Btj] =0

epéoov E[By;,, — By;] = 0 and g 1616wnzes wng kivnong Brown. Xpnoijonoids-
vTag ta napandva éyovie 6t

n—1

E[I(faep)l = > Emjl(tj1 —t5)

Jj=0

O tedevtalog dpog djuws pmopel oAU elkoda va avayvowpiotel oav n péon Tiun Ttov
OAOKANPAUATOS

b
E / | Fete(t) |2 dt

b |n—1 2
=F / anl[tj,tj+l) dt
a |j=o
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Ipdypan, éyovue ot

n—1 n—1
| fstep |2: Z njgl[tj,tﬁl) + Znknjl[tjatj+1)1[tkatk+l) = anzl[tjatj+l)
j=0 k<j j=0

’ _ .92 ;2 / 7
apoU L, 4. )Ly tign) = 0 Y1a k < j 2, and drov mpokinzer dn

2

b b |n—1 n—1
S IREZCIRI R ) SIS B SN
a a |j=0 j=0

Yuvendg anodelyOnke dut yra fadikaoles friparog wyvel n wopetpla tov It . O

Ou oplooupe Topa Ulo YEVXOTEPN XNEOT GTOYAUCTIXOV dtadxaotdy (bt o-
napaltnTar Stadixaotdy PrRuatog) yio tig onoleg Vot UTOPEGOVUE Vo 0plCOVUE TO
OTOYAOTIXG OAOXAPLULAL.

Optopég 4.1.4 Mia otoyaotixrj dadikaota f Aéue én avijrer avov xadpo M2 ([a, b))
av etvar mpooappoouévn otny ufnon F; = 0(Bs, s < t) kat ikavormotel Ty ouv-

Onjn
b
| f a2 (o= E [/ | f1? dt] < 0

Yix6hwo: TTohhég gopég otav dev undpyel aupBolio ws Tpog To didotnua o o-
nolo pog eviiagpépet UTopel Vo TUpUAElTOVUE TNV avapoEd ToU SLUCTAUATOC OTOV
oploud Tou YWpou Snhadh vor Yedgouue amhd M2 avtt ywo M?([a, b]).

O otoyaotxéc Sadixactiec mou avixouy otov xweo M2 ([a,b]) UnopolV va Tpo-
oeyyLoToly and dadixaoteg Bruatog cOUPWYL UE TNV £VVoLa TouU UTOSELXVVEL TO
TR ATR YEDdETUAL.

Ochpnua 4.1.1 T'a kdde f € M>([a,b]) vrndpye pia axolovdia Sadikacidy
Bipacog fstepn TétO1a doTE

b
nh_)n;o | £(&) = fstepn () |[ar2((a.b))= nh_}H;oE |:/ | f(t) = Fstep,n(t) ‘2 dt| =0

Aréde&n: Xy anddeln axorovdolue to [24]. H anddelln Yo yiver oe tpi-
a Buata. To mpdto Bruo elvar va del&oupe 6Tt 0TOLBATOTE GTOYAGTIXY dta-
Sucaota mou avixer oto M2([a,b]) unopet va mpooeyylotel and ula oxoroudia
PEATUEVLY  OTOYAOTIXGY dlodixactdy tou avixouy oto M2([a,b]). To delte-
po PBruo elvon vo det€ouue dTL xdde gpayuévn otoyaoTtixy| Stodixacia Tou ovr-
xet oto M?([a,b]) umopel va npoceyyiotel amd uia axoroudio ppoyévey xou

2To t dev pmopel vor Bploxetan towtdyEove xon 0T0 SLEoTNUA [t),tj4+1) ¥ oT0 ddoTnua
[t thy1) Yk < j
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CUVEXWY GTOYUOTXOVY Sladixactey Tou avixouy oto M2 ([a,b]). Tuvende, uia
onoLadhrote otoyootxd dadacio oto M2([a,b]) unope!l va tpooeyyiotel (xatd
v L? évvola) oné ulo axoroudiar gparyUuévmy oL GUVEXMY CTOXAoTXMY Stadt-
xooéyv Tou M2 ([a,b]). To tplto B elvor va arodet€oupe 6t pla onotadfnote
pparyuévn xon cuveyhc dtadixacior tou M2 ([a, b)) umopel va tpooceyytotel amd ula
axohoudio Siadixaoiwy Pruatog. H obvieon tov totdv autdv Brudtwy odnyet
oto {nrobuevo. Iopodétouue tdpo avaAutind tor Tplor autd Brivarta.

e Eow f € M?([a,b]). Opilouue v oxoloudia 6ToYACTIXMY SLaBXacLhY
on(t) = [-n V f(t)] A n. Mnopolue ebxolo vo Solue bt 1 oxohoudi-
o Pn(t) etvor pporypévn xon 6Tt ¢n(t) € M3([a,b]) Yo x&9e n. Emfong,
lim,,—, o0 @ (t) = f(t). Buvende and to Vedpnua xuptapy NLEVNS cUYXALONG
UTopoUUE vor SoluE OTL

lim F

n—oo

b
/ | £(t) = du(t) [ dt] ~0

o Ac Yewphoouue ¢(t) € M>([a,b]) oparyuévn. Mropolue Vo xotaoxeudoou-
ue v axohoudio Py (t) xotd tov axdhoudo tpémo: Ta xdde n ag Vew-
pAoouuE pn 1 R = RT ula ouveyh ouvdptnon tétowa wote p,(t) = 0 Y
t< =L t>0xou [7 pn(t)dt = 1. Opllouue

b
nlt) = / pls — D)p(s)ds

H axohoudia ¢, () elvon pio axorovdia otoyaotindy dtadxaotdv enedy
n é(s) etvor xon auth ulo otoyaotxh ddxasio. To ohoxhfpwua cuveé-
MEng mou opilel Vv Py, elvon éva Tumxd oloxhipwua Riemann. Amo tig
Wlotnteg ToL BAOXANEGOUATOS X haBdvovTag utddn bt 1 () elvar ppory-
UEVN XaTaAyouue oTo 6Tt 1 oxohoudia 1, (t) anoteheiton and ouveyelg
ouvopThoele xou elvan pparymévn. Enione avixer oto M2 ([a,b]). And to
Yedpnua QparyEVNng cUYXALOTG EYOLUE OTL

lim F

n—o0

b
/ | £(t) = fu(t) dt] ~0

e Téhoc av P(t) € M?([a,b]) xon elvon Pporypévn xon GUVEYAS UTOPOVLE VoL
AATAGHEVAGOUUE TNV axohoudiar Stadixaotdv BARUatog fstepn we e€XC:

n—1
b—a
Foen8) = @ ooy 6 S0 (4 ) Ly ®)
i=1

n

H axoroudia auth| elvar gpayuévn. Xpnoluomotdvtog xat Téhl to Jedpnuo
PpayHEVNS GUYXALONC UTIOPOVUE VoL XAUTUAREOLUE OTL

n—oQ

b
lim F |:/ | 9(t) = fstepm(t) | dt:| =0
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e Me v cUvieon v TELOY Topamdve BRUdteny xaL T Xehon TNe Terywvt-
AC aVLoOTNTOC XATAAYOUUE OTL

lim F

n—oo

b
/ | f(t) - fstep,n(t) |2 dt| =0

Auto xon ohoxhnpdver Ty anddelln. O

YxoAiwo: Elvor onuovtixd va tovicouue 6Tt 10 Tapamdve AnotéAeoHa oYL LOVO
pag Selyvel Ty duvatdTnta Vo TeoceYYIGoLUE T oToYaoTXES Sadxaaieg Tou
avhxouy oto M2 ([a,b]) pe pio oxohoudia Sraducaotdy BAuatog ol elvar xou
XUTAOXELAOTIXG, dNhad” wog delyvel xan tov TpéTo va yivel auty 1 TEocEyYLon.
Puowd o TpéTog oL TEoTElvVEL TO Tapadve Vedpnua dev elvon xar o uovadixdc.

Hopdderypa 4.1.3 TTapdderyua Storéplosms xoL mpocéyyloews. Mia
etdoyn epdytnon etvar moid a pmopoloe va efvar n emAoyn g dauépions tj. To
napandrew Oecpnpa olvel kdmoles 16ée€S o1 omole§ guotkd Oev elval kal ovVadLKES.
Alvouvue €bd) éva mapddetyua térowas emAoyns.

Av wo apyiké ddotnua etvar o [0,T] pia mOavrj emdoyn Sapépions umopel
va et n 0 =1ty <ty <. <ty <..<ty=T,j=0,.,n uet] = % Mi-
a mbarrj npooéyyion s otoyaotikns dadikaoctas f(t,w), oto Sidotnua [0,T7],
Xpnoiponodvtag tny drapépton avey puropel va elvar n akodoviia and dadikaoies
Pripazog

n—1

fstep,n (t) = E f(t]ﬂ w)]‘[tj ,tj+1) (t)

j=0

Av n oroyaonxn dwadikaoia f(t,w) elvar ovvexris o.8. otnr petaPAner t pumo-
povue va detéovue ot

T
lim || f - fstep,n ||M2:: lim E |:/ | f - fstep,n |2 dt:| =0
n—oo n—oo 0

onkadn dut n axokovlia dadikaciddv Prpactos fsiep n mpooeyyile tny otoyaotikn
owdikaotia f. H dwapépion avty kai n tpooéyyion avty elvar n ovviing mpooéy-
ywn mov akokovBolue ooy vrodoyioud otoyaotikdy odokAnpowudtwy katd Ito.
Av ya rapdderypua f(t,w) = B? tére ula mbavi) mpocéyyion s oToxaoTikis
Owdikaotag f amd dwadikaoies Pripatos elvar n

0

n—1
fstep,n(t) = 2; B?TTI[Q (j+n1)T)(t);
‘]:

1 100dVvaua

iT (j+1T

fstep,n(t) = BgTT, av t € [ " "

) j=0,..,n—1.
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"Exovtoc topo tpoceyyioe ula onotadhnote otoyootxd Sidicaota f € M2 ([a, b])
ue ulo axoloudio Siadixaoct®dy BAUATOSC fsiepn KO EPOCOV TO GTOYACTIXG ONO-
x\hpwpa elvor xohd oplopévo yia plo otoyaotxtr diadixaoto Bhuctoc unopolue
VoL 0p{COVUE TO GTOYACTXG OhOXATipWH A Xatd Itd ue Tov axdroudo tpéTo

Optopdg 4.1.5 Eotw f € M?([a,b]). To odoxAiipwpa Ité s f opiletar oav
T0 akdlovio dpro

b b
I(f) = / f(t)dt = nh—>ngo I(fstep,n) = nli»n;o/ fstep,n(t)dBt

OTOU fstep.n €lvar pta axodovdia Sradikaccv Pripatos mov mpooeyyilovy kard L?

my f kat ta olokAnpdpaza fab Fstepn(t)dBy := I(fstep.n) opilovrar o0upwra e
Tov opopd 4.1.3.

T v et vonuo o mopoandve optopde Yo pénet vor Sel&oupe bt 1) oxohou-

p o b . L .

Vot I(fstepn) = limpyoo fa fstepn(£)dB; ouyxhivet. Auté elvar xou to Boaoixd
AMOTEAECHUA TO TOROXATG VEWENUATOS.

Ochpnua 4.1.2 Eoto f € M?*([a,b]) kat fsiepn pla axolovdia Sadikacidy
Pripatog n omoia mpooeyyila katd L? tnv f. Tére n axolovdia I(fsiepn) =
fab fstepn(t)dBy dmou to otoyaotikd odokAnpwua Itd éxel opiotel olpgpwra e
Tov optopd 4.1.3 ovykAiver kalds to n — 0o o€ ula tuyala petafAncn elvai
tetpayovikd ookAnpdoun (dn\adn aviker otov xdpo L2).

AnddeiEn: Adyw tov WBothtev tou yopov L? (tAnpdtnra) opxel va detZouue
61L 1 axohoudia my i= I(fstep,n) €lvan ulor axohoudior Cauchy dnhoadr| 61L toyvet

|| 7n — Tm |lp2:= E[| rn — ™m0 |2] — 0xadde n,m — oo.

Y10 mopandve vrevdupiloupe Tt ue tov ouHPoroud || ||L2 cuuBolilovue Ty
VPO TOU Y(OPOU TETPOY WVLXS OAOXATPMOOUY TuYotwy peTeBAntay L? 1 onola
xon oplleton olugwva ue ™y oyéon || 1 ||z2:= EN?] v xéde n € L2. Tw va
del€ovue v WidtnTar Cauchy yio v oxohoudia r, Yo ypnodonoticoupe o
YeYOVOC 6L 1) exONOULDL fstep,n TPOOEYYLLEL xatd L2 v f Snhadn

b
lim E |:/ [f(t) - fstep,n(t) |2 dat| =0

n—oo

xar TV e€atpeTxd ypRowun WLOTNTAL ToU GToYXAoTIX00 OAoXANpoUaToc 1td Yo
Sadwastec Bruatoc cdugwva ue Ty onola

2

b
E / fstep,n (t)dBt =E |:|fstep,n(t)|2dt:|

H Wbt aut| mou cuvdéel TNy UEGT T TOU TETPOYWVOU TOU GTOYAGTLXOU
ohoxhnpouatog xatd Itd ulag dadicaciog BAuatog ue v péon Ty Tou olo-
xhnpwpatog Riemann tou tetpoy@vou tng dtodixaciog anodelydnxe oto mopd-
detypo 4.1.2. Téhog Yo ypelacTolUe TNV YeauuxoTnTaL ToU 0AOXATpwUNTOC It0
yia Stadixaoieg Biuaroc.
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YOugova UE TaL THpAmdve €Y0UUE

_ / " Fuepn ()t — / " Fuepm (1) |

| J

a
2

El|rp —rm |2] = FE

b
/ (fstep,n (t) - fstep,m (t))dt

- b
= E / | fstep,n(t) - fstep,m(t) |2 dt:|

b
= B / | fatepn (t) = F(O) + F(8) = fatepm (D) |? dt]

b -
< E / | Fotepn(t) — F(8) > dt| + E

b
/ | Fstep.m(t) — F(@) ? dt]

Méypt Tdpa YPNOLLOTOLACOUE TNV YEAUUULXOTNTA TOL ohoxAnpduatog Itd yia dia-
duxaoteg Biuatog, v oouetplo tou Itd yia Staduxacieg Bruatog xon Ty terywwvi-
xh avobTTa. AdY® T0U 6TL 1) fstep,n (t) Tpooeyyiler xatd L2 tnv f(t) BAémouue
o6t 1o 3e€ld uéhog tne mapandve egioworne telver oto 0 xodode m — oo xau
n — 00. Yuvenwe anodelydnxe to {nroduevo. O

Exohvo: H diotnta tne mhnpdtnroc tou ywpou L? anotehel éva Paoixd amo-
Téheoua NG cuvapTnotaxhc avéiuong. H anddeign g didtntog tng mhnpdntag
tou L2, 1 onola Atay amopadtntn otny amddelln tou Tapondve Yewpiuatoc, To-
patileton oTo MaPdETNUA TOL XEQANALOU.

IMopdderypa 4.1.4 Ymodoyiote pe tnr Porlaa tov opiopod to otoyaotiks o-
AokAnjpawua

I(1) == /OT dB,

H vurné odoxAiipwon otoyaotikn dwudikaoia elvar n f(t,w) = 1. Ja ndpovue
y dapépion 0 < &7 <ty < .. <ty =T, 1} = TT Kai tny mpooéyyon s katd
oAoKANpwon oToxaotikng Oladikaoias feepn = Z?:() Ljpn e, ). IHaiprovue Aor-
mév Ty axolovdia tuyalwy petafAntdy I fsiepn) = 27:_01 1(Biz,, —Bin) = Br
o dpto tng omotag kard L* Oa elvar kar To otoyaotikd odokAipwua mov {nd-
pe. Eivar mpogavés én to L? dpo g moodnrag avtis elvar n (ha n tuyaia
unevapAntyy By — Bg = Bt ouvendg

T
(1) :/ dB, = Br
0
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ITopdderypa 4.1.5 Anodeiéte pe tny Porlea tov opropot ot 1wy vel

T
1 T
I(By) = / BydB, = 53% -3
0

H vrd odoxAripwon otoyaotikn dwadikacia elvar n f(t,w) = By. a mdpovpe
my dapépion 0 <t < tf <. <ty =T,17 = % Kai TNy mpooéyylon s katd
oAokAnpwon otoyaonikns dadikaolag

n
fstep,n(t) = Z Bt;” l[t;‘ ,t;.‘_)_l) (t) -
=0

Haipvoupe Aowrndy tnr axodovdia tuyaiwy petapAntdar

n—1

](fstep,n) = Z Bt;—' (Bt?+1 B Bt?)’
=0

70 dp1o Tng omolag kard L? Oa efvar xai to oroyaotikd odokAripwua mov {yrdc.
I'a va vrodoyloouue to dplo avtd Oa xpnotuonotrjoovpe tny tavtdTna

a(b—a) = %(bQ —a?) - %(a—b)2

pe mp emAoyn a = By, b= By . Exouue Aomdr
By (Byn —Bn)zl(B2 —B2)—1(Bn - Bp»)?
AP £ 2\t 1577 9\ Pt £

Alpotlovtag endvw ve 6Aa ta j and j = 0 wg o j = n — 1 PAémovue dn

n—1

1 1
I(fstep,n) = iB% - 5 Z(Bt;l+1 - Bt;)2

=0

Apxet Aoy va vrodoyloouue to L? dpio tns tuyaias petafAntis Z;:Ol (Bt7+1 —
Bt]n). Ioxypilduaocte 6u to dplo avts efvar {oo pe $T. Ipdypaz,

2
n—1

1
B> (B, ~By)~5T| | =0
j=0

kaOdsn — 0o. Autd to anotédeopa pmopel va mpoklier petd and kdrotes npdée,

xpnowponoidras tny avebaptnoia twr petaBoldv ng kivnons Brown kai tg
1010t TES

T 372

E[Bt;_t+1 — Bt?] = 0, E[(Bt;}+1 — Bt?)2] = E’ E[(Bt?_H — Bt;‘)4] = ?

Yuvendss odoxAnpaoapie tov vTodoyloud Tov aToxactikol 0AoKANpOHaTos.
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To mapdderypo autd uag delyvel 6Tt To oToYACTING OAOXATpwUL Xatd Itd Exel
drapopetinéc WLoTNTEC and 10 oAoxhpwia xatd Riemann to onolo éyouue det
v Hpayuotixnr Avdhuon uéypl ofjuepa. Autd galvetar and to ot

T

1 1
/BtdBt = 53% - 5T
0 ~~

O 6poc mou etvon unoypauutopévoc elvan évag époc Tov omolo dev Vo TEPLUEVIUE
av To TApAmdve ohoxhpwud etvor éval ohoxhfApwua xatd Riemann3. O époc
aLTHC OPelAeTaL OTIC WBLOTNTES XA TOV OPLOHO TOU GTOYAGTIXOU OAOXANEWUOTOS
xotd Itd xon oto étL 7 Srodixacio endvew otny onola yivetar 1 ohoxAfipwaor elvar 1
xivnorn Brown. Aev Yo Yelopue va unodue mohd Boadid otig Aenouépeleg ng ovd-
Auomng oahhd Bélouue vo Tovicoupe e8¢ OTL, oL Taohoyxég WLoTNTES TG *ivong
Brown ot mo etdixd to T dev Exer gpayuévn petaBolr; (bounded variation) dev
EMTEETOLY TOV 0pLOUO EVOG ohoxhnpwuaTog xatd Riemann endvw otny xivnon
Brown olhd entBEAAOLY TOV OPLOUS TOL GTOYAGTLXOU ONOXATNPWUATOS OIS AUTO
€ywe 3. Oa enavéhouue oto Yéua autd oty Tapdypago 4.7

Eniong, onwe gatvetar amd 10 mopamdve Topdderyud, 0 UTOAOYLOUOS EVOC
OTOYAOTLXOU ONOXANEGUATOC ad Tov 0ploud dev elvon ialtepa anAy Stadixacta.
Oa dolue oty ouvéyela €va anotéAecua, To Afupa tou Itd , to omolo wag
EMLTPETEL EVXOAA TOV UTOAOYLOUO OPLOUEVMDY OTOYACTIXOV OAOXANEWUATOV.

4.1.3 I8.6tnteg ToL OhoxANpHUaTog Itd

Ocwpnua 4.1.3 To odokAnpwpa Ité éxel tig akéroves onpavtikés 1616tnTeg
(1) Eivar ypaupikd, 6niadn ya 6o otoyaotikés dadikaoies f1 kar fo w0yver
I fi + X2 f2) = MI(f1) + X 1(f2), dmov Ay, Az € R
(2) E [fa” det] =0
2

3) E =E

b
J1ftw) dt]

H 1016tnta averj ovopdletar ) wopetpia wov Ité

b
f f(ta w)dBt

Ye dha ta maparndve Jewpolie 6t n ovvdptnon tnr omoia oAokAnpdrovue aviket
otov katdAAnho ydpo M2,

Anodetgn: Ou anodellelc v Wt twy autdy Eextvdve Ue tny anddeln e
WiotnTag Yo v avtiotoyn axoloudio Staduaoidyv BAUATOC fstep,n TOU TEO-
ceyyllouvv ™y f xou PeTd Ue To Tépacua 6To Gpto n — 00. Ot AETTOUERELES
agprvovtal oav doxnon. O

3Av f(t) Hrav pla napaywyiown cuvdptnon tou t, T6TE T0 OAOXAHRWUN fOT f@®dfr) =
J3 FOF (Bdt = S(F(T)? — £(0)?).
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‘Exovtag cav Bdon tig tpels autég Wiétnteg umopolue vo anodelfouue xon dAheg
Yefowes Widtnteg yior 10 ohoxApwua tou Ito.

Mopdderypa 4.1.6 Anodciére én ya xdde f,g € M? wyia du
T
ElI()I(9)] = E [ | swan. / (B, | = [ / £ }
0 0

Anddegn: Oa ypnoiponotjoovpe Ty TavTéTTa

ab:%(|a+b|2 a-bP)
émov a = I(f) kat b = I(g). Avuxkathotdvtas kar ralprovtag tny péon tun
éxouue ot
E[I(f)I(g)] = i(E[l I(f) +1(g) )] - E[l I(f) = I(9) I']) = i(E[l I(f +9) 1= EI I(f - 9) ")

Omov 10N XPNOULOTOIATALE THY YPAUMIKOTNTA TOU 0TOXA0TIKOU 0AOKANPOUATOS.
Onawg
- -
BIIG+9) PI=E|[ 1+ Par
0
ané tnr 1WTnTa s wouetplas tov Ité kar opolws

[ T
E[Il(f—g)|2]=E/0 Fogldi

Avuxafwtdras avtd otny napandrve oxéon kat xpnoLLoTOLWIYTaAS TNY YPap -

Kotnta wng péong Tiung éxovue ou
-2 rovoed

T
E[I(f)f(g)]=E[/0 L F gl =1 =g Py

kat étot to {nrovpevo anodelyinke. O

4.2 To ohoxhMpwua Itd cav ctoyacTLxy| SLaduxa-
ola

4.2.1 Opiowds tng cToyacTLXNg dradixaciog fo (t)dB; »ow
oL L3LoTNTES NS

Y1ic mponyolueveg mopaypdpoug opicoue xou eldoue Tig WBLOTNTES TOL GTOY -
ool oloxAnpwuatog xatd Itd dtav Ta dpla Tng oAoxAfipwone a xar b ftov
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dedouéva. Ou Vewphioouue Thpa OTL EVE TO XATwW GpL0 NG OAOXAHPWONG TaEa-
uével otodepd, xou ywelc BAABT tng yevixdtntog unopolue va to Yéoouue a = 0,
ETLTPEMOVUE TO EMAV® OpLo TG OAOXATpWwoTNS var LeTaBdAAeTon xon vo etvon b = ¢.

Mmnogolue Aotndy va YewpHGOLUE TO GTOYACTING OAOXAHEWHIA fot f(t)dBy o-
mouv 0 < ¢t < T. Tw xdde twuh Tou t 10 ohoxAfpwua autd oplleton OTwe oL
Topamdve apxel 1 otoyaotud Srodxacto f € M2([0,T]). Tuvendoc ue TNV mopo-
TR XATAOXEVT, Yior xde Tyur) tou t nodpvouue pio tuyaia uetoBAnTy n omola
elvan tetpaywvxd oloxhnpdotun xou 1 Tur e elvan {on e To oAoxAfpwud
fot f(t)dBy. Apa xataoxevdlouvue uia otoyaoctixh dtadixaoio

I = /0 ' f(tyas,

H ctoyaoti auth dwodixacio ovoudleton 10 adproto oAoxAfewia tou Ito.
H nopandve otoyaotxr dtodixaota, Loodivauo unopel va oplotel ooy 1o otoyo-
o6 ohoxhipwua and 0 wg 1o T tng f ()19, dnhadt

t T
/Of(s)st:/O f(8)1j0,4(s)dBs (4.3)

Me dom Tt t3LoTNTES TOL GTOYAGTLNOV OAOXANEGHATOS UTopOUUE Vo del&oupe
TG TAPAX T WLOTNTES Yo TNV oToYooTiXY| dlodixaocto 1.

Ocopnua 4.2.1 Foto f € M?([0,7]), 0 <t < T xat

t
I= [ ).
0
Ioyovy wa axdérovla:

(1) H otoyaotikn dadikaotia I; elvar pia tetpaywvikd odokAnpdoyun martingale.
(i4) H duadikaotia tetpaywniknig petaPoris g Iy elvar

t
<1>t=/0 | £(s) > ds

Andédegn: (i) o va anodellouue 6t 1 I elvon TETROYWVIXE ONOXANEGOLUT
apxet va ypnouylonothoouue TNV toopetpla tou Itd xor to ot f € M2([0,T)).
Mrnopotpe entong ebxoha vo dolue 6t 1 I; elvon npocapuocuévn otny Fy, and tov
0pLoud ToL GTOYAoTXOD OAoXANPGOUNTOS. Mével va delovue 6t ElL | Fy] = I,
0<s<t<T. Ta va derydel autd apxel va npocéoupe ot

t
I =1, +/ F(t)dB,
el

xa v Yupndolue bt Aoyw tne avelaptnolog tou fst f(t)dB, oand tnv F,

E [/:f(t')dBtr \]—'s] =E Ustf(t’)dBt,} =0



142 KEPAAAIO 4. H OE(QPIA THY Y¥TOXAYXTIKHY OAOKAHP(QYHY

T vae tdpoupe 1o amotéheopo autd yenoudonotficoude 1o Yewpnuo 4.1.3. Tuve-
TWC ond TAL TAUPATEVGD XATUAYOUUE GTO OTL

ﬂhﬂﬂ:EM|ﬂH&ﬂ/%@M&/

7| -1

Emouévwe n I; elvar martingale.

(¢7) T va detZoupe 61 n Sodixaoior tetporywvixhc petaorhc tne Iy elvon 7
< I >= fot | f(5) |? ds apxel va detfouue étv n My = I7— < I >; elvon pla
ouveyTc martingale mou undevileton 1o t = 0. Hpdyuatt

s 7] = B (i 1) a7

gl [ syamr - [erea - [ a7

s t
2o [ 156 Pl vorE [ [ 1ty | fs]
0 s

E[ QIE}—E[/:If(t'th'IE]

Xenouonoldvtag L WOTNTEC Tou OAoXANEOUATOC Tou Itd BAémovue 61t

+

l%@mm,

E{[f@ﬁ&ﬂfqzo

E[lvdmgg|ﬂ}:E[£vGMgﬁ]
:E[/:w(t’)mt'} :E[/:u(t’)ﬁdt’ \fs]

SUVETWE XATAATYOUUE OTL

t s
E[IE—/O 7Pl m} - [ora

xow and Tov oploud Tre Stadixactiag Tetpaywvixig wetafornc yia ulo martingale
anodexvoeton to {nrobuevo. O

pded

H teleutaia yevixevon tou ypetalduacte elvor 0 0pLoHOE TOL AOELGTOL GTOYIGTL-
%00 OAOXANEOUATOC 6TAY TO VL 6plo elvan évag ypdvoc otdone. H yevixevon
auTH elvon avaevouevn agol to I elvon pio martingale xow %81 éyouue Set apxe-
Téc evdiapépouaeg WdTNTES oYeTxd We Tic martingale xow Toug ypdvoug GTdong.
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[ Tov 0ploud 10U GTOXAGTIXOU OAOXANEWUATOS E OpLaL XpoVoUS oTdong Yo
Yenotponotiooupe Ty delxtpla cuvdpTnoT Tou oToyacTXol daothuatog [0, 7]
onou T elvar xdmotog ypdvog otdone. H delxtplo ouvdptnon etvon ular Tuyado ue-
Ta3Anth n onola elvon Fr-yetpriowun. Autd elvar ebxolo vo amodewydel av xavelg
e€etdoel Ty avtloTpogn ewdva tne 1jg ) N omola unopel va deuydel dtu amote-
Aelton amd umocUvora tou () Tou avixouy oty Fi. Xuvenag, n 1 - etvon plo
Tuyalo LETABANTH 1 oTola elvon TpocapuocUéVn oty Fi xon Teg elvart eGX0R0 Vo
dolue ppayuévn xou de€ud cuveyric. MnopolUue Thpa Vo 0plGOLUE TO GTOYACTIXG
ohoxAfpwua e dptar To 0 xan Tov ypdvo otdone T o avaloyla Ue Tov TpéTo
0pLOUOU TOU GTOYACTLXOU ONOXATPOUATOS UE VIETEPUIVOTIXG dptar 0 xon ¢ Tou
diveton oty e&lowon (4.3)

T T
/ F(t)dB; = / FO) 1. (8)dB, = I,
0 0

O nopandve oploude unopel vo enextotel xou 6Ty 1600 TO APLETERO OGO XOL
70 deZLd OpLo OROXAAPWONG ElvaL YEOVOL GTAONG. LUYXEXPUIEVA OV T, To ElvoL
do ypdvor otdong we mpog Ty Sufinon Fy tétowol wote 0 < 7 < T TOTE

/ :Zf(adBt = [ swas. - [ jwasi= 1, -1,

"Exovtog unodny Toug Topamdve optoilols, xados xat Tic toTnTe martingale
TOL GTOYXACTLXOV OROXANEWHATOS [UTopoVUE Vo xotahhEovue oe ula oelpd and
YEeNOU CUUTEPAOUNTA XAVOVTOC YPHoN Tou VYewpruatog emAexTixic oTdorC.
Avagpépouue pepd topadelyuota.

IMToedderypa 4.2.1 Av 7y, 7o elvar 600 xpdvor otdong ws mpos tny o-dAyeBopa
Fi térowor dore 0 < 1 < 1 < T vnodoyiote tny vrd ovvihikn péon niun
E[f-r? f(t)dBt | -7:7'1]'

I'vawpiloupe 6t n oroyaotikr) dwadikaotia I; elvar martingale ondte xpnotjomoics-
vtag to Jecdpnua emdektikris otdongt éyovue ént B[l | Fr ] = I ,. Svvends,
T2
E|:/ f(t)dBt‘]:Tl:| = E[IT2_IT1 |‘7:T1]:E[IT2|‘7:T1]_E[IT1 |‘7:T1]
T1
= I, -I;,=0

Yrov vrodoyioud tov dpov E[I., | Fr ] xpnotporotioaje to yeyovds én n tuyaia

petaPAney I, etvar Fr, — petpriowun.

IMopdderypa 4.2.2 Av 7y, 7 elvar 600 xpdror otdong ws mpos tny o-dAyefpa

Fi térowor dotre 0 < 11 < 10 < T vnodoylote tnv vnd ovvdnkn péon wun
2

B[] f®)dB.| | F.).

4Ouvundeite 6tL 0 T2 elvar évac Qeayuévoc yeovoc otdong
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E [ / F(t)dB,

= E[Ifz —2I. I, +[7%1 | ‘7:7'1] = E[I‘I2'2 | '7:7'1] - [-%1

‘Exouue oul

2

‘7:7'1:| = E“I‘I’z - I‘F1|2 ‘fﬁ]

Oua mpérer Tpa va vrodoyloovue tov dpo E(IZ | Fr,]. Hapdlo mov n otoyaotikn
dadikacia Iy elvar martingale n I? Sev etvar. H dadicacia IF— < I >; duog
efvar uia martingale. Yvvendg

EIZ— <I> | F]=12—<I>,

émov < I >.= [ | f(t) |* dt. Xpnoyonodvtag to maparndve numopolje va
kataAnéovpe ot

|

IMopdderypa 4.2.3 Ag ewprioovue By pia kivnon Brown os mpog pia oijinon
Fi kar ag Oewprioovpe tnr otoyaotukn dwadikacla By n onola opiletar and o
0TOXaoTIKG OAokAnpwua Ito

2 To

.7:71:| :E[<I>T2_<I>Tl |'7:T1]:E|:/ |f(t) |2 dt‘}-ﬁ

1

/T f(t)dB,

t
B, ::/ sign(B,)dB,
0

Me Bdon ©g 1d16tnTes tov odokAnpapatos tov 16 kar o Jecdpnua tov Levy pimo-
poUue va Oetéovpe 6t n otoyaotiki) dwadikacia By elvar pia xivnon Brown wg
mpog tnv dyinon Fy.

Mpdypaz, and tov opopd wns, n By elvar tpooappoouévn oty uitnon Fy. Eri-
ons, epéoor umopel va ekppactel oav éva aroxyaotiké olokAnpwua Ité, olupwra
pe o fecopnua 4.2.1 n otoyaonkr dadikaoia By efvar pla martingale. Ta Ty
epappoyn tov Jewpnuatos tov Levy apkel va anodeiéovpe ot kair n otoxYaotikn
dwdikacta Z; := B} —t etvar uia martingale. Exoupe éu

|

Fs

2

E|Z, | Fs|=E[B} —t| F,)=F [(/t sign(BT)dBr) —t

2

_E [(/Ossign(BT)dBr - /: sign(BT)dBT) ¢
_ (/0 sign(BT)dBT>2 +E (/t sign(Br)dBr>2

2 (/0 sz’gn(BT)dBr> E [/t sign(B,)dB,

2

- </Ossign(BT)dBr) +(t—8)—0—t=12,

Fa| +

7)o
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omdte kat 1) Zy elvar martingale. Xvvends oUpgwva pe to Jeddpnua tov Levy n
By etvar kivnon Brown.

4.2.2 Avicétnteg oyetixd Ue To ohoxAjpwa Itd

Oa x\eloovue v mapouciaon tou ohoxhnpduatoc Itd avagépovtac oplouéveg
ONUAVTIXES avloOTNTeEC ToL Loy loLY yia to oloxhpwua 1t6. H onddelln twv
AVLOOTATWY ATV efvon TeY VX xon yernoyonolel To Afuua tou Itd to onolo Ya
dolue otnv enduevn napdypapo. H amddeln touc napatideton oto mopdptnu
TOL XEPOAA(OU AUTOV VLA TOUC VALY VOOTES TIOU EVOLOPEROVTOL YLol TiLo YewpnTixd
Yéuara.

Ochpnua 4.2.2 Avieétnta Burkholder-Davis-Gundy Eoto f € M2([0,T7).
Ag opioovue tnr oroyaotikr) dadikaoia

t
X, = /0 f(r)dB,

Tére yra kdle p > 0 vndpyovv otalepés ¢, kar Cp mov e€aptdvTal uévo and to p

TETOLES (DOTE
P t 5
]scpEU/ 56 P ar ]
0

P
2

cpE

[ e a

ya kdOe t > 0.

SE{sup
0<s<t

/ " f(r)an,

Ano6delgn: Biéne nopdptnua tou xegohatou. O
Apxetd yprouun elvon xon 1 axdhoudn exdetiny| ovicdTnTa.

Ochpnua 4.2.3 Eotw g € L? ka1 éoto T, a,b Jenirxof appol. Tére wyver

t t
P sup U g(s)st—ﬂ/ | g(s) 2 ds] >b) <oab
0<t<T [Jo 2 Jo

Anddeign: Biéne mapdptnua tou xegaiaiou. O

4.3 Auadixaocieg Itd xow to Mjuua tou Ito

Ytg mapaypdpoug autég Yo etodyouue wlo véa xatnyopla oToYAoTIXOY SladLxa-
oUWV 0L OTOLEG £Y0UV CNUAVTIXES EQUPUOYES GTA YPNIUATOOLXOVOULXE, TLC StadLxa-
otec Itd, xau o yehetioovue t¢ Widtnteg tou g yopoxtneilouvv. H onuoavtixd-
Tepn and autéc divetar and to AMjuua Tou Itd o onolo yopoxtnellet Tig WLoTNTES
TV Stadaot®y Tou Itd xdtw and oAl UETUBANTOY.
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4.3.1 Awadixocieg Ito

Kdvovtag yprion tou atoyactinol ohoxinpouatog Tou Itd unopolue va opicouue
ulo véa xornyopla YEVIXOTEP®Y GTOYAGTIXWY Stadlxaolddy and v xivnon Brown,
T Swadiasieg tou Ito.

Opiowodg 4.3.1 Mia oadikaoia Ité  elvar pia otoyaotikn dwdikacia X; tng
1operS

t t
X =Xo+ / u(s,w)ds +/ v(s,w)dBs
0 0

6mov o1 u kai v 1kavomoovy Tis ovviikes

t t
/ v2(s,w)ds < 00 0.5, / u(s,w)ds < oo 0.f.
0 0

H dwdrikaoia aver) puropel va ypagel o€ drapopikn) popen
dXt = udt + UdBt
BAénouue and tov mopamdve optoud ot pla dadixactor Itd umopel var dro-
onaotel ot dvo uépn: Tov 6po My = fot vdB; mou elvor plo martingale xon tov

6p0 A; = fot uds mov etvon ula dtodieacio tenepacuévne uetaBorrc. Mnogel va
deuyOel (BN, xou mopdypago 4.7) ot

t
Jm 3184 1= [ uts) | as

J

At—0

t
lim > | AM; |2:/0 | v(s) |? ds
J

6mou 1o teEheutato dpto ebvon dplo otov L2 H Sudomaon auth oyetiletor ye tny
anocOvieon Doob-Meyer xou uag Selyvel ot ev yéver uia dodixaocio Itd etvon éva
Tapdderypa evog semimartingale.

IMopdderypa 4.3.1 Mia povodidoratn kivnon Brown e taydtnta m elvar uia
owdikaota Ité. Ipayuatikd éxyovue ya tnr Sadikaotia avtr) 6t Xy = xo+ mt+
By n omola 1w0odUvaua umopel va ypagel ws

t

t
Xt:x0+/mds+/st
0

0
1 o€ Olapopikn Hopen
dX; =mdt+ dB;



4.3. ATIAAIKAXIEX ITO KAI TO AHMMA TOY ITO 147

IMopdderypa 4.3.2 'Evae LOVTEAO Yol TLG TLUEG TWV LETOYXWV WUE TNV
poppn wiag dradixaciog Itd
H oroyaounkn dadikaotia

X:=Xo+ /Ot (u(s) - 022(8)) ds + /Ot o(s)dBs

émov or u(t) kar o(t) ikavomoolv tig ourvdrikes tou mapandvem oplopol elvar ula
dwdikaota Ito. Ye drapopikn) popen n dadikaocia avty ypdgetar wg

dx, = <u(t) - “22(t)) dt + o(t) dB,

Ay Oéoovpe Xy = In Sy tdte (dnws Oa Solpe kar napakdtow kdvovtag xprjon tov
Anfppatog tov Ité) n Sy elvar kar averj pla dadikaoia Ité, n omola ypnoiponoiel-
Tal ToAU ouxvd TN XPNHATOOLKOVOULKT) V& TNY HOVTEAOTOINON TwV TIUDY TwV
petoxdv. Av ta p kar o elvar otalepés, n Sy ovoudletar yewpetpikny kivnon
Brown.

IMopddetypa 4.3.3 'Eva (LovVTEAO YLAL TAL ETLTOXLA E TNV LOpPT Wiag
Stadixaciog Ito
H oroyaouikn dwadikaoia X,

¢ ¢
X, =Xo + au/ e"®ds + a/ e"® dB;
0 0

etvar pta Sadikaocia Ité n omola umopel va ypagel kar o€ drapopikij pHopPr) ws
dX; = ape®dt + oe*tdB;

Ay éoovpe Xy = e ry téte dnwg Ja dolue kar tapaxdto ard o Arjupa tov Itd
n ry elvar ka1 auty pla dwadikaoia Ito n omola ovoudletar Sradikacia Ornstein-
Uhlenbeck mov emotpéper npos tny péon tiunj (mean reverting Ornstein- Uhlenbeck
process) . O Adyos mou maiprer autd to droua elvar o akddovdos: Xpnotpomoids-
yTag tg 1010tnTeS Tou odokAnpauatos tov Ité pumopolue va vmoloyloovue tny
pnéon uun vov ry. Ipdyuant

Elr) =e “Xg 4+ pu(l —e ) = p, xadds t— oo

H péon tipn ebaprdrar and tov xpdvo kar yra peydlovg xpdrvouvg telver otny tiun
w. Emilong xdvovzag yprjon twy 1610titwr tov oAokAnpduatog tov Ité umopolie
va vroAoyloovue tnr dakluavon wns ry 1) omola €lvai
Var(ry) = 0—2(1 — 672“t)
! 2a

H bsadikaoia avty Pplokel onuavtikés epappoyés ota xpnuatootkovopukd oay
HovTélo ywa tnr xpovikn €€één twy emrokiwy.
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IMopddevypa 4.3.4 Mia dwadikaotia Ité Xy tng popens
dX; =udt+vdbBy
elvar uia martingale av ka1 puovo av u =0 o.8.

’EVag TpéTog va <pa1/el’ avtd elvar maipvovrag tny péon Tiun s Xi. Av n Xy
€lvar martingale, arnd ng 1510‘”]‘665‘ ToU OAoKkANpduatos Ito uropolue va 60Upe ot
ya kdOe t wxvel E] fo s)ds] = 0. Z‘Uyemog mpémer va wylel kai fo s)ds =0
0.8. ya kdOe t, omdre karu =0 0.8.5. Mia evallaktixn anédei&n unopel va yiver
kdvovtag xprion tov Yewpnuatos avarapdotaons twy martingale (BA. napdypapo
4.6) ka1 Ty povadikdtnta twv ovvtedeotdy ulas dadikaotag Ité®.

4.3.2 O tirog tov Itd

Eva evdiagpépov gpidtnua etvan T uop@r €xet uia cuvdptnon ulac dtadixactog Ito,
dnAadr) av Vot elvon xow ot ue v oetpd e wlar draduixacto Itd xan av var moud
Vo elvon 1 axplB31) g Loppt| cav to ddpotoua eVOS ohoxAnpauotoc Riemann xou
ev6g ohoxhnpouatog Ito.

H andvtnon oto gpwtnua awtd divetar and 1o meplonuo Afuua tou Itd, to
omolo Uag Tpoo@EpeL £vary xavova ahhary i LETIBANTEOY TooToTOtNUEVO XATIAAT AL
GoTe Vo Loy VEL YLoL OTOYACTIXS OAOXATIPWU AT

Ocsdpnua 4.3.1 ( To Mjppa touv Itd ) Ocwpolie bt n X, elvar ula sadikacia
1t6 n omola umopel va exppaoctel wg

t t
X =Xo +/ u(s,w)ds +/ v(s,w)dBs.
0 0

Tére omowadnimore ouvdptnon s Xy g popens g(t,z) € CH2 unopel va exppa-
oTel emlong ogav éva oToYaoTiké OAOKANPWUE TNS HOPPTIS

t (dg dg 1 ,0% t g
g(taXt)_g(OaX0)+/(; (&‘f’ a-f'— 922 )d +/0 ’U%st

To napardvw anotédeoua umopel va ypagel kat o€ 10odUvaun 61apopikn pLopen:

dg 89 1,8 )
dg(t, X;) = (a—i+ 6—g+§v o g) dt+va—gdBt

Me CY? gupBolilovue tov ydpo twr ouvaptiocwr g(t,x) mov éxovr guveyn
TPATN TAPdywyo ws TPoS TNY TPTNH METaPANTH Kar ouvexn deltepn napdywyo
S mPoS TNY deUTepn petaPAnT.

ST pia o auoTnen Statlinwon Tou EntELpHUATOS AUTO) TupUTéURouuE 6To [28] Oebpnua
1.26, oeh. 31
ST v povadixdtnta Ty cuvteheotdv wpiag Sadixactiog Itd BA. to xepdioo 5
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Yxo6ho: Xt mopamdve Exel yenoudoroundel o axdhovdoc cuuPolioude:

% = %(S,Xs), ug—i = u(s,Xs)%(s,Xs), AT
INAadY 1 Lep TRy wYOS NG g KOS TPOS TO TPWTO Gploud (Ypdvoc) UTOROYL-
ouévn ota t = s xaw ¢ = X,, 1 LEPX TORAYWYOS TNG g WS TPOg To deUTEPO
Optopa (9€om) unohoytouévn otat = s xat & = X XL TOMNATAACLIGUEYT UE TNV
oLUVEETNON U UTOAOYLOUEVN oL aUTH oTtal t = § ot & = X %AT.

Mynuovix6g xavévag yio to Afupa tov Ité: Av Y, = g(t, Xy) téte

_ Oy dg 19%g 2
dYy = o dt+ o d X + 5@(dxt)

610U LTOAOY(LOVTUS TS SUVEELS TWV SLAPOPLXDY Y PNOLULOTIOLOVUE TOV XovOVaL
dt-dt =dt-dB; =dBy-dt =0
dB; - dBy = dt.

Anb6deln tou Mupatog tov Ité:  Aev Ja ddoouue edd v mhipn and-
de&n tou Mppatog tou Itd adhd Ya cuvodicoupe ta Baouxd Pruata tne.
Ac ndpoupe Ty draépion 7 = I oy daotiatoc [0, %o o ypddouue

n

1
[g(t?Jrlet;H) - g(t?,Xt;; )] =

n

g(t1 Xt) - g(07 XO)

S .
- o

n—1

= g(t?ﬂ:Xt;;rl) - g(t?;Xt;;rl) - Z g(t?a Xt;f+1) - g(t}"”, Xt;)

.
Il
<)

~- j=0 ~-

H npdtn opddo unoypauulouévwy dpwv anotelelton and dpoug oL omolot elvon
unoloylougvot Yo Ty (St Tiur) tng Staduxactog Itd oAAS yiar StapopeTinole yed-
Voug. Xty mpdtn oudda 6pwv cLVET®S o YENOLUOTOLCOVUE TNV AVEAUGCT) XaTd
Taylor tnv uetafBAnt tou ypdvou. H deltepn opdda dpwv oamotekelton ond 6-
poug Tou elvat UTOAOYLOUEVOL Yol TNV (Stal TYUR TOL YEAVOU AR Yiol SLAPORETIXES
Twéc Tou X. BNy Seltepn oudda dpwv GLUVETKS Yo YENOULOTOLGOUUE Ovd-
huorn xatd Taylor oty petofint] X. Oo yenollonolAcovUE T GUVTOUEVTELS
Atj = t;—l+1 - t? naw AX] = Xt;_t+1 - Xt;L

e Taylor xatd t: Yrdpyer t; € [t],t7,,] tét010 GOTE

n n 99 -
93, Xen ) —9(t], Xin, ) = E(tj:Xt;‘+1)Atj

XpNoUOTOLOVTAC TNV CUVEYEL TWV TURAYWYWY WS TEOC t TNG CUVAETNOTS
g umopolue va detfovue 6t

n—1 t
. a9 - _ [ 9y
nll{lgo E E(tj’Xthl)Atj =, a(s,Xs)ds o.0.
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e Taylor xotd z: YrdpyerX; € [Xin, Xyn ] Té7010 GOTE

18g

n n 69

v 2
D Xj)AX;

H dettepn awth oudda 6pwv amoutel Alyo mo neplmhoxn uetayelpwon. Luyxexpt-
wéva, Vo mpooeyylooupe tic uetoBoréc tne dadixaotog Itd we e€hg
AX; = u(tj,w)At; +v(tj,w)AB;

A . = p— 7, / ~ 7- frd U3 —
6mou AB; = Bt?ﬂ, Byn xou ooy t; MTopOUUE Vot sm)\siou/ys t,J =t7. ?(pnotpo
TOLOVTOC TNV TPOCEY Yo awTh) oto avdmtuyua Taylor xotd & €yovue ot

dg

_ 0 _
9(t7, Xep,,) —g(t7, Xer) = (1], Xz Ju (tj,w)Atj+8—g(t’?,th)u(tj,w)AB,-
10% v r 2 A R2 189 7 2
+ 2612( , Xj)v(tj,w) AB; + 26 z(t X])u(tj,w)Atjl
8%, . o - -
+ @(t]’,Xj)u(tjaw)v(tij)AtjABj

~ v
v~

To &dpotoua endvew otny dtauépton (and j = 0 ewe j = n—1) twv d0o teheutaiwy
(UToY paLioUéveY bpwv) uTopel Vo anodewydel 6L telver oto 0 xatd L2 oo
n — 00. A6 toug 6pOUC TOU TAPAULEVOUY UTOPOVUUE VoL doUUE OTL

Za_g , Xin Ju u(tj,w)At; —)/ E (s, Xs)u(s, Xs)ds, xodden — 0o

pde

Za—g , Xz Ju(tj, w)AB; —>/ e (s, Xs)v(s, Xs)dBs, xaddcn — oo

6mou 10 bpLo AapPdvetor mdvtote otov L2 O teleutaloc bpog mou mopoyLéver
TEETEL VoL Ypagel 0TV Lop@H

10%G 0 o\ 5 oA D 162
182 n n 2 2
1 (9%, =
+ 5(@“1")9‘)
0?2 .
— B_;Ij‘g(t'?7Xt;)/U2ABJZ

(4.4)
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To dpotouo Twv TROTEAEUTAULY OpwV EMAVK aTNY dtoéptor undevileton epdoov
10 6pt0 oT0v L2 v bpwv AB? — At; etvar 0 xou t0 ddpooua Twv TENELTA WY
6pwv undeviletan AOY® TN CUVEYELAC TWV DEUTEPWY TORAYDYWY TS CUVEETNONG
g w¢ mpog z. To ddpooua Twv TEdTHY dpwv 610 OpLo diver

19 g " 2 1 9% )
2::058— 3 X o(t], w)* Aty — 5/0 ooz (5 Xa)u(s,w)*dt

Auté xar ohoxhnpdver 1o oyEdo g amddens. Tovileton dTL oL Aemtouépeteg
nou apricaue Sev elvar tetpluéveg xan ypetdlovton Alyn axdua Souleld tnyv omola
APVOLUE GAY GOXNGT, OTOUG TLO UONNUITIXE TEOGAVATOAOHEVOUS and TOUG O-
vayvootee. O

Oéhouue vo tovicouue ta axdroudo onuelo:

(1) To Afupua tou Itd elvon lowe éva and tor TAEOV GNUAVTIXE ATOTENEGUATOL TNG
oToyaoTLXAC avdAuong, to omolo amotelel Tov axpoywviaio Ado oe omoladrinote
epapuoyn. H xatavénon tou xou 1 Suvatdtnta vor to epopudcouye elvon amopod-
. Yty moapdypago 4.5 divovtar ula oelpd and topadelyuota eQapUoYhc ToU
Afupotog tou Itd 1600 oE Yevirég e@apoYES 600 XoL GTOL OLXOVOULXAL.

(2) To Adupa tou It6 eZaxohoudel va toyler xon otny nepintwon Tou to ¢ elvor
évag xpbévog otdomng o onolog elvon @payuévos. H popen auth tou Afuuatog tou
It6 unopel va poc @avel yprouun oe plo TANIdea EQapUOY®Y.

(3) Trdpyouv yevixeloei Tou Afuuartoc Tou 166 xon yia cuvapTHOELS TOU Lxavo-
Totoby acdevéotepec ouvdrixec and to va elvon G2,

4.4 Avodixacieg Itd o TOAAEC dLacTdoeLg

O aoyorndolue twpa Ue TNV Yevixeuon tne évvolag g dtadixactog Ttd xat twv
WotAtwy toug o opomdve and ula didotac, dnhadh dtav n xivnon Brown 7
omola ypnotuonotelton K¢ OAOXANEWTAG elvar TOALSLAGTATN Xat 1 UTG 0AoXApwaT
noootna elvar davoy ula Stavuouatin cuvdptnon.

4.4.1 To ohoxApwua Itd endvw oe pmio moAvdLdcTOUTY %i-
vnon Brown

Oa Eexwnhoovue Ue TNV YeVIXELOT TOL OAOXANEOUATOC TOL Itd endvw oe ula
nohudLdototn xivnorn Brown .

Optopég 4.4.1 Ag Oewprioovpe By = (Bi g, ..., Bay)T pta d—idotatn kivnon
Brown xai f € R™? pfa owcoyévaa andé mpooappoouéves oroxaotixés dadi-
kaoles otnr oujnon Fi = o(Bs,s < t) o onoleg maiprovr Tiués otov xa-
po twy mrvdkwv n x d. IoodUvaua pmopotue va Oewprioovue du f = {fi;},
i=1,..,n,j =1,..,d érov f;; € R povodidotates oroyaotikés dradikaoies mov
elvar mpooappoouéves atny oujnon Fy = o(Bs,s < t). To (adporo) otoyaoti-
k6 oAoxAnpwpa Ité fot fdBs elvar n owoyaonikh fadikaota Iy € R (Sudvuoua
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otiAn didotacns n) to orolo éxer Ty popen Iy = (I ¢, ..., Ing)T 6mov

d ot
Ii,t = E/ fidej,Sv 1= ].7 N
j=170

Kat fot fijdBj s, €lvai to povodrdotato odoxAnpwpua Ité mov oploajie mponyouvpévas.

Yxoho: O napandve optoudg elvar apreTd QUOLXOS 0POU UTOEOVUE VoL Yedpou-
e

fir o fua dBi s Z(ji:l fotfldeJ"S

/Otdes:/Ot : : : =

fnl fnd dBd,s Z;‘lzl fot fndej,s

H yevixeuorn yio 1o moAudidotato ohoxAfpwua dtav to dpta elvar ypbvol otd-
ONG, 1 YEVXOTEPO YLl TO OPLOUEVO TOALSAOTATO GTOXACTIXG OMOXATipWHAL ElvoL
TEOQAVAC.

To moludidotato ohoxhipwuo tou Itd wavomnotel Widtnteg ou omoleg elvon
TOND OYETXEG UE Tig WOTNTEC TOL PovVodLdoTatou oloxhfipwuatog. MdAota
oL WLoTNTEC aWTEC UTopoLY va amodetylolv xdvovtag Yeron Twv aviloTolywy
WLOTATWY TOL LOVOBLEGTATOU OAOXANPOUATOC.

4.4.2 IloAudidotateg dradixacicc Itd

"Eyovtoc oav Bdon tny yevixeuon tou ohoxAnpouatog tou Itd endvew oe mohudLd-
otateg xwhoelg Brown unopoue va oplcovue xat Ty €vvola Ty ToAuSLdoTaTeY
doduaordv It6.

Oa EextvicOLUE TEWTA UE TNV YEViXEUOT TNg évvolag Tng Stadixactiag tou Itd
6tav 1 xtvnon Brown w¢ mpog Ty omola yivetat 1 ohoxkfipwon elvon ToAudido o).

Opiowodg 4.4.2 H Xy elvar pla povodrdotatn dwadikaoia Ité av
t a4 t
Xi=Xo+ /u(s,w) ds + Z/vi(s,w)dBm
0 =1y

6mov ot u kai v; €tvar mpooapuoopéves ong Fy ya kdle i kar icavomolodv g
ovrinkes

T T
/|u(s,w)|ds<oo7 /|ui(s,w) |?ds < o0 0.8 1<i<d.
0 0

Ye Owapopikn poper) avté umopel va ypagel oav
d
dX; = u(t,w)dt + Z v;(s,w)dB; ¢

i=1
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Mrnopolue téhpa va oploouue Ty évvota tng n—ddotatng dadixactoc Itd

Opwon6g 4.4.3 n—38ivdotatn Svadixacia Itd : Mia n—oidotatn dwadikaoia
Ito etvar pla otoyaonikry Sadikaoia Xy = (X14,..., X t) 6mov n kdle ovriotdoa
etvar ula dwadikaotia Ito pe tny évvola mov oplotnke mo ndvw. Iho ovykekpiuéva
pia n—étdotarn dwadikaota Ité elvar pia otoyaotikn dradikacia tng popens Xy =
(Xl,ta R Xn,t)T émov

¢

Xt =X50+ /ui(s,w)ds +
5 i=1

t
/ v (s,w) dBj
0

Alvoupe uepxd Topadelypota ToALSLEGTATWY Stadixactey Ito.

IMopdderypo 4.4.1 H md anAi) toAvdidotatn dwadikaoia Ité elvar puia n—owdotatn
kivnon Brown By = (By4, ..., Bnt)T

IMogdderypa 4.4.2 Movtéha TOAAGDY TOEAYOVIWY YL TLG TLAES TwWVY
xeeoypdpwy Eva mapdderypa moAvdidotatng dwadikaoctlag Ité elvar n dradika-
ola Twy TUGY TePIoTlTtepwy Tov €vis xpeoypdewy, ta omola ennpedlovtar and
KkowoUs atoyaotikols tapdyortes Tng otkovoulas (T.y. didgopa paxpootkovouikd
peyéln). Oa dddooupe €6cd éva povtédo Vo ypeoypdgpwy kar 6Vo tapaydrtwy Tng
owcovoptias. Eotw Sy ¢, S24 01 ués twr xpeoypdowr 1,2 tny xpovikr) otiyur) t.
O1 Aoydpruor twv tipdy akolovodv tny moAvdidotatn dwadikaoia Ité

d(lnSl,t)

of
M1 — ? dt +0’1dB11t

2
d(lnSz,t) = </,L2 — %) dt + pO'QdBl,t + 1-— pQO'QdBQ’t

Yo naparndve povrélo Jewpolie dti o1 otoyaotikol mapdyovtes tng otkovouiag
umopel va mpoooporwtody e o avebdptnteg kivijoeis Brown. O tapdyortes av-
tol emnpedlovr Ti§ TIéS Katl twy 600 xpeoypdgwy, e kdmolo aurTéleatr) ovoyé-
nong p. Ot mapdyortes pi, po €lvar o1 ovrtedeotés odlotnong (drift coefficients)
TV Xpeoypdewy €vd o1 TUVTEAEOTES 01,02 €lval ol ouvTedeoTés mTnTikdTnTag
(volatility) Twv xpeoypdpwrv. Or epunveles twy ourtedeotdy avtdv umopel va
yivovr mo kalapég av dolue tny 1006Uvaun Hoper) Tou tapandve jovTédou

dSiy = Sit(mdt+ o1dByy)

dSQ’t = S?,t(;qudt + pUQdBl7t + vV 1-— p202dB2’t)
H wodvvapia twv Vo avtdy popedr Ja ylvel oapng atny enduevn napdypapo
érov Ua ewodyouve tov noAvdidotato timo tov Ito.
4.4.3 O tOnog Tov Itd oc neprocdtepeg dractdoeLg

O tinog tou Itd unopel va yevixeudel oe neploodtepeg daotdoes. Av X =
(let, ...,th) Haw

Xm,t = Uldt + UlldBl,t + ...+ 'UlddBd7t
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an,t = Undt “+ Un1 dBl’t + ...+ 'UnddBd,t

xou g(t, z) etvor ula CH2 ouvdptnon’” g : R x R® — R, té1e 1 otoyootixr| Sadt-
xaota Y (t,w) = g(t, X;) elvon pio Srodixasia 1td pe Siapopixr| Lopeh

1 0%g

dg
dy, = adt+z —=dX;, + S, ———dX;,dX,
OTIOU YENOYIOTIOLOUIE TOUG XAVOVES
dB;dBj; = 0;;dt, dB;.dt = dtdB;; =0 (4.5)

Metd and xdmnoteg npdEelc UTopOVUE Var XUTHAREOVUE GTNY Lop@n
99 <= Og - d%g
dY; = E-}-Za u; + ZZvijvjia a dt+zz UjkdBkt
j=1 i=1 j=1 j=1 k= 1

H nopandve popgr| unopel vo ypagel xon oe mo cuumayy| Lop@Y| Yenoulo-

TOLOVTAC TV cLUPBoMoUS Ue mivoxes xou dtavbouota o¢ e€Xg
1
dY; = gt + gpdX, + SdX T gppdX,

1 YeTd g amapaitnTeg TEdEELS

1
dy; = (gt + gzu + itrace(UTgmv)) dt + g,vdBy

omou g 1= %, HE g oLUBoAlouue To didvuoua Tou amotehelton and TG UERIXES
TAPAYWYOUS TNS ¢ W PO T CUVLOTWOES T; ToL dtavdouatog ,

_(9 99
g.T - 6'1.1 ey axn )
UE gz oLUBOALOLHE TOV Tiivaxo Twv SElTEpWY TORUY®OYWY TNS ¢ WG TEOS TG
OUVLOTWOEC TOU T,

0%g
[gm]z’j = m

xa w xou v Elva To SLEVUCUO TWV TUYUTATWY XL O TVOXOG TV GUVTEAEGTMV
ddyuone avtiotolya.

H onddelén tou tonou tou Itd oe mapandvew tne ploag ddotaong yiveton e
TapOUoL0 TpOT0 UE TNV anddel&n tou tonou Tou Itd yio v plo didotoon xon

"H ouvdptnon g mpémet va etvan C2 (Snhadh va éxer ouvexeic napaydyoug Sedtepng TdEng)
otV UETABANTR & = (T1, ..., Tr) %0t C (SMAadh var éxeL ouvexh napdywyo medTng t¢&ng) otny
ueTafBANTA t.
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apAVETOL GOV AOXNOY GTOV VALY VWOOTH.

YxoAo: Oo cLUPBOVAELOUE, TOUAAYLOTOV OTNV dEYT, TOUC aVAYVOOTES OToy
Yéhouv va yenoyonoticouy tov tomo tou Itg, 1600 oty plo boo xou oTig Te-
PLOCOTERES DUOTAOELS, Vo EEXLWVAVE Al TNV GUUTIOYY| LORPY TOU OVIUTTOYMOTOS
Taylor xot petd va oynuotilouve ta ywoueva dX;dX; yenoulomoudvtas Toug
XAVOVES TNG GAYEBPOC XL TOUG UVAIOVLXOUS XUVOVEG OYETIXG UE TOL YLVOUEVL
dB;dB;. 'Etot, ehaytotonolobvian 1o tepticdplol cOIAUITOS.

4.5 Tlopadelypata tng Yerong Tov Tunou tou Itd

4.5.1 Tevixd nopadeiyuota.

Axorouvdoilv pepd mapadelyuata Tng e@aproyic Tou TOTouL Tou It6.
Mo onuavtied egapuoyy) Tou TOmou tou Itd elvar otov unoloyioud otoyaoTt-
AWV ONOXANPOUATWY

IMTogdderypa 4.5.1 Oa xpnotponotjooupe tov tomo tov Ité otnv ouvvdptnon
g(t,z) = 12* ya va vrodoylooupe to odorArpwpa I = fot B,dBs;.

Eotw Yy = g(t, By) = %Bf Xpnoyonowdvtas tov timo tov Ité otnv ourdptnon
avtrj Bplokouue ét

1 . t 1/t t 1
—Bf:/ Bsst+—/ dt:/ B,dB, + =t
2 0 2 0 0 2

1 ., 1
I=_-B} _t

270 2
O devtepog dpog kathotd gavepd ot o odokAnpwua tov Ité dagéper and ta ov-
y1ii9n oAorkAnpduaza!

éTol hoTe

O t0noc tou Itd woylel yevind xou otny nepintwon mouv 1 Swadixaoctia I1td a-
76 TNy onola Eexvdue divetar o€ TEMAEYMEVN Hop@r) dnhadr av elvan Tng HLoppic
dX; = b(Z, t,w)dt + 0(Zy,t,w)dBy 6mou Z; eivon xon owth ulo dtadixaoto Ito.
Yy neplntowon avth BéBata n Y; = f(Xy) Vo elvon pio dradixastio 1td tne onolac
oL ouvteleotég Va e€apT@vToL Xat and TNV Z; UEow TNG EE4PTNONG TWV CUVTE-
heotodv b,o and auth. Mia evBiagépovoa eldiny| nepintwon elvon 1 neplntwon
Zy = X¢. Tote Mue 61 n Xy elvon ) Moo ulag otoyaotixrc dtapopixic eélowong.
Yo emavédYouue 6To Yéua auTd GTO EMOUEVO XEQIAALO.
IMopdderypa 4.5.2 Eotw Xy pla dwadikaoia It mov uropel va ypagel oe drago-
pien} popen ws dXy = pXidt +o0XdBy. Tére nY, = In(Xy) elvar pia dadixaoia
Ito ue dwagopikn) popen

o2

onkadn etvar avekdptnTn tov Yy!
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ITopdderypa 4.5.3 A¢ Jewprioovpe to 0eltepo povtédo ywa tny Tpn wy xpe-
oypdewyr e dVo oroyaotikols mapdyovtes ya tny otkovoula mov datundoa-
ue ovo napddetyua 4.4.2. Egapudlovrag tov timo tov Ité ya ng ovvaptioeg
f1(S1) = In(Sh) kar f2(S2) = In(S2) pmopolue va kataAnéovue oto bt o Ao-
ydpruor twv Tiudy twv xpeoypdpwy elvar Todvdidotates Owadikaoles Ité mou
Teprypdgovtal ané To TpaTo UovTédo Tou mapadelypatos 4.4.2. Ipdyuat éxovpe
ot

1 11

d(ln(S,,t) = SZ tdSi,t - ES—zt

(dSi)?, i=1,2 (4.6)

Ot tetpaywrikol dpot umopel va vroloyotoldy kdvovtag xpron twy efloooewy tov
0€UTepou povtélov. Xpnoiuomowdvtas tov Uvnpoviké Kavéva yia Tny €papuoyn
ToU ANupatos tov Ité o€ mapandvew tng plag Sdotaons éyovue ot

(dS14)* = S} (13 dt? + 07 (dBy ¢)* + 201 dtdBy ) = 0757 ,di
Kat

(dSss)? = S2, (Ngdﬁ + 2po0piadtdBy ; + 22001/ — p2dtdBa,

po3\/T— 2By 1By + p*0*(dB1,)° + (1 p)o3(dBs.,)°)
= S5, (p’o3dt+ (1 —p°)osdt) = 0°S3 dt

+

Avukathotdrrag tig oyéoeg avtés ong ebiodoe (4.6) kataAjyovpe oo mpdto
povtélo mov mapaBéoape oo tapdderyua 4.4.2.

Hopdderypa 4.5.4 H xivnon Brown ctov povadiaio xGxho Eotw B, ula

kivnon Brown ka ag Oewprioovpe Ty atoyactiki Sadikacta Xy = (X1,4, Xoy)T =
(cos(By),sin(By))T. Hapatnpotpe éu X3, + X3, =1 ya kde t ovvends n oto-

xaotkn dadikacia aver elvar pila kivnon Brown endvw otov povadialo kukAo

St. Xpnowponoidvrag to moAvdidotaro Ajupa tov Ité efvar evkolo va amodet&ov-

He, petd and Alyn dAyefpa, éu n otoyaonky) dwdikaoia X, elvar kar avt uia

roAvdidoratn dadikaoia Ito n omola éxer tny dapopikr) Hopen

1
Xm,t = —§X17tdt—X27tdBt

1
dXs —§X27tdt+X1’tdBt

1] U€ Mo TUUTAY) HopYn) HE TNV XPNOT TvdKwy
1
dXt - _EXtdt + KXtdBt

émou
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Ynuedorte étr n dapopikny popen mov dlvoupe ya avt ty Owadikacia Ité me-
pkauBdver otoyaotikd odokAnpduata tng dwadikaciag avtnig endvw oTny kivnon
Brown. Avtd unopel va gaiverar napdéevo aAdd ag to dexolue péxpt va ewod-
youue tny évvola Ttng oToxYaonkns olagopikns e€lowons oto enduevo kepdAaio.

Hogdderypa 4.5.5 Eotw B = (B4, B2y, ..., Bny) pla N—didotatn xivnon
Brown mov &exwvder and to 0. Oplote tny dwdikacia Ry =| B [:= (Bf , + ... +
B} )2, érnov | . | ouppodita Ty Evkdettia andoraon oto RN . Epappdote tov
TUmo tov Itd o€ meploodtepes draotdoels yia va Ppeite Ttny Olagopikny Lop@r) Tou
Ri. H Ry ovoudletar dwadikaoia tov Bessel kai Ppiokel onuavtikés epapuoyés
oTnY HEA€Tn opouévwy TUTwY Tapaydywy oupfodaiwy ota xpnpatootkovouikd
pnadnuatikd.

Oua epappéooupe to molvdidotato Afjpupa tov Ité otny ovvdptnon f(zy1, ..., xN) =
(23 4 ... + 23)'/? o onota a Oégovue x; = Biy, i = 1,..., N. Metd and Aiyo
dAyefpa Bpiokouue étt

of T _ T
or;  (zi+..+23)2 R
0 f TT; T ..
= T = g LA
6:01'8%- (Il + ...+ IN) / R
N
Pf _ Xjmigsi®
Ox? R3

(2

Aapfdvovtas vndypny éri otov Timo tov Ité Jewpolue éu (dB;y)> =t,i=1,..,N
kat dB;dBj; = 0,i # j kataArjyouvue én

Y BiudBiy R 1
\/Bii+ .+ BX, 2 \/Bii+ -+ Bk,

OTOU XPNOLLOTOLOA}E TO YEYOVOS OTL

dR, = dt (4.7)

> > H == ai=(N-DE

H ellowon (4.7) uac eZoogoliler 6t 1 otoyootxh Siodixaoctia Ry (Siadixaoio
Bessel) elvon pio dradixaoto It6. Kdvovtag duwe ypron tou Yewphiuatoc tou
Levy umopolue va @épouue tnyv nopomdve e&loworn oe mo omhy Lopdr. Autd
umopel vou yiver av Tapatnericoude 6Tt 1 otoyaoTixy| Staduacia

B, = /t Yo, BiadBi
0 /By, + ..+ B},
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elvan plo xtvnon Brown. Ipdyuatt xdvovtog yerorn twv SLOTATWY ToU 0AOXAN-
pouotog tou Itd BAémovue o1

E[B]=E /t Lo BudBi | _
0 /Bi,+..+ B},

oL 6Tt

B /t SN BidBi,
0

E[B} -t = t
B}, +..+ B},
t SN B2
_ i=1 "4t _ —
= /E mdt —t=t—-t=0
0 1,6 T PNt

and 1o onolo UToPOUUE, UE TV YetioT Tou Vewpriuatoc Tou Levy, vor oot
Eoupe oto 6Tt 1 oToyaoTx dadixactio By elvon ula xivnon Brown. Yuvendg, n
dtaduxacior Bessel unopel vo ypagel .oodlvaua otny uopet

N-1)1

( )L

dR, = dB
t t+ i

6ToU PUOLXS ot TEAL elvon TNV op@Y [iog Siadcactiag Ito.

IMopddetypa 4.5.6 OhoxAjpwor xatd wépn Aciére on av Xy, Yy elvar da-
Owkaotles Ito téte

d(X,Y:) = X dY; + Y dX, + dX, dY;

1) 100dVvaua o€ OAOKANPWTIKA UopPn)

t t t
/XdeS:XtY;—XOYO—/stXg—/dXdes
0 0 0

Ta va oeryOel avtd aprel va epapudoovue tov tono tou Ité ya tnv ouvvdptnon
f(z,y) = zy ka1 va Yéoovue z = X; kv y = Y;,. Yy ovvéyea umopel va
amlonotjooupe tny éxppacn dX; dY; kdvovtag xprion twv kavévwy Tov XpnotjLo-
roloUe yra tov tomo tou I, dnAadn) tous kaviéves mov meptypdipae ony ekiowon
(4.5).

Mia evbrapépovoa mepintwon efvar n mepimtwon émov n Xy efvar pla dradikaoia
Ito ka1 n'Y; elvar tng popens dY; = adt. Tére pumopolue eVkola va dolue ot

t t t
/Xdes:/Xsads:Xth—Xng—/stXs
0 0 0

To mapardve amotéleoua umopel va yevikevdel ya tnv mepintwon démov n Y;
elvar pla dwadikaoia menepaopévng petaforns, e tg katdAAnies aAdayés. To
oloxkApwua endvew otnr'Y Oa mpémer va evvoeltar oav to olokArjpwua Stieltjes

(B\. mapdypagpo 4.7).
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IMopdderypa 4.5.7 Mia euduxr) nepintwon tou tonov tov Dynkin O
TUnog Tov Ité dev 1oxUel uovo yia vTetepuviotikoUs xporous aAld kal yia xporous
ovdong! Xpnowporowdvtas tny mAnpogopta aveh detéte 6t av f € CZ(R) xat T
elvar évag xpovos otdong ya tov omolo wyver E*[1] < 0o tdtre

BUB) = f@ + 57 | [ 35

0

ds

érov By elvar pta kivnon Brown. O tinog avtds umopel va yevikevlel yia onola-
onmote dadikaoia Ité kar oe omoodnmote aptud daotdoewy.

Anbéden: Egpapudlovue tov timo tov Ité otny f(By) kar xpnoipomowolue to
Yeyoves 0t To odokAnpwua fot [ (Bs)dB; etvar pia martingale. To onuelo mov
xpedletar Alyo mpoooxnj €lvar oo va detéovpue dt

E UOT %(Bs)st} =0

O Adyog mov to onuelo avts elvar Aemtd elvar Tapdpoiog je tovg AGyovs mov ava-
pépaye otny ovlnnon tov Jewpnparos emilextikng ovdons. Etor, Ja ypapoupe

TAL df _
E UO @(Bs)st} =0

kar Oa mdpovue to dpto t — 0o mpoomaldvtas va aitioAoyrioouvpe Ty evaAlayn
Tov opfov e Ty péon tun. To fiua avtd apnvetar ws doxknon.d

4.5.2 TMopadelypata tng xenong tov toOmov touv Itd otny
owxovoulxy: IepudhpLo SLaxuUdVoEnS LOOTLULOY

O otadepée lootuiec mapouotdlouvy SLaxuUdVoELS EVTOC TEMEPUOUEV®Y {WwVMY
ot ornoteg ovoudlovton neprddpta Staxuudvoensg wotyutey. Eni ntopodelyuott tig
wépec mou utApye To gold standard n tLur Tou ypuool Tapouciale SlaxLUAVOELS
HETaE) TV AmoxoNoVUEVKY Ypuoy onuelwy (gold points ). Xtnv neplntwon tou
ovoThuatog tou Bretton Woods to dplo Aoy £1% ylpw and v ootulo tou
dohaplou xan oTNY TEPITTWON TOL UNYAVIOUOU LEOTYLGY cUVOAEYuatos (ERM)
Tou Eupwnaixol voutopotixol cuotiuatog (tpty tny xotdpeuor tou 1993) to ptat
firay £2.25% yOpw and ula xevtpud| ootuyio. Eva uovtého yio ta neprddpta tov
dtaxvudivoewy oottty ogelieton otov Paul Krugman (1991). Trodétouue étu
7 ootuia cUVEAAGYUATOS, 6w xat 1 Ty xdde dANou ypeoYpdpou, eEapTdTol
and optopéva TeEyovTo VEUEAODN xou amd TNy avopevouevn tuh (uéon tun)
TWY LEANOVTIXDY TWUGY TNG CUVAAAXYUATXAS tooTiulag dnAady
Elds]
dt

6mou s elvar 0 hoydprduoc tng ocuvohhaypatixic ootlag, f o hoydprduog twv
Yeuehiwdayv, E [%] 1 ovoeVOUEYY LToTiunon TNg cuvallayuatixrg tootiulag
xat a plo otadepd.

s=f+a

(4.8)
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To Yepehiddec anotehelton and dvo cuvoTOoES
f=m+v

6mou my elvor 0 Aoydpriog TG TPOGPoEdS TOL YPHUATOS Tou EAEYYETAL antd
™y xevtpwt| Tpdmela xon g lvon 0 hoydprdude tne ToydTnTae XUXhoYoplas Tou
yeruatog mou glvon uia oToyacTh METABANTH €0 amd ToV EAEYYO TNG XEVTPLXNG
tpdmelag. EAéyyovtag tnv npocgopd Tou yerdatog N xevipuxr tedmelo eEAEYYEL
T0 fi xou UE TOV TPOTO aUTO xou TNV cuvahAayuotixy| wootiula. O oxonde trg
pe auto elvon va xpathoet o s evtdg plag xodoplouévng {ovne (xadopiouévou
neptiwplou). H Lodvn auth xadopiletar and tny oyéon

Smin < 8 < Smaz

OTOU Spin EVOL TO %dT® PEdyUd TV SLUXVUAVOEWY TWV CUVUAAXYUOTIXWY LGO-
TULOY HOU Smae EVOL TO SV Ppdryua.
To povtélo tou Krugman Bacileton endve oe tpelc unodéoerc:

1. To nepridpLa v SLOXLUSVOEDY GUVIANSYUATIXOVY LOOTUUILGY ELvoL amoluTa
ToTeutd. Autéd onuolvel 4Tl ot TAUXTES TWOTEVOLY OTL Tar dxpar TN VNG
Yo opauetvouy otadepd yior tdvTote.

2. Ta nepridpLa TwY LOOTYILGY ‘TpooTateLoVToL’ U6VO UE opLaxés TapeudoeLc.
Autd onuaiver 6L 1 GUVIANOYUATLIXT LooTLUlOL QTIVETOL VoL LETAUBIAAETOL €-
hetiepa péoa oty Lodvn v Slaxuudvoewy. ‘Otay OUWS 1 GUVIANXYUATIXT
looTio PTEVEL OTO G OpLo (XL GUVETRS TO TOTXO VOULOUX UTOTUUS-
o) M xeviph| tpdmela oyopdleLl To TOMXS VOULOUA TPOCQEPOVTIC ZEVOo
GUVEANXYHA. LUVETKS 1) TEOCPOPA TOU YEHUATOS EAATTOVETOL XoL €T0L O
TOQedYETAL 1) TEPALTERW UTOT(UNGT Tou ToTxol voulouatog. To avtideto
ouuPalver dtav @rdoouue 6To xdtw dplo.

3. 'O 6pog e toyvTNToC vy elvan uia xivnon Brown ue toryOtntor g xon Stod-
uavon o2,

dv = udt + odBy

O Krugman vnodéte 6t p = 0. H vnodéon 6w n v elvon ulo xivnon
Brown cuvendyeton 6Tt ot ehelilepec cuvalhaypoTixée wottules Yo elvon
entone xtvnon Brown 8.
Ot unodéoelc 1,2 xat 3 Lo ENLTPETOLY VAL EXPEACOVUE TNV GUVOANXY AT LGO-
Twlo oav ulo cuvdpetnon tewv Yeuehwddv dnhadn vo yeddouue

s = ¢(f)
8 nuetdvoupe 6Tl uéoa oty Lhvn Sev undpyet xauia TapéuBaoy and Tic dpxés oTNY ayoed

GUVIANXLY LATIXDY LoOTULLOY €Tot @ote m = 0. A6 tnv unddeon bt n v axohovdel Eva Tuyaio
nepinoto, dev Vo tpénel vo udpyeL TEOBAEYLUN ohhoyR TNV cuveAhaypatixy lootipia éTol MoTe

dt
cuvahhayég evtde tng Lwvng.

E [d—s] = 0. Yuvendg n elowon (4.8) yivetow s = v n onola elvor xou M e&lowon Yo Tig
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omou 1 f meplopiletar 010 SidoTNUA frmin < f < fmaee TOU avtioTtolyel oty {ovn
CUVOANXLYATLXOV LOOTUULOV.

Oploaue howndy v toopporio oav ula oyéon uetald twv Vetehwddy Ueye-
Vedv m xow v xan TG cuvolharyuortixig wotulog. Autéd wodnuoatind yedpeto

s = g(mavasminvsmaz) (4.9)

H napandvew oyéon Yo mpénel va elvan ouvenhc ue Ty oyéon (4.8). O unopolue
va oplooupe 10 s = g Bploxovtag plo oxoyévelo TETOLWY XOUUTUAGY.

Ac unodécouvye 6Tt xpatdue To M oTadERS XL oG THPOVUE TNHY TEPITTWOT) TTOU
10 s Pploxetar eviog tne Lodvne. Tote n ubvn YR avauevOUEVWY dhhayhY Tou
s elvar Aoy v tuyalony UeTABoAOY To v.

Xpnowonoudvtag Toug cuvidelg xavovee Tou Aoytopol tou It unopolue va
Bpolue To ds (epapuélovue Tov tOno tou Itd otny (4.9) xou nalpvoupe

Elds a2
C[lt ] - Egvv(mavysminasmaw)

OTOU UE Gyy oUUBOMLOLUE TNV BelTEPN UEPX TAPAYWYO TNG g WS TEOS TNV
petaBAnT v. Avtixadiotdvtog autd otny (4.8) toalpvouue

0.2

g(m: U, Smins Smax) =m+v+ 79@1/ (m> Uy Smin, Smaw)
Mnopolue thpa var YELPLOTOVUE TNV Tapandvw oyéor cav Wi cuviin Swapopuxt
e&lowan n Ao tne omolag unopel vor pag ddoet 1o g. H yevud Aoon tne e€lowone
autrg elvan

g(m, v, Smin, Smaz) = m + v + Aexp(pv) + B exp(—pv)

omou p = (%%)1/2 xar A, B elvon otadepés mou Yo xadoptotodv we e€hg: Adyw

ouupetplog avauévouue 1 xounOAN va tepvd and to onueto s = 0 dtav v = 0 xan
m = 0. H ouvdixn auth unopel va npoypatonotnlel uovo dtav A = —B. Me
v emAoyn auth Tadpvouue OTL 1) s elvan ulor otyoedhic xa oA We TPOS TO v
xou ot TLEC tou s telvouv oe ula otodepy| T Yo apxetd peydio v. H tur tou
A umnopel vo xadoptotel and Ty cuvdninn 1 xomOAn Tou s va elvat EQAUTTOUEVIXT
oty oplaxy TG Ty Av 8 elvow 1 T TOou 8 0TV omolol To v PTAVEL TNV
%x0pUQPY| TNE TEELOY TS TOU TNE EMLTEETETOL, LordnuaTixd 1 ouvdixn oty utopel va
exppacTel wg

5 = 04 2Asinh(pv)
0 = 1+ 2pAcosh(pv)

ané T onoleg UnopoVUE vor Aocouue ws tpog A xou T.

O Krugman ypnouyionotel 1o Uoviého autéd yior TNV UEAETH SLapdpwy Tpo-
BAnudtwy mov oyetilovton ue ta target zones onwe m.y. TNV Enldpaon TOL oTNY
gvotdielo TV ayopwy x.o. [ hemtopépeieg oyetind e T0 UOVTEAD Topoé-
pnouue ot [11] xon [20].
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4.6 To Jedpnua avarapdotacTng Twy martingale

To otoyaotxnd ohoxhfpwiua uropel vor yevixeudel yio vo UEAETHOOLUE OAOXATPW-
on endve oe onotadrinote martingale xou oyt wévo xivnon Brown. ‘Ouwe axdua
xou 1 amA TEPIMTWOT TN oAOXAfipwong endvw TNV xivnor Brown elvar apxety
Yo TV LEAETN TOAD EVOLUPEPOVTWY EPUOUOYEV.

Mo onovtix WLOTNTa ToL 0ToYACTIX0) OROXATPOUATOC WS TEOS TNV x(vnom
Brown eivan to Yedpnuo avanapdotaons twwy martingale (martingale represen-
tation theorem).

Ocdpnua 4.6.1 (Oewpnua avarapdotacng twy martingale) Eotw M;
pia ovvexris tomkn martingale (mdavdéy molvdidotatn) n onola elvar mpooappio-
opévn oy dujnon Fy = o(Bs,s < t), émov By pla xivnon Brown (mavdy
roAvbidotazn). Téte vndpyer radikaoia 0; 1 omola elvar tetpaywvikd oAokAnpd-
oun, téroa dote

t
Mt :M0+/ Hsst, tZO
0

H sdotaon tng dwadikaoias 0; ekaptdrar and tny ddotaon tng kivnons Brown
B; kair Ua mpémer va elvar tétowa wote va éyel vénua to oToxaotiké oAokAn-
poua. Ta napdderyua av n M; raipra tpués orov R? kar n By mafprar tjuég
atov R™, tdre n @ malpra uués oro R*™ ka1 mpéma va avijkeal otov xapo
M2([0, T]; mathbbR*™).

Am6detgn: BA. 1o napdptnua tou xepaiaiov. O

Yuvenwg onotadiinote cuveyric Tomx martingale unopel va ypagel cav éva oto-
YooTd ohoxAfipwua endvw otny xivnon Brown. To anotéiecua autéd ypnoudo-
notelton TOAD ool YENUATOOLXOVOULXS. UatdnUaTiXd.

4.7  X0vtoun avaypopd 6To ohoxhfpwua Tou Stieltjes

Y10 onueto avtéd Yo Yéhaue vo xdvouue ula GOVTOUT avaPopd. GTNV £VvoLa Tou
ohoxAnpouotog Stieltjes amd tnv TeoryUOTLX AVEALCT XL VoL TOVICOUUE TOV AdYO
Tou 1) évvola auTH dev emapxel Yo ToV 0pLoUd TOU GTOYAGTLXOU ONOXANPHOUATOS.
Autog fitay 0 Mdyog mou o Itd avayxdotnxe vo oploel T0 GToYAGTING OAOXATPWUA
StoupopeTnd.

Ou Zextvioouvue Ty clvtoun avapopd Lo oto ohoxAfpwua tou Stieltjes de-
WPWYTOG apyiXd U1 Tuyoles cLVaPTHOELS o Vol YEVIXEDGOUUE Yiar TNV Teplntwon
Tuyolwy UETABANTGY Xl OTOYACTIXDV SLaSLXACLMY.

Oa EexwvAooupe Ue Tov oploud Tou ohoxhnpoduatos Stieltjes yio ulor cuvdie-
o BAuartoc.

Opiowog 4.7.1 FEotw pta ovvdptnon pripatos
n

h = holo + Z hil(ti,ti+1]

i=1
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onov {t;} etvar pia Srapiépron tov hraotripacog [0, t], kar m onowadrnote ouvdpTnon
ovo RY. To oloxAApwua Stieltjes tng h endvew otnr m opiletar oav to dOpoioa

/0 hdm := Zhi [m(tiz1) — m(t:)]

‘Onwe eldaue xou o dAAo onueior mov oyetiloviay e T0 OAOXAHEWUOL EGC
Topa (). dtay oulnroloouE Yo Ty évvola T péone Tuic) ula dedtd ouveyhc
cuvdptnon h unopel va npoceyyloTel and ulo axorouvdio h, cuvopthcewy Bridatog
HE TNV évvota 0Tt by, — h 6oL To GpLo haBdveton U TNy cUVHDT évvota. Ao TN
axoloudio autrh umopolue va xataoxeudoouue i oohouvda and ohoxAnpouaTa
Stieltjes fot hy, dm 1o xadévo and to omolo opiletar clUPLV e ToV oplous 4.7.1.
Mropet va anodeydel 1L 0 bpro n — oo Undpyet xon udhiota av hy, xou by, etvor
dvo Bagopetinéc axoroudies ouvapthoewy BAuctog tou tpoceyyilouv Ty (Bl
ouvdptnon h téte Ta bpLa fot hm dm %o fot h,, dm ouurintouy. Suvende

Opwonog 4.7.2 Eoww h pia 6eiid ovvexris ovvdptnon kat hy, pia akodovdia
ovvaptioewy Pruatos mov mpooeyyiler tny h. To olokAnjpwua Stieltjes tng h
endvw o€ ula ovvdptnon m opiletar oav

¢
/ hdm := lim h,, dm
0 n—oo

H ouwvdptnon m ovoudletar odokAnpwtijs (integrator).

To nopaxdtw Yedpnuo Loc delyvel 1660 onuoavtixd poho nailel 1 évvoo Tng
OUVOAXTC UETAUBOATC TOLU OAOXATEWTY 0TO OAoXApwia Tou Stieltjes.

Ocwpnua 4.7.1 FEotww éu nm éxel tomkd ppaypévn petafoln kat éu n h elvat
Sy . PR . e ot ,

de&id ovvexis kar kavorikn. Téte to odokAripwpa Stieltjes [ hdm vrdpyea kat
ikavomolel Tny oxéon

t t t
‘/hdm‘§/|h\|dm|5 suph(S)/ldm|
0 0 0<s<t 0

émou
[ = (3 mtn) = mie) 1)

kat {t;} omowadnmote dapépion tov [0,t]. To sup AauPdvetar endvw o€ GAes TS
dwapepioels.

To Yewpnua autd uag delyver Tt av 0 ohoxANewTAg Sev €yel TEMEPAOUEVT
HETABOAY TOTE LTAPYOLY TEOBAAUATA UE TOV OPLOHO TOU ONOXATIPOUITOS TOU
Stieltjes yenolUoOTOLOVTC TNV CUVEETNOT AUTH GOV OAOXANEWTH.

To ohoxhipwua Riemann etvon ulo edinr popph tou oloxhnpoduatog Tou
Stieltjes av emAéEouue yio ohoxinpwth v m = t. H ouvdptnon auth unopel
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vor gavel TOAD elxoha 6Tt €yet menepacuévn UETAB0AY onoTE GOUQVA UE TO
napamdve Yewpenua to oloxAfiewua tou Riemann elvar xohd oplouévo. MdAota,
oV YEVWOTERT Teplnwor mou 1 m elvon mopaywylown cuvdetnon tou t To
ohoxhpwuo Stieltjes uia onowadrnote cuvdptnong h ndvw oty m unopel vo
yeopel ooy éva ohoxAfipwuo Riemann cbugwva ue 1o axdérouvdo

/Ot h(t)dm(t) = /Ot (h(t)‘%) dt

Ac Yewprioovue topa 6Tt 1600 1 h 660 xan 1 m elvar oToyaoTixég Stadxacieg
dnhady) étt b = h(t,w) xaw m = m(t,w). Oo unopolvooue xatd avahoylo vo
0ploOUUE €Val GTOYUGTIXG OAOXATPWU TNG LOPPTG fg h(t,w) dm(t,w). Auvté da
yivovtay opllovtac tor Gplor onuetond, dnhady| yio x3e w av opllaue T0 ONOXAT-
pwua I (w) = fot h(t,w) dm(t,w) xou petd YeTABIANOVTOS To W XUTAUOXEVELAUUE
v otoyootxy Stadixaota.

Mia edw) neplntwon elvar 1 mepintwon émov m(t,w) = B; dnhadh o o-
roxAnpwthg etvon plo xivnon Brown. H Swagopd ue tnv mpocéyyion tou Itd
glvon 6Tl Tdpar Yo €yovue ulo axohoudior Tuyaiwy UETUBANTGY (CTOYACTIXGOVY
draduaotdv) by, (t,w) mou Va elvon dradixaoiec BAuatoc xou mov 6Tto GpLo — 00
Yo telvouy oe ulor Tuyala LETABANTA 0AAd To Spro aLTO Aaufdvetar yiar xdde
w (onueoxd) xon oyt xatd v L2 évvolo Snhadh xdtw amd v uéon Tk tou
TETPAYWVOU TNG TOCOTNTAS TOU UAG EVOLAPEREL XAl TOU OUGLAOTIXS TEpLABd-
VEL VoL OAOXAPWUA ETAVG OF OAAL TAL W YPENOLUOTOLOVTAC WS Bdpog o UéTeo
mdavétnroc.

To ywtl o va tdpouue To 6plo onuetaxd oTny Tep{ntwon é6tov m = By dev
elvan enapxég gaiveton and to Yedpnua 4.7.1. "Eyouue del 610 xepdiono oyetind
ue v xivnon Brown i elvon utor cuvdptnom n onola £yet pparyuévn TeTpory LX)
HETABOAY 0ANG un @paryuévn uetoforr]. Xuvenwe to oloxifpwua Stieltjes dev
umopel vou oplotel av 0 ohoxAnpwtrg elvon 1 xtvnon Brown xou ypeetdleton pio
YeVIXELOT TNG EVVOLOC TOL OAOXANPEWUATOS YL VO EENEPACOVUE TO EUTIOBO AUTO.
To onuavtixé BAuc otny entAuor Tou mpoBAfuatog autol elvar var avtiingdoldue
6t apxel vo MBouue o dpro n — oo oty L2 évvola o byt onueoxd (v
x&0e w). H odhoryh) awth oty évvola Tou oplou elvat xat 1 eL30ToLOC dlapopd Tou
ohoxAnpouatog tou Ito .

4.8 TI'evixeloelg Tou ohoxAnpoatog tou Itod

Y1y napdypago auth Yo acyoknodue Ue UepXés YEVIXEDOELC TOU OTOYAOTIX0U
ONOUATIPOUOTOC.

4.8.1 OloxAjpwon endve oc dLadixacicg Itd

Onwe ovapépae xat TEOTYOLUEVGDS UTOREL Var 0pLETOVY GTOYAGTIXE OAOXANEW-
HOTO X0 WE TPOC Lo YEVXES oToyaoTixés Stadixaoies. To Véua autd napovotdlet
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eEoupeTLX6 EVOLUPEPOY AN BUGTUY GG BEV UTIOPOVUE VoL TO DLUTEOLYUATEUTOVUE E-
3¢d. Oa apxecTobue 0T0 Vo oploouUe TNV OAoxApwoT) endvw ot dtadixaciec Tou
Ito.

Ac Yewprioouue hotmdy ot Xy efvon piar Sradixaoio Itd (ndavéy N —didotartn)
e Lopgric

dXy = udt + vdBy

Téte unopolue Vo 0plGOLUE TO GTOYAGTIXG OAOXANPWHA TOU ¥ WS TPog TN X w¢
eghc

t t t

/vdXt :/fyuds-f-/fyvst

0 0 0
1} ot Stapopxt| Lop@n
vdX; = yudt + yvdBy

Puowd mpémel va elpaote mpooexTixol va 0ploOVUE TO 7y GTNY *AAOT TWV GUVOP-
THAOEWY Tou elvol TETOLEC DOTE OL YU XAl YU VO LXAVOTOLO0Y TS oUVIXES oL
yeerdlovton wote auth 1 véa drodixacior var elvan évar ohoxhfpwo Itd Snhadh
TEETEL VoL £YOUUE

t t
/|fyu|ds<ooaﬂ. /|’yu|2ds<ooa.,8.
0 0

4.8.2 To ohoxAjpwua tov Stratonovich
Y1ov oploud tou ohoxhneouatog tou Itd ypnowwonomooue v cOuBaon 6t

n—1

t
/ h(t, By)dB; = lim > h(t;, Br,)(Bi.,, — By.)
0 n— o0 =0

émou {t;} elvon pio Sroépion tou [0, t] xon 1o bpro Aofdveton otov L.
Mio yevixevon Yo elvon 1 oxdbhouvin:

t n—1
/ h(t, Bi)dB; = lim > h(ti, Bg,)(Bu.,, — Br,)

omou {t;} elvar ulo Swopépion tou [0,t], t; € (t;,ti41) xou 10 bpro haufdveton
otov L2, Av 10 ohoxMpwua 0ptlovioy cOu@eve UE TNV XAAGGLXT| évvola xatd
Stieltjes to Gplo Yo Arav aveldptnto and v emhoyh Tou t; dnwe Yvwpllovue
amd TNV xhaoox| avdhuoT. AdYw OUKS TN LLALTEROTNTAS TOU OAOXANEWTH GTNV
TEPlTTWOT aUTH To amotéAeopa efaptdton and tnv emhoyh tou #;. Mia emhoyh
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omwe eldope elvon 1 emhoyn t; = t; 1 onola xar 0dnyel oto ohoXMpwua Tou Itd.

Mo 60\ emhoyh elvor 0 &; = B2+ 9 Ay hondv oplooupe

t (it
L ittt
/0 h(t, By) o dB; := lim ;:0 h (T’ Bti+;i+1> (Btiy, — Br)

6mou %ot 8L 10 6pLo AaBdveton otov L2, téte Yo ndpouue éva véo oToyaoTL-
%6 oloxAfpwua 1o omolo mpotdinxe and tov Phoco unyavixd Stratonovich to
1964. To ohoxAfpwua xatd Stratonovich utoag otoyaotinrc Siadixaciog emdve
otnv xivnon Brown dev elvor (0o avayxaotixd ue to ohoxhipwua It6 tng (Sag
otoyaoTxhc dtadixactog endve otny xivnon Brown! To d0o ohoxAneduota €xouy
dropopetxnée BLOTNTES AAAG UE XUTEANTAY aAAayT| TNE UTG OAOXATPWOT TOCOHTN-
To¢ évar ohoxhipwua Stratonovich unopel vo uetatpanel oe éva ohoxAfpwua Itd
xow avtiotpoga. Tovileton 6T evd 1 otoyaotixy| Stadixaoctia fot h(t,w)dBy elvou

martingale n fot h(t,w) o dBy dev elvan.

IMopdderypa 4.8.1 MnopoUue va vrnoloyloovue to olokAnpwpa Stratonovich
s h(t,w) = By endvw oty kivnon Brown xai va detéoupe dnr efvar oo e

t n—1 B2
/ B, odB; := lim ZB%;H (By,,, — Bi,) = Tt
0 i=0

n—00 4

To anotéleona dev elvar martingale.

To ohoxAfipwua Stratonovich dev ypnowuonoLelton cuyvd oe ypnuaTooOVO-
UEC eQopoYES. XpnoULOTOLEITAL OUWE APXETE GTLS PUOLXES ETLCTAHUES 1 OTNV
UEAETY OTOYOOTLXWY SLOBIXACLOY ETEVG O TOAATAOTNTES.

4.8.3 OloxAjpwor endvw oc martingales

Mia ebhoyn yevixeuor tou oloxAnpwuatog tTou Itd elvon dtav o ohoxAnewThg
elvon utor yevixdtepn martingale A oxdun xou ula semimartingale ovti yio tnv
xivnon Brown. Mia nepintwon 6nou eldoue xdtl tétolo pwéypt oo Ntoy 6Tay
oul{nthoaue to Yéua Tou OAOXANPOUATOC ETEVL ot WUia yevxdtepn dtadixaocio
Ito.

O ZextviCOUUE UE TOV YEVIXO OPLOUO TOU GTOYAOTIXO) OAOXATPWUATOC.
Opiopog 4.8.1 Eoww Xy pla otoyaotikn dwdikaotia 1) omola elvar deid ovve-
X1iS kat éxet apioteps dpio oc kdle onpueio'® xar M; pia tetpaywvicd ooxAnpa-
owun (L?) martingale. To otoyaotikd odoxAiipwpua fot X dM; opiletar wg

t n—1
/ XodM, = lim Y Xy, (My,,, — My,)
0 1=0

n—00 4

9 Auth n enthovy efvon 1o avdhoyo tou xavéva Tou wécou onueiov (midpoint rule)o onolog xat
XENOULOTOLELTOL ApXETE LYV oTNY apLdUNTLIXY AVIAUGT VLo TOY UTOAOYLOUO OAOXANPWULATWY
10T¢étoteg oToyaoTixés dradixacies ovoudlovtor oty diedvh Bihoyeapia cadlag
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émov To dpto Aapfdvetar owov L2 To {t;}, i = 0,...,n evar pla dapépion tov
[0,t] ywa v omola wxVel | At |:= sup,, | tiy1 — t; |= 0 xaldg n — oco.

Yxoio: Kdtw and oplouévee nepinteoelg unopel va anodetylel 6tL 10 6plo L-
Tdpyet xon und Ty évvola T TdavdTNTOC o Oyt Vo xotd Ty L2 évvola.

OL neplocbtepeg and ¢ WOTNTEC TOU OAOXANEGHATOC ToU It umopoly va yevi-
xevdolv yLo 1o ohoxhpwua eTdve ot Uia Yevixotepn martingale. T'ia topdderypo
umnopel vou amodetydel to axdroudo Yedpnua

Ocwpnua 4.8.1 FEoww 6t n My elvar pia tetpaywvikd odokAnpdoiun martin-
gale térowa dote

t
EV X§d<M>s]<oo
0

omov < M >, n dwadikaoia terpaywvikns petafolns tng M. Ioyve én

([ )

Yx6ho: To mapandvw Yewdpnuo anotekel yevixeuon tne woouetplog tou It6 .
Ipdyuatt av My = By t6t€ < M >;=< B >;=t xou Eavana{pVouUe 10 YVWoto
AMOTENECUAL.

Ye mAfen avahoylo €youue xou Ty Yevixevon tou Mjupatog tou Itd

t
E :E{/X§d<M>s}
0

Ochpnua 4.8.2 FEotw f(t,x) pla CH* guvdptnon xar My uia ouvveyns mar-
tingale. Tdte 10yve

t t
f(O,MO)—{—/O (?)_{(S’Ms)ds+/0 (;—it(s,Ms)dMs

Lres
2 Jo Oz

f(taMt)
(s, Ms)d < M >,

O oploudg 10U GTOYAGTINOD OAOXANEWUNTOS XL TOL TUEATAVE ewpruaTa t-
oybouv xan 6ty 1 My elvon uior semi-martingale avti yia plo martingale. Xtny
neplntwon autr To avdhoyo ue OTL elnoue TEONYOLUEVKS elval TO ONOXATIPWUO. €-
TV oe [io yevixdtepn Staduxaoto It6. Emlong, to nopandve yevixebovton xat yio
nohudidotateg semi-martingalesue xotdAAniec ohhayéc. Téhog onueidvouue 6t
av 1 M elvor martingale téte xdtw and opiouéveg cLUVITXEC XaL TO OTOYACTIXG
ohoxApwuoL fot X (s)dM, etvan xon auté martingale.

H yevu Yewplo tne ohoxhjpwong endvw oe semimartingales elvon e€onpetind
evdagépovoa xar yerowurn. ‘Eyel e onuavtixéc egoapuoyéc oTta yenUaTooLxo-
vouwrd. Ed& apxeotrixaue vo ¥€ouue ywplc anddelln oplouéva ubvo xevtpixd
onueto. T plo mo TAHen teptypapy e Yewplog authg unopeite vo cuuBouieu-
telte T.y. To [30].
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4.9 Topdptnuo: Anodel&elg Jewpnudtny

4.9.1 Anéde&n tnc thnpdnTog Tou LA

O yopoc L? etvor évac Thhpne MeTpide xopoc Snhadh x&de oxoloudia Cauchy
otov L? cuyiiver oe éva ototyeto tou L2. H WSuétnto ot efvon ula yevixdtepn
WoTTaL Ty YWewv LP, p > 0. Oa Selfoupe to mapaxate Yedpenua.

Oevpnua 4.9.1 Eotw f, pla axokovdia Cauchy otov LP, p > 0. Tore,
||fn_f||LP—>0, n — 00

ya kdmowo f € LP.

Anédein: Oewpolue pia vndxorovdia {ng} C N yio v onolo toydet
Al
Z | frrsr — fru ||1[7,p < o0.
k

Ou ypnotuonolficouue Ty ovtedtnta Tou Minkowski cOugwva ue tnv onota
1 1 1
1F+ gl <l F I + 1 gl p>0

Kdvovtag yehon g aviedtntag Umopolue v Solue ot
Al Al
||Z|fnk+l_fnk |||Il7m SZ||fnk+1_fnk ||iz’ <00
k k

Auté pog Selyver ot D0 | frny, — frn [< 00 oxeS6V TavTOU, 0M6TE XOU 1) axOhOU-
Yot fr, elvor Cauchy oyeddv navtod 6to R xon cuvendg cuyxiivel oyedov mavtol
oe xdmota Uetproyun cuvdptnor. Ac¢ ovoudooupe f 1o 6plo Tne unaxoloudiog
Srp> ONAEDY fr, — f. Kdvovtag ypron tou AMjuuartoc tou Fatou unopolue va
detZoupe 6t || f — fn ||zp— 0. Hpdypoart,

£ = fo llpw= Hminf || fo, = fu l1o< S0 || fin = fu |10 0

m>n

xoddc 1 — 00 Aéyw Tou 6Tl 1 axxohovdia f,, etvon Cauchy otov LP. Yuvenwg,
fn— fotov LP.O

H mnpédtna tou yodpou M2 ([a, b]) unopet va amodewydel ue topduoto tpémO.
4.9.2  Anodeidyn tng aviootntoag Burkholder-Davis-Gundy

Yy nopdypoapo auth Yo anodel&ouue v avicdtnta Burkholder-Davis-Gundy.
T Steuxdhuvor TwY VoY VWoT®Y EavadiVouue T ex@@VNnoy Tov Yewphuatog
4.2.2
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Ocdpnua 4.2.2 Avicétnta Burkholder-Davis-Gundy Eotw f € M2([0, 7).
Ac oploovue v otoyaotiny Stadixactia

t
X, = /0 £(r)dB,

Téte yua xdde p > 0 undpyouv otadepés ¢p xou C) Tou e€apTdvTon UGVO amd TO

P TETOLEC WOTE
P t 5
[<cr||[1rmpa
0

t
TNECIRT
0
yia xdde t > 0.
Anddein: H anddeln elvar teyvixnd) xou €101 oxtaypapolUe o BaotxoTERA TNG
onuela xon aQHVOLUE GTOV AVALY VAOGTY TIC AETTOUERELEG EQETOV evdlapépetar. o
Vv mhen anddelln napanéunouue oto [24].

O peAeTHoOUUE dVO TEPLITAOELS EeYwPELOTE, TNV Teplntwon p = 2 oL TNy
neplntwon p # 2.

Yy neplntwon p = 2 dedouévou ot 1 I; elvon ulo martingale unopolue vo
XUTUAAEOUUE OTO AMOTEAECUO XAVOVTAS XPHoN NS aviootntoc tou Doob yio tny
martingale I.

Ac Yewprioouue thpa 6Tt p > 2. Ac Jewproovue TV otoyootixr dtodtxacia
| I [P xou ac eappdoouue tov tOno tou It6 oe auth. Kdvovtac ypron twv
WBLOTATWY TOU GTOYAGTINO) OAOXATIPWUATOS UTOPOVUUE Vo So0UE OTL

P
2

cpE

<FE [ sup
0<s<t

/  f(r)aB,

inp < D[ 5 a p]
< PR g0 P s
< PeZpror [ o P al

= P2 gy gy 2 o)

(xenowomoldvtoc Ty aviodtnta Holder)
2

< PO D ip 1 Py (E] A 15))

5 (4.10)

AW, yenouonoldvTag TG WLOTNTES TOU GTOXAGTIXO) ONOXANEOUTOS BAETOU-
pe ot n I elvon ula martingale cuvendg umopolue va Y pNoUIOTOLACOVUE TNV
aviootnto martingale tou Doob yior vor xatafi&ouue ot

E[| I"(t) "] < CE[| 1 "]
Avtiahiotdvrog 1o anotéheopo autéd otny (4.10) xatahfyovue oo

E[ I"(t) ) < C'E[| A1) ]
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nou elvan xon to 8e€Ld péhog e aviobtntac Burkholder-Davis-Gundy.
TCot tnv anddelén tou aplotepol uéhoug tne avtodtntog Yo oploovue Ty dta-

duaota Ito
t
p—2
y(t) = / | A(s) |5 g(s)dB,
0

Xpenowonowwvtag TNy woopetplor Tou Itd unopolue va Sodue ot

/|A 5) 2 ds] = /|A dA(s)]

= —E | At) %] (4.11)

Elly(t) 1

Ané v GAAY, YPNOLLOTOLGVTAC TOV TUTO YLol OAOXANPWOT XATA UEPT UTOPOVUE

vou xatahREouE 6TO
t - ¢ -
[ 146 15 ar+ [ g e 17

u(t) + / L[] A(s) |

I | A(t) "%

amd 6TOL XATAAYOUUE EOXOAA XAVOVTOC YPHOT| TNG TELYWVIXNG OVICOTNTAS Xalt
ATAGY AVLGOTHTOV VLA TO OAOXANEWUAT OTL

-2

lu(®) [<[=(8) [ A(#) /\IldlA ) 5] <20 () | A@) |

Avitxahotdviag to anotéhesua autd oty (4.11) nalpvouue

2 . X
SE[|A@) [F< B[ I PLA®) [T
(XenoYomoLdYTIS THY avleoTN T Hélder)
< B[ (1) [Py (] A |0
amd OTOU XATAATYOUUE OTY OYEo
E[| A(t) |*] < B[ I} "]

ToL elvon xou o de€Ld wéhog g aviedtntag Burkholder-Davis-Gundy.
Yy neplntwon 0 < p < 2 Yo oploouue tny martingale

M= [ fe+ () 147 g(s)ap,

pe v onola Yo epyacToUUE avdAoya Ue To BAUoTa TNG Topamdve TERITTWoNng
xat 610 téhog Yo mdpouue 10 bpto € = 0. Autd Vo poc ddoet o de€ld péhog
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¢ aviootntog Burkholder-Davis-Gundy oty nepintwon auty. T'a to apiotepd
uéhoc Vo ypdbouyue o | A(t) |2 ue tnv uopeh
2-p) (2-p)
AW E= {1 A®) F e+ 1157 e+ 175
xat Yo EpYUCTOVUE UE TNV TOCHTNTA AUTH OTWS %ot OTNV TUEATAVe TERInTwon
xdvovtag yenon tng aviedtntoag tou Holder. Ou Aemtouépelec agrivovion otov
avayvootn. O.

4.9.3 Anddelln tng exUeTiXng AVLOOTNTUS

Yy nopdypogo outh Yo anodelEoupue Ty exVeTiXr) avioGTNTA VLo TO OTOYAOTIXE
ohoxhpwua. Tor SteuxdAuvon Twv avoy veoTody TapadéTovue Eavd TNV EXPWVT-
omn tou Yewpruatog 4.2.3.

Ochpnua 4.2.3 'Eotw g € L? xu éotw T,a,b 9etxol apduol. Téte woyld-

el
¢ a [t

/ g(s)dBs — f/ | g(s) |2 ds] > b) <e
0 2 Jo

Anddegn: Ac oploovue v axoroudio ypovwy oTdong

/Otg(smBs + / | g(s) [2 ds > n}

Ac oploovue enlone v otoyaotixny Swadixacia

¢ a? ! .
2alt) = [ 96 (6)aB ~ G [ 1a(9) P dslios, (s
0 0

n omola etvon gporyuévn. Egapudélouvue tédpa tov tino tou Ité oty otoyooti-
x1 Stoduixaotar exp(zy (). Metd and Myo dhyefpa (Tou agfiveton cav doxnon)
XOTAAAYOUUE OTL

P ( sup
0<t<T

Tnzinf{tZO:

exp(zn(t)) =1+ a/o exp(mn(s))g(s)l[oym](s)ds

and 10 omolo xou Prmopolue v dolue 6t M exp(zy(t)) elvon uio martingale
omola efvon un apvntued xou €yet wéon Tyt lon ue v uovada. Kdvovtag yerion
Aoumédy twv avicotitwy martingale yio v exp(z, (t)) unopodue va Solue 61l

P ( sup_exp(en(t)) > eab) < e Blexp(en(T)] =
0<t<T

Xpnowonoldvtag TLe WLoTNTeC Tne exdetnric cuvdptnone malpvouue and to mo-
pamdvw 6T

P ( sup z,(t) > ab) <emab
0<t<T

an’ 6mou maipvovtag To Gplo 1 — 00 xou hafdvovtag utodn 6Tl T, — 00 LOVO-
Tova xortahiyoupe oto emtduunté anotéhecua. O
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4.9.4 Anédeidy tou FewpRUuatog AvUnaedoTAGY S TwWY mar-
tingale

Yy nopdypago auth Yo anodelovue to Vedpenua avanapdotaons ey martin-
gale. Ipwv mpoyweroouue Ue Ty anddetZn Yot xAVOUUE TNV TapaxdTe TopaThenoN.
A¢ Yewprioouue v otoyaotixh dadixacio

M, = eap [ / ' F(t)dB, - : / P dt}

émou f € L2([0,T]). Xpnotwonowdvrac Tov t0no tou Itd unopolue vo Setfouue
ow dMy = MdB; 1, 10080vauo oe ohoxAnewtxr uoper| 6Tl My = Mo—l—fot M,dB,
ondte n My elvon plo martingale . o v e xAdor twv martingale vty
AoLmdy UTopolUE Vo SolUE GTL UTopolY Vo YpapoUV Gav €Val OTOYAOTIXG ONOXAT-
pwua xdmotac otoyaoTtxhc dadixactog (Tov eautd Toug arld ag To TopaBAédouue
avtd Tpoc To Tapdy). To epdtnua elvar ov autd UTopoluEe vo amodelfouue Gt
woyVeL yio omotadrinote martingale 1 onola efvon teTparywvind ohoxAnewowun. H
andvtnon elvon et xar pdhiota oty yevixy meplntwon 1 und ohoxhApwon
nocotnto Sev Ya elvon amapaltnta 1 (St y martingale tnv onolo ¥éovue var ovor-
TUPAGTACOUUE UE TO 6TOXAoTiXG ohoxAfpwio. Lot tny yevinr| anddei&n apxel vo
Tapatnericovue 6Tt uia otowadhrote tuyata ueTaBANTH unopel vo avanapacTtadel
ooy pio axoroudo ano exdetixd dadixaoidy Itd xdmotag edxhc wopghc. Autd
elvar xan 1 ouslo Tou TaEAAdTW ARUUATOC.

Afppa 4.9.1 O ypappkds dwavvouatikds xapos (linear span) mov mapdyetat
and Tuyales petaPAnTéS TS LopPHS exp {fOT h(t)dB; — fOT | h(2) |2 dt} émov h €
L*([0,T], R**™) vteteppunonkn ovvdptnon elvar mukvéstt otov L, (Q,R). Me
tov oupPolioud h € L*([0,T],],R**™) evvoodue ér n h : [0,7] = RY*™ elvar
uta ouvvdptnon petprioyun kavd Borel tétola dote fOT | h(t) |* dt < o0, 0.8..
O xdpos L% (Q,R) anoteAetrar and ng tuyaies petapntés X ov omoles elvar F
petpAoies kat ya us oroles wyva E[| X |*] < .

Anodegn: T v anddeln tou AMjuuotog autod, Yo YEELICTOVUE TRMTAL Vol
delouue 6L 10 olvoro twv tuyaiwy petoBAntey {¢(By,, ..., Br,)} émou t; €
[0,T] xou ¢ € CFR™ ™, R), n = 1,2,... elvor tuxvé oto L}T(Q,R). Me
C&° (R™*™; R) cuuporilouue T0 6OVORo TV cUVaPTAGE®Y oL oToleg elvan amelpwg
TopaywYlowes xou ue cuumayéc othplypa (compact support) and to R™*™ oto
R. Agol anodeiydel autd yio tny anddeén touv AMjuuotoc apxel vo Selfoupe bt
av xdmova tuyobor uetoBAnth g € L%, (Q,R) etvan oploydvia ot dhec Tic tuyalec

petoBAntéc e uopghc f = exp {fOT h(t)dB; — fOT | h(t) |? dt} LE VTIETEQULVL-
o6 h, und Ty évvota 6L E[fg] = 0, téte g = 0. Xwplc BAEBN e yevixdtnroc
Yo mepLoptoTolue oty nepintwon 6mov m = 1.

11 ’ ’ , . n 2 , . .
Me autd evvoolue 6t xdde otowyxelo f tou LT-T (2,R) uropel va mpooeyylotel and

ula axohovdia tng Yopehc fn = >, an exp{foT hn(t)dB: — fOT | hn(t) |2 dt} 6mov h, €
L2(]0, T],R'X™) vietepuviotins cuvdptnom.
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Ac det&ouue tov TpdTo Woyvptopd: Ag tdpouue pio oxohoudia t; TéTolo HoTe
t; € [0,T]. Ac mdpouue v o-dhyefpa mov napdyeton and o By, ..., By, TV
ool ac ovuBolMoouue G, = o(By,,...,B,). Mnopolue vo dodue 6t G, C
On+1 dnhadh n Gy amotekel ula Sufdnon xou ot av Fy elvon 1 o-dhyeBpa mou
Topdyeton and Ty xivnon Brown (emowénuévn ue ta odvora uétpou 0 we Tpog
0 pétpo P) t61€ Fr = o(lUre; Gn). Twa to teleutado apxel vo oxegrelte 6t 1o
t; € [0,T] ouvende yia TOAD UeYSAeS TULEC TOU & 1) oxohoudia {t;} avaryxaotixd
Vo xoA0nTer o Sdotnua [0,7]. Av dewprcovue onowodfnote g € Lx3 (0, R)
HTopoVUE var 0ploouUEe TNV opolduoppa ohoxhnewoiun martingale X, := Elg |
Gn]. X0 onueio autd unopolue vo xdvouue yprion tou Yewpriuatos olyxAlong
v martingale xat vo det€ovue 61t X, == Elg | Gn] — Elg | Fr] xaddc n —
oo. H tuyata uetaBanth X, elvan G,, —uetpriowur), cuVeEmOS xdvovtag Yerior Tou
Mportoc v Doob-Dynkin (Bh. dedpnua 1.2.1) unopel va ypagel yio xdde n
wc Xp = gn(Bty, .., Bt,) v xdmota ouvdptnon Borel g, : R* — R. Eneldn,
x&e Tétoto GUVEPTNOT g, UTopel Vo TpoceY Yo TEl oTov LY omd cuVapTAGELS
&n(Biy, ...y Bt,) 6mou ¢, € CF°(R™) xotakfiyouvue 6o {ntovuevo.

T v anddet&n tou oyvptouod tou AMjupatog og Yewprioovue 6tL 1 g elvon
oploy@via oe xde tuyalo uetaBAnT f TG Lop@ric

f=exp {/OT h(t)dB; — /OT | h(t) |2 dt}

dnhadhy E[fg] = 0. Kdvovtac ty emhoyh h(t) = 1) Al 4,,,) 6mou A € R
onolodinote vietepuLotixol aprduol, utopolue vor SolUEe 6Tt 1 opdoywmLoOTNTY
dtvel loodvoa Gt

E [exp {)\1Bt1 + ...+ )\nBt"}g] = /exp {AlBh + ...+ )\nBt"}gdP =0

And my wétnra auth unopolue vo anodelfovue 6t g = 0. T va yiver awv-
16 yperalbuaote 0ploUéves TEXVIXES amd TNy piyadix) avdhuon Tic onoleg Vo
oxarypapricoue ed6 ywplc anodeln. Opllovue tnv cuvdptnon

G(\) := Elexp{M By, + ...+ \nBy, } 9]

n omola elvon mparypotixh xo avoluTtix 010 A = (A1, ..., An) € R, Zuugpwva
pe v Yewplo g avohutixic eméxtaong N G G €yel plo avolutixn enéxtaon
oto uryadwé entnedo A € C* tny onola Yo oupBorilovue G*. Tor Ty avohutixd
enéxtoon G* Yo woyler G* = 0 oo C" gpdoov n G = 0 oto R™ xan elvon o
avoAuTr. LUVETHS

G*(z) == Elexp{z1By, + ... + 2, B, } g] =0

v x&0e z = (21, ...,2n) € C* xou x&0e t1,....tn € [0,T]. Av emhéZovue z =
(A1, o3 1An), A1y ey Ap € R 61 €yoLuE 6T G(iA1, ..., iAp) =0 .

‘Eotww topa ¢ € C§(R™). Téte Yo delloupe 6t E[¢(Byy, ..., Bt )g] = 0.
Mpdryuatt, epdooy ¢ € CF° (R™) unopolue va SdoouUe ulo OAoXANEG TN EXQpa-
on v ™y ¢(By,, ..., By,) xdvoviag ypfon tou yetaoynuatiopol Fourier b me
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¢ dnhadn 6T

1 . . -
&(Bty -y Bt,) = —n/z/ exp(iA1 By, + ... + Ay Bi, )P(A1, .oy An)dA1...dNy,
(27T) Rn
YUVETOC
E[¢(Bt17-~ Btn /¢Bt1a" Btn)gdp
7 / {/ exp(iAi By, + ... +iAnBy, )d(A1, ..., )d)\l...d)\n}gdP:
o UUrn

1 . ) )
277)”/2 /V]R ¢ )\1, ,)\n) {/S'2 exp(z/\lBtl + ...+ ZAnBtn)gde/\l)‘n =

1 - ) .
W A ¢()\1, ceey An)G(Z/\], aeey ZA71)dA1...dA7l =0

e@6o0ov G(iA1, ..., iAn) = 0 Yo xd&e Ay, ..., \p € R

"Exouue Aowndy 61t E[gb(Btl,.. B; )g] = 0 vy« onota&r’]nom ¢ € C§°(R™).
Ouowc dé&oue oty apyh 6Tt oL ouvapthoels e wophc ¢(By,, ..., By, ) v
¢ € C(R™) etvar muxvéc oto L]:T Ecpooov N g evon oploydviar oe évar u-
xv6 utochvoho tou L, ([0,T]) éxouue 6t g = 0.

Katahiyoupe howndy 6t av xdmowa tuyala wetoBAnti g € L% (2, R) etvon
oploy@viar oe dAeg Tic Tuyaleg UETABANTES TNE LopYPTiC

T T
f=exp {/0 h(t)dB, —/0 | h(t) |2 dt}

HE VIETEPUWLOTIXG h, uTtd Ty évvola 6Tt E[fg] = 0 téte g = 0. Auté elvon
EMOEXES YLt VoL SLAMOTWOOVUE To 6TL oL Tuyolec ueToBAntég f elvon muxvég oto
L% (9, R). Tw tny yevxdtepn neplntwon 6mou m # 1 mopaméunovue oto [24].
O

A'qp.p.oc 4.9.2 Ia kd¥e¢ tuyaia ]Jé‘C(l,B/\T)‘CT)f € L%, (O R) vndpye pia otoya-
ouxr babikacta f € M?([0,T], R**™) téroia dote

+ /OT F(s)dB

6mov By = (Bi,t, ..., Bm,t) €lvar ula m—oidozarn xivnon Brown. H otoyaotikn
owdikaocia f elvar povadikny vnd Tny évvola éul av vndpyel akoua pia oToxaoTik
Owadikaoia g yia tny omola wyvel To mapandrew arotéAeoa ToTe éyouue 0Tt

T
EV | £(5) - g(s) 2ds]=o
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Anddegn: Ac unodécouue 6t 1 € Eyel TV ed LoppY

fzexp{/oTh(t)dBt/0T|h(t)dt}.

Opllovtac tny otoyaotxr dodixacta

(t) = exp {/Ot h(s)dB, — /Ot | h(s) | ds}

xoL xdvovtag ypron tou AMjuuatog tou Ité umopolue v dolue 6t dx(t) =
h(t)z(t)dB;. Oloxhnpwvovtoc and 0 eidc T nolpvouue ot

er=£=1+ /0 h(t)z(t)dB, = E[€] + /0 h(t)z(t)dB,

Yuvenog yia tuyoleg wetoAntéc e eWdnc Lopphc mou Yewphodue To Ve
0 oyuptoUde oL AMjuuatog toylel ue v emhoy f(t) = h(t)z(t). Adyw g
YOUULIIXOTNTAS TOU GTOYAGTIXOU OAOXANEMUATOC O LOYUELOUOS TOU ARUUATOS L-
oyVeL xou av 1 tuyolo yetoBAnT € elvon €vog Yeauuixds ouvdlaouos exde ey
Tuy eV UETOHBANTOV TNg Tapamdvew Uopphc. Aetgaue dune oto Muua 4.9.1 6t
T0 6UVOAO ALTOV TV TUYawV UETABANTOY elvar Tuxvéd oto Lr, (2, R). Apa o
LoyupLtouog toylet yio xdde tuyola uetoBinth £ € Lz, (9, R).

H povadudtnra tou f mpoxtntel and amhy| Yprion tne toouetplog tou Ttd xon
agpriveton ooy doxnon.d

YxoAiwo: O mpoodioploudc tng otoyaotixhc dadixaotog f Sev elvon ndvtote €u-
xohn unddeon. Mio yevuxr andvinon oto gpdtnua autd Slveton Ue Ty yerior Tou
hoytopoU xatd Malliavin aAAd xdt tétolo elvon extde Twy mhatoiwy tou nopdvtog.

Mnopolue Tdpo TPoYWEHOOLUE aTNY arodelr Tou VewpUaTog avamapdoTaong
wwv martingale. I'ia SleuxOhuUVoT TWY VALY VWO TOY BLOTUTKVOUUE EX VEOU TO Ve-
WP

Ocewpnua 4.6.1 Ocwenua avanapdotacng twy martingale Eotw M; ulo
ouveyhc Tonux martingale (mdavéy nohudidotatn) 1 onola elvon Tpocappoouévn
oty dufdnon Fy = o(Bs, s < t), 6mouv B, ula xivnon Brown (ndavéy morudid-
otatn). Toéte undpyer dodixacia By 1 omola elvon TETPAYWVIXS OAOXANEOGUUN,
TETOLL WOTE

t
Mt:M0+/ 0,dBs, t>0
0

H diudotaon tng daduxactog 6 e€optdton and v Sudotaor tne xivione Brown By
xon Yo tpénel var elval TETOL WOTE VoL €YEL VONUOL TO 0TOY Ao TLXG OhoxAfpwua. o
Topdderyua av 1 My nodpver Tuuée otov RY xou 1 By madpver tiuée otov R™, t61e
1 0 nodpver Tywéc oo RIX™ yan mpéner v aviixer otov ywpo M2([0, T]; R¥>™).



176 KEPAAAIO 4. H OE(QPIA THY Y¥TOXAYXTIKHY OAOKAHPQYHY

Amédergn: Xoplc BB g Yevixdtnrog Yewpodue tny M, uovodidotatn, dnia-
3 6t d = 1. Ac epapudoovue to Muua 4.9.2 otny oyl uetaBinti & = M (T).
Yrdpyet hondv oroyaotnd Sodacta f € M2([0,T], RYX™) tétowa dote

My = E[My] +/0 F(s)dB, = M, +/0 f(s)dB,

(Vewpolue ywplc BAEBN T yevixdtnrag ot My elvar vietepuiviotixd). Kévovtog
xerion tne Wiétntoc martingale yia ty My éyouue 6t

T t
M, = E[Mr | 7] = E[M, + /0 F(s)dBy | Fi] = My + /0 £(s)dB,

(6mou enlong xdvae ypon xat TV OTATWY TOL GTOYAGTLXO) OAOXANPOUATOS).
Yuvende anodelydnxe 10 {nroduevo. O

4.10 Boaouxd c'qp.st'.oc TOL xscpoO\ou'.ou.

310 xe@dharo autd oploaUE TNV EVVOLA TOU GTOYAGTLXOU OAOXANPOUATOS TO OTolo
elvon plo otoyaotxr Stadixaoior Tou UTopOVUE VoL TEEOLUE OAOXANEGVOVTAS Uid
tyoatlo cuvdptnon endve otny xiviorn Brown. Adooue ¢ faoixég Widtnteg tou
OTOYAOTIXO) OhOXANEOUATOS xatd Itd xar To ypnowonotoaue Yo Tov oplousd
EVOC VEOL eldoug oToYAoTIXGDY SLadixaoldy, twv Stadixaotwy 1t6. Aeloue enlong
ot o yetaoynuatioude plog Stadixaoctag Itd uéow ploac un yeou s cuvdptnong
elvan enfong ulo Stodixascto Itd 1 axpPric Lopet tne onolag divetar and tov tONO
tou It6. O dtadixaciec tou Itd xar tou tonou tou Itd €youv moAAéC eapuOYEC
OTAL OLXOVOULXEL X0l CUYXEXPUUEVA 0TV Vewpla TwV Tapaydywy cudfohalwy.
Ta Boowd onueia tou Yo tpémet vo YuuduocTe etvor

e Tov oploud tou ohoxhnpwuatog tou Itd endvew otny xlvnon Brown xou tig
Wiotntec tou. No Yupdote 61l to ohoxhpwua tou Itd endvew otny xivnon
Brown etvon ula martingale. To ohoxAfpwua tou Itd unopel va yevixeu-
Yel xoL o€ TMEPLTTWOELC TOU 1) OAOXATPWOT] YIVETOL ETAV®W OF MO YEVIXEQ
OTOYAOTXES dlodixaoles.

e To opioud twv dodwactodyv It6. Mio Siadicacio It6 nephoyufBdver uia ta-
yOtnta xou piar Stoncdpavorn (Sudyuon).

e Tov t0mo tou Itd mou yag Siver 10 g petaoynuotiletar plo diadixaocto
It xdtw and évay un Yoo U6 UETACYNUATIOUS.
¢ O tinog tou It6 umopel va Yewpnel 1 Bdon yio onotadnrote ueAé
OTNV OTOYACTIXY AVIAUGT 1 TNV YENUATOOXOVOULXT.
¢ Ioyler yia ouvaptioec ot onoleg elvon dVo @opéc mapaywyloues
oty otoyaoTx dodixacio xou ula Tov ypdvo. Ymdpyouv duwe xou ye-
vixe\oELS ToU Xdtw and o aclevelc teploptoolc.
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& Ioyler 1600 yia vietepuoTixolc ypdvous oo xou Yo Tuyoloug
ypbdvouc.

e To ohoxhfpwua tou Itd unopel va yenoysonoindel yia tnv avanapdotoot
OTIOLUOOATOTE TETPAYWVIXS OhOXANPGOLUNG Toixc martingale (Oedpnua
avomopdoTtaons Twy martingale).
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qu)o'O\ou.o 5

Y. TOYOAUGTLXES OLOPOPLAES
EELOWOELC

Y10 xe@dhono avtéd Yo xdvouue Wl eloaywyr oty Yewpld TV CTOYACTIXWY
dapopnddv e€lotoewy. H dewplo auty| Peloxer moléc e@apovés oe didpopous
EMOTNUOVIXOUS YAGBOUS, OANS (owe Ul amd TS ONUAVTIXOTERPES EPUPUOYES TNG
elva oTNV XUTAOXEVT] LOVTEAWY YLAL TAL YENUATOOXOVOULXS Lo UoTiXd.

5.1 Boaouxég €vvoreg
Oa EexVACOLUE UE Tov 0ploUb Wiog otoyaoTxhc dlapopixic e&lowang
Optowodg 5.1.1 Mia otoyaotikn dwagopikr) e€lowon elvar pia e€iowon tng pop-
Pns

dX¢ = b(t, X¢)dt + o(t, X;)dBy (5.1)

1 1000Vvaua o€ OAOKANPWTLKT) UopPT)
t t
X; = w+/ b(s, Xs)ds +/ o(s,Xs)dBs (5.2)
0 0

omov By elvar pia m-tidotatn kivnon Brown o : R* = R™™ ka1 b : R* = R”
elvar petpnotues mpaypatikés ovvaptroes kar Xy, € R*.

Aéue 6t ula otoyaotin Swapopxt| e€lowon éxet ANoom av urdpyet ulo Stadixaocto
Itdo X; n onola tnv wavonotel. Tétoteg ANooelc ovoudlovtol Tpoytaxeég AOoeLg
(pathwise solutions). Mio tétola Ao elvar pia semi-martingale. Mo ToA0
ouvapic évvola e TNy Tpoytox Ao elvan xat 1) toyupt| Ao (strong solution).
Yo Bihlo autd Yo axorovdrficouue Ty opohoyla Loyuetr Ao avtl yia Ty opo-
hoyla tpoytaxh Aoom. Ou Aboelg Twv eELoMoERY ATV TOAES Popég ovoudlovTol
xa Sradixacieg Sidyvong.

179
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YxOAto: Y10V TopAndve 0ploUd SWOUUE TNV YEWXOTERT Lop@Y| Ulag Sloavuouo-
g oToyaoTxhic dopopxic eElonwons. LTov 0ploud YeMOULOTOL|CUUE TNV OU-
umay ) Lop@t) Tng e&lowong auThg Tou UTopEl VoL YRUQEL XoU OE UOPYT CUVLGTWOMY
[

Xm,t bl(t,Xt) 0'11(1‘5, Xt) LR Glm(t,Xt) dBl’t
S I R : : :
an,t bn(t,Xt) O'nl(t, Xt) LR O'nm(t,Xt) dBm7t

Ytov mapandve tino m elvar o apriude Twv xvhoewy Brown mou cuvelogépouy
oty e€lowon xou n 1 didotaon tne otoyactixfc dtadacioc Xy = (X4, ..., Xny) €
R"”. Yty eldut| neplntworn mou €youue n = 1 natpvouye ula Poaduwts otoyaott-
) Staopxh e€lowon yior Ty otoyootixr Swadixaoia Xy € R, 1 omola ev yével
Yo ExeL TV wop@n

m
dX; = b(t, X;)dt + Z oik(t, X¢)dBy 1
k=1

6mou Twpa ot b, oy elvon TpaypaTég cuvopthoec. Téhog, N mo amif elvar 7
neplntwon émov n =1, m = 1 émou €yovue uia Baduwth otoyaotixny| Swapopixt
eglowon n onola odnyelton and uia xivnon Brown.

Oa oploouue T TNV Evvola TNG LoVaSXOTNTAG Yol Tig ADCELS GTOYACTIXWY
drapopxddv e€lomdoewy
Opiowée 5.1.2 H Avon tng otoyaotikris dapopiknis e€lowons (5.1) Aéue mwg
elvar wyvpd povadikni av yia dUo omoreadnmote otoyaotikés dadikaoies Xy kai
X, o1 onoles tkavorooty Ty (5.1) wxve

P(Xo=Xg) =1=P(X; = X,,Vt>0)=1

Kdtw anéd oplouévee ouvirixeg elvan duvatd va dellouue 6Tl oL oToyaoTixég
drapopinée e€lomoels €youy ovadixéc Loyupés Aboec. Tétolec ouviixeg elvan
xatd xVpto Aéyo, cuvirixeg tomou Lipschitz otoug cuvtekeotéc e elowong.
Topodétovue plor TuTXr LopPPY TV cLVINXGY VTGV éTwe Yo T onoleg Yo
yenowonotficouvpe oto BBAo autd.

BAXYIKH YIIOOEXH I'TA TA b KAl o

o Yuvéyera Lipschitz

|b(t,$) _b(tvy) | + ‘ O'(t,$) _J(t=y) |§ K | r—=y |7 Vtvmay

o Yuvinixn yYeourulxng ad&nong
|b(t,2) | +]o(t) P< A+ |2 ), Viz,y

"Exouue 1o axdérovdo Yedpnua
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Oehdpnua 5.1.1 Ag Jewprjoovpe ty otoyaotikn dagopikny eflowon (5.1) pe
oUrTedeoTés o kat b o1 omotes civar ouvapticagt mou elvar gpayuéves xar mov
ikavomooVy tnr Paoikny vnéleon. Tote n otoyaotikn dagopikn e€lowon éxel
wxvpn Avon. H Avon aven elvar povadikr).

H oanédeién tou Jewpruatoc, axolovldel ta Buata tne anddet&ng tou oyt
oT0l 0L VEWENUATOC YLOl VIETEPUVLOTLXES SLAPOPLXES EELOWOELS [UE TLG XUTHAANAES
TPOTOTIOLAGELS TTOL Elvon amapalTNTES Yiar TNV oToyaoTix nepintwon. Baoileton
oty yehon evog Yewpruatog otadepol onueiou ot €va xatdhAnha emAeyUévo
ywpoBanach . Mud xou ot évvoleg autég elvor Alyo mpoywpniUeves 1 anodetén elva
TPOULPETLXY) YLOL TOUC OVAYVOOTEC UE Tilo Yewpntixd uodnuotixd evdlapépovta.
I amhotntor nopovatdoupe Ty amddelén oty mepintwon 6mov n =1, m =1
ol 1 yevixeuon elvon o oo omoleadinote Tyés v m xou n. H anddeln
elvar xhaooh xon mopodhayés tne epgaviloviol oe ddpopa oLy ypduuaTo (BA.

.- [4])-

Anodegn: (*) Ty anddeln Yo ypenoywonotioouue to Yebdpnuo otadepol orn-
pelov yia €va TEAEGTH GUCTOAAC OF éva xatdhhnAa emheyuévo yweo Banach. H
Noom g e€lowong Yo yiver cOUQVAL UE TO ETAVOANTTXG Gy T

t t
XY =z 4 /b(t, x®) dt+/a (t, x\"\dB,
0 0

At elvon ouolaoTIXd TO GTOYACTING AVEANOYO TOU EMAVOATTIXOU GYHUATOC TOU
Picard to omnolo ypnotuonoteltat oty enthuon VIETEPUIVIOTIXOV SLaPoOpIXOY €-
Clodoewy.  Av undpyel otoyootixy| diadxaolio yior Ty omola Xt(H_l) = Xt(l)
yior x&de i ueyohltepo and xdmoto i*, t61e 7 Sadixoociar auth etvon 1 Ao
e otoyacTixfc dapopxis eglowons. Av 0plGOLUE TOV GLUVUPTNGLUXG YWEO
M? mou amoteheltar and Tic otoyacTixéc dadixaciec X; mou elvan tétoleg oTe
T
E[f | X¢ |? dt] < co. O yopoc owtde egodaocuévoc ue Ty vopua || . |[x mou

0
optleton cav

T
| Xell3=E L/e“ | X |? dt}

elvan évag TAfpnNg HETEXXOS YWEog UE Vopua, dnhady| évag yweog Banach . Mrno-
poUuE AoLtdv v opioovue Tov tehecth T : M2 — M? ue Bdon v oyéon
t t
TXtZI-f-/ tXtdt+/O'tXtdBt
0 0
"Eva onueto x = X tou yopou M2 této0 dote Tx = x 1 toodovapa X; = T Xy,
ovoudletar otadepd onuelo tou teheoth T, xou oo TopKdY TAaloto Yo efvan ulo

Iewpodue dTL n xouw m unopel va Tdpouv onoleadhnote axépoteg TLUES
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otoyaotxh dadixacio tou elvon Abon tne otoyaoTixg dwapopxnc e€icwong. T
vo anodel&oupe hotmdy Ty emAuvotudtTnTo e e€lowons apxel vo yenouLonoh
ooupe 1o Vedpnua otodepod onuelov olupwve UE To onolo av o tekeotic T
elvon évag teheotric ouoTolfc, Yo €xel xdmoto otadepd onuelo (BA. mopdptnua
ToL xegohalov). Trevduullovue Twe évac TENeGTHC ovoudleTtat TEAECTHS CUOTO-
Mg oV ylal OTOLBHTOTE X1, X2 TOU GVAXOLY OTOV EV AOY® GUVOIRTNOLIXS YWEO
(otnv mpoxetuévn Tepintwon tov M?) wylel 6t

N Tx1—Tx2 lISv | x1 —x2 |

6mou v < 1. TNy mpoxeluévn teplntworn yio vépua Tou xkpeou Yo ¥ pnouuotoLr-
GOLUE TNV VopUa || . ||a.

Apxel Mooy va anodellovue mwe 0 TEAeoTAC auToHC Elvor €vag TeEheoThC oU-
otoMc. Ac mdpouue Aowmdv Srapopetina. onuela X1, X2 TOU YOpov M? Tou ao-
VTLoToL 00V 0T oToyaoTés Stadacies Xi ¢ xou Xay. Amd Tov oplouéd tou

teleot T éxouue 6T

T T
TXl,t — TXQ’t = /(b(t,Xl’t) t Xg t dt +/ t X1 t — 0'( ,‘Yg’t))dBt
0 0
= ]1 + IQ

Yo uToloylooupE YWELOTA Tov xoéva and Toug 6EoUC AUTOUC.

e O 6poc I1: O 6pog autdg elvon ouctaoTxd o (Blog UE TNV VIEPULGTIXH
neplntwon:

11 11R

A
=
\

t
—M/ (5,X1.5) — b(s, Xa.5))ds| dt
0

IN

o T ¢
E /e M/|bsX13 —b(s, X2s)| dsdt
Lo 0

IA

T t
C’E /e*M/ | X1,5 — Xo,s |* dsdt
0 0

T T
= C°E / /e—kteMdt e Xy s — Xo |2 ds
0

s

T
Cc? Cc?
< SB[ [ X - Xau Ps| = 11X - X R

Y1ig napamndve oyéoelg yenotdonotfioaue (o) Ty Wiétnta Lipschitz yo tny
ouvdptnon b chugwva ue Ty onola | b(z1,t) —b(ze,t) |[< C |1 — 22 |, (B)



5.1. BAYIKEY ENNOIEY 183

T0 6TL TO OAOXATIPLUL

O/Te)‘t /Ot f(s)dsdt =

eiM/f(s)H(t — s)dsdt

T
/ef)‘te)‘seﬁ‘sf(s)H(t — s)dsdt
0

Il
Ot — g Ty O

T
/e”‘te)‘sH(t —s)dt| e f(s)ds
Lo

~~

[ T

T
= / /e)‘te)‘sds} e M f(s)ds
0

s

6mou f(s) elvar pior OTOLIBATOTE CUVAPTNOT TOU § X0 GTNV CUYXEXPULEVN
nepintwon 10 | Xi,s — Xos | xou H(s) n ouvdptnon tou Heaviside dnhady
ula cuvdptnor Tétola KoTe

0, av <0
H(S)_{l, av s>0

xou (y) ot

> =

T

/ef)\te)\sdt — l(] _ ef)\(Tft)) <
\ >

0

o O 6pog Ir: T tov 6p0 autd Vo enovakdBouue to Ttopamdve Bructo aAAd
EMTAEOV TEETEL VAL YENOLUOTOLACOLUE TNV WooueTpior Tou Itd yia o otoyo-
otxd ohoxhipwua. Eyovue

7 2

t
LR = B| [ / (0(5,X1.4) — 05, Xa.0)) | dB,| dt
0

—

_0
r T t

- B /ef)‘t/|U(S,X175)fa(s,X273) 12 dsdt
LO 0

( wouetpla tou Itd)

- |
< C’E [/e”/|X1,S—X2,S|2dsdtJ
0 0
e [ , | e A
< TE[/eM|X1,s—x2,s|2dsJ:7||X1—X2||§
0
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z ’ Z, ’ 7, 2 7
Enthéyovtac Aotndy 10 A xotd tpdno wote QCT < 1 0 teheotic T Va elvan plo
GUGTON| 670V YWpo M2 xor cuvende Vo €xet Eva xou povadxd otaepd onueto,
mou Yo elvan xou 1 Ao e oToyaoTixic daopuxic e€lowons. O

ITohkéc otoyaotixés Sagopixés ellonoelg umopel vo emAudoly ue v yeron
Tou T0Tou Tou Ito.

ITopdderypa 5.1.1 H yewupetpixn xivnon Brown Ocwpeiote to ypap ik
pnovtélo avénong otny Hopen
dS;

o s

kat ag vrodéooupe dut o ourtedeotig avénons elvar pta tuyaia petafAncr) g
HopgIS

ag = p+ O'Bt.
Ag QuunBodue éu n mapdywyos tns kivnons Brown opiletar pévo kdrw and éva o-

AoxAnpwpa. Katd ovvérea elvar padinuaticd opddtepo va ypdipovue tnv ekiowon
oTny popyn

dSy = pSdt + 0SidBy.
Av o otoyaotikds dpog éleine and tny eklowon, n eiiowon Ya frav ula eklowon
xoprlopévar petafAntar, kar n Adon Ja nrav pia exketixr) ovvdptnon. Exovtag

yvaan avtol tov mpdyuatos, ag ypdipovie o€ avaloyla je TNy VIETEPUIVIOTIKN
TepinTwon

d—St = pdt+odB; =
St
t dS t
sk / pdt + odB; = ut + o By (5.3)
o St 0

Av 070 0Tdd10 AUTE pUTElTE TTOV TEWPATUS VA AVTIKATACTHTETE TO OAOKANPWUA
oto apotepd édog tns eflowong avtris pe to In(Sy) — In(Sp) wny to kdvete!
Egéoov n S; efvar pia oudyvon avtd Oev elvar aAnthwd. Ia va vrodoyioete
T0 OAOKANpwUE auTd, ag UTOAOYITOUNE TNy Xpovikn Tapdywyo Tns TToXAOTIKIS
dadikaotias Zy = In(Sy). Me tny xprion tov tomov tov Ité malpvoupe

_dsy 1 1 9
_dSy 1 92, dS; 1,
= 3 2530 Sidt = S, 57 dt

To omolo uag dlvel ot

tds, 1 1.
=L = Z,+ =t = e
S, t+20t ln(St)+20t
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kat arvukathotdrtag avtd oty eiowon (5.3) Pplokovue 6n

1
S; = Spexp |:<p - 502> t+ oBy
<~ -

6mov o1 vmoypapouévol épol opeilovtar otny otoyaotikétnta. H otoyaotikn
owdikaoia Sy ovoudletar yewpetpikr) kivnonBrown kai xpnoiwponoeitar oTny
Xxpnpazootkovoukn oav €va povtélo yia TS TpéS twy petoydv. To portélo
avtd, mov Ja 6olue apketrd ouyvd otny Oudpkeia tov PipAiov avtol, Paocileta

oty mapatipnon 6t ToAAES popés, n oxetikn anédoon piag petoxrs 6nAadn n
noodtnTa gt elvar lon pe pta ovalepr) tpn p n orola ovopdlerar ToyvTNTOL

™S peToxnS kat and ula drakUupavon ylpw and Ttny Tiun avty) n onola efvar tng
Hopyns odBy émov By elvar pla tvmxn kivnon Brown kai o elvar to mAdtog twy
Oudrxupdvoewy autdr. H tapduetpog o ovopdletar ovvning n mTnTixotnIo Tng
HETOXTIS.

IMToedderypa 5.1.2 H dradixacioc Ornstein-Uhlenbeck xou to emitodxie
Ag Oewprioovue tny €€ng otoyaotikny diagopikn eklowon

dXt = 7G/Xtdt + dBt
pe apxikn ovvOnkn Xo = x. H otoyaotikij dwadikaotia mov elvar n Avon g oto-
xaotkng avtnis dagopikng eklowons ovoudletar Sradikaoia Ornstein-Uhlenbeck
ka1 Pplokel apkeTés €pappoyés oTny QuUOLKN Kal Ta XpnUatootkovouikd.

H etiowon avtn umopel va Avlel avalvtikd. Ag epappéoovue to Anppa tov
Ité oty ovvdptnon f(t,xz) = exp(ot)x pe tyy emdoyriz = Xy kar 0 € R o
omofo Ua kalopioovpe otny nopeia. Epapudlovtag to Ajupa tov It maipvouue

df (t,X¢) = (0 — a)exp(ot) X dt + exp(ot)dB,
Emnidéyovtas o = a PAénovue dut

df (t, Xy) = exp(ot)dB,

1 onola pmopel va oAokAnpwlel auéows kar va ddoet

f(t, Xt) — £(0,Xo) = /emp(at)dBt —

t
exp(at) Xy —x = /eazp(at)dBt
0
and tnr onola kai CUUTEPALVOUNE OTL

t
X = exp(—at)x + exp(—at) / exp(at)dB;
0
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Xpnoporowdrag Tig 1016TnTES TOV 0TOXATTLKOU OAOKANPOUATOS UTOPOUUE va UTo-
Aoyloovue tny péon tun kair tny dtaonopd tng dwadikaoias Ornstein- Uhlenbeck.
Exouue Aoimdv

E[X{] = zexp(—at)

Kat

2

E[(X; — E[X{])?] = exp(—2at)E /emp(at)dBt

t
= exp(—2at) / exp(2at)dt = 21_a(1 — exp(—2at))
0

H oroyaouixr) avty owagopikny eblowon unopel va xpnowponoinlel oay éva povté-
Ao ywa ta emrokia. Ta emrdkia pag 6ivovr to mws n ala Tov xYpHpatos onpepa
Ua oxetiletar pe tnv a&la tov xpnuatos atvpio. Xtny npdén, ta emrdkia dev elvar
otalepd kar pdAiota pmopolue va molue énl vndkewal o€ tuyaidtnea. Av md-
POUNE AoLTov TO €mTOKIO0 T oay ourdpTnon tou Xpovov Ua éxovue pia otoyaotikn
dwadikaota ry. Or ués twv emrokiowy kuualvovtar ypw amd uia otalepr) Tun.
Eva povtélo mov éxet mpotalel yia s Tijués twy emrokiwy elval to 11ovTédo Tou
Vasicek to omolo efvar puia otoyaotikr) dagopikny eklowon tns popens

dry = (0 — ary)dt + odBy

H etlowon avtj elvar pia yevikevon wng otoyaotkijs dwadikacias Ornstein-
Uhlenbeck ka1 n AVon tng unopel va Poedel avalvuxd pe tny ha pédodo dmws
avtn mov xpnotpornoujoape ya tny Avon s e€lowons Ornstein-Uhlenbeck.

Hopdderypa 5.1.3 H vépuea Brown Mia dAAn dwagopikij e&iowon mov ov-
vavtdrar ovyvd otnr Jewpla mbavotitwy elvar n otoyaotikn dagopikn) eklowon
Xy

X, = —
t 1—¢t

dt — dBy

pe apxixr ovvdnikn Xo = 0. HAvon s otoyaotikig avtis dlapopiknig e€lowong
ovopdletar n yépupa Brown (Brownian bridge). I'a va AVoouue tnv elowon
avty) Oa mpéner va epapudoovue to Arjupa tov Ité otny ovvdptnon f(t,z) =
g(t)z émov g(t) efvar pia Ct ouvvdptnon mov da kalopioovue apydrepa kar da
Uewpnjoovue x = Xy. Me tnv epapuoyn tov Anupatog tov It éxovpe

d
df(t, X,) = <d—‘t’ - %) X,dt + g(t)dB,

. ,
ondte emAéyortag

dg g 1
- 1-1 W=
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raiproupe 6Tt
1
df (t, X¢) = ﬁdBt

n omofa pmopel va odokAnpwiel apéows dlvovtag

t

1 dB,
— X, —0=
Tt 0 /l—t

0

t
dB,
Xt=(1—t)/1jt
0

Xpnoponowdvras g 1810TtnTES TOU 0TOXA0TIKOU OAOKANPDUATOS UTOPOUHE va U-
noAoyloouvue tny uéon Tun kar tny dwonopd tns yépupas Brown. Ilpdyuat
éxoue

t

E[X,]=(1-tE / 1‘“_Btt =0
0
E[X?] = (1-1t)’E / fu_gtt =(1-1t)? /(1 —s)2%ds =t — t*
0

0

H yépupa Brown éyer xpnowonondel ota xpnuatootkovouikd painuatikd ya
™y povtedonoinon tng Owadikaciags Tiudy opiopévov opoddywy (zero-coupon
bonds)(BA. m.x. [28]).

Hogdderypa 5.1.4 O ovriikes touv Oewprjpatog Ymapéng kat povadikdtnrag
elvar onuavtikd va Aapfdvovtar vréyn. Ia napdderyua n otoyaotikn diagopikn
eklowon

«
dXt :| Xt | dBt
éxe povadukry Ao drav o > % evds pmopet va éxer anepia AMoewr dtay < a < i.

IMoedderypa 5.1.5 Mia dAAn nepintwon, dlayvouatiknis otoxaotikng dlagopt-
kN eglowong n omola dev éxer kaula Avon elvar n axdovdn

dXt = O'(Xt)dBt
67TOU Xt = (XlJ,XQJ); Bt = (Bl’t,BQ’t) Kat

X4 _ X5
X2 X‘Z X2 X2
O'(Xl,Xg) — \/ )1(:‘ 3 \/X11+ 3

VXREXZ /XE4X2
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5.2 Ioyvupég xaw acvevelg Adoelg

Ot MOOELC TV TTOYACTXOV DAPOELXDY EELCMOENMY TIOLU AVAPEPUUE UEYPL TORU
Baoilovtay oty e€ric phocopia: Eyovtac xadopicer toug cuvteheotée g e-
Elowone f,g xou €yovtag enlong wlo ouyxexpuévn xivnon Brown By xou plo
duidnon Fy unddm o oxonde uog Hrav vo xadoplcovue uia otoyaotxy| Siadixa-
ola (xon ovyxexpruéva pio dadaocio 186 ) Xy tétota dote va avonoteltar 1
ellowon

t t
X, =X, +/ f(s,Xs)ds +/ g(s, Xs)dBs
0 0

Ot Moelg g mapandve e&lonong Ue Tov TpoTo autd ovoudlovial Loyueég Ab-
oeLg (OTPOVY CONUTLOVG) TNG TOpAmdvew oToYaoTiXAS Stapopixhc e&lowone. T
plo toyupr Aoon Aowndy o dedouéva tou mpoPAfuatos elvan o (f, g, By, Fi) xou
70 {nroluevo elvan 1 Sroadicacia It X;.

Mmnopolue 6uws vor QavtacToUUe ot to axdhoudo mpofBinua: To dedouéva
elvo Lévo ot cuvaptioets (f, g) xon ta Lnrodueva elvon 1 xataoxeun piag duidnone
Fi, ploc xtvnone Brown By xo ptoc Siodicaotoc Itd X; tétoiwy dote vo oylet
7 e€lowon

t t
X=X+ [ 1 x)ds + [ gl X,
0 0

To {nroluevo howmdv elvan tdpa ov (Xy, By, Fi). H tpunhéta auth ovopdleto
acdevig Aoom (weak solution) tne otoyacuxfc Soupopxfc eiowone. Mia
toyver) Ao ulog otoyaotinic Stapopixnic e€lowong elvon xar acdevic tne hbom
aAAd o avtioTpogo dev toylel ndvtote. H évvola tng wovadxotntag unopel av
yevixeudel xon yiar un toyveég AoeLS.

Oplopdg 5.2.1 O1 aoBevels Aboes tng (5.1) éxovr tny 1bidtnta tng aolevols
povadikdtntas av ywa omoteodrimote 6o aoevels Avoeas (Q, Fy, P, By, Xi) kai

(O, F,,P',B,,X,) ot ovoyaoués hadicacies X; kar X, éyowr r b xa-
Tavoun.

ITopdderypa 5.2.1 Ag dolue éva napddetypa aolevois Abong otoyaotiknig owa-
popikns eflowons. Ag Oewpricovue tnr otoyaotikry dlapopikn eklowon

H etlowon avtj ovopdlerar elowon wov Tanaka. Eotw X; pfa omowadrjmore
kivnon Brown By xav Fy pia oujinon (ws mpos tnv omola n By elvar xivnon
Brown). Ag opioovue tnr By w§ to 0toxaotiké oAokArpwua Ito

t
Bt ::/ SZgTL(Bt)dBt (55)
0

Egdoov éxovue opica X, := By ypdgovtas ty (5.5) oc dagopixny popen maip-
Zayns

dBy = sign(X;)dX; = dX; = sign(X;)dB,
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owvends n Xy = By Oa efvar pia aclevis Alon tns otoyaotixis diagopikris
etlowons (5.4) av n oroyaouxi) dabikacia B, elvar pia xivnon Brown(puoukd
w§ mpos Ty dujinon Fi). Auvtd umopel va yiver pe epappoyr tov Yewpripatog
Tov Levy kat kdvovtag xprjon twy 1010THTWY TOU 0TOXATTLKOU 0AOKATPOUATOS TOU
Ito(BA. mapdderypa 4.2.3).

H e&iowon tov Tanaka Sev éxel 1oy upn Adon enedn n ovvdptnon sign(z) dev
wkavornotel g ovvnkes Lipschitz.

Yo BBho autd Ya acyorndolue ubvo e LoyLEE AICELS GTOYAGTLXWY Slapopt-
%OV €€LOOOEWY.

5.3 IIpwTn €QapOYY) OTN YPNULATOOLXOVOULXY

Y10 tuiua autd Yo YpNoLUOTONCOUUE TS TEXVIXEC ToU E(daue O VL YLa
VoL BLOITUTOOLUE €val LOVTEAO Yla TNV amoTiunoT TapaydYwy cuuBoraiwy. To
Hovtého autd npotdidnxe and toug Black xou Scholes to 1973, o onofol tyuridnxoy
yia Ty cuUBoAY) Toug oY owxovouwxt emtoTiun We to Beofelo Nobel to 1997.
To uovtého autd av xou OYeTXd anhd ypnoluonoleltan axdua xou CHUEPA OTNY
TEAEN.

Ag Eaxwvioouue Ty UEAETN UOC [E TNV EVVOLA TOU Topay@you cuiBololou.
M.d o Vo asyohnodue exTeVes UE TNV UEAETT TOpay YWY GUUBOAAWY 0pYOTE-
pot Yor avapEPOLUE EG) ELOOY WYIXE XATOLA TEAYIATOL YLOL VOl CUYXEXPLUEVO E(50C
TapaydYwy cuuBohaiwy, ta Suanduata (options). o vo elpaote o cuyxexpt-
évot Yo aoyohndolue e éva Suxalwua avéxhnong (call option). Eva duolwuo
avaxAnong, etvon €vo ouufBéhono to omolo Bivel oTov xdtoyo tou 1o duxalwua Vo
ayopdoet (epboov 1o emuuel) Evay titho oe xdnota npoxadoplouévn Ty, uéyel
xdmotor ouYXeEXEUUEVY ypovix) oTiyun. To Suxduwuo avdxhnong, npénetr vo oryo-
paotel and Tov xdToY0 Tou OE xdmola dedouévn Ypovixh GTLYUY| XL UTopel Vo
roukndel onotedhnote (nplv v MEN Tou). Emt nopadelyuortt, unopel xavelc vo
ayopdoet yior 1000 Spy. évor dualwua avExANoNS TOU TOU ETLTEETEL VO AY OPAGEL
tithoug g EMnvinrc Ataotnuinrc Brounyaviag A.E. mpog 24000 to xopudrt,
v 30n Pefpouapiov 2002. Av v nuepounvio e AMEng tou cupPBolaiou ol
tithol Tng etanpetog auTrC Twholbvton TEog Ty, 27000 To xouudTL TOTE 0 XATOYOG
ToL cuuPolaiou avdxhnong éxel xépdog (27000-24000)-1000=2000 Spy (epboov
éyel TAnpwoet xou 1000 Spy. YL TNY XATO)H TOU DNAMDOUATOS). AY N T Twy Ti-
TAWVY TNV Nuepounvio MENS TV ocupfBoldiwy, éyel Téoel napoxdte ono g 24000
dpy. m.y. ot tithol e etanpéLac owTHS twholvton Tpog 21000 téte To Sl
avéxhnong dev éxel xoplo o&la, epdoov xavelc dev Yo evdiapepiel va ayopdoet
g UeToyéc mpog 24000 apol unopel oty ehedlepn ayopd va Tig ayopdoet @i
votepa. O %dtoyog tou SxatdUATog avdxANoNS AoLtndy €yel YdoeL amo Téve Xat
g 1000 dpy T omolec €dwoe yia TNV ayopd Tou Suxonwuatog avdxAnong. To
ducondpara €xyouy Sumhy| yeron. Mnopolyv elte va ypnowonomdody yio T nopo-
ywyh xépdouc (dnwe otny Toapamdve nepintwon) elte yia Ty e€ac@dhion evoc
yapTogulaxiou and meptovotaxd ototyela (Soyelpion xwdlvov). Oa enavérdouue
ot duonduato xar Tig Tdavég Toug YenoELs apYoTERaL
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Eva duodwpo unopet vo uetofiBoactel onoadrinote ypovixn otyur| mewv ond
v MEN tou. To mpdBAnua mou Vo pag anooyolrfioet elva: mowd elvon 1 dlxono
TN vl dixonmduatog pia omoladhote ypovix otyu) Telv and tny AEn tou.

Ac unodéoouue 611 évag emevdutrc €xel oty dddean tou évay aptdud TTAwy
HETOXWY, €Vay apliud Omd SIXAMUOTO X0l XETOL0 TOCH ETEVOUUEVO GE XATOLL
enéwduon ywelc ploxo (my. tpamelds hoyaploouos B oudhoyo). Mia tétola
GUALOYT TIERLOLGLOXGY oTOLYElWY ovoudleton yapTo@uAdxto. Av Ni elvor o apud-
HOC TV TITAWY TV UETOY KOV Tou €xel oTtny dddeor) Tou, Na elvon o aprduds Twy
duonwpdtwy, xou @ etvar 10 106 Tou glvon TonodeTNUEVO GE OUdAOYX, TOTE 1|
aglo Tou yapToguiaxiov auvtol elvar

V() = Ni(£)S(t) + Na ()W (£) + Q(2)

6mou S(t) elvon N a&ior Tou xde tithou ueToy Y xou W (t) etvon 1 a&ia Tou Stxand-
HATOG TNV Ypovixth oTiyur t.

Efvor Yvwoté o 6houg 6Tt oL TLIES TV UETOY WV TopoLGLAouY SLaXUUAVGELS.
Eva mudavé yoviého yia Tic Staxuudvoele autéc umopel va elvar o axdioudo

d—St = adt + odB;.

St
To poviého autd mpotddnxe Yo TPWTN Qopd oTig apyés Tou 200U cuwva, and
Tov I'édho padnuatixé Bachelier (o omolog pudhiota frav xou gortntic tou H.
Poincaré). To povtého autd pog TapéyeL TNV oyeTixr LETABONA TS TUAS Wi
ag WETOYNS, N onold Vewpelton mwg amotelelton and ulo otadepr; ToyOTNTA XoL
and ula SraxOuovon 1 onola elvan tng Hopghc uloc xivnone Brown. Yto amhé
autd povtéro Va Jewpricovue 6Tl oL mopdueTeol a xou o elvan otadepés, aAld
70 LOVTENO OTwg Yo SoUUE Topoxdtw unopel var yevixeudel xan yior un otodepés
Tapouétpous. H napdpetpoc o xodeltan ntnuixdtnra (volatility ).

Etvor Moywd var avouévouue Gt 1) LU EVOS SIXALMUATOC XETOLYL YPOVIXT OTLY-

un t e€aptdtar and TV Ty TS METOYAS S TV Ypovixn oTiyun auth. Mropolue
houmév vo ypdpouue

W(t) = F(t,S)

6moL YL TEYVIX0UC Abyoug 1 cuvdptnon F Yewpeiton va elvan CL2.
Xpnowonowdvtag to AMjuua tou Itd unopodue vo utoloyicovue Ty petaBoly
oTNV a€lo TOU BLXAUDUATOS GO ATOTENESHO TNE METAUBOMC 0Ty alol TNe UETOYAS

oF oF 10°F

_ or g -z 2
AW, = grdt+ oedS + 5 (dS)

OF OF 102F , ., OF
= awWydt + ow Wi dB,

Ac unoloyloouue tepa TNV adhay) e a&iag Tou YapTogUAAXioL GTOV XEOVO.
T amhovotevon Yo Yewprioovue 61t 1 uetaBohr| tng adlog ToL OUONGYOU GTOV
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¥povo axoroulel Tov vouo dQy = rQdt 6mou 1 elvon To ETLTOXLO TO OTOlO UTOEE!
var glvon xon (vietepuiotinf) ouvdpTtnon tou ypdvou. Ac xdvovue enione xon
v mepattépw nopadoyr ot ta Ny xou N petofidilovion oe ypovixés xhloxeg
ToL efvor TOAY o apYEég and TNV ypovixy xAluaxa oty onolo petoBdAhovton o
allec Twv UETOYOY xat TV dixotwudtwy S xoa W avtictowya. 'Etol unopolue
v, Yewprioovue twe dN1y >~ 0 xar dNgy ~ 0. (self financing ? ) Mnopolue tdpo
VoL EQapudoouUE TO Auua Tou It oty cuvdptnon V' xan éyouue

dV, = NudS; + NodW, + dQ,
= Ni(adt + 0dBy)S
OF OF 10°F ,, oOF
+ N2((E+%GS+ 5@0’ S )dt+%JSdBt)
+ T‘Qtdt

Avonpvtog xou ta 800 uéhn pe to Vi molpvouyue

av;
—L = (adt 4+ 0dB,) Wiy + (awdt + owdB)Way + rdtWs,
t
omov
N, S, NoW,
Wi = }_,tt, War = ;)tt, W3t:%:]-_Wl_W2'

Tpa unopolue vo Yécouue to e€hc TpdBAnua: Iwe unopolue va emhéEovue
g avohoyiee twv Wiy xon Way xatd 1e0T0 (OOTE TO YORTOQPUAIO oG VoL UTY
gunepLéyel xivduvo: O 1p6T0¢ 0pLooU Tou xYSUVOU BEV EVAL UOVOCTUAVTA OpL-
ouévog xou To Véua autd amotehel v oNUAVTIXG XAAS0 TNC YENUATOOOVOULXAS.
It 10 GUYXEXPUIEVD TOPADELYIO Ty UETPO TOU XydUVOUL TNV daomopd. (Staxd-
povon) tou dPy;/P;. Me tov bpo yaptoguidxio ywelc xivduvo Yo evvoolue e3¢
VoL YapTOQUAGXLO Yial To omolo 1 Stoxbpavon tou dP; /Py Yo undevileton dnhadr
N emAoyT Tou yopTopuiaxiou uag Yo efvon Tétola HOTE 1) Tolg exTd UETAUBOAT TNC
aglog tou dev Yo Eyel Slauudvoelc otov ypdvo. Yrohoyilovtag tnv Stobuovon
tou dP,;/ Py nofpvoupe

Var <@> = (Wla + Wgaw)2dt =0
By

(6mou Yéoaue tov bpo autéd (oo ue 1o 0, e@doov TNTdue Eva YOPTOYUASXLO TO

omolo dev euneptéyel xivduvo).

H avouevéuevn (uéon tuh) tne anddoone evée tétolou yopTtopuiaxiou mou
dev mepLéyer xivduvo, Va mpénel var ebvon {on ue v anédoon Tou mEpLOLGLAXOD
otolyelou 10 omolo dev Exel xivduvo, dnhadh Tou ouoldyou (N tne tpanelixic
xatddeonc). H anoitnon auth oxetileton pe to 61 av avtd dev Arav akndvéd
(.. éva TéTolo YapTOYUAGXLO Elye UeyallTeR amddoon and To oubhoyo) TéTE
xdmotog Yo umopodoe vo Savelotel xdnoto nocd and v tedneld, UE ETLTOXLO T
VoL TO TOTOVETAOEL GTO EV AOYW YAUPTOPUAAXLO, Yo oo TaL XEEDT) TOU VoL TANPMOCEL
70 ddveto otnv Tedmela xan va €xel €tol atadepd x€pdog ywelc ploxo xa ywelc vo
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TANEOoEL Tinoto and To TPocwTxd Tou xepdiato! Mia tétota euxatplo ovoudleton
arbitrage »ou av xou elvon to dvelpo tou xdde evog, Sev elvorn yevixd anodextr and
v Yewplo yiatl Yewpelton ot dnuiovpyel aotddetes otny ayopd. ‘Otayv Intodue
ooy va Bpolue v ‘dixoun’ Ty evég mapay@you cuuBoiaiov cuvidng dev
deybduoote Ty Unapén arbitrage .

Av howndy Yewpricouue 6Tl 10 axivduvo yopTopUAGO amotelelton and TNV
emhoyh Wi, Wy cbugeva ue TNy tapamdve oulhtnon Yo meénet vo oylet

P _ _ _ _
E <%> ={aWi + awWs + r(1 — Wy — Wh) }dt = rdt
t

Ané g 800 autéc cuvihixeg UTOPOVUE TWEA Vo TTEOVIE CUVINXES TTOL GUVDE-
ouvv Tic Wi, Wa 10 EmTON0 T X0 TOL @ XL @ TOU TEELEYOUY TANPOPOpla OYETIX
UE To Tw¢ ouvdEeTan 1) LETIBOAY TNS TLUAC TOU SXOULOUATOS WE TNV AAAXYT TNG
e TN wetoyng. ‘Exouue 6t

Wi ow
Wa A
T = an +aWW2 +1‘(1 — Wl — Wz)

Ou 800 autég eglotoeg elvon €vor OUOYEVES GUGTNU YEUUUIXWY oA YEREIX®Y e&L-
OWOEWY oL UTOPOVY VoL £Youy U1 undevix) Aoom av toylet 1 cuviixn cvufoato-
™mrog

a—r aw —7r

g ow

Ané 10 optoud tou a xou oL o elvon xardopd 6T 1 cLVI XN cLUBaTOTN TG UG dlvel
plo yeapuuw uepuaf dtapopnn e€lowon ot ANoEeLS Tng omolag TapEYOLY TNV TUT
Tou TapaYdYou cuufohatov F(S,t). Xty el neplntwon mou 1 nTTid T
xa 1 ToyOTNTA TS AmoddoEWS TNE LETOY NS Elvar oTadepéc TalEVOLUE TNY YVWOTH
eZlowon Black-Scholes

OF OF 1 5 ,0°F

E +TS% + EO-QSZW —rF = 0
N Moo g onolag umopel vo dodoel Ty BéNTioTn TN mou umopel xavelc vor TAN-
pWOoEL Yo T0 cLUUPBOANLO QTS UE TL TTUPATAVE ToPadOYES.

Mia uepny| dapopixry e€lowon yior vor Avdel mpénel var cuumhnpwldel xou anod
plo apywe ouvinn. Xtnv neplntwon evdg Sixonduatog avdxinone 1 ‘apyxh’
ouvipen Yo elvon 6Tt Yvwpilovue Ty aglo Tou Taparydyou cuUBolaiou xoTd TNV
MEn tou cupPoraiov, 1 onola Sev elvon timote dhho and v anddoor tou. Ta
TaeddeLy L, av To Sualwuo Uag EMLTEETEL Vo ayopdooLue Ula UeToyY oThv Ti-
uh K, n o&la tou dixandpatog Yo elvon S — K av St > K (ayopdlouue tnv
npoxadoplouévn tiun K xow éyoupe xépdoc St — K) xou 0 av St < K (av uno-
POUME VoL ayOpACOLUE TNV UETOYH aTny eAellepn aryopd Yiow St yia o AGYo vo
evdiapeptoiue Yo évar dixalwua to onolo VYo Yag emTeéder vo TV ayopdGouUe
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axpB6tepar). ‘Apa 1 egloworn Black-Scholes Yo mpéner va cuumhnpwlel pe v
apyery ouvdnxn

F(S,T) = maz(Sy — K,0)

IMopdho mou 1 e€lowon auth Qatvetor apxetd nepimhoxy, UTdEYEL EVog ATAOG UETA-
oynuaTonés UETOBANTOY Tou unopel va Ty Petatpédel otny e&lowon didyuong,
1 onola umopel var hudel avadutind. To tehixd anotéheoua elvon 6t 1) TLuh evdc
duonduatog avdxAnong, 6nwe anotudton and to Uoviédo Black-Scholes etvor

F(S,t) = SN(dy)— Ke "T=YN(dy)
P () + (r+ 302)(T —t)
L oI —1t

() + (r = 50°)(T - 1)

d =
? oVl —1t
1 1
Nd) = E/ ea:pfi.Sst.

H nopamdve amhy) avdhuor Selyver tny Boowxr] 13€a Tou e unopel vo amotun-
Yolv optopéva Tapdywyo cuuBdiota ue Ty tpobnddeon tng anouaciog arbitrage
otnv ayopd. To uovtého autd elvar e€onpetind dnuo@Aéc xon Exel AUETENTES
Tapa ANy €C xon YEVIXEVOELS. Oo enavéltouue o auTO 0pYOTERO UE TILO QUCTNEA
gpyahelal TNG 0TOYAGTIXAG AVEAUGTC AAAG GTO CUYXEXELULEVO ONUELD TO AVaPERQL-
HE oAy EVoL TOPESELYUO TNE YPTIONG TWV GTOYACTIXADVY SLapopXtV eELCOCEWY GTNV
XENUOTOOLXOVOULXY.

5.4 AUDO ONUAVTLXES LOLOTNTESG

Oa delfouue thpa OTL 0L AIGELS TV GTOXACTIXDY SLAPOPLXOY EELCOCEWY EYOUV
300 MOAD onuavTXég WBLOTNTES, TOU BEUXOAUVOLY BLA{TERA TOUG UTIOAOYLOUOUC,
v Wotnta Markov xou v toyuer| Wiétntor Markov.

5.4.1 H uduétnta Markov

Edaue ota nponyolueva xepdhoa otL 1 xivnon Brown eivar pla otoyaotiny dia-
duaoto mou €yel Ty WoTNTa Markov. MnopoUue va dolue 6Tt T0 oToYAoTIXD
ohoxAfpwua Tou Itd endve otnv xivnon Brown xou ou Stodwaotec Itd, xdtw and
oplouévec ouviixeg Lxavomotoly v Widtnta Markov. Kat” enéxtoon Yo del&ou-
HE €3G HTL 0L AUGELC TWV GTOYACTIXDY SLAPOPLX®Y EELGHOOEDY EXOUV TNV LBLOTNTA
Markov.

ITo cuyxexpuuéva £youue To ToPoXdTe Yemdpnua

Oewpnua 5.4.1 H 3ot Markov Av X elvar n Adon g avtévouns®
otoyaotikns dagopiknis elowons (5.1), kar f elvar ptla ppayuévn ovvdptnon

2Anhadh e otoxaoTxhc dlapopixic eElomong av oL cuvteAeoTtéc b xa o Sev mepLéyouv
entd tov xebvo, b = b(X¢), 0 = o(Xy).
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tdte Yia omowodnmote t kar s émov t,s > 0

Ez[f(Xt+s) | ‘7:5] = EXS [f(Xt)]

To opotepd Uéhog TG Tapandve tooTnTog Unopel va epunvevlel cav 1 uéon
T emdve otg Tpoytés g otoyaotixhc dadixaciag X 1 omola Eexwdel oTo
onuelo TN ypovinh) otiyurn 0 xou ‘tpéyel’ ya ypovxd Sudotnua t + s, dnhady
ovotacTd elvon 1 uéomn Ty e tuyalog UeEToBANTAS Xiqs av Xo = . To de&id
oG NG TopaTdve todTnTag Unopel Vo epunvendel cav 1 Léomn T ENAVE 0TS
Tpoytéc TNg otoyaoTxhc dradxaciac X n omola Eextvnoe v ypovixh otiyun 0
oto onuelo Xy (dnhadf oto onuelo Tou €ptace 1 apyx| Stadtxaoia Ty Ypovixt
oTLYUY| ) xoL TEEYEL VLol Ypovixs ddoTnua t.

H Sionotntind gpunvelo tne Wdiétnroc Markov elvon 6t 1 uehovtixy cuunept-
@opd tng Stadixaotiac, dedouévou Ot éyve Uéypl TNV Ypeovx otyun t, unopet
vou xaroptoTel amhd xou ubvo amd cav vo Eextvovoae wior véo dtadtxaator Sudyu-
onc oty Yéon X;. Me dhha Adyia, 1 Swadixaoto Sidyuvong dev €yel uvAurn Tou
napeddévtoc tne. Auté elvon oe mhien avaloyia e ty Wiotyta Markov yio tny
xivnorn Brown. H Wubtnra vty cuveyilel vo woyler axdua xow av o ypdvog t
avuxatactael ue Eva Tuyato ypdvo Ty, €vav ypovo otdone. Me dhho Aoyia, ot
MOGELC OTOYAOTIXWY JLAPopUOY EELCWOEWY EYouy TNV Loyupet| Wiétnta Markov.
Auto Suwe cuuBaiver x8tw and OPLOUEVES GYETIXE AUOTNEES GUVITXES.

Auté nou elvan evdiagépov elvar dtu 1 Wétntor Markov unopel vor yevixeudet
xa Yoo NOGELS OTOYAUOTIXDY SLapopn®dv EELOMGEWY 0L OTIOIEG €X0LUV GUVTEAEGTEG
ToU £EQPTMYTOL EXTEPPUCUEVOL OO TOV YEOVO (U1 QUTOVOUES OTOYACTIXES dLopo-
pLxéc eELOMOELC).

Oa Eexwvhioouue e éva todivauo optoud ulog Siaduaciag Markov.

Opiopdg 5.4.1 Mia d—didotatn otoyaotikny dadikacia Xy n omola elvar mpo-
oappoopérn arny oujonon F; ovoudletar dwadikacia Markov av ya kdfe A €
B(R?) ka1 yia xd0e 0 < s < t (memnepacpéva) 1oyvel

P(Xt€A|.7:s)=P(Xt€A|XS)

Yy6ho: Me P(. | X;) evvoolyue v und ocuvdfixn Uéon TwUh WS Tpog TNy o-
dhyeBpa mou mapdyeton amd Ty tuyalo uetoBanth X, Me P(. | F;) evvoolue
™y und cuViTKn Léom TN wg TPog TNV o-dAYeBpa Fy wg mpog Ty omola lvon
uetpriowee ot tuyalec uetaBintéc X, yio 0 < r < s. Mia mdovr emhoyt| yio Ty
Fs umopel va elvon 1 o-dAyeLpar Tou TopdyeTar amd TNV oToyoo Ty Staduxaota
X dnod Fs = 0(X,,0 <7 < s).

Avth) 1 WBétnTa elvan utar Stapopetin| €xgpacn T WOTNTAC TNG GTOYACTIXNAG
Soduaotog Xy 61l to wélhov xon to moapehdov tne Stadixaciog elvon aveZdptnTa
6tav elvar yvwotéd 1o mapdv tne Stadixactac. Me dhha hoyior awtd umopel va
exppactel ue to 6TL 7 dodixacio ‘Ceyvdel 1o mapehddv tne. H Wdiétntor auth
umnopet vo Sobue 6t elvar toodlvoun ue v Wbt

E[¢p(X:) | Fs] = E[p(X) | Xi]
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Yo xée gporyuévn cuvdptnon ¢ : RT — RY 1 omota eivor Borel petpfioyun.

H uné ouvdipun péon wuf E[p(X,) | X unopel va dewpndel oav n puéon T
ENdVw oTS TPOYLES TNg otoyaoTxrc dadixaoiac Xy mou ‘Eexwdve’ oto onuelo
X, ™V ypeovixh ottyu s xar unopolue va tny ouuPolicovue ue Es x, [o(Xy)].
H péon twur auth unopel va exgpaotel xou pe v BorRdeta tng medavétnrag
metdPaong p(s,z;t, A) := P(X; € A | Fs), A € B(R?) 1re draduixasioc Markov
X, Buyxexpuuéva, UTopolUE Vo 0plooLUE TNV CUVAETNOT

v(s, ) 1= Es [¢(Xy)] = Rd¢(y)p(s,m;t,y)dy

H péon wunf Es x,[¢(X:)] elvar n ouvdptnon v(s, ) vrohoyouévn oto z = X,.
H mdovétnta petdBaone p(z, ;- t) elvon éva uétpo mdavétniac oto B(R?Y) vy
xée x € R xou v xdde 0 < s < t (nemepaouéva). H mdavétnia yetdBoone
p(s,x;t, A) unopel va gpunveudel ocav 1 mbavétnta vo Beedel n Swadixactio Xy,
7 omota Eexvder TV ypowxh otiyur s oto onuelo x, 010 clvoro A € B(R?)
™y xeovixy otyur t. Xprowun mocotnta efvon xan 1 muxvoethTar iovdTnTag
petdBaone p(s, z;t,y) n onola unopel va oploTel amd v oyéon

p(s,x;t,A)Z/p(s,x;t,y)dy
A

Tty mdavdtnra petdBoons oy tet n e€lowon Chapman-Kolmogorov cUugwyo
HE TNV omola

ot = |

p(r,y;t, A)p(s,z;r,y)dy, Vs <r<t
Rd

H e&lowon auth Aéet 6t 1 wetdfoon and to x Ty ypovixh ottyun s 6to A v
Ypovixh otiyun| t umopel vo ypagel oav 1 uetdBoon and 1o (x,s) 0T0 EVOLGUECO
ONUELD Y TNV YPOVIXH OTLYUR T X0l XATOTLY ooy 1) UetdBoon and to (y,r) oto
A v ypovuf otyun t. pénel 8 va AMBovue unodn dha tar iovd evdiduesa
onueta y. Auté yivetar Ue TNV ohoxAipwon endve oe 6ha to y € RY.

Yy meplntwon tou 1 nuxvoétnta davdtntac uetdBoong UETOED twy (S, )
xou (t,y) eZoptdon Ubvo amd T Ypovixh didpxeo t — s xat byt and TG ou-
YUEXPUIEVES Ypovixée oTiyléc Tou Eexwhoaue Aéue 6Tt 1 dodixacio Markov
elvar ypovixd opoyevig. T ypovixd opoyevelc Swadixaciec Markov oylet
p(s,z;t,y) = p(0,z;t — s,y) :=p(t — s,z;y). H ouvdptnon p(t, z;y) avuotouyel
oty mavotnta (§ xohbtepa otny nuxvoTTa mdavoTnTag LeTdBaong) e oto-
yootic Staduaotog and to onuelo x oto onuelo y oe ypovixd ddotnua t — s.
Aev noiflel xavéva poro to noTe Eexvhoaue TNy dtadixacto. L tnv neplntwon auth
OL TOPATAVW OYEGELG AMAOTOLOUVTOL GNILOVTLXAL.

To nopoxdtew Yewpnuo pog Selyvel dtL évag tponog va napdyouue Stadixaoieg
Markov elvow U€ow Twv AOCEWY GTOYACTIXWY SLapopXidV EELOWOGEWY.

Oevdpnua 5.4.2 (H duétnta Markov ) Eotw X; n Adon s otoxaotiknig
dagopikns e€lowong
dXt = b(t, Xt)dt + O'(t, Xt)dBt



196 KEPANAIO 5. YTOXAXTIKEY AIASOPIKEY EZIY (QYEIY

omov o1 ourtedeotés mAnpovy tis ovviixes Lipschitz kai tny ouvOnkn ypap ks
avénong. Tére n X; elvar pia hadikaoia Markov pue mbavitnta pevdfaong mov
opiletar and tny oxéon

p(s,z;t, A) = P(X*) € A)

omov Xt(s’w) efvar n Adon g otoyaotikng drapopikns eklowong
t t
Xt(s’“”) = g;-{-/ f(r, Xﬁs’z))drﬁ—/ g(r, X(*>*))dB,

yat>s. H Xt(s’z) ovawaotikd e€lvair n AVon Tng apx1kng oToxyaotikns e€lowong
M€ apyakn Tun x Ty xpovikn otiyun s 1} alliog ya X = x.

Anodegn: BA. nopdptnuoa tou xegohaiov O

Av n otoyaotnd Stagopund elowon elvar awutdvoun, Snhadr av b(t, X;) = b(X;)
xat o(t, Xy) = 0(Xy), t6te 1 dadixaoio Markov Xy O elvon xon ypovixd oupo-
YEVAS.

Yxohvo: [ va toylel 1 Widtnta Markov yio tny Abon tng otoyaotixrg Sago-
pwhic e€lowong apxel va éyouue Umapén xoL LovadxotTnTa TG AVoTG. LUVETWG,
N Wdtnta Markov umopel va toylel xou uévo av toyouy tomxég Wiotnteg Lips-
chitz.

5.4.2 H woyven Louétnta Markov

Kdtw ond oplouévec ouvifixeg unopobue va det€ouvue 6tu 1 Widtnta Markov
Yot T AVOELS TWY OTOYOOTIXWY SLapopixmdy eELGMOEWY LoYVEL XOL YLo XPOVOUC
oTdong, SNAadH AOGELS TV GTOYACTIXWY SLAPOPLXWY EELGMOEWY £YOLY TNV LoYLEY
Wotnto Markov. Xuyxexpuuéva, oylet 1o mopoxdte Yedpna

Oevpnua 5.4.3 ( H woyvpy Siétnta Markov) Eotw X; n Avon tng oto-
Xaotikng dapopikng elowong

dXt = b(t, Xt)dt + O'(t, Xt)dBt

Ag Oewprioovpe dtt o1 ovvtedeotés tng e€lowaong elvar opoduoppa Lipschitz ouve-
XEIS Turaptnoeg ot omoles tkavomolovy TS Ypau puikés ovvinkes avénong onkaon
oy vovy o1 mapardtw oxéoes
| b(t, @) = b(t,y) I” V] ot,z) —o(ty) P< K |z —y |
bt ) 2V | olt,x) P< K(1+ | 2 )

yia kdde x,y € R?. Tére, n oroyaonxnh dabikacia Xy éxel tny wxupn 161étnTa
Markov.

Anodeg&n: Bh. napdptnua tou xegolalou O.
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5.4.3 Eg@opuoyég tng LdLétntag Markov

Oat BDOCOVUE TWPO OPLOUEVES EPUPUOYESC Xat TopadelyUota oYeTd Ue TNV tBLo-
e Markov xan tnv toyup?| Wiétnta Markov yiar i AVCELS 0TOYAGTIXGY dlopo-
POV EELODCEWY.

HMogdderypa 5.4.1 H kivnon Brown e tayvtnta v elvar ula dadikaocia Markov
j€e mukveTnTa petdfaons

. B 1 (y — (z +v(t1 — t)))?
plto, z;t1,y) = memp {_ 2(t1 — to) }

Ia va anodetéouvpe tov mapandvw wxvpiond apkel va dolue 6t n kivnon
Brown pe tayvtnta v elvar AVon tng otoyaonikns dlagopikns eklowong

dXt = vdt + dBt
O ouvrtedeotés tns eklowong b(t,z) = v kat o(t,x) = 1 TAnpolv tg ovrdrjkes

tou Jewpripatog 5.4.2 ovvends n Adon s Xy elvar pia dadikaoia Ité n omola
wkavornotel tny Widtnta Markov. H mOavétnta pevdBaons Oa dlverar and tny

axéon p(to, z;t1,A) = P(Xt(fo”l) € A) 6rov X %) efvar n Abon g oroyactikiis
dwagopiknis e€lowong

t1 t1
Xt(to’m) =z+ / vds + / dBs =z + (t1 — to)v+ (By, — By,)

to to

Yuvendg
p(to, z;t1, A) = P(x + (ty — to)v + (Bi, — Byy) € A)

EmiAéyovtag oav A to idotnua [y,y + dy] propolue va Solue ot

p(to,l‘;tl,y)dy = P(Bt1 - Bto € [y - - (tl - tO)vay — &= (tl - tO)U + dy])
1 (y — (ZE + ’U(tl — to)))2
PN eXp{ 2t — to) dy

ylatl énews yrwpilovue n katavour) tns dwagopds By, — By, elvar n xatavoun
N(0,t1 — tg). Evor katakijyovpe ato {nroduero.

Hopdderypa 5.4.2 H yewpetpiki kivnon Brown Xy = exp(at + b By), dnov
B, etvar pia kivnon Brown kat a,b oralepés, elvar pia dwadikaoia Markov e
nukvétnTa perdpaong

1 1 y ( 02) r
to, x;t1,Yy) = ———exps —————— |In=— |r— — | (11 — 1
plto, z311,9) oy\/2m(t; — to) p{ 202(t1 — to) [ T 2 a ~ o)

O mapandvew wxvpiouds uropel va deyOel wg e&rjs. Ivwptlovpe én n yewpetpikn
kivnon Brown efvair A¥on tng otoyaotikiis dwagopikis e€lowong

dXt = T‘Xtdt + O'XtdBt
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omov o1 otalepés T, 0 oxetilovtar e tg otalepés a,b pe ug oxéoes

0.2

a=r——, b=o

2

H oroyaonikij dwagopikny eklowon avtn ikavorotel tig ovvinkes twy Jewpnudwy
5.4.2 ka1 5.4.3, ovvends n Adon tns elvar puia otoyaotikiy badikacia n omola
wkavornotel téoo tny idtnra Markov oo kar tnv wxupn idtnta Markov. H

mbavétnta perdBaong da diverar and tny oxéon p(te, x;t1, A) = P(Xt(fO’w) € A)
émov X 0:7) efyar n Adon s otoyaotikis dagopikris e€lowong

11 t1
xfor) = ;r-{-/ rXs(t"””)ds-i-/ o X" dB,
to to
Mropolue va dolue kdvovtag xpnon tov Anupatos tov Ité, 6t n otoyaotikn
Owadikaota Xtto’z) Ua dlvetar and tnr oxéon
X" = gexp(alty — to) + b(By, — By,))
Yuvends
p(to, x;t1, A) = P(xexp(a(ti —to) + b(By, — By,)) € A)

Ialprovras A = [y, y + dy], AapBdvovzag vrdyn dtt By, — By, ~ N(0,t; —to), kat
petd and apxetn) kai enimovn dAyeBpa katainyovue oo {nroduevo anotéleoua.
IMopdderypa 5.4.3 Eoww X; n dwadikacia Ité mov elvar Adon tng otoyaotikng
dagopikns eklowong

dX; = f(Xy)dt + g(Xi)dBy
Opilovue ty ovvdptnon v(t, x) := E; ,[h(X(T))] érov h(z) elvar pia dedopévn
ovvdptnon ka1 0 < t < T. Me E; ,[h(XT)] ovuPorilovue tnv péon tipn twr
Tuy g ovvdptnons h vrodoywopévn ova Xt émov Xt elvar ol tiués tng da-
owkaoiag X v xpovikn owyun T, dedopévov éut n Xy ‘Ceicivder’” Ttny xpovikn
oty t oto onuelo z. Aettre én av Xo = &, n oroyaotikrj dwadikaoia v(t, Xy)
elvar martingale 6nAadn wyvel Efv(t, X;) | Fs] = v(s, Xs).

H X, ikavoroiel tnr 1616tnta Markov. Yvvends
E[(Xr) | Fs] = Bt x,[h(X7)] = v(t, X¢)
Xpnoponowdrag ug 10dtntes tns vnd ovvdikn péons Tung uropolue va ypd-
Ppoupe
Elo(t, Xo) | Fo] = E[E[R(X7) [ Fi] | ]
= E[MXr) | Fo] = B x, [MXT1)] = v(s, X;)

Yo tedevtaio ypnoponoujoaue avd tny 1ibtnra Markov ya tny otoyaotixi)
owadikaoia X;.
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5.5 AN\ayn peétpou

O aoyokniolue twpa ue €vo Yedpnuo 1o onolo elvor TOAD ypeHoyo 6To Vo Ue-
AeTACOLUE TO Twe cuVdEovTaL oL AIGEL BU0 GTOYACTIXWY SLaPoPXY EELGROCEWY
oL omoleg €youv dapopetinés Taybtntes. To Yedpnuo autd nou ogeileton GTOV
Girsanov xot mou oyetileton enlong xoL UE xEmOLA TPOYEVESTERU ATOTENECUATOL
wwv Cameron xot Martin ovoudleton xon Yedpnua ahhayRc LETEOU, XAl UG E-
TUTRETEL VO TIOPAYOUUE AUGELG GTOYUOTLXWY dLapoptdy eELOMCEDY oMo YVWOTEG
Nooelg SMwv otoyaoTdY Stagopxdy eilowoewy. H anddelln tou Yewphuotog
elvan apxetd ey v xou amontel xdmota ototyela Yewploc pétpou.

[Ipw mopouctdoouue 1o Yedpnua avtd Ya npénet vor YUUHCOVUE TOV 0pLoUo
Tou L6odVVAUOoU UETPOU.

Optondg 5.5.1 Icod0voapa pétpa mdavotntag Ado pétpa mbavitnras Q
kat P ovoudlovtar oodbvapa pétpa mdavétntag av ya kdle yeyovds A,
P(A) =0 av ka1 pévo av Q(A) = 0.

Y neplntwon auth undpyet tdvtote pio Tuyalo uetaBAnTh € N onola ovoud-
Cetan 1 mopdywyog xatd Radon-Nikodym tou @ we npog 10 P ue v axdioudn
WiotnTa:

Av 1 Z etvor térota dote 3 Egl| Z |] < oo téte EglZ] = Epl€Z]. Evog apxetd
ouvnouévoc ouufBoitoudg elvar € = %.

H wyl¢ tou nopomdve woylptouold egacpoiileton and to Yedpnua Radon-
Nikodym 1o onoto xou mapotétovye:

Ocedpnua 5.5.1 (To dedpnua Radon-Nikodym) Eotw (2, F, P) évag bia-
xwplotpos xawpos mbavotitwy kat éotw P kai Q nenepaouéva jétpa mov opilovtal
oty o-dAyefpa F. O napaxdtw 6Vo mpotdoes elvar wodlvapes

(1) Ia kdde A € F wyvet P(A)=0= Q(4) =0

(i) Trdpxerk € L', k> 0 térowo dote Q(A) = [, kdP

H nukvétnra k ovopdletar kar mapdywyos Radon-Nikodym kar ovppolilerar
— dQ

k=25

o v anddetgn xow mepantépw otouyelo yia to Yeuehddes autd Yewpnuo g

TparyoTixic avdhuone tapanéunoune .. otov Rudin [34].

Syxoiaz(1) Evag yopoc mdavotrhtwyv ovoudletar Staywpiotrog av undpyet
wbo ocohoudia n omota elvar Tuxv otov L (P)

SEAR{Couue T uéyel thpa Vo éxel Yivel Zexddopo GTOUE AVAYVHOTES 6TL AV EXOUUE Ui
Tuyodo LETUBANTY &, UTOPOUUE Vo 0plooVUE TNY HECT TWH TNS WS TPOS OTOLOdHTOTE WETPO
nmdavotntoag. H andvinon mou Yo ndpovue da eCoptdton Befoiwg and v enthoyh Tou pétpou
ndavotntoag. E@bdoov o opioudec tng martingale ypnowronotel tnv évvota tng péong TLufc xon
¢ und cuVIRXN PEoNg TWAS UTopolUE Vo BoUUE ard To Tapamdvew 6t wlo Sradixacio uropel
va efvow martingale wg Tpog xdmowo uétpo ohAd byt martingale wg npog xdnowo dhho pétpo! Me
Tov (8o TpoTo, wula dradixacio uropel va elvan xivnon Brown wg mpog xdmoto pétpo olhd byt
¢ Tpog x4dnoo dAho.
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(2)To Yedpnua Radon-Nikodym Sev mepropileton uévo oe ywpoug mdavotiwwy
OANGL Loy UEL YO YLOL YEVIXOTEPOUC YOPOUS UETPOV.
Eluaote hotndv oe Véon va topouctdoouye to 1o Yewpnuo tou Girsanov:

Ocdpnua 5.5.2 (Girsanov ) Ag Jcwprioovpe uy = (U1 ¢, ..., Un,t) €va Srdvuvopa
ané (tetpaywrikd olokAnpdotueg) atoyaotikés diadikaoies mov tkavomooly tny
owvOnkn tov Novikov

T
E [exp (%/ Ug -usds>] < 00.
0

Eotww By pta tvmkn kivnon Brown kdtw ané to pétpo P. Ag oploovue tn
otoyaotikn dadikaota

t t
1
M} = exp {—/ u,dBs — 5/ Usg -usds] ,  te][0,T].
0 0

H otoyaotikn aveny owdikaoia elvar pia martingale xdtw ané to pérpo I1.
Ocwpeiote tdpa to 1w00dvvapo puérpo mbavdtnras Q mov opiletar and to
u

dQ =M}

dP !

Téte n otoyaotikn dadikaoia B* mov opiletar and Tnr oxéon

t
BZ‘:Bt+/ usds, 0<t<T
0

elvar pia tvmkn kivnon Brown xai pia martingale kdtw and to pérpo Q%. Emi-
mAéov, n BY éyet tnv 1idiétnra avarapdotaons martingale, 6nAadi yia kdde romixr
Q"-martingale L; vrdpyel kdnowa ¢ n onola elvar tetpaywvikd oAokAnpbaoijn kat
tétola woTe

t
Lt:L0+/ $sdBY, t<T
0

YxoAo: Yta endueva dev Yo ypnouuonotioovue to npddeuc u oto pétpo QU
%ol 0TS otoyaoTxég dadixaoteg M xou By,

Yav PorinTtind oto Yewpnuo autd €youue To axdroudo:

Ocewpnua 5.5.3 Eotw X n dwadikaoia Ito

t t
Xi=x+ / psds + / osdB;
0 0

oto R*. Eotw vy éva Sidvvoua olokAnpdotjiwy otoxaotikay dadlkaoidy kat ag
Uewpnjoovue ot vrndpyer éva didvvoua amd otoyaoTikés dadikaoles us o1 omoieg
elvar tetpaywvikd oAOKANPOOILES KAl TETOLES DOTE

U0y = Mt — V¢
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Téte av n M™ elvar martingale kdtw and to pétpo P (ya to omola apkel va wyve
n owvikn tov Novikov ) n X elvar eniong dadikaoia Ité pe

t t
Xi==x +/ vids + / asdB;‘
0 0

émov BY elvar n tumkn kivnon Brown ws mpog to pérpo Q mov opiletar ws

¢
B} = By + / usds
0
Anodergn: H anddeln anotelel epapguoyn tou Yewphuotog 5.5.2.0

To Yewdpnuo tou Girsanov unopel vor to del xovelg donodnuud wg e€hc: Ag
UTOVECOUUE TWEC AT TLC XPATAUE TLC TPOYLéC TN otoyaoTixhc daduaotac By
w¢ éyouy, dnhadh xpotdue ulo GUANOYYH amd cuvopTHoELC TNC Hopic By (w) xou
oANGCOVUE TNV CUYVOTNHTOL EUPAVIONG TV SLapopeTix®y w. Auté elvan toodiva-
Ho ue to vo ahhdlovue 1o uétpo P ue o wodlvouo uétpo Q. Kdtw omd ulo
VEQ, AATIAANAC EMAEYUEVT], CUYVOTNTA ELPAVIONG TWV W UTOPEL 1) oToY AT
Siadixaotor By var ebvon uto xivnon Brown. Auté efvon oe avodoyio e tor Topo-
detyuara mou elyoe Sel oto xe@dhono oyetxd e Tic Stadixaoiec martingale (BA.
Topodelyporta 2.1.1- 2.1.3 %ot To 6O ToL To axoAoudoly).

To Yedpnua tou Girsanov pog emttpénet vor dIAAGLOVUE TNy o UTNToL OE GTO-
YOOTUES DapopLnés EELGWOELS oL XAUTA XATOLO TPOTO GUVDEEL Tig ADGELS DLoKPOPE-
TV OTOYACTXAV €ELoDoEnY UeTadl Touc. ‘Onwe Yo Sodue xou o xdtw uéow
e avanopdotaons Feynman-Kac unopel xat vo cuvdéet Moelg dlopopetindv
dLopopLxddv EELCWOERMY UE HEPUES TOPAYWYOUS UETAED TOUG.

To Yewpnua tou Girsanov elvor €va YeUEAMIES XL ONUAVTIXG ATOTEAECHUA
YLOL TNV GTOYACTLXY| AVEAUOT).

Hopdderyua 5.5.1 Mia kivnon Brown e tayvtnta. Yta mAaiowa tov Jewpri-
pazog touv Girsanov Ua peletiioovue tny oroyaotikn dadikaoia

t
B, = / usds + By
0
6mov By elvar pia tumki) povodidotatn kivnon Brown kaiu elvar pia povodidora-
T Sabikaoia (térowa dote n us elvar Fg-petprionun). H otoyaotikij duadikaoia
B; efvar pia xivnon Brown e taxyUtnta us (Gt anapattnta vietepiviotikri).
Axkodovldvrag to Deddpnua tov Girsanov pmopolue va oploovue tny otoyaotik)

Oadikaoia
t
2
/ ugds
0

N =

t
Zy = exp —/usst —
0
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Kkat o wodlvapo pétpo miavétnras Q mov opiletar éror dote

Q(A):/ZTdP, VAe F,t<T
A

Yugwva e o Jecdpnua tov Girsanov n otoyactixh duadikacta By elvar ula
ktvnon Brown kdtw ard to uétpo P. Anodeltre du

(1) n otoyaotikn abikaoia Zy elvar pia martingale kdtw amo to puérpo mbavérn-
tag P (kdtw and to onolo n otoyaotiky dabikaoia By efvar pia kivnon Brown).
Kat

(2) n otoyaoTtix Badikaota Z; ' etvar pta martingale xdtw ard to pétpo mdavd-
wntag P (kdww and to onofo n oroyacuixn dadikactia By civar pia xivnon Brown).

Anédeln: (1) Oa ypdpovue tny Z; oav Zy = exp(Yy), dnov

t t
1
Yt:f/usstfﬁ/u?ds

0 0
kat Ua ypnoiporotjoovue to Afjupa tov It ya va vrodoylooupe to 6tagopikd
w™ms Zy:
1

dZ, = exp(Yi)dY; + 5 exp(¥y)(dV7)®

émov
Lo
dYVt = —utdBt — Eutdt
(dYy)? = —u(dBy)* = —uldt

(xpnoponotioape tous kavéves tov Aoyiopov tou Ité). Avukatotdrrag g
oxéoels avtés otny mapardve éxouvue 6Tt

t
dZt = exp(Yt)utdBt = —ZtutdBt — Zt = ZO - /Zsusst
0

To tedevtaio efvar éva oroyaotiké olokAnpwia endvw otny otoyaotikn Oladikaol-
a By n onola etvar pla xivnon Brown xkdtw and to pétpo P. Ané nig 1616tnteg tov
0TOXATTIKOU 0AOKANPOUATOS UTopoUHE va doUue twS N Zy elvar ula martingale
kdtw and o uérpo P.

Ag tovicovpe €dé éni n Zy Sev elvar martingale xdtow and to pétpo P! Avté
ywatl n By 8ev  elvar kivnon Brown kdtw and to pétpo avtd!

(2) Mia kar Oa epyaotolue kdtw and to pérpo P Oa exppdoovue dAa ta ba-
gopukd ouvaptijoear s otoyaotknis dadikaoiag By n omola yrwpilovpe wg elvat
kat pia kivnon Brown kdtw and to pétpo avtd. Ané tov opioud tns By éyoune

dBt = Utdt + dBt
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omdtTe Kai
t t t

t
1 _ 1 .
Zi = exp —/usst - i/uids = exp —/usst+§/u§ds
0

0 0 0

Ywvends Z; ' = exp(=Y;) 6mov tdpa Yy = —wydBy + suidt. Oa epapudoovue
w0 Mjupa wov Ité ovo Z; xar fa ndpovpe

d(Z7) = exp(-Y;) (dYt n %(dYt)2>

Egdoov epyalduaote kdtw and to pérpo P (kdtw and to omoio n dwadikaocia By
elvar pia kivnon Brown ) ot kavdveg tov Aoyropod tov Ité tdpa Ja elvar dBydB; =
dt ka1 Ua éxoupe

dY; = u?dBdB; = uldt

ondte avnikaotdvtas nalprouue dt
¢
d(Z; ") = exp(-Y)wdB, = Z; ' = Z; " +/Zs_1usst
0

Egéoov kdtw and to pézpo P n otoyaotixi dwadikaoia By elvar pia kivnon Brown
and g Widtntes Tov oToxaoTikol ookAnpduatos PAérovpe dn n Z; ' (mov pmopet
va ypagel oav éva otoyaotikd olokArpwpa endvow otny By) Oa elvar pla martin-
gale kdtw ard to pétpo aved. BéPaa n Z;7 ' Sev  elvar pia martingale xdrew and
70 pétpo P!

IMopdderypa 5.5.2 YROMOYLOUOS UECWY TLAOY XATW ATO TO XaLvoLpe-
YO LETPO
Yo mapdderyua avté Ja ddoovpe éva tpdmo UTOAONOHOU Twy péowy Tiudy Kd-
w ané tny aAdayn pérpov. Ag Oewprioovue dtt n tuyaia petafAnty f elvar
Fi-perprjonun. Tére
d d

Eolf = [ 1aq = [ 152ar = 5e |152) = Bely 22 (.6
Oa xpnoponoujoovue Tdpa tov véuo tns okikrs mbavdtntag naiprovvag péoes
apués vnd ovvOnkn ws mpos tnr Fi. O Adyos mov to kdvouue avtd elvar yatl
Eépovpe du n f elvar Fy-perpioun kar n Zy elvar pila martingale ws mpog o
mérpo P. Exouue Aotmdy

EplfZr] = Ep[Ep[fZr | 2]] = Ep[fEp[Zr | F1]] = Ep|Z:f]

O unoloylou6g twv und cuVIXN UECWY TWMVY XAt and TO XovoLPYLo UETPO
dev elvon duwe tOc0 amhy undleon! Autd galveton oTo TapaxdTe ToEAEdELY L
70 omnofo Hog divel éva TUmo we Bdom tov omolo unopolue va utohoyilouue TNV
und ouvirun péon TR ¢ TEdC xdmola o-dhyeBpa oTto xavolpYlo uétpo. O
TOnog autdg elvar eEoUEETIXG YPROULOS GTNY UEAET TNG ATOTLUNONG TAPAY DY WY
cuufBohaiwy.
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Iopdderypa 5.5.3 TTOAOYLOMOG TwY UTO CUVDAXY KECHY TLADY KATW
ané To xavolpYLo (ETEO
Ag Oewprioovpe dn n tuyala petapAnen g elvar Fy-petprioyun kat 6u s < t. Tdre

Eqlg | Fil = Z; EplgZ; | F] (5.7)

Ia va arodeiéovpe tov 10 VPO auTéd Va xpnoLHoTotjooVE TOY 0PLOUG TS
und owvOnkng péons tuns. Oa mpémer va detéoupe Aomdy éti ya omoodnmoTE
A € F, Oa 1oxva

/ 2V EplgZ, | FildQ = / 9d0 (5.8)
A A
Hpdypan
| 2 Belozi) 7.0dQ = Eql1aZ; Erlazi| 7]
A

Egapudlovpe tdpa to anotédeopa tov mapadelyupatos 5.5.2 ya tny tuyala pe-
wap\neh f = Z;'EplgZ; | Fs] n omola elvar Fs-perprionun. ‘Exouvue Aondy
ont

Eq1aZ; 'EplgZ, | Fs]] = Eqlf] = Epr[Zsf] = Ep[1aEp[gZ; | Fi]]

Egéoor A € Fs n tuyala petaPAnery 14 elvar F-petprioiun kar ouvends uropov-
pe va tny tepdoovue péoa otnr vré ouvdikn mbavétnta ws mpds tny o-dAyePpa
avtn

Ep[14Ep[gZ: | F5]]

Ep[Ep[1agZ: | F5]|

Ep[lagZi] = Eg[lag] = /ng
A

omov a0 TeAeutalo xpnoonoujoape avd to arotédeoua Tov Tapadelypatos 5.5.2
yia Ty tuyaia petaPAnt 1ag n ornola elvar Fy-petprioyun (epdoov s < t éxovue
ou Fs C Fi kar apoV n 14 elvar Fg-petprionun Ya elvar kar Fy-petpriowun).
Yuvends arodetéape tny oxéon (5.8) kat dpa o apxikds pag 10 UpLoLds W0 Vel

Me Bdomn ta anoteréopata 1wy d00 TUPATAVE TAPASELYUAT®DY UTOPOVUE VoL
unohoyllovue tic Héoeg TIUES xou TS UTO cuVI X LECES TULES TOCOTHTWY XTwW
amé dopopeTind Yétpa. Autéd uag divel éva Tpémo vor LTOAOY(LOUUE GUVIETNCOEL-
Oh TV TPOYLOV TEPITAOXWY GTOYACTIXOV SLAdXACLOY ETEVGD GTLS TEPOYLES TLO
ATAGDY CTOYACTIXWY SLAdLXACLOY HEVOVTAC TNV XATIAANAT aAAoy | UETEoL. Mav
évar amAd Topddetyuo divouue Tov UTOAOYLOUS TwV YpoVwY eE680U TG xivhong
Brown ue tayOtntor and éva ywelo.

ITapdderypa 5.5.4 Xpnowuonoeiote o Jecdpnua tov Girsanov ya va vmodo-
yloete Ty katavoun twv xpovwr €€é0ov ya uia kivnon Brown ue tayidtnta u
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dn\adn tns oroyaotikhs dadikactag By = By +ut émov By tvar i) tumh kivnon
Brown.

Eotw T, = inf{t: By = a}. Oa vroloyloovue npéra tyy mbavérnra P(T, < t).
Ylupwva pe to Jedypnua tov Girsanov UmopoUue va oplooOUME TNV TTOXYAOTIKY
dwadikaocia

1.
Zt = exp <—UBt — §Uzt>
Kai o 1006Uvao uétpo @, térolo dote

Q(A) = /szP, VAEF, t<T
A

kdtw amd o omolo 1 oroyaotikn) dwadikaola By elvar uia xivnon Brown . Exouue
Aoy

P(T, <t) = Ep[li1,<iy] = BQlZ7 ' 17, <4y

dmov xpnoipororjoaue to yeyords du n tuxale petaPAnth legp, <4y elvar Fi-
petprioun (zo T, elvar évag xpdvos atdons) kat to anotéleoa tov napadetyuatos
5.5.2. Kdtw and to uétpo avtd duws n otoyaotikr diadikacia By clvar ula kivnon
Brown . MmropoUue va vroloyioovue Aoimdy tnv uéon tiun apov PéBaia mpdita
ypdipoupe Ty Zy ovvaptioe ths By. Exoupe

_ 1.
Zi = exp <—uBt + §u2t>

P(T, <t) = Eq|1l{1,<iexp (+uBT — %uQT)}

= Eq |Yr,<nEq {GXP <uBT - %UZT> \ fﬁm”
(n Z_T etvar pla Q-martingale)

= Eq |11, exp <UBTaAt - %u2(Ta A t))}
(nepiopl(épaore oo T, < t ka1 1w0yde Br, = a)

- 1
= Ep _1{TaSt} exp (ua - §u2Ta>]

/t Q(T, € ds) exp (ua - %U2Ta) (5.9)
0

érov pe Q(T, € ds) oupPorilovue, ws owndos, Ty miavdnra kdww arnd to
Hétpo Q o xpdvos e£6dov tngs By amo to xwplo x < a va Pploketar oto SidoTnua
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(s,5 +ds). Avth n mavétnta puoikd pmopel va ypagel xar ws Q(T, € ds) =
fr,(s)ds érov fr. (s) n mukvdérnta mavdérntag tov xpdvov e&édov T, (kdtw and
0 étpo Q). Kdrw and to uétpo Q duaws yvwpilovue éu n By clvar tumxi xivnon
Brown, ouvvemndg

Q(T, € dt) = P(T, € dt) = \/QLT exp (—;—;) dt (5.10)
i

yia 0 <t <T. Avuxatotdrag tny 5.9 oty 5.10 Aapfdvovue

P(T, <1) /t a ( a2> ( 12>d
w < = ———exp|—= |exp|ua— -u’s|ds
0 \/27{53 P 28 p 2
toa { (a—u5)2]

exp |————— | ds
/0 V2rs? P 2s

ané émov kataAnyouue ya tny tukrérnta marétntag ot 1oy Vel

a_ b (a—ut)? it
xp | —
V2rt3 2s

Oa pumopovoape va odnynlolue oto anotédeoua avtd kar Sragopetikd, kdvovtag
Tov UmoAoyopd tov petaoynuatiopot Laplace tov ypdvouv e€66ov. Ymodoyopol
oav tov maparndrvew elvat ibaltepa xpnowun oTny arotiunon twr A€ Youévawr e€w-
TKdY Tapaydywy ovpupolalwy.

P(T, € dt) =

Me v yefon tou Yewpruatoc tou Girsanov unopolue eniong vo umoloyi-
couue xat dAkeg evdlagpépouaeg tocdTnTeg Yo Ty xivnon Brown ue toydtnta,
OTWS TY. TNV xatavour| Tou ueylotou Tng.

Hopdderypa 5.5.5 Yrodoyiote tny amo kowvol katavopr) tov peyiotov kat tns
idwas g kivnong Brown ue taxyvtnta u xpnoiponowdras to Jedpnua tov Gir-
sanov.

Eotw By = ut + By n kivnon Brown pe taxyvtnra 6 xar My to puéyoro g
Héxpt Tov xpovo t. Xugwva pe to Jecdpnua tov Girsanov , av oploovpe to étpo
Q éro1 dote

aQ B 1, . _ 1,
d—P—ZT—eXp< uBT 2uT>—eXp( uBT+2uT

1 100dVvaua

Q(A):/ZTdP, VAEF, t<T
A

n By elvar pta kivnon Brown kdtw até to pézpo Q. Xuvenos kdrw and to jétpo
avtd Ja wxve n apxny tns avdkiaong ya tny By. Ylugwra pe avtr) uropolje
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va arodetoupe ot
_ o _ _ T 2
My >m,B; <b)=Q(B; >2m—b) = / —— X (f—>d 5.11
Q( t t ) Q( t ) ) \/2_77t P Y ( )
2im—b

érov 1wy Ve o Teproprouds m > 0,b < m. O mepoplopuds avtds elvar tpopariig
apov epdoov n By civar pia xivnon Brown (kdtw and to Q) n orota apyila oo 0,
T0 péyroto Tng péxpt Ty xpovikn otyun t Oa elvar arapattnta peyaltepo and to
0, evcd n run s By Oa elvar tdvtote pkpdrepn and to péyoro s (b < m). Ané
v oxéon (5.11) uropoUue va vrodoyloovue TNy kowvn katavoun twy pueplotwy
s klvnong Brown e tayvtnta kat tng kivnong Brown pe tayvtnra, kdtw and
70 pétpo Q:
_ o 92 ~ L B
Q(Mt € dm,B; € b) = —0V—F= (Q(Mt >m, B < b)) dmdb
omaob
=~ B = )2
— Mexp (_M> (5.12)
tv/2mt 2t

Xpnoyoroidvrag o arotédeopa avtd umopolue va exgpdoovpe tny péon Tiun
kdtw and to pérpo Q) piag omoraodnmote ovvdptnong f(My, By):

Eolf(i, By)] = / Fm.B)Q(Il, > dm, B, € b)dmdb

_ - 2(2m —b) (2m —0)2\ ,_ -
f(m,b) Py oo exp (— 5 )dmdb

Il
—y
—

Ay 9élape Ty (ha péon run kdrw and To pétpo P péon niun avey Ya umopovoe
va exppaotel ue tnr fonleaa tng kowng katavouns s By kal twy peyiotwr tng
Kdtw Ouws Tpa and to pétpo P:

Ep[f(My,By)] = / / f(m,b)P(M; € dm, B; € b)dmdb (5.13)

m=0p=—co

émov P(M; >€ dm, B; € b)dmdb clvar n {yroduern xown xaravour. Tdpa Oa
xpnowonoujcovpe to Jedpnua tov Girsanov ya va vrodoyloovue tny péon tun
mou epgaviletar otny oxéon (5.13). Ylugpova pe avté

Ep[f(My, By)] = Eq[Z; " f(IMy, By)]

- B, [exp <uBt - %m) f(Mt,Bt)] (5.14)

/ exp (uE - %u2t> f(m, b)Q(M; € dm, B; € b)dmdb
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Tuyxptvortag tis (5.13) kar (5.14) katadifyouue én
_ _ 1, _ _
P(M; € dm, B; € b) = exp (ub - §u2t> Q(M; € dm, B; € b)
émov n Q(My € dm, By € b) ditverar and Ty (5.12).
Me Bdion to nopamdve anoTENESUO UTOPOUUE VoL UTONOYICOUUE, UE dlapopeT-
%6 1péT0 and 6Tl oTo Topddetyua 5.5.4, Toug ypovous e£6d0u e xivnons Brown
HE TaydTnTa u.
Mapdderypa 5.5.6 Av T, = inf{t : By > a} Ppefre tyy mavénra P(T, < t)

kdvovtag xpnon s andé kool katavouns tov peylotov kat tng drag tns kivn-
ons Brown e tayitnta u.

Exouue én
P(T, <t) = P(M; > a) = Ep(1{51,54})
Ua epappdooupe to anotédeopa tov mapadetyuaros 5.5.5 emAéyovtag
f(My, Br) = 11,50}
Exouvue Aowréy

oo m . 1 ) ) . )
EP(]'{MzZa}) = / / exp (ub— §u2t) I{MtZa}Q(Mt € dm, By € b)dmdb

m=0p=—_c0

- 7 /m exp (u?_) - %u%) 2(3?2_7;5) exp (— (2m2; 5)2> dbdim (5.15)

m=a ph=—oco

Ac dolue thpa plo eqgapuoyy tov Yewpruatoc Tou Girsanov oe éva xhaooixod
HOVTENO TN YENUATOOOVOULXAC, TNV YewUetpwx xivnon Brown. ‘Onwe éyouvue
del uéypr Twpa N Yewuetpwr xivnon Brown yenoyonoteltar yio v woviehonof-
NOT TWY TWOV TV UETOYOY oTC Yenuotayopés. H yewuetpud xivnon Brown
etvon plo Sradixaoior Itd pe xdmota tay Ot Elvar Suvartéd va Bpodue éva toodi-
Voo UETPO TavOTNTAC TETOLO WOTE XATw amd autd 1) Stadixacior auTH vor Talpvet
mo anAf wopgt); H andvinomn tou epwthuatoc avtob tou elvar tdlaltepo onuovTt-
%6yl v yenuoatoowovoutx (BA. my. Tty mapdypopo 2.7.1 f TV nopdypopo
2.7.2) dlveton 670 mapodTw Topdderyua.

IMopdderypa 5.5.7 To Jecdpnua tov Girsanov kai 1 yewuetpikn kivnon Brown.
Oa epappidoovue tpa to Jechpnua touv Girsanov o€ éva amdd povtélo yia tnv
T TV HETOYDY, TNy yewuetpikn) kivnon Brown mov eldape Alyo mapardveo.
Ylupwva pe to povtélo avtd, av Sy elvar n tun €vog xpewypdpov, tote ot jie-
wafoA€éS tng dlvovtarl and tny otoyaotikn dagpopikn) elowon

dSt == [LStdt + O'StdBt
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énov By elvar pla kivnon Brown (kdtw ané to pétpo P). Eifvar gavepd éu ya
u # 0 n otoyaouk dwadikacia Sy dev umopel va elvar pia martingale . Oétovue
ta e€€ng epwtipara:

/. IN z ’ 7 > 7 7 z ! z ’
1. Eivai duvatd, va Ppodue éva 10o0Vrvapio pétpo mbarvétnrag () tétowo bote
Kkdtw ané to pétpo avtd n otoyaotikny dwadikacia Sy va unv éxe tayvtnta
kat va elvar pta martingale;

2. Eivar dvvaté va Ppolue éva wodbvapo pétpo mbavétnras @ wérow dote
Kkdtw and To uétpo avté n otoyaoTikn dwadikacia Sy va éxel TaxyvTnta rS;
émov r elvar kalopiopévn ovvdptnon tov ypdvov (mbavéy kat otalepd): To
T TOAAES POPES O€ €QaplOYES OTNY XPNUATOOLKOVOLLKT) €MIAEYeTal (00 pe
TO €MTOKIO.

3. Yroloylote nig péoes tpés Ep[St], Eqy [St] kat EQ[St].
Amndvinon:

1. Oa mpoomalrjoovue va oploovue éva uétpo mbavdtntag térow bote kdtw
ané to puétpo avtd n tayvnta tns S; va undevilerar. Ag Oewprioovue
ya evkodla 0t to p elvar otalepd. Ag Eexwvrjoovue e tny otoyaonikn
Owagopikny e&lowon mou axkolovlel n tiun tng HeToxns

dS, = pS,dt + 0S,dB, (5.16)

émov By elvar pla kivnon Brown kdtw amé to pétpo P. Oa avadiardéovue
v e&lowon avtn. Exouvue Aoiror

dS; = pSidt + 0SB, = oS, (ﬁdt + dBt) (5.17)
o
Ag ovopdoovpe u' = £ ag ka1 opioovue Ty otoyaonxn Sadixaoia B, =

! A , ’ - N ’ z,
u t + B;. MnopoUue olupwra e to Jecdpnua tov Girsanov va 6olue étt n
>4 7. 7 7. 7z 7z z ! s s 7z
B, etvar pia xivnon Brown kdtw and to pétpo () to omoio opiletar and tny
oxéon

’

Q(A):/Z’po, VAeF, t<T
A

émov
’ ’ 1 /2 1 =1 1 /2
Z, = exp fuBtfiut = exp fuBt+§ut
‘Exouvue Aowrdr and Ty (5.17) dul
dS, = 05,dB, (5.18)

/ B’ 7 , 7 B 7 / ’ Q’ Kd e ’
émov B, etvar pia kivnon Brown kdtw ané to pétpo ) . Kdrw and to jé-
p0 avtd n Sy Olvetar and éva otoyaoTiké oAokApwua endvew oTny kivnon



210

KEPANAIO 5. YTOXAXTIKEY AIASOPIKEY EZIY (QYEIY

Brown owvends n Sy etvar pla Q' martingale . To arotéleopa avtd yen-
kevetal modU anAd ya tny mepintwon mov [ €lvar ourdptnon touv xporou
Kal agnvetat oav doknon otov avayvaotn. Xtny tepintwon avty povo Al-
Y0 TPOOOXT) 0TOUS TEPoPlo oS ya tny U tou Jewprjpatog tov Girsanov
Kal ovykexpiuéva otny ovvinkn tov Novikov.

. Oa mpoomainoouvue tdpa va oploovue éva pétpo mbavitntag tétowo ote

kdtw and to pétpo avtd n tayvtnta g Sy va elvar kabopiouéyvn kai ton
e rSy. Oa Jewprjoovue Eavd 6t p,r, o otadepés. Exouvpe Aotndy

dS; = pSydt + 0S,dBy = rSydt + oS, <udt + dBt) (5.19)
o
Ag ovopdoovpe u = £ ag ka1 oploovpe Ty otoxaotikr dadikaola By =
ut + By. MnopoUue alupova pe to dedpnua tov Girsanov va dolue du n
B, etvar pia kivnon Brown kdtw and to pérpo @ o omolo opiletar and tny
oxéon

Q(A):/ZTdPVAe]-‘t<T
A

émov
1, _ 1,
Zy =exp | —uB; — §u t) =exp | —uB;+ §u t
‘Exouvue Aowrdr and tny (5.19) du
dS; = rSdt + 05,dB, (5.20)

omov By elvar uta xivnon Brown kdtw andé to puétpo Q. Kdtw and to jé-
Tpo avtd n S Olvetar and éva oToxyaotiké odokAnpwua endve oTny kivnon
Brown kat tov dpo rSidt ovvends n Sy éyel kdww and o pérpo avtd Ty
roduern tayvtnra. To anotédeoua avtd yevikeUetal ToAU anAd ya Tty
TepimTwon Tov [ €lvar ouvdpTnon Tov Xpovov kai agnvetar oav doknon
oToV avayvaoTn.

. Oa vrmoloyioouue tdpa Tis péoes Tués tng Sy kdtw and ta dagpopetikd

pémpa P, Q" ka1 Q. Ané wmy axéon (5.16) éxovpe éu
L
Sy = Soexp | (u— 50 Yt+oB |,

émov By elvar pta xivnon Brown kdtw andé to pétpo P. Xuvemdg

71 2 1
Ep[Si] = / o P (—g—t> So exp ((u - 502)t + Jy) dy = Sy exp(pt)

— 00
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Ané tny axéon (5.18) éxovue du
1,
Sy = So exp —50 t+oB, ),
émov B, etvar pta xivnon Brown kdtew ané to pétpo Q. Tuvends

o1 2 1.
Ey [Si] = / Joni exp <_g_t> So exp <—§02t + Uy) dy = S

Ané Tty axéon (5.20) éxovue du

S; = Spexp ((r — %UQ)t + aBt> ,

énov By elvar puia xivnon Brown kdtw and to pétpo Q. Xuvendg

o1 2 1
EqQlSi] = / ﬁexp (*%) So exp <(7" - 5‘72)75 + ay) = Sp exp(rt)

Kévovtag yprion tou Yewpriuatog tou Girsanov unopolue va UTOAOY{GOUUE
ao¥evelc AOGELS GTOYACTIXOV DAUPOPLXDY EELCOTEWY.

Hopdderypa 5.5.8 A¢ vnodéoovue du Yy elvar pla yvwotr) acleviis 1 woxvpn
Avon tng e€lowong

dY; = b(Yy)dt + o(Y;)dBy (5.21)

b:R* > R" ¢:R* - RV™, (5.22)

kar By pia m-0udotatn kivnon Brown. Kdvovtag xprjon wov Jewprjpatos tou
Girsanov ypnowuorowdvtas tnr X, Ppeite pla aclevn Adon tng e&lowong

dXt = a(Xt)dt + O'(Xt)dBt (523)

Ag vroféoovpe dnt vrdpyer ug : R*R” wérowo dote va emAdea ty eklowon

o(y)uo(y) = b(y) —aly), y€eR"

kat 1) otoyaotikn adikaoia ug(Yz) va icavonowel Ty ovvdnkn tov Novikov. Tére,
oUpgova pe to Jedpnua touv Girsanov pmopolue va oploovpe tny oToxYaoTikn
dadikaoia

t
Bt Z/ U()(Ytg)dS'f‘Bt
0

n omola elvar pla kivnon Brown kdtw and to pérpo QQ mov opiletar olpgwva e
v oxéon

aQ _

ap ~ M
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Kkat ywa tny omola wyvel
dY; = a(Yy)dt + o (Y;)dB; (5.24)

Egéoov Aoirdv 1 (By, Q) elvar uta xivnon Brown térowa dote n'Y; va ikavororel
wy (5.24) and tov oploud twv aolevdy Aboewy uropolue va ouumepdrovue 6t
n (Y, By) elvar pia aoevrisc Adon wng ebiodroews (5.23).

5.6 Xyéon e SLaopLxéc EELOWOELG UE UEPLXEG
TOLEALY )Y OLG

Ou acyohnolue Thpa UE TNV GTEVY GYEDT TWY GTOYACTIXWY DAPOPLX®Y eELOE-
CEWY UE TIG EANELTTIXES Xat TOPOBOMXES Slapoptnés EELODTELS UE UEPLXES TOPaL-
Y®YOUC.

5.6.1 O yevvAtopag plog dradixaciog dudyvong

Me xdde Sradiaoto Sudyuone unopolue va GUVIEGOLUE £vay dlaopind TEAESTY
deltepng T8ENe ve uepéc mapaydyous. O telectic autds ovoudleton o YEVWH-
Topac TN didyvong X;.

Oprowodg 5.6.1 Eotw Xy pla yporvikd opoyevns didyvon Ité oto R*. O aner-
poctdg vevvAtopag A tng X; opiletar and to

t—0 t , TER

O mapandve tOnog pog Aéel e Adyla OTL Yol Tov LUTohoYLoU6 NG dpdong tou
yevvitopa tehecth g X; o€ pla ouvdpton f(x) Yo mpéner va Eexwvioouye ulo
dtaduxacto Itd oto onueio = xaw var Ty agricouue va ‘tpéZel’ Yo ypdvo t. Troho-
y{louue v L ¢ ouvdptnone f oto onueio mou éptace 1 dadixaota Sidyvong
dnhadh utoroyiloupe Ty tocdtnta f(X;). EnavolopBdvouue yia molhéc mpory-
potonotfioels e dtadixaotoc authc (Eextvdviag tdviote and to apyxbd onueio
x) xou madpvovue Ty uéomn . Metd agonpolue v f(x) ot talpvouue 1o Gplo
t — 0. H ouvdptnon mou mpoxintet elvan 1) dpdon tou tehecthi A otny cuvdptnon
f(x), dSnhodn etvoe  Af(z).

O oploude autde unopet va yevixeudel xon yior un ypovixd ouoyevelc Sty boelg
(dradweaclee It6). Etnv meplntwon auth Yo mpénet va MPBouue unddn xar to
Ypovid onuelo oTo onolo €xouue Eexvioel. LUVET®S, GTOV ATELPOGTO YEVVHTORA
Yo TEETEL VoL AVTIXATAOTACOUIE Gy apytxh) cuvdixn to Lebyoc (o, to), Snhady
var Yewpriooupe T 1 Bdyuon (Srodixaocia It6 ) ‘Cexwvdel my ypovixh otyuy to
oT0 Ywewd onuelo xo. Xe avohoyia ue 1oV GUUBOAGUS TOU YENOULOTOLACOUE
oty nopoucioon tne Wiotntag Markov Yo cuufBoiicouvue Ty Stadixacio auth 6
Xt(to’z"). O teheotiic A oy neplntwon auth endpd 1660 GTIC YWEKES OGO oL
OTIC XPOVIXES CUVTETAYUEVES CUVETAC Yo 0ploTel we

E.[f(X{*"N] = f(to, 0)
t

Af(to,:ﬂo)ztl% s t0€R+,.T0€Rn.
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Fvowptlovue 6t uto Sradiactio It6 umopel vo tapactodel cav €vo ohoxAfpwida
xotd Riemann xon ooy évol otoyaotixd ohoxAfipwud. LNy avondpdotaoT auth
XENOULOTOLOUYTOL XMool GUVTEAESTEC. Oa ftay YeHoyo av UTOPOUCOUE VoL
EXPPACOUUE TOV YEVWATOPA TEAEGTY) TNG SLdyUOTE CUVOPTACEL TWY GUVTEAECTMY
AVTEV.

‘Exouyue 1o axdérovdo moAls onuavtixd Yewpenuo:

Ocewenua 5.6.1 Eoww X; € R* pia xpovikd opoyevris didyvon Ité mov diverat
oav AYon g otoyaonikns dlapopikns eklowong

dXt = b(Xt)dt + O'(Xt)dBt,
émov n kivnon Brown Jewpeltar dut elvar m—oidotatn, kat ta b kat o elvar ka-
TdAAnAa emAeyuéva draviouata kar tivakes, avtiotorya. Tote

n

Ny O 1 m  Of
Af@) = 2 nw) g+ 5 20 g5,

4,j=1

’ T , ; ’
omov e o' oupPoliletar o avdotpogos mivakas.

Anéde&n: H anddeln tou Yewphuotoc Baoiletow oty yenon tou Mupotog
Tou It6. Egopuélovtac to Muya tou Itd oty ouvdptnon f(z) xow Yétovtag
z = X3 unopolue vo SoUUE, XAvovtog XeHon TV WOTHTOY TOU GTOYACTIXOU
ohoxAnpouotog Ito ot

t n 6 1 n 82
Ez[f(Xt)]fx:E /0 Zblag(Xs)‘i'i Z(UUT)UTB‘)C”(XS) ds
i=1 ¢ ij=1 Lt

6mou 1o TeAeuTalo ohoxhfpwua etvor éva ohoxhipwuo Riemann. Kdvovtag yerion
TV BT Tev Tou ohoxAnpeuatog Riemann, tne cuvéyelog e Stadaciag X
xat v Wotitey e f éretan to {nrobuevo.O

Yx6ho H cuviinn tng ypovixfic OUOLOYEVELIC TV GUVTEAEGTOV UTOPEL var Tta-
pokeplel. Av oL GUVTEAEGTEG TEPLEYOUV EXTIEQPRACUEVA TOV YEOVO, TOTE O YEV-
vijtopac teheothc Yo €xel Tumixd Ty (Bl Lop@r UGVO oL Ol GUVTEAECTEC TOU
Yo neptéyouy ypovixd edptnon. Xe tétoteg neptntoets ypetdleton Alyo npocoyt
oxeTXd UE TO optod Tou TEdlou oplouod Tou TelecTh awtol. H tumxh popph
Tou teheoTh| Yo elvon

B n 4 of 1 & T B an
Af(t,z) = ; bt 7) 5+ igl(v(ta@‘f )i gt

To mohd onuoavTtixd amotéAecua mou Wog divel To Topomdve Vedpnua elvar Gt
e xdde didyvon (xdde Sodixaocia Itd) umopel va cuoyetiotel évag dtaopinde
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TeheoThc Ue pepixée TaparyGyouc?

O tekeothc autde €yel v axdroudn onuovtix ot

Ocwpnua 5.6.2 H otoyaotikiy dadikaoia

t
Zt = f(Xt) —/ Af(Xs)dS
0
elvar ula martingale.

An6dergn: H anddeln Booileton otny yprion tou AMjuuotoc tou It xon agriveton
ooV doxneY 6ToV avay Voot

YxoAiwo: H yevixevon oe ypovixd un ouoyevelc Siaduxaoiec It6 elvon mpogavhc.
Ipocoyn yeetdleton otig cLVITKES TOL Vot TEETEL VAL LXAVOTIOLOVY OL GUVTEAEGTEG
e Swadixactog.

Qo ddoovue Thpa 0pLoUEVE TUEADEIYUATO YLol TNV XUTAOXELY TOU YEVWATOPAL
TeAeoTH.

IMopdderypa 5.6.1 O yevviropas teAeotnis tns kivnons Brown B, elvai o

19
2022
o0 orolog Opd emdvew oe ovvaptiioas f = f(x). Emravepyduevor otov opiopd tov

yevvijropa tereatny umopolue va Jewprioovue ou Eexvdpie Ttny kivnon Brown oo
onueio x kar n f elvar ovvdptnon wng apxikng Oéong.

Hopddevypa 5.6.2 O yevvitopas teAeotris tng molvdidotatns kivnong Brown
B, = (Bi1,t,...,Bay) €var o

0? 1
7_§A

A= Oz

N | =
N | =

d
i=1

O0nAadn oxetiletar ue tov tedearn Laplace. O tedeotis avtds Opd emndvew o€
ovvaptrioels g popens f = f(z1,...,zq). Av emavélOovue otov opioud tov
yevvntopa teleotr), umopolUue va gavraotolUue ot Eexwvdpe tny moAvdidotatn
kivnon Brown oto onuelo © = (x1,...,x44) kar n f elvar pla ovvdptnon twv
apxikdr ovvnkdy. Xyetikd ue tov tedeotn Laplace xar Tis epappoyés tov
rapanéumovpue m.y. oo [23].

~o

TMopdderypa 5.6.3 Eotw X; = (X1, Xot) n AUon tov ovotripatog

dX,; = dt,
dXth - dBt,

40 teleotiic autdg elvar elhelntixol ¥ mWavéy mopaBohxol thmou (BA. [9], [36]) xou v
nopdypago 5.6.4 tou TapdvToc.
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He apxikés ouvinkes
Xio=ts Xog=u2x0.

Eivar gavepd déut n X elvar to ypdenua tns kivnons Brown. O yevvrjtopag
TeAeoTris yia Ty otoyaotikn dwadikaoia Xy elvar o tedeotiis

9 107

T ot * 2022
O tedeotris avtds Opd endvw oe ovvaptijoers f = f(zx,t). Emavepyduevor otov
0pLOTUG TOU YevvnTopa tedeatn) PAEmovue dul n otoyaotikn dadikaocia X, xped-
Letar 6V0 apxikés ovvinkes ya va oprotel. Tnr xpovikn otryun t ané tnv omola
Eerwvdpe To ypdgnua xar Tny Uéon x. H f Oewpelvar ovvdpTnon twy 600 avtdy
apxikdy ovvinkdv.

IMogdderypa 5.6.4 H dvadixacio Bessel Oploaue oo napdderyua 4.5.5 tny
dwabikaoia Ité Ry =|| By ||, émov By = (Big,...,Ba) n d—ddotatn kivnon
Brown xai || . || n EvkAeida vépua ovov RE. H &iadixacia R; Bessel xar dival
v axtiva tng molvdidotatng kivnong Brown. Onwg deiéape oto napdderyua
4.5.5 n Ry umopet va ypagel otnv popen

d—

1 _
= B .2
dR, = S dt + dB, (5.25)

t

émov B etvar pia d—didotarn kivnon Brown. Xuvends ané tny eklowon (33)
katalyovpe 6t o yevvntopas tedeotiis tns Owadikaoias Bessel elvai o

1 6% +d71£
T 202 2r Or

mov dpd endvew o€ auvaptrioes tng poperis f = f(r). Me r ouuPorilovue tny
apxikn axtiva tng molvoidotatng xivnons Brown, dn\adn av éyouue Eexivioer
Ty kivnon Brown oto onueio & = (x1,...,xq), 7 = /2 + ... + 3. O tedeotiis
A elvar yrwotés ws tedeotris tou Bessel. A&iler va onuedoovpe dt av Jewpri-
oouue tov tekeotn) tov Laplace oe d—bdaotdoes kar Jewprjoovue dtt embpd oe
ouvaptioes f(zy, ..., xq) térowas popens doze f(x1,...,xq) = f(r) tére perd and
kdrowa dAyefpa umopolue va detouue ot

1 1

Hopdderypa 5.6.5 Yav tedevtalo napdderyua ag Vewprioovue tnv kivnon Brown
otov povadhiaio kkdo S! mov peAetiioaue oo mapddeyua 4.5.4. O yevvijropag
teAeatnis s dadikaoiag Ito Xy = (X1 4, Xo4) mov elvar n kivnon Brown otov
povadaio kUkAo elvai o

A=i(p® © [ po 0 9
2 wzax% 2 01 Ilamg Now, oz, )

O teeotris avtds Dewpeltar bt embpd endva oe ovvaptioeas f = f(x1,xs) dmov
x1,x2 €lvar n apxikn Béon tng kivnong Brown otov povadiaio kvkAo.
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5.6.2 O tYnog twv Feynman-Kac

Ac ewprioouue tov teAeoT!

. 0 1 T 0?
A= ZZ: bi(z) oz, + 3 %:(O’O’ )i —8xi81’j

Y10 turua auté Yo del&ouue 6t 1 Aoon oto mpdBAnuo Cauchy

@:Au+cu

ot
u(t,z) € C**([0,00) x R™), (5.26)

u(0,z) = f(x)

Yl ¢ cuveyh xor gporypévn xou f € CZ2, umopel vo ypagel cav 1 uéon Tun
endve otig Tpoytéc tne dodcactoc Itd Xy n omola €yel yia yevvAtopa teleoty
tov teheoth A. ‘Eyoupe howndv 10 axdhovio Vedpnua

Oehdenua 5.6.3 H Adon oto npdBAnua Cauchy (5.26) umopel va ypagel wg
t
u(t,z) = E, [f(Xt)emp (/ c(Xs)ds)} . (5.27)
0

(5.28)

IMpwtol mpoywerioouue oe éva oyédo g anddegng tov Vewpruatog auTol og
dolue pe Moyl Tt woc Aéet: Ag unodéooupe ot Véhouue va utohoyioouue TNy
Noon e e&lowone (5.26) oto onueio & Ty ypovixh otyun t. Téte malpvoupe
plo oelpd and draytoers Xi(w;), oL onoleg €youv yevvrtopa teheoth A, xou mou
Ohec Eexwvdve Ty ypovui otiyn 0 oto onuelo . Agrivouue tic doydoels vo
TEEZouV Yia Ypdvo t xon yia xde ula amd Tig Tpoyles utohoyiloupe Ty T0G6TY-
o f( Xy (wi))ewp(fot ¢(Xs(wi))ds). Metd nalpvovue Ty uéomn Tydh eTdve o OAeC
e Tpoytéc (Gha Tor w;) o 1 wéom Tn auth elvan 1 Ao g e&lowone. H avo-
TapdoTAoN qUTY UG TOREYEL Eva wpalo TeoTo ebpeong NS AOoNS ToEABOAXGDY
TEOBANUATWY.

An6degn: Oua dwoouue Eva oyEdO anodELENS TOU ToPATAV® VEWPHUATOS GTNV
nepintwon tou ¢ = 0. Oo ddoouue xdmoteg VOEeLS Yo TLg alharyég ou ypetdlo-
vow oty anddelln av ¢ # 0.
(o) Ac unoBéoouue 6Tt N u Aover To mpdfBinue Cauchy (5.26) vy ¢ = 0. Téte
Vo anodetfouue 6t 1 u unopel va avamopootadel and tny péon Tyur nou diveton
oty e&iowon (5.27) pe ¢ = 0 dnhadn u(t, z) = E,[f(Xy)].

Oa Yewprioouvue xdmowo tg otatepd xon Yo oploovue TV oToyaGTI Sladixa-
ola My = u(to —t, X4). Ac egapuédooupe 1o Mupo tou It oty M. Eyovue

dM; = (—g—? + Au) dt + Vu - odBy (5.29)
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To apvntind TpdoNUo UTEOGTd amd TNV YEOVLXT TaEdY®YO TOU U ToU EavicTNXE
6ty ypnowtonotioaue to Afupa tou Itd mpoépyeton and to dtL nodpvouue TNy
u(to —t, X¢) xon oyt v u(t, Xy). Egdoov 1 u wavorotel tny e&iowon (5.26) yio
¢ =0mn(5.29) pog diver 61t

th =Vu- O'dBt

oLVeEn®C N M, umopel var Ypagel cav éva oToyaoTiXd OAOXAPWUN ETEVL OTNY
xivnorn Brown xou dpa elvon uia martingale. Ané tig Wdibétnrec wwv martingale
€YouUE GUWS 6TL

E,[M,,] = E.[Mo] (5.30)

Oa urohoyicouue TP YWELOTE 1O APLOTERS xar To dedLd Uépog TNg LodTNnTag
auThg

o Apioteps péhoc: By [Myo] = Eu[u(0, Xyo] = Eu[f(Xip)]
epooov yvopilovue ot u(0,z) = f(z) yio xdde .

o Aell6 wéhoc: Ex[My] = Ex[u(to, Xo)] = u(to, x)
epdoov 1 didyvon Xy Eexwvder oto onuelo z (Xo = ).

"Etot hotrdy xotohfiyouue and v (5.30) éu E.[f(X4,)] = u(to, ) xou apod to
to elvon avdaipeto 1o anotéleoua tou Yéhaue va anodelouue Loy leL.
(B) Ac oploouue cav v(t,z) = E,[f(X;)]. Oa deilouue 6L 1 ouvdpetnon v elvor
Noon tou poPAuatoc Cauchy (5.26) yio ¢ = 0. o va To anodeiZoupue autéd Yo
xdvouue yenorn tne Widtntag Markov tng dtaduastog Sidyvong X;.
Ioyvplouaote 6t yior 0 v(t, ) bnwe éxel oploTel Mo VW, N OTOYOOTIXY
draduxaotor My = v(T — ¢, X;) (6mou T otadepd xon t < T') elvon évor martingale.
Apywxd o anodelZoupe tov oyuptoud auTd.
Ag dewprioouue otL Eexwvdue v Swadixactia Sudyuong omoudrnote. Eyouue:

Elf(X7) | Fil = Ex [f (X7 ] = 0(T =, X;) = M; (5.31)

To nopandvw toybet Aoyw e Widtnrac Markov : H und cuvipen uéomn tur uidc
nocoTNToG Tou egapTdton ano TNy Véon wide ddyvong tnv yeovxh oty T wg
Tpog Ty o-dhyePpa Fy €xovtag Eexwvrioel Ty ypovixt otiyun 0 otoudrrote, elvon
lon ue ™y péon tywn e Bag toodtnag emdve oe ula ddyvon mou Eexivnoe
™y yeovuxh) ottyun 0, otny 9éon Xy xon Do ‘tpé€et’ yior ypovixd didotnuo T —t.
Toviouue 6Tt 0 1pbéTOC oL Yedhaue Ty WLotnTor Markov ed¢ Loy et yia ypovixd
ouoyevelc dtoyloeLc.

An v (5.31) Yo npémel va gadveton auéowe 6t M, eivon uio martingale .
Mpdryuart

E[M; | Fs] = Elf(X7) | Bl | Fs] = E[f(X7) | Fs] = M

Ac eqapuédoouue thpa To Muuo tou Itd oty otoyaotiny Swadixacion M.
‘Eyovuue 6t

dM, = d(v(T —t,X,) = (—% + Av) dt + Vo - dB,
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Egbcov éune n My etvor uio martingale Yo npénet 1o xoupdtt mou etvar avdhoyo
Tou dt va undeviletan dpa 1 v weavorotel Ty e&iowon (5.26). To du xavonotelton
N oy cuvdxn unopel vo avel auéowe and tov optoud g v. O

Ynueiowon: Lty nopomdve anddelln Yewpolue dTL oy 0oLV OpLOUEVES ama-
paltnteg ouviixeg xdmoleg and Ti¢ onolec Yo mpénel va eheydolv. H mo Baouxy
elvon 6L n ouvdpTnon v(t, x) Tou oplleton and Ty wéon Tuh Ey (f(X¢)] elvon ulo
cuvdptnom mov avixer oto CH? (uio cuveyhc Tapdywyog oto t, xot 8Vo cuveyelc
Tapdywyol 6o z). To onuelo awtd elvar cpxetd Teyvixd xou mopareineton. o
plo avtietdnion tou Yéuartog autod toganéunovue oto [28]. Enlong, eoxeuuéva
Tapoheloue TNV avapopd Twv cuVINXRGOY Tou Vo TEETEL VA LXAVOTIOLOVY OL GUVTE-
AeoTEC TOL TEOBAUATOC VLo va LxavoToteltan 1) avamopdotaon Feynman-Kac. Ot
oUVORXES UTEC AVaPEPOVTOL AETTOUERKS oTNnY Tapdypapo 5.6.4. A&ilet vo avar-
@épouuEe OTL To amoteréouata aUTd untopel va yevixeudoly xou 6tav to atolyela
oL TEoPAfuaTog avortowdy mo aclevelc cuvirixee Omwg Ty. av 1 ¢ Sev elvan
geayuévn. Enlong unopel va yevixeuolv mohld dveta xow 6Tny teplntwon tou ot
oUVTEANEOTES TG El0WONG EEUPTMVTOL EXTIEPPAUOIEVD AT TOV YPOVO (U1 YPOoVixd.
ouoyevhc duddixacta Itd). To v yevixeuon auth BA. mopdypago 5.6.4.

IMopddevypa 5.6.6 Exgpdote tny Adon tng eflowons

ou 10%u
u(0,2) = f(x)

oav ty péon uun endrvw o€ ula katdAAnia emeyuérn dadikaoia ddyvong.
N N 7 N4 Z Z 2 N /. Zz
H dwadikaoia didyvong mov mapdyet o yevvnropas A = %% dev elvar dAAn
ané tnv kivnon Brown X; = B;. Ané tnr avarnapdotaon Feynman-Kac éxovue
Aoy

u(t, z) = B [f(X1)] = Eu[f(Bt)] = Eo[f (2 + By)]

omov n tpltn péon Tun €lvar endvew o€ ula kivnon Brown mov Eexivder oto on-
uelo x ka1 n téraptn péon Tiun elvar endve o€ ula kivnon Brown mov Eexvdel
oto onueto 0. Egdéoov Eépovpe tny katavoun tng kivnons Brown umopolue va
ypdipouue ekmeppaouéva tny Avon oav

u(t,z) = \/%Z Fy) exp (-%) dy = \/%“Z Flo +2) exp (-%) dz

Voot and eods éyovy kdnowa emagn je TS UEPIKES Olapopirés efiodoes Oa ava-
yvaploovy To 0eUTepo amd ta oAokAnpduata avtd wg TNy oAoKANPWTIKY) avana-
pdotaon wng Avong g e€lowons Jepudtnrag xpnotponowsdrag tny JepeAiddon
Avan (ovvdptnon Green).

ITolhéc popéc etvan yprioyto va Yvwpilouvue v AooT tou tpofiiuatog Cauchy
avdoTpogo 6To Ypdvo, dnhadr yvwellovtag v Abon o xdde x Ty ypovxt
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otyun T, xau avalntodviag my v t < T. Tétoeg eqopuoyéc eugavilovton
TOAD GUYVEL TNV YENUOTOOLXOVOULXY| XOlL GUYXEXELIEV OE TPoBAfota anotiunong
TapayOYwV oUUBoldwy, Twv onolwy 1 adla elvon Yvwoth Ty otiyun e AN
Toug xan ypetdleton va Bpoldue Ty afia Toug xdmotar oYU Tew TNV AREN.

Oa mapovaoidoovue i mlavodewentiny avanapdotacy e Abong Tou Tpo-
BAfuatoc Cauchy

Oou
T Au + cu
u(T,z) = f(z), 0<t<T (5.33)

Ioy et To mapaxdtw Yedpnuor

Ochpnua 5.6.4 (Feynman-Kac II ) H Abon tov npopAnipatos (5.33) umopet va
ypagpel oav
T

u(tea) = B | fCtr)exp | [ e(x)ds

omov pe to aUuPoro Ey ] evvoolue tnr péon tyurj endvo o€ daydoes X, mov
éovr yevvitopa A kai Eexivdve tny xpovikn otiyun t oto onueio .

Anddergn: ‘Onwe xou tponyoupéves Yo dwooupe Ty anddetln yio ¢ = 0 xon
APAYOLUE TNV YEVLXY| TERITTWOTN WS doxno.
(o) 'Eotww 61 suvdptnon u elvon Moo tou tpoBiiuatoc Cauchy (5.33) ue ¢ = 0.
Téte n u(t, ) unopel va avanapactadel oc u(t, z) = E; [ f(X7)].

Ac Yewproovue ty otoyaotxr] Stadicaota My = u(t, X;) xou g e@opudcou-
pe o AMjuua tou Ito otny dtodixaotor My:

Ou

M, = (8t

+ Au) dt +Vuo - dB;

Abyo buwe e unodéoews bt N u Movel Ty (5.33) 1 napamdve eglowon yiveton
dM; = Vuo - dB;

xo and T WLOTTEC Tou oToyaoTXo) ohoxAnewuaTog BAétovue 6t 1 M elvan
plo martingale. Adyw tng Wdidtnrag martingale woy et

Et,zMT = Et,th

To opotepd pelog e eZlowong avthc elvan (oo e By ,[f(X1)] (Moyw tou bt
u(T,z) = f(x) vy xdde ) evéd 10 de&Ld uéhog tne e&lowone authc elvat (oo ue
u(t,z) (yrotl n péon wun nolpveton endvw o€ SlayOoELS TOL EEXLVAVE TNV YpOVLXH
ouyun t oto onuelo z onéte Xy = x). TUVENMC XATANAYOUUE GTO CUUTEPACUOL
nou YENOUUE.

(B) Ac oplooupe tdpa v(t, ) = Ey ,[f(X7)]. 9o del€ovue bt 1 ouvdptnon v(t, z)
elvon Ao tou mpoPiuatog Cauchy (5.33) ue ¢ = 0.
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T vor amodel&ouue autd Yo xatapdyouue oty Widtnta Markov yio v
didyvon X;. Ioylpldpaote mpwta OtL 1 otoyaotixh dwadixacio My = v(t, Xy)
elvon ufor martingale.

IMpdyuatt, and v Widtnto Markov €youpe

Elf(X7) | Fil = Ep x, [f(X7)] = v(t, X) = M,

and omou @atvetar 6tL 1 M elvon uta martingale. Ytnv nopoamdve e@apuoyr Tng
Wotntag Markov 1 mpwtn uéon Ty etvon endvew oe ulo Sudyuon mou Eexwvder Tnv
yeovu| otiyur| 0 oe omotadrinote Véom, eved 1) dedtepn uéon Ty elvar endvew oe
plo Sudyuom mou Eexwvder Ty ypovixn oyur) t oty Béon Xy, Aev ypeidleton €36
va dipovue Xy cav optoua g f yatt exwvde v ypovixy) otiyur| ¢ xon oyl
™V Yeovux oTiyun 0 (6mwe oty arddetén tne SAANG Tapaihary s Tou Yewpuatog
Feynman-Kac ). Qc ex to0tou n anodel&n auth oylel xou yio StoyVoES Tou
unopel vor uny elvon ypovixd ouoyevelc.
Oa epapudcouue Tdpa To AMuua Tou Itd oty Staducacta My
v
dM; = <E + Av) dt + Vvo - dB;

Egboov 1 dwadueacto My eivon martingale 1o ohoxhfpwua w¢ mpog di Yo mpénet
va ebvon (0o ue 0 dpa v Yo mpémet var ixavorotel Ty eZiowon (5.33). H tehuh
ouvpuen v(T, z) = f(x) v x&de & anodewxvieTtar TONG ebxo o 6Tt LoyVeL. O

Ou dolue tpa TNV eapuoyh Tng avanapdotaonc Feynman-Kac oe uplo Sa-
@opuxn e€lowan 1 onolo cUVAVTETAL TOAD CUYVA GTNV YENULALTOOLXOVOULXY.

HMopdderypa 5.6.7 H e€iowon Black-Scholes
I'pdipre Ty Adon g eklowong
v 1 5,00

pe v owdnkn v(T, s) = f(s) oarv pla péon upn endvw oe pla katdAAnia em-
Aeyuévn dradikaoia didyvons. H e€lowon avtrj ovoudletar eélowon Black-Scholes
kat 8tver TNy Tiun €vog mapaydyov ouuPolaiov oav ovvdptnon tov Xpovou mpy
y Aén tov kar TS Tunig tov Pacikov titdov.

O tedeotijc A = rs% + %025236—; €lvar o yevvntopag tedeatns tng dwadikaoiag
dudyvong Sy mov elvar AVon tng oToxYaotikng dtagopikng eklowong
dS; = rSidt + 05;dBy

émov By n povodidotatn kivnon Brown . Avayvwpilovue tny Sy oav tny yewjie-
towkn) kivnon Brown . XUugwra pe tny avarnapdotaon Feynman-Kac Aowrér n
AvYon tng eklowons Black-Scholes Oa divetar and tny péon tun

v(t, s) = By s[exp™" "= f(Sp)] = Elexp™" "= f(Sr) | S¢ = s]

omov n péon rpn Aapfdvetar endvew ot TPox1€S TS yewueTpikris kivnons Brown
mov Eexkvdve Ty xpovikn otyun t oty %éon s.
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IMopdderypa 5.6.8 H avanapdotacy Feynman-Kac xow alhay?| pétpou
Ua dovue tpa tnr oxéon tng avanapdotaons Feynman-Kac e to Veddpnua tov
Girsanov to omolo uag emigpémerl va alddéoupe tny tayvtnta kdrowas didyvong
He Ty katdAAnAn addayr) tov pétpov mbavétnrag kdtw and to onolo ‘PAémovue’
T dadikaoia.

Ag Oewprjooupe tny dadikaoia didyvong
dXt = a1 (Xt)dt + O'(Xt)dBt (534)
kar P to pérpo mbavdtnrag kdtw and to onolo n By elvar pia kivnon Brown . H
dudyvon avty éyel yevvntopa tedeotn tov
0 1 02
A = —+ = 2 —
1= a(@) Ox + 20($) 0x?
(o€ pia Gudotaon, pe mpogavi) yevikevon o€ mepioodtepes daotdoerg). Xiu-
pwra pe to Ueddpnua tov Girsanov umopolue va opioovue éva 100dUvapo uétpo
miavétnras @ kdtw and to omolo n didyvon Xy Ja éxer Tty pHopen
dXt = a3 (Xt)dt + O'(Xt)dBt (535)

émov By efvar pta kivnon Brown kdtw arné to uétpo Q. H Sidyvon avt éya
YevviTopa teAeaTn) Tov
1 2
A = al(m)3 + ia(w)Q%
(o€ pla Bidotaon, e mpoparr) yevikevon o€ Teploodtepes daotdoers).
H AYon tov mpofAniuaros
0
% = Ajvy + cvy, v1(0,2) = f(x)

Oa divetar and tny avarapdotaon Feynman-Kac

01 (t,2) = Ep o [f(X,) exp( / o(X,)ds)]

émov e Ep, ouvufodilovue tnr péon tiun kdtw amé to pétpo P kar ya pla

didyvon nou elvar Avon tng (5.34) kar Eexvder Tny xpovikr) owyur 0 atnr Oéon

x.

H Adon tov mpofAniuatog
v
ot

Ua divetar and tny avarapdotaon Feynman-Kac

= Asvy + cvz, v2(0,2) = f(2)

va(t,7) = Eou[F(X) exp( / o(X,)ds)]

omov pe Eqg . ovufolilovpe tyy péon tiun) kdww ané to pétpo () kar ya pia
dudxvon mov elvar Abon s (5.35) ka1 Eexwvder v xpoviki) otryur; 0 oty 0éon
x.
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5.6.3 IlpofAfuata cuvopLaxmy cuvinxwv: To nEéBAnua
Dirichlet

To npéBinua Cauchy dev efvor o povadixd mou unopel vo avtiuetwmiotel pe mjo-
volewpntixée puedddouc. Oplouéva meoBARuaTo cUVOELIXWY CUVITXOY UTOEOLY
VoL AVTIETOTLOTOVY entlong pe midavodewentxég uedodoug. Eva tétowo npdBinua
elvan o mpdéBAnua Dirichlet oe xdnoto ywplo Q. H enliuon tou npoiiuatog au-
To0 oyetileTon Ue Tov Ypovo TpdTNg E£6d0L TNg avtioTotyng dadxaciog didyvong
ané 1o ywelo Q.

Apyxd, ac Yewphioovue to ypovixd aveldptnto (eEAhetntixd) mpdfinua

Aut+cu=f z€Q
u=¢ x € 0N

Ac ouuPoloouye ue T 10 YpoVO TEWTNG €£6D0U NG ddyUoNS UE YEVVHTOPA TE-
heot A and 1o ywplo 2,

T=inf{t:t € 0N}
‘Eyouue to axéhoundo Yewpnua

Ocdpnua 5.6.5 H Avon tov npofArjpatos Dirichlet uropel va avarapaotael wg

) = B, [ox Jeap ( [ etxas)] - o[ [ rxpean (| t C(x.)ds ) ]

I'a Ty povadikétnta tng AVong kal Tny tkavomoinon Twy guroplakdy ovwvinkdy
xpewalduaote Tty ovumAnpwpatikn) ovvinkn étt éAa ta onpela oto ovvopo tou
Q elvar xavovixd 1) pe dAAa Adya, av © € OQ téte Pp(T =0) = 1.

Anédeign: Qo ddoovue wévo Ty Baowxr o tng anddetdng.

Ac dolue apyd yiotl 1 Aoomn tou TEoBAAUTOS awTol Yo TEETEL Vo EYEL TNV
opp1) mou doaue: Egapudlouue tov TOno tou 1t6 oty ouvdptnon u(z)exp(c:)
omou ¢ = fot c(X,)ds. ‘Eyouyue 6t

u(Xp)exp(cr) —u(z) = /0(Vu(Xs)exp(ct),U(Xs)st)

+ /O(Au-i-cu)(Xs)ea:p(cs)ds.

‘O t0rog autde Tapaéver oINS oV AVTIXATACTHCOVUE To ¢ UE TNV Tuyala UETO-
Bath e =T A 7. T s < 1 1) otoyaotid Swodwacia X Beloxeton evide tou
ywelou  xat cuvende av N u(z) elvon n Aon e edelntixfc e€lowone BAénouue
61l To TeleuTalo ohoxAfpwua elvat

/Ot f(Xs)exp(cs)ds
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Tépa naipvouue 1o dpro T — oo. Ilafpvoviog v uéon Tyn xou twv S0 bpwv
xa uteviupilovue OTL 1 uéon T TOL OTOYAOTLXOL ONoXANEOUATOC elvor 0 opxel
vou glvon gpayuévo. H Wdibtnra tou dtu elvon pparypévo umopel var e€aopohioTel
otc axéhovdeg dVo TEpLTTHOOELS

(1) ¢ < 0xo E[T] < 00, (av ¢ apynuixd xat @payuévo and 1o 0 ToTe unopolue
VoL APHOOVIE AUTH TNV UTOUEDT.

(#1) Av unodéooupe 6t 1 ¢ unopel va ndpel YeTixég TIES xan ¢ < a TOTE YpeELa-
Léuaote TV ouvifixn supyecaElexp(at)] < oo.

Kdtw and onowadrinote ano tg 8o autéc cuviixes, UTOPOUUE VoL THPOUUE TNV
péon twun xadong T — oo xou BAénovue 6tL av 1 u elvon Abom Tng eMhetmTxhg
e&lowong Yo mpémet va elvon e Lop@ric mou 860nxe oty ex@OdVNoT Tou Yewpr|-
HOTOG.

Aeltepov ag tpoonadfcouue va del€ouue 6Tl 1 GLUVEETNCT TOU SWCUUE ToPO-
v teavorotel Ty e&lowon. Autd Yo yivel ue tov (dlo tpdTo Tou anodelfaue To
avtiotolyo anotéieoua yio 1o tedfBinua Cauchy. E@bcov n tuyola petofintd v
elvan évag ypodvog atdong apxel vo epopudcovue TNy woyvet Widtnta Markov.

Téhog ag aoyohndolue ue v cuvoptaxt) cuvtixn. Eviehde Sroawotntid uno-
polue va SolUue dtL av éva onuelo Tou olvopou Tou ywpelou elvar xavovixd, TéTe
av apylooupe v Stadcactia Sidyuong and to onueio autéd o ypovog e€6dou Yo
elvon 0 ue mdavotna 1. Etny mepintwon auth dha o ohoxAnpduota Yo elvon
undevixd, xou epboov X, = x vy € 9N Yo wyder E[Yp(X,)] — ¢(x) xou
u(z) = P(x) xodde TAnoldlovue 10 oUVopo. AV 1 GUVIHXN TNG XAVOVLXOTNTAS
dev elye tevel tote Vo elyaue TEOBAAUATOUN THY GUVEYELX GTO GUVOPO XOL UE TO
VoL IXAVOTIOLAo0oUUE TNV cuvoptox] cuvidfixn Dirichlet xou enfong Yo elyaue mpo-
Bhnuo pe v vovadudtta Tng Adone. Ot Siancdntuée autég Wéeg umopel va
yivouv avotnpéc oyetxd evxola. [ty TAAen anddelén Bi. m.y. [2]. O

Me mapeupept| TeOTO UTOPOVUE VoL SWCOVUE ULA VATIRAGTACT] TV AVGEWY TOU
Yeovixd e€aptnuévou (rapaBoitxol) npoiiuatoc Dirichlet.
Ac Yewprioouue t0 TEdBANUL

ou
i Au+cu, x €N
u(0,z) = f(z), (5.36)

u(t,z) = g(t,z), x € 0N

Enlong Yewpolue é1L ou cuvapthoec f,c, g elvon cuveyelc xon gpayuévec.
"Exouue to axbérovdo dewdpnuo:

Ocdpnua 5.6.6 Mia guveyris kar gpayuévn Adon tov mpoPAniuatos aveov n o-

mola éyel ppaypéves kar CUVEXELS TPWTES Tapaywyous oToy Xpovo Kal Ppayuéves

Kal OUVEXELS OeUTEpES Tapaydyous ots Ywplkés petafAntés, éxel tny avarapd-

otaon

u(t,z) = B, f(Xt)l{n_t}ea:p{/Otc(Xs)dsH
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+ B Q(T,XT)I{Tt#}emp{/ c(Xs)dsH
0

orov T = inf{s : Xy € 00N} elvar 0 xpovos mpadTng €£ddov tng dadikaoiag
X5 and to ywplo (o omolog puoikd e&aptdrar and tnv apxikry ovvdrikn x s
dudxvons), v =t ATp, lir,—yy 1N Oelktpra ovvdpTnon tov owrélov {w : T = t},
Lty = 1= Ln=ty-

Anodegn: H anddeln tou Jewpruatoc autol elvon mopduoto ue TNy anddetln
oL avtioTolyou VewpHuaTtog Yo TNV EMAELTTX TepinTwon xat topoAelneton.O

5.6.4 H avanoapdotacn Feynman-Kac yia npofAruata tov
OL CLVTEAECTEG TOUG EEAPTOVTINL ATO TOV YPOVO

H avoanapdotoon Feynman-Kac unopel va yevixeudel yowplc ueydhn Suoxohia
xaL yLor TEOBAAUATO TOU 0L GUVTEAEGTES TOUG EE0RTOVTOL amtd Tov ypdvo. O
TAEOLGLACOLUE €36 Wio TéTola Yevixeuan yia TpoAfjuarta o onola To emAUGOLUE
avtioTpoapa GTOV YE6Vvo.

Ac oploouvue Tov Slapopxd tekeoT!

2 n

1< 0 d
L:= 3 ”ZZI aij(t,l')m + ; bi(t, x)a—xl +c(t,z) = A+ c(t, x)
Me X" ac ocuuPBohicovue TNV Aoom g oToyaoTiXS dlapoplxrc e&lowong

X0 =g 4 / b(r, X())dr + / o(r, X(49)dB,
t t

6mou o glvon évoc Tvaxoc tétoloc hote ool = a.

Ocwpolue dTL TANPolVTAL oL UToVETELS
Y1. yTay > M|y |]? yroa x89e y € RY (0 teheotric etvor ehetntindc)
Y2. a;;, b; oporduoppa cuveyelc xatd Lipschitz

Oa acyohnolue ue to tpdBAnua Cauchy

% +Lu = f(z), ot [0,T]xR" (5.37)
u(T,z) = g¢g(z), oto R”
xat to péfBAnua Dirichlet
% +Lu = f(z), ot [0,T]xQ
u(T,z) = g(z), oo R? (5.38)
u(t,z) = w(t,z), oto [0,T] x IN

Oewpolue 6TL oyetd We to TeéBinua Cauchy wxavorolobvtar xou oL Tepot-
€pw unoVEoELS
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Y'3. Ououvapthoewc a;;(t, ) elvon gpayuéves ato [0, 1] x R™ xou ouveyelc (xatd
Holder B). [10]) oo @.

Y4. H ouvdptnon ¢ elvon gpayuevn oto [0,T] x R™ xat ouotduopga cuveyhc
xatd Holder oo  xou t oe xdde ouunayée vroctvoho tou [0, x R™.

Y'5. H ouvdptnon b elvon cuveyhc oto [0,T] x R?, ouoldpoppa cuveyic xotd
Holder oto & xou t oto [0,T] x R™ xon gporyuévn omd ulor ToAGVUULXY
ouVdPTNOTN TOL Z.

Y6. H ouvdptnon g(z) elvon ouveyfic oto R™ xon elvar gparyuévn amo pia mo-
Auwvuuxr] ouvdpeTnon Tou .

Yyetxd ue 1o npoBinua Dirichlet wavonolobvton ol utodéoelg

V3. O ouvapthoelg ¢ xau f etvor ouoLduopga cuveyelc xatd Holder oto (t,z) €
[0,T] x €,

V4. H g eiva ouveyfc oto (,

V5. H w eiva ouveytic oto [0, T] x 99,

Y6. g(z) =w(z,T) vz € Q.

Ioybouv ta mapoxdtw dVo Yewpriuato (BA. [24])

Ocevpnua 5.6.7 Kdww and tg vnodéoes Y1 — Y6 vndpyer povadikn Adon tov
mpoPAnuaztos Cauchy (5.37) n orola divetar and tnv avarapdotaon

T
g(X3" yeap ( / c(s,th’z))dsﬂ
t
T s
/ FXED)exp (/ e(r, Xr(t’“”))dr> ds}
t t

Ocewpnua 5.6.8 Ag Jewprjoovpe étt to  elvar éva gpaypévo kair avoiktd vnoov-
vodo tou R™ tou omoiou to atvopo ON eivar C?. Kdtw aré tg vrodéoag Y1 —Y2
ka1 Y3 — Y6 uvrndpyer povaducri Aon wov mpopAipacos Dirichlet (5.38) n orota
dlvetar and tnv avarapdotaon

u(t,z) = E

- E

u(t,z) = E 1{T<T}w(X£t’z),T)emp (/ c(s,Xs(t’z))ds>]
! t

T
+ E l{T:T}g(X(Tt’w))ea:p (/ c(s,Xs(t””))ds>]
t

- E / f(s,Xs(t’””))ezp (/ c(T,XT(t’”))dr> ds}
L/t t

érovT =T Ainf{s € [t, T] : X" ¢ Q}
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Ta nopondve Yewphuoto €yovy xou exdoyéc yia 6tav avtl yio el cuvIHXN
éyovue apyxh) ouvdiun, dnhadh dtay diveton to uw(0,z) avti touv u(t,z). Xav
napdderypa dtvouue v exdoyr| auth g Aboewe tou tpofBiuatoc Dirichlet

ou
i Au+cu, x €Q
u(0,z) = f(), (5.39)

u(t,z) = g(t,z), =€ 0N
"Eyouue 1o axdérouvdo Jedpnua:

Ocdpnua 5.6.9 Mia C12 Avon tov npopAijuatog avtol éxa tny avarapdotacn
t
ult,z) = E [f(Xt(t,z))l{n:t}exp {/ oft - S,ngt,w)ds}]
0

+ FE [g(T,Xit’w))l{n#}emp{/ et — s,Xs(t’w))dsH
0

érov T = inf{s : x{t e 0N} elvar o xporos mpaTng €€6dov Tng dadikaoiag
X5 ané o xwplo 2 (o onolog guoikd ekaptdrar and v apyikn owvinkn x ng
dudyvons), v =t ATp, lir,—yy 1N Oelktpra ovvdpTnon tov owrélov {w : T = t},
Lz = 1= Nr=ty-

5.6.5 Egopuoyvéc twv avanopactdoewy Feynman-Kac

Me v Borleia twv avanapaotdoewy Feynman-Kac unopolue va unoloyicovue
evdLapépouoec moooTNTES Ylo dtadixaoies Sidyuong (Sadixaoties 1to). Iapovotd-
CovuE oY TOPdYPAPO QUTH OPLOUEVES TETOLES EVOLAPEPOVTES EQupUoYES (BA.
.. [10]).

H e&iowom Fokker-Planck-Kolmogorov

o Xpovixd opoyeveig Stayboetg

Av otov tOno Feynman-Kac yia 10 npéBinua Cauchy 9écouvue ¢ = 0 Bploxouue
ot N u(t,x) = E,[f(Xy)] wavonoel v avdotpoyn eiiowon Fokker-Planck-
Kolmogorov ( backward Fokker-Planck-Kolmogorov equation ) n €yet tnv uopgh

Oou
— = Au.
ot~ "
Me dhha Aoyia, onowodinote mocdtnta 1 onola eehiooeton xatd Urxog ulug
TpoyLdc plog didyuone ixavorolel v e&loworn auTh.
Ac unodéoouue thpa 6T AOvouue Vv elowon auTh Ue opYxEC cUVITXES
plo ouvdptnon dérta 6(z — y). H Mon e e&lowone authc ye v dedouévn

7

apyf cuvdfxn ovoudletor pla Yeuehddne Aoon® # otnv yYAdooa tne Yewpla

54 adluide ouvdptnon Green
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lavotitwy 1 tuxvetnta petdfaong g Stadaciag Markov mou napdyeton and
v ddyvon auth. H edueh auth ANon ouuBolileton we p(t, ;).

H Ao yia onotadrinote dAAn opywx cuvdfixn ou dlveton and ula cuvey | xon
pparyuévn cuvdptnon f(z) unopel va ypogel cov o ohoxhfipwuo

u(t, r) = - Fy)p(t, z;y)dy

Avtl ohdxdnpou tou R™ ac dewpriooupe tdpa éva ywelo D mou €yel Aelo
olUvopo D xau ac Yécouue

1, r €D

oe xdde dAAT Tepintwon

H \on tou npofiiuatoc Cauchy yior aut| v aipyixh cuvidfun, uropel vo ypapet
wg

w(e, ) = Eu[1p(X))] = P(t,; D) = /D plt, 73 9)dy

6mou P(t,z; D) eivon n mdavétnto 61 1 Sidyyuon éyovtag Zexwviioel oto onueio
x Beloxetar 60 GUVOho D UeTd Ty Tépodo ypedvou t. Av xdvouue Aiyeg npdiels
umopolue var dolue 6Tt 1 muxvétta petdBoone p(t, z;y) wovoroel Ty ano-
xaholuevn evdela e€iowon Fokker-Planck-Kolmogorov (forward Fokker-Planck-
Kolmogorov equation) otc petafintéc ¢t xou y. H e&iowon autr| dev elvon mopd
1 ouluyrc e€lowaon tng avdotpogns e&lowong

op(t,;y) _ . 1l &
— S = Ap(ty) =5 Y s (oi;(W)p(t 7)) Zayz p(t, ;)

4,j=1

TMopdderypa 5.6.9 Bpelte tig evleies (forward) kar avdotpopes (backward )e-
&Giodoeis Kolmogorov ya tnv kivnon Brown.

O yevvntopas teAeotris tns kivnons Brown elvar o teleotis A = 8 =~ 0 0moiog
elvar kar avtoovluyris onkadry A* = A. H mavdtnra yéra[)’aong ™ms kivnong
Brown arné tny 0éon x otny Yéon y o€ xpdro t, p(t,x,y) wkavonoiel tny e&lowon

op _10°
ot 20y2
€vdy omoladnmote ourdptnon tng Oéong tov owuatidiov mov ekteAel TNy kivnon
Brown Ua ikavonotel tny evleia e€lowon Kolmogorov

ou _ 10%u

ot 20x2
H Mo wwv egiodoewr Fokker-Planck-Kolmogorov punopel va jpag 6coet tny mu-
kvdtnta perdfaons mbavétnrag ya tny kivnon Brown

ptsin = e (- 5)
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e Mn xpovixd opoyeveig Svadixacieg Sudyvong

Me nopbuoo tpémo UnopoLUe var dodue o6t yiar ula U1 xeovixd ouoyevy| dto-
duxaotar didyuone N muxvéTTa petdBaone p(s, x;t,y) avonotel TRy avdotpogn
eZlowon Fokker-Planck-Kolmogorov

(% +As,z> p(S,Z’;t,y) =0, s<t,

6ToU E TOUG JelXTES 8, & EVVoolUE OTL 0 TeEheoTg A mepLéyel mopaywYloELS K¢
Tpoc T (avdoTpogec) uetaBntéc s, x, xou v evdelo e&loworn Fokker-Planck-
Kolmogorov

0
<a - A;y) p(s,a:,t,y) = 07 s <t,

6mou Ue toug delxteg t,y evvoolue 6Tt 0 TehecThc A mepLéyel TapayWYIoELS K¢
npoc Tic (evdeiec) uetofAntéc t,y,

Hopddevypa 5.6.10 [pdite nis esiodoeg Fokker-Planck-Kolmogorov yua tny
rukvétnta petdfaong mbavitntag tng dadikaociag Ito mov divetar amd tnv oto-
xaotkn owagopikn e&lowon

dXt = b(t, Xt)dt + U(t, Xt)dBt
émov X € R", b € RV, g € R4, B, € Ri*1.

H nukvdtnta perdBaons mbavétnzag 0a éxer tny poperi p(s,z;t,y) := P[X; =
y | Xs =z], s <t (edptnon kar and to s kat to t Abyw tov du n dadikacia
dlayvons éxel ovvtedeotés mov ebaptdvtar pntd amd tov xpdvo, dnAadn bev ma-
pdyetar ano pta avtdvoun ovoyaotikri dapopikn e€lowon).

H evlela ekiowon Fokker-Planck-Kolmogorov elvar tng popens

) 1~ &
8t (S T; t y - 5 Z 8y] z] t y)p(sa-'[;tay))

n

Zai p(s,;t,y)) =0

kat n avdotpogn e&lowon Fokker-Planck-Kolmogorov elvair tng popens

0> 0
-+- Za”sxawa%+;nb sxa p(s,z;t,y) =0

3,j=1

O rivakas a opiletar ws a = ool 1j pe poppn cnoTwody a;j = Zi:l OikOkj-

H \don tng evletag ekiowong pag divel tny tukvétnta petdfaons oav ovvdptnon
twr evéwr petapAntdv t,y kar n Avon wng avdotpogns pag Olver Tny mukvo-
nta pevdfaons oav ouvdptnon twy avdotpopwy petafAntdy s,x. H Avon g
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evlelag eklowons elvar xpnHowun yua tov VTOAOVOUO Héowy TIUDY TNS HOPPTIS
E[F(X;) | Fs] Bdoet vov timov

EF(X)) | Fi] = / p(s, %31, y)F(y)dy.

n

Térowo tinot elvar 1braitepa xpnoyuor otny arotiunon napaydywy oupufolaiomy.

Mcéocog ypobvog e€630L and Eva ywelo

Ac epopudooLUE THPA TNV AVUTAEAoTIoT, TN AUong Tou EAAELTTIX0U TEOBARU-
to¢ Dirichlet oty nepintwon 6mov ¢(z) = 0, ¢ = 0 xon f = —1. Eyouvue 6t
oo Tou TpoBAfuaTOC

Au= -1 z€Q
u(z) =0 z €N

umopel vo avarapactadel we u(z) = E[rg] (BA. dedpnua 5.6.5). H tehevtala
Exgppaon ounc dev elvar tinote dAlo and tov pé€oo ypdvo e£680L amd To YwEl-
o © e daduxactog Sdyuone mou Exel we YEVVATOpa TEAEGTH Tov TEheoTy| A.
Yy HovoddoTatn TERITTRon 0 UECog Xpdvog €0d0U UTOPEl Vo UTOAOYLOTEL
AVaALTLXE.

HMoedderypa 5.6.11 Ia tnr povodidotatn kivnon Brown mov &exivdel and to
onueio x € [a, b] vrodoyiote tov puéoo xpdvo e£édov and to didotnua [a, b].

O yevvitopag teleatris tng povodidotatng kivnons Brown elvar 0 A = %j—;.
O péoog xpdvog e€édov and to didotnua [a,b] diverar ané tnv Avon tov mpoPANR-
JaTog oUYopIaKdy THOY

1 d?
T(a) =0,
T(b) =0

énov pe T(x) ovuPorilovue tov péoo xpéro e£6bov and to Sidotnua [a,b] de-
douévou ou Eexwvnjoaue ané to onuelo x. To mpdPAnua avté umopel va Avdel
avalvukd. H Adon elvar

T(z)=(z—a)(b—x).

Movosidotaty nepintwon x € (a,b): IIvdavétnta €€63ov and to b

Ac egapuboouvue v avanopdotaon tne Aong tou mpoBAfuatog Dirichlet yio
@(z) térow0 dote Pp(a) = 0 xou ¢(b) =1, ¢ = 0 xou f = 0. H Aoon tou TpoPAf-
watog Dirichlet
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dtveton amd v avanopdotaon u(z) = E[p(X;)] (BN. dedpnua 5.6.5). Anbd v
enihoyh e @ gaiveton xadopd 6t u(x) = P{X; = b}, dnhadn n mudavdinra éva
owuatido mou Eexivnoe oto & @Tdvel oto onuelo b plv va gTdoel oto onuelo
a. H mboavétnra auth unopel va unohoyioTel Ue exneqpaciuévo Tpono emAboviag
™y ouvHdn dtapopu e&lowon Tou ddUNxE TapAUTdVW.

IMTopdderypa 5.6.12 Ocwpelote tnr povodidotatn kivnon Brown oto didon-
Ha [a,b] n onola &ekvder and to onuelo x. Bpetre tny mbavétnta ¥ (x) n mpdn
€Eodog and to Brdotnua [a,b] va elvar and to onpueio b.

Ylupwva e du eitape tapandveo n mbavdtnta aver elvar Avon tov mpoPARuatog
ovvoplakay ovrinKdy

1 d?

a2 (") =0

P(a) =0, P(b) =1
H Adon tov mpoPAnpatog avtot elvai

rT—a

b) = 1.
To anotédeoua avtd elyape mdper pe SAPOPETIKG TPOTO XPNOLUOTOLDHYTAS THY
Uewpla twv martingale.

Méon Tir] eXVETIXOY CLUVAETACEWY TOL XPOVOL TEWING EEO630L

Ac mdpoupe A > 0 éva nparypotind oprdud. Ilde unopolue vo utohoyicouue tny
uéon TR E[e™7] 6mou T elvan o ypévoc Tpmtng e£680u anb to ywelo Q;

FEow ¢ =1, f = 0xw ¢ = =X Toéte n avanapdotacn g Abong tou
eMemtixol TpoBAfUaTOC

Au—Au =0 z €
u=1 x € 00

wac dtver 6t u(z) = Ele™] = [[F e Mp,(t)dt 6mou p(t) etvon 1 muxvéThTA
mdavétntoe e Tuyalac petoAntic T = min{t : X7 € 00} (Bh. Vedpnua
5.6.5). Mropolue vo avaryvwploouue Ty u(z) oav tov yetooynuotioud Laplace
authc TNE TuxvoTNToG THAVOTNTOC.

ITopddevypa 5.6.13 Ia tnr povodidotatn kivnon Brown nov Eexwvde oto on-
peto x € [a,b] Bpelre tov peraoynuatiopd Laplace tov mpddtov xpdrov e€ddou
Ty ,0,p am6 to StdoTnua [a,b].

Ag oupBolivovpe pe u(z; \) ty moodtnra aved, nAadn u(z; \) = Ele el
Ylupwva ue ta tapardrvo n toodtnta avty AVvel To TpdfANHa ovvoplakdy TV
——— —Au=0 x € [a,b]

x
u(a; ) =1 e Ry
u(b;A) =1 Ae Ry
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H yenxn Adon tng bagopiknis efiowons elvar

u(z; \) = Oy exp(V2Az) + Cy exp(—V2)\x)

énov C1, Cy elvar otalepés mov kabopilovtar and tg ovvoplakés ovvinkes. Metd
and Aiyn dAyefpa Ppiokoupe ot

e*\/ﬁb _ e*\/ﬁa e*\/Zi)\b _ e*\/ﬁa
C, = =2
eV2ag=VIAb _ oV2Abe—v2Aa sinh(v2A(a — b))
e\/ﬁb _ e\/ﬁa e\/ﬁb _ e\/ﬁa
Cy, = =2

eV2hag=V2Ab _ ¢V2Abe—V2Aa sinh(v2A(a — b))

H napardve ékppaon Aownor diver tov petaoynuatiopndéd Laplace tov mpddtov xpo-
vou €£6oov tng kivnong Brown mov &exivnoe and to onuelo x ané to didotna
[a,b]. Avtiotpoer] Ttouv petaoynuatiopot Laplace umopel va pag ddoe tny kata-
VOUN TOU TPWTOU Xpovou €£6dou.

Evdapépor napovoidle n nepintwon z = 0 kat a — —oo. H epappoyri tov timov
yia g tiués avtés da pag déoer tov petaoynuatioud Laplace tov mpdTov xpd-
vou €£66ov g kivnons Brown mov Eexivnoe and to 0 and to Sidotnua (—oo, b)
i aAlds Tov petaoynuatiopd Laplace tov mpddtov xpdvou mov n tumikn kivnon
Brouwn yturder to onuelo x = b. Mmopolue va doljie dtt ato dpio a — —oo,

01 — eimb, CQ -0

e‘ka] =e

Yuvends, E| V2X oy puoikd ouutitTel e To amoTédeopa Tov elyape
Bpet oo Iapdderypa 3.3.2 xpnotporoidrtag dtagopetikés pedioous.

IIvdavétnTa va elvar 0 ypovog e£630L eyaAlTEROG ToL ¢

Ou epyaotolye tpa Ue TNV avanopdotaon Feynman-Kac e Abong tou napo-
Bohxot mpoPiiuartog (BA. Vedpnuo 5.6.6). Ac Yéocouvue g =0, f =1, ¢ = 0.
Téte 1 Moo Tou mpoAfuatog
2—1; = Au, z€Q
u(0,2) =1,
u(t,z) =0, = € 0N

diveton amd v avanapdotaon u(t,z) = E[l,,=] = P{r > t}. H \on ¢
drapopuxric e€iowong hotndv Vo pag dcdaet Ty miavdTnta 0 TewTog Yedvog e£6d0u
amo 1o ywelo Q, T, va elvon peyahitepog tou t. IpoBAfuata tétolou Tonou elvar
Wattepa yprotua oo avokoylotixd Yadnuatixd.

IMogdderypa 5.6.14 Ocwpeiote tny povodidotatn kivnon Brown mov &exwvder
oto onuelo x. Bpeite tny mOavétnza o ypdrog e€édov and to didotnua [a,b] va
elvar peyalitepos and t.
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Ag oupforioovue pe p(t,z) v mbavétnta avty. H ovvdptnon p(t,z) elvar
n Adon g dapopikng elowons

0 1 02
Ep(tv T) = iﬁp(t,l‘)

e apxikn ouvrinkn

ka1 ovvoplakt) ouvnkn

p(t,a) =0, p(t,b) =0.
To npdéPAnua avté elvar pia drapopikny e€lowon pe puepikéS Tapaydyous, n Avon
TS omolag umopel va yiver pe didpopes pedédovs dnws m.x. n pédodog tov yw-
popoV petafAntdv i n pébodog twy eikérwv. Aev Ja encktalolue atov tpdno
Adong aldd Oa ddooupe tny tehixn éxppaon n onola elva

b
u(t,z) = /pa,b(x,t;y,O)dy

1 & (z +2nd —y)?
) = T o (L)
2mt  — 2t
2b — 2nd 2
_ eXp(_( m+2tn +y))}

orovd = b—a. HAVon avtrj éxer Ppedel pe tny Poriea tng petédov twr etkdvwv.
IoodUvaun popery tng Adons pmopel va Ppedel pe tnr xprion wng pedéoov tov
XWPoHoU Ty petaPAnTdy ondte n Avon Ja elvar ekppaouérvn ue tmy juopen
utas oapds Fourier.H 10060vaun avy éxppaon elvai

b
u(t,z) = /pa,b(w,t;y,O)dy

O 6Y0 avtés avamapactdoeg elvar wodlvapes. Ytny pia mepintwon n Avon
ya v mbavdtnta o xpdros e£ddov va elvar peyaditepos tov t Ja Solel oav
ula drepn oepa and ovvaptioas opdAuactos, €vd awny devtepn oav pia oepd
Fourier.

pa,b(l': t; Y, 0)

5.6.6 "AN\o TROBAUATA CUVOELAXGY TLULMV.

Kou 1o dhhar mpoBARuata ouvopLaOX@Y TGV UTOpolY va. €youv xdmota mudovo-
Yewpnunr| epunvelo. H mdoavodewpnuxr epunvelo towv dhhwy tpoBAnudteny cu-
vopLaxwy TioOY amattel Ty yeron mo mepimhoxwy doydoewy and autés mou
yenowonototvton yior Ty Werétn tou mpoBAfuatog Dirichlet. Qo opxectoldue
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edd va tapodécovue uepnés Baounés Wéeg. [ mepiocdtepeg hentouépeleg na-
paméunouue .. oto [10].

Ac unodéoouue twg evdlagepdpacte Yo TNy Aoom Tou axdhovdou TeoBARU-
to¢ Neumann.

ou

% Au—cu, x €
u(z,0) = f(x), (5.40)

(Vu,v(z)) = Mz)u = h(z), = € ON.

Téte, xow autod elvon Pavepd StonoINTixd, UTOPOVUE Vo TERUUEVOUUE OTL Ypetald-
poote ulo dtaduxacto Sudyuong mouv oyetiletar ue tov teAecth A, ohA& ool 1
ouvoptox} cuvirin oyetileton Ue Tov TEoadloploud xdmolag porc, 1 Sidyuor Tou
Yo ypnorponotiooupe Yo mpénet vo elvon (UEPLXADC) avaxA®UEYN GTO GUYOPO TOU
ywelou mou pog evdagépet xatd Ty dteviuvon y(z) (v elvon éva davuouatind
nedio).

H nopondve dtonodntue avtiyetdmion tou Yéuatoc unopel va ylver mo av-
otneh we e€hc: H dtaduacio Sidyuong mou pog evdiagéper unopet vo Sodel and
v Ao g oToyaoTixhs daopuxrs e&lowaong

dXy = o(X{)dBy + b(X{)dt + Loo (X )y (X{)dEE,
Xg=xz, & =0

omou 1laq elvan 1 SelxtpLa cuvdpTnom Tou GLVGEOUL Tou Ywelou ) xou &F elvon ula
un-pdivovoo Sradixacio mou auidver povo btav t € A = {t : XF € 9Q}. Me
dhhor AoyLa, Tor cwuartidiar Stayéovton ywels xoulo tapéuBact ewe dTou YTAcoLY
0T0 GUVOPO TOU YweloL 6ToU 1) oToYUCTLXY dadixaalor L1 To oVOXAS Xt TNV
dtetuvon tou Sravuouatixol tediov y(z). H anddelln e vnaping piog tétotag
Sraduastoc Sidyvong elvon un tetpruévo Véua, XaL TUPATEUTOVUE GTNY GYETLXN
BBhoypapia. Edd Yo axoroudicouue tnv toxtix tne oxpldoc xon Yo Yewpricou-
e dedouévn v Unopén ulag tétolag dtaduxaotog Sudyuong xou Yo napatécouue
(ywplc andédeln) 1o nopaxdte Yedpnuos:

Ochpnua 5.6.10 Mia Avon tov mpopAijuacos (5.40) mov etvar CH2 éya Ty
avarnapdotaon

) = Blsepen{- [ exnas- [} -

E Vot h(XZ)exp {/0 o(X3)ds — /0 A(XT)dey } dff}

Me tov 6po C*+2 gvvoolue 6L n Ao éyeL ouveyets xon pparyiuéves delTepeg Topa
Y@OYOUS OTIC YWELXES UETOBANTES X0 GUVEYELC XOL PPAYEVES TIPWTES TOPAYWYOUSG
oTOV YEOVvo.

Mapduoteg avanopactdoelg unopet vo §odolv xon yior ENAELTTIXG TROBAALOTA.
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5.7 Amnodeil&elg twv Jewpnudtny

5.7.1 Xwpotv Banach xot 1o dewpnua otadepol onueiov

Opwopog 5.7.1 Evag xydpos Banach elvar évag mAipng petpikds xdpos pe vop-
Ha.

Treviuuilouue tnv évvola tng mhnedtntoc: ‘Evag ydpoc X ovoudletar mAh-
enc av xde oxoroudia Cauchy u, cuyxhiver oe éva ctoyelo u Yyl o omolo
woyveru € X.

I toug yodpoug Banach woytel to Yedpnua otadepol onueiov.

Ocdpnua 5.7.1 (To Yedpnua otadepod onueiov) Eotw X évag xdpos
Banach xat || . ||x pla vépua o€ avtéy. Eotw pla arexérion T : X — X ya
v onoia wyve || Tuy — Tus ||x<|| w1 — us ||x. Tdre vndpyer u € X térow
oote Tu = u.

Trdpyouv Tohkég mapahhayég oto Baoixd autd Yedpnua otodepol onueiou.
Ta Yewpriuata otadepot onuelov nodfouv TOAD oNUavTiNG EORo oTa UodnuorTixd,
xa dTepal 0TI DLoPopxés EELOWOELS, ELTE OTOYOOTIXES EITE VIETEPULVIOTLXES.

5.7.2 Andédetgn tng Lduotntag Markov yia tug Aboelg oTo-
YAOTLXDY SLAPOPLADY EELOWOEWY

Oo anodelloupe 010 TapdpTnUa autd TV WoTTa Markov yio e Moelc otoya-
oGV Sagopxdv elowoewy (Yewpnuoa 5.4.2 )
Tt v BLeuxdALVOT TWY VALY VWO TGV TOPAIETOVUE TO Vedpnu

Ochpnua 5.4.2(H duétnta Markov ) ‘Eotw X n Aon e otoyootxic
drapopunic elowong

d)(t = b(t, Xt)dt + O'(t7 Xt)dBt

6mou oL cLVTEAECTES TANPEOVY Tic ouviixeg Lipschitz xou v cuvifnn yeouuurc
avgnong. Tote n Xy elvon plo Stodixacio Markov ue nudavétnro uetdBaong nou
optleTon and tnv oyéon

p(s,z;t, A) = P(X*) € A)

6mou Xt(s’w) elvaw 1 Aoon g otoyootixic dapoptnnc e&lowong

t t
Xt‘““:H/ b(r,XﬁS*””))der/ o(r, X*"))dB, (5.41)

(s,x) L ot ’ z ’ .
vy s <t. H X7 ovowaotixd elvar i oo tng apyni otoyaotixhc e€lowong
ME apyth T & TNV Ypovixh| oTiyur] s 1§ oAl Yo Xy = .
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Anéde&n: Eow Gy = 0(B, — By : 1 > s) 1 o-dhyefpa mou mapdyeton amd
g petaBoréc e xivnong Brown uetald twv Ypovixwy oTiydodv s xou r. Adyw
e avelaptnolog twy petoBoldy e xivnone Brown n o-dhyeBpa awth elvon o-
ve€dptntn e o-8AyeBpas Fs = o(Br,r < s). Anb tov opoubd tne uéow g
eglowong (5.41) n Xt(s’z) Yo elvon G-petpriowun ouvenag Yo eltvon ave&dptnon g
Fs. H Xy 6uwe Yo ixavorotel tny otoyactixy Swagopixt| e&lowon

¢ t
thXs—{—/ b(r,X,)dr—}—/ o(r,X,)dB,

(dnAad”h v apyxn otoyaoTixd dtagopixl) e€lowon alhd Ue apyh Tl TV X
GTay Gy APy Ypovixh oty Takpyouue TV xpovx otiyh s). H eglowon
auth elvon 7 (St ue Ty (5.41) GUVETHE AOY® TNG LOVABLXOTNTAS TV AOGEWY TwV
CTOYACTIXWY DUPOPLXWY EELCWOEMY UTOPOVUUE VoL XATOAAEOVUE 6Tt Xy = Xt(s’XS)
v s < t.

Ac Vewphoouue thpo A € B(RY) xon o Véoouue h(z,w) = 1,(X ).
Eyouue 61

P(Xy € A| F) = E[14(Xy) | o] = E[1a(X*™)) | 7]

o) ; ) , (8,X5) , L
o ypnowonoticovue twea Ty aveaptnota g X; , 8 < tamd v Fy é-
TOL WOTE VO UTOPECOVUE VoL UTOAOYICOUUE TNV UTG cUVDXT UECT TWY) G TTEOG
v o-dhyeBpa auth. Ilo cuyxexpuuévo Yo ¥eNoUUOTOACOVUE TO AMOTEAESHUA
ot av h(z,w) elvon pio gpayuévn uetphiown tuyola cuvdptnon Tou © 1 onolo
elvon ave€diptnTn g o-dhyelpa Fy xou av ¢ elvon uia tuyaio uetaBAnth n o-
nolo elvon yetpowun we mpde v o-ayePea Fs téte E[h((,w) | Fs] = H(()
6mou H(z) := E[h(z,w)]. H anddel&n tou woyvplopol autold tov ydhhov ebvor
dronadnTind avauevouevog topatideton oav éva EeYwplotd AU oTNY CUVEYELA.
Katahfyouue Aowndv oto 6t

PO € A|F) = BLAX) [ Al= B
= p(S,QE;t,A)u:XS :p(Ssz;t,A)
Auté ohoxhnpwver Ty anddeln tou Yewpruatoc. O

Adppa 5.7.1 Eotw h(z,w) pla gpaypévn petpiowun tuyaia ovvdptnon tov
n omoia eivar aveEdptnTn g o-dAyefpas Fs. ‘Eotw ( pla Fy-petprioiun tuyaia
pnetaPAney. Tére,

E[h(C,w) | Fs] = H(C)
érov H(z) = E[h(z,w)].

Anédein: Ac Jewprioovue 6t n h(z,w) elvon pla amhf cuvaptnon g LopYHS

k
h(z,w) = Z ui (2)v;(w)
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60U ;) Elvorl VIETEPULVIGTIXES CLUVOPTAHTELS TOU & Xou ot v;(w) elvon Tuyaleg ue-
ToBantéc aveldptnes e Fs. Mnopolue Aotndy va unohoyiooupe tny cuvdptnon
H(z) n onola xon Yo ndiper v woppn

k
H(z) = Zuz'(w)E[vi(w)]

T x&de clvoro A € Fs woylet
k
Eh((w)la] = E[Z ui(Qui(w)1a] = Y Blui(¢)LalE[vi ()]

e
= E[Z ui(Q)Evi(w)]1a] = E[H({)14]

Yuvendg, 1 oyéon mou Yéhovue vo anodelfouue oylel yior b ol onoleg elvon
amhég ouvapthoelc. ‘Ouwe, xdde pporyuévn, uetpriowun tuyaia cuvdptnon h(z,w)
umnopet va tpooeyylotel and ulo axoloudio Tuyalwy cuvaETACEY AMAAC UoPQTC.
Iodpvovtog 10 6pto Twv axohoudidy aUTOY Xt YeNoLuLoToLdvTag To Jewpruata
g oUYXAoNG XatoAfyovue ato {nroduevo. O

5.7.3 Anoédelln tng Loyveng LoLotTag Markov yia tig Ad-
OELG TWY CTOYACTLXWY SLoPopLX®Y EELOWOEWY

Ou anodetZouue v woyveh WOt Markov yior 1t MNIGELS TWY GTOYACTIXWY
drapopxddv e€lomaoewy, dnAady) to Vewpnua 5.4.3. T'a tnv dteuxdiuvon twy ava-
YVOOTOV TopardéTouue Eavd TNV EXPOVNOT TOU VEWEHLATOS.

Oevpnua 5.4.3( H woyveh tduotnta Markov) ‘Eotw X, 1 Ao tne otoyo-
otxrg Stapopxhc e&iowong

dXt = b(t, Xt)dt + O'(t, Xt)dBt

Ac Yewproovue 6Tt oL cuvtelectés e eilowong elvan ouotduopga Lipschitz
OUVEYE(C CUVUPTAOELS OL OTOlES LXAVOTOLOVY TS YpouULXES ouvirixes adEnorng
Snhadr .oy oLy oL TapaxdTe oyéoelg

| b(t, @) = b(t,y) P V] o(t,z) —o(ty) PSK |z -y |
[b(t.2) IV | o(t,2) P< K1+ ]2 |)

v xde x,y € RY. Tére, n otoyeotinh Sdicaoto Xy éyel TNV toyuph Lot
Markov.

Anédegn: ‘Eyovtac %01 amodellet v Wiétnta Markov yior tig Aoeic otoya-
OTIXOV DapopxdV eELOOOEWY, Yia va det€ouue v toyupr Widtnta Markov o
npénel va det€ouue enlong xat 6t oL Aboelg xavorotody xou tny Wotnta Feller
%xaddS xon TNV CUVEYELX TV TpoxdV. H cuvéyeia twv TpoyLdy umopel va anodet-
YOel xdvovtag yeriomn Tic WLOTNTEC GUVEYELIC TV GTOYUCTIXDY OAOXANEWHUATWY.
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[epioodtepo evdiagépov mapouotdler 1 anddeln g Wiotntoag tou Feller yio tig
ANOOELS TWV OTOYAOTIXGOVY dtapopxy elowoewy. H andde&n dt n didtna Feller
eCaopariler Ty toyupn Wibtnta Markov elvar mépal twv mhatoiwy Tou TapdvToC.
[ty anédelén tou onuelou avtod napanéunouue .. oto [§]. T va det€oupe
6Tt oL MUoEL TNg atoyaoTic Stagopixic eglowone éyouv tnyv Lot Feller Yo
npeneL vo del€ouue 6TL 1) amedvion

(2,5) = | 0u)p(s, a5 + A dy) := E[B(X 3]
R
efvor ouveyfic Yo x&de pparyuévn ouveyh ouvdptnon ¢ : RY — R xon yia xdde
dedouévo A > 0.
Autd umnopel va Sevydel we e€ric. Eyovue ot

E[p(X5D)] - Elp(X4Y)] = Elp(X5D) — p(x4¥)] =

Ep(X0) — p(X00) 4 o(x(57)) — g(x (0]

Abyw 6UWS TNC CUVEYELXC TV AICEWY TV OTOYACTIXAV SLAPopUdY eELOOCEWDY
€youue OTL
(X)) = o0 = 0, (wy)  (s,2)
(X)) — (X2 2 0, us

H anddelln wwv oyuptou®y aut@y ooy €vo Eexmwplotd AUUe oto TEA0S NG
TOPALY PAPOUL.
Yuvenwg,
Blp(X0 = BBOGL] = 0, (w9) = (5,2)
dpor 1 wéomn T E[qﬁ(Xs(i’f\))] elvon plo cuveyfic cuvdptnon Twy (s,z) Yo xdde
A. 'Etou anodewxvieton n Wiotnta Feller xon and auty| xatahiyovue otny 1oyvet
Wiotnta Markov. O

Oa doovue THRA xot TO AMUUA oV OYET(ETOL UE TNV CUVEXELXL.

Adppa 5.7.2 Ag vrobéooupe 6ti o1 ourTedeoTéS TS 0TOYATTIKNIS OLAPOPLKNS
etiowons b, o etvar opodpoppa Lipschitz ovveyels kar 6t ikavomoolv tny ouv-

Okn ypappuis aténons. Ta kdde (z,s) € RY x Ry ag ovpfolivovye e Xt(s’z)
v Avon tng eklowong
t t
X =g 4 / b(r, X > )dr + / o(r, X**)dB,, t>s

Tére, yra xdle T > 0 ka1 6 > 0 wxyde 6n

Elsup | X7 — X" PI<C(z—ylP+ u—s]), 0<s,u<T,|z|V]|y|<d

u<t<T
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Anoden: Ac Yewpricouue ywpelc BAIBN tne yevxdtnrag 6t s < u. ‘Eyouue
ot

t
Xt(sﬂl) _ Xt(wy) _ Xq(jx,w) —y +/ [b(?", Xﬁs,z)) _ b(T, Xﬁu,y))]dr

t
+ / [o(r, X(*®)) — o (r, X(“¥)]dB,

‘Ouwe, YenoLLoToLOVTAS T CUVITIXES TTOU LXOVOTIOLOVY OL GUVTEAECTES TAlpVOUUE
B[ X% —y P)<2B[| X80 —z P +2| 2 —y )
<Cilu—s|+2|z—yf
Avu<v<T téte

E[sup | XU — X" 121 <30, |[u—s|+6|z—y|?
u<lt<v

+3K(T+t)/ E[sup | X" — X" |dr

u<t<r

And v oyéon auty| unopel vo xatahigouue oto {ntoluevo xdvovtag yenon e
avisétnac tou Gronwall (BA. Afuue 5.7.3). O

Afupa 5.7.3 (Avicotnta tov Gronwall) Eow f(t) pia un apynuxi,
ppayuérn kar petpiowun katd Borel ovvdptnon oto ddotnua [0,T] kav g(t)
pla un apynuikry odoxkAnpdoyun ovvdptnon oto [0,T]. Av wyvea

s <es [ gses, w<i<t,
0
TlTe
t
ft) <cexp </ g(s)ds) , YO<t<T.
0

Anédergn: oty anddeln tou xhaootxol autob AMjupatoc apxel vo Yécovue
z(t) (oo pe 10 ohoxhfpwuo Tou BeElod UEAOUS NS TRMTNG AVIGOTNTAC XoL VoL
YENOUOTOLAGOVIE TOV xavova Tng ahualdog yia va Ppoldue plo aviobdtnta yia to
log(z(t)). O

5.7.4 Andédetgn touv dewpruatog Touv Girsanov
Oa dwoouue thpa TNV anddelln tou Yewphuotog tou Girsanov. I'a euxohio ma-

podétoupe Eavd Y EXQOVNOY TOL VewpUaToS.

Ocdpnua 5.5.2(Girsanov) Ac VewpHoovue Uy = (U1 4, ..., Un,t) Eva SLdvuoua
amd (TETPAYWVIXE ONOXANPMOOLIES) OTOXAOTIXES SLadXaoiE TOU XAVOTIOLOUY TNV
ouvdrixn tou Novikov

1 [T
E[e:z:p(i/ us - usds)] < oo.
0
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Eotww By ulo tumixry xivnon Brown xdtw omd to pétpo P. Ag opicouvue tnyv
otoyaotixt Staduxactia

t 1 t
M = eacp[—/ usdBs — 5/ us - usds], te€[0,T].
0 0

H otoyactind avtr dwadixacio etvar pia martingale xdtw oméd 1o pétpo II.
Ocewpelote THpa T0 LW0OdVVUEO UETpo ThavotnTae Q¥ Tou oplleTtan and To

dQ" w
ap M

Téte 1 otoyaot| dadixacio B mou opiletor ané v oyéon
t
szBt+/ usds, 0<t<T
0

etva plor Tumxer) xtvnon Brown xon ula martingale xdtw anéd to yétpo Q. Em-
Aoy, | BY éyel v W8étnTa avamapdotaong martingale, Snhadh yio x&de Tomxn
Q*-martingale L; undpyel xdnola ¢ 1 omola elvar TETEOY VXS OAOXANEOCLUT XoL
TETOLA WOTE

t
Lt:L0+/ psdBY, t<T
0

Anddegn: I'a vo anodelfovue to Yéwpnua tou Girsanov apxel vor ypnouuo-
notjoouue to Yedpnua tou Levy yia va del€ouue 6t 1 otoyaotnr Stadixaoto
By efvon pla xivnon Brown. Suyxexpuuéva, apxel vo. detfoupe 6t n By xou 1)
L;:= BLtBj,t — 0;;t elvon martingales w¢ mpog to Uétpo Q.

T to Tp®To toyvploud Ya delfouue mpdta 6Tl 1 oToyaoTx? Sodixactio Ky =
M, B, etvor martingale xdtw and 10 uétpo P. O ypnowwonoticovue tov TOTO
Tou Itd yia v Sodixacio K. Ioydel 6t

dK;; = MydB;; + B;ydM; + dB; dM,
Mrnopotue va unohoyloovue ebxola ot

dM, = —M; Y u;,dB;
J

xa 6T
dBi’t = ui,tdt + dBi’t
Avixadiotdvtag oty Ttapandve oyéor Beloxouue 6t

dK,'7t = Mt(de',t + uiytdt — B,’7t Z Uj,tdBj7t — Z ’U,j7t(5ijdt
J J

= Mt(dBi,t - Bi,t Z Uj’tdBj,t)
J



240 KEPANAIO 5. YTOXAXTIKEY AIASOPIKEY EZIY (QYEIY

Yuvendg, 1 otoyaotxf dodixacio Ky unogel vo ypagel cov éva otoyaoTtind
ohoxhfpwua Itd endvw oty otoyaotxtr dodcaocto By 1 onola elvon ular xlvn-
on Brown xdtw and to uétpo P. Amd tic WBtéTnTEC TOou OhoXANp®UaToS Itd
xatohfiyouue 6t 1 Ky elvon plo o poptivyohe xdtw and to yétpo P. Ou yenot-
UOTIOLAGOUIE TWEA TOV TUTO YLl TOV UTOAOYLOUOS TwV LUTG SLVITXT UECWY TLUWOVY
%x3Tw and to xawvolpyto uéteo. ‘Eyouue 6T

Ep[MyBiyy | Fs] _ Ep[Kix | Fs] _ Kis

E B s| — = =
ol |51 = =g g 7] M, 1,

= Bi,s

%ot ouvende 1 By elvor uia martingale xdtw anéd to wétpo Q. TNy TopOmAVe
Yenowonotiooue o yeyovog 6t | Ky xan 1 M elvor martingales xdtw anéd o
uétpo Q.

T tov Seltepo woyuptoud da anodelfouye &1L 1 otoyootd duadaola K, =
M;(B; ¢ Bj; —6;jt) etvor martingale x8tw amé to puétpo P. Oa ypnowonotficouue
Tov tno tou Ité yia v cuvdptnon f(z,y, z,t) = z(xzy — 0;;t) 6mov T = B4,

y = Bj; xou z = My. Metd and Myn dhyeBpo xatahiyovue 6to ot

dK; = —5ithdt + MtBj7tdBi,t + MtBi7tdB it +
(BiyBju — 0ijt)dM; + MydB; dBj; +
Bj,thtdBi,t + Bi’thtdBj’t

Avtxohiotdvtag xan UETd amd TpdEels xatahiyouue Ot

dK, = —My(B; B, — &;;t) > uy ,dB; = -K, > uy ,dB;
i 7

H oroyaotu Sduacto K, umopel howtdv va exppactel ooy éva ohoXAfpwuUol
It6 emdver oty Swadiastia By 1 ontota etvan ular xtvnon Brown wg mpog to yétpo
P. XpnowonoloVue T¢hpa ToV TUTO YLol TOV UTOAOYLoUS TNE utd cuvifxng uéorng
TWAC WS PO To UETpo ()
Ep[ML,|F] EplK, |F) K,
Ep[M; | Fi) M M,

EQ[Lt|-7:S]: =L
xar oLVEn®G N Ly elvon ulor martingale xdtw and to uétpo Q. Xtnv napandve
Yernowonotiooe To Yeyovoe ot n Ky xan n M elvon martingales xdtw and o
wéteo Q.

Avuté xat ohoxinp@vel Ty anddetén. O

5.8 Boaouxég Légeg Tou xEQAAALOL

Y10 xepdhowo autd TapousLdoaue UEpES Paoxés WEEC OYETIXA UE TIC OTO-
YooTxEC Slapopixé eElowoels, TNy Unopdn xat Ti¢ WLoTNTes v ADCE®Y TOug
xaw oxworypapioode Tig TIAVES TOUG EQUPHOYES GTaL yenuatoowxovouxd. Eva
and ta Baowodtepa onueia Tou xepaiaiov awtol elvon 1 cUVOEST) TwV TAVOVY
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U1 YEUUULXDY GTOYAOTIXWY SOPOpLX@Y EELONCEWY [E VIETEQULOTIXES YR
%EC SLapopné EELOMOELS UE UEPXES TOPAYDYOUS UECK TNCUVATUPAOTAONSG TWV
Feynman-Kac.

Enuovtind onuelo mou meénel vor Yuuduacte

e Ou Mooeg TwY oToYAoTGY Slagopdy elo@oewy elvar diodixacies Ito

o Tic cuviixeg xdtw and Tic onoleg €youue Unapén xaw LoVaSXGTNTA AUGEWY
YLO OTOYAOTIUES SLaPOPLXEC EELODOELS

Trv didixpron LETAE) LoYUEGY XL ACVEVHY ANIGEWY

Ou MoeLg TwV GTOYAGTIXGY SLapopdv EELOGGEWY Exouy TNy Wtotnta Markov
xaw Ty woyveh Wiotnta Markov xdte and opiouéveg cuviixeg

To Yewdpnuo tou Girsanov oyetxd ue v ohhayt| toydtntog oe ula oTo-
yootx dtaopxh elowon.

& oppovo Ue 10 Vempnuo auTd UTOPOVUUE Vo UeToTpégouue uio dtadt-
xaoto It oe martingale av v ‘xottd€ovue’ xdtw amd o xaTdAANho UETEO
ndavétnroc.

& To Yedpnua Girsanov o TopéyEL €Vol TPOTO XAUTUOXEUAS TOU Ué-
TEOL aWTOV

& To Yedpnuo tou Girsanov elvon éva and ta o amapaltnTor pordnuo-
TS ATOTEAECUATA OTNY YENUATOOXOVOULXT

e Me xde draduxaoto Itd unopolue va cuoyeticouue éva Slapopixd TEAEGTH
HE pepég Tapaydyous deltepne T8éne o omolog ovoudleTal 0 YEVVATOPOC
teheotrc e dadixaotog.

e Me v yphon tou Yevvrtopa TEAECTH UTPOVUE Vo GUVBECOLUE TS OTO-
YOOTXES DLapopinéc EELOMOELS UE TS YPUUULXES Dlapoptxés EELOMOTELS UE
HEELES TOPOLY (Y OUS

& H avanopdotaon Feynman-Kac pog enttpénet vor ypddouue tny Ao-
oY) VIETEPUIVIOTIXGY DOPOPLXWY EELOWOEWY UE UEPXES TUPAUYYOUS GOV
Y UEOT TULH XATIAANAC ETMAEYUEVGDY GUVAPTNCOELSRDY ENAVR GTIG TEOYLES
xatdhhnha emAeyuévey Stadixactdv Itd

& Me v yerion e avanapdotaons aUTAS UTOPOUIE Vo TEPOUUE EV-
drapépovta amoteréouarta yia Tig WdotnTeg dradaotdy Itd onwe m.y. ypo-
voug €£680u amd mepLoyés 1 Ty TuxvdTTa METBoong

& H avanapdotaon auth Beloxel eupela yprhion otnv yenuotootxovout-
. ‘Eva yopaxtnpiotxd nopdderyua elvon 1 e&lowon Black-Scholes yia tny
anotiunon nopay®ywy cuuBoralwy
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