ËÕÓÅÉÓ ÃÉÁ ÔÁ ÐÑÏÂËÇÌÁÔÁ 6

Ëýóç 1

1. X = f(0) ⊆ ∪Rg(f) = ∪{f(n)|n ∈ !}

(äéüôé, ãåíéêÜ, áí a ∈ A ôüôå a ⊆ ∪A)

2. Åóôù a ∈ b êáé b ∈ ∪Rg(f). Ôüôå, åðåéäÞ b ∈ f(n) ãéá êÜðïéï n ∈ !, èá Ýœïõìå a ∈ ∪f(n) ⊆ f(n + 1) ⊆ ∪Rg(f). Áñá a ∈ ∪Rg(f).

ÔåëéêÜ ãéá ôï åðüìåíï, èá äåSSîïõìå üôé ãéá üëá ôá n ∈ !, f(n) ⊆ y Üñá èá Ýœïõìå ôåëéêÜ üôé ∪Rg(f) ⊆ y.

ÕðïèÝôïõìå, ãéá áðáãùãÞ óå Üôïðï, üôé f(n) ⊈ y ãéá êÜðïéï n ∈ ! êáé Ýóôù n_0 ôï åëÜœéóôï ôÝôïéï n.

Áí n_0 = 0 ôüôå X ⊈ y (Üôïðï) Üñá n_0 = s^′ ãéá êÜðïéï s ∈ ! êáé f(s) ⊆ y. Ôüôå

a ∈ ∪f(s) → a ∈ b ãéá êÜðïéï b ∈ f(s) → a ∈ b; b ∈ y → a ∈ y

Áñá ∪f(s) ⊆ y, Üñá f(n_0) = f(s) ∪ ⋃ f(s) ⊆ y (Üôïðï).

Ëýóç 2 ŒñçóéìïðïéåSSóôå ôéò éäÝåò ôïõ ÐñïâëÞìáôïò 1 ãéá íá êáôáóêåõÜóåôå f ìå domain ! ôÝôïéï þóôå f(0) = a f(n^′) = f(n) ∪ (f(n) × f(n)) ãéá n ∈ !

êáé èÝóôå A = ∪Rg(f). ÁðëÞ åðáãùãÞ óôï m äåSSœíåé üôé n ≤ m → f(n) ⊆ f(m). Ôþñá åSSíáé åýêïëï íá åðéâåâáéþóåôå ôá 1. êáé 2. Ôï 3. Ýðåôáé áöïý äåSSîåôå üôé f(n) ⊆ A^′ ∀n ∈ !.

Ëýóç 3 Åóôù + äåí åSSíáé áíôéìåôáèåôéêÞ êáé Ýóôù ⟨n; m⟩ åSSíáé ôï ¡-åëÜœéóôï óôïéœåSSï ôïõ !^2 Ýôóé þóôå n + m ≠ m + n. ÐáSSñíïõìå áíôSSöáóç äïõëåýïíôáò ìå ðåñéðôþóåéò:

1. n = m = 0. Ôüôå n + m = 0 = m + n.

2. m = 0; n ≠ 0 Ýóôù n = s^′. Ôüôå

m + n = 0 + s^′ = (0 + s)^′ = (s + 0)^′ (åðåéäÞ ⟨s; 0⟩ ¡ ⟨s^′; 0⟩ = ⟨n; m⟩) = s^′ = n = n + m

3. n; m ≠ 0, Ýóôù n = s^′; m = t^′. Ôüôå

n + m = s^′ + t^′ = (s^′ + t)^′ = (t + s^′)^′ åðåéäÞ ⟨s^′; t⟩ ¡ ⟨n; m⟩ = (t + s)^{′′} = (s + t)^{′′} åðåéäÞ ⟨s; t⟩ ¡ ⟨n; m⟩ = (s + t^′)^′ = (t^′ + s)^′ åðåéäÞ ⟨s; t^′⟩ ¡ ⟨n; m⟩ = t^′ + s^′ = m + n

Ëýóç 4 1. ff ⊎ 0 = ff × {0} êáé ó’áõôÞ ôçí ðåñSSðôùóç ãéá fl; ffi ∈ ff

⟨fl; 0⟩R⟨ffi; 0⟩ ↔ fl ∈ ffi

Áñá ç óõíÜñôçóç f : ff → ff ⊎ 0 ðïõ ïñSSæåôáé ìå f(fl) = ⟨fl; 0⟩ åSSíáé 1-1 êáé åðSS êáé f : ⟨ff; ∈⟩ ∼= ⟨ff ⊎ 0; R⟩ ÄçëáäÞ ff ⊎ 0 = ff.

2. Åóôù g : ⟨ff ˙+fi; ∈⟩ ∼= ⟨ff ⊎ fi; R⟩ üðïõ R åSSíáé ç êáëÞ äéÜôáîç ôïõ ff ⊎ fi êáé Ýóôù R^′ åSSíáé ç áíôSSóôïéœç äéÜôáîç ôïõ ff ⊎ fi^′.

Ôüôå R^′ = R ∪ {⟨œ; ⟨fi; 1⟩⟩|œ ∈ ff ⊎ fi} êáé h : ⟨(ff ˙+fi)^′; ∈⟩ ∼= ⟨ff ⊎ fi^′; R^′⟩ üðïõ h ↾ ff ˙+fi = g êáé h(ff ˙+fi) = ⟨fi; 1⟩. Áñá ff ˙+fi^′ = (ff ˙+fi)^′. 3. 1 ⊎ ! = {⟨1; 0⟩} ∪ {⟨n; 1⟩|n ∈ !} ÅSSíáé åýêïëï íá äïýìå üôé h : ⟨!; ∈⟩ ∼= ⟨1 ⊎ !; R⟩ üðïõ h(0) = ⟨1; 0⟩ h(n^′) = ⟨n; 1⟩; n ∈ !

Áñá 1 ˙+! = !. Áðü ôá ðñïçãïýìåíá ! ˙+1 = ! ˙+0^′ = (! ˙+0)^′ = !^′ ≠ !.