Problămata 2 ` LÔseic

1. H lÔsh stic dialèxeic. EnallaktikĹ, h sunĹrthsh f : (a; b) → (−^ß_2 ;^ß_2 ) me f(x) =^ß_{b−a} x−^ß_2^{b+a}_{b−a} eÐnai 1-1 kai epÐ, me antÐstrofh f^{−1}(y) =^{b−a}_ß y +^{b+a}_2 ; to Ðdio isqÔei gia th sunĹrthsh g : (−^ß_2 ;^ß_2 ) → R me g(x) = tan(x). ’Allh lÔsh prokÔptei jewrÿntac tic sunartăseic f : (a; b) → (0; 1) me f(x) =^{x−a}_{b−a} kai g : (0; 1) → R me g(x) =^{2x−1}_{x(1−x)} .

2. MÐa lÔsh mporeÐ na basisteÐ sto lămma pou prohgeÐtai thc apìdeixhc tou porÐsmatoc Tr = 2^{ℵ0} twn dialèxewn. P.q. gia na apodeÐxoume ìti [a; b) = (a; b) paÐrnoume èna arijmăsimo uposÔnolo tou (a; b), p.q. k_n = a +^{b−a}_{n+2} ; n = 0; 1; 2; : : : . ’Estw tÿra f mÐa 1-1 antistoiqÐa metaxÔ toÔ [a; b) \ {a; k_0; k_1 : : :}, dhl. tou (a; b) \ {k_0; k_1 : : : ; k_n; : : :}, kai tou (a; b) \ {k_0; k_1 : : : ; k_n; : : :}. En prokeimènw, h f mporeÐ na eÐnai h tautotikă, dhl. f(x) = x. JewroÔme th sunĹrthsh g : [a; b) → (a; b) me

g(a) = k_0 g(k_n) = k_{n+1} g(x) = f(x) an x ≠ a; k_0; k_1; : : : ; k_n; : : :

H g eÐnai 1-1 kai epÐ.

Parìmoia mporoÔme na doulèyoume sthn perÐptwsh twn p.q. [a; b] kai R .

3. R^n = R × · · · × R n = 2^{ℵ0} · · · 2^{ℵ0} = 2^{ℵ0+···+ℵ0} = 2^{ℵ0} = P(N ).

4. (Bl. nìmo (viii) plhjikăc arijmhtikăc.) Ja orÐsoume mÐa 1-1, epÐ antistoiqÐa F : ((A × B) → C) → (A → (B → C)). EĹn f ∈ ((A × B) → C), orÐzoume to F (f) : A → (B → C) jètontac F (f)(a) : B → C na eÐnai h sunĹrthsh pou stèlnei to b ∈ B sto F (f)(a)(b) = f(⟨a; b⟩).

H F eÐnai 1-1. Diìti èstw f ≠ g kai f; g : A × B → C. Epeidă f ≠ g upĹrqoun a; b ÿste f(⟨a; b⟩) ≠ g(⟨a; b⟩). SumperaÐnoume ìti F (f) ≠ F (g). Prìc toÔtoic arkeÐ na upĹrqoun a ∈ A kai b ∈ B ÿste F (f)(a)(b) ≠ F (g)(a)(b). AllĹ autì isqÔei diìti oi antÐstoiqec timèc touc f(⟨a; b⟩) kai g(⟨a; b⟩) eÐnai Ĺnisec.

H F eÐnai epÐ. Diìti èstw g ∈ A → (B → C). Tìte orÐzoume f : A×B → C me f(⟨a; b⟩) = g(a)(b). ’Eqoume ìti F (f)(a)(b) = f(⟨a; b⟩) = g(a)(b), Ĺra F (f) = g.

5. Epeidă T_{n+1} = P(T_n) èqoume T_0 ¡ T_1 ¡ T_2 ¡ · · · ¡ T_n ¡ · · · . Pio genikĹ mporoÔme na apodeÐxoume ìti eĹn A_1; A_2; : : : ; A_n; : : : sÔnola ÿste A_1 ¡ A_2 ¡ · · · ¡ A_n ¡ · · · tìte eĹn S = ⋃_∞ n=1 A_n èqoume gia kĹje n; A_n ¡ S. Autì sumbaÐnei epeidă A_n ⊆ S kai gia na apodeÐxoume ìti A_n ¡ S arkeÐ na deÐxoume ìti to sÔnolo S den eÐnai isoplhjikì me kanèna uposÔnolo tou A_n. EĹn to S ătan isodÔnamo me uposÔnolo tou A_n tìte to A_{n+1} wc uposÔnolo tou S ja ătan epÐshc isoplhjikì me kĹpoio uposÔnolo tou A_n, prĹgma pou antifĹskei me thn upìjesh A_n ¡ A_{n+1}.

6. KĹje suneqăc sunĹrthsh f : [0; 1] → [0; 1] prosdiorÐzetai monadikĹ apì ton periorismì thc f sto uposÔnolo Q ∩ [0; 1] ⊆ [0; 1]. Ki’ autì diìti kĹje x ∈ [0; 1] eÐnai ìrio miac akoloujÐac q_1; q_2; : : : ; q_n; : : : rhtÿn pou anăkoun sto [0; 1], dhl. lim_{n→∞} q_n = x Ĺra lìgw sunèqeiac lim_{n→∞} f(q_n) = f(x). Epeidă Q ∩ [0; 1] ≼ Q kai [0; 1] ≼ R , to sÔnolo Σ^′ ìlwn twn sunartăsewn f : Q ∩ [0; 1] → [0; 1] eÐnai Σ^′ ≼^Q R ≼^N R . ’Ara to sÔnolo Σ ìlwn twn suneqÿn sunartăsewn sto [0; 1] me timèc sto R eÐnai

Σ ≼ Σ^′ ≼^N R ∼^N (^N 2) ∼^{N×N} 2 ∼^N 2 ∼ R

Kai epeidă upĹrqoun toulĹqiston R to plăjoc suneqeÐc tètoiec sunartăseic (oi stajerèc sto [0; 1] ∼ R ) èqoume ìti R ≼ Σ ≼ R , Ĺra kai Σ ∼ R .

7. Erÿthsh: Se kĹje aparijmhtì uposÔnolo A ⊆ R pìsec sunartăseic f :

[0; 1] → R antistoiqoÔn ÿste ta shmeÐa asunèqeiac thc f na eÐnai ta shmeÐa tou sunìlou A. Epeidă sta shmeÐa R \ A h sunĹrthsh eÐnai suneqăc, me skeptikì anĹlogo thc prohgoÔmenhc Ĺskhshc mporoÔme na doÔme ìti autèc oi sunartăseic f prosdiorÐzontai epakribÿc apì tic timèc touc sto A kai sta rhtĹ shmeÐa tou [0; 1]. Oi timèc pou mporoÔn na pĹroun sto A ≼ N eÐnai to polÔ^N R dhladă R kai gia kĹje tètoia perÐptwsh, ìpwc sthn prohgoÔmenh Ĺskhsh, R to polÔ periptÿseic sunartăsewn. ’Ara an Σ eÐnai to sÔnolo ìlwn twn dunatÿn periptÿsewn tètoiwn sunartăsewn me uposÔnolo shmeÐwn asuneqeÐac A ≼ N , èqoume Σ ≼ R × R ∼ R dhl. Σ ≼ R . Pìsa tètoia uposÔnola A mporoÔn na upĹrxoun; To polÔ^N R ∼ R . ’Ara, telikĹ, to sÔnolo ìlwn twn suneqÿn sunartăsewn me èna aparijmhtì sÔnolo shmeÐwn asunèqeiac eÐnai to polÔ R × R dhl. telikĹ isoplhjikì me to R .