ÐñïâëÞìáôá 1 { Ëýóåéò

1. x ∈ f[A ∪ B] ⇔ ∃y ∈ A ∪ B (x = f(y)) ⇔ ∃y ∈ A (x = f(y)) Þ ∃y ∈ B (x = f(y)) ⇔ x ∈ f[A] Þ x ∈ f[B] ⇔ x ∈ f[A] ∪ f[B]:

2. (a) Èá äåSSîïõìå üôé x ∈ A∪(B∩C) ⇔ x ∈ (A∪B)∩(A∪C): ÄéáêñSSíïõìå ðåñéðôþóåéò:

x ∈ A : Áìöüôåñá ôá óêÝëç ôÞò éóïäõíáìSSáò áëçèåýïõí. x =∈ A : Ãéá êÜèå óýíïëï S éóœýåé x ∈ A ∪ S ⇔ x ∈ S, ïðüôå

x ∈ A ∪ (B ∩ C) ⇔ x ∈ B ∩ C ⇔ x ∈ B & x ∈ C ⇔ x ∈ A ∪ B & x ∈ A ∪ C ⇔ x ∈ (A ∪ B) ∩ (A ∪ C):

(b) Äïõëåýïõìå ïìïSSùò.

(c) x ∈ A\(A∩B) ⇔ x ∈ A & x =∈ (A∩B) ⇔ x ∈ A & x =∈ B [äéüôé áöïý ôï x ∈ A; åÜí áíÞêå óôï B èá áíÞêå êáé óôï A ∩ B] ⇔ x ∈ A \ B:

3. x ∈ C \ (A ∪ B) ⇔ x ∈ C & x =∈ A ∪ B ⇔ x ∈ C & (x =∈ A & x =∈ B) ⇔ (x ∈ C & x =∈ A) & (x ∈ C & x =∈ B) ⇔ x ∈ C \ A & x ∈ C \ B ⇔ x ∈ (C \ A) ∪ (C \ B):

ÅðSSóçò, åÜí A ôï óõìðëÞñùìá ôïý A ùò ðñïò Ýíá õðåñóýíïëï, ôüôå x ∈ ⋃ i∈I A_i ⇔ x =∈ ⋃ i∈I A_i

⇔ ∀i ∈ I (x =∈ A_i) ⇔ ∀i ∈ I (x ∈ A_i) ⇔ x ∈ ⋂ i∈I A_i:

Ïé õðüëïéðåò äýï óœÝóåéò ôÞò ðñüôáóçò áðïäåéêíýïíôáé ïìïSSùò. 4. (a) x ∈ f[A ∩ B] ⇒ ∃y ∈ A ∩ B (x = f(y)) ⇒ ∃y ∈ A (x = f(y)) & ∃y ∈ B (x = f(y)) ⇒ x ∈ f[A] & x ∈ f[B] ⇒ x ∈ f[A] ∩ f[B]:

Áíôéóôñüöùò, x ∈ f[A]∩f[B] ⇒ x ∈ f[A] & x ∈ f[B] ⇒ ∃y ∈ A (x = f(y)) & ∃z ∈ B (x = f(z)): ÅðåéäÞ ç f åSSíáé 1-1, ôá y êáé z äå ìðïñåSS íá åSSíáé äéáöïñåôéêÜ, Üñá y ∈ A ∩ B; Üñá ∃y ∈ A ∩ B (x = f(y)) ⇒ x ∈ f[A ∩ B]:

(b) x ∈ f[A] \ f[B] ⇒ x ∈ f[A] & x =∈ f[B] ⇒ ∃y ∈ A (x = f(y)) & ∀y ∈ B (x ≠ f(y)) ⇒ ∃y ∈ A \ B (x = f(y))

Ç ôåëåõôáSSá ãñáììÞ éóœýåé åðåéäÞ ôï y ðïõ áíÞêåé óôï A, ãéá ôï ïðïSSï x = f(y), äåí ìðïñåSS íá áíÞêåé óôï Bů äéüôé ãéá ôá y ∈ B Ýœïõìå x ≠ f(y).

Áíôéóôñüöùò, x ∈ f[A\B] ⇒ ∃y ∈ A\B (x = f(y)) ⇒ åðåéäÞ f 1-1 äå ìðïñåSS íá õðÜñœåé y ∈ B þóôå x = f(y) ⇒ ∃y ∈ A (x = f(y)) & ∀y ∈ B (x ≠ f(y)) ⇒ x ∈ f[A] & x =∈ f[B] ⇒ x ∈ f[A] \ f[B]:

ÁíôéðáñÜäåéãìá: A = {ff}; B = {fi}; f(ff) = f(fi) = fl ïðüôå f[A ∩ B] = f[∅] = ∅; f[A] ∩ f[B] = {fl} ∩ {fl} = {fl}; f[A \ B] = f[{ff}] = {fl}; f[A] \ f[B] = {fl} \ {fl} = ∅:

5. x ∈ f^{−1}[A ∪ B] ⇔ f(x) ∈ A ∪ B ⇔ f(x) ∈ A Þ f(x) ∈ B ⇔ x ∈ f^{−1}[A] Þ x ∈ f^{−1}[B] ⇔ x ∈ f^{−1}[A] ∪ f^{−1}[B]:

Ç Üëëç óœÝóç ïìïSSùò. 6. x ∈ f^{−1}[ ⋃ i∈I B_i] ⇔ f(x) ∈ ⋃ i∈I B_i

⇔ ∃i ∈ I (f(x) ∈ B_i) ⇔ ∃i ∈ I (x ∈ f^{−1}[B_i]) ⇔ x ∈ ⋃ i∈I f^{−1}[B_i]:

Ç äåýôåñç óœÝóç ïìïSSùò êáé ç ôñSSôç ðáñüìïéá ìå ôï 1. 7. Ðáñüìïéá ìå ôï 4.

8. ÅÜí f : A ↣ B êáé g : B ↣ C ìïíïìïñöéóìïSS,

(g ∘ f)(x) = (g ∘ f)(y) ⇒ g(f(x)) = g(f(y)) ⇒ f(x) = f(y) [g 1-1] ⇒ x = y [f 1-1]:

ÅÜí f : A ↠ B êáé g : B ↠ C åðéìïñöéóìïSS,

z ∈ C ⇒ ∃y ∈ B (g(y) = z) [g åðSS] ⇒ ∃x ∈ A (g(f(x)) = z) [f åðSS] ⇒ ∃x ∈ A ((g ∘ f)(x) = z):