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Abstract

The cosine function is a classical tool for measuring angles in inner product spaces, and
it has various extensions to normed linear spaces. In this paper, we investigate a cosine
function for the convex angle formed by two nonzero elements of a complex normed linear
space, in connection with recent results on the Birkhoff-James approximate orthogonality
sets.
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1 Introduction

The study of angle functions and their use to designate the measure of angles have a long history, especially
in the context of inner product spaces. In the last decades, the problem of extending angle functions
to normed linear spaces in connection with the notion of orthogonality has attracted the attention of
researchers; see [2] and the references therein. To this direction, and motivated by the Birkhoff-James
_ g XY

“oer x|
x and ¢ of a real normed linear space (V, | -||). He also obtained that this function is continuous, and if

the norm || -] is induced by an inner product {-,-), then s(x, ) coincides with the standard sine function

2
\/1 - <|<>T|7|1|€//>||> . Furthermore, Chmieliniski 7] observed that for any € € [0,1), /1 — s(x,¥)? < e if
X

and only if s(x,®) > V1 —¢e2, or equivalently, if and only if ||x + M| > V1 —&2||x| for all A € R,
without discussing further this concept. In this article, we consider complex normed linear spaces, and

describe and study the function /1 — s(x, ¢)? in terms of the Birkhoff-James approximate orthogonality
sets, taking advantage of the geometrical properties and the rich structure of these sets.

orthogonality, Szostok [26] introduced the sine function s(x, ¥) for two nonzero elements
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Recall that, if (A, | - ||) (for simplicity, A) is a unital normed algebra over C, with identity element
1, and A* is the dual space of A (i.e., the Banach space of all continuous linear functionals of A), then
the numerical range (also known as the field of values) of an element « € A is defined and denoted by
F(a)={f(a): fe A", f(1) =1, | f]l = 1}. This set has been studied extensively for decades, and it is
useful in understanding matrices and operators; see [Bl [0 [15], 25] and the references therein. Stampfli and
Williams [25, Theorem 4], and later Bonsall and Duncan [0, Lemma 6.22.1], observed that the numerical
range F(a) coincides with an infinite intersection of closed (circular) disks, namely,

F(a) = (1D lla = A1), (1)

AeC
where, for any scalar A € C, D(\, la—A1|]) = {p e C: |u— A <|a— A1}

Let (X, - |I) (for simplicity, X') be a complex normed linear space. For two elements x and ¢ of X,
X is said to be Birkhoff-James orthogonal to 1, denoted by x Lps 9, if ||[x + M| > ||x|| for all A € C
[4, 16]. This orthogonality is homogeneous, but it is neither symmetric nor additive [16]. Furthermore,
for any € € [0,1), x is said to be Birkhoff-James e-orthogonal to v, denoted by x L% ; v, if [7, 12]

I+l > Vi-e|lxl, VAec. @)
The Birkhoff-James e-orthogonality is also homogeneous. If the norm || -|| is induced by an inner product

(+,-), then a x € X is said to be e-orthogonal to a ¢ € X, denoted by x L& o, if |{x,¥)| < ellx]| ||;
apparently, for ¢ = 0, we get the standard orthogonality. Moreover, for any ¢ € [0, 1), x L ¢ if and only

if x 15, ¢ [002).

Motivated by and , Chorianopoulos and Psarrakos [9] (for matrices) and Karamanlis and
Psarrakos [I8] (for elements of a normed linear space) introduced and studied the following set: For any
X,¥ € X, with x # 0, and any ¢ € [0,1), the Birkhoff-James e-orthogonality set of v with respect to x
is defined and denoted byE| F.(Y;x)={peC: x L%, (W —pux)}.

The Birkhoff-James e-orthogonality set F.(v;x) is a compact and convex subset of the complex
plane, and it contains the origin if and only if x 1% ; ¥. It is a direct generalization of the numerical
range, and appears to have interesting properties [9, 18], 23] (see Section . Moreover, the set valued
function € — F.(¢;x) is continuous with respect to the Hausdorff metric (see Proposition below)
and increasing for y and ¢ not co-linear (see Remark 2.1 in [23]). This behaviour of F.(¢; x) leads in a
natural way to a definition of a cosine for the convex angle formed by span{x} and span{v¢} (see Sections
and ; in particular, one can define a cosine as the minimum value of parameter ¢ € [0,1) such that
0 € F.(¢; x). Remarkably, this cosine function coincides with the function /1 — s(x, )2 [7, 26].

Basic properties of the proposed cosine function are derived in Section [5| and the case of semi-inner
product spaces is considered in Section [f] The relation of the new cosine with the Phythagorean cosine
(obtained by the Phythagorean orthogonality and the law of cosines) and the isosceles cosine (obtained by
the isosceles orthogonality) is investigated in Section m Finally, in Section the proposed cosine function
is discussed for bounded linear operators, and two characterizations of the Birkhoff-James orthogonality
of bounded linear operators are presented (extending Theorems 2.1 and 2.8 of [24] to the complex case).

!For notational convenience, in this article, we consider the set F:(1); ) instead of F:(x;1) which was intro-
duced and studied in [I8} [23].



2 Definition and basic properties of the Birkhoff-James
e-orthogonality set

Consider a complex normed linear space (X, || - ||) (for simplicity, X), and let x,v € X with x # 0. For
any € € [0,1), it is straightforward to see that [9] [I8] [23]:

F.(;x) = {MGC:XL%J (¥ —px)}
= {reCi Ix+A@—moll = VI-2|xl, ¥reC}

= {ueC Hx—Aw MXH >/1—e2xll, VAE<C\{0}}

{nec: Siaw= -l 2 VIZE I, vae 0}
{meC: w—(u=2x > VI-2 |l 1A, ¥reC}
{neC: == vVi=2xlu-a, vaec)

_ =2l
- NP (=) Y

Corollary 2.2 of [I6] implies that F(¢;x) is always non-empty (see also Proposition 2.1 of [I8]), and
the defining formula implies that F(;x) is a compact and convex subset of C that lies in the closed
: 1] ) :
disk D { 0, ————]. Moreover, for any 0 < &1 < g3 < 1, F. ix) € F, ;x). The Birkhoff-
< mHX” Yy 1 2 51("/1 X) Ez(flp X)

James e-orthogonality set is a direct generalization of the standard numerical range. In particular, for
X=A, x=1,¢Y=aand e =0, we have Fy(a;1) = F(a); see.and.

Let X'* denote the dual space of X, i.e., the normed linear space of all continuous linear functionals
of X (using the induced operator norm), and for any x, 1 € X, with x # 0, and € € [0, 1), define the set

L0) = {feX": f0) = V1= x| and |If] <1},

which is always non-empty, closed and convex [23, Lemma 2.1]. Then, it holds that [23], Theorem 2.2]

()
R = { Y= ren) ()

Let x,1 € X with x # 0. For convenience, we summarize some results of [I8] 23] (see also [8] [9] for
matrices), describing basic properties of the Birkhoff-James e-orthogonality set. We also remark that, in
the remainder of the paper, the zero vector is always considered as a scalar multiple of x.

(Py) For any a,b € C and any € € [0,1), F.(ay) + bx;x) = a F-(¢;x) + b
(P2) For any nonzero b € C and any ¢ € [0,1), F.(¢;bx) = %Fs(w; X)-

(Ps) If ¢ is a nonzero element of X, then for any € € [0, 1),

{ul €C: ueF.(¢;x), |ul > HQZJXH} C F.(x; ).
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(Py) Let || -]|o and || - || g be two equivalent norms acting on X, i.e., there exist two real numbers C, ¢ > 0
such that ¢/l < [€llg < C|[{|la for all ¢ € X, and denote by FEH'H“(w;X) and Fsll“lﬁ(w;x)
the corresponding Birkhoff-James e-orthogonality sets. Then, for any £ € [0,1), it holds that

(1 —¢?)

c?
(Ps) 1 = ax for some a € C if and only if F.(¢; x) = {a} for every € € [0, 1).

Fgll"la(w;x) - 1*”!‘/”%1/};)()7 where & = /1 —

(Ps) If 9 is not a scalar multiple of x, then for any 0 < &1 < g2 < 1, F.,(¢;x) lies in the interior of
FEz (¢, X)'

(P7) If 4 is not a scalar multiple of , then for any ¢ € (0, 1), F.(¢; x) has a non-empty interior.

(Pg) If 9 is not a scalar multiple of x, then for any bounded region Q C C, there is an g € [0,1) such
that Q C F.,(v;x). (This means that if ¢ is not a scalar multiple of y, then Fe(¢;x) can be
arbitrarily large for ¢ sufficiently close to 1.)

(Py) For any e € [0,1), a scalar uo € F.(¢;x) lies on the boundary OF.(v;x) if and only if
infc{ [ — x| =v1 =€ ||x] |o — Al} = 0. For £ € (0,1), infimum can be replaced by minimum,
€

and in this case, uo € 0F.(¢; x) if and only if || — Aox|| = V1 — &2 ||x|| [0 — Ao| for some X € C.
(Pyo) For any ¢ € (0,1),
Int [F.(¢; X)) = {N eC: -l > vVI—e2|xll|lu—A, YA e cc} .
(Py1) If the norm || - || is induced by an inner product (-, -), then for any ¢ € [0, 1),

(¥, x) (¥, x) XH 2 ) .
x> Xl I VT =22 |x|l

(P12) For any x, 91,99, € X and € € [0, 1), it holds that F. (w1 + v9; x) C Fo(v1;x) + F-(2; X)-

1’[),

F(¥;x) D(

The next result was obtained for matrices in [I0], and its proof can be easily applied to arbitrary
normed linear spaces. Moreover, part (a) of this proposition also follows from Property (Pi2) (yielding a
second direct proof of it).

Proposition 2.1. [I0, Theorems 6 and 7] Let x,¢ € X with x # 0, and € € [0,1).

(a) The map ¢ — F.(1;x) is continuous (with respect to the Hausdorff metric).
(b) The map € — F.(¢;x) is continuous (with respect to the Hausdorff metric).

3 Definition of the Birkhoff-James cosine function

Consider two nonzero vectors x,1 € X. If they are not co-linear, then we can define the (positive)
Birkhoff-James cosine of the convex angle formed by span{y} and span{}:

cosps(x,®) = min{e €[0,1): 0€ F.(v;x)}
= min{e €[0,1): x L%, ¢}
— min {g cl0,1): [Ix — M| > VI—22 x|, YA e cc}.

4



If x and v are co-linear, then we assume that cosgj(x,¥) = 1.

By the continuity and the monotonicity of the set F.(1; x) with respect to e (see Proposition (b)
and [23] Remark 2.1]), it follows that the smallest value of the parameter € € [0,1), say g, that satisfies
0 € F.,(v; x) is unique. As a consequence, the above cosine is well defined. Moreover, if cospj(x, ¥) = €0,
then we can define the associate Birkhoff-James sine by

singy (X, ¥) = \/1 —cosps(x, ¥)* = V1 —ep2.

It is clear that, in general, the Birkhoff-James cosine and sine are not symmetric functions of x and .

Proposition 3.1. Let (X,] - ||) be a complex normed linear space, and let x,v € X be nonzero.

(i) x Ly ¥ if and only if cosps(x,¥) = 0.
(it) For any scalars a,b € C\{0}, cosgj(ax, b)) = cospy(x, ). In particular, fora,b = £1, cosp;(x, ) =
COSBJ(_X7 1/’) = COSBJ(_Xa —1/1) = COSBJ(Xa —1/J)

Proof. Suppose x, ¥ € X with y # 0.

(i) Apparently, x Lps ¢ if and only if 0 € Fy(¢); x), or equivalently, if and only if cosps(x, ) = 0.
b

(ii) By Properties (P;) and (P2), it follows that F.(by;ax) = —F:(¢;x). Hence, 0 € F.(by;ax) if
a

b

and only if 0 € —F.(); x), or equivalently, if and only if 0 € F.(v; x). As a consequence, cosps(ay, b)) =
a

cospy (X, ¥). O

The definition of the Birkhoff-James cosine is compatible with the standard cosine in inner product
spaces. This follows directly from Remark 2.4 of [26]. Here, we give an independent simple proof which
is based on Property (P11) and the special shape of the Birkhoff-James e-orthogonality set F.(v; x).

Theorem 3.2. Let (X, -||) be a complex normed linear space. If the norm || - || is induced by an inner
product {-,-), then for any nonzero x,v € X,

1w, )

coszs 06 ¥) = ol

Proof. Without loss of generality, we assume that the vectors x and ¥ are not co-linear. Then, by
Property (P11), for any € € [0,1),

Fe(;x)=D (<?/’7X>

Il

(e

||><||2 H m||x>

As a consequence, g = min{e : 0 € F. (w; x)} if and only if

IIXH2

o=l =2
H ||><||2 1—22 x|’

or equivalently, if and only if

_ 2, €o
| = |[IIxlPe — (¥ X>XHMIIXH’



or equivalently, if and only if

2 _ 1l — 2 &
(@0 = P = oMl Ty

or equivalently, if and only if

(1= D)X, )1 = xlPe = (W, x)x Py — (0, x)x) €6

or equivalently, if and only if

(1 =)l )1 = (IxIPIIP = 1w, )1?) &3,

or equivalently, if and only if

)
T Tl
77777777 Aot
¥
X + Aoy
X X + A
A
0 Pow span{}

Suppose x,® € X are not co-linear, and x is not Birkhoff-James orthogonal to %, i.e., 0 ¢ Fy(; ).

If cospy(x,¥) =¢o0 € (0,1), then 0 € F,,(¢; ), or equivalently, ||x + | > V1 —eo? x| for all A € C.
Furthermore, since €9 > 0 and 0 € 9F,,(v;x), by Property (Py), there exists a nonzero scalar A\g € C
such that (see the above figure)

X + Xl > [Ix + dovll = \/1=€dlIxll, VAeC,

or equivalently,
X+ Aot + (A = Aol > [Ix + Aot = /1 =& lIxll, VAeC,
or equivalently,

(X +Xov) LB .

As a consequence,
L2 e dovll Ll A
2= =

x| rec Il

that is, the sine function which was introduced by Szostok [26].

— SiIlBJ(X, 1/})7



Moreover, it is clear that y and v are co-linear if and only if rglig llx + Ap|| = 0, or equivalently, if
€

and only if sings(x,%) =0, or equivalently, if and only if cosps(x,¥) = 1.

Remark 3.1. Based on the definition of the Birkhoff-James e-orthogonality set F.(1;x), we can
use continuous linear functionals to define the Birkhoff-James cosine:

cosps(x,¥) = min{e €[0,1): 0 € F.(¢;x)}
min{e € [0,1) : f(¢) =0 for some f € L.(x)}
= min{s €[0,1): f(¥b) =0 for some f € X* with f(x) = v1—¢e2|x|] and ||f|| < 1}.

If the (nonzero) vectors x and 1 are not co-linear, and x is not Birkhoff-James orthogonal to 1, then
(keeping Proposition 2.4 in [23] in mind) for any ¢ € (0, 1),
cosps(x,¥) = min{e € (0,1): 0 € OF(¢;x)}
— min {5 € (0,1): f(¢) =0 for some f € X* with f(x) = v/1 — 2 ||x| and || f|| = 1}

2
min 1<JG(XXH>> € (0,1): f € X* with f() =0, f(x) >0 and [|f] = 1

An optimal continuous linear functional f, , € A* such that

Fxw(X)
[l

2
o855 (x, 1) = 1—( ) C Fes) =0, fuw(0) >0 and [fuul = 1.

also satisfies

sing (x. ) = FeoO) _ o F00 PO I A
’ [ fex xll - gext il xec Il
If1=1 I7]=1
F()=0 F)=0
FO)>0

or equivalently,
Frow () = max f(x) = max [f(x)] = min]x + Ay].

fexr fexr
lfll=1 llfll=1
f(¥)=0 f(¥)=0
f(x)>0

4 Two illustrative examples

In this section, we present two examples to give insight into the definition of the Birkhoff-James e-
orthogonality set and the Birkhoff-James cosine. In the second example, we also describe a mechanism
that yields non-smooth points on the boundary of the Birkhoff-James e-orthogonality set.
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Figure 1: The origin is a smooth point of the boundary 0F 5 (¢; x).
2

1
2
Example 4.1. Consider the normed linear space (X, ||-]|) = (C3, |||/ ), and the unit vectors y = | 0
1
0
and ¢ = 1 |. It is easy to see that
-1
1
2 1
1-A

or equivalently, 0 € F 5 (1; x); see Figure 1, where F 5 (¢; ) is estimated by the unshaded region that
2 2

1
results from having drawn one thousand circles of the defining formula . For A = o the equality

3 1
follows, and hence, 0 € OF 5 (¥; x). Moreover, for every & < % and for A = 3 it holds
2

: b0

1 1

5= 3 = 0+3-1 =Hx+§wH < Ixlloo V1 — €2
3 1l 1+5-(=1) [l o0

Thus, we conclude that

L min M

V3 .
cospy(X, V) = > and = sings(x,¥) = 2" x|l
o0

1 1 1
We also observe that ||x+A)|lc = B if and only if max { 2 [Al, |1 — >\|} =g or equivalently, if and only

1 1 1
if A < 3 and |1 —A| < 3 Hence, Ao = 3 is the only scalar that satisfies ||x + A% |lco = I}flig X + M|l oo
€

V31 ol
2 "2 lxlle
have a direct geometrical implementation for the Birkhoff-James cosine, as the ratio of the adjacent side

to the hypotenuse.

Despite the uniqueness of Ao, cospg(x,¥) = . This means that essentially we cannot
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Figure 2: The origin is a non-smooth point of the boundary 0F 5 (¢; ).
2

1
2
Example 4.2. Consider the normed linear space (X, ||-||) = (C3, ||-||o0), and the unit vectors x = | 0
1
0
and ¢ = % . Then,
-1
1
2 A\ 1
||x+w||oo=H 3 {3 Bl a2 5 -

A

oo

or equivalently, 0 € F 5 (1; x); see Figure 2, where F 5 (1; x) is again estimated by the unshaded region.
2 2

1 3
For A = 1, we get the equality ||x + ¢[00 = 3 and thus, 0 € OF 5 (¢); x). Moreover, for every e < %
2

and for A = 1, we have

i i 10

1 2 3 T

5= 3 0+1 = X+ ¥lloo < IIX[cV1—e2
0 14+1- )

o0
As a consequence,

L min o A

V3 .
cospr(X, V) = 5 and  sinpg(x, ) = 2= x|l

1 1A 1
We also observe that ||x + AM)]|e = 3 if and only if max{i, '5' 1= /\|} =g or equivalently, if and
1 1
only if |A] < 1land |1-)| < 7 Hence, for every \p e {A € C: [A\|<1}N<AeC: |1 =A< 5} (i-e., for
all scalars in the intersection of the two circular disks), we get ||x + A¥|oo = r)\nig X + A\ For the
€
[Ao¥[loo

I takes all the values in the interval [%, 1]. Thus, it is no use comparing
Xl oo

same scalars, the ratio



and it is verified that we cannot have a geometric implementation for

V3 20900
cosps(x, ) = - and [Pov]

Ixlloo
the cosine cosp (X, 1) as we have for the sine sing;(x, ).

25 2 45 El 05 0 05 1 25
Real Axis

Figure 3: The set F 5 (1; x) (left), and circles with centers on the arc © (0, 1, %) — 1 and radii equal to
2

1, which illustrate Fyg (v;x) (right).
2

Imaginary Axis

Figure 4: The set Fyg(1;x) (left), and circles with centers on the arcs ©(0,1,3) — 1 and
2

1
- [@ (0, 1, %) — 1], which illustrate F' g (¢; x) (right).
2 7

In this example, it is worth mentioning that

0e Pty = () D()\, M) = (DO max {]\, 1,201+ A}

AeC %HXHW AeC
So, if © (O, 1, %) denotes the arc of the circle C(1,1) with center at 1 and radius equal to 1 that lies in the
disk D (0, %) with center at the origin and radius equal to %, then for every A € © (0, 1, %) — 1, it follows
max{|A,1,2|A + 1|} = |A\| = 1. As a consequence, there is an infinite number of circles with centers on
© (0,1, %) — 1 and radii equal to 1, which illustrate the region F§ (1; x) and pass through the origin (see
Figures 3 and 4). Thus, the origin is a corner of F@ (5 x)-
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5 Properties of the Birkhoff-James cosine function

In this section, we obtain some basic properties of the Birkhoff-James cosine function. As above, we
consider a complex normed linear space X.

Proposition 5.1. The map (x, %) — cosps(x,¥), (x,¥) € (X \ {0}) x (X \ {0}), is continuous.

Proof. By Theorem 2.5 of [26] (which holds for complex normed linear spaces), the sine function sing s (x, ¥)
is continuous. Hence, the cosine function cosps(x, ) = v/1 —sings(x, 1)? is also continuous. O

Remark 5.1. Suppose that the dimension of the normed linear space X is greater than or equal to three.
Then, the cosine is symmetric, i.e., cosps(x,¥) = cosps(¥, x) for all nonzero x,v € X, if and only if the
norm || - || is induced by an inner product. Indeed, if cosps(x, ) = cosps(v, x) for all x,v € X\ {0},
then cosps(x, %) = 0 if and only if cosg (1, x) = 0. This means that x Lpy ¢ if and only if ¢ Lg; X,
or equivalently, the norm || - || is induced by an inner product [1I [I7]. The converse is obvious.

Proposition 5.2. The norm || - || is induced by an inner product if and only if for every nonzero vectors
X, € X, it holds that

I 1l =l — 1]
coszs (%) = 2 I Tl '

Proof. Let x and ¢ be any two nonzero vectors of X', and suppose

I 0 — = ]
cos5s () = 2 I Tl |

If x is Birkhoff-James orthogonal to 1, then

I e
s ¥) = T T -

or equivalently, |x||? + [|*[|> = ||x — ¢||>. This means that the Birkhoff-James orthogonality yields the
Pythagorean orthogonality, and hence, the norm || - || is induced by an inner product [II, 11 22].

0,

Conversely, if the norm || - || is induced by an inner product, then it is apparent that the law of cosines
holds. O

Proposition 5.3. If x,1¥ € X\ {0} are not co-linear, then, for any e € (0, 1), there are infinitely many
scalars po € C such that cospy(x, ¥ — poXx) = €o- In particular, these scalars pg are exactly the boundary
points of the set F.,(1;x).

Proof. Consider an gy € (0,1). For any ug € 0F;,(¢;x), 0 € 0F., (v — pox;x) by Property (P;), and
thus, cospy(x, ¥ — pox) = €o. Moreover, the set F.,(1; x) is compact and convex. So, since the vectors x
and v are not co-linear, F;,(1; x) is not a singleton and has an infinite number of boundary points. [

Proposition 5.4. If x,¢ € X\ {0} are not co-linear, then

sinBJ(X,X:tzb)S”;i}” and cospy(x,x L) > ‘1

s
I
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Proof. Suppose cospy(x, x £v¥) =¢eo < 1. Then 0 € F. (x £v;x), or equivalently, x L5, (x £). Thus,
Ix+A(x )| = V1 —eo?|x] for all A € C. For A = —1, it follows ||¢|| > v/1 — &2 || x||, or equivalently,

SiHBJ( X5 X + ¢) = ||1/}||||

The second inequality is obvious. O

Next we obtain that, if a triangle has two sides of the same length, then the Birkhoff-James cosines of
the corresponding angles (keeping the vectors in a specific order due to the lack of symmetry) are equal.

Proposition 5.5. If x,¥ € X\ {0} are not co-linear and satisfy ||v — x|| = ||¢||, then cosps(¢,x) =
cospy (¥ = X X)-

Proof. Assume that cosg;(v, x) = €1 and cosp (1) — X, x) = €2. Then, by definition, 0 € F, (x, ), and
hence, 1 L5}, x. As a consequence,

[V =Ml = v1I-e?[¢l, VAeC,

or equivalently,

[ —x —(A=Dxll > V1-e?l¢f, YreC,
or equivalently,

1@ =x) =Ml =z vi-a?y—x|, vieC
Thus, ¢ —x L3, x, i.e., 0 € F., (x;¥ — x), and hence,

cosps(¥ — x,x) =ea =min{e € [0,1): 0 € F.(x;¢ — x)} < &1 = cosps(¥, x)-

Considering 1) — x and —x instead of 1) and x, respectively, and keeping Proposition (ii) in mind, one
can verify that cosg (¢, x) < cospy(¥ — x, X)- O

Remark 5.2. If cosps(x + ¢, x — ) = 0 for every x,% € X with ||x|| = ||¢|| = 1, then by [I, p. 33]
and [11], it follows that the norm || - || is induced by an inner product; i.e., (X,] - ||) is an inner product
space if and only if the two diagonals of any rhombus are Birkhoff-James orthogonal.

Remark 5.3. Consider two nonzero vectors x, ¢ € X such that xy L 1, or equivalently, 0 € FI?-H (13 x)-
Suppose also that there is a real pg > 0 such that D(0, pg) C F\?‘H(w; X) (i.e., the origin lies in the interior

-A -0
of F0(1; ). Then, by the relation D(0, po) C F{ (¢ x) = (| D (A, Iy = Al X) cp (07 Iy = Oxll X”)’
AeC x| x|
- A
it follows that pg < W|||, W|X|X” > |Al + po- As a consequence, py <

o 1Y = XXl } [ = AxIl _ [l , 0
inf A min ———— sin ;x)- So, if x L and D(0, C Fy, (¥;x),
AeC{ T — Al W T I B (Y5 X)- X LBs ¢ (0,p0) € F) (%5 x)

and for every A € C,

then |||Z”| po < singy(¥;x) < 1, or equivalently, 0 < cospy(v;x) < 4/1— (”ZHp )
More generally, suppose that 0 € F.(¢;x) for some € € [0.1), and that there is a real p. > 0
i [
such that D(0, p:) C F-(¢;x). Then one can similarly see that p. < ————— and cosp;(¢¥, x) <
V1—e?|lx]l

- () -
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Let ||| and ||-|| g be two equivalent norms on a linear space X, and let C' and ¢ be two positive numbers
such that ¢||¢|la < |I¢llg < C|[¢]lo for all ¢ € X. By Property (Py), for any ¢ € [0, 1), Fgll“l“(w;x) -
2(1 — € ) .
% Moreover, denoting by COSLE“ (x,¥) and cosglgﬁﬂ (x, %) the
corresponding cosine functions, and by sinlg!‘]"“ (x,¥) and sin‘g‘}ﬁ (x, %) the corresponding sine functions,
the following holds:

Fal‘/'”ﬁ(w;x), where &/ = /1 —

Proposition 5.6. For any nonzero vectors x,9 € X,

.- c . |-
sl 9) < & sl ()

. 2(1 — &2 ) )
Proof. Let &1 = cosyf’ (x,%) and g9 = /1 — % Then, 0 € FEHIHQ(’(/};X) - FJL‘lﬁ(qp;x), and
thus, coslj‘_t;!‘,ﬁ (x, %) < e2. As a consequence,
. 2 62(1 - 612)
COS‘HV Gy) <1- 2
or 2 2
CQ(COSH.”B(X ,(/)) _ 1) < —62 (1 _ COSH'HQ(X w) )
BJ ’ —= BJ ) )
or 2 2
02(1 o COSH.Hﬂ(X 1/}) ) > 02 (1 _ COSH'HQ(X ’L/J) )
BJ ) o BJ 9 )
or
c _ sinlle (. 9)
<2 gy O
¢ SmBJB (x:9)
6 Semi-inner product
Recall that a map [-,-] : X x X — C is said to be a semi-inner product if it satisfies the following

properties [13], 14}, [19]:

1. [1h, 9] > 0 for every ¢ € X, and [¢,4] = 0 if and only if ¢ = 0;
2. lay, x] = a[y, x] for every ¢, x € X and a € C;

3. [,ax] =a[y, x| for every ¢, x € X and a € C;

4. [+ ¢ xl =W, x] +[¢, ] for every ¥, (, x € &;

5. 1[ XII* < [, 4] [x, X] for every ¥, x € X.

By Lummer [19] and Giles [14], in any normed linear space X, one can find a (not necessarily unique)
semi-inner product [,-] which generates the given norm || - |, i.e., [¢,¢] = ||¢||? for all ¢ € X. This
semi-inner product is uniquely defined exactly when all the sets Fo(1; x) (x # 0) are singletons (see the
next theorem and remark).
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Theorem 6.1. Let X be a complex normed linear space, and suppose that for every x,v € X with x # 0,
the set Fo(;x) is a singleton, say Fo(v;x) = {pn(¥, x)}. Then the map

@ )IxN?, i x #0,
g = { MO xS

s a semi-inner product.

Proof. Using basic properties of Fy(1); x), one can verify the conditions of the above definition:

f()

LsmmW@7M%WZ{WH

[¥,¥] =0if and only if p =0

f € Loy )} = {1}, it follows that [¢,¢] = |[¢||* > 0, and

2. Consider a scalar a € C, and observe that a[y, x| = ap(¥, x)||x|* and [ay, x] = p(a), X)X
where Fy(a; x) = {p(arh, x)}. By Property (P;), the proof of the second condition follows readily.

3. For a = 0, the third condition holds trivially. Consider a nonzero scalar a € C, and observe that

aly, x| = ap(y, x)Ix|1* and [¢, ax] = p(y, ax)llax|]* = |al*w(y, ax)|Ix||*, where Fo(v;ax) = {u(e, ax)}.

p(¥, x
a

It is enough to see that au (), x) = |a|?u(v, ax), or equivalently, u(i), ayx) = . The latter equality

follows directly from Property (P2).

f+Q W) (O

(@, x)+p (¢, X)-

11l

Tl Il = x4l =

5. Clearly, [, x]| = (¥, )| IXII* <

Apparently, the semi-inner product defined in the above theorem is an inner product if and only if
(b, )X = u(x, ¥)||¥||? for every nonzero x, 1 € X.

Moreover, it is worth mentioning that Theorem also follows by Theorem 2 in [14].

Remark 6.1. By Theorem 48 in [I3] and Theorem 4.2 in [I6], the Birkhoff-James orthogonality is right
additive (i.e., x Lps ¢ and x Lpy ¢ yield x Lps (¥ +)) if and only if Fy(¢); x) is a singleton for any
X, ¥ € X (x #0), or equivalently, if and only if the normed linear space X" is smooth.

X1
Example 6.1. Consider the linear space C* with the norm || - ||3, and for any vectors y = | x2 | and
X3
(1
= s |, define
Y3
Z XZ‘Xlll/J’H lf X # O>
[v,x] = HX||3 1<i<3
0, if x=0.
X1 (G G
Then, [1, x] is a semi-inner product. Indeed, for any x = | x2 |, ¥ = | ¥2 |,(= 1| & | € C3\ {0}
X3 3 (3

and a € C, the first four conditions of the definition are obtained by straightforward computations, and

14



for the fifth condition, we have:

) 1 _
Ixls NG |, 22,
1 _
< 2l Gl bal el
2 1
1 5 3 3
< ool 2 0] (X ) = s
Xll3 1<i<3 1<i<3

3
where the last inequality follows by the Holder inequality for p = 3 and ¢ = 3.

The normed linear space (C3, || - ||3) is smooth [20, Corollary 5.5.17], and thus, the above semi-inner
product is the only semi-inner product induced by the norm || - ||5. Hence, it coincides with the semi-inner
product of Theorem that is,

@ I = [, x] = ﬁ S xillts (x £0).

1<i<3

As a consequence,

uW.X) = o H?’ > Xl (x #0).
3 1<4i<3
1 1
For the vectors x = | 0 ] and ¢ = | 0 |, we have x L%, (v — x) and u(¢,x) = 1; indeed,
0 1
x4+ AW — x)|ls = (14 [A[3)3 > 1 =]||x]||s for all A € C. It is also straightforward to see that

X = 2 Z X2|X’L|<_Z

31<<3

is a continuous linear functional in Lo(x) = {f € X*: f(x) =|lxlls =1 and ||f|ls =1} and satisfies

K@) _ (@)

@ — b, x)x) = fxy( —x) =0. Hence, 1= pu(y,x) = = . Moreover,
KO llxlls
1 _
[.x] = = > Xilxalwi = 1=|IxIl3,
Ixlls 52,
verifying Theorem
Finally, we observe that for every scalar A € C,
14+ A )
Ix +Mlls = = (IL+AP+AP)*
3
2
v B
zZ 5 = 5 Ixlls = [1-11- -5 Ixls-

15



1 1
1 1 2 1 1\ V2 J2
For A 5 'X 2¢ ; 01 (8 + 8) 5 5 lIxlls- By Property (Py), for
—1 1,
2
V2 V2 o
e=4|1—- -5 | 0 € OF.(¢;x), and thus, cosgs(x,®) = 4|1 — 5 | = 0.776. This cosine is
different than ol = % = 0.7936, as expected by the discussion in [7].
I¥llslxlls /2

7 Relation with other cosine functions

Inspired by the Phythagorean orthogonality and the law of cosines, in [27], Wilson introduced the P-cosine
between two non-zero vectors y, 1 € X to be

1 e P
2{Ix I ’

see also [2]. Clearly, this cosine is symmetric but not homogeneous. Moreover, by Proposition its
absolute value coincides with the Birkhoff-James cosine if and only if the norm is induced by an inner
product.

cosp(x, 1)

Proposition 7.1. Let x and v be two nonzero vectors of a complex normed linear space X. Then,

cosp(x, ) < 2|;px”|| + cosp(x, )

N
20l

Proof. Without loss of generality, assume that ||x||? + ||¢||* > [x — ¥[|?. Let cosps(x,v) = o < 1.
Then, 0 € F.,(¢; x) and x L3, 1. Hence, ||[x — A\p|| > V1 — o2 ||x|| for all XA € C, and thus (for A = 1),
—|lx = ¥|I? < —(1 —&02)||x||>. As a consequence,

[l + 11l — flx — I

0 < cosp(x,¥) =

2T T
Il + 18112 = (1~ 6
8 21191
Il cosss oI
2lx] 201

_ Il
20|

By the above proposition, it follows that if cosgs(x, %) = 0, then cosp(x, ¥)
IxIF < lIx =l

Consider now the I-cosine

, or equivalently,

I N )
cosy(x, 1) = 4lx| [l ’

which follows from the isosceles orthogonality [2]. The I-cosine is also symmetric, and its absolute value
coincides with the Birkhoff-James cosine if and only if the norm is induced by an inner product [22].
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Proposition 7.2. Let x and ¢ be two nonzero vectors of a complex normed linear space X. Then,

I+ ]2 — Idl? 2 Il
costCe¥) < i e 0o gy
e Il = Ix — I Ixl
S XA =7 X = _ 2 Xl
cosrCe) 2 e e e g

Proof. Let cospy(x,®) = €o. Then, 0 € F. (¢;x) and x L3, . As a consequence, ||[x — Ay| >
V1 =02 |x|| for all A € C. For XA =1, it follows |x —¢|* > (1 —e0?) ||x||?, and thus,

Ix + 9l =[x — v
Alx|l ]
< lix + )12 — (1 —eo?)[Ix|I?
- x|l 1l
Ix + ¢lI? = [IxII?
4fIx | vl

For A = —1, it follows |x + %[> > (1 — &0?) [|x||?, and hence,

lIx + I = lIx — I
Aflx Il

o (=)l — lIx — ¢l

- Al [l

[ P [

= T s e d)

cosr(x, V)

N
Iyl

+ cospy(x,¥)

cosr(x,¥) =

2 |Ixl .
41l

8 Cosines of operators

Consider two complex normed linear spaces X and ), and let T, A: X — Y be two (nonzero) bounded
linear operators. Let also x,% € X be nonzero, and recall the following cosines:

cospy(Tx,T¥) = min{e €[0,1): Tx L5; T¥}
— min {5 €[0,1): | Tx — ATW| > /1 — 2 |Tx||, VA € <c} ,

min{e € [0,1) : Tx L5, Ax}
— min {5 €[0,1): |Tx — Ay > V1 2||Tx], ¥\ e (c} :

cospj(Tx, Ax)

and
cosps(T,A) = min{e€[0,1): T 15, A}
= min {g €10,1): |7 — | > V1— 2|7, VA e (C} .

Moreover, for any x € X and r > 0, denote by Sx(x,7) and Bx(x,r) the sphere and the ball in X’ with
center at x and radius equal to r, respectively.
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Recall that a bounded linear operator U : X — Y is called a J-isometry for some ¢ € (0, 1) if for
every x € X, (1 =08)|Ix|l < [Ux|| < (1+8)|x||- Note that if a bounded linear operator T : X — ) is
a scalar multiple of a O-isometry, then the definitions imply readily that cosps(Tx, T¥) = cosp(x,¥).
For general d-isometries, we have the following result (see also [21]).

Proposition 8.1. Let T : X — Y be a scalar multiple of a d-isometry. Then, for any nonzero vectors
XY e,

2
cospy(Tx, Tv) < \/1 — (14—6) SinBJ(X,’(/J)z.

Proof. Let cosps(x,%) = €0, and let T' = cU for some d-isometry U and ¢ € C. Then, x L5, 9, and
hence, for every A € C,

ITx = ATy ITOc=20) = [leUlx = M)

(1= D)l — A > lel(1 — 8)v/T— <2 x|
-6
g VI e 03l = VI=ZITxl,

1+

1-5)\° 1-0)?
e \/1 ~(i55) 0 w ~(i5) oo :

Following the notation of [24], for a bounded linear operator T, we denote by My the set of all
vectors in Sx(0,1) at which T' attains its norm. For a finite dimensional Hilbert space #, Bhatia and
Semrl [3, Theorem 1.1] proved that for any two bounded linear operators T, A: H — H, T Lpy A if
and only if there exists a y € M such that Tx Lg; Ax. Next, we extend the sufficiency part of this
result.

v

v

Proposition 8.2. Let T,A: X — Y be two bounded linear operators, and let {xn},cn € Sx(0,1) be

a sequence of unit vectors such that ||Txy| — ||T||. Then, cosp (T, A) < supcosgs(TXn, AXn)-
neN

Proof. Suppose that sup cosgj(Txn, Axn) < 1, and there is an g¢ € [0,1) such that cosgs(Txn, Axn) <
neN
go for all n € N. Then, for every n € N, it holds that T'x, L5, Axn, or

ITxn — AMxnll > V1 —e0? | Txnll, VAeC,

or
[T = A = V1 —eo®[Txall, VAeC.

By continuity, since ||Tx.|| — ||T|, it follows

IT— A4 > VI—2? |T]. VAeC.
Hence, T' 15, A and cosp (T, A) < €. O

Corollary 8.3. Let T)A: X — Y be two bounded linear operators.
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(¢) If Mp #0, then for any x € My, cospy(T,A) < cosps(Tx, Ax)-

(1) If {Xn}nen € Sx(0,1) is a sequence of unit vectors such that || Tx,| — ||T||, and Tx, Ly Axn
forall n €N, then T 1g; A.

(iit) If Mr # 0 and there exists a x € Mr such that Ty Lpy Ay, then T Lp; A.

We conclude this section (and paper) by extending two characterizations of the Birkhoff-James or-
thogonality of bounded linear operators defined on real normed linear spaces [24, Theorems 2.1 and 2.§]
(see also the references in [24]) to the complex case. For two vectors x,1¢ € X and two scalars 6 € [0, 27]
and ¢ € [0,1), we say that ¥ € x(%9) if ||x + (er)y| > V1 — 2| x| for all » > 0. Apparently, for any
e €[0,1), x L%, ¢ if and only if ¢ € x(@) for all 6 € [0,2n]. If ¢ € (@) for some 6§ € [0,27] and
e € [0,1), then atp € (bx)?) for any a,b > 0. Moreover, for every 6, ¢ € [0,2n] with 0 < ¢ < 6 < 2m,
X + (7)) = |lx + (e0=@)r)ei®qp||, and thus, 1 € x(?°) if and only if ei®yp € x(0=#),

Lemma 8.4. Consider two wvectors x,» € X and two scalars 0 € [0,27] and ro > 0 such that
Ix + (ero)dll < |Ix|l. Then, for every r € (0,0, [[x + (e“r)v]l < [[xI|-

Proof. By hypothesis, |x + (e?r¢)|| < ||x||- For any r € (0, 7], it holds that

I + ()| = H (TOT; r) X+ (;) o (7;) (eiGTOWH
(2 s o
EEE N

Proposition 8.5. Consider two vectors x,v¥ € X. Then, for any 6 € [0,7], ¢ € X0 or 1 € x(O+m0),

IN

A

Proof. Suppose that 9 ¢ X9 and ¢ x(+70)  This means that there are two complex numbers \g =
€rg and Ngir = 0T rg o with rg,re1r > 0, such that ||x +Nt|| < [Ix|| and ||x + Nerrt]| < |IX]|-
By Lemma if # = min{rg, 794} > 0, then for every r € [—7,0)U(0,7], ||x + (e?r)y|| < ||x|| (where,
for any r € [—#,0) U (0,7], —r also lies in [—#,0) U (0,7]). As a consequence,

I = 300+ @0+ 50+ (e
1 10 1 10
< SIx )l + 5l + (el
< i+ S = 1
2 X B X = Xl
which is a contradiction. O

Finally, we extend Theorems 2.1 and 2.8 of [24] to complex normed linear spaces.

Theorem 8.6. Consider a reflexive complex Banach space X and a complex normed linear space ).
Let T)A : X — Y be two compact linear operators. Then, T Lp; A if and only if, for any 0 € [0, 2],
there is a vector xg € My such that Axg € (Txg)(e’o).
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Proof. Suppose that for any @ € [0, 27], there is a vector ys € My such that Axy € (Tx) ). Then for
every 0 € [0,27] and r >0, [|T+ (re”)A|| > (T + (re”)A)xsll = Txo + (re") Axell = | Txoll = T,
i.e., T J_BJ A.

For the converse, we follow the arguments of the proof of Theorem 2.1 in [24], replacing the operators
T+ 1A and T+ XA (X > 0) by the operators T'+ e A and T + (e®r)A (r > 0), respectively. O

Remark 8.1. Let X be a reflexive complex Banach space and ) be a complex normed linear space. Let
also T, A : X — ) be two compact linear operators with cosp (T, A) =¢e¢ > 0. Then 0 € 9F,,(A,T),
or equivalently, there is a scalar Ag € C such that

1T+ AoAll = min [T+ M|l = 1 = eo?||T|| = sinp. (T, A)|T].

Hence, (T + AoA) Lps A, and by Theorem [8.6] for any 6 € [0, 2], there is a vector xg € Mrix,a such
that Axg € [(T + MoA)x]®?. Equivalently, for any 6 € [0,2x], there is a ys € Sx(0,1) such that for
every r > 0,

ITx0 + (Ao + €r)Axol| = ITx0 + AoAxell = |T + Ao Al = sinp, (T, A)|T].

Theorem 8.7. Consider two complex normed linear spaces X, Y, and let T,A : X — Y be two
nonzero bounded linear operators. Then, T 1L gj A if and only if one of the following holds:

(i) There exists a sequence {xn} C Sx(0,1) such that || Txnl| — |T|| and ||Axn| — 0.

neN

(ii) For any 6 € [0,27], there is a sequence of vectors {xon}
numbers {egn},cy € (0,1) such that

nen © Sx(0,1) and a sequence of real
(a) €0,n — 0,

(b) I Txo.nll — Tl and

(c) Axon € (Txon) o) for all n € N.

Proof. Suppose that (i) holds. Then for every A € C, ||T+ AA|| > || Txn + AAxnll = 1T xnll — A | AXn]|-
For n — 400, it follows ||T+ AA| > ||T||, and hence, T Lp; A.

Suppose that (ii) holds, and let 6 € [0,27]. Then there exist two sequences {xpn},cy € Sx(0,1)
and {egn},cy C (0,1) such that (a)—(c) are satisfied. Then, for every r >0, [T+ (er)A| > |Txo,n +
(er)Axo.nll > /1 — €02 Tx0.nll. For n — +oo, it follows || T + (e?r)A|| > ||T|| for all r > 0. Since
the latter inequality holds for any 0 € [0,27], T Lp; A.

For the converse, we follow the arguments of the proof of Theorem 2.8 in [24], replacing the operators
T+ LA and T+ XA (X > 0) by the operators T + e’ A and T + (e”r)A (r > 0), respectively. O

References

[1] D. Amir, Characterizations of Inner Product Spaces, Operator Theory: Advances and Applications,
Vol. 20, Birkhauser Verlag, 1986.

20



2]

V. Balestro, A.G. Horvath, H. Martini and R. Teixeira, Angles in normed spaces, Aequationes
Mathematicae, 91 (2017), 201-236.

R. Bhatia and P. Semrl, Orthogonality of matrices and some distance problems, Linear Algebra and
its Applications, 287 (1999), 77-86.

G. Birkhoff, Orthogonality in linear metric spaces, Duke Mathematical Journal, 1 (1935), 169-172.

F.F. Bonsall and J. Duncan, Numerical Ranges of Operators on Normed Spaces and of Elements of
Normed Algebras, London Mathematical Society Lecture Note Series, Cambridge University Press,
New York, 1971.

F.F. Bonsall and J. Duncan, Numerical Ranges II, London Mathematical Society Lecture Note
Series, Cambridge University Press, New York, 1973.

J. Chmieliniski, On an e-Birkhoff orthogonality, Journal of Inequalities in Pure and Applied
Mathematics, 6 (2005), Article no. 79.

Ch. Chorianopoulos, S. Karanasios and P. Psarrakos, A definition of numerical range of rectangular
matrices, Linear and Multilinear Algebra, 57 (2009), 459-475.

Ch. Chorianopoulos and P. Psarrakos, Birkhoff-James approximate orthogonality sets and numerical
ranges, Linear Algebra and its Applications, 434 (2011), 2089-2108.

Ch. Chorianopoulos and P. Psarrakos, On the continuity of Birkhoff-James epsilon-orthogonality
sets, Linear and Multilinear Algebra, 61 (2013), 1447-1454.

M.M. Day, Some characterizations of inner product spaces, Transactions of the American
Mathematical Society, 62 (1947), 320-337.

S.S. Dragomir, On approximation of continuous linear functionals in normed linear spaces, Analese
Universitatii din Timisoara Seria Stiinte Matematice-Fizice, 29 (1991), 51-58.

S.S. Dragomir, Semi-Inner Products and Applications, Nova Science Publishers, New York, 2004.

J.R. Giles, Classes of semi-inner-product spaces, Transactions of the American Mathematical Society,
129 (1967), 436-446.

R.A. Horn and C.R. Johnson, Topics in Matriz Analysis, Cambridge University Press, Cambridge,
1991.

R.C. James, Orthogonality and linear functionals in normed linear spaces, Transactions of the
American Mathematical Society, 61 (1947), 265-292.

R.C. James, Inner products in normed linear spaces, Bulletin of the American Mathematical Society,
53 (1947), 559-566.

M. Karamanlis and P.J. Psarrakos, Birkhoff-James epsilon-orthogonality sets in normed linear spaces,
Textos de Matematica, University of Coimbra, 44 (2013), 81-92.

G. Lumer, Semi-inner-product spaces, Transactions of the American Mathematical Society, 100
(1961), 29-43.

R.E. Megginson, An Introduction to Banach Space Theory, Graduate Texts in Mathematics, Vol.
183, Springer-Verlag, New York, 1998.

21



[21]

[22]

[23]

[24]

[25]

B. Mojskerc and A. Turnsek, Mappings approximately preserving orthogonality in normed spaces,
Nonlinear Analysis, 73 (2010), 3821-3831.

K. Ohira, On some characterizations of abstract Euclidean spaces by properties of orthogonality,
Kumamoto Journal of Science, Series A, 1 (1952), 23-26.

V. Panagakou, P. Psarrakos and N. Yannakakis, Birkhoff-James epsilon-orthogonality sets of vectors
and vector-valued polynomials, Journal of Mathematical Analysis and Applications, 454 (2017),
59-T78.

D. Sain, K. Paul and A. Mal, A complete characterization of Birkhoff-James orthogonality in infinite
dimensional normed space, Journal of Operator Theory, 80 (2018), 399-413.

J.G. Stampfli and J.P. Williams, Growth conditions and the numerical range in a Banach algebra,
Tohoku Mathematical Journal, 20 (1968), 417-424.

T. Szostok, On a generalization of the sine function, Glasnik Matematicki, 38(58) (2003), 29-44.

W.A. Wilson, A relation between metric and Euclidean spaces, American Journal of Mathematics,
54(3) (1932), 505-517.

22



	Introduction
	Definition and basic properties of the Birkhoff-James  -orthogonality set
	Definition of the Birkhoff-James cosine function
	Two illustrative examples
	Properties of the Birkhoff-James cosine function
	Semi-inner product
	Relation with other cosine functions
	Cosines of operators

