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Prìlogoc

H diplwmatik  aut  ergasÐa ègine sta plaÐsia tou progr�mmatoc metaptu-

qiak¸n spoud¸n tou Tm matoc S.E.M.F.E sto PoluteqneÐo Ajhn¸n kai

upì thn epÐbleyh tou kajhght  k. K. QrusafÐnou.

Epijum¸ na ekfr�sw jermèc euqaristÐec sthn oikogènei� mou pou me

st rixe ìlo autì to di�sthma me to kalÔtero trìpo, kai ston k. K.

QrusafÐno gia thn katanìhsh kai thn upomon  kaj¸c kai tic eÔstoqec

upodeÐxeic tou, tìso kat� thn ekpìnhsh thc diplwmatik c mou ergasÐac,

ìso kai kajìlh th di�rkeia twn metaptuqiak¸n spoud¸n mou. UpodeÐxeic

kai did�gmata pou mou st�jhkan tìso polÔtima kai h prosfor� touc den

mporeÐ na ekfrasteÐ me lìgia. Tèloc ja  tan meg�lh par�leiy  mou, an

den euqaristoÔsa touc k. I. Qrusobèrgh kai k. I. Kolètso kaj¸c kai

arketoÔc sunadèlfouc foithtèc pou oi suzht seic mazÐ touc me od ghsan

se gìnimouc problhmatismoÔc, skèyeic kai melèth, kaj¸c kai th filìlogo

G. Rìpoulou gia th glwssik  epimèleia.

Aj na, Okt¸brioc 2009

EujÔmioc Karatz�c
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Kef�laio 1

Basikèc 'Ennoiec - Q¸roi Sobolev

1.1 Q¸roi Hölder

Prin proqwr soume stouc q¸rouc Sobolev ja asqolhjoÔme me touc a-

ploÔsterouc q¸rouc Hölder.

JewroÔme ìti to U ⊂ Rn eÐnai anoiqtì kai 0 < γ 6 1. H kl�sh twn

suneq¸n sunart sewn Lipschitz u : U → R, ex orismoÔ ikanopoieÐ th

sqèsh

|u(x)− u(y)| 6 C |x− y| (x, y ∈ U) (1.1)

gia k�poia stajer� C. T¸ra h (1.1) profan¸c upodhl¸nei ìti h u eÐ-

nai suneq c kai epÐshc parèqei omoiìmorfh sunèqeia (provides a uniform

modulus continuity). ProkÔptei epÐshc ìti eÐnai qr simo na jewr soume

sunart seic u pou ikanopoioÔn th sqèsh

|u(x)− u(y)| 6 C |x− y|γ (x, y ∈ U) (1.2)

gia k�poia stajer� C. Mia tètoia sun�rthsh kaleÐtai Hölder suneq c me

ekjèth γ.
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Orismìc 1.1 i. An u : U → R eÐnai fragmènh kai suneq c, gr�fou-

me

‖u‖C(Ū) := sup
x∈U

|u(x)| .

ii. H γη-Hölder hminìrma thc u : U → R eÐnai

[u]C0,γ(Ū) := sup
x,y∈U
x6=y

{|u(x)− u(y)|
|x− y|γ

}
,

kai h γη-Hölder nìrma eÐnai

‖u‖C0,γ(Ū) := ‖u‖C(Ū) + [u]C0,γ(Ū) .

Orismìc 1.2 O q¸roc Hölder

Ck,γ(Ū)

perièqei ìlec tic sunart seic u ∈ Ck(Ū) gia tic opoÐec h nìrma

‖u‖Ck,γ(Ū) :=
∑

|α|≤k

‖Dau‖C(Ū) +
∑

|α|=k

[Dau]C0,γ(Ū) (1.3)

eÐnai peperasmènh.

Opìte o q¸roc Ck,γ(Ū) perièqei ìlec tic sunart seic u pou eÐnai k-forèc

suneqeÐc kai paragwgÐsimec kai twn opoÐwn oi k−oστες merikèc par�gwgoi

eÐnai fragmènec kai Hölder suneqeÐc me ekjèth γ. Tètoiec sunart seic

èqoun omal  sumperifor�, kai epiplèon o q¸roc Ck,γ(Ū) apoteleÐ mia

kal  majhmatik  kataskeu :

Je¸rhma 1.3 (Q¸roi Hölder wc q¸roi sunart sewn) O q¸-

roc twn sunart sewn Ck,γ(Ū) eÐnai ènac Banach q¸roc.
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UpenjumÐzoume ìti an me X sumbolÐzoume ènan pragmatikì grammikì

q¸ro, tìte h apeikìnish ‖ ‖ : X → [0,∞) onom�zetai nìrma an

i. ‖u+ υ‖ 6 ‖u‖+ ‖υ‖ gia ìla ta u, υ ∈ X,

ii. ‖λu‖ = |λ| ‖u‖ gia ìla ta u ∈ X, λ ∈ R,

iii. ‖u‖ = 0 an kai mìno an u = 0.

Mia nìrma m�c parèqei kai thn ènnoia thc sÔgklishc: lème pwc mia ako-

loujÐa {uk}∞k=1 ⊂ X sugklÐnei sto u ∈ X, gr�fontac uk → u, an

limk→∞ ‖uk − u‖ = 0. 'Enac q¸roc eÐnai q¸roc Banach ìtan eÐnai gram-

mikìc q¸roc me nìrma o opoÐoc eÐnai kai pl rhc pou shmaÐnei ìti k�je

Cauchy akoloujÐa1 sugklÐnei.

Opìte sto Je¸rhma 1.3 dhl¸noume ìti an p�roume se èna grammikì

q¸ro Ck,γ(Ū) th nìrma ‖ · ‖ = ‖ · ‖Ck,γ(Ū) , orismènh apì thn (1.3),

tìte h ‖ · ‖ ikanopoieÐ tic idiìthtec (i) - (ii), kai epiplèon k�je akoloujÐa

Cauchy sugklÐnei.

1.2 Q¸roi Sobolev

Oi q¸roi Hölder ìpwc parousi�sthkan prohgoumènwc eÐnai dustuq¸c a-

kat�llhloi wc upìbajro gia th basik  jewrÐa twn PDE, kaj¸c sun jwc
1Mia akoloujÐa x1, x2, x3, ... pragmatik¸n arijm¸n lègetai Cauchy an gia k�je je-

tikì pragmatikì arijmì ε, up�rqei ènac jetikìc akèraioc arijmìc N tètoioc ¸ste gia

ìlouc touc fusikoÔc arijmoÔc m,n > N eÐnai |xm − xn| < ε.
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den mporoÔme na k�noume arket� kaloÔc upologismoÔc ¸ste na apodeÐxou-

me ìti oi lÔseic pou kataskeu�zoume ìntwc an koun se tètoiouc q¸rouc.

Autì pou qreiazìmaste eÐnai k�poia �lla eÐdh q¸rwn, pou perièqoun ligì-

tero omalèc sunart seic. Sthn pr�xh prèpei na epitÔqoume to sqediasmì

q¸rwn apoteloÔmenwn apì sunart seic pou èqoun k�poiec, all� ìqi tìso

shmantikèc, idiìthtec omalìthtac.

1.2.1 AsjeneÐc par�gwgoi

Xekin�me me ousiastik  apodun�mwsh thc ènnoiac thc merik c parag¸gou

(weak derivatives).

ShmeÐwsh. Ac sumbolÐsoume me C∞
c (U) to q¸ro twn apeÐrwc diaforÐ-

simwn sunart sewn ϕ : U → R, me compact support2 sto U . Ja ono-

m�zoume suqn� mia sun�rthsh ϕ pou an kei ston C∞
c (U) wc sun�rthsh

dokim c (test function).

Orismìc 1.4 Upojètoume ìti u, υ ∈ L1
loc(U), kai α ènac poludeÐkthc

(multiindex). Lème ìti h υ eÐnai mia α−oστη asjen c merik  par�gwgoc

tou υ, gr�fontac

Dαu = υ,

upì thn proôpìjesh ìti
∫

U

uDαϕdx = (−1)|α|
∫

U

υϕdx (1.4)

2Support miac sun�rthshc eÐnai to sÔnolo twn shmeÐwn ìpou h sun�rthsh den eÐnai

mhdèn. Sunart seic me compact support ston X eÐnai autèc me support to opoÐo eÐnai

sumpagèc uposÔnolo tou X.
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gia ìlec tic sunart seic dokim c ϕ ∈ C∞
c (U).

Me �lla lìgia, an mac dÐnetai u kai an sumbaÐnei na up�rqei mia sun�r-

thsh υ pou ikanopoieÐ thn (1.4) gia ìla ta ϕ, lème ìti h Dαu = υ eÐnai h

asjen c ènnoia. An den up�rqei tètoia sun�rthsh υ, tìte h u den apoteleÐ

mia asjen  α−oστη par�gwgo.

L mma 1.5 (Monadikìthta twn asjen¸n parag¸gwn) Mia

asjen c α−oστη merik  par�gwgoc tou u, an up�rqei, eÐnai monadik� ori-

smènh p�nw se èna sÔnolo mètrou mhdèn3.

1.2.2 Orismìc twn q¸rwn Sobolev.

'Estw 1 ≤ p ≤ ∞ kai k ènac mh arnhtikìc akèraioc. OrÐzoume t¸ra

orismènouc q¸rouc sunart sewn, oi opoÐoi èqoun asjeneÐc parag¸gouc

diafìrwn t�xewn p�nw se q¸rouc Lp.

Orismìc 1.6 O q¸roc Sobolev

W k,p(U)

perièqei ìlec tic topik� oloklhr¸simec sunart seic u : U → R tètoiec

¸ste gia k�je poludeÐkth α me |α| 6 k, h Dαu up�rqei me thn asjen 

ènnoia kai an kei ston Lp.
3UpenjumÐzoume pwc an (X,M, µ) eÐnai ènac metrikìc q¸roc, kai A ∈ M tìte to A

lègetai ìti eÐnai mètrou mhdèn an µ(A) = 0. (Me ton ìro mètro   jetikì mètro ennooÔme

mÐa sun�rthsh me pedÐo orismoÔ mÐa s-�lgebra Σ enìc metr simou q¸rou kai pedÐo tim¸n

stouc mh arnhtikoÔc arijmoÔc µ : Σ → [0,∞] me thn idiìthta: e�n An, n = 1, 2, ... eÐnai

mÐa akoloujÐa xènwn metaxÔ touc sunìlwn sto Σ tìte µ

( ∞⋃
n=1

An

)
=

∞∑
n=1

µ (An) ).
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ShmeÐwsh

i. An p = 2, sun jwc gr�foume

Hk(U) = W k,2(U) (k = 0, 1, ...).

To gr�mma H qrhsimopoieÐtai, afoÔ, kaj¸c ja doÔme, o Hk(U) eÐnai

ènac q¸roc Hilbert. Ac shmei¸soume pwc H0(U) = L2(U).

ii. Apì ed¸ kai sto ex c ja anagnwrÐzoume sunart seic ston W k,p(U)

pou sumfwnoÔn sqedìn pantoÔ.

Orismìc 1.7 An u ∈ W k,p(U), orÐzoume thn nìrma

‖u‖W k,p(U) :=





(
∑

|α|6k

∫
U |Dau|pdx

)1/p

(1 6 p 6 ∞)

∑
|α|6k

ess supU |Dau| (p = ∞).

Sumbolismìc: an h pragmatik¸n tim¸n sun�rthsh f eÐnai metr simh4,

orÐzoume to essential supremum5 (stoiqei¸dhc supremum):

ess sup f := inf{µ ∈ R | |{f > µ}| = 0}.
4Metr simec sunart seic eÐnai sunart seic me omal  sumperifor� se metr simouc

q¸rouc (s-pedÐa). An Σ eÐnai mia s-�lgebra p�nw se èna sÔnolo X kai T eÐnai mia

s-�lgebra p�nw sto Y , tìte h sun�rthsh f : X → Y eÐnai metr simh Σ/T an to

preimage f−1[B] = {x ∈ X |f(x) ∈ B } k�je sunìlou tou T an kei sto Y .
5Oi ènnoiec essential supremum kai essential infimum sqetÐzontai me ta supremum

kai infimum. 'Omwc ta dÔo pr¸ta eÐnai pio kat�llhla sth jewrÐa mètrou, ìpou suqn�

mac apasqoloÔn katast�seic pou den eÐnai ègkurec pantoÔ, gia par�deigma den eÐnai

ègkurec gia ìla ta stoiqeÐa enìc sunìlou, all� sqedìn pantoÔ, dhlad  ektìc apì èna

sÔnolo mètrou mhdèn. 'Estw (X,Σ, µ) ènac metrikìc q¸roc �ìpou metrikìc q¸roc (X,

d) apoteleÐtai apì èna mh kenì sÔnolo X, kai mia pragmatik  sun�rthsh d (kaloÔmenh
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Orismìc 1.8 i. 'Estw {um}∞m=1, u ∈ W k,p(U). Lème ìti um sugklÐ-

nei sto u sto W k,p(U), kai gr�foume:

um → u sto W k,p(U),

an lim
m→∞

‖um − u‖W k,p(U) = 0.

ii. Gr�foume:

um → u sto W k,p
loc (U),

enno¸ntac ìti

um → u sto W k,p(V ),

gia k�je V ⊂⊂ U .

Orismìc 1.9 SumbolÐzoume me

W k,p
0 (U)

metrik ) orismènh epÐ tou sunìlou X ×X ètsi ¸ste gia ìla ta x, y, kai z tou X na

ikanopoioÔntai oi parak�tw sunj kec: (i) d(x, y) > 0 an x 6= y, kai d(x, y) = 0 ean x =

y, (ii) d(x, y) = d(y, x) (summetrÐa), (iii) d(x, z) ≤ d(x, y)+d(y, z) � kai èstw f : X →
R mia sun�rthsh orismènh ston X kai me pragmatikèc timèc, h opoÐa den eÐnai aparaÐthta

metr simh. 'Enac pragmatikìc arijmìc α onom�zetai upper bound thc f an f(x) ≤ α

gia ìla ta x ston X an to sÔnolo {x ∈ X : f(x) > α} eÐnai kenì. Se antÐjesh, to α

onom�zetai essential upper bound an to sÔnolo {x ∈ X : f(x) > α} eÐnai mètrou mhdèn,

dhlad  f(x) ≤ α sqedìn ìla ta x ston X. Opìte ìpwc to supremum thc f orÐzetai

na eÐnai to mikrìtero upper bound, to essential supremum orÐzetai wc to mikrìtero

essential upper bound dhlad  ess sup f = inf {α ∈ R : µ ({x : f(x) > a} = 0)} an to

sÔnolo {α ∈ R : µ ({x : f(x) > a} = 0)} twn essential upper bounds eÐnai mh kenì, kai

ess sup f = +∞ diaforetik�.
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to perÐblhma6 tou C∞
c (U) sto W k,p(U)

Opìte u ∈ W k,p
0 (U) an kai mìno an up�rqoun sunart seic um ∈ C∞

c (U)

tètoiec ¸ste um → u sto W k,p(U). Metafr�zontac ton W k,p
0 (U), apote-

leÐtai apì tic sunart seic u ∈ W k,p(U) tètoiec ¸ste

<<Dαu = 0 sto ∂U >> gia ìla ta |α| ≤ k − 1.

Sumbolismìc. Sun jwc gr�foume

Hk
0 (U) = W k,2

0 (U).

An n = 1 kai U eÐnai èna anoiqtì di�sthma ston R1, tìte u ∈ W 1,p(U) an

kai mìno an h u isoÔtai me mia sqedìn pantoÔ apolÔtwc suneq  sun�rthsh

thc opoÐac h sunhjismènh par�gwgoc (h opoÐa up�rqei sqedìn pantoÔ)

up�rqei ston Lp(U). 'Enac tìso aplìc qarakthrismìc eÐnai par� ìla aut�

diajèsimoc mìno gia n = 1. Genik� mÐa sun�rthsh mporeÐ na an kei se èna

q¸ro Sobolev kai akìmh na eÐnai asuneq c kai/  fragmènh.

1.2.3 Basikèc idiìthtec.

Je¸rhma 1.10 (Idiìthtec asjen¸n parag¸gwn) JewroÔme

u, υ ∈ W k,p(U), |α| 6 k. Tìte

i. Dαu ∈ W k−|α|,p(U) kai Dβ(Dαu) = Dα(Dβu) = Dα+βu gia ìlouc

touc poludeÐktec α, β me |α|+ |β| 6 k.
6To perÐblhma   kleist  j kh (closure), p.q. tou S, eÐnai to mikrìtero kleistì

uposÔnolo pou perièqei to S.
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ii. Gia k�je λ, µ ∈ R, λu+ µυ ∈ W k,p(U) kai Dα(λu+ µυ) = λDαu+

µDαυ, |α| 6 k.

iii. An V eÐnai èna anoiqtì uposÔnolo tou U , tìte υ ∈ W k,p(V ).

iv. An ζ ∈ C∞
c (U), tìte ζu ∈ W k,p(U) kai

Dα(ζu) =
∑

β6α


 α

β


DβζDα−βu (tÔpoc tou Leibniz),

ìpou 
 α

β


 =

α!

β!(α− β)!
.

Je¸rhma 1.11 (Q¸roi Sobolev wc q¸roi sunart sewn) Gia

k�je k = 1, ... kai 1 ≤ p ≤ ∞, o q¸roc Sobolev W k,p(U) eÐnai ènac

Banach q¸roc.

1.3 Prosèggish

1.3.1 Prosèggish sto eswterikì apì omalèc sunart -

seic

Gia na melet soume bajÔterec idiìthtec twn q¸rwn Sobolev, ja anaptÔ-

xoume k�poiec susthmatikèc mejodeÔseic gia thn prosèggish miac sun�r-

thshc se èna q¸ro Sobolev apì omalèc sunart seic. 'Ena tètoio ergaleÐo

eÐnai h mèjodoc twn omalopoiht¸n (mollifiers).

JewroÔme ènan jetikì akèraio k kai 1 ≤ p < ∞ kai sÔnolo Uε me

Uε = {x ∈ U |dist(x, ∂U ) > ε}.
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Je¸rhma 1.12 (Topik  prosèggish apì omalèc sunart -

seic) JewroÔme u ∈ W k,p(U) gia 1 ≤ p < ∞ kai jètoume

uε = ηε ∗ u sto Uε.

Tìte

i. uε ∈ C∞(Uε) gia k�je ε > 0,

ii. uε → u sto W k,p
loc (U), kaj¸c ε → 0.

1.3.2 Prosèggish apì omalèc sunart seic.

Sth sunèqeia ja deÐxoume ìti mporoÔme na broÔme omalèc sunart seic pou

proseggÐzoun sto W k,p(U), kai ìqi mìno sto W k,p
loc (U). Shmei¸noume ìti

sta parak�tw den k�noume upojèseic gia thn omalìthta tou ∂U .

Je¸rhma 1.13 (Olik  prosèggish apì omalèc sunart -

seic) JewroÔme fragmèno sÔnolo U , kai upojètoume epÐshc ìti u ∈
W k,p(U) gia k�poio 1 6 p < ∞. Tìte up�rqoun sunart seic um ∈
C∞(U) ∩W k,p(U) tètoiec ¸ste

um → u sto W k,p(U).

ShmeÐwsh. Prosoq  den apaitoÔme um ∈ C∞(Ū) (blèpe epìmeno je¸-

rhma).

1.3.3 Olik  prosèggish apì omalèc sunart seic.

T¸ra zht�me to pìte eÐnai dunatì na proseggÐsoume mia dosmènh sun�rth-

sh u ∈ W k,p(U) apì sunart seic pou an koun sto C∞(Ū) kai ìqi apl¸c
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sto C∞(U). Mia tètoia prosèggish apaiteÐ k�poia sunj kh ¸ste na apo-

kleÐsoume to ∂U na eÐnai gewmetrik� �grio.

Je¸rhma 1.14 (Olik  prosèggish apì sunart seic oma-

lopoihmènec wc to sÔnoro) JewroÔme fragmèno U kai ìti ∂U eÐnai

C1. Upojètoume ìti u ∈ W k,p(U) gia k�poio 1 6 p < ∞. Tìte up�rqoun

sunart seic um ∈ C∞(Ū) tètoiec ¸ste

um → u sto W k,p(U).

1.4 Epekt�seic

Epìmenoc stìqoc mac eÐnai na epekteÐnoume sunart seic tou q¸rou So-

bolev W 1,p(U) ¸ste na gÐnoun sunart seic tou q¸rou Sobolev W 1,p(R).

Autì eÐnai polÔ leptì shmeÐo. Jewr¸ntac gia par�deigma ìti h epektamènh

sun�rthsh u ∈ W 1,p(U) na eÐnai mhdèn sto Rn−U de ja douleÔei genik�,

kaj¸c eÐnai pijanì na èqoume kataskeu�sei polÔ �sqhmh asunèqeia sto

∂U , ¸ste h epektamènh sun�rthsh na mhn èqei pia asjen  pr¸th merik 

par�gwgo. Prèpei wstìso na efeÔroume èna trìpo na epekteÐnoume thn u

h opoÐa <<na diathreÐ thn asjen c parag¸gish p�nw sto ∂U >>.

Upojètoume 1 6 p 6 ∞.

Je¸rhma 1.15 (Je¸rhma epèktashc) JewroÔme ìti U eÐnai frag-

mèno kai to ∂U eÐnai C1. Epilègoume èna fragmèno anoiqtì sÔnolo V tètoio

¸ste U ⊂⊂ V . Tìte up�rqei ènac fragmènoc grammikìc telest c

E : W 1,p(U) → W 1,p(Rn)
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tètoia ¸ste gia k�je u ∈ W 1,p(U):

i. Eu = u sqedìn pantoÔ sto U ,

ii. Eu èqei support mèsa sto V , kai

iii.

‖Eu‖W 1,p(Rn) 6 C ‖u‖W 1,p(U) ,

h stajer� C exart�tai mìno apì to p, to U , kai to V .

Orismìc 1.16 Onom�zoume Eu mia epèktash thc u sto Rn.

1.5 'Iqnh

Sth sunèqeia ja suzht soume thn pijanìthta kajorismoÔ <<sunoriak¸n

tim¸n>> sto ∂U miac sun�rthshc u ∈ W 1,p(U), upojètontac pwc to ∂U

eÐnai C1. T¸ra an u ∈ C(Ū) tìte xek�jara h u èqei timèc sto ∂U me th

sunhjismènh ènnoia. To prìblhma eÐnai pwc mia sunhjismènh sun�rthsh

u ∈ W 1,p(U), den eÐnai genik� suneq c kai, polÔ qeirìtera, orÐzetai mìno

sqedìn pantoÔ sto U . AfoÔ ∂U èqei n-di�stato Lebesgue mètro mhdèn,

den èqei apeujeÐac nìhma h èkfrash <<u periorismènh sto ∂U >>. H ènnoia

tou telest  Ðqnouc (trace operator) lÔnei autì to prìblhma.

S� aut  thn par�grafo jewroÔme 1 6 p < ∞.

Je¸rhma 1.17 (Je¸rhma 'Iqnouc) JewroÔme U fragmèno kai to

∂U eÐnai C1. Tìte up�rqei ènac fragmènoc grammikìc telest c

T : W 1,p(U) → Lp(∂U)
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tètoioc ¸ste

i. Tu = u |∂U an u ∈ W 1,p(U) ∩ C(Ū), kai

ii. ‖Tu‖Lp(∂U) 6 C ‖u‖W 1,p(U),

gia k�je u ∈ W 1,p(U), me th stajer� C na exart�tai mìno apì to p kai to

U .

Orismìc 1.18 Onom�zoume Tu to Ðqnoc thc u sto ∂U .

Je¸rhma 1.19 (MhdenikoÔ Ðqnouc sunart seic ston

W 1,p(U)) JewroÔme U fragmèno kai ∂U eÐnai C1. Upojètoume epiplèon

ìti u ∈ W 1,p(U). Tìte

u ∈ W 1,p
0 (U) an kai mìno an Tu = 0 sto ∂U.

1.6 Anisìthtec Sobolev

Skopìc mac s�aut  thn par�grafo eÐnai na anakalÔyoume emfuteÔseic dia-

fìrwn q¸rwn Sobolev mèsa se �llouc. Ta polÔ shmantik� ergaleÐa ja

eÐnai ed¸ anamfÐbola oi legìmenec << anisìthtec Sobolev >>, tic opoÐec ja

doÔme parak�tw gia omalèc sunart seic. Autèc ja dhmiourg soun tic e-

ktim seic gia aujaÐretec sunart seic se di�forouc sqetikoÔc q¸rouc So-

bolev afoÔ oi omalèc sunart seic eÐnai puknèc.

Gia na eÐnai pio xek�jarh h parousÐash ja jewr soume arqik� mìno

ton q¸ro Sobolev W 1,p(U) kai ja jèsoume thn akìloujh basik  er¸-

thsh: an mia sun�rthsh u an kei ston W 1,p(U), an kei h u autìmata
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se k�poiouc �llouc q¸rouc? H ap�nthsh ja eÐnai <<nai>>, all� poioÐ �lloi

q¸roi exart�tai apì to e�n

0 6 p < n,

p = n,

n < p 6 ∞.

Orismìc 1.20 An 1 6 p < n, to Sobolev suzugèc tou p eÐnai

p∗ :=
np

n− p
.

Shmei¸noume ìti
1

p∗
=

1

p
− 1

n
, p∗ > p.

Je¸rhma 1.21 (Anisìthta Gagliardo-Nirenberg-Sobolev)Je-

wroÔme 1 6 p < n. Up�rqei mia stajer� C, pou exart�tai mìno apì to p

kai to n, tètoia ¸ste

‖u‖Lp∗(Rn) 6 C ‖Du‖Lp(Rn) ,

gia ìla ta u ∈ C1
c (Rn).

Je¸rhma 1.22 (Ektim seic gia W 1,p(U), 1 6 p < n) 'Estw U è-

na fragmèno, anoiqtì uposÔnolo tou Rn, kai upojètoume ìti to ∂U eÐnai

C1. JewroÔme 1 6 p < n, kai u ∈ W 1,p(U). Tìte u ∈ Lp∗(U) me thn

ektÐmhsh

‖u‖Lp∗(U) 6 C ‖u‖W 1,p(U) ,

h stajer� C exart�tai mìno apì to p to n kai to U .
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Je¸rhma 1.23 (Ektim seic gia W 1,p
0 (U), 1 6 p < n) JewroÔme

to U èna fragmèno, anoiqtì uposÔnolo tou Rn. Upojètoume ìti u ∈
W 1,p

0 (U) gia k�poio 1 6 p < n. Tìte èqoume thn ektÐmhsh

‖u‖Lq(U) 6 C ‖Du‖Lp(U)

gia k�je q ∈ [1, p∗], h stajer� C exart�tai mìno apì to p to q to n kai to

U .

Eidikìtera, gia ìla ta 1 6 p 6 ∞,

‖u‖Lp(U) 6 C ‖Du‖Lp(U) .

ShmeÐwsh

i. Aut  h ektÐmhsh merikèc forèc onom�zetai anisìthta Poincare. H

diafor� me to je¸rhma 1.22 eÐnai mìno h klÐsh tou u pou emfanÐzetai

sto dexÐ mèroc thc anisìthtac. ('Allec tÔpou Poincare anisìthtec

ja anaptuqjoÔn sth sunèqeia).

ii. En ìyh tou Jewr matoc 1.23, ston W 1,p
0 (U) h nìrma ‖Du‖Lp(U) eÐnai

isodÔnamh me thn ‖u‖W 1,p(U), an h U eÐnai fragmènh.

iii. Sth sunèqeia jewroÔme thn perÐptwsh

p = n.

ExaitÐac tou Jewr matoc 1.22 kai tou gegonìtoc ìti p∗ = np
n−p →

+∞ kaj¸c p → n ja mporoÔsame na perimènoume u ∈ L∞(U), me

thn proôpìjesh ìti u ∈ W 1,n(U). Autì eÐnai lanjasmèno an n > 1:
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gia par�deigma, an U = B0(0, 1) h sun�rthsh u = log log(1 + 1
|x|)

an kei sto W 1,n(U), all� ìqi sto L∞(U).

Je¸rhma 1.24 (Genikèc anisìthtec Sobolev) 'Estw U èna frag-

mèno, anoiqtì uposÔnolo tou Rn, me sÔnoro sto C1. JewroÔme u ∈
W k,p(U).

i. An

k <
n

p
,

tìte u ∈ Lq(U), ìpou
1

q
=

1

p
− k

n
.

'Eqoume epiplèon thn ektÐmhsh

‖u‖Lq(U) 6 C ‖u‖W k,p(U) ,

h stajer� C exart�tai mìno apì ta k, p, n kai U .

ii. An

k >
n

p

tìte u ∈ Ck−[np ]−1,γ(Ū), ìpou

γ =





[
n
p

]
+ 1− n

p , an o n
p den eÐnai akèraioc

opoiosd pote jetikìc arijmìc < 1, an n
p eÐnai akèraioc.

'Eqoume epiplèon thn ektÐmhsh

‖u‖
Ck−[np ]−1,γ(Ū)

≤ C ‖u‖W k,p(U) ,

h stajer� C exart�tai mìno apì ta k, p, n, γ kai U .
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1.7 Sump�geia

'Eqoume dei ìti h anisìthta Gagliardo-Nirenberg-Sobolev upodhl¸nei thn

emfÔteush tou q¸rou W 1,p(U) mèsa sto Lp∗(U) gia 1 6 p < n, p∗ = np
n−p .

Ja isquristoÔme sth sunèqeia ìti o q¸roc W 1,p(U) eÐnai pr�gmati sum-

pag¸c emfuteumènoc ston Lq(U) gia 1 6 q < p∗. H sump�geia eÐnai jeme-

lei¸dhc gia tic efarmogèc thc grammik c kai mh grammik c sunarthsiak c

an�lushc sth jewrÐa twn PDE ìpwc ja doÔme parak�tw.

Orismìc 1.25 'Estw X kai Y q¸roi Banach, me X ⊂ Y . Lème ìti o

X eÐnai sumpag¸c emfuteumènoc ston Y , gr�fontac

X ⊂⊂ Y,

upì thn proôpìjesh

i. ‖x‖Y 6 C ‖x‖X (x ∈ X) gia k�poia stajer� C, kai

ii. k�je fragmènh akoloujÐa ston X eÐnai prosumpagèc (precompact)7

ston Y .
7'Ena sqetik� sumpagèc (relatively compact) uposÔnolo Y enìc topologikoÔ q¸-

rou X eÐnai èna uposÔnolo tou opoÐou to perÐblhma eÐnai sumpagèc. Efìson kleist�

uposÔnola sumpag¸n q¸rwn eÐnai sumpag , k�je uposÔnolo enìc sumpagoÔc q¸rou

eÐnai sqetik� sumpagèc. 'Otan gia na exet�soume th sump�geia mporoÔn na qrhsi-

mopoihjoÔn akoloujÐec, to krit rio gia th sqetik  sump�geia gÐnetai sto an k�je

akoloujÐa ston Y èqei mia upakoloujÐa pou sugklÐnei ston X. 'Ena tètoio uposÔ-

nolo onom�zetai sqetik� fragmèno (relative bounded)   prosumpagèc ( precompa-

ct), an kai o teleutaÐoc ìroc qrhsimopoieÐtai epÐshc gia èna olik� fragmèno (totally

bounded) uposÔnolo to opoÐo eÐnai isodÔnamo me èna pl rh q¸ro. 'Ena uposÔno-

lo S enìc q¸rou X eÐnai èna olik� fragmèno sÔnolo an kai mìno an, dedomènou
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Je¸rhma 1.26 (Je¸rhma sump�geiac Rellich-Kondrachov)

JewroÔme U èna fragmèno, anoiqtì uposÔnolo tou Rn, kai to ∂U eÐnai C1.

Upojètoume 1 6 p < n. Tìte

W 1,p(U) ⊂⊂ Lq(U)

gia k�je 1 6 q < p∗.

1.8 Epiplèon jèmata

1.8.1 Anisìthtec Poincare.

T¸ra ja parousi�soume to pwc h parèmbash thc sump�geiac mporeÐ na

qrhsimopoihjeÐ gia na paraqjoÔn nèec anisìthtec.

Sumbolismìc. (u)U = fUudy = mèsoc tou u p�nw sto U .

Je¸rhma 1.27 (Anisìthta Poincare) 'Estw U eÐnai èna fragmè-

no, sundedemèno (connected), anoiqtì uposÔnolo tou Rn, me èna C1 sÔnoro

∂U . JewroÔme 1 6 p 6 ∞. Tìte up�rqei mia stajer� C pou exart�tai

mìno apì ta n, p kai U , tètoia ¸ste

‖u− (u)U‖Lp(U) 6 C ‖Du‖Lp(U)

gia k�je sun�rthsh u ∈ W 1,p(U).
enìc megèjouc E, up�rqei ènac fusikìc arijmìc n kai mia oikogèneia A1, A2, ..., An

uposunìlwn tou X tètoia ¸ste to S na perièqetai sthn ènwsh thc oikogèneiac.

Me �lla lìgia, h oikogèneia eÐnai peperasmèno upok�lumma tou S, kai tètoia ¸-

ste k�je uposÔnolo Ai thc oikogeneÐac eÐnai megèjouc E   mikrìtero. Dhlad 

:∀E, ∃n ∈ N, ∃A1, A2, ..., An ⊆ X me S ⊆
n⋃

i=1

Ai kai ∀i = 1, 2, ...n size(Ai) ≤ E.
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H spoudaiìthta thc parap�nw anisìthtac ofeÐletai sto ìti mìno h

klÐsh tou u emfanÐzetai sto dexÐ mèloc.

1.9 'Alloi q¸roi sunart sewn

1.9.1 O q¸roc H−1.

'Opwc ja doÔme sth sunèqeia sth melèth twn grammik¸n elleiptik¸n, pa-

rabolik¸n kai uperbolik¸n PDE exis¸sewn, eÐnai shmantikì na èqoume

ènan explicit qarakthrismì tou duðkoÔ8 q¸rou tou H1
0 .

Orismìc 1.28 SumbolÐzoume me H−1(U) ton duðkì q¸ro tou H1
0(U).

Me �lla lìgia h f an kei ston H−1(U) me thn proôpìjesh ìti h f

eÐnai èna fragmèno, grammikì sunarthsiakì ston H1
0(U). Ac shmei¸soume

polÔ proseqtik� ìti den prosdiorÐzoume ton q¸ro H1
0 mazÐ me ton duðkì

tou. AntÐjeta ìpwc ja doÔme se lÐgo, èqoume

H1
0(U) ⊂ L2(U) ⊂ H−1(U).

Sumbolismìc. Ja gr�foume 〈 , 〉 gia na sumbolÐsoume to duðkì zeÔgoc

metaxÔ H−1(U) kai H1
0(U).

Orismìc 1.29 An f ∈ H−1(U), orÐzoume th nìrma

‖f‖H−1(U) := sup{〈f, u〉 |u ∈ H1
0(U), ‖u‖H1

0 (U) ≤ 1}.
8'Enac fragmènoc grammikìc telest c u∗ : X → R onom�zetai fragmèno grammikì

sunarthsiakì sto X. Gr�foume X∗ gia na sumbolÐsoume ìla ta fragmèna grammik�

sunarthsiak� ston X. O X∗ eÐnai o duðkìc q¸roc tou X.
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Je¸rhma 1.30 (Qarakthrismìc tou H−1) i. JewroÔme ìti

f ∈ H−1(U). Tìte up�rqoun sunart seic f 0, f 1, ..., fn ston L2(U)

tètoiec ¸ste

〈f, u〉 =
∫

U

(
f 0υ+

n∑
i=1

f iυxi

)
dx

(
υ ∈ H1

0(U)
)

(1.5)

ii. Epiplèon

‖u‖H−1(U) = inf





(∫

U

n∑
i=0

∣∣f i
∣∣2 dx

)1/2

| h f ikanopoieÐ

thn (1.5) gia f 0, ..., fn ∈ L2(U)





Sumbolismìc. Gr�foume <<f = f 0 − ∑n
i=1 f

i
xi
>> ìtan isqÔei h sqèsh

(1.5).

1.9.2 Q¸roi pou emperièqoun qrìno.

Sth sunèqeia ja melet soume k�poia �lla eÐdh q¸rwn Sobolev pou pe-

rilamb�noun sunart seic apeikìnishc qrìnou p�nw se q¸rouc Banach.

Autì ja apodeiqteÐ polÔ shmantikì stic kataskeuèc asjen¸n lÔsewn stic

grammikèc parabolikèc, uperbolikèc kai mh grammikèc parabolikèc PDE.

Ac sumbolÐsoume X ènan pragmatikì q¸ro Banach, me nìrma ‖ ‖.

Orismìc 1.31 O q¸roc

Lp(0, T ;X)
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perièqei ìlec tic isqur� metr simec (strongly measurable)9 sunart seic

u : [0, T ] → X me

i.

‖u‖Lp(0,T,X) :=

(∫ T

0

‖u(t)‖pdt
)1\p

< ∞

me 1 6 p < ∞, kai

ii.

‖u‖L∞(0,T ;X) := ess sup
06t6T

‖u(t)‖ < ∞.

Orismìc 1.32 O q¸roc

C([0, T ];X)

apoteleÐtai apì ìlec tic suneqeÐc sunart seic u : [0, T ] → X me

‖u‖C([0,T ];X) := max
06t6T

‖u(t)‖ < ∞.

Orismìc 1.33 'Estw u ∈ L1(0, T ;X). Lème ìti h v ∈ L1(0, T ;X)

eÐnai h asjen c par�gwgoc thc u, gr�fontac

u′ = v,

9'Estw X ènac pragmatikìc (  migadikìc) q¸roc Banach q¸roc kai èstw [a, b] èna

fixed di�sthma sto pragmatikì �xona. Mia sun�rthsh x : [a, b] → X lègetai ìti eÐnai

peperasmènwn tim¸n (finitely valued) an eÐnai stajer  se kajèna enìc peperasmènou a-

rijmoÔ diakekrimèna metr sima sÔnola AK ⊂ [a, b] kai Ðsh me to mhdèn sto [a, b]\⋃k Ak.

H sun�rthsh x lègetai isqur� metr simh sto [a, b] an up�rqei mia akoloujÐa {xn} pe-

perasmènwn tim¸n sunart sewn pou sugklÐnei isqur� ston X kai sqedìn pantoÔ sto

[a, b] sto x.
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upì thn proôpìjesh
∫ T

0

ϕ′(t)u(t)dt = −
∫ T

0

ϕ(t)v(t)dt

gia ìlec tic bajmwtèc sunart seic dokim c ϕ ∈ C∞
c (0, T ).

Orismìc 1.34 i. O q¸roc Sobolev

W 1,p(0, T ;X)

perièqei ìlec tic sunart seic u ∈ Lp(0, T ;X) tètoiec ¸ste h u′ na

up�rqei me thn asjen  ènnoia kai na an kei ston Lp(0, T ;X). Epi-

plèon,

‖u‖W 1,p(0,T ;X) :=





(∫ T

0 (‖u(t)‖p + ‖u′(t)‖p) dt
)1\p

(1 6 p < ∞)

ess sup
06t6T

(‖u(t)‖+ ‖u′(t)‖) (p = ∞) .

ii. Gr�foume H1(0, T ;X) = W 1,2(0, T ;X).

Je¸rhma 1.35 (Logismìc se ènan afhrhmèno q¸ro) 'Estw

u ∈ W 1,p(0, T ;X) gia k�poio 1 6 p 6 ∞. Tìte

i. u ∈ C([0, T ];X) (afoÔ pijan¸c xanaoristeÐ se èna sÔnolo mètrou

mhdèn), kai

ii. u(t) = u(s) +
∫ t

s u
′(τ)dτ , gia ìla ta 0 6 s 6 t 6 T .

iii. Epiplèon, èqoume thn ektÐmhsh

max
06t6T

‖u(t)‖ 6 C ‖u‖W 1,p(0,T ;X) ,

h stajer� C exart�tai mìno apì to T .
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Ta dÔo epìmena jewr mata èqoun sqèsh me to ti gÐnetai ìtan ta u kai

u′ eÐnai se diaforetikoÔc q¸rouc.

Je¸rhma 1.36 (Perissìteroc logismìc) Upojètoume pwc u ∈
L2(0, T ;H1

0(U)), me u′ ∈ L2(0, T ;H−1(U)).

i. Tìte

u ∈ C([0, T ];L2(U))

(afoÔ pijan¸c xanaoristeÐ se èna sÔnolo mètrou mhdèn).

ii. H apeikìnish

t 7→ ‖u‖2L2(U)

eÐnai apolÔtwc suneq c, me

d

dt
‖u(t)‖2L2(U) = 2 〈u′(t), u(t)〉

gia sqedìn pantoÔ (for a.e.) 0 6 t 6 T .

iii. Epiplèon, èqoume thn ektÐmhsh

max
06t6T

‖u(t)‖L2(U) 6 C
(
‖u‖L2(0,T ;H1

0 (U)) + ‖u′‖L2(0,T ;H−1(U))

)
,

h stajer� C exart�tai mìno apì to T .

Je¸rhma 1.37 (ApeikonÐseic se kalÔterouc q¸rouc) Jew-

roÔme ìti to U eÐnai anoiqtì, fragmèno kai ∂U eÐnai omalì. 'Estw m ènac

mh arnhtikìc akèraioc.

Upojètoume ìti u ∈ L2(0, T ;Hm+2(U)), me u′ ∈ L2(0, T ;Hm(U)).
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i. Tìte

u ∈ C([0, T ];Hm+1(U))

(afoÔ pijan¸c xanaoristeÐ se èna sÔnolo mètrou mhdèn).

ii. Epiplèon èqoume thn ektÐmhsh

max
06t6T

‖u(t)‖Hm+1(U) 6 C
(
‖u‖L2(0,T ;Hm+2(U)) + ‖u′‖L2(0,T ;Hm(U))

)
,

h stajer� C exart�tai mìno apì ta T , U , kai m.

1.10 Kurtèc sunart seic kai monìtonoi tele-

stèc

Aut  h upoenìthta eÐnai basismènh kurÐwc stic anaforèc twn Barbu [1976],

Brezis [1973], Barbu and Precupanu [1986], Rockafellar [1970].

'Estw X ènac q¸roc Banach kai ϕ : X → (−∞,+∞) mia kurt 

sun�rthsh. Gr�foume dom(ϕ) = x ∈ X : ϕ(x) < +∞ kai ϕ onom�zetai

kat�llhlh (proper)10 an dom(ϕ) 6= ∅ kai ϕ(x) > −∞ gia k�je x ∈ X.

To perÐblhma   kleist  j kh tou ϕ, sumbolizìmeno me clϕ, eÐnai h k�tw
10 Mia kat�llhlh kurt  sun�rthsh ston X eÐnai mia sun�rthsh ϕ : X →

(−∞,+∞] = R̄ pou den eÐnai tautotik� +∞ kai ikanopoieÐ thn anisìthta ϕ((1 −
λ)x + λy) ≤ (1 − λ)ϕ(x) + λϕ(y) gia ìla ta x, y ∈ X kai ìla ta λ ∈ [0, 1]. H su-

n�rthsh ϕ : X → (−∞,+∞] lègetai ìti eÐnai k�tw hmisuneq c (lower semicontinous)

ston X an lim
u→x

inf ϕ(u) ≥ ϕ(x),∀x ∈ X   isodÔnama, k�je sÔnolo {x ∈ X;ϕ(x) ≤ λ}
eÐnai kleistì.
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hmisuneq c j kh (lower semicontinous hull) tou ϕ:

(clϕ)(x) =





lim infy→x ϕ(y) an ϕ(x) > −∞ gia ìla ta x ∈ X,

−∞ diaforetik�.

H kurt  sun�rthsh ϕ lème ìti eÐnai kleist  (closed) an ϕ = clϕ. Pio

sugkekrimèna, gia mÐa kat�llhlh, kurt  sun�rthsh h kleistìthta eÐnai

isodÔnamh me thn k�tw hmisunèqeia11.

To upodiaforikì (subdifferential) thc sun�rthshc ϕ, sumbolizìmeno

me ∂ϕ dÐnetai apì th sqèsh

∂ϕ(x) = {w ∈ X∗ : ϕ(x)− ϕ(υ) ≤ (x− υ, w)X×X∗, ∀υ ∈ X}
11MÐa sun�rthsh eÐnai k�tw hmisuneq c (lower semicontinuous) sto x0 an ∀ε > 0

up�rqei perioq  U tou x0 tètoia ¸ste f(x) ≥ f(x0) − ε ∀x ∈ U , limx→x0 inf f(x) ≥
f(x0).

(JewroÔme X ènan topologikì q¸ro kai f mia sun�rthsh apì ton X ston epektamèno

q¸ro twn pragmatik¸n arijm¸n R∗, f : X → R∗ tìte:

1. An f−1((α,∞]) = {x ∈ X | f(x) > α} eÐnai èna anoiqtì sÔnolo ston X gia ìla ta

α ∈ R, tìte lème ìti h f eÐnai k�tw hmisuneq c ( lower semicontinuous).

2. An f−1([−∞, α)) = {x ∈ X | f(x) < α} eÐnai èna anoiqtì sÔnolo ston X gia ìla

ta α ∈ R , tìte lème ìti h f eÐnai �nw hmisuneq c (upper semicontinuous).

Me �lla lìgia, h f eÐnai k�tw hmisuneq c, an f eÐnai suneq c wc proc thn topologÐa

(with respect to the topology for) R∗ perièqontac to ∅ kai anoiqt� sÔnola thc mor-

f c U(α) = (α,∞], α ∈ R ∪ {−∞}. Den eÐnai dÔskolo na doÔme ìti autì eÐnai mia

topologÐa, gia par�deigma, gia mia ènwsh sunìlwn U(αi) èqoume ∪iU(αi) = U(inf αi).

Profan¸c, aut  h topologÐa eÐnai pio << �gria >> apì th sun jh topologÐa twn epekta-

mènwn arijm¸n. Parìla aut�, ta sÔnola U(α) mporoÔme na ta doÔme wc geitonièc tou

apeÐrou, opìte upì k�poia ènnoia, hmisuneqeÐc sunart seic (semicontinuous functions)

eÐnai <<suneqeÐc sto �peiro>>).
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Sq ma 1.1: Gewmetrik  anapar�stash tou upodiaforikoÔ. w = ∂ϕ(x), w1, w2 ∈
∂ϕ(x2)

sto dom(∂ϕ), gia par�deigma gia ìla ta x ∈ X gia ta opoÐa to sÔnolo

eÐnai mh kenì. To ∂ϕ(x) eÐnai èna kleistì kurtì sÔnolo ston X∗. Gew-

metrik� autì shmaÐnei ìti gia k�je w ∈ ∂ϕ(x) to gr�fhma thc sqetik c

pragmatik c apeikìnishc (affine real mapping)

y → ϕ(x) + (y − x,w)X×X∗, ∀y ∈ X

eÐnai èna ìqi k�jeto uperepÐpedo pou dièrqetai apì to shmeÐo [x, ϕ(x)] kai

brÐsketai k�tw apì to gr�fhma thc ϕ opoud pote alloÔ (sq ma 1.1). To

upodiaforikì eÐnai mÐa genÐkeush twn klasik¸n arq¸n thc parag¸gou kai

thc efaptomènhc.

T¸ra jewroÔme dÔo sÔnola, X, Y , kai to kartesianì touc ginìme-

no X × Y . 'Ena uposÔnolo A ⊂ X × Y onom�zetai pollapl¸n tim¸n
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(multivalued) telest c orismènoc ston X me timèc ston Y . 'Eqoume:

Ax = {y ∈ Y : [x, y] ∈ A} , x ∈ X,

dom(A) = {x ∈ X : Ax 6= ∅} ⊂ X

R(A) =
⋃
x∈X

Ax ⊂ Y,

A−1 = {[y, x] : [x, y] ∈ A} ⊂ Y ×X.

'Estw X ènac q¸roc Hilbert, ènac (pollapl¸n tim¸n) telest c A :

X → X onom�zetai monìtonoc an

(x1 − x2, y1 − y2)X ≥ 0 ∀[xi, yi] ∈ A, i = 1, 2.

An h anisìthta eÐnai austhr  gia x1 6= x2, x1, x2 ∈ dom(A), tìte

o A eÐnai austhr� monìtonoc (strictly monotone). An epiplèon isqÔei h

akìloujh sqèsh:

(x1 − x2, y1 − y2)X ≥ α |x1 − x2|2X , α > 0, ∀[xi, yi] ∈ A, i = 1, 2

tìte o A onom�zetai isqur� monìtonoc (strongly monotone).

O telest c A : X → X eÐnai ω-monotone an o A+ωI eÐnai monìtonoc,

fusik� ω > 0. O monìtonoc telest c A : X → X onom�zetai megistik�

monìtonoc an to gr�fhm� tou, wc èna uposÔnolo tou X × X, eÐnai me-

gistikì (maximal), pou shmaÐnei ìti de mporeÐ na perièqetai austhr� se

opoiod pote �llo monìtono gr�fhma apì ton X ×X.

'Oloi autoÐ oi orismoÐ mporoÔn eÔkola na epektajoÔn se telestèc T :

Z → Z∗ (ìpou Z ènac q¸roc Banach), apl� antikajist¸ntac to (·, ·)X
me thn antistoÐqish 〈·, ·〉X×X∗.
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MÐa shmantik  kl�sh monìtonwn telest¸n dÐnetai apì ta upodiaforikì

kurt¸n sunart sewn:

Je¸rhma 1.38 Se q¸rouc Banach to upodiaforikì miac k�tw hmisu-

neqoÔc, kat�llhlhc, kurt c sun�rthshc eÐnai ènac megistikìc monìtonoc

(maximal monotone) telest c.

'Alla shmantik� paradeÐgmata monìtonwn telest¸n eÐnai aut� pou ako-

loujoÔn:

'Enac single valued telest c A : X → X me dom(A) = X onom�zetai

hemicontinuous an gia ìla ta x ∈ X, y ∈ X èqoume A((1− t)x+ ty) →
Ax, asjen¸c ston X, kaj¸c t → 0.

Je¸rhma 1.39 'Enac hemicontinuous monìtonoc telest c eÐnai megi-

stikìc monìtonoc.

'Estw Ω èna fragmèno metr simo sÔnolo sto RN kai èstw A ènac

megistikìc monìtonoc telest c se ènan q¸ro Hilbert X. EÐnai dunatìn

na orÐsoume ton Ã ston L2(Ω;X) apì èna υ ∈ Ãu an kai mìno an υ(x) ∈
Au(x) sqedìn pantoÔ ston Ω. O telest c Ã eÐnai megistikìc monìtonoc

ston L2(Ω;X).

Je¸rhma 1.40 'Enac grammikìc, summetrikìc jetik� orismènoc (posi-

tive definite) telest c A : X → X eÐnai megistikìc monìtonoc an kai mìno

an eÐnai autosuzug c (self-adjoint)12.
12'Enac pukn� orismènoc grammikìc telest c A : D(A) ⊂ H → H se èna q¸ro

Hilbert H eÐnai ènac ermitianìc   summetrikìc telest c an (Ax, y) = (x,Ay) gia ìla
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Tic monìtonec apeikonÐseic mporoÔme na tic doÔme wc mia genÐkeush twn

upodiaforik¸n kai ta teleutaÐa wc mia genÐkeush twn klasik¸n arq¸n

klÐsewn (gradient) se q¸rouc Banach Z. Fusik� h monotonÐa, ìpwc o-

rÐsthke parap�nw, epÐshc epekteÐnei thn Ðdia ènnoia gia tic pragmatikèc

apeikonÐseic.

JumÐzoume ìti gia f : Z → (−∞,∞), to ìrio

f ′(x, h) = lim
λ→0

f(x+ λh)− f(x)

λ
,

ìtan up�rqei onom�zetai par�gwgoc kat� kateÔjunsh (directional deriva-

tive) tou h ∈ Z sto x. H apeikìnish h → f ′(x, h) onom�zetai diaforikì

kat� kateÔjunsh (directional differential) thc f sto x an eÐnai kal� ori-

smènh gia ìla ta h ∈ Z. H sun�rthsh f onom�zetai asjen¸c (weakly)  

Gâteaux diaforÐsimh sto x an to h → f ′(x, h) eÐnai èna grammikì sunar-

thsiakì ston Z. To antÐstoiqo stoiqeÐo apì ton Z∗ ja sumbolÐzetai me
ta x, y ∈ D(A). Autì shmaÐnei ìti o suzug c A∗ tou A eÐnai orismènoc toul�qiston

ston D(A) kai ìti autìc o periorismìc tou sumpÐptei me ton A. Autì to gegonìc

suqn� sumbolÐzetai me A ⊂ A∗. O telest c A lègetai autosuzug c an sumpÐptei

me ton suzug  tou, dhlad  an A = A∗. [Dosmènou enìc topologikoÔ q¸rou X, lème

ìti h apeikìnish f : Y → X eÐnai pukn� orismènh an to pedÐo orismoÔ Y eÐnai èna

puknì uposÔnolo tou X. Aut  h orologÐa sun jwc qrhsimopoieÐtai kai sthn jewrÐa

twn grammik¸n telest¸n me thn akìloujh ènnoia: Se èna q¸ro me nìrma X, ènac

grammikìc telest c A : D ⊂ X → X lègetai na eÐnai pukn� orismènoc an D(A)

eÐnai ènac puknìc dianusmatikìc upìqwroc tou X (èna uposÔnolo D enìc topologikoÔ

q¸rou X eÐnai puknì   pantoÔ puknì ston X an to perÐblhma tou D isoÔtai me ton X

- isodÔnama an o D kalÔptei opoiod pote mh kenì anoiqtì sÔnolo)]
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gradf(x):

f ′(x, h) = (h, gradf(x))Z×Z∗ ,∀h ∈ Z.

Epiplèon, an

lim
y→0

f(x+ y)− f(x)− (y, gradf(x))Z×Z∗

|y| x = 0

tìte h f eÐnai Fréchet diaforÐsimh sto x. Profan¸c k�je Fréchet dia-

forÐsimh eÐnai Gâteaux diaforÐsimh epÐshc. H epèktash twn parap�nw

orism¸n se dianusmatikèc sunart seic eÐnai �mesh. O kanìnac thc alusÐ-

dac bebai¸nei pwc an h g : Z1 → Z2 (q¸roi Banach) eÐnai mÐa Gâteaux

diaforÐsimh apeikìnish kai ϕ : Z2 → R eÐnai Fréchet diaforÐsimh, tìte h

f : Z1 → R pou dÐnetai apì thn f(z) = ϕ(g(z)) eÐnai Gâteaux diaforÐsimh

kai gradf(z) = gradϕ (g(z)) [gradg(z)] (Tapia [1971]).

'Enac jemeli¸dhc qarakthrismìc twn megistik¸n monìtonwn telest¸n

se q¸rouc Hilbert perigr�fetai sto epìmeno je¸rhma.

Je¸rhma 1.41 Oi akìloujec prot�seic eÐnai isodÔnamec:

i. O A eÐnai megistikìc monìtonoc ston X ×X.

ii. O A eÐnai monìtonoc kai R(I + A) = X.

iii. O (I + λA)−1 eÐnai mia sustolik  mh epektamènh (contraction -

nonexpansive) apeikìnish se olìklhro to q¸ro X, gia ìla ta λ > 0.

SuneqÐzoume parajètontac di�forec basikèc idiìthtec twn mh grammi-

k¸n telest¸n kai kurt¸n sunart sewn pou paÐzoun jemeli¸dh rìlo sta

epìmena.
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Je¸rhma 1.42 'Estw A : X → X ènac megistikìc monìtonoc tele-

st c. Tìte

i. O A−1 eÐnai megistikìc monìtonoc.

ii. Gia k�je x ∈ dom(A), to sÔnolo Ax eÐnai kurtì kai kleistì ston X.

iii. O A eÐnai hmikleistì (demiclosed), pou shmaÐnei xn → x isqur�

(strongly) ston X, yn → y asjen¸c (weakly) ston X, kai yn ∈ Axn

sunep�getai ìti y ∈ Ax.

Shmei¸noume ìti, genik�, o A den eÐnai demicontinuous13, p.q. xn → x

isqur� de shmaÐnei ìti up�rqei yn ∈ Axn, y ∈ Ax tètoio ¸ste yn → y

asjen¸c ston X.

JumÐzoume ìti o telest c A : X → X eÐnai piestikìc (coercive) an kai

mìno an

lim
|u|X→∞

(Au, u)X
|u|X

= +∞.

13'Estw X ènac (pragmatikìc   migadikìc) q¸roc Banach kai X∗ o suzug c tou wc to

sÔnolo ìlwn twn fragmènwn suzug¸n (conjugate) grammik¸n sunarthsiak¸n ston X.

H tim  tou f ∈ X∗ sto u ∈ X sumbolÐzetai me (f, u). 'Estw G mÐa sun�rthsh apì ton

X ston X∗ me pedÐo orismoÔ D = D(G) ⊂ X. H G onom�zetai demicontinuous an

un ∈ D, n = 1, 2, ..., u ∈ D kai un → u isqur¸c sunep�getai ìti Gun → Gu asjen¸c.

H G eÐnai hemicontinuous an u ∈ D, υ ∈ X kai u + tnυ ∈ D, ìpou tn eÐnai mia

akoloujÐa jetik¸n arijm¸n tètoia ¸ste tn → 0 isqur¸c sunep�getai G(u+tnυ) → Gu

asjen¸c. Lème ìti h G eÐnai topik� fragmènh, an un ∈ D, u ∈ D kai un → u

sunep�getai h Gun eÐnai fragmènh. Profan¸c mÐa demicontinuous sun�rthsh eÐnai

hemicontinuous kai topik� fragmènh. H G eÐnai monìtonh an Re(Gu−Gυ, u−υ) ≥ 0

gia u, υ ∈ D.



KEF�ALAIO 1. BASIK�ES �ENNOIES - Q�WROI SOBOLEV 37

Je¸rhma 1.43 'Enac piestikìc, megistikìc monìtonoc telest c eÐnai

epimorfismìc14.

Je¸rhma 1.44 K�je kat�llhlh, kleist 15, kurt  sun�rthsh ϕ eÐnai

k�tw fragmènh apì mÐa affine16 sun�rthsh kai epitugq�nei thn el�qisth

tim  thc se kleist�, kurt� fragmèna uposÔnola enìc anaklastikoÔ17 q¸-

rou Banach X. MÐa kat�llhlh, kurt  sun�rthsh eÐnai k�tw hmisuneq c

an kai mìno an eÐnai asjen¸c k�tw hmisuneq c (weakly lower semiconti-

nuous).

An h ϕ eÐnai piestik  me thn ènnoia ìti

lim
|u|X→∞

ϕ(x) = +∞

tìte h upìjesh fr�gmatoc sto je¸rhma 1.44 den eÐnai aparaÐthth.

Lème ìti o telest c A : X → X eÐnai topik� fragmènoc (locally boun-

ded) sto x0 ∈ X an up�rqei mia geitoni� V tou x0 ston X tètoia ¸ste

A(V ) =
⋃

x∈V Ax na eÐnai èna fragmèno uposÔnolo tou X.

Je¸rhma 1.45 K�je monìtonoc telest c A : X → X eÐnai topik�

fragmènoc sto eswterikì tou dom(A).
14'Enac telest c f : X → Y eÐnai epimorfismìc (surjective) an kai mìno an to range

f(X) eÐnai Ðso me to Y .
15apeikonÐzei kleist� sÔnola se kleist� sÔnola.
16perièqei ènan grammikì metasqhmatismì thc morf c x 7→ Ax+ b.
17ènac q¸roc Banach (  pio genik� ènac topik� kurtìc topologikìc dianusmatikìc

q¸roc) onom�zetai anaklastikìc (reflexive) an autìc sumpÐptei me to duðkì tou duðkoÔ

tou q¸rou algebrik� kai topologik�.
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Gia ta upodiaforik� isqÔoun kai oi epìmenec sumplhrwmatikèc idiìth-

tec:

Je¸rhma 1.46 'Estw ϕ : X → (−∞,+∞) mÐa kurt , kleist  kat�l-

lhlh sun�rthsh. Tìte

dom(∂ϕ) ⊂ dom(ϕ), dom(∂ϕ) = dom(ϕ), int dom(ϕ) = int dom(∂ϕ)

Je¸rhma 1.47 MÐa kurt , k�tw hmisuneq c, kat�llhlh sun�rthsh

eÐnai topik� Lipschitzian sto eswterikì tou pedÐou orismoÔ thc.

To epìmeno apotèlesma eÐnai mia genÐkeush tou jewr matoc 1.43:

Je¸rhma 1.48 'Estw A ènac megistikìc monìtonoc telest c ston X.

Tìte o A eÐnai epimorfismìc an kai mìno an o A−1 eÐnai topik� fragmènoc.

Apì to je¸rhma 1.41 mporoÔme na orÐsoume tic apeikonÐseic:

Jλ : X → X, Jλx = (I + λA)−1x, λ > 0,

Aλ : X → X, Aλx = λ−1(I − Jλ)x, λ > 0.

Ta parap�nw onom�zontai resolvent kai Yosida prosèggish, antistoÐ-

qwc, enìc megistikìc monìtonou telest  A. EpÐshc orÐzoume thn (Yosida

regularization) kanonikopoÐhsh ϕλ tou ϕ:

ϕλ(x) = inf

{
|x− y|2

2λ
+ ϕ(y) ; y ∈ X

}
, x ∈ X.

EpÐshc isqÔoun oi epìmenec idiìthtec:

Je¸rhma 1.49 'Estw A : X → X ènac megistikìc monìtonoc tele-

st c. Tìte
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i. lim
λ→0

Jλx = Pr ojdom(A)x, x ∈ X,

ii. O Aλ eÐnai megistikìc monìtonoc kai Lipschitzian stajer�c 1/λ ston

X.

iii. Gia k�je x ∈ dom(A), èqoume:

|Aλx|X 6
∣∣A0x

∣∣
X
, Aλx → A0x, λ → 0,

ìpou A0x = Pr ojAx0,

iv. Aλx ∈ AJλx, x ∈ X,

ìpou Pr ojCx eÐnai h probol  tou x ∈ X p�nw sto kurtì, kleistì sÔ-

nolo C ⊂ X, to opoÐo eÐnai to stoiqeÐo x̄ ∈ C tètoio ¸ste |x− x̄|X =

min {|x− c|X ; c ∈ C} .

Je¸rhma 1.50 H sun�rthsh ϕλ, eÐnai kurt , peperasmènh pantoÔ, kai

Gâteaux diaforÐsimh ston X. An X eÐnai ènac q¸roc Hilbert, tìte h ϕλ

eÐnai Fréchet diaforÐsimh ston X. Epiplèon, sumbolÐzontac me A = ∂ϕ,

tìte Aλ = ∂ϕλ. 'Eqoume

i. ϕ(Jλx) 6 ϕλ(x) 6 ϕ(x), x ∈ X, λ > 0,

ϕλ(x) = ϕ(Jλx) +
|x−Jλx|2X

2λ , x ∈ X, λ > 0,

ii. lim
λ→0

ϕλ(x) = ϕ(x), x ∈ X.

Ed¸ Jλ = (I + λA)−1 = (I + λ∂ϕ)−1, Aλ = λ−1(I − Jλ) = (∂ϕ)λ. T¸-

ra mporoÔme na diatup¸soume mia shmantik  leptomèreia tou jewr matoc

1.42, iii):
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Je¸rhma 1.51 An λn → 0, xn → x asjen¸c ston X, Aλn
xn → y

asjen¸c ston X kai epiplèon

lim
n,m→∞

sup(xn − xm, Aλn
xn − Aλm

xm)X ≤ 0,

tìte [x, y] ∈ A kai

lim
n,m→∞

(xn − xm, Aλn
xn − Aλm

xm)X = 0.

Genik�, eÐnai pijanìn to �jroisma dÔo megistik¸n monìtonwn telest¸n,

A+B, na mhn eÐnai megistikìc monìtonoc telest c afoÔ, gia par�deigma,

to pedÐo orismoÔ mporeÐ na eÐnai to kenì.

Je¸rhma 1.52 'Wste A kai B megistikoÐ monìtonoi telestèc ston X×
X tètoia ¸ste intdom(A) ∩ dom(B) 6= ∅. Tìte A + B eÐnai megistikìc

monìtonoc ston X ×X.

To apotèlesma diataraq c pou dÐnetai apì to je¸rhma 1.52 gÐnetai pio

idiaÐtero sthn perÐptwsh twn upodiaforik¸n apeikonÐsewn:

Je¸rhma 1.53 'Estw A : X → X ènac megistikìc monìtonoc tele-

st c kai ϕ : X → (−∞,+∞] mÐa kurt , k�tw hmisuneq c, kat�llhlh

sun�rthsh. JewroÔme mÐa apì tic akìloujec sunj kec:

i. dom(A) ∩ intdom(ϕ) 6= ∅ ,

ii. dom(ϕ) ∩ intdom(A) 6= ∅.

Tìte o A+ ∂ϕ eÐnai ènac megistikìc monìtonoc telest c.
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SuneqÐzoume me èna apotèlesma sto upodiaforikì miac kurt c sun�r-

thshc wc sÔnjesh me èna grammikì telest  (kanìnac alusÐdac), sÔmfwna

me to Tiba [1977].

'Estw X ènac anaklastikìc q¸roc Banach kai ϕ : X → (−∞,+∞]

mÐa kleist , kat�llhlh, kurt  sun�rthsh. 'Estw A : X → X ènac gram-

mikìc fragmènoc telest c, me suzug  ton A∗. JewroÔme th sÔnjeth su-

n�rthsh ψ : X → (−∞,+∞]:

ψ(x) = ϕ(Ax), x ∈ X.

An R(A)∩ dom(ϕ) 6= ∅, tìte h ψ eÐnai kurt , kat�llhlh, k�tw hmisu-

neq c.

Je¸rhma 1.54 JewroÔme ìti oX mporeÐ na analujeÐ sto eujÔ �jroisma

X = X1 ⊕X2, tètoioc ¸ste:

i. R(A) ∩ int1 [dom(ϕ) ∩ X1] 6= ∅,

ii. A∗|X∗
1
: X∗

1 → X∗ èqei fragmèno antÐstrofo.

Tìte isqÔei h sqèsh ∂ψ(x) = A∗∂ϕ(Ax), x ∈ X.

Ed¸ me int1 sumbolÐzoume to eswterikì thc sqetik c topologÐac tou

X1.

Blèpe Zalinescu [1980] gia epèktash se pio genikoÔc q¸rouc. 'Allh ge-

nÐkeush kai enopoÐhsh twn jewrhm�twn 1.53, 1.54 mporeÐ epÐshc na brejeÐ

sto Aubin [1982, Ch. 8].

Ac jewr soume en suntomÐa merik� paradeÐgmata twn upodiaforik¸n  

monìtonwn telest¸n ta opoÐa eÐnai polÔ shmantik� sth sunèqeia.
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Sq ma 1.2: ParadeÐgmata megistik¸n monìtonwn grafhm�twn sto R × R. a) single-

valued b) multi-valued (pollapl¸n tim¸n).

Par�deigma 1.1 O (pollapl¸n tim¸n) telest c F : X → X∗, ori-

smènoc apì th sqèsh

Fx =
{
x∗ ∈ X∗ : (x, x∗)X×X∗ = |x|2X = |x∗|2X∗

}

onom�zetai duðk  apeikìnish (duality mapping) tou X. Autìc sumpÐptei

me to upodiaforikì thc kurt c sun�rthshc f : X → R, f(x) = 1
2 |x|2X

ìpwc mporeÐ na epalhjeuteÐ apì ton orismì.

Par�deigma 1.2 Gia k�je megistikì monìtono gr�fhma β ⊂ R × R
up�rqei mÐa kurt , k�tw hmisuneq c, kat�llhlh sun�rthsh j : R →
(−∞,+∞) tètoia ¸ste β = ∂j. An β0 eÐnai to el�qisto tm ma tou

β (
∣∣β0(x)

∣∣ = min |β(x)|) kai (a, b) eÐnai èna di�sthma tètoio ¸ste (a, b) ⊂
domβ ⊂ domj ⊂ [a, b] (ta a, b mporeÐ na eÐnai kai �peiro), tìte to

β0 eÐnai mia mh fjÐnousa (nondecreasing) sun�rthsh p�nw sto (a, b) kai

β(x) = [β0(x−), β0(x+)] gia ìla ta x ∈ (a, b). Epiplèon, an a ∈ domβ

(antistoÐqwc b ∈ domβ), tìte β(a) = (−∞, β0(a+)] (antistoÐqwc β(b) =

[β0(b−),+∞]).
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Par�deigma 1.3 'Estw C ⊂ X èna mh kenì, kleistì kurtì uposÔnolo

kai IC : X → (−∞,+∞] h deÐktria sun�rthsh tou C:

IC(x) =





0 x ∈ C,

+∞ diaforetik�.

Aut  eÐnai mÐa kurt , k�tw hmisuneq c, kat�llhlh apeikìnish ston X, kai

x∗ ∈ ∂IC(x) ⊂ X∗ an kai mìno an

x ∈ C kai (x− u, x∗)X×X∗ ≥ 0 ∀u ∈ C.

Gia k�je x ∈ C autì eÐnai ènac kleistìc kurtìc k¸noc ston X∗, me koruf 

sto 0, onomazìmenoc kai kanonikìc k¸noc tou x ston C. An x /∈ C, to

∂IC(x) eÐnai kenì. An C eÐnai ènac kleistìc grammikìc upìqwroc tou X,

tìte ∂IC(x) = C⊥ (o upìqwroc tou X∗ orjog¸nioc ston C), gia k�je

x ∈ C.

Par�deigma 1.4 'Estw g : R→ (−∞,+∞] mÐa kurt , k�tw hmisune-

q c, kat�llhlh sun�rthsh kai èstw ϕ : L2(Ω) → (−∞,+∞] me

ϕ(u) =





∫
Ω g (u (x)) dx, an g(u) ∈ L1(Ω)

+∞ diaforetik�.

H apeikìnish ϕ eÐnai kurt , k�tw hmisuneq c, kat�llhlh ston L2(Ω) kai

w ∈ ∂ϕ(u) an kai mìno an w(x) ∈ ∂g(u (x)) sqedìn pantoÔ ston Ω,

w ∈ L2(Ω).

Par�deigma 1.5 JewroÔme thn kurt , kleist , kat�llhlh sun�rthsh
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ϕ orismènh ston L2(Ω) me

ϕ(u) =





1
2

∫
Ω |gradu|2dx+

∫
Ω g (u (x))dx, an u ∈ H1

0(Ω), g(u) ∈ L1(Ω),

+∞ diaforetik�.

Tìte

dom(∂ϕ) =
{
u ∈ H1

0(Ω) ∩H2(Ω) : u(x) ∈ dom(∂g)

sqedìn pantoÔ ston Ω} ,
∂ϕ(u) =

{
w ∈ L2(Ω) : w(x) ∈ −∆u(x) + ∂g(u(x))

sqedìn pantoÔ ston Ω} ,

sÔmfwna me ton Barbu [1976, p.89].

Gia q�rh plhrìthtac parousi�zoume merikoÔc monìtonouc telestèc, oi o-

poÐoi den eÐnai aparaÐthta upodiaforik�:

Par�deigma 1.6 'Estw V , H dÔo q¸roi Hilbert me V ⊂ H ⊂ V ∗

suneq¸c kai pukn� kai A : V → V ∗ ènac grammikìc, suneq c, summetrikìc,

jetikìc peperasmènoc telest c. 'Estw ϕ : V → (−∞,+∞] kurt , k�tw

hmisuneq c kai kat�llhlh sun�rthsh.

JewroÔme ton telest  M : V ×H → V ×H o opoÐoc dÐnetai apì th

sqèsh

M =


 0 −i

A ∂ϕ




dom(M) = {(υ, h) ∈ V ×H; {Aυ ∩ ∂ϕ(h)} ∩H 6= ∅ kai h ∈ dom(∂ϕ)}

o opoÐoc emfanÐzetai sthn melèth twn deÔterhc t�xhc (uperbolik¸n) afh-

rhmènwn mh grammik¸n exeliktik¸n exis¸sewn. Tìte o M eÐnai megistikìc
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monìtonoc ston V ×H efodiasmènoc me to bajmwtì ginìmeno

〈(υ1, h1) , (υ2, h2)〉 = (Aυ1, υ2)V×V ∗ + (h1, h2)H

(Brézis [1972, p.141]), all� den eÐnai upodiaforikì.

Par�deigma 1.7 O telest c Leray-Lions tou logismoÔ twn metablh-

t¸n (o genikeumènoc telest c apìklishc).

'Estw Aα(x, η) mÐa oikogèneia pragmatik¸n sunart sewn orismènh ston

Ω×RN1, ìpou Ω ⊂ RN eÐnai èna fragmèno omalì qwrÐo, α eÐnai ènac polu-

deÐkthc me m koc |α| ≤ m, kai me N1 sumbolÐzetai o arijmìc parag¸gwn

t�xhc apì 0 mèqri m.

Me to sunhjismèno sumbolismì katanom¸n orÐzoume ton telest 

A(u) =
∑

|α|≤m

(−1)|α|Dα (Aα (x, u,Du, ..., Dmu)).

Jewr¸ntac ìti h Aα eÐnai Karajeodwr  (suneq c sto η kai metr simh sto

x) kai

|Aα(x, η)| ≤ c
(
|η|p−1 + k(x)

)

ìpou c eÐnai mÐa jetik  stajer�, p > 1, k ∈ Lq(Ω), 1
p + 1

q = 1, tìte

o telest c A(u) : Wm,p
0 (Ω) → W−m,q(Ω) eÐnai kal� orismènoc (Lions

[1969, p.182]).

An, epiplèon
∑

|α|≤m

(Aα (x, η)− Aα (x, η̃)) (ηα − η̃α) ≥ 0

sqedìn pantoÔ ston Ω, tìte o A eÐnai monìtonoc kai hemicontinuous,

sqedìn pantoÔ megistikìc monìtonoc.
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EÐnai epÐshc endiafèron na orÐsoume thn pragmatopoÐhsh (realization)

tou A ston L2(Ω), sumbolizìmeno me AL2(Ω) h opoÐa dÐnetai apì th sqèsh

AL2(Ω)(u) = A(u), u ∈ dom
(
AL2(Ω)

)
, ìpou

dom
(
AL2(Ω)

)
=

{
w ∈ Wm,p

0 (Ω);A(w) ∈ L2(Ω)
}
.

An o A eÐnai piestikìc:

(A(u), u)Wm,p
0 (Ω)×W−m,q(Ω) ≥ α |u|p

Wm,p
0 (Ω)

+ c, α > 0

tìte o AL2(Ω) eÐnai megistikìc monìtonoc mèsa sto AL2(Ω) × AL2(Ω).



Kef�laio 2

DeÔterhc t�xhc elleiptikèc

exis¸seic

S� autì to kef�laio ja melet soume perilhptik� thn epilusimìthta twn

omoiìmorfwn elleiptik¸n, deÔterhc t�xhc merik¸n diaforik¸n exis¸sewn

upì kajorismènec sunoriakèc sunj kec.

2.1 OrismoÐ

2.1.1 Elleiptikèc exis¸seic.

Pio sugkekrimèna ja melet soume to prìblhma sunoriak¸n tim¸n:




Lu = f sto U

u = 0 sto ∂U ,
(2.1)

ìpou U eÐnai èna anoiqtì, fragmèno uposÔnolo tou Rn kai u : Ū → R

eÐnai o �gnwstoc, u = u(x). JewroÔme gnwst  thn f : U → R, kai L

47
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sumbolÐzei ènan deÔterhc t�xhc merikì diaforikì telest  o opoÐoc eÐnai

Lu = −
n∑

i,j=1

(aij(x)uxi
)xj

+
n∑

i=1

bi(x)uxi
+ c(x)u (2.2)

 

Lu = −
n∑

i,j=1

aij(x)uxixj
+

n∑
i=1

bi(x)uxi
+ c(x)u, (2.3)

gia dosmènec sunart seic suntelestèc aij, bi, c me i, j = 1, ..., n.

Lème ìti h PDE Lu = f eÐnai se divergenceform an o L dÐnetai apì

th sqèsh (2.2), kai se nondivergenceform an o L dÐnetai apì th (2.3).

H apaÐthsh ìti u = 0 sto ∂U lègetai sunoriak  sunj kh Dirichlet.

Orismìc 2.1 Lème ìti o merikìc diaforikìc telest c L eÐnai (omoiìmor-

fa) elleiptikìc an up�rqei mia stajer� θ > 0 tètoia ¸ste
n∑

i,j=1

aij(x)ξiξj 6 θ |ξ|2 (2.4)

gia sqedìn pantoÔ (a.e.) x ∈ U kai gia ìla ta ξ ∈ R.

2.1.2 AsjeneÐc lÔseic.

Ac jewr soume arqik� to prìblhma sunoriak¸n tim¸n (2.1) ìtan o L èqei

thn divergenceform (2.2). To genikì mac sqèdio eÐnai na orÐsoume pr¸ta

kai met� na kataskeu�soume mia kat�llhlh asjen c lÔsh u thc (2.1), kai

argìtera na exet�soume thn omalìthta kai tic �llec idiìthtec thc u.

Ja jewr soume sta parak�tw ìti

aij, bi, c ∈ L∞(U) (i, j = 1, ...n)
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kai

f ∈ L2(U).

Orismìc 2.2 i. H digrammik  morf  B[ , ], h sqetik  me ton diver-

gence form elleiptikì telest  L pou orÐzetai apì th sqèsh (2.2)

eÐnai

B[u, υ] :=

∫

U

n∑

i,j=1

aijuxi
υxj

+
n∑

i=1

biuxi
υ + cuυdx

gia u, υ ∈ H1
0(U).

ii. Lème ìti h u ∈ H1
0(U). eÐnai mia asjen c lÔsh tou probl matoc

sunoriak¸n tim¸n (2.1) an

B[u, υ] = (f, υ)

gia ìla ta υ ∈ H1
0(U), ìpou ( , ) sumbolÐzei to eswterikì ginìmeno

ston L2(U).

Pio genik�, ac jewr soume to prìblhma sunoriak¸n tim¸n




Lu = f 0 −∑n
i=1 f

i
xi

sto U

u = 0 sto ∂U,
(2.5)

ìpou o L orÐzetai apì thn (2.2) kai f i ∈ L2(U) (i = 0, ..., n). Lamb�non-

tac upìyhn th jewrÐa tou prohgoÔmenou kefalaÐou (par.1.9.1) blèpoume

ìti o ìroc f = f 0 −∑n
i=1 f

i
xi

sto dexÐ mèloc an kei ston H−1(U), ton

duðkì q¸ro tou H1
0(U).
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Orismìc 2.3 Lème ìti h u ∈ H1
0(U) eÐnai mia asjen c lÔsh tou pro-

bl matoc (2.5) upì ton ìro ìti

B[u, υ] = 〈f, υ〉

gia ìla ta υ ∈ H1
0(U) ìpou 〈f, υ〉 = ∫

U f 0υ +
∑n

i=1 f
iυxi

kai 〈 , 〉 eÐnai h

antistoÐqish (pairing) metaxÔ tou H−1(U) kai tou H1
0(U).

2.2 'Uparxh asjen¸n lÔsewn

2.2.1 Je¸rhma Lax-Milgram.

Eis�goume t¸ra k�poiec arket� aplèc afhrhmènec arqèc apì th grammik 

sunarthsiak  an�lush, oi opoÐec ja parèqoun k�tw apì sugkekrimènec

sunj kec thn Ôparxh kai thn monadikìthta miac asjenoÔc lÔshc sto prì-

blhma sunoriak¸n tim¸n.

JewroÔme ìti H eÐnai ènac pragmatikìc q¸roc Hilbert me nìrma ‖ ‖ kai

eswterikì ginìmeno ( , ). SumbolÐzoume me 〈 , 〉 thn antistoÐqish (pairing)

tou H me to duðkì tou q¸ro.

Je¸rhma 2.4 (Je¸rhma Lax-Milgram) JewroÔme ìti

B : H ×H → R

eÐnai mia digrammik  apeikìnish, gia thn opoÐa up�rqoun stajerèc α, β > 0

tètoiec ¸ste

|B[u, υ]| 6 a ‖u‖ ‖υ‖ (u, υ ∈ H)
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kai

β ‖u‖2 6 B[u, u] (u ∈ H).

Telik¸c, èstw f : H → R eÐnai èna fragmèno grammikì sunarthsiakì

ston H.

Tìte up�rqei èna monadikì stoiqeÐo u ∈ H tètoio ¸ste

B[u, υ] = 〈f, υ〉

gia ìla ta υ ∈ H.

2.2.2 Energeiakèc ektim seic

Gia thn sugkekrimènh digrammik  morf  (orismènh sthn par.2.1.2) B[ , ]

B[u, υ] =

∫

U

n∑
i,j=1

aijuxi
υxj

+
n∑

i=1

biuxi
υ + cuυdx

pou orÐsame parap�nw gia u, υ ∈ H1
0(U), kai prospaj¸ntac na epalhjeÔ-

soume to je¸rhma Lax-Milgram èqoume:

Je¸rhma 2.5 (Energeiakèc ektim seic - energy estimates)

Up�rqoun stajerèc α, β > 0 kai γ > 0 tètoiec ¸ste

|B[u, υ]| 6 a ‖u‖H1
0 (U) ‖υ‖H1

0 (U)

kai

β ‖u‖2H1
0 (U) 6 B[u, u] + γ ‖u‖2L2(U)

gia ìla ta u, υ ∈ H1
0(U).
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Je¸rhma 2.6 (Pr¸to je¸rhma Ôparxhc asjen¸n lÔsewn)

Up�rqei ènac arijmìc γ > 0 tètoioc ¸ste gia k�je

µ > γ

kai gia k�je sun�rthsh

f ∈ L2(U),

up�rqei mia monadik  asjen c lÔsh u ∈ H1
0(U) gia to prìblhma sunoria-

k¸n tim¸n 



Lu+ µu = f sto U

u = 0 sto ∂U .



Kef�laio 3

Grammikèc exeliktikèc exis¸seic

S� autì to kef�laio ja melet soume di�forec grammikèc merikèc diafo-

rikèc exis¸seic pou emperièqoun qrìno. Suqn� onom�zoume autèc tic e-

xis¸seic exeliktikèc merikèc diaforikèc exis¸seic (PDE linear evolution

equations), kai h genik  idèa eÐnai ìti h lÔsh exelÐssetai me to pèrasma tou

qrìnou apì mia arqik  kat�stash. Ja melet soume mejìdouc enèrgeiac

(energy methods) gia genikèc deÔterhc t�xhc parabolikèc exis¸seic.

3.1 DeÔterhc t�xhc parabolikèc exis¸seic

Oi deÔterhc t�xhc parabolikèc PDE eÐnai fusikèc genikeÔseic thc exÐ-

swshc thc jermìthtac. Ja melet soume sth sunèqeia thn Ôparxh kai

monadikìthta kat�llhla orismènwn asjen¸n lÔsewn, thn omalìtht� touc

kai �llec idiìthtec.

53
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3.1.1 OrismoÐ.

a. Parabolikèc exis¸seic.

JewroÔme to U na eÐnai èna anoiqtì, fragmèno uposÔnolo tou Rn kai,

ìpwc jèsame prohgoumènwc UT = U × (0, T ] se k�poia qronik  stigm 

(fixed time) T > 0.

Ja melet soume arqik� to arqik¸n tim¸n/sunoriakì prìblhma




ut + Lu = f sto UT

u = 0 sto ∂U × [0, T ]

u = g sto U × {t = 0},
(3.1)

ìpou f : UT → R kai g : U → R eÐnai dosmèna, kai u : ŪT → R eÐnai o

�gnwstoc, u = u(x, t). To gr�mma L sumbolÐzei gia k�je qronik  stigm 

t ènan deÔterhc t�xhc merikì diaforikì telest , o opoÐoc èqei eÐte thn

divergence form

Lu = −
n∑

i,j=1

(aij(x, t)uxi
)xj

+
n∑

i=1

bi(x, t)uxi
+ c(x, t)u (3.2)

eÐte thn nondivergence form

Lu = −
n∑

i,j=1

aij(x, t)uxixj
+

n∑

i=1

bi(x, t)uxi
+ c(x, t)u, (3.3)

gia dosmènouc suntelestèc aij, bi, c me i, j = 1, ..., n.

Orismìc 3.1 Lème ìti o merikìc diaforikìc telest c ∂
∂t + L eÐnai (o-

moiìmorfa) parabolikìc an up�rqei mia stajer� θ > 0 tètoia ¸ste
n∑

i,j=1

aij(x, t)ξiξj > θ |ξ|2 (3.4)
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gia ìla ta (x, t) ∈ UT , ξ ∈ Rn.

ShmeÐwsh. Ac parathr soume genikìtera ìti gia k�je qronik  stigm 

(fixed time) 0 6 t 6 T o telest c L eÐnai ènac omoiìmorfa elleiptikìc

telest c gia thn qwrik  metablht  x.

'Ena profanèc par�deigma eÐnai ìtan aij ≡ δij, bi ≡ c ≡ f ≡ 0, opìte

s� aut  th perÐptwsh L = −∆ kai h PDE ∂u
∂t + Lu gÐnetai h exÐswsh

jermìthtac. Ja doÔme sth pr�xh ìti oi lÔseic thc genik c deÔterhc t�xhc

parabolik c PDE eÐnai se pollèc peript¸seic parìmoiec me lÔseic thc

exÐswshc jermìthtac.

Oi genikèc deÔterhc t�xhc parabolikèc exis¸seic perigr�foun se fu-

sikèc efarmogèc thn metabol  me to pèrasma tou qrìnou thc puknìthtac

k�poiac posìthtac u, p.q. thc qhmik c sugkèntrwshc, mèsa se èna qw-

rÐo U . O deÔterhc t�xhc ìroc
∑n

i,j=1 a
ijuxixj

perigr�fei thn di�qush, o

pr¸thc t�xhc ìroc
∑n

i=1 b
iuxi

perigr�fei th metafor�, kai o mhdenik c -

t�xhc ìroc cu perigr�fei dhmiourgÐa   meÐwsh.

Oi exis¸seic Fokker - Planck kai Kolmogorov apì thn pijanologik 

melèth twn diadikasi¸n di�qushc eÐnai epÐshc deÔterhc t�xhc parabolikèc

exis¸seic.

b. AsjeneÐc lÔseic.

MimoÔmenoi ta anaptÔgmata tou prohgoÔmenou kefalaÐou gia tic elleipti-

kèc exis¸seic, jewroÔme arqik� thn perÐptwsh pou o L èqei thn divergence

form (3.2) kai prospajoÔme na broÔme mia kat�llhlh ènnoia asjenoÔc lÔ-
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shc gia to arqik¸n/sunoriak¸n tim¸n prìblhma (3.1). JewroÔme gia t¸ra

ìti

aij, bi, c ∈ L∞(UT ) (i, j = 1, ...n),

f ∈ L2(UT ),

g ∈ L2(U).

P�nta epÐshc ja upojètoume ìti aij = aji (i, j = 1, ...n).

T¸ra ja orÐsoume, an�loga me to prohgoÔmeno kef�laio, thn exarth-

mènh apì to qrìno digrammik  morf 

B[u, υ; t] :=

∫

U

n∑
i,j=1

aij(·, t)uxi
υxj

+
n∑

i=1

bi(·, t)uxi
υ + c(·, t)uυdx

gia u, υ ∈ H1
0(U) kai sqedìn pantoÔ 0 6 t 6 T .

KÐnhtro gia orismì miac asjenoÔc lÔshc.

Gia na k�noume eÔlogo ton akìloujo orismì asjenoÔc lÔshc, arqik� ac

upojèsoume proswrin� ìti h u = u(x, t) eÐnai mia omal  lÔsh tou para-

bolikoÔ probl matoc (3.1). Blèpoume t¸ra to problhm� mac apì �llh

skopi�, sqetÐzontac thn u me mia apeikìnish

u : [0, T ] → H1
0(U)

orismènh apì thn

[u(t)](x) := u(x, t) (x ∈ U, 0 6 t 6 T ).

Me �lla lìgia, prìkeitai na jewr soume thn u ìqi wc mia sun�rthsh tou x

kai tou t mazÐ, all� wc mia apeikìnish u tou t mèsa ston q¸ro H1
0(U) twn
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sunart sewn tou x. Aut  h ìyh twn pragm�twn ja k�nei pio xekajar 

thn parak�tw parousÐash.

Epistrèfontac sto prìblhma (3.1), orÐzoume omoÐwc thn

f : [0, T ] → L2(U)

apì thn

[f(t)](x) := f(x, t) (x ∈ U, 0 6 t 6 T ).

T¸ra an jewr soume mia sun�rthsh υ ∈ H1
0(U), mporoÔme na pollapla-

si�soume thn PDE ∂u
∂t +Lu = f me υ kai oloklhr¸nontac kai ta dÔo mèlh,

brÐskoume

(u′, υ) +B[u, υ; t] = (f , υ) (′=
d

dt
) (3.5)

gia k�je 0 6 t 6 T , h antistoÐqish (pairing) ( , ) sumbolÐzei to eswterikì

ginìmeno ston L2(U).

Sth sunèqeia jewroÔme ìti

ut = g0 +
n∑

j=1

gjxj
sto UT

gia g0 := f −∑n
i=1 b

iuxi
− cu kai gj :=

∑n
i=1 a

ijuxi
(j = 1, ..., n). Sune-

p¸c h teleutaÐa sqèsh kai oi orismoÐ apì to pr¸to kef�laio upodhl¸noun

ìti to dexÐ mèloc thc teleutaÐac sqèshc brÐsketai se èna q¸ro Sobolev

H−1(U), me

‖ut‖H−1(U) 6
(

n∑
j=0

∥∥gj
∥∥2
L2(U)

)1/2

6 C
(
‖u‖H1

0 (U) + ‖f‖L2(U)

)
.

Aut  h ektÐmhsh uponoeÐ pwc eÐnai logikì na y�qnoume mia asjen c lÔsh

me u′ ∈ H−1(U) me ton qrìno sqedìn pantoÔ 0 6 t 6 T , s� aut  th
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perÐptwsh o pr¸toc ìroc thc sqèshc (3.5) mporeÐ na xanaekfrasteÐ wc

〈u′, υ〉, ìpou 〈 , 〉 eÐnai h antistoÐqish tou H−1(U) me ton H1
0(U).

'Olec autèc oi jewr seic mac odhgoÔn ston ex c orismì

Orismìc 3.2 Lème ìti mia sun�rthsh

u ∈ L2(0, T ;H1
0(U)) me u′ ∈ L2(0, T ;H−1(U)),

eÐnai mia asjen c lÔsh tou parabolikoÔ arqik¸n/sunoriak¸n tim¸n pro-

bl matoc (3.1) me th proôpìjesh

i. 〈u′, υ〉 + B[u, υ; t] = (f , υ) gia k�je υ ∈ H1
0(U) kai gia to qrìno

sqedìn pantoÔ 0 6 t 6 T , kai

ii. u(0) = g.

ShmeÐwsh. Lamb�nontac up� ìyin to Je¸rhma (1.36), blèpoume pwc

u ∈ C([0, T ];L2(U)) opìte kai h isìthta (ii) apokt� nìhma.

3.1.2 'Uparxh asjen¸n lÔsewn.

a. ProseggÐseic Galerkin.

'Eqoume thn prìjesh na kataskeu�soume mia asjen  lÔsh gia to parabo-

likì prìblhma 



ut + Lu = f sto UT

u = 0 sto ∂U × [0, T ]

u = g sto U × {t = 0}
(3.6)
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arqik� kataskeu�zontac lÔseic gia sugkekrimènec, peperasmènhc di�sta-

shc, proseggÐseic thc (3.6) kai èpeita b�zontac ìria. Aut  h mèjodoc

onom�zetai mèjodoc Galerkin.

Pio sugkekrimèna, jewroÔme tic sunart seic wk = wk(x) (k = 1, ...)

oi opoÐec eÐnai omalèc,

{wk}∞k=1 eÐnai mia orjog¸nia b�sh tou H1
0(U) (3.7)

kai

{wk}∞k=1 eÐnai mia orjokanonik  b�sh tou L2(U). (3.8)

(Proc to parìn, ja mporoÔsame na p�roume {wk}∞k=1 na eÐnai to pl rec

sÔnolo kat�llhlwn kanonikopoihmènwn idiosunart sewn (complete set of

appropriately normalized eigenfunctions) gia L = −∆ ston H1
0(U).)

Ac jewr soume t¸ra èna jetikì akèraio m. Ja y�xoume gia mia su-

n�rthsh um : [0, T ] → H1
0(U) tètoia ¸ste

um(t) :=
m∑

k=1

dkm(t)wk, (3.9)

ìpou elpÐzoume na epilèxoume touc suntelestèc dkm(t)wk (0 6 t 6 T ,

k = 1, ...,m) tètoiouc ¸ste

dkm(0) = (g, wk) (k = 1, ...,m) (3.10)

kai

(u′
m, wk) +B[um, wk; t] = (f , wk) (0 6 t 6 T, k = 1, ...,m). (3.11)

(Ed¸, ìpwc kai prohgoumènwc, to ( , ) sumbolÐzei to eswterikì ginìmeno

ston L2(U).)
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Opìte y�qnoume mia sun�rthsh um thc morf c (3.9) pou ikanopoieÐ thn

<<probol  (projection)>> (3.11) tou probl matoc (3.6) p�nw se peperasmèno

dianusmatikì upìqwro pou par�getai (spanned) apì thn {wk}mk=1.

Je¸rhma 3.3 (Kataskeu  twn proseggistik¸n lÔsewn)

Gia k�je akèraio m = 1, 2, ... up�rqei mia monadik  lÔsh um thc

morf c (3.9) pou ikanopoieÐ tic sqèseic (3.10), (3.11).

Apìdeixh. JewroÔme ìti h um èqei thn morf  (3.9), arqik� parathroÔme

apì th sqèsh (3.8) ìti

(u′
m(t), wk) = dkm

′
(t).

Epiplèon

B[um, wk; t] =
m∑

l=1

ekl(t)dlm(t),

gia ekl(t) := B[ul, wk; t] (k, l = 1, ...m). Ac gr�youme epÐshc fk(t) :=

(f(t), wk) (k = 1, ...,m). Opìte h (3.11) metatrèpetai se èna grammikì

ODE sÔsthma

dkm
′
(t) +

m∑

l=1

ekl(t)dlm(t) = fk(t) (k = 1, ...,m), (3.12)

aÐtio twn arqik¸n sunjhk¸n (3.10). SÔmfwna me th jewrÐa Ôparxhc gia

tic sun jeic diaforikèc exis¸seic, up�rqei mia monadik  apolÔtwc suneq c

sun�rthsh dm(t) = (d1m(t), ..., d
m
m(t)) pou ikanopoieÐ thn (3.10) kai thn

(3.12) gia sqedìn pantoÔ 0 6 t 6 T . Kai tìte h um orismènh apì thn

(3.9) lÔnei thn (3.11) gia sqedìn pantoÔ 0 6 t 6 T .
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b. UpologismoÐ enèrgeiac.

'Eqoume skopì t¸ra na steÐloume to m sto �peiro kai na deÐxoume ìti mia

upakoloujÐa twn lÔse¸n mac um twn proseggistik¸n problhm�twn (3.10),

(3.11) sugklÐnei se mia asjen c lÔsh tou (3.9). Gia na to epitÔqoume autì

ja qreiastoÔme merikèc omoiìmorfec ektim seic (uniform estimates).

Je¸rhma 3.4 (Energeiakèc ektim seic) Up�rqei mia stajer� C,

pou exart�tai mìno apì ta U , T kai touc suntelestèc tou L, tètoia ¸ste

max
06t6T

‖um(t)‖L2(U) + ‖um‖L2(0,T ;H1
0 (U)) + ‖u′

m‖L2(0,T ;H−1(U)) 6

6 C
(
‖f‖L2(0,T ;L2(U)) + ‖g‖L2(U)

)

gia m = 1, 2, ....

g. 'Uparxh kai monadikìthta.

Sth sunèqeia pern�me se ìria ìpwc m → ∞, gia na kataskeu�soume mia

asjen c lÔsh tou arqik¸n/sunoriak¸n tim¸n probl matoc (3.6).

Je¸rhma 3.5 ('Uparxh miac asjenoÔc lÔshc) Up�rqei mia a-

sjen c lÔsh tou (3.6).

Je¸rhma 3.6 (Monadikìthta twn asjen¸n lÔsewn) Mia a-

sjen c lÔsh tou (3.6) eÐnai monadik .

3.1.3 Omalìthta - regularity.

S� aut n thn par�grafo ja suzht soume thn omalìthta (regularity) twn

asjen¸n lÔsewn u tou arqik¸n/sunoriak¸n tim¸n probl matoc gia deÔte-



KEF�ALAIO 3. GRAMMIK�ES EXELIKTIK�ES EXIS�WSEIS 62

rhc t�xhc parabolikèc exis¸seic. O telikìc mac skopìc eÐnai na apodeÐxou-

me ìti h u eÐnai omal  (smooth), upì thn proôpìjesh ìti oi suntelestèc

thc PDE, to sÔnoro tou qwrÐou, k.t.l. eÐnai omal� (smooth).

Je¸rhma 3.7 (Beltiwmènh omalìthta) i. Je-

wroÔme g ∈ H1
0(U), f ∈ L2(0, T ;L2(U)).

Upojètoume u ∈ L2(0, T ;H1
0(U)), me u′ ∈ L2(0, T ;H−1(U), eÐnai h

asjen c lÔsh tou




ut + Lu = f sto UT

u = 0 sto ∂U × [0, T ]

u = g sto U × {t = 0}.

Tìte eÐnai

u ∈ L2(0, T ;H2(U)) ∩ L∞(0, T ;H1
0(U)),

u′ ∈ L2(0, T ;L2(U)),

kai èqoume thn ektÐmhsh

ess sup
06t6T

‖u(t)‖H1
0 (U) + ‖u‖L2(0,T ;H2(U)) + ‖u′‖L2(0,T ;L2(U))

6 C
(
‖f‖L2(0,T ;L2(U)) + ‖g‖H1

0 (U)

)
,

ìpou h stajer� C exart�tai mìno apì ta U , T kai touc suntelestèc

tou L.

ii. An epiplèon

g ∈ H2(U), f ′ ∈ L2(0, T ;L2(U)),
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tìte
u ∈ L∞(0, T ;H2(U)),

u′ ∈ L∞(0, T ;L2(U)) ∩ L2(0, T ;H1
0(U)),

u′′ ∈ L2(0, T ;H−1(U)),

me thn ektÐmhsh

ess sup
06t6T

(
‖u(t)‖H2(U) + ‖u′‖L2(U)

)
+ ‖u′‖L2(0,T ;H1

0 (U))+

+ ‖u′′‖L2(0,T ;H−1(U)) 6 C
(
‖f‖H1(0,T ;L2(U)) + ‖g‖H2(U)

)
.

ShmeÐwsh. Stic efarmogèc sta parabolik� probl mata, qrhsimopoioÔme

to sumbolismì Q = Ω× (0,T),

W 2,1,p(Q) = Lp(0, T ;W 2,p(Ω)) ∩W 1,p(0, T ;Lp(Ω)), p ≥ 1,

H2,1(Q) = L2(0, T ;H2(Ω)) ∩W 1,2(0, T ;L2(Ω)) = W 2,1,2(Q).



Kef�laio 4

Arijmhtik  an�lush problhm�twn

elègqou

4.1 Eisagwg 

4.1.1 Grammikèc parabolikèc exis¸seic

JewroÔme ìti V ⊂ H ⊂ V ∗ (duðkìc q¸roc) eÐnai treic q¸roi Hilbert me

suneq , pukn� emfuteÔmata. H antistoÐqish metaxÔ twn V , V ∗, sumbolÐ-

zontac me (υ, w)V×V ∗ tautÐzetai me to eswterikì ginìmeno (υ, w)H ston

H, an υ, w ∈ H. 'Estw A(t) : V → V ∗ eÐnai mia oikogèneia grammik¸n

telest¸n, t ∈ [0, T ], pou ikanopoieÐ tic sunj kec:

i. gia k�je y ∈ V , h apeikìnish t → A(t)y eÐnai isqur� metr simh

(strong measurable) sto [0, T ],

ii. gia k�je t ∈ [0, T ], A(t) suneqèc kai me

|A(t)|L(V,V ∗) ≤ C sqedìn pantoÔ sto [0, T ],

64
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iii. α-piestik  sunj kh (α-coercivity condition):

(A(t)y, y)V×V ∗ + α |y|2H ≥ ω |y|2V ,

ìpou α ∈ R, ω > 0 ∀y ∈ V , sqedìn pantoÔ gia t ∈ [0, T ].

Ja asqolhjoÔme me to grammikì prìblhma arqik¸n tim¸n se peperasmè-

nouc dianusmatikoÔc q¸rouc:

dy

dt
(t) + A(t)y(t) = f(t) sqedìn pantoÔ gia t ∈ (0, T ), (4.1)

y(0) = y0. (4.2)

Me thn antikat�stash thc �gnwsthc sun�rthshc y(t) = eatz(t), paÐrnoume

gia to z thn exÐswsh

dz

dt
(t) + αz(t) + A(t)z(t) = f(t)e−αt sqedìn pantoÔ gia t ∈ (0, T ).

QwrÐc bl�bh thc genikìthtac mporoÔme na p�roume α = 0 sthn α-piestik 

sunj kh.

Me aut  thn upìjesh, mia apeikìnish y ∈ L2(0, T ;V ) me dy
dt ∈

L2(0, T ;V ∗) onom�zetai mia asjen c lÔsh thc (4.1) an
(
d

dt
y(t), ψ

)

V×V ∗
+ (A(t)y(t), ψ)V×V ∗ = (f(t), ψ)V×V ∗ (4.3)

∀ψ ∈ V , sqedìn pantoÔ (σ.π.) gia t ∈ [0, T ]. JewroÔme epÐshc ìti f ∈
L2(0, T ;V ∗).

Je¸rhma 4.1 'Estw y0 ∈ H, f ∈ L2(0, T ;V ∗). Tìte up�rqei mia

monadik  asjen c lÔsh gia tic (4.1), (4.2).
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'Otan o A eÐnai anex�rthtoc apì to t, y0 ∈ dom(AH) (p.q. Ay0 ∈ H),

kai f ∈ L2(0, T ;H), tìte h asjen c lÔsh eÐnai pio omal , y ∈ C(0, T ;V )∩
W 1,2(0, T ;H) (Barbu and Precupanu [1986]).

EÐnai protimìtero ìmwc na jewr soume thn isodÔnamh diatÔpwsh ìtan

o A(t) par�getai apì èna digrammikì, anex�rthto tou qrìnou, fragmèno

sunarthsiakì α(t, ·, ·) : V × V → R to opoÐo eÐnai

α (t, y, ψ) = (A(t)y, ψ)V×V ∗ , ∀y, ψ ∈ V, ∀t ∈ [0,T].

An jewr soume t → α(t, y, ψ) eÐnai metr simh gia k�je y, ψ sto V ,

|α (t, y, ψ)| ≤ c |y|V |ψ|V kai ìti h piestik  sunj kh (i)

α (t, y, y) + α |y|2H ≥ ω |y|2V , ∀y ∈ V, σ.π. t ∈ [0, T ], (4.4)

isqÔei, tìte isqÔoun oi arqikèc proôpojèseic (i), (ii), (iii) pou jèsame gia

ton A(t). Opìte h asjen c lÔsh (4.3) mporeÐ na grafeÐ
(
d

dt
y(t), ψ

)

V×V ∗
+ α (t, y(t), ψ) = (f(t), ψ)V×V ∗ (4.5)

∀ψ ∈ V , sqedìn pantoÔ gia t ∈ [0, T ].

Par�deigma. An jèsoume V = H1
0(Ω), H = L2(Ω), α(·, ·) : H1

0(Ω) ×
H1

0(Ω) → R me

α (y, ψ) =

∫

Ω

∇y · ∇ψdx

kai f ∈ L2(Ω), y0 ∈ L2(Ω). O telest c A : H1
0(Ω) → H−1(Ω) pou

par�getai apì ton α(·, ·) eÐnai o telest c Laplace, opìte h (4.5) eÐnai

h asjen c lÔsh tou omogenoÔc probl matoc arqik¸n sunoriak¸n tim¸n

Dirichlet
∂y

∂t
−∆y = f sto Q = Ω× (0, T ),
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y(x, t) = 0 sto Σ = ∂Ω × [0, T ]

y(x, 0) = y0(x) sto Ω (omalì fragmèno qwrÐo).

4.1.2 Prosèggish parabolik¸n exis¸sewn

Aut  h par�grafoc eÐnai basismènh sto biblÐo Neittaanmäki and Tiba

[1984 Ch III].

DiakritopoÐhsh

Exet�zoume thn quasiautonomous metablht  thc asjenoÔc morf c (4.3),

(4.5), twn grammik¸n parabolik¸n exis¸sewn:
(
∂

∂t
u(t), ψ

)

V×V ∗
+ α (u(t), ψ) = (f(t), ψ)V×V ∗ (4.6)

∀ψ ∈ V , sqedìn pantoÔ gia t ∈ (0, T )

u(0) = u0. (4.7)

Upojètoume, ìpwc kai prohgoumènwc, ìti V ⊂ H ⊂ V ∗ eÐnai treÐc q¸-

roi Hilbert, me suneq , pukn� emfuteÔmata kai α(·, ·) : V × V → R èna

digrammikì sunarthsiakì pou ikanopoieÐ sugkekrimènec upojèseic (blèpe

prohgoÔmenh par�grafo), u0 ∈ H, f ∈ L2(0, T, V ∗) tètoiec ¸ste oi (4.6),

(4.7) èqoun mia monadik  lÔsh u ∈ L2(0, T ;V )∩W 1,2(0, T ;V ∗). Se poll�

paradeÐgmata o V , eÐnai ènac upìqwroc tou H1(Ω) sÔmfwna me tic suno-

riakèc sunj kec pou epikratoÔn sth merik  diaforik  exÐswsh. An Vh

eÐnai ènac upìqwroc peperasmènwn stoiqeÐwn tou V , tìte h peperasmènwn
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stoiqeÐwn prosèggish thc (4.6) eÐnai h anaz thsh twn uh = uh(x, t) pou

an koun ston Vh gia k�je t ∈ (0, T ) kai ikanopoioÔn thn(
∂uh
∂t

, υh

)

L2(Ω)

+ α (uh, υh) = (f(t), υh)V×V ∗ , (4.8)

∀υh ∈ Vh, sqedìn pantoÔ gia t ∈ (0, T ).

Autì onom�zetai hmidiakritì sq ma Galerkin kaj¸c èqoume k�nei diakri-

topoÐhsh mìno stic qwrikèc metablhtèc en¸ h qronik  metablht  t eÐnai

suneq c.

Y�qnontac thn uh thc morf c

uh(x, t) =
m∑
i=1

Ui(t)ϕi(x), (4.9)

ìpou {ϕi}mi=1 eÐnai mia b�sh tou Vh, paÐrnoume èna sÔsthma pr¸thc t�xhc

sun jwn diaforik¸n exis¸sewn
m∑

j=1

(ϕi, ϕj)L2(Ω)
dUj

dt
+

m∑

j=1

α(ϕi, ϕj)Uj = (f, ϕi)V×V ∗, (4.10)

me i = 1, ...,m, t ∈ (0, T ) gia �gnwstec sunart seic U1(t), ..., Um(t)

(m = dimVh). Oi sunoriakèc sunj kec emperièqontai sto sÔsthma mèsw

tou q¸rou V , prèpei t¸ra na l�boume upìyin mac thn arqik  sunj kh

(4.7). SumbolÐzoume me u0h(x) = uh(x, 0). Jètoume u0h = u0 ìtan u0 ∈ Vh.

An u0 /∈ Vh tìte to u0h proc stigm n mporeÐ na eÐnai h klasik  parembol 

Πhu
0 ∈ Vh tou u0   k�poia �llh probol  tou u0 ston Vh, p.q.,

(u0h, υh)L2(Ω) = (u0, υh)L2(Ω), ∀υh ∈ Vh.

Oi arqikèc timèc gia ta Ui eÐnai monadik� orismèna apì th sqèsh:
m∑
i=1

Ui(0)ϕi = u0h,
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afoÔ {ϕi} eÐnai mia b�sh tou Vh. SumbolÐzontac me U = (U1, ..., Um)
T to

di�nusma twn agn¸stwn, xanagr�foume thn (4.10) se morf  pin�kwn

MU ′ +KU = F , (4.11)

ìpou F = (F (ϕ1), ..., F (ϕm))
T (load vector), F (ϕi) = (f, ϕi)V×V ∗ mporeÐ

na exart�tai apì to qrìno kaj¸c èqoume upojèsei pwc f ∈ L2(0, T, V ∗).

EpÐshc

M =
(
(ϕi, ϕj)L2(Ω)

)
i,j=1,...,m

(mass matrix) kai

K = (α(ϕi, ϕj))i,j=1,...,m (stiffness matrix).

Ac jewr soume th diamèrish

0 = t0 < t1 < ... < tN = T

tou qronikoÔ diast matoc qrìnou [0, T ] me isapèqontec kìmbouc tn = nτ

kai me qronikì b ma τ = T/N . Ac sumbolÐsoume me f (n) thn tim  tou F
sto n-ostì qronikì shmeÐo, kai ac proseggÐsoume thn (4.11) summetrik�

wc proc to (n+ 1
2τ), p.q.

M
U (n+1) − U (n)

τ
+K

U (n+1) + U (n)

2
=

f (n+1) − f (n)

2
,

ìpou to U (n) sumbolÐzei tic proseggistikèc timèc tou U sto n-ostì qro-

nikì shmeÐo. Opìte to U (n+1) mporeÐ na upologisteÐ apì thn exÐswsh
(
M +

τK

2

)
U (n+1) =

(
M − τK

2

)
U (n) + τ

f (n+1) + f (n)

2
,

n = 0, 1, ..., N − 1

me U (0) = (U1(0), ..., Um(0))
T .

(4.12)
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Autì eÐnai gnwstì wc to sq ma Crank - Nicolson.

'Allh kat�llhlh mèjodoc diakritopoÐhshc tou qrìnou gia thn (4.11)

eÐnai h peplegmènh (implicit) proc ta pÐsw mèjodoc Euler:

M
U (n+1) − U (n)

τ
+KU (n+1) = f (n+1).

Aut  mporeÐ na xanagrafeÐ wc ex c

(M + τK)U (n+1) = MU (n) + τf (n+1), n = 0, 1, ..., N − 1,

U (0) = U(0).
(4.13)

H peplegmènh (implicit) proc ta pÐsw mèjodoc Euler kai to sq ma Crank

- Nicolson eÐnai �neu ìrwn eustaj c, p.q. to mègejoc tou τ periorÐze-

tai mìno apì tic apait seic akrÐbeiac. Apì thn �llh pleur� h lelumènh

(explicit) mèjodoc Euler

M
U (n+1) − U (n)

τ
+KU (n) = f (n)

den sunÐstatai kaj¸c to qronikì b ma prèpei na periorÐzetai apì thn τ ≤
Ch2 diaforetik� emfanÐzontai ekjetikèc ast�jeiec.

Mia enopoihmènh kai pio genik  mèjodoc dÐnetai apì to akìloujo θ-

sq ma, θ ∈ [0, 1]:

M
U (n+1) − U (n)

τ
+ θKU (n+1) + (1− θ)KU (n) = θf (n+1) + (1− θ)f (n).

Gia θ = 1
2 , 1, 0 èqoume touc parap�nw algorÐjmouc.

Par�deigma. JewroÔme to akìloujo prìblhma sunoriak¸n tim¸n. Na
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brejeÐ to u = u(x, t) tètoio ¸ste

∂u

∂t
− ∂2u

∂x2
= 0 gia x ∈ (0, 1), t > 0,

u(0, t) = u(1, t) = 0,

u(x, 0) = u0(x) gia x ∈ (0, 1).

Gr�foume to tÔpo (4.8):
(
∂uh
∂t

, υh

)

L2(0,1)

+ α (uh, υh) = 0, ∀υh ∈ Vh,

me Vh = span(ϕi)i=1,...,m,

α(u, υ) =

∫ 1

0

∂u

∂x
· ∂υ
∂x

dx,

kai

uh(x, t) =
m∑
i=1

ui(t)ϕi(x).

Opìte èqoume to sÔsthma

M
d

dt
U +KU = 0

ìpou
U = (u1(t), ..., um(t))

T ,

Mij = (ϕi, ϕj) =

∫ 1

0

ϕiϕjdx,

Kij = α(ϕi, ϕj) =

∫ 1

0

ϕ′
iϕ

′
jdx.

'Estw 0 = t0 < t1 < ... < tn < ... mia diamèrish tou diast matoc tou

qrìnou me b ma ∆t = tj − tj−1 kai U (j) = U(tj). Efarmìzontac to sq ma

Crank - Nicolson èqoume
(

1

∆t
M +

1

2
K

)
U (n+1) =

(
1

∆t
M +

1

2
K

)
U (n) n = 0, 1, 2, ... (4.14)
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'Opou {ϕi}mi=1 ∈ Vh eÐnai tmhmatik� grammikèc sunart seic b�shc.

To Ðdio algebrikì sÔsthma mporeÐ na paraqjeÐ efarmìzontac to sq -

ma Crank - Nicolson apeujeÐac sthn exÐswsh (4.6) tou probl matoc kai

paÐrnontac thn proc ta emprìc qwrik  diakritopoÐhsh.

Apì thn arqik  sunj kh èqoume

u0(xi) =
m∑

k=1

u0(xk)ϕk(xi) = u0(xi)

kai

U
(0)
i = u0(xi) i = 1, ...,m.

Opìte paÐrnoume

Kii = 2/h gia i = 1, ...,m,

Ki,i+1 = −1/h gia i = 1, ...,m− 1,

ìla ta �lla stoiqeÐa tou K k�tw apì th diag¸nio eÐnai mhdèn kai

Mii = 2h/3 gia i = 1, ...,m,

Mi,i+1 = h/6 gia i = 1, ...,m− 1,

ìla ta �lla stoiqeÐa tou M k�tw apì th diag¸nio eÐnai mhdèn. Ed¸ h =

1/(m− 1).

O pÐnakac tou grammikoÔ algebrikoÔ sust matoc (4.14) eÐnai A =

M/∆t+K/2 kai ed¸ ta mh mhdenik� stoiqeÐa eÐnai

aii = 2h/(3∆t) + 1/h gia i = 1, ...,m,

ai,i+1 = h/(6∆t)− 1/(2h) gia i = 1, ...,m− 1.
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EÐnai eÔkolo na doÔme ìti o A ikanopoieÐ to krit rio (row diagonal domi-

nance)

|aii| >
∑

j 6=i

|aij| gia k�je i.

To parap�nw krit rio exasfalÐzei th sÔgklish twn epanalhptik¸n me-

jìdwn kat� thn epÐlush tou (4.14) (blèpe Ciarlet [1989], gia par�deigma).

4.1.3 Grammik� sust mata elègqou

To prìblhma montèlo kai paradeÐgmata

'Estw V , H, U , treic q¸roi Hilbert me V ⊂ H ⊂ V ∗ (o duðkìc q¸roc)

sumpag¸c. 'Estw A : V → V ∗, B : U → V ∗ grammikoÐ fragmènoi

telestèc. Sth prohgoÔmenh par�grafo eÐdame ìti to prìblhma Cauchy

y′ + Ay = Bu+ f, sqedìn pantoÔ sto (0, T ) (4.15)

y(0) = y0, (4.16)

èqei mia monadik  lÔsh y ∈ C(0, T ;H) ∩ L2(0, T ;V ), y′ ∈ L2(0, T ;V ∗)

an f ∈ L2(0, T ;V ∗), y0 ∈ H, kai o A na ikanopoieÐ th sunj kh (4.4)

Epiplèon an f ∈ L2(0, T ;H), Ay0 ∈ H, kai B eÐnai H-valued, tìte h

lÔsh y sthn pragmatikìthta apaiteÐ y ∈ C(0, T ;V ), y′ ∈ L2(0, T ;H).

H apeikìnish u → y eÐnai affine kai fragmènh me tic kat�llhlec nìrmec

-blèpe Je¸rhma (4.1).

SusqetÐzoume tic (4.15), (4.16) me to prìblhma elaqistopoÐhshc

Minimize

{∫ T

0

L (y(t), u(t))dt+ ` (y(T ))

}
(4.17)
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gia ìla ta u ∈ L2(0, T ;U), y ∈ L2(0, T ;V ) pou dÐnontai apì tic (4.15),

(4.16), upì touc periorismoÔc elègqou

y(t) ∈ C, t ∈ [0,T], (4.18)

u ∈ Uad. (4.19)

'Opou C ⊂ H, Uad ⊂ L2(0, T ;U) eÐnai kurt�, kleist� uposÔnola, ` :

H → (−∞,+∞), eÐnai kurt  kai suneq c kai L : H × U → (−∞,+∞)

eÐnai kat�llhlh (proper), kurt , kai k�tw hmisuneq c. Pio sugkekrimèna,

fragmèno apì k�tw (majorized from below) apì affine sunart seic kai

L (y(·), u(·)) eÐnai metr simh sto [0, T ] gia k�je metr simec apeikonÐseic

y(·), u(·). Autì dÐnei nìhma sto olokl rwma sthn (4.17), pou mporeÐ telik�

na isoÔtai me +∞. 'Opou eÐnai aparaÐthto ja epib�loume kai �llec tètoiec

eidikèc upojèseic.

To prìblhma (4.17) sun jwc anafèretai wc prìblhma Bolza sth bi-

bliografÐa. Gia �llec morfèc problhm�twn elègqou isodÔnamec me thn

parap�nw blèpe kai Fleming and Rishel [1975, Ch.II] .

'Ena klasikì par�deigma tou sunarthsiakoÔ kìstouc eÐnai to deutèrou

bajmoÔ, tetragwnikì (quadratic) sunarthsiakì:

J(y, u) =
1

2

∫ T

0

(
|Dy(t)− yd(t)|2H + |u(t)|2U

)
dt+

ν

2
|y(T)− yT|2H ,

(4.20)

ìpou yd ∈ L2(0, T ;H), yT ∈ H eÐnai dosmèna, ν > 0 eÐnai mia stajer�

kai D eÐnai ènac grammikìc, fragmènoc observation telest c. H shmasÐa

tou probl matoc (4.17) ègkeitai sto ìti y�qnoume èna u sto sÔnolo twn
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apodekt¸n elègqwn Uad, ètsi ¸ste h antÐstoiqh lÔsh y twn (4.15), (4.16)

na eÐnai apodekt , y(t) ∈ C sto [0, T ], kai h y na eÐnai ìso to dunatìn

pio kont� sthn epijumht  kat�stash yd kai se mia tim  yT pou eÐnai kai

o telikìc stìqoc. Epiplèon, autì prèpei na epiteuqjeÐ me to el�qisto

kìstoc, to opoÐo to metr�me me th nìrma tou u ston L2(0, T ;U).

'Ena tèqnasma eÐnai na xanaorÐsoume ton L wc ex c

L̃(y, u) =





L(y, u) an u ∈ U0,

+∞ diaforetik�,
(4.21)

sthn perÐptwsh pou Uad =
{
u ∈ L2(0, T ;U);u(t) ∈ U0 σ.π. sto [0, T ]

}

kai U0 ⊂ U eÐnai èna kurtì, kleistì uposÔnolo. H apeikìnish L̃ para-

mènei kurt , k�tw hmisuneq c kai oi periorismoÐ (4.19) ja perièqontai en

dun�mei sthn apaÐthsh ìti to kìstoc den eÐnai +∞, h opoÐa eÐnai fusik�

susqetismènh me ta probl mata elaqistopoÐhshc.

Ja mporoÔsame omoÐwc na proqwr soume apì thn (4.18), all� oi du-

skolÐec pou sqetÐzontai me touc state constraints mac odhgoÔn sto na

krat soume thn (4.18) explicit.

Wc proc tic merikèc diaforikèc exis¸seic, mia meg�lh poikilÐa sunar-

thsiak¸n kìstouc eÐnai epÐ tou endiafèrontoc kai parajètoume poll� pa-

radeÐgmata pou mporeÐ na sugkrijoÔn me aut� pou parousi�zontai sto

klasikì biblÐo tou Lions [1968].

Par�deigma 1. 'Estw Ω èna fragmèno qwriì ston RN me omalì sÔ-

noro Γ kai H = L2(Ω), V = H1
0(Ω), U = L2(Ω), kai èstw D : H → H

h tautotik  apeikìnish. Tìte jèloume na elaqistopoi soume to sunarth-
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siakì

J(y, u) =
1

2

∫ T

0

∫

Ω

{
(y(x, t)− yd(x, t))

2 + (u(x, t))2
}
dxdt

+
ν

2

∫

Ω

(y(x, T )− yT (x))
2 dx.

me sunj kec periorismoÔ

yt −∆y = u+ f sto Q = Ω× (0, T ),

y = 0 sto Σ = ∂Ω× [0, T ].

(jewroÔme A : H1
0(Ω) → H−1(Ω), Au = −∆u, B : L2(Ω) → L2(Ω),

Bu = u. H exÐswsh (4.15) paÐrnei th parap�nw morf ) kai lème ìti

èqoume katanemhmèno prìblhma elègqou (distributed control problem)

kaj¸c to u dra se ìlo to qwrÐo Ω.

Par�deigma 2. An h D : V → H dÐnetai apì th sqèsh Dy = grady,

yd ∈ L2(0, T ;H)N kai U = L2(Γ), jèloume na elaqistopoi soume to

sunarthsiakì

J(y, u) =
1

2

∫ T

0

∫

Ω

|grad(y − yd)|2dxdt+ 1

2

∫ T

0

∫

Γ

u2(x, t)dτdt

+
ν

2

∫

Ω

(y(x, T )− yT (x))
2 dx.

me sunj kec periorismoÔ :

yt −∆y = f sto Q,

∂y

∂n
= u sto Σ

(jewroÔme V = H−1(Ω), H = L2(Ω) kai A : H1(Ω) → H1(Ω)∗ o tele-

st c Laplace. OrÐzoume B : U = L2(∂Ω) → H1(Ω)∗ ton

(Bu, υ)V×V ∗ =

∫

∂Ω

uυdσ ∀υ ∈ V.
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Tìte apì to tÔpo tou Green, h exÐswsh (4.15) (state equation) mporeÐ na

grafeÐ me th parap�nw morf ) kai èqoume èna boundary control system.

Par�deigma 3. An D : V → L2(Γ) eÐnai o telest c Ðqnouc, yd ∈
L2(0, T ;L2(Γ)) kai U = L2(Γ), ν = 0 paÐrnoume

J(y, u) =
1

2

∫ T

0

∫

Γ

{
(y(x, t)− yd)

2 + |u(x, t)|2
}
dτdt.

S' aut� ta paradeÐgmata lème ìti èqoume distributed (boundary) observa-

tion and/or control. Ac doÔme ta epìmena paradeÐgmata, ìpou sqoli�zou-

me sÔntoma thn epilog  kai th shmasÐa tou telest  B.

Par�deigma 4. Telik¸c paÐrnoume V = Hm(Ω) ∩ H1
0(Ω), m > N

2 ,

H = L2(Ω), U = R kai A = −∆ : V → V ∗ o opoÐoc eÐnai grammikìc kai

fragmènoc.

Gia V ⊂ C(Ω) kai gia grammikì kai suneqèc sunarthsiakì Dirac δ :

V → R, δ(υ) = υ(x0) (to x0 eÐnai fixed) me δ ∈ V ∗. Tìte, o telest c

B : R→ V ∗

Bu = uδ

eÐnai grammikìc, suneq c kai èqoume orÐsei èna pointwise control system:

yt −∆y = uδ + f sto Q

y = 0 sto Σ.

Fusik�, se k�je mia apì tic parap�nw treic katast�seic, prèpei na proste-

jeÐ h arqik  sunj kh (4.16). Pio genikoÐ elleiptikoÐ telestèc A mporoÔn

epÐshc na lhfjoÔn upìyin.
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Telik¸c, exet�zoume en suntomÐa tic (4.18), (4.19). Suqn�, to Uad ( 

C) orÐzetai mèsw anisot twn   isot twn.

Par�deigma 5. 'Estw U = L2(G), G = Ω,   G = ∂Ω. Opìte

mporoÔme na p�roume

U1
ad =

{
u ∈ L2(G); a 6 u(x) 6 b sqedìn pantoÔ sto G

}
,

U2
ad =

{
u ∈ L2(Ω);

∫

G

u2(x)dx 6 1

}

kai omoÐwc gia to C. 'Otan C ⊂ H1(Ω), mporeÐ k�poioc na jewr sei

periorismoÔc gia to gradient

C =
{
y ∈ H1(Ω); |grad y(x)| 6 1 sqedìn pantoÔ sto Ω

}
.

Ac epilèxoume èna u thc morf c

u(x) =
a+ b

2
+

b− a

2
sin υ(x), (4.22)

ìpou υ eÐnai mia ”free” control mapping. Antikajist¸ntac thn (4.22) sthn

exÐswsh (4.15) paÐrnoume èna prìblhma elaqistopoÐhshc gia thn metablht 

elègqou υ. Oi periorismoÐ elègqou pou ekfr�zontai apì thn U1
ad ikano-

poioÔntai autìmata. Tètoiec teqnikèc (sÔmfwna me ton A. Miele) mporoÔn

na ulopoihjoÔn se mia meg�lh t�xh periorism¸n elègqou (Banichuk [1983,

Ch I]).

Ac shmei¸soume ìti h apeikìnish υ 7→ y pou orÐzetai apì tic (4.15),

(4.16), (4.22) eÐnai mh grammik . Sumperasmatik�, to (4.17) den eÐnai pia

kurtì wc proc to υ, all� oi idiìthtec diaforisimìthtac diathroÔntai. Fai-

nomenik�, autì eÐnai èna sobarì meionèkthma sugkrÐnontac me to tÔpo
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(4.21), o opoÐoc epÐshc eggu�tai thn kurtìthta tou paragìmenou pro-

bl matoc, all� se pollèc efarmogèc stoiqei¸deic teqnikèc ìpwc h (4.22)

eÐnai polÔ qr simec.

ShmeÐwsh. 'Opwc èqoume pei, to prìblhma (4.17) eÐnai arket� genikì

kai perigr�fei meg�lh t�xh efarmog¸n. Wstìso, up�rqoun axioshmeÐwtec

�lutec epekt�seic pou den tairi�zoun me aut  th topojèthsh kai anafè-

roume k�poiec apì autèc me skopì na rÐxoume mia gr gorh mati� s� aut 

th perioq  thc èreunac:

� probl mata elègqou se Banach kai pio genikoÔc q¸rouc,

� sunoriak� probl mata elègqou me sunj kh Dirichlet

� mh grammik� A, B kai mh kurt� L, `,

� exarthmèna apì to qrìno A, L,

� miktoÐ periorismoÐ pou emperièqoun state and control, terminal state

periorismoÔc ston y(T ), k.t.l.

4.2 Ta kÔria apotelèsmata

H pr¸th er¸thsh pou prèpei na apanthjeÐ gia to prìblhma (4.17) eÐnai gia

to sÔnolo epilog c anekt¸n zeug¸n (admissibility): up�rqei èna zeug�ri

[y, u] sto C(0, T ;H) × L2(0, T, U) pou ikanopoieÐ tic (4.15)-(4.19) kai

tètoia ¸ste L(y, u) ∈ L1(0, T )? Sthn pragmatikìthta, k�poioc qrei�zetai

to sÔnolo twn apodekt¸n zeug¸n na eÐnai epark¸c ploÔsio, kat� k�poia

ènnoia, alli¸c to prìblhma (4.17) gÐnetai tetrimmèno. An den epib�llontai

state periorismoÐ (C = H), tìte k�je u ∈ Uad mporeÐ na par�gei èna
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apodektì zeÔgoc apì tic (4.15), (4.16). Diaforetik�, ektìc apo k�poiec

eidikèc peript¸seic, aut  h er¸thsh eÐnai se meg�lo eÔroc anoikt  kai mia

katafatik  ap�nthsh sun jwc tÐjetai wc upìjesh.

Parìl� aut� se poll� praktik� probl mata, eÐnai arketì na broÔme è-

na apodektì zeÔgoc. Epiplèon, se mh kurt� probl mata elaqistopoÐhshc,

ta opoÐa emfanÐzontai gia par�deigma ìtan asqoloÔmaste me mh grammik�

sust mata elègqou, oi algìrijmoi genik� par�goun mìno topikoÔc elaqi-

stopoihtèc (minimizers)   krÐsima shmeÐa (critical points).

Opìte, h Ôparxh apodekt¸n zeug¸n eÐnai shmantik  kai apì jewrh-

tik  all� kai apì praktik  �poyh. Prèpei na suzhthjeÐ se k�je eidik 

perÐptwsh kai sqetÐzetai me kat�llhlec idiìthtec elègqou. Merik� apote-

lèsmata gia autì to z thma dÐnontai sto biblÐo Neittaanmäki and Tiba

[1984 ChIII-IV].

T¸ra, epistrèfoume sthn Ôparxh bèltistwn zeug¸n. Upojètoume ìti

h apeikìnish ϕ : U → (−∞,+∞) eÐnai piestik  me thn ènnoia:

lim
|u|U→∞

ϕ(u)

|u|2U
= +∞.

Je¸rhma 4.2 K�tw apì thn upìjesh ìti up�rqei sÔnolo epilog c ane-

kt¸n zeug¸n (admissibility), kai èstw ta L, ` ikanopoioÔn tic upojèseic

thc prohgoÔmenhc paragr�fou kai to Uad fragmèno sto L2(0, T ;U)   to

L eÐnai piestikì sto u omoiìmorfa wc proc to y. Tìte to prìblhma (4.17)

èqei toul�qiston èna bèltisto zeÔgoc [y∗, u∗].
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Apìdeixh. An to Uad eÐnai fragmèno k�poioc mporeÐ na xanaorÐsei

Ψ(y, u) =

∫ T

0

L(y(t), u(t))dt+ `(y(T ))

kaj¸c to +∞ eÐnai èxw apì to Uad (ìpwc sthn (4.21)) kai exasfalÐzoume

mia apeikìnish h opoÐa eÐnai piestik  ston L2(0, T ;U) omoiìmorfa wc proc

to y. Opìte, eÐnai arketì na analÔsoume aut  th kat�stash.

H sunj kh gia to sÔnolo epilog c twn anekt¸n (admissibility) exa-

sfalÐzei thn Ôparxh miac akoloujÐac elaqistopoÐhshc [yn, un], p.q.

lim
n→∞

Ψ(yn, un) = inf(P ) < +∞. (4.23)

An h {un} den eÐnai fragmènh ston L2(0, T ;U), paÐrnoume α > 0, K > 0

dosmèna apì thn piestik  upìjesh tètoia ¸ste

L(y, u) > α |u|2U , gia |u|U > K,

kai sumbolÐzoume to metr simo uposÔnolo

χn = {t ∈ [0, T ]; |un(t)|U > K}.

'Eqoume
∫ T

0

L(yn(t), un(t))dt > α

∫

χn

|un(t)|2U dt+

∫

[0,T ]\χn

L(yn(t), un(t))dt >

> α

∫

χn

|un(t)|2U dt+

∫

[0,T ]\χn

{(g, yn(t))H + (h, un(t))U + c}dt,
(4.24)

ìpou ta g ∈ H, h ∈ U , c ∈ R orÐzoun thn affine apeikìnish megistopoi¸n-

tac to L apì k�tw.
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H ex�rthsh u → y dosmènh apì tic (4.15), (4.16) eÐnai upogrammik 

(sublinear) apì ton L2(0, T ;U) ston C(0, T ;H), apì to je¸rhma (4.1),

kai h (4.24) dÐnei
∫ T

0

L(yn(t), un(t))dt >

> α

∫

χn

|un(t)|2U dt− c1 |un|L2(0,T ;U) − c =

= α

∫ T

0

|un(t)|2U dt− c1 |un|L2(0,T ;U) − c− α

∫

[0,T ]\χn

|un(t)|2U dt >

> α |un|2L2(0,T ;U) − c1 |un|L2(0,T ;U) − c− αK2T.

AfoÔ h `(yn(T )) eÐnai epÐshc fragmènh apì k�tw apì mia affine apeikì-

nish, autì dÐnei Ψ(yn, un) → +∞ kai antikroÔei thn (4.23). EpÐshc h

{un} eÐnai fragmènh ston L2(0, T ;U) kai, se mia upakoloujÐa, mporoÔme

na upojèsoume ìti un → u∗ asjen¸c ston L2(0, T ;U). Tìte, xan� to

je¸rhma (4.1), deÐqnei ìti yn → y∗ isqur¸c ston C(0, T ;H) kai asjen¸c

ston L2(0, T ;V ).

Profan¸c u∗ ∈ Uad kai y∗(t) ∈ C, t ∈ [0, T ], pou shmaÐnei pwc to

zeÔgoc [y∗, u∗] eÐnai apodektì gia to prìblhma (4.17). Epiplèon, efìson

h Ψ eÐnai k�tw hmisuneq c, paÐrnoume

Ψ(y∗, u∗) 6 lim
n→∞

inf Ψ(yn, un) = inf(4.17)

kai [y∗, u∗] eÐnai èna bèltisto zeÔgoc gia to (4.17).

ShmeÐwsh. An upojèsoume k�poia austhr  kurtìthta gia to L   to

`, tìte k�poioc mporeÐ na exasfalÐsei th monadikìthta gia to bèltisto

zeÔgoc [y∗, u∗]. Epiplèon, eÐnai xek�jaro ìti h parap�nw apìdeixh epÐshc
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douleÔei an to L ikanopoieÐ thn asjenèsterh sunj kh

lim
|u|U→∞

L(y, u)

|u|pU
= +∞, p > 1, (4.25)

omoiìmorfa wc proc y.

To epiqeÐrhma pou qrhsimopoi jhke sthn apìdeixh tou jewr matoc

(4.2), sqetÐzetai me thn onomazìmenh << �mesh mèjodo>> sto logismì twn

metablht¸n, h opoÐa mil¸ntac prìqeira, stoqeÔei sto na kataskeu�soume

mia akoloujÐa elaqistopoÐhshc [yn, un]. T¸ra, xekin�me na perigr�youme

mia << èmmesh mèjodo>> sth melèth twn problhm�twn elègqou, basismènh

stic pr¸thc t�xhc aparaÐthtec sunj kec beltistopoÐhshc. Prèpei na epi-

b�lloume tic akìloujec eswterikèc upojèseic:

� up�rqei mia sun�rthsh ū ∈ L2(0, T ;U) tètoia ¸ste h antÐstoiqh lÔsh

ȳ ∈ C(0, T ;H) twn (4.15), (4.16) ikanopoieÐ

ȳ(t) ∈ intC, ∀t ∈ [0, T ] kai L(ȳ, ū) ∈ L1(0, T ). (4.26)

� gia k�je ỹ ∈ C(0, T ;H), up�rqei mia sun�rthsh ũ ∈ L2(0, T ;U) tètoia

¸ste

ỹ ∈ int

{
z ∈ L∞(0, T ;H);

∫ T

0

L(z, ũ)dt < +∞
}
. (4.27)

Shmei¸noume ìti h sunj kh (4.27) eÐnai lìgw thc genikìthtac tou su-

narthsiakoÔ kìstouc gia na melethjeÐ kai aut  ikanopoieÐ autìmata to

tetragwnikì krit rio (4.20), en¸ h (4.26) eÐnai to tÔpou Slater pistopoi-

htikì periorism¸n.

Je¸rhma 4.3 K�tw apì tic parap�nw upojèseic, an [y∗, u∗] eÐnai èna

bèltisto zeÔgoc gia to prìblhma (4.17), tìte up�rqei mia sun�rthsh p∗ ∈
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L2(0, T ;V ) ∩ L∞(0, T ;H) ∩BV (0, T ;V ∗), µ ∈ M(0, T ;H) tètoia ¸ste

(p∗)′ − A∗p∗ − µ ∈ ∂1L(y
∗, u∗) (4.28)

(µ, z − y) > 0 ∀z ∈ C(0, T ;H), z(t) ∈ C sto [0, T ] (4.29)

p∗(T ) ∈ −∂`(y∗(T )), (4.30)

B∗p∗ ∈ ∂2L(y
∗, u∗), (4.31)

ìpou [∂1L, ∂2L] eÐnai oi sunist¸sec tou upodiaforikoÔ1 ∂L kai (·, ·) eÐnai

h antistoÐqish metaxÔ tou M(0, T ;H) kai C(0, T ;H).

Antistrìfwc, an up�rqei mia sun�rthsh p∗ tètoia ¸ste to [y∗, u∗] na

ikanopoieÐ tic (4.28)-(4.31) mazÐ me tic (4.15), (4.16), tìte autì eÐnai èna

bèltisto zeug�ri gia to prìblhma (4.17).

Ac exet�soume t¸ra èna par�deigma jewrhtikoÔ montèlou me skopì na

perigr�youme k�poiec basikèc efarmogèc twn sunjhk¸n beltistopoÐhshc.

JewroÔme ìti Ω ⊂ RN eÐnai èna fragmèno qwrÐo me omalì sÔnoro ∂Ω

kai paÐrnoume H = L2(Ω), V = H1
0(Ω), A : V → V ∗ eÐnai Ay = −∆y,

1'Opou BV (0, T ;V ∗) o q¸roc twn fragmènwn sunart sewn (bounded variation fu-

nctions) ston [0, T ] me timèc ston V ∗.

'Opou M(0, T ;X∗) o duðkìc tou C(0, T ;X)= o q¸roc twn X∗-valued mètrwn sto

[0, T ].

UpenjumÐzoume ìti gia mia k�tw hmisuneq , kurt , kat�llhlh sun�rthsh ϕ : X → R̄,

upodiaforikì eÐnai h apeikìnish ∂ϕ : X → X∗ me ∂ϕ(x) = {x∗ ∈ X∗;ϕ(x) ≤ ϕ(y) +

(x − y, x∗), ∀y ∈ X}. EpÐshc h anÐswsh (y′(t) + Ay(t), y(t) − z) + ϕ(y(t)) − ϕ(z) ≤
(f(t), y(t) − z) sqedìn pantoÔ gia t ∈ (0, T ), ∀z ∈ V qrhsimopoi¸ntac to diaforikì

mporeÐ na grafeÐ: y′(t) + Ay(t) + ∂ϕ(y(t)) � f(t) sqedìn pantoÔ t ∈ (0, T ).
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U = L2(Ω), kai B : U → H eÐnai o tautotikìc telest c. JewroÔme

Uad = {υ ∈ L2(Q); c ≤ υ(x, t) ≤ d sqedìn pantoÔ sto Q},

C = {y ∈ H; y(x) ∈ [a, b] sqedìn pantoÔ sto Ω},
∫ T

0

L(y, u)dt = g(y) + h(u),

ìpou g : L2(0, T,H) → R eÐnai kurt  kai suneq c, kai h : L2(Q) →
(−∞,+∞) eÐnai kurt , k�tw hmisuneq c, kat�llhlh, me h(u) = 1

2 |u|2L2(Q)+

IUad
(u), ìpou IUad

h deÐktria sun�rthsh tou Uad ston L2(Q). Ed¸ a, b, c, d

eÐnai k�poiec pragmatikèc stajerèc tètoiec ¸ste 0 ∈ [a, b] ∩ [c, d] (sum-

batìthta me sunoriakèc sunj kec Dirichlet kai epitrèpetai o mhdenikìc

èlegqoc) kai y0(x) ∈ [a, b] sqedìn pantoÔ ston Ω.

To prìblhma elègqou (4.17) paÐrnei th morf 

Minimize

{
g(y) +

1

2
|u|2L2(Q)

}
(4.32)

upì touc ìrouc

yt −∆y = u sto Q, (4.33)

y(x, t) = 0 sto Σ, (4.34)

y(x, 0) = y0(x) sto Ω, (4.35)

u ∈ Uad, (4.36)

y(·, t) ∈ C gia [0, T ]. (4.37)

ShmeÐwsh 1. An plhreÐtai h upìjesh gia to sÔnolo epilog c twn

anekt¸n, tìte paÐrnoume thn Ôparxh enìc monadikoÔ bèltistou zeÔgouc
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[y∗, u∗], efìson to Uad eÐnai fragmèno kai to kìstoc eÐnai austhr� kurtì.

ShmeÐwsh 2. Profan¸c, o C èqei èna kenì eswterikì stonH. AntÐ thc

sunj khc tou Slater (4.26), upojètoume thn Ôparxh thc ū ∈ Uad tètoiac

¸ste h antÐstoiqh lÔsh ȳ twn (4.33)-(4.35) ikanopoieÐ

ȳ(x, t) ∈ (a, b), ∀(x, t) ∈ Q. (4.38)

Kaj¸c ìpwc èqoume anafèrei mporoÔme epÐshc na epib�lloume th sunj kh

(4.27) s� aut  th topojèthsh.

Gia na par�goume tic sunj kec beltistopoÐhshc kai sÔmfwna me Brézis

and Strauss[1973], Barbu[1976], Neittaanmäki and Tiba [1984 IV], è-

qoume

(p∗)′ −∆p∗ − µ ∈ ∂g(y∗) sto Q,

(µ, z − y∗)L∞(Q)∗×L∞(Q) > 0 ∀z ∈ L∞(Q), z(x, t) ∈ [a, b] σ.p. sto Q,

p∗(x, T ) = 0, sto Ω,

p∗(x, t) = 0, sto Σ,

p∗ ∈ ∂h(u∗) sto Q.

EpÐshc blèpe Neittaanmäki and Tiba [1984 IV par.4 ], ìpou mia dia-

foretikoÔ tÔpou topojèthsh kai sunj kec beltistopoÐhshc dÐnontai me

leptomèreia.
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4.3 Proseggisimìthta se kurt� probl mata e-

lègqou

T¸ra ja suzht soume thn epÐdrash twn arijmhtik¸n proseggÐsewn ìtan

efarmìzontai se probl mata bèltistou elègqou. Ja jèlame na upolo-

gÐsoume thn apìstash metaxÔ twn bèltistwn lÔsewn twn pragmatik¸n

kai twn diakritopoihmènwn problhm�twn. Gia to skopì autì, h biblio-

grafÐa den eÐnai polÔ ploÔsia, wstìso up�rqoun di�forec axioshmeÐwtec

anaforèc ìpwc twn Winther [1978, 1980], Malanowski [1982], Lasiecka

[1980, 1984], Knowles [1982], Pawlow [1987, Ch.6], Mackenroth [1987],

Roubicek and Verdi [1992]. Mia basik  idèa pÐsw apì autèc tic pro-

seggÐseic eÐnai h qr sh gnwst¸n idiot twn omalìthtac bèltistou elèg-

qou. To sÔsthma twn sunjhk¸n beltistopoÐhshc ja paÐxei shmantikì

rìlo stic apodeÐxeic. Sthn perÐptwsh twn mh grammik¸n governing state

susthm�twn, oi idiìthtec omalìthtac bèltistou elègqou   thc suzugoÔc

bèltisthc metablht c (adjoint optimal state) eÐnai polÔ asjeneÐc gia na

efarmostoÔn oi upologismoÐ l�jouc (Neittaanmäki and Tiba [1984 Ch

III]). Sumperasmatik�, ta up�rqonta apotelèsmata sqetÐzontai kurÐwc me

tic idiìthtec sÔgklishc twn proseggistik¸n lÔsewn: Hackbusch [1979],

Saguez [1980], Arnãutu [1980, 1982], Bonnans [1982], Arnãutu and Bar-

bu[1985], Bermudez and Saguez [1985], Hoffmann and Sprekels [1984],

Alt and Mackenroth [1984, 1989], Pawlow [1983, 1987], Roubicek [1990,

1991], Krabs and Lamp [1987], Tiba [1984, 1990b ChIV], Neittaanmäki

and Tiba [1984], Tröltzsch [1987, 1992].
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Sth pr¸th enìthta ja exet�soume thn proseggisimìthta twn problhm�-

twn bèltistou elègqou èqontac wc sunj kh kurtì sunarthsiakì (control

constrained convex control problems) - sumperilambanomènwn kai twn

grammik¸n (linear state) exis¸sewn. Oi epìmenec enìthtec èqoun sqèsh

me th diakritopoÐhsh problhm�twn bèltistou elègqou sumperilambanomè-

nwn diafìrwn anisot twn kai qwrÐc sÔnoro (free boundary) susthm�twn

mazÐ me thn sqetik  jewrÐa sÔgklishc. Sthn teleutaÐa enìthta ja suzh-

t soume k�poiec efarmogèc.

Epikentr¸noume thn prosoq  mac se èna klasik� katanemhmèno (stan-

dard distributed) prìblhma elègqou me shmeiakoÔc periorismoÔc elègqou

(point-wise control constraints):

Minimize

{
1

2

∫

Q

(y − ŷ)2dxdt+
1

2

∫

Q

u2dxdt

}
(4.39)

me u(t, x) ≥ 0 sqedìn pantoÔ sto Q kai

∂y(x, t)

∂t
−

n∑

i,j=1

∂

∂xj

(
aij(x)

∂y(x, t)

∂xi

)
+ a0(x)y(x, t) = f(x, t) + u(x, t)

(4.40)

sto Q,

∂y(x, t)

∂ν
=

n∑
i,j=1

aij(x)
∂y(x, t)

∂xj
cos(n, xi) = g(x, t) sto Σ, (4.41)

y(x, 0) = y0(x) sto Ω. (4.42)

'Opou Ω eÐnai èna fragmèno omalì qwrÐo tou Rn, Q = Ω × (0, T ),

Σ = ∂Ω × [0,T], α0, αij ∈ C∞(Ω) me αij(x) = αji(x) kai gia k�poio
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ρ0 > 0 , èqoume
n∑

i,j=1

αij(x)ξiξj ≥ ρ0

n∑
i=1

ξ2i ,∀x ∈ Ω.

Se efarmogèc thc jewrÐac twn peperasmènwn stoiqeÐwn, h lÔsh tou

probl matoc (4.40)-(4.42) eÐnai efikt  me th asjen  ènnoia (weak sense):
(
∂y(t)

∂t
, ϕ

)
+ α (y(t), ϕ) = (f(t) + u(t), ϕ) + (g(t), ϕ) (4.43)

∀ϕ ∈ H1(Ω), gia sqedìn pantoÔ t ∈ [0,T].

'Opou (·, ·) eÐnai h antistoÐqish metaxÔ tou H1(Ω) kai tou duðkoÔ tou ( 

tou bajmwtoÔ ginomènou ston L2(Ω)) kai

a(y, ϕ) =

∫

Ω

{
n∑

i,j=1

αij(x)
∂y(x)

∂xi

∂ϕ(x)

∂xj
+ α0(x)y(x)ϕ(x)

}
dx.

Ed¸, h g(t, ·) orÐzei èna stoiqeÐo apì ton H1(Ω)∗ sÔmfwna me to tÔpo

(g(t), ϕ) =

∫

Γ

g(t)ϕdΓ

kai to je¸rhma Ðqnouc (trace theorem). Tìte, an f ∈ L2(Q), u ∈ L2(Q),

g ∈ H
1
2 ,

1
4 (Σ), y0 ∈ H1(Ω), tìte h exÐswsh (variational equation) (4.42),

(4.43) èqei mia monadik  lÔsh y ∈ H2,1(Q) sÔmfwna me touc Neittaanmäki

and Tiba[1994,Ch.II-2.2], dhlad , s�aut n thn perÐptwsh h asjen c lÔsh

èqei tic perissìterec idiìthtec omalìthtac.

Efìson to sunarthsiakì kìstouc (cost functional) eÐnai piestikì (kai

austhr¸c kurtì), prokÔptei h Ôparxh enìc monadikoÔ bèltistou zeÔgouc

[ȳ, ū] � kai Neittaanmäki and Tiba[1994,Ch.IV-1]. Epiplèon, up�rqei
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èna p̄ (adjoint optimal state) tètoio ¸ste na ikanopoieÐtai to akìloujo

sÔsthma bèltistwn sunjhk¸n:

∂p̄

∂t
+

n∑
i,j=1

∂

∂xj

(
aij

∂p̄

∂xi

)
− a0p̄ = ȳ − ŷ sto Q, (4.44)

∂p̄

∂ν
= 0 sto Σ, (4.45)

p̄(x, T ) = 0 sto Ω, (4.46)

p̄(x, t) ∈ ū(x, t) + ∂IK(ū(x, t)) sqedìn pantoÔ sto Ω. (4.47)

H teleutaÐa sqèsh ekfr�zei thn kaloÔmenh arq  megÐstou (maximum

principle) kai to ∂IK sumbolÐzei to upodiaforikì deÐktriac sun�rthshc

(indicator function) tou kleistoÔ kurtoÔ k¸nou K ⊂ L2(Q),

K =
{
υ ∈ L2(Q); υ(x, t) ≥ 0 sqedìn pantoÔ sto Q

}
. (4.48)

H sqèsh (4.47) mporeÐ isodÔnama na ekfrasteÐ wc ex c

ū = (I + ∂IK)
−1(p̄) = PK(p̄), (4.49)

ìpou PK : L2(Q) → K eÐnai o mh grammikìc telest c probol c sÔmfw-

na me touc Neittaanmäki and Tiba[1994,Ch.II-Thm1.18-Example 1.26].

S�aut n thn perÐptwsh eÐnai

PK(p̄)(x, t) = sup (p̄(x, t), 0) sqedìn pantoÔ sto Q. (4.50)

Kaj¸c oH1(Q) eÐnai lattice–Neittaanmäki and Tiba[1994,Ch.II-1] (plèg-

ma), apì tic sqèseic (4.48)-(4.50) kai thn mègisth omalìthta tou p̄ wc

lÔsh sto (4.44)-(4.45), sumperaÐnoume ìti ū ∈ H1(Q). Prèpei epÐshc na
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shmei¸soume ìti lìgw apousÐac periorismoÔ elègqou, h omalìthta tou ū

eÐnai mègisth (ìpwc kai tou p̄ s�aut n thn perÐptwsh).

Telik¸c exasfalÐzoume ìti h epilog  z̄(x, t) ∈ ∂IK(ū(x, t)) sqedìn

pantoÔ sto Q, h opoÐa ikanopoieÐ thn isìthta (4.47), z̄(x, t) = p̄(x, t) −
ū(x, t) sqedìn pantoÔ sto Q, eÐnai epÐshc omal : z̄ ∈ H1(Q). Autèc oi

idiìthtec omalìthtac gia ta ū, z̄ eÐnai jemeli¸deic sth sunèqeia efìson exa-

sfalÐzoun thn egkurìthta twn upologism¸n sÔmfwna me thn peperasmènhc

di�stashc grammik  parembol  (Neittaanmäki and Tiba[1994,Ch.III-1]).

Shmei¸noume ìti qrhsimopoioÔme to mh grammikì telest  probol c PK

mìno gia na exasfalÐsoume thn omalìthta twn paramètrwn ū, z̄.

Gia na diakritopoi soume to prìblhma bèltistou elègqou, antikaji-

stoÔme to Ω apì èna poluedrikì qwrÐo paraleÐpontac to sqetikì sf�lma.

ProseggÐzoume thn state equation me peperasmèna stoiqeÐa sto q¸ro kai

me peplegmènh (implicit) mèjodo Eyler gia to qrìno. An Th eÐnai ènac dia-

qwrismìc tou Ω se plègma megèjouc h > 0 kai Vh ⊂ H1(Ω) eÐnai ta sqeti-

k� peperasmèna stoiqeÐa sto q¸ro pou apoteloÔntai apì tmhmatik� sune-

qeÐc grammikèc sunart seic, tìte h prosèggish Galerkin thc (4.43) odhgeÐ

sthn eÔresh thc dianusmatik c apeikìnishc yh =
(
yih
)
i=1,...,m

∈ V m+1
h tè-

toiac ¸ste
(
yk+1
h − ykh

τ
, ϕh

)
+ α

(
yk+1
h , ϕh

)
=

(
uk+1
h + fk+1

h , ϕh

)
+
(
gk+1
h , ϕh

)
,

(4.51)

∀ϕh ∈ Vh, 0 ≤ k ≤ m− 1,

y0h = Rhy0 ∈ Vh. (4.52)
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'Opou τ = T
m eÐnai h par�metroc diakritopoi shc tou qrìnou, Rh : H1(Ω) →

Vh o grammikìc telest c parembol c kai ta uih, f i
h, gih sumbolÐzoun tic

proseggÐseic twn u, f , g sthn i-ost  qronik  stigm , i = 0, ...,m. An

g, u kai f orÐzontai shmeiak� tìte gih = Rhg(x, iτ), uih = Rhu(x, iτ),

f i
h = Rhf(x, iτ), diaforetik� mporoÔme na p�roume

gih = Rh

[
1

τ

∫ (i+1)τ

iτ

g(·, s)ds
]
, uih = Rh

[
1

τ

∫ (i+1)τ

iτ

u(·, s)ds
]
,

f i
h = Rh

[
1

τ

∫ (i+1)τ

iτ

f(·, s)ds
]
.

Shmei¸noume ìti, gia ta parap�nw ja jewr soume pwc up�rqoun k�-

poiec stajerèc c, d > 0 tètoiec ¸ste

ch2 ≤ τ ≤ dh2,∀h > 0, (4.53)

h opoÐa eÐnai kai o lìgoc pou den apodeiknÔoume thn ex�rthsh apì to qrìno

thc par�metrou diakritopoÐhshc ston sumbolismì mac apì thn (4.51).

To sunarthsiakì kìstouc diakritopoieÐtai wc akoloÔjwc:

1

2

m∑

k=1

τ

∫

Ω

(ykh − ŷkh)
2dx+

1

2

m∑

k=1

τ

∫

Ω

(ukh)
2dx, (4.54)

ìpou to ŷkh sundèetai me to ŷ me ton Ðdio trìpo ìpwc parap�nw. Opìte, h

prosèggish tou peperasmènhc di�stashc bèltistou elègqou probl matoc

(4.39), pou to sumbolÐzoume me (Ph) katal gei sthn elaqistopoÐhsh thc

(4.54) upì tic (4.51), (4.52) kai touc periorismoÔc elègqou

uih(x) ≥ 0, i = 1, ...,m, x ∈ Ω. (4.55)
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Me aut n thn epilog  tou Vh, h (4.55) eÐnai isodÔnamh me thn apaÐthsh h

uih na eÐnai jetik  se k�je kìmbo tou Th.

Je¸rhma 4.4 Up�rqei èna monadikì bèltisto zeÔgoc [ȳh, ūh] ∈ V m
h ×

V m
h gia to prìblhma (Ph), to opoÐo qarakthrÐzetai apì to akìloujo sÔ-

sthma beltistopoÐhshc:
(
p̄k+1
h − p̄kh

τ
, ϕh

)
+ α

(
p̄kh, ϕh

)
=

(
ȳk+1
h − ŷk+1

h , ϕh

)
, (4.56)

∀ϕh ∈ Vh, k = 0, ...,m− 1,

p̄mh (x) = 0, sto Ω, (4.57)

p̄k−1
h ∈ ūkh + ∂IK∩Vh

(ūkh) sto Ω. (4.58)

H sqèsh (4.58) eÐnai h diakrit  morf  thc arq c tou megÐstou, en¸ oi

(4.56), (4.57) dÐnoun to diakritì suzugèc sÔsthma (discrete adjoint sy-

stem).

Apìdeixh. H Ôparxh miac monadik c lÔshc tou diakritoÔ sust matoc me-

tablht¸n (4.51), (4.52) epiprìsjeta gia tic (4.56), (4.57) prokÔptei apo th

par�grafo (4.1.2). An [yh,`, uh,`]`∈N eÐnai mia akoloujÐa elaqistopoÐhshc,

tìte eÐnai fragmènh apì th piestikìthta tou sunarthsiakoÔ (4.54) kai gia

th u kai gia th y. Tìte mporoÔme na upojèsoume ìti gia mia upakolou-

jÐa sumbolizìmenh xan� me `, ukh,` → ũkh isqur¸c ston L2(Ω), ykh,` → ỹkh

isqur¸c ston L2(Ω), gia k = 1, ...m. Autì eÐnai lìgw tou peperasmènhc

di�stashc qarakt ra tou ukh,` ∈ Vh, ykh,` ∈ Vh. Ousiastik� oi parap�nw

sugklÐseic eÐnai isodÔnamec me tic shmeiakèc sugklÐseic stouc kìmbouc tou
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Th. Opìte, k�poioc mporeÐ na metabeÐ sto ìrio sthn (4.51), (4.52) (sug-

krÐnontac me thn algebrik  morf  thc exÐswshc state equation) (4.13 par.

4.1.2). 'Oloi oi periorismoÐ elègqou ikanopoioÔntai xek�jara apì thn ũh,

blèpoume ìti [ỹh, ũh] eÐnai èna apodektì zeÔgoc gia to (Ph). ProkÔptei

ìti aut  eÐnai bèltisth wc to ìrio miac akoloujÐac elaqistopoÐhshc kai to

xanasumbolÐzoume me [ȳh, ūh]. Apì thn austhr  kurtìthta tou (Ph), to

bèltisto zeÔgoc eÐnai monadikì kai oi parap�nw sugklÐseic eÐnai ègkurec

qwrÐc na p�roume upakoloujÐec.

T¸ra, o orismìc tou p̄h ∈ (Vh)
m apì tic (4.56), (4.57) eÐnai xekajarìc.

Gia na exasfalÐsoume thn arq  tou megÐstou (4.58) parousi�zoume th

metabol  tou ūh:

1

2

m∑

k=1

τ

∫

Ω

(ȳkh − ŷkh)
2dx+

1

2

m∑

k=1

τ

∫

Ω

(ūkh)
2dx 6

6 1

2

m∑

k=1

τ

∫

Ω

(ykh − ŷkh)
2dx+

1

2

m∑

k=1

τ

∫

Ω

(ukh)
2dx

(4.59)

gia k�je zeÔgoc [yh, uh] pou ikanopoieÐ tic (4.51), (4.52), (4.55). Gia

par�deigma mporoÔme na p�roume uh = ūh + λ(υh − ūh) gia k�je υh ∈
(K ∩ V h)m kai gia k�je 0 ≤ λ ≤ 1, sÔmfwna me th kurtìthta tou K.

Me aut  thn epilog , kai met� apì k�poiouc upologismoÔc sumperaÐ-

noume ìti to zh = limλ→0
yh−ȳh

λ ikanopoieÐ thn
(
zk+1
h − zkh

τ
, ϕh

)
+ a(zk+1

h , ϕh) = (υk+1
h − ūk+1

h , ϕh),

∀ϕh ∈ Vh, k = 0, ...,m− 1,

(4.60)

z0h(x) = 0 sto Ω. (4.61)
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H Ôparxh tou orÐou eÐnai fanerì apo ton affine qarakt ra twn (4.51),

(4.52). Upì tic (4.60), (4.61) mporoÔme na xanagr�youme thn (4.59) wc

ex c
m∑

k=1

τ

∫

Ω

zkh(ȳ
k
h − ŷkh)dx+

m∑

k=1

τ

∫

Ω

(υk
h − ūkh)ū

k
hdx > 0,

∀υk
h ∈ (K ∩ Vh)m k = 1, ...,m.

(4.62)

Sth pragmatikìthta, èqoume upologÐsei to Gâteaux gradient tou su-

narthsiakoÔ kìstouc (4.54) sto shmeÐo ūh kai sth kateÔjunsh υh − ūh

pou dÐnetai apì to aristerì mèloc thc sqèshc (4.62). MporoÔme na to

xanaekfr�soume se mia pio epwfel  morf  qrhsimopoi¸ntac to diakritì

suzugèc sÔsthma (4.56), (4.57). PaÐrnoume ϕh = zk+1
h sthn (4.56) kai

ajroÐzoume gia k = 0, ...,m− 1:
m−1∑

k=0

τ

∫

Ω

zk+1
h (ȳk+1

h − ŷk+1
h )dx =

=
m−1∑

k=0

τ

(
p̄k+1
h − p̄kh

τ
, zk+1

h

)
−

m−1∑

k=0

τa(p̄kh, z
k+1
h ) =

= −
m−1∑

k=0

τ

(
zk+1
h − zkh

τ
, p̄kh

)
−

m−1∑

k=0

τa(p̄kh, z
k+1
h ) =

= −
m−1∑

k=0

τ(υk+1
h − ūk+1

h , p̄kh).

(4.63)

Parap�nw èqoume k�nei �jroish kat� mèlh kai èqoume qrhsimopoi sei

tic (4.60), (4.61). Sundu�zontac tic (4.62) kai (4.63) paÐrnoume
m∑

k=1

τ

∫

Ω

(υk
h − ūkh)ū

k
hdx−

m∑

k=1

τ

∫

Ω

(υk
h − ūkh)p̄

k−1
h dx > 0,

∀υk
h ∈ (K ∩ Vh)m, k = 1, ...,m.
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Epilègontac υk
h = ukh gia ìlouc touc deÐktec ektìc apì ènan, èqoume

∫

Ω

(wh − ūkh)ū
k
hdx−

∫

Ω

(wh − ūkh)p̄
k−1
h dx > 0,

∀wh ∈ K ∩ Vh k = 1, ...,m

to opoÐo sumplhr¸nei kai thn apìdeixh.

Par�deigma 4.1 JewroÔme to sunoriakì prìblhma elègqou

min

{
J(u) =

1

2

∫ T

0

|y − ŷ|2L2(Ω) dt+
a

2

∫ T

0

|u|2L2(Γ) dt

}
(4.64)

upì tic sunj kec

∂

∂t
y −∆y = 0 sto Q, (4.65)

∂

∂n
y = u sto Σ, (4.66)

y(x, 0) = y0(x) sto Ω. (4.67)

To hmidiakritì sÔsthma pou antistoiqeÐ sto (4.64) eÐnai

min

{
Jh(uh) =

1

2

∫ T

0

|yh − ŷ|2L2(Ω) dt+
a

2

∫ T

0

|uh|2L2(Γ) dt

}
(4.68)

ìpou yh(t) ∈ Vh, uh ∈ Uh
ad =o q¸roc twn iqn¸n twn sunart sewn apì ton

Vh, efodiasmèna me th L2(Γ) nìrma.




(
d
dtyh, υh

)
L2(Ω)

+ a(yh, υh) = (uh, υh)L2(Γ) gia ìla ta υh ∈ Vh, t > 0

(yh(0), υh)L2(Ω) = (y0, υh)L2(Ω) gia ìla ta υh ∈ Vh.

(4.69)

Y�qnoume èna yh thc morf c

yh(x, t) =
m∑
i=1

Yi(t)ϕi(x)
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kai èna uh thc morf c

uh(x, t) =
m∑
i=1

Ui(t)ϕi(x)

ìpou {ϕi}mi=1 eÐnai mia b�sh tou Vh. Upojètoume ìti ŷ(t) ∈ Vh  , sth

perÐptwsh pou autì den alhjeÔei, antikajistoÔme to ŷ me th grammik 

parembol 

ŷ(x, t) =
m∑
i=1

Ŷi(t)ϕi(x).

Epiplèon, èstw M = ((ϕi, ϕj)L2(Ω))
m
i,j=1 o mass matrix, kai A =

((∇ϕi,∇ϕj)L2(Ω))
m
i,j=1 sumbolÐzei ton stiffness matrix.

MporoÔme na xanagr�youme to prìblhma (4.69) sthn isodÔnamh morf 

min
U(t)∈u
t∈[0,T ]

J(U) =
1

2

∫ T

0

(Y (t)− Ŷ (t),M(Y (t)− Ŷ (t)))+
a

2

∫ T

0

(U(t), BU(t)),

(4.70)

upì tic sunj kec




M d
dtY (t) + AY (t) = M̂Û(t)

Y (0) = Y0,
(4.71)

ìpou u =
{
U(t) ∈ Rp | uh(x, t) =

∑p
i=1 Ui(t)ϕi(x)|∂Ω ∈ uh

ad

}
. Epiplè-

on, B = ((ϕi, ϕj)L2(Γ))i,j∈I eÐnai o mass matrix orismènoc sto ∂Ω kai me

I sumbolÐzoume to sÔnolo twn deikt¸n twn kìmbwn tou ∂Ω me trigwno-

poÐhsh Th (gia q�rh aplìthtac upojètoume ìti oi kìmboi tou ∂Ω èqoun

arijmhjeÐ pr¸ta), p = cardI . Epiplèon,

M̂ =


 B 0

0 0


 kai Û(t) = (U1(t), ..., Up(t), 0, ..., 0) .
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To prìblhma (4.70) eÐnai èna prìblhma bèltistou elègqou pou peri-

gr�fetai apì èna grammikì sÔsthma sun jwn diaforik¸n exis¸sewn. Sh-

mei¸noume ìti o arijmìc twn exis¸sewn sto (4.71) mporeÐ na eÐnai polÔ

meg�loc. Se genikèc grammèc k�poioc mporeÐ na efarmìsei èmmesec me-

jìdouc (basismènec stic sunj kec beltistopoÐhshc)   �mesec mejìdouc

(basismènec se tÔpou-diaforikoÔ algorÐjmouc).

Sta epìmena ja qrhsimopoi soume mia �mesh mèjodo gia na lÔsoume to

(4.70). Prin to k�noume autì ja d¸soume tic sunj kec beltistopoÐhshc

gia to (4.70).

Prìtash 4.1 H sunj kh beltistopoÐhshc gia to (4.70) eÐnai

Ui(t) = −1

a
P̂i(t), i ∈ I, (4.72)

ìpou P̂ eÐnai h lÔsh tou suzugoÔc sust matoc




−M d
dtP̂ (t) + AP̂ (t) = M̂(Y (t)− Ŷ (t)), t ∈ (0, T ]

P̂ (T ) = 0
(4.73)

kai o Y (t) lÔnei to (4.71).

Gia thn arijmhtik  pragmatopoÐhsh eÐnai aparaÐthto epÐshc na par�-

goume th sunj kh beltistopoÐhshc sth pl rh diakrit  morf . Gia na to

katafèroume autì ja diakritopoi soume th qronik  par�gwgo sth (4.71)

me thn implicit mèjodo Euler me qronikì b ma ∆t:




M Y k−Y k−1

∆t + AY k = M̂Ûk, k = 1, ..., NT

Y 0 = Y0,
(4.74)
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ìpou to Y k = (Y k
1 , ..., Y

k
m) sumbolÐzei th tim  tou Y (t) sto k-ostì qronikì

shmeÐo kai NT sumbolÐzei ton arijmì twn qronik¸n bhm�twn.

To pl rec diakritì sÔsthma pou antistoiqeÐ sto (4.70) eÐnai

min
U∈U

{
J (U) =

1

2

NT∑

k=1

(Y k − Ŷ k,M(Y k − Ŷ k)) +
a

2

NT∑

k=1

(Ûk, M̂Ûk)

}

(4.75)

ìpou U ⊂ RNT p eÐnai to sÔnolo twn apodekt¸n elègqwn kai Y k dÐnetai

apì thn (4.74).

Oi sunj kec beltistopoÐhshc sth pl rwc diakrit  perÐptwsh dÐnontai

apì thn

Prìtash 4.2 Oi sunj kec beltistopoÐhshc gia to (4.75) eÐnai

Uk
i = −1

a
P̂ k−1
i , i ∈ I

ìpou P̂ k−1 eÐnai h lÔsh tou sust matoc suzugoÔc metablht c th qronik 

stigm  k − 1:




−M P̂ k−1−P̂ k

∆t + AP̂ k−1 = M̂(Y k − Ŷ k), k = NT , ..., 1

P̂NT = 0

ìpou o Y k lÔnei to (4.74).

Sqetik� me th sÔgklish kai thn akrÐbeia twn upologism¸n èqoume to

Je¸rhma 4.5 K�tw apì th upìjesh (4.53), kai akolouj¸ntac touc u-

pologismoÔc gia thn apìstash twn bèltistwn lÔsewn twn (4.39) kai (Ph)

isqÔei ìti:

|ȳ − ȳh|L2(Q) = O(h
1
2 ).
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ShmeÐwsh 1. Qrhsimopoi¸ntac to apotèlesma tou jewr matoc (4.5)

kai xan� touc upologismoÔc gia tic grammikèc parabolikèc exis¸seic mpo-

roÔme na k�noume upologismoÔc gia to |ū− ūh|   gia th diafor� metaxÔ

twn bèltistwn tim¸n sta (4.39) kai (Ph) kai tic sqetikèc suzugeÐc meta-

blhtèc elègqou |p̄− p̄h|.
ShmeÐwsh 2. Mia prosèggish gia touc upologismoÔc l�jouc sth dia-

kritopoÐhsh problhm�twn bèltistou elègqou mporeÐ na brejeÐ sthn ana-

for� Malanowski [1982].
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