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Béhktiotog '‘EAeyyog oc IlopaBolixéc Mepixég Alopopixég
ESwowoeig, Aptduntiny Avdivon xouw Egoappoveég

YOvtoun nepiindn:

To x0plo avtixeluevo tng BiBoxToEXNE BLaTEBhC EVAL O XATAVEUNUEVOS XaL GUVOPLOIXOS EAEYYOS OF
TpoPAAUATA PERIXGDY BLapopix®y eElo®oemy eEelxTixol TOToL We TN pédodo menepaouévey oTolyElwy
Galerkin. EZetdlovue mpdPinua cuvoplaxol eléyyou tonou Robin yio ypouuxéc napofohxés €€
OWOELS, XATAVEUNUEVO EAEYYO OF NULYPOHUIXO TopaBohxd TEOBANUA, xadde xou XATAVEUNUEVO EAEY)YO
oe e€ehuntind mpdBhnua Stokes. Tlapousidlovye anoteléopata Ue EAEYYO UE TEQLOPLOUOUGS, HE ENGYLOTN
opoAbTN T ot BeBopéva Tou TEoBAAUTOC Xon enahndebovTan apriunTind oxdpn xon yior L2(€2) dedoyéva,
anodexviovta 1 evotdiela, 1 obYxhon, xa eetdlovtan cuvIxes TEWTNG xou delTeENS TEENC YioL TO
Tetpaymvnd cuvaptnolaxd. Télog mapodétouue apriuntixd anoteréopata yia evo mpdBinua Prolo-
yiog mou amoteleltal ano oVo TN SUO EELCDOOEWY UG YEUUUXAC XOL KOG NULYPoUUXAC TapoBoAixnc
eZlowone pe xoTaveunuévo €Neyyo.

A€Zeic xAeWBLd: Bértotoc éheyyoc, Acuveyh ypovixol Bruatiopol oyfuata Galerkin, Ilpo-
oeyyioew tenepoouévav otoiyeinv, EEiomoeic Mtoxee, pdBinua taydtnrtag, Hurypouxd npofiiuara,
®ueluyn Noyupo, Kataveunuévog éheyyoc, PoPiv cuvoplaxde éheyyog, Extuioeic ogoiudtwy.







Optimal Control and Parabolic Partial Differential Equations,
Numerical Analysis and Applications

Abstract:

The main object of the thesis is distributed and boundary optimal control in evolutionary - parabolic
partial differential equations problems using a discontinuous in time Galerkin finite element method.
We examine a Robin type boundary control problem for linear parabolic equations, distributed control
in semilinear parabolic problem , and distributed control in evolutionary Stokes problem. We present
results and optimal convergence rates in the cases of constrained and unconstrained control, minimal
smoothness for the data of the problem and we numerically verify them even for L2(£2) data. We prove
stability, convergence, and we examine first and second order conditions for the quadratic functional.
Finally, we present numerical results for a biological problem which consists of two equations, a linear
and a semilinear parabolic equation with distributed control.

We study first order in time and second order in space linear and semilinear evolutionary problems
that often occur in applications to boundary problems for parabolic problems and Stokes systems. We
will present semilinear parabolic problems with zero Dirichlet boundary conditions, linear parabolic
problems with Robin boundary conditions, Stokes and Fitzugh-Nagumo systems with zero Dirichlet
boundary conditions.

Particularly, the aim is to focus on specific problems often encountered in practice than to study
more general problems in which the same analysis techniques may be applied. This allows someone,
in short time, to produce immediate results which are easy to use in applications.
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[IPOAOTOX

H nopotoa Swter) éxet utofandel otn Byol Egaguoouévey Madnpoatixdv, tou Edvixod Metodfeiou
Tlohuteyveilou, wg emuépoug TR GOUPLVI UE TIC amotTAoELS YLot T AN Sidaxtopxol Bimhduatog. H
douAeid mou mapovaidletan Eexivoe to 2009 xon ohoxhnewinxe to 2014, und v enifiedn tou Avarh.
Kodnynt Keovotavtivou Xeusagivou.

H BiatpiB) ebvon ouvéyeta tng yetantuyloxnc epyooiog we titho “AwvdAvon kar mpooeyyioes mpofAn-
udtwy Bértiotou eAéyxou yia ebehiktikés eiodoerg: Paoikég évvoies, pepikd Paoikd arotedéopata’™ und
v en{Bredn tou Avoarmh. Kod. Xpuoagivou, v omola utootrhgiEa to 2009, av xou n mo Podid uerétn
OYETWE YE TG W.0.€. dpyloe dpxeTd TpKTOTERA UE TN YETATTUY Lo Wou epyaoia ue titho ““TrepPorirés
J.0.€. 0TNY aepoakovoTIKI) épevva, UovTédo NS padogwrikng kepaiag” und v eniBiedn Tou Kad. A.
Toovunely, Ty onola utoosthpEa 1o 2001 oto Madnuoatind Turuo tou Iavemotnuiov Tatpdyv.

ANTIKEIMENO THE AIATPIBHY

O m\feng tithog tne SwtpiPric eivon “Ilenepaouéva Ltowyela, Acuveyrc Médodoc Galerkin xou Béhti-
oto¢ 'Eheyyoc HMapoBohxidv Mepixav Awgopixdv EEiodoewmy Apriuntd Avéluon, Muxpr Opoddtnta
Aedopévov xou E@oapuoyéc”. Oewpolye xuplwe mpdtng t8Eng ypovixd xou devtepng t8Eng yeouuxd xat
NuLyeauuxd eEehxtind npofAfuata mou epgavilovon cuy Ve o EQPUPUOYES KOG CUVOpLIXE TEOPARUNTY
Ty Yo tapafolnd mpofAiuata, xou cuothuata Stokes. Qo pehetnlolv mapaBohxd NuLypoUUIXd
npoPAiuarta pe undevixée Dirichlet cuvoplaxée ocuvifxes, napofohxd yeouuxd tpoBiiuata we Robin
ouvoptaxés ouviixeg, ouo thuata Stokes xon Fitzugh-Nagumo ye pndevixéc Dirichlet ouvoptaxée ouv-
Vrixec.

Ewwdtepa, o oxondg elvon vo emnevtpwVolue o8 ouYXEXpUEVA TROBAAUATA TOU GUVAVTAUE GUY VA 0T
TpGEN Tapd vor UEAETHOOLUE Yevixd tpofAflata ota ontoia ol (dieg TeyVxég avdluone mdavov va epap-
uolovtar. Auté emtpénel oe x4mOOV, OE PO YEOVIXG BIECTNUA, VoL TTORAYEL O GUECO ATOTEAECHUATA
%o e0YENOTA OTIC EPUPUOYES.
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EISATQIIKEY ENNOIEY

Avtd to kepdAaio napovoidler T ei0aywyikés Jewpnrtikés ka1 vrodoyiotikés apxés mov Ja ypnouonor-
ndolv ota endueva kepdlaia.

ITepieyopeva
1.1 ElOOYOYH o v v v v v e e et e e e e e e e e e e e e e e e e e e e 4
1.1.1  Baowd otouyeio npoBiiuatos BEATIGTOU ENEYYOL. . . . . . .. 4
1.2 Melétn npoBAAUatog BEATIOTOU EREYYOU. « v v v v v v v v v v v v e ot 5
1.3 Ilepiypay? TwV TEORANUATOY UTO WEAETN « o « v v v v v v v v v v v o s 5

1.4 Xxetixd ATOTEAECUATA - TAALOTEREG UEAETES + v v v v v v v 0 v v v o s 10




4 1. Ewcaywyixéc évvoleg

Ewoywy

Yo emoueva, xou Yoo xahOTepn xatavonor, nopadétouye eloaywyixd Ti¢ ocuvirxeg BeltioTonolinong,
UTIONOYIOUOUE YIol TIC TORAYDYOUS XUTd XATEDVUVOT Yo XATOLEG ONUAVTIXES TORAUTNENOES 6 AUTd,
6mwe mohh evotoya xatéypape o E. Casas oto CIMPA School on Optimization and Control to
2006.

1.1.1| Boowd otouyeio mpoPfifatoc BEATIGTOU EAEYYOU.

Ye éva mpdPinua Bértiotou eréyyou PBeloxoupe ta axdrouda Pooixd ototyeio

A. "Evay éheyyo g Tov 0mtolo UTopOoUUE Vo TOV YEWRLOTOUUE OTwe VENOUUE, Xt Uopel va emAeyel and
wot ouxoyévela epixtadv eEéyywy K.

B. Tnv xatdotaon ¢ tou cucthgotog mou Teénet va eheyyVel, 1 onola xou e&aptdton and Tov EAEYYO.
Kdémoiol neplopiopol unopoidv va emBandoidv otny Bacu uetaBinty y, dniady dev eivor xavomnol-
Ny xdde miovr xatdo Taon ToLV GUOTAUATOC.

I'. H e&lowon xatdotaone mou xotadewviel v e&dptnon petod tou ehéyyou xou e Pacixic
petafBhnmic. Ltig endueveg mopaypdpous auth 1 eglonon cuvinxdy Va eivor pla ueper| dtapopixn
eZlowon, y eivar 1 MNon e e&lowong xon g elvon o cuvdpTnom nou egpaviletor oty Baoixn
eglowon 1ol wote xdde ahhoyn otov éheyyo g mpoxakel ahhay xou otn hoon y.

A. M ouvdptnon mou Yéloupe va ehaytotonoimndel, 1 omola ovopdletar cuUVEETNONG XGGTOUG, Xol
eZapTdton amd Tov €heyyo xou T Bacixh peToBAnT (v, 9)-

Yt6yo¢ eivan va npoodlopicoupe emtpentd éleyyo, o omolog ovoudletar BEATIOTOC EAEYYOG, TOU WOC
TUEEYEL IXAVOTONTIXY) XATAGTAGY, TOU CUGTAUNTOS XAl EAAYICTOTOLEL TNV TLUT TOU cuVaETNGLoxo) J.

To Yeuehddn epwtripata Tou TEOXVTTOUY XaL TEENEL Vo yeheThcoupe elvan 1) UToEEN TS AVone xon o
unoloyiopde tne. Evtoltolwg, v va Bpodue ) Aom meénel v yenoulonotoouue xamoleg aptduntixég
uedodoug, xow yior Ty aprduntixd avdiuon npoxintouy xdmoleg hentenihenteg podnuaTixég EpmTHOELS.

To mpwto Prya yior vor Acouue aprduntixd to medfBinua amoutel T Saxpitonoinoyn Tou mpoBiiuatog
ehéyyou, 1 onola cuvidwg yivetan pe menepaouéva ototyeio. Mio puowr epddtnon eivon: “né6co xahy
eivon 1 mpocéyyion”’ Ilpogavdde Yo Vélaue Vo €YOUPE XATOLES EXTIUNOES CPUAUGTOV VLol AUTES TIC
npooeyyloeg. Me oxomd va Tapdyoude TS EXTWNOES GQPUAIATODY elval VEPENMOBES Vo €YOUPE XATOLL
opoAdTNTAL Yo To TEOBANuUe BENTIOTOU EANEYY 0L, Xau cuyVd elvor amapaitnTn (avdhoya xou UE TS UTO-
Yéoewg mou Tdavdy Yo xdvouye), xou xdmowa TEEN SLopoploETNTAC 1 TOLASYLG TOV XEMOLES TPy WYOL
ue ™y aovev) évvola. H opordtnta tou mpoPAfuatog BéAtioTou eréyyou umopel va Peedel and i
Tpo NS tENC ouvirxeg Bedtiotonoinong. Eva dhho epyoheio xhedl yia v elpeon xon anddelln twv
exTuioeny oQoludTey elvar 1 xeron deltepne t8Eng ocuvinxoy Pedtiotonoinong. Ondte 1 avdluon
o amontel va Bpoldue ) mpang xou deltepng T8ENg ouvihixn Bedtiotonoinong.

Ynueiwon 1.1.1. Av (t,z) € [0,T] X Q, ka1 T' To oUvopo, éva tvmxd ovvaptnowaksé on Jewpia
eAéyxou efvar to

«
9= [ Gl vl + lolce

omou S = Q /T, ka1 yq € L? ovpfodila tny 1davikrj kardotaon tov ovotiuatos kai o > 0. O dpog
fOT 3 HgHQLz(S)dt unopel va Jewpnlel ws dpos kéotovg kar tote Aéue 6Tt o éreyxog elvar “‘akpipds” av to



1.2. MeAétn npofAiuatog PEATIOTOU EAEYYOL. 5

a €lvar peydro, ka1 o édeyxos elvar “eOnrés” av o o €lvar pikpds 1) undév. Ané padnuatixr mevpd n
Tapovoia avtod tov dpov, pe o > 0, éxel opadonomntikn enidpaon orov PéAtioto édeyxo.

Snueiwon 1.1.2. Yrdpyovr ToAAES €mA0YES Yia To TUVOAO TwY ePIKTOY eAEYXwY, TO TUXVOS OUWS
etvar 0 K = L2, Ynuavuxd eivar éu o K npérer va eivar kdeiowés xar kuptds. Emmiéov av o K
Oev elvar gpayuévos, tote anarcovvtarl kdnoles vroléoeg meotikdtnTas ya to ovvaptnoiaks J ya va
eLaopalioovy tny Ynapén AVong.

Mehétn npofSAfuatog BERTioTOU EAEYYOUL.

Egboov duaxpitonorioouue 1o mpofinua BeAtiotonoinong, Teénel Vo YenoLoTOCOUHE XEmoLouS apLl-
unTixole alyodpriuoug Bedtiotonoinong yia vo Aocouue to meofBinua. ‘Otav to medfBinua dev slvon
%Vp16, 0 ahydprduog BehticTomoinong ouclaoTid TopEyel Tomxd edyioTto. H epidtnom thpa eivon
oV aUTE ToL ToTxd eAdytoTar efvan evBETIXG Yol To apywd TEdBANua Pedtiotonoimong. Ta axdhouda
Bruarta mou meénel var axohoudntoly dtav uehetdue éva TeoBAnua BEATIOTOL EAEYyOL Elvan:

o) "Yropn Aorng.

B) Ipdtne xou devtepne tdEnc ouvdfixec BektioTomoinong.
Y) Aprdunted npocéyyion.

d) Apduntias avdhuot tou dtoxpttod TEOBAAUATOC EAEYYOL.
) Apwuntuixol ahydprduol Betiotonoinone.

O npdytne tEne ouvifixeg Bektiotonoinong eivan amapaitntes Yo Tomxy| Behtio tonoinon extods and Ty
nepinTWon xUETOY TEOBANUdTKY Tou TéTE Yivovtal endpxelc cuvifxeg Yo olxt| ektiotononorn. Ntny
amovasia xVETOTNTAS Yiot oAxY) BeATic Tomolnon amontoUvTon Xou oL cuVIxeg BehTticTomoinang dedtepng
wEnc. O emopxeic ouvdixeg mailouv TOAD onuavTied poAo GTNY oELIUNTIXT AVEAUCT QUTOY TV TEO-
BAnudtov. Ov cuvixec Bektiotonoinone deltepne tddne Selyvouv xadapd av ov emapxeic cuvifxec
elvon Aoyég pe Ny évvola OTL 1) exTAipean] Toug Bev elvar TOAD Teploplo Tt yiot vor amantrniel.

Heprypopr| Twv TEoBANUATLY UTO UEAETT

37 auth) TN Toedypopo meptypdpouue To TeoPAfuaTa Tor ontola Yo avtetwricovpe oty Swate3r. Iho
oLYXEXPLEVO DEROUUE VO ENLYLGTOTOLCOUPE TNV omdoTaon LETOED TOU Y %ol Wi BOOUEVNE XATAVOUTC

Yd
T ,
/ /|y—yd|2.
0 Q

YyeTind Ue TOV EAEYYO €YOUPE TOV GPO GTO CUVAPTNOLUXO:

T
/ / lgl?,
0 S

omou S elvon Q A\ T avdhoya UE TO v AOXOVUE GUVORLIXG 1) XUTAVEUNUEVO EAEYYO.

TTapoxdte mapouoidloupe to TEoBAApaTo TOU Yo Yag AnaoyOAAo0UY GE GUVBLAOUS UE TO CUVARTNOLIXO
nou Yélovue va ehayiotonotiooupe (Yo éyoupe meploplopols tou Yo amotelovvTon and eEEMXTIXEG

w.d.e.).



6 1. Ewcaywyixéc évvoleg

Fpoppikd Tp6PANRa ovvoploekod Robin ehéyxov. Ocwpoiye évo npdBinua PEATIOTOU EAEYYOL TTOU
oyetileton Ye TV ehayloTonoinon Tou cuvapTnotaxol mapoxololInong Und Ty enidpoaon yeouuwxhc
ropofohxiic w.8.e. (uepwic Bapopixfc eliowong) ywelc ouctaoTtixh opohdTNnTa ot APy dEdOpEVLL.
Ewwétepa, dedopévne ouvdptnone otdyou yq avolntolue Baoix uetaBinti y xau petaintd Robin
GUYVOELIXOV EAEYYOU g TETOLOL WOTE TO GLUVIRTNOWIXS

«Q

1" 2 T

VoL EAOLYLOTOTOLELTOL UTG TOUG TEQLOPLOHOUE,

ye—nAy = fow(0,T] x Q,
y+ gg—z — gow (0,T] xT, (1.3.2)
y(0,z) = yo oto Q.

E36, 10 © C R? cupPohilet éva avolyté moAuywvixd xa xuptd ywelo, pe olvopo Lipschitz T'. O éhey-
¥0¢ g epapudleton oo olivopo I' xou elvon tOnou Robin. H avdhuor wac xou to anoteréopatd yag o
emxevipwdoly ot TepinTwon pe UToVEcELS YonAC opahbTnToS, dNhadh, apyxd dedopéva yo € L2 (),
ohhd 1 avduen pog Vo ebvon emlong epopudoiun xou o€ GAAES TEQITTWOELS 6TOU 1) AUGT ToEoUGLELEL e-
mmAéov ogordtnTa. Emimpoodétng, evilagpepduacte yia T TERINTWOY ONUEWUNMDY TEQLOPIGUNDY VLol TOV
Eheyyo umd Ty évvoi g, < g(t,x) < gp Y oo (t,2) € (0,T] X T, 670U ga, gp € R. M oxplBrc
povtelonoinon Ya dovel mopaxdtw. O dpoc dlvoung f xau ot topdueteor A > 0, n > 0 elvan dedouéva,
eved 10 o > 0 ouufohilel ) napduetpo mownc 1 onola teplopilel to uéyedoc tou eléyyou. H mepintwon
APYLXDY BEBOPEVOLV Ywpelc opahoTNTA Elvar TOAD GTUOVTIXH GTO TAXGLO TWY EV AOY () GUYVORLIXDY TRO-
BAnudtev BEXTIOTOU EAEYYOU xou aoxe(ToL HEYEAT TpOoGOY Y| WoTE Vo cuunepingVel 1 tepintwon auth
SNV AVAAUGCT| KOG,

O x0prog oxonde pag ebvan vo det€oupe TG oL eExTWACES GPUAUATLY TOU avTioToyou cuoThuatog Pel-
Ttiotonoinong éyel v Bl dopr pe Tic extiuroeic yweic Eheyyo yeoppwic tapafolixrc eglowong e
Robin cuvogloxd dedoyéva.

H Boowxr -oAAd oyt 1 uévn - dopnr) duoxohia mou oyetileton e ouvopioxd tpofBifpoto BEATIGTOU ENEY-
YOV UE apyd dedouéva ywpic opoldTnta tpoépyeton amd TNy EMhewdn apxetrc opahdtnTag e Bacixni,
e ouluyoic xor e peTaAnThC eréyyou. Ilo ouyxexpéva, av yo € L2(Q) té1e 1 opohdTnTe TNC
Baowhc petointic meplopileten oe L2[0,T; HL(Q)] N H{0, T; H(22)*]. Q¢ ex t00t00, ®haoxd Teoc
“to low”” emyetphuata (“boot-strap arguments”) yio Tic ywplc Eheyyo mapafolxéc p.d.€., mou Buoi-
Covtan oo npdTumo elhetntinddy mpoPohdyv Ritz-Galerkin cuvidng arotuyydvouy e€antiag tne éNhewdneg
opahomtag. Kotd ouvénewa, dev €xouv UmoAOYIGTEL Ol EXTWAOCELS GOIALATOS YLl YWPOYPOVIXES TRO-
oeyyioeic Ty Tapaolxdv TEoBANUSTLY BERTIOTOU ENEYYOU VMUY dpyxdv dedopévey yo € L2(Q)
oe Lipschitz yopla.

T va Eenepaotel ) ENAewhn opakdtnTag, avakdouye éva oyfua 1o omolo Paciletan oe wa aouveyn
Yeovixy Teocéyyion, 1 omola ebvan xatdAANAN Yiar o TeoBAuaTa Ywels apxetd oparéc Aoeic. H avdiu-
o1 oVABELXVUEL TNV XOAT] CUUTERLPOPE VTV TV CYNUATOY, OXOUTN XOL UE TNV TOPOUCI GUVORLOXDY
ehéyywv Robin. To Boaoixd yapoxtneioTind twv Sloaxpltedy cUcTNUATOY Wog elvar 6Tt topoustdlouy
T (Bileg WBLOTNTES opahdTNTOG e To cuveyés aoVevée mpoBinua. To amoteAéopota Yag umopolvy vo
cuvoiofoly wg e€hc:

1. Avantdooouue GUUUETEXES EXTWNOEC GQUARETOY UTE eAdytoTeG UTOVECELC OUANOTNTAG Yiol TO
Bedouéva Lag, 0T PuoXY) voppoL EVBLIPEEOVTOG
Wr(0,T) = L*®[0,T; L3(Q)] N L0, T; H*(Q)] x L]0, T; L*(T')] mou oyetileton e to aouveyée
Xeovixol Bruatiopol oy, dniadn,

llogdual|wy 0,7y < Cllxahbtepo opdhua npocéyyione|lwy o, 1),

70 omolo opllel 6Tl 0 oPpdhua eivor TG0 xaAd 600 1 oPIASTATA Xou 1) TEOCEYYIoTXY Vewpior TOU
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EMITEETEL Vot glval.

2. Opilouye ot véa YEVIXEUPEVT TROBOMY TOL YWpoYEGVOL oL TopoUGLdlel UMD TERES TPOCEYYIOTL-
xéc Wiotntee otov L2[0, T; L3(Q)], xou mou ebvon enlong epopudotpec Yo y; € L2[0,T5 H ().
XEeNOWOTOLOVTAS THY TOEANdve TEoBohr xon €va xatdhhnho duixd emyelonua yia éva Bondntixd
oo TNue Todpvouye W 6 obyxhone O(h) v v L2[0, T; L2()] vépua, btav 7 < Ch2.

3. XN neplntwon cUVORLIXOY EAEY YWY, TOU XATABEXVIOUY TNV EQUOUOCULOTTO TWY EXTUAOEWY YOG
%xowd TV évvola Slaxpitedv wetoBohdv tou Hinze[65]. Auth n npooéyyion emtpénel vo Eenepootel
N éMkewn NS Loyuehc opaOTNTAS Tou €youde oty Baocwxy) YeToANTH xatdotaong, Aoyw g
anotuylog Tou xhaowol mpog “ta mow” (“‘boot-strap”) emiyelpAuaTos Yo Tov €AeYYO xou T
Baowh petoBAnTy xatdotoong.

O mopaxdte extipnoelg eivon xawvolpleg xou BéNTIoTEG amd TNy dnodn T TEOBAETOUEVNS OPOAOTNTOC
TV ANICEWY, Xl TNG TaEouaius Twv YeueMwdody oplaxty cuvinxwy. Emimhéov, axdun xou ue tn nopou-
ola mpbdovetne opohdTnToC oo dedouéva, dnhadh, Yo € H(Q), xou mapd T yeron v L2 npofohdy
Tou eppavilouy xohiTeEpES TpooeYYIoTIXéS WidTTee, 1 6N O(h3/2) (btav T < Ch?) gaiveton va eivan
7 BéATIoTY, Bedouévou OTL BeV UTEEYEL BUVATOTNTO VAL ATOXTACOLY Ud XOAVTERY) EXTIUNGT TOUAYLCTOY
OTAY EUTAEXOVTOL TONUYWVIXE X xVETA ywela. Mnropolue eniong vo emonudvouue 6Tl 0 GuvopLaxdg
éheyyoc Robin umopel va Yewpniel we wia mposéyyion mowrc o Dirichlet cuvoplaxd npoiruato ehéy-
you [9, 17, 70]. Tt to Aéyo autd, n e&dptnon and Tic TapaUéTeous A, o, 1) omd Tic didpopes otadepés
mou epgpavilovial oTIG EXTWAOELS Uag Tapaxohoudeiton TPOCEXTIXG.

Hpypopupikd mpépAnpa koetouvepnpévov eAéryov. To mpdPhinua Bértiotou eréyyou Tou Yewpeitan
€80y, oyetileton pe TNV EAAYIOTOTOMGOT TOU GUYVARTNOLIXOU TOU UTOXELTOL GE Nli-YeUUUXES TopaBoNXEC
u.8.c. Eldubtepa, embiidinoupe ¥ xou ey yous g (xortaveunuévou tOnou) TéToloug WoTe To

1 (7 a (T
H09) =5 [ o=l + 5 [ ol (133)

VOl EAALYLOTOTIOLELTOL EQPOCOV UTOXEVTOL GTOUS TEPLOPIOUOUS

Y — div[A(2)Vyl + d(y) = f+go0m0 (0,T)xQ,
y = 0ot (0,T) xT, (1.3.4)
y(0,z) = yo oto Q.

H quow évvola tou und pehétn npofiiuotog Bektiotonoinong elvan vor avalnTRCOUUE T Y %ol TOUG
ehéyyoug g, €Tol Gote Ta Y va elvor 660 TO BUVATOY IO XOVTA oE éva BeBopévo 6ToY0 Yq. EB8G o 2
unodNAGVEL éva ppoypévo ywelo oto R?, pe Lipschitz cOvopo T, 6mou 1o yo, f dnhdvouv ta opyind
Bedopéval xaL Tov 6po BuVAUNG, avTloToLy o, XU TO (v ElVol ol TUPAUETEOS TOWAS TOU HETEE TO Wéyedog
Tou ototyelou ehéyyou. H un yeauuxy anewdvion ¢ wavonolel xdmoior GUVEYELRL Xol WBIOTNTES UOVO-
toviog, xa o A(z) € CH(Q) eivon e cUVEPTNOT CUPKETELH WHTES 1 omolo eivor opolduoppa VeTind
oplopévn. To nedio egapuoyric tng mapolous epyasiog eivon 1 avdAUGY GQINIATOS TNG TEHOTNG TAEEWS
anapoltnTeV cuVInXGY (custhuatoc Bedtiotonolnong) Tou Tapundve TEoBAAUATOS BENTIOTOU ENEYYOL
we ) yefion evic aouveyois (oto ypdvo) oyfuatoc Galerkin (dG). To aviioToryo oo trnua Bedtioto-
no{none amoteheiton and wa Bacixd| (Tpog ta epmpds 610 Yedvo) ediowon xau piat cLluyHc (omodddpoun
xeovixd) e€iowon 1 onola eivar culevypévn uéow Wwoc oLV NG PEATICTOTOINONG, XoL UN YEUUUXOY
opwv, BAéne T.y. [50, 56, 80, 93, 109)].

O xbploc otédyog elvon va dei€ouye 6t ow dG mpooeyyioeg Tou cuoTAuatog BektioTononone napouct-
8Louv ToPOUOLES TPOCEYYIOTXES WOLATNTES PE TNV TuTXY| Yeouuxr (Ywelc éleyyo) napaBolu e&icwon.
Ewuwotepa, gabvetan otu yior xatdhinha Sedouéva f, yo, Ya T0 o@dhua twv dG mpooeyyloswy eivar 1600
%UAG 6C0 ETUTEETEL C1) OUAAOTNTO TWV AIGERY X0k OL WBLOTNTES TEOTEYYLONG TWYV UTOYWEMY TOU.
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Auté emtuyydveton ye to var amodei&ouvue TNV oxdAoudn cuuueTexd extiunom, 1 onola avopépel OTL,

logdhpalx < C(Ho(pdc)\poc oYXV SeSoUEVLV| £2(q)
+||opdhpa xahhTepnS TEOGEYYIoNG-TEOBONGY|| x
+||opdhua unoxc’opwvHXl) .

B8, M |[lx = Illlzse 0,722 + -2 0,581 (), o |].]lx, umodnidvel wiar vopua mou oyetileta ye
i oy adhhary ) TV UTOYMEWY TV TETERACUEVLY oTolyElwy ot xdle (1 xdde Aiya) ypovind Brua-
T xou Ymopel va tapakngdel otav yenoionootvton ol (Blol undyweot o xdle ypowixd Bruc. O dpog
|Ixehdtepo mpoceyYLoTING GOdApU-TpoBokGY| x ThETon ard TV dmodm Tng xaTéAnhng Tomdic L? wpo-
Bohhc xou emitpénel Bértioteg tdEelc oUyxAlong dtav 1 hoor elvan emapxde ouahy. H otadepd C dev
eZoptdtan exdetind and moocodnteg e popprc 1/a. H eldptnon and 10 a twv dagdpwy otadepdv
mou eppaviCovtal oe auTég TIC EXTNTELS Elvol YoPaxTNElo TiXY 0To TEOBANUA BEATIGTOU EAEYYOU Xl WS
ex toUTou Vo mpénel var mapoxohoudolvton mpooexTixd. Eibixdtepa, oTo TEQLOGOTERA UTONOYIOTIXG KOl
TEOXTIXG TUEABElYHOTAL UNYOVIXNAG, LIS EVOLPEROUY WXEES TWES TNG MUPUUETPOU (v, XL OE OPLOUEVES
TEQPLUTTOCELS OXOUN XoU GLYXEIoWN UE TN TapdueTeo Blaxpltonoinang h.

H Soun g extipnone eivan tapduola pe authy ot nponyoluevn epyasia twv Chrysafinos xa Walkington
[31] n omola aopd Tic dG mpooeyyioes e yYpauuxic (xwelc €éAeyyo) moapofohxic w.b.€., xadne outd
apopd BENTIOTEG EXTUNCELS GQUNUATWY OGOV APOEd THY OPIAGTNTA TV AIGEWY X0 THY TEOCEY Yo TIXY
Vewplo Yl TOUG ETAEYPEVOUS UTIOYDPOUG.

H anédein e wdpag extiunone, Bacileton otig extuioeic evée Pondntixold xaw ovolaotxd un oulevy-
pévou custhuatog poll pe éva mpog “ta tlow” (“boot-strap”) emyelpnuo xon g extiwioelc evotddelag
oe oudaipeTtar ypovixd onuelor xdtw and eldyloteg unovécelg ouardtnrag. To PBacixd ctowyelo tng
npotewvduevng pedodohoyiag eivan 1 yerion evdg “Buixod’” TOTOU ETYEIPHUATOS YL ACUVEYT| YPOVLXOD
Bruatiopod oyfpata, wote va Sieuxoluvidel n amoolleuén tou cuoTiuatog Bertiotonoinong. Ewlwdre-
pa, e ) xeron g ouluyoic petaintic we ouvdptnong doxhc oty Baowxr e&iowon, xou ) Baoixn
petaBAnT wg ouvdptnon doxiurc otn ouluyr edlowon, Yo dei&oupe mpdTa bt

llopdhual|F2p0. 7,20y < llopdhua xonitepne mpocéyyionc-rpoBohdvl[y + a'/?|lopdhual(72( 7,1 (a))-
Y ouvEYELD, Yiot @ XATAAANASL Wixpd, EYOUUE EQapUOoEL €va *‘tpog Ta tiow’” (‘“boot-strap”) emuyelpnuo
yioe TNV anoxtnon g emduuntic oudpeteixc extiunong. o xohltepn YVHom, oL avetépey GUUETPIXES
EXTWNOELG xou WaiTepa 1 Bour| Toug elvan Véeg 6oov agopd ) eviuLeT EAEYYOL.

To xivntpo yio T xerion pog dG npocéyyiong, mnydlel and T emBOOE NG OF Wit TEPAOTLOL EXTO-
o TV TEOBANUATwWY, 6Tou Ta Bedopéva oTotyeld TANEOVLY YOoUNAES IBLOTNTES OUOAOTNTIC, OTWS TGV
npoPhnudtwy Bértiotou ehéyyou. EmmAéov, 1 évvold TwV GUUHETEIXMY EXTWNOEWY CQIAIAUTOS UTo-
pel vor cUAAGBEL amoTteEReoUaTiNd TNV AAANAETHDEAOT HETAEY OUOAOTNTAG TeV MICEMY Xl TV WBLOTHTOVY
TPOCEYYLONG TV LToYWewy. AuTéc ol mpoPAédel eivan eniong mpdopota e@upudolles ot pia Towihio
TEOBANUATWY, TETOWWY OTWS 1) AVAAUGCT, GQUMIATLY TWY XIVOUUEVKDY TAEYUdTwY, Lagrangian pedodolo-
yiec yio xvoluevo TAéypa, PAéne my. To [42, 85] xou uropel va Jewpndel we yevixeuon tou xhaoxol
Afuparog Céa [34].

Emniéov, acuveyh (oto ypdvo) oyfuata uropoly vo emitpéouv Tn yefion SapopeTinidy VToYMp®Y Ot
x&de ypovixd Briua, xou we ex T0UTOU Pacixéc WEEC TEOCUPUOC TIXOTNTAS UE PUOLXS TEOTO. XE TPOCQa-
o épya 20, 21, 83, 84, 87, 88] avahbdnxay acuveyr) Galerkin oyfuarta yio TpoBAAUOTA XATAVEUTUEVOU
BéhtioTou eléyyou und Yeauuxés TopaBoMxEC W.8.€. o Eyel ovahuVEl 1) TERITTWON TWYV NUL-YROUUIXEDY
TEPLOPLoUMY, Bhéne Ty, (22, 94]. Eyxel yehetndel n o0yxMon acuveydy oynudteny xeovixol Bruatiopo-
0 yior TpoPAuata BédTioTou ehéyyou (xwpelc teploplopols eEAEY)0L) ToU oyETI{OVTOL UE N-YEOUUIXES
nopaBolxéc W.0.€., und uno¥éoelc EAAYIOTNG OUOANOTNTOG OYETXA UE Tor deBopéva xou TiC TapadoyEC
avgoucag povotoviag Yl Tov nu-yeauuxd 6po, Bhéne T.y. to [22]. Xt mohd npdogatn epyooia [94]
Topouotdlovial oL TpWTNE T8EEWS (O YPGVO) EXTWNCELC CQUAUATEV Yiol TOUS EREYYOUS Yiol €var TpOBAY-
pa BéRTioTou eAéyyou Tou oyeTiovTal UE N-YEAUUUIXES ToRABoMXES .0.€., UE TOUG TEPLOPLOUONE TOU
eréyyov, ot TEpinTwoN Tou To dpyxd dedopéva avixouv otov Hi () N L2() urnd aodevh unddeon
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Yior Tov Nu-yeauuixd 6po. O éheyyol SlaxpitonololvTon ue otadepd TUNUOTNG Tokudvuua oe yedvo
XL OTO YWEO, WOTOC0, N avdhuoy elvar eniong eQopudoLun 6TaY YENOYLOTOLUYTIL GToERd TUNUOTI-
%3 ToAUGYLYO. (0T0 Ypdvo) xou Yeauuxd Tunpatxd (oTo Yweo). Tt Pacixh elicwon xatdotoong,
xenowwornoteitan 1 yaunhéteene WEne (k = 0) acuveyy (o710 ypdvo) wédodo Galerkin oe cuvduooud
e oOupoppa (conforming) nenepacuévo otoyein (610 Yweo). Exouv tapovclastel ow npdtne t8Ene
(670 xpbvo) extyfoeic 6To [94], agol avtigetonilovia eTTUYDS Wi Toxthior SUOXOMOY AOY® TNG
TAEOLGIAS TWV TERLOPLOUWY EAEYYOU Xal 1) AvTIoTOLY UN XVETOTNTA.

O teheutoieg extiunfoels xou 1 avdAuot tou [94] elvon BlopopeTnée o GUYXELOT UE AUTEC TIOU TAPOUGC!-
dCovton ot mopovoa werétn. Eotidloupe xupling otny avdmtudn eXTUNOEWY TOL XATEYOUY CUUUETELXT
doun (xan ot xoOAITEPL YOPAXTNELOTIXG TIOU TEPLYPAPOVTOL TOPATEVW) YLat TO OYETMS cUOTNUA BEATI-
cTomoinong.

MpéPANpo kartavepnpévov eAéyxov Stokes. Oewpolye éva TEABANu BEATIOTOU EAEYYOU TIOU OYE-
tileton pe v ehayloTonoinom tou cuvapTnotoxod utd T efehxTinéc ellomoelc Stokes. EWludtepa,
doouévne wog ouvdeTNoNe oTtéyoU Yq Yy vouue TayvTNTY Y xou PETABANTYH EAEYYOU g TéTO WOTE TO
CLVAPTNGLUXO

1 T 9 a T 5
T09) =5 | M= sallfaqat+ 5 [ Nl (135)

VoL EAAYLOTOTIOLELTOL UTIO TOUG TEPLOPLOHOVS

yp—vAy+Vp =f+g foxvo} (O,T)XQ
divy =0 oto (0,T) x
1.3.6
y =0 oto (0,T) x ( )
y(0,2) =yo oto (.

Ed3G, 10 Q@ € RY, d = 2,3, delyver wiat avowth gporyuévn mohuyevixd (ToADEden) X0t XUpTH TEPLOYH.
OL exTpfoELC Hog LoyUoUY OTIC YEVIXES TeptnTioels evog Lipschitz ouvépou T, evtoltolg yia ) pehén
oy NUdTev LPNAoTERKY TEEewy, Yo uToYEcOVUE OUUAGTERD GUVORO. LNUELIVOUUE Tws 0 EheY)0g g elval
xataveunuévou tomou. H avdhuon xou ta anotedéopatd pog Yo toybouy xon yior oyfuarta audaipetng
TENG, pe Tig xatddhnieg unodéoelg opahdTnToag, odAd Wialtepn Eupaocn divetar oTny EP(NTOOT TOVY Un
oGy Py Bedouéver, Brph., Yo € W(Q) = {v € L3(Q) : divo =0, 32 = 0}. Emmhéov, evdlogpe-
eOUacTE ETONG YIoL TN TERITTOON TV ONUEINXGDY TERLOPLOHUMY ENEYYOL UTH TNV évvola gq < g(t, ) < gp
v o (t,z) € (0,T) x Q, 6mou gq, gy € R. O bpoc dovoune f xaw n otodepd 1€dSouc v > 0 divovtan
w¢ Bedoyéva, evdy to o > 0 Belyvel war mopdueteo mowrg mou meplopilel To péyedog Tou ehéyyou xou
elvan ouyxplown pe Tig Tapapétpoug Blaxpltotolnong.

O ndplog otdyog etvan va detytel T oL extiufioeic Addoug Tou avtio Tolyou cusThuatos Bedtiotonolnong
€youv TNV (Bl Sour| Ue exelves TwV un eheYYOUeveY eEelnTindy eglotoewy Stokes. Ewbixdtepa, avo-
TTOGGOVUE Uil OYEBOV auuueTe extiunomn Addoug aTic eAdyLoTES LUTOVECELS OUAAOTNTOG OTY QPUOLXY
evepyeiona vopua || [lwg o) = II-ll2e[0,75L2()) + |-l 2[0,7:811 (0)) oLVBEBEUEVY G0 acuVEyéS oT0 YEbVO
Y WEOYPOVIX0U BNUaTionol oo Hog, Sn., ot exTiunom tng Hop@hc,

||o(pdc)\pu|\ws(07T) < C|opdhya xondtepng npooéyyno‘qq—npoﬁo%dw“WS(OyT)
+[|opéhua xohdtepne pocéyyione e ieone || L2(0,mL2())-

Avth n extiunon woyvel xau o€ Tepintwon oyNudtwy LPNAdTEpLY TEEWY, He TIC XaTdhANAec UoVETELC
oo, dedopévou 6t daywpeilet to Thtnua g opordtntoag Tou BéTiotou Leuyoplol and Thy Emt-
hoy1 tou oyfuatog npocéyyione. Kotd cuvénela, ol extyioeic e uhniic téEng oynudtwy propolv
va cuunepthngUoly eniong mapdpola Ye TV Ywelc EAeYy0 TEpInT®aT, TOLAAYICTOV OE TEPINTWATN TWY
xwelc teploplopole ENEY YWY, 6tay Ta xhaootxd (“boot-strap”) “rpog Ta tiow” entyelphaTa AmoUTOOY
evioyupévn ogahdtnTo. Tt autdv Tov hbyo, epeuvdpe eniong Tic apowol (coarse) ypovixol Bruatioo
npooeyyloelc.

‘Eva dA\o x0plo YopaxTnelo Tnd TNg aveTtépn extiunong eivon 6Tt .oy Vel oL OTIC TEPITTMOOELS YoUUNATS
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ouardTNTag ot dedopéva. Axpi3éotepa, 1 ouupeTeixn extiunon Addoug amoutel wévo TNy TorydTHTAL
y € L2[0,T; V(Q)] N HY0,T; HH(Q)] xen w0 mieon p € L2[0,T; L3(Q)], énou V(Q) = {v € HY(Q) :
dive = 0}, xau L3(Q) = {p € L*(Q) : [, pdx = 0}.

Ynuewrote 6t €dv yo € W(Q) téte 1 oyaddmia g Baowic petoPinthc mepopileton o
L2[0,T; V(Q)] N HY[0,T; V(Q)*], 6nou V(Q) = {v € H{(Q) : divv = 0}. Emniéov, napd to yeyovée
oty + Vp € L20, T; H™1(Q)] dev ebvor yveooté edv p € L2[0,T; L3(Q)] xon y, € L2[0, T; H™1(Q)].
Katd ouvénewo 1 mieon p wavornotel v (1.3.6) und wior évvola xatavoudc. Zuvende, n unddeon
p € L20,T; L3(Q)] eivar 1 ehdyotn, dote va eyyundel v omoodleuln puetall y; xou p X o €x
TOUTOU YLl VA EMLXURMOEL Ulat XATdAANAN aodevrc Slatdnwon yiol Wn odakd opyixd dedouéva and v
dmothn g aprdunTixnic avdivong.

H extiunon Mdoug yio ywpoypovixés mpooeyyioelc Tou TeoBAiuatog Toy0TNTag UE UN OUAAS oy ixd
dedouéva yo € W(Q) dev éyel avuipetwmotel Tponyouuéves, Topd To YEYOVOS 6T 1 Mepintwor Twy
U”n OUAAGY YV BEBOUEVKVY elvor UEYEANE OTOLBUATNTAS 0TO TAALCLO TOU EAEYYOU TWV POGY EEU-
6T0V, Préne .y [56]. Ta vor uTEpVIXAoOUPE TNV ENAEWM ouahdTATAS, avoADOUPE Evar oyfua Tou efvou
Baoiouévo oe pla AoUVEYTH YWEoYEOVIXY TPoGEYYLoT, N omtola elvan XaTdAANAY Yio o TeoPAduaTa Y 0elg
apxetd ouaréc Aoeg. H avdhuon emdewviel tnv euvoixy cupmepipopd tétoiwy oynudtwy. Kado-
eiloupe wa véa yevixeupévn yweoyeovixn tpofoly mou extétel xahlTepeg WIOTNTEC TPOCEYYIONG UEC
otov L2[0, T; L%(Q)], oh\& etvon eapudown entong dtav éyouue wévo y, € L2[0, T; H71(Q)]. Katd
GUVETELNL, XATOOXEVELOVTUC Lol YEVIXEUPEVT Y WPEOYpOVIXY) TROBORY Xol YeNOLOTOLOVTIS EVol XUTIAANAO
emtyetpnua SuixbétnTac, hopBdvoupe 6N oOyxhone O(h) vy tnv L]0, T; L2(Q)] vépua, étav 7 < Ch2.
Ouolwg, oe mepintworn PeayPEVeY EAEYY OV XATABEXVOETAL 1) BUVATOTNTA EPUPUOYTC TWV EXTIUHCEDY
pog wéoo amd THY €vvola Slaxpttddv UETHBoAGY 670 [65]. Auth 1 TpocEYYIoN ENITEENEL VO UTEPVIXAGOUUE
™V ENeldr) evioyupévng opohdTNTaC (¢ amoTéAEoUa EVAS ‘pog Ta Tow’’ (“boot-strap”’) enuyetpruatog
yiot Tov €heyyo xou T Pooixr LeTaBAnTH.

LYETNS AMOTEAECUOTA - TUMOTEREC UEAETES

Fpoppukd TpdPANmoe ouvopiakod Robin ehéyxov. 'Eyel pehetndel to acuveyéc Galerkin
oyfua, Bréne my. [89, 88], 6TOU AVATTUCCOVTOL Ol EX TWV TEOTEPKV EXTUAOELS YLOL TOL XOTOVEUY-
uéva tpofiruata BEATIOTOU EAEYYOL UE X Ywelc TEploplolols eléyyou avtioToya Yo TV e&icwon
Yepuétnrag. ‘Eyouv mopouclactel oL ex TV TEOTEQWY EXTWNACES CPIAUATWY and TV drodn Twy
XOUTEAANAWY Y wEoYPOVIXGY TEoBoRGY, BAéne m.y. [20, 21], xou mopdyovtar yio Ta Ywelc TeEpLoptogols
XoToVEUNUEVR TeoPAiuoTol BEATIO TOU ENEYYOL OYETIXE PE TiC TopaBolnéc xau TemAeypéves (implicit) ma-
pofBohixéc W.8.€. Ue YEVXOUC XoU EVOEYOUEVWC YPOVIXd eEUPTNUEVOUS GUVTEAEGTEC GTO EANELTTING UEPOG.
IMpbogata, €youv avantuydel extyuioeic Adoug oyeTnée Ye To xataveunuévo npofAfuata BértioTou
eEMEYYOU YL TIC Typoppinée TopaPolidée w.d.g., [94], e meploplopoiec eréyyou xou HE () N L2(Q)
apyxd DEBOUEVYL, %ol Ol EX TOV TEOTEPMY CUUUETEIXOU TOTOL EXTIWACELS GpdluaTos, 6To [27], Yo Tat
npoPhiuata ywelc teploptopols eléyyou. Ol ex twv mpotépwy extyunoeic Addoug yio to medfBinua tne
To UTNTOC TOU PEVGTOU UE TEPLOPLoUOUE EAEYYOU €xouy avahudel ota [13, 14]. Erniong éyet efetaciel
TPOGPITA, Eval anoTéAEoUa GUYXMONG Yiol T AGUVEY T Yeovixol Bruationol oynuata yia ta Robin mpo-
BIuoro PEATIOTOU EAEYYOU (Ywplc TEPLOPLOUOUE EAEYYOV) TOU 0PpOPOUGCE TIG MULY PAUUIXES TapUBORXES
®.0.€., xdwe omé L2(Q) dedopéva, Bréne m.y. [23]. Téhog, éyouv avehudel oL mAfpwe-Bloxpitonotnuéves
mpooeyyloelc Tou cuvoplaxold Neumann npofAuatoc eréyyou, m.y. oT0 [86], oyxetxd ue opoyevelc
yeouuixég mapofolxéc W.8.€., yio To TETAEYUEVO - dueco oynua Euler, yio ouahd yoplor xon yior apxetd
OUoNS Sedopéva.

Enlong €youv mopouclactel SLdpopa amOTEAECUATO OYETIXA UE TNV OVAAUGT] TWV GUVOELOXDY PEN-
otV TpoPANudTey ekéyyou ota [56, 80, 93, 109]. Ta didgpopa cuvoploxd TEOBAAUAT ENEYYOU
oxeTxd Ue TIC Ypovixd eZoptnuéves w.b.e. €youv peretniel emiong oe mponyolueves epyaoie Omwe
4,7, 25, 61, 67, 77, 79, 108, 109, 112].
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Hpiypoppikéd mtpdPANRoe kactouveppévov eAéyxov. 'Eyouv peletniel didpopa npofAiuata ue toug
xoToveunuévoug eréyyous, Bhére m.y. [50, 56, 72, 80, 82, 93, 109], énwe enlong o n avdhuon Twv
opLiUNTIXGY ohyopldumy yio tpofhiuata BéNTioTou ehéyyov, [11, 19, 18, 25, 37, 38, 49, 53, 58, 60, 65,
66, 76, 79, 86, 97, 107, 108, 109, 111, 112], (BA. eniong Tic avopopés ToUC).

Ot ex twv voTépwy extiunoelg Yo ta dG oyruata Yo To tpoBiruarto BEATIOTOU EAEYYOU TOL APOEOVY
yoouuxée mopafolxéc w.8.e., éyouv uehetndel noldtepa ota [83, 84], Omwe €yl xotooxcuooTE! oL
avohudel xou évag Tpocappoctinds (adaptive) ahyOprdpog YwEoXPOVIXMY TETEPUCUEVLY GTOLYEILY 6T0
[87]. Ou ex twv TEOTEPWY EXTWACELS OPAMUETOV Yior Evol TEOBANUa BEATIGTOU ENEYYOU TOU XAUTAVE-
unuévou tontou, tou und cuvdixn Ty e&icwon Yepudtntag €xouvy napoustaotel oTo [88], 6w X ot
£X TOV TPOTEPWY exTWNoEC ogaiudtoy yio ta dG oyfuata [20, 21], v To TEOBANU To GYETIXG UE
Yooxol mapaBolixol Ww.d.e. xou temheypuévne (implicit) nopafohxfic w.b.e. avtioToya, ue mdavoy un
avtoouluyelc egoptduevous and to ypdévo cuvieheotéc. Enlong éyel egopuootel oto [90] éva oyfua
Petrov-Galerkin Crank-Nicolson oe éva tpéinua Bértiotou ehéyyou Ue Teploplopols EAEYYOU OYETL-
%00¢ Pe yoouuxr mapaBolixol tonou Ww.d.c., eved éxel enlong avahuldel oto [6] o Tomou Crank-Nicolson
povtehomnoinon. Ko ota 800 €yypaga anodeixvieton dedtepng t8Eng olyxion.

Trdpyer dpdovn BiBhoypapla oyetind pe to dG oyruata Yo ) Aon napafolxdv e€lohoewy yweic
eappoY ) Twv eEMEYYwY, T.y. [104]. H oyéon g acuveyols uedodou Galerkin ue tic npooopuoc tixéc
(adaptive) texvixéc éyer uehetndel hemtoueptds oto [44, 45, 104]. "Eyouv tapouclactel anotehéoyata
OYETE UE TG TRPOGEYYIOELS MEMERUOUEVWV GTOLYEIWY MNULYPOUUUIXDY XL YEVIXE U1 YROUUXOY TopaSo-
Mx@V npoPhnudtoy, BAérne Ty, [1, 48, 46, 47).

MpéPAnpo koctavepnpévov eAéryxov Stokes. 'Eyouv napouctaotel didpopa anoteléopata oyeTxd
WE TNV avdhuon Topdpowwy TeoBhnudtwy eréyyou, T.y. ota [2, 12, 56, 66, 101, 106] émov avarticoov-
Ton % avoAbovToL oL SLAPOpES TTUYES, ouTepthapfovouévou Te®tng xau deltepng TéEng anapoltntes
ouviixec. Avtideta BiBhoypapio oyetixd ye v aprdunted avéivon yio o tpoPAiuata BéRTioTou
ehéyyou oyetxd ue efehtinéc Navier-Stokes e€iowoeic eivan ol neploplopévn. NQotdoo éyet amo-
dewydel ota [61, 59], n olyxhion evéc ahyoplduou xhione oe TEPNTWON XUTAVEUNUEVWY ENEYYWY XoU
PEAYUEVLY XATAVEUNUEVWY ENEYYwV. 'Eyouv puehetniel ol extyurioeic Addoug yior nuidLoxeity) 0To yweo
dropttonolnon BAéne .. 7o [36] oE TER(NTWON XUTAVEUNUEVWY ENEY YWY Ywpic TEpLOpIoI0UE ENEYY 0L
WE TN Yenowomolinom wag mpoctyylone dtoxpltay petoBordv. Ernione éyouv moapousciaotel oto [36]
Thpwe-Slaxpltéc extiuioec Addoug Y to temheyuévo oyfua Euler yio to npdfinua ebpeong tayvTn-
g (ywelc meploplopols EEYYOL) Yiol THY opoyevh ellowon Stokes yeNoWoOTOIOVTOC TN TEOGEYYLOT
BLoneETedV UETABONGDY, Xou Yo opoAd Sedouéva.

Tlpbogpata, avalddnxay ol ex twv Teotépwy extyufoeg Addoug yio to TedPAnua Topaxorolinone tne
TayOnroc yio poéc Navier-Stokes pe mepioplopoie edéyyou ota [13, 14]. To yoaunhfc té&ng acuveyée
xpovxd oyfuo Galerkin (tunuatind otoadepd moAudvuUa), TOU GUVBLAG TNXE Pe cUuuoppa (conforming)
oTouyelad GTO YWEO Yiot TNV TayTNTA Xou TN TEST, %ot oL exTunoelg yio T Baocwey uetaBinty, ) oulu-
Y1, o T peTaBAnTég ehéyyou maphyUnocoy Yo TEEC YWEloTEC EMAOYES Slaxpltonoinong Tou ehéyyou
(tunuatixd otadepd, yoouuxd Ttohudvupa, xou dtaxpttonoinon petaBorodv). H pehétn oe Stokes ou-
othpaTa, Tapaxvdnxe and aroteléoyparo ToAD Tpdcgotne douhelds twv Chrysafinos xou Casas, [13, 14]
w¢ mpoonddeta Vo enextordolV qUTH TA ATOTEAEGUOTA (GTE VoL GUUTERIANPUOUY Ol TEQITTMOELS TWV UN
oUahV BeBopévewy, xon Tot UPNAAE TEENS oy fuaTo BEGL WS CUUUETEXAC EXTIUNONG.

Ao amoteréopata GYETIXE YE TIC aoLVeEyElc Ypovixol Bruatiopol mpooeyyicels cuayetilovton ue
TOUC XOTAVEUNUEVOUS EAEYYOUS YIOL TIC YROUUXES Xou MLy popxés mopoBolixée W.8.e. Ilpbdopota ava-
Oy Onxay oL exTAcEC AdUoug, oL oYETES P Tal xaTaveunuéva tpoAriuato BEATIGTOU EAEYYOU Yia
e Nuypoppée mopaBoxéc u.d.c., BAéne m.y. To [94], ue meploplopolc ehéyyou xau HE(Q) N L (Q)
oy xd DeBouéva, xaL TIC EX TWY TPOTEPWV EXTIWACELS CQOAUATWY GUUUETEIXOU TUTOU, 670 [27] yior Tar
npofBfuara ywelc neploptonols ehéyyou. Téhog, avapépoupe twg €youv dnuoaieutel Bidpopeg epyaoieg
oeTwd pe to mopoBolixd mtpoBAuata BEATIGTOU EAEYYOU UE, XxaL Ywelc TEPLOPLOUOUS GTOV EAEYYO TOU
uropolyv vo suurepthdBouy uPnhdtepne tEne oyfuata énwe ota [6, 20, 21, 88, 89, 95, 100].

Adpopo AmOTENECUATA OYETXE UE TNV AVIALGT) TwV TEOBANUETOY BENTIOTOU EAEYYOU €YOUV TUPOUGLO-
otel ot [56, 80, 93, 109] (BX. enione tic avagopés Toug). T To YEVIXG ATOTENECUATO OYETXY UE THY
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acuvey wédodo Galerkin yio mopoBohxol tonou w.8.e. (ywplc EQapuoYh TwV ENEYYWY) TOPUTEUTOVUE
Tov avaryvodetn ota [104, 73] (BA. erlong tic avoagopéc Toug). Mo ex Twv uoTépwv exTiuncn xon To
oyeTwd {nthpota tpocappocTixétntac (adaptivity) uéoo oto acuveyée Galerkin mhaioio yia ta Tpo-
BAAuata PérTioTou eNéyyou epeuvhdnxay enione ot epyaoiec twv [84, 87] (BA. emlong Tic avapopéc
T0UQ).



BAYIKEY ENNOIEY

X7 avtr) tny evétnta mapadétovpe eiwoaywyikd otoiyeia kar 1610tnTes xpwy Sobolev. Opilovue toug
XOpovs twv aolevdy Aloewy mov Ja xpnoiporoinfody otn ouvéyeaa, kalang kar dAAa epyaleia ovvapTn-
owknig avdAvong mov Kupiws xpnoiporowolvtar oTny avdidlvon ya nuiypapjukd rapefodikd mpofAnua-
a.

ITepieyopeva
2.1 XopoutSobolev . . . . . L e e e e e e 14
2.1.1  AocVevele mopdywyol . . ... 14
2.1.2 Opwoude ydpewv Sobolev . . . . . ... 14
2.1.3 0 BUURAYELO . . o oo e 15
214 O ydpoc H™h oo 16
2.2 BaoXEG WOLOTNTES LYVOV « v v v v v v v v vt e v et e e e e e e e e 16
2.2.1  EvOWUecol-xhaOHoTiXol YOEOL « . . . .. 16
2.3 X®OpOolL TOU EUTERLEYOUY YPOVO « v v v v v v v v vt e et e e e 18
2.3. 1 XOPOLAICEMY .« o v v v v v e e 19
2.4 XEACUAES OVICOTNTEG « « v« v v v v v v et et et et e et e e e e e e e 19

2.5 Fréchet, Gateaux xou mapdywyYog xatd xateLYLVON . . . ... ... 20




14 2. Baowxég évvolieg

Xwpot Sobolev

Yty meddn meénel va emTOYOUUE TO OYEBIAOHO YWPWY ATOTEAOVUEVWV dntd GUVAPTAGELS TOU €)YOUV
xdmoleg, oAAG byl 660 onuavTnés, WBLoTNTeS opakotnTac. Tétolol yipol elvan ol ywpeot Sobolev xou
TopOoVGLALOVTOL GTY GUVEYEL.

2.1.1| Aolevelc mopdynyol

ZexvUE YE 0UCLIGTIX AmOBLUVAUWOT TN évvolag T Lepic apaydyou (weak derivative).
Ynpeiwon. Ac ouvuPoricouue pe C°(U) to ympo tov anelpne dagoploiny cuvapticewy ¢ : U — R,
e ouunayée otiprypo (compact support) 6to U. Oa ovopdloupe cuyvé o SUVEETNOY ¢ TOU avfixel
otov C2°(U) we ouvdptnon doxyic (test function).

1
loc

Opgiwopodc 2.1.1. Trodérovue ériu,v € Ly, (U), ka1 a évag moAvdeiktng (multiindez). Aéue duinv

etvar e a7 aolevnis pepikn) napdywyos tov v, ypdpovtag
D% = v,

uné Ty mpoindeon ot

'/UuDaqﬁdx:(—l)‘“‘ / vodz (2.1.1)

JuU
yia dAes tis ovvaptrioers Sokiuns ¢ € C(U).
Me dhhor Moyiat, oy pog diveton u xon oty cUUBEVEL vor UTdipyEL Wiot cLVEETNOT U Tou xavorotel Ty (2.1.1)

Yot 6haL T @, Mépe 6t DU = v elvon 1 acdevric évvola. Av Sev umdpyel Tétola cuVdETNON v, TOTE N
u Bev anotekel wo aodevh a7 nopdywyo.

Afupo 2.1.2. (Movadikdtnra twv aclevdy mapaydywv) Ma aoclevisc a= ™ uepixij
Tapdywyos Tov u, av vrdpyel, €ivar povadikd opiouévn mdvew o€ éva ovvolo pétpou unodév.

2.1.2 [ Opiopdc yopwv Sobolev

Eotw 1 < p < oo xa k évag pn opvntinde axéponog. Opilovye thpol 0plouévous Ymheous GUVIPTHOEWY,
oL omofol €youv acdevelc mopaydyous Blapopnwy TEEewY Tdvw ot yhpoug LP.

Opwopoe 2.1.3. O ydpos Sobolev
WhP(U)

Tepiéyel 0Aeg TS tomikd oAokAnpdoiues ovvaptioes u : U — R téroies dote ya kdle moAuvdeiktn o
pe la| < k, n D*u vrdpyer pe tny aoOevrj évvoia ka1 avijker otov LP.

Ynpeiwon
1. Av p = 2, cuvidwe Yedypouue

HYU)=Wrk2(U) (k=0,1,...).

To yedupa H yenowonoteitor, apol, xadde du dolpe, o H*(U) eivor évac ydpoc Hilbert. Ac
onuetdoouye e HO(U) = L2(U).
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2. Ané €36 xan o710 el Yo avayveplloupe cuvaptioeic otov WEP(U) mou ouuguvoldv oyedév
TavTol.

Opiopég 2.1.4. Avu € WFP(U), opilovpe tny vépua

1/p
( >y D“u”dx) (1<p< o)
”u”WkuP(U) = la|<k
> esssupy |Du| (p = 0).
o<k

SUUBOMOUOC: oV 1) TEAYHUTXGDY TGV ouvdptnon f elvar yetpriown, oplloute T0 GTOELDDES
avdTato @edyua (essential supremum ):

esssup f:=inf{pu e R| |{f > u} =0}

Opiopoég 2.1.5. 1. Foww {um}_y, u € WFP(U). Aéue 6t1 u,, ovyrdiver oto u ato W*P(U),
ka1 Ypd@oupe: Uy, — u ato WFP(U), av lim ||luy,, — ullyes gy =0
m—0o0

2. Tpdgouue: Uy — u 070 W'/Z’CP(U), eVvodvTag 6t Uy, — u oto WFP(V), yia kide V.CC U.
Opwopoe 2.1.6. YuuPorilovue e Wé“’p(U), 0 mepiPAnua wov CL(U) ato WP (U)

Onéte u € WP(U) av xou pévo av urdpyouv cuvapTAGELS Uy, € C°(U) tétolec OTE Uy — U GT0

WhP(U). Metagpdlovtag tov Wé‘”p(U), anoteheiton and tic cuvapthoec u € WHP(U) tétoec Gote
“D% =0 ot0 OU” vy kot || < k — 1.
JupBoiiopods. Luvidug yedgouue
Hy(U) = Wy (U).

Avn=1xu U ebvor éva avoryté ddotnue otov R, téte u € WHP(U) av xon pévo av 1 u loodton pe
ot oY edov TavTol anohlitwe cuveyr ouvdptnon e onolag N cuvnhiouévn tapdywyog (1 omola uTdpEyEt
oyedov mavtol) undpyet otov LP(U). Evoc 1660 anhég yupoxtneopde ebvan map’ dhot autd Sadéoog
uovo v n = 1. Tevixd pla cuvdptnon pmopel va avixel oe éva ypo Sobolev xau oxdun vo ebvan
aouveyfc xot/f QEaryUEVT.

2.1.3| Xuundyew

H avieétnua  Gagliardo-Nirenberg-Sobolev  unodnkéver v epgiteuon  tou  YOpou

WhP(U) péoa oto Ly U)ywl<p<n,p'= n”_pp. Oat oY UPLGTOVPE GTN CUVEYELL OTL O YWEOC
WLP(U) elvan mpdyport ouurayds spgutevpévoc otov LY(U) vy 1 < g < p*. H ovundyeia ebvon deype-
AELOBNG Yot TUC EPUPHOYES TNG YPAUULXTC X0 U1 YRUUUXNE ouvopTnolaxic avdlvone otn Yempla twv

u.8.e. omwe Yo Bolue mopaXdTE.

Opiopée 2.1.7. Eoww X ka1 Y ydpor Banach, pe X CY. Aéue 6u 0 X elvar ovunaycs epputeu-
uévos arov Y, ypdpovag
X ccy,

ué tny mpoinéleon
1 |lzlly < Cllz|lx (z € X) ya kdrow otadepd C, xai

2. kdOe ppayuévn axodovldia orov X elvar npoovurayés (precompact) oor Y .
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Oehpnpa 2.1.8 (Oedhpnua cuundyeog Rellich-Kondrachov). Oecwpolue U éva gpayuévo, avorytd
urnootvodo tou R™, ka1 to OU efvar C1. TmoBéroupe 1 < p < n. Tére

W“’(U) CC LYU) ya kde 1 < g < p*.

2.1.4| O yopoc H™ .

‘Onwe Yo Sodue ot GUVEYEL O MEAETY) TWV YROUIXODY ENRELTTIXGY, TAUpaBoMx®Y Xl UTEPBOAXY
W.0.€., elvor onuavTind va éyouue évay GUEGO Yoo TNELOWS ToL BuixoU Ytpou Tou Hy.

Optowés 2.1.9. Tuppoditovpe e H=H(U) wov buiké yapo wov H (U).
Me $hat Moy n f avixer otov H-H(U) pe v mpolnéddeon 6t 1 f elvon éva qporypévo, yeoupixd

cuvaptnotoxd otov HH(U). Ac onueidooupe Tohd tpooeytind 61t dev npoodiopiloupe tov ybpo H}E
pali e tov duixd tou. Avtiveta omwe Ya Solyue oe Aiyo, éxoupe

H}(U) c L*(U) c H-Y(U).

Supoiiopds. Ou ypdpoupe () v va ouuPoricouye To duixd Lebyoc petafs H-H(U) xaw HE(U).

Opiopéeg 2.1.10. Av f € H-Y(U), opiouue tn vépua
11l g1y == sup{(f,u) |u€ Ho(U), ull gy oy < 13-

Ocdhpenua 2.1.11 (Xopoxtnpopuée tou HL). 1. Bcwpodue éu
f € H-Y(U). Tére vndpyovr ovvaptioes fO, f1, ..., f* avov L2(U) téroies dote

(fyu) = /U (fov+ Z flvg,)dz (ve Hy(U)) (2.1.2)

i=1

2. EmmAéoy

n 1/2
lull g1ty = inf </ Z |fi|2d."c> | n f wavoroel v (2.1.2) ya f°,..., f* € L*(U) }
Ui=o
SupBolopée. Fpdgovye “f = O — 31 | fi ~ brav ioylel n oyxéon (2.1.2).

Booieg WLOTNTES Ly VoV

2.2.1 Evdiduecor-xhaouatixol yoeol

Noau0<o<1xul<s<2ioyde

H*(Q) C H¥(Q) C H?(Q) C LX(Q).
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Eév 10 Q = RN, o H*(Q) pnopel va yapoxtnplotel and petaoynuatiopote Fourier, Bréne m.y. [52,

Aidec 6-7] :
e 5 :/ \y(x)—y(§)|2d$d£<oo
7 ola |v—gnt '

1/2
Il = (lolFe@ + W) . 0<o<1,

n 1/2
lyllize = (Iyl3@) + > L @ny)) ) 1<s<2
i=1

Ondte €xoupe toug ywpoug Sobolev H* (), xou H*(T'), ue s € R pe vopuec || - ||gs(q) xou || [|asm)
avtiotolywe. T 1o tpéBinua Robin ouvoploxol ehéyyou da yenottonotolue toug ybdpoug HY/2(T),
Tov duixd tou H1/2(T'), %o 70 Buixé Lebyoc ouuBohileta e (., SE-12),m/2r) =, v Eote éu
u elvall Yol GUVEETNOT TOU AVAXEL OTO YWEOo ANElp®S SLUPORIoLUMY CUVIPTACEWY e CUUTAYES OTARLYU
D() xou ac oupBohicoupe Tic ouvoploxée Tée TN we You. To endpevo Dedpnua fyvoug enextelvet Tov
TeAeoTh o o€ cuvapThoeic otov WP (Q).

Oehpnpa 2.2.1. Eoww Q éva gpaypévo avoryté vnootvolo tou RY e atvopo T wdéng C*+t (cuveyés
- Lipschitz ovvexés tdéng C™ ya kdnoo axépaio m) kar éotw p > 1 ka1 s > 0, dvo mpaypatixof aprdpol
oot dote s < k+1,s—1/p=1+0 drovl > 0 efvar évag axépaiog ka1 0 < o < 1. Tédte n anewcdrvion

u — Yyou opiopérn atov D(Q) éxer pa povadikn ypapupukrj ovvexrj enéktaon ws évag teAeatiis and tov

W*P(Q) gror W~Y/PP(T).

Extoc and 1o ouvoploaxd teAeaTh DY 7o, Vo ypeewaotolye eniong to (yvog e xddetng mapay@you

YU oplopévo Yo u otov D(Q) pe
N
mu = 0u/0n = ZVo(au/ﬁxi)ni,
i=1
6mov pe n = (nq,...,ny) cugBohilovye To povadiaio mpog ta ééw kddeto Sidvvopa oto I’ ondte

BOeswenpa 2.2.2. 116 ug vrobéoeg tov naparndvw ewprjpatos pe l > 1 n areikérion

u — {you, v1u}
opiopévn avov D(Q) éxer pa ypappuxty ovvextj enéxtaon ws teAeatis ané ov

W*P(Q) oroy W~YPP(T) x W 1=1/p2(T),

Ynpeiworn 2.2.3. Av to glvopo tou §) éyel ywvieg, to kdleto didvvoua éxer aouvéyees kar elvar
Tpoavés mws n du/On efvar xaunAnis opaldtnzas doo opadd kar av efvai to u. Iapdla avtd to tapandvew
Oeddpnua unopel va enextadel kar o’ avtrj tn mepintwon PAéne T.x. [52)].

Ynueiwon 2.2.4. Opilovue ue t Pordaa twv kKAaouatikdy xbpwy kal twy Jewpnudtwy vy touv
Teprypdipape ota mponyolueva, Tig Paoikés 1016tnTes yvav. 1o ovykexpipéva

HYAT) = {y € LXD) | |yl < oo},

Wl raey = (/ " Jy(@) *y(f)lzdwdgl/?’

rJr |z =gttt

1/2
lolliray = (1932 + W)

Ta Ty aneikérion vo = y — y|r, w0xUovr ta axdlovia

qo0: H'(Q) — HY(T),
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20t HY(Q) — HVAT), s5>1/2,
0 o elvar “ert”’ teAeotris aro Tov H*(Q) otov H*~V/2(I).
INa tov tedeoti v1 = y — Oy/On éxouvpe
s HA(Q) — H'(D),
M HY Q) — HTYAT), s> 3/2,
érov 0 vy efvar “enl” teheotiis amo tov H(Q) orov H*~3/2(T).

Eriong eivar
(@) = {y e H'@) | 2y =0},

H™H(Q) = (Hy(Q)", H™VA() = (HVA(D))".

X®poL Tou EUTEPLEYOLY YPOVO

Tt xodévay and toug Tapardve yoeoue Sobolev, opilovpe toug ywpoypovixole ydpous, LP[0,T; X],
L*>[0,T; X], ye toug *xAaotxol¢ YMEOUE, EQPOBLICUEVOUE UE TIC VOPUES:

1
T P
”vHLP[O,T;X] = </O “||§<dt> ) HU||L°°[0,T;X] = ©€8SSUD¢¢(0,T7] o]l x-

To 60voho AV TV cUVEXKV cuvapThoewy v : [0,T] — X, cuuPorileta pe C[0,T; X], pe vppa Tov
oplleton we e€rig
[vlloforx) = max {lu(t)]|x-

tel0,T)
Tehxae oupBonilouye pe H[0,T; X,
1

T T
||vH1[o7T;X]=</ ||v|§dt) +</ vtn%(dt) <C <o
0 0

Ewlwd yio to Stavuopotind eZehxtind mpdBinuo éyouue to mopoxdtw cupfolopsd: Xenoulonololue
Tov xhaoixd cupPolioud o Toug ydpous Sobolev H® () xau tic avtiotouyes Siavuouatixég WBotnteg
H*(Q) vy s € R ye vopueg mou Do ouuBoriloue pe |- || s o) o || - [las (o) aviotoiywe. Emmiéov,
¢otw HY(Q) = {v € HY(Q) : v|r = 0}, H} = {v € H}Q) : v|r = 0}. Erionc oupBorilovye pe
H (), tov duixd tov H§(Q) xau to avilotoyo duixé Ledyoc e (-, - Ju-1()mi@) = (-5 *)-

1
2

Me H(Q) = H' (% R2), H () = HY(2R?), H-1(Q) = (H} ()", LP(Q) = LV (% R?),

oy 0% Oy
Ox;’ Ox; 890] ot

H>Y0,T;9) = {y € L*[0,T; )] : € L*0,T;9Q],1<14,5 <2}

HAL
Iyl 2oy = {/ (1sf? + ] Z)d:rdt
100,730] 0.7 ot
2
Oy 1/2
+ / dxdt + / d:vdt .
; o.7:) | 9% Z (0,739] }
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Enione oupBoriloupe H2M0,T; Q] = H1[0,T; Q] x H?1[0,T; Q] xon touc avtiotoouc yHeoug pnde-
vixfic anéxhone (divergence free)' pe V(Q) = {v € HY(Q) : divv = 0}, W(Q) = {v € L%(Q) : divv =
0, g—;’] = 0}, epodiaopévo pe tougc H(Q) xow L2(Q) avtiotoiywe, xou ye V(Q)* ov duixé tou V().
Tehixde, v T mieon Yo ypewaotodue Tov ydeo, L3(Q) = {p € L*(Q) : [, p = 0} epodiacyévo pe
v L2(Q) vépuo.

2.3.1| Xopol Micewy

O yopoc acdevdv MNoewv twv w.8.e. mou e&etdlovye otn nepintwon tne Bektiotononone oe eeht-
xuxée pepixée dapopixée eiodoels, e€aptdton and to dedouéva Tou TEOPAUATOS XoddS Xou and TiC
ouvoptaxée ouvirxeg mou e€etdloupe. Axolovdolv xdmola tétolo mapadelyporta, Tou Vo YENoWOToL
Bovv. BupPoriloupe to xdpo MNoewv ue W (0,T) yenowonotdvrog xou éva Selxtn mou éyel oyéon ue
70 TEOBANUA TO 0Tolo YEAETAUE TO YPO AVCEWV:
IpdPAnpa ovvopiakod Robin eAéyyou:
Wg(0,T) := L*[0,T; H'(2)] N L>[0,T; L*()] x L*[0,T; L*(T)]
ue vopua

2 _ 2 2 2
HUHWR(O,T) = HUHU[O,T;Hl(Q)] + ”“HLoo[o,T;L?(Q)] + ||“HL2[0,T;L2(F)] :
TpdPAnpa kataveunuévov eAéyyouv:
Wp(0,T) = L2[0,T; Hy ()] N H' [0, T; H~' ()]

ue vopua
2 2 2
1013, 0,y = 1012210, m0 ) + 10t 2270 71202

TpdPAnpa kataveunuévov eAéyxov o€ ouotTnuaza:
Suyvd Yo ypnoiwonotodue To Yweo Aoewy

Ws(0,T) := L*[0,T; V()] N L=[0, T; L*(Q)]
EQOBIACUEVO UE TN VOPUA

2 — 2 2
vl o,y = 01210, 7v1 ) + 1l oo, mi20))-

Xprioweg avooTnTeg

Tlapo¥étoupe xdmoleg YpHoWes aviodTnTes, xau o ouyxexpiéva tic Grénwall, Sobolev, yevixevuévn
Holder, Friedrichs xau Young, aviootntec mou Yo ypnoionomdoly ota endyeva.
Avioétnra Gronwall (BAéne m.y. [43, Hapdptnua BJ, [20, Iapdptnua A]): Av (1 — Ct™)a™ 4+ b <

1 20 peuoté eivor eviehdc aouumieoto xa 0 cuUVolx6S byxog dev petaBdiietor dnhadh to peuoté de cuoTtéNetor 1§

druoTtéNAeTOU.
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a1+ " xou max,, C" < 1, té1¢

N N
a¥ + 37 eCN — b < (14 TO(7)) (eCtNaO +3 eC“N—t")f")

n=1 n=1

6mou T =max 7" xou t" =Y . T
Yuvopiaktj aviodtnta Sobolev (BAéne m.x. [10, Oedpnua 1.6.6]) : T mporypotind aprdud pue 1 < p <
00, xou epocov o ) éyel olvopo Lipschitz tote undpyel wa otadepd C, tétola tote

1-1 1
1ol ooy < ClIOl Loy 101474 gy Yo € Wi ().

Tevikevuérn aviodrnra Holder: T xdde yetprioyo obvoho E, onowodhnote didotaong xou yio (1/s1)+
(1/s2) + (1/s3) = 1, s > 1,

[ ot <1 les o) allos ol allos
E
Avioénra Young: Tw %8¢ a,b > 0, § > 0, ab < da? + (1/45)b%.

Tevikevuérn anodna Friedrichs (Bhéne m.y. [92, Oedpnua 1.9]): Trdpyer Cr > 0 (rou eloptdrou
u6vo amd to ) térol MoTe:

HVyHQLZ(Q) + HyHi?(r) < CFHyHiIl(Q)'

Fréchet, Gateaux xou mopdywyoc xotd xatediuvon

Oupilouye 61t Yo Banach yodpoug X xau yio f : X — (—00, 00), T0 6pl0

f'(a,h) = )l\ig})w

)

6ty undipyer ovoudletan mapdywyos katd kateduvon (directional derivative) tov h € X oto z. H
anexévion h — f'(z, h) ovoudleton dagopikd katd katetOuvon (directional differential) tne f oto
av elvan xohd optopévo i Ghat o h € X. H ouvdpton f ovoudletan aodevie (weakly) f Gateaux
dropopiown oto x av T0 h — f'(z, h) elvon éva ypapuxd cuvaptnotexd otov X. To avtictoyo ototyelo
and tov X* Yo cupPolileton ye gradf (z):

f'(z, k) = (h,gradf(z)) y, x-,Vh € X.

Emniéov, av
o 12 ) = £(2) = (0,970 (@) x-

=0.
y—0 |3/|X

t6te 1) f ebvan Fréchet diagopiown oto . Ilpogaveg xdde Fréchet Swogpopiown elvar Gateaux diagopiown
eniong. H enéxtaomn twv mopandve oplopdy ot BlavuoUatixés cuvaptioels eivon dueon. O xavévog tng
ohvoidag Befaridver g av 1 g : X1 — Xo (xdpeor Banach) elvor pio Gateaux diogpopiown anewxdvion
xou ¢ @ Xo — R eivon Fréchet Swapoplown, t6te 1 f : X1 — R mou diveton and v f(z) = ¢(g(x)) etvou
Géateaux dwogpopiown xou gradf(z) = grade (g(x)) [gradg(x)] (Tapia [1971]).



Y2 YNEXEY X TETHMA BEATISTOIIOIHEIHY,
TTIAPZH ATTHY
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Baowéc urodéoeic

Fpoppikd TpéPANRa ovvoplakod Robin eNéyxov. T xdde nn > 0, n Siypopuxs woppy mou oye-
tileton ye To TENEOTH pog Ebvou:

a(y7 U) = 77/ Vvad.u Vyvv € HI(Q)a
Q
oL IXOVOTIOLEL TS GUVONXES TECTIXOTNTAG Xl GUVEYELOS

2
a(y.y) = nlIVyllza(q) > a0) < Cnlylm g Il o) Yy.v e H ().

Hpirpoppikéd mpéPAnpa koctovepnpévov ehéyyov. Kou, o auth ) nepintwon o Suypopuixde te-
heothg mou opiletan and o

a(y,v) = / A(z)VyVudz Yy, v € HY(Q),
Q
eniong wavomolel Tig GUVINXES TEGTIXOTNTASG Kol GUVEYELS

aly,y) Znllyliney,  ay,v) < Celyllm@lvlaie — Yy.v € Hy(Q).

Ta dedopéva ixavomololy Tic eEAdyIoTeg UTOVESELS OPaAOTNTOC OL OToleg EYYLGVTOL TNV DTN acdevoic
Nooewe y € W(0,T), dnhoadr,

f e L?o,T; H- ()], Yo € L3(Q)

ev6 0 xatoveunuévoc éheyyoc g eivor oto yopo L2[0, T; L2(Q)]. Tpénet vor ToUPE T YE TIC TUPATEve
unotéoelg opohdTnTag xdmotog Yo unopoloe vo dellel u6vo TN UYRMOY TWY SAXELTOY CYNUATLY OTWS
umopolue vo dolpe oty epyaoia [22, Evétnta 3] (axdun xou ot nepintowon ywplc Eheyyo).

T extpioec o@olpdtonv, yeetalouaote emThéov ouahoTNTa HOTE Vo eyyundolue el olyxAong.
Mo ouyxexpyéva, Yo utodéoouue tog y € L2[0,T; L4(Q)], mou oty ovola aratel yo € Hi(Q),
f € L?[0,T; L3(Q)]. H emhoyr tou ydpou ehéyyou amhomotel onuavtixd tnv e@opuoyt Tou ohyopiduou
TENEPUOUEVWY G ToLYElwY, apol odnyel oe olyeBeixr cuviixn Bektiotonoinone. Omndte anogeldyouye
™ yefon xwewv xhacpatixic Eng, K ™ hon woag emnhéov W.8.e. 1 onola eppaviletar dtav dAheg
VOPUES TOU ENEYYOU g EUTEQLEYOVTAL GTO GUVOPTNOLXO, PAéne m.y. [56].

Tty enmoxbhoudn avéhuon apxel o otéyoc ya € L0, T; L3(Q)]. Qotéoo otic neplocbtepes me-
PITTAOELC TO Yq €lval oTN TEAYHATIXOTNTA OUOAOTERD, 0ol TNV oucia avTicTolyel o wa Abon g
nopoBohic w.8.€., xou onéte umopel va Vewpndel nwg yq € Wp(0,T). T tny avdlvon poc ota
BloxpLtd oY AUATA, 0 NULYEoUUXOS 6pog amarteltar Vo ixavorolel Tig axdhoudeg Souxég unodéoeig:

YréO9eon 3.1.1. (a) I'a wn ovyklion tns faoikris petafAneris: O nuiypappurds épog ¢ € CH(R; R)

1KavoTOIEd,

¢'(s) >0, |¢(9)| < Cls|?, |¢/(9)| < C|s|p_1, sp(s) > C|5|p+17 yual<p<3.
(B) INa tn oUyrkhion tng Paoikiis kar Tng ovlvyols petapAntis: EmmAéor tou (a), o ¢’ efvar Lipschitz
auvexris, pe otadepd Lipschitz Cp, 1) ¢ € C?(R;R) e |¢”(s)| < C|s|P~2 ya 2 < p < 3.
(y) Av o nuiypaupnkds xdpos mepiéyer enions ywpoxpovikés otalepés, dnAadr, ¢(s) = ¢(t,xz,s) :
[0,T] x QxR — R tdte, emmAéor ue ta (a)-(B), anarcetrar ta ¢(0), ¢’ (0) va eivar opoidpopgpa gpayuéva.

Ynpelwon 3.1.2. H odyrxhion uropei va anodey el atAd vrodérovtag povotovia 1j avéovoa povorovia
and Tny vrédeon: 3.1.1 (a)-(B) ndvew ota ¢, ¢’ (BA. [22, Section 3]). H vrdeon ovvéyeas Lipschitz atoy
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@' emPdAdetar udvo yia va edayiotonorjoer Tig Texvikés Suokolies. Ta mepioodtepa and ta arotedéopata
Tov apovoidlovtar €de, 1w xUovy akdua otis mo acdevels vnodéoes Tou [94], e ta apxixd dedopéva va
aviicowr otov H (Q) N L (Q). IHaparéunovue tov avayviotn ato [109] (BA. emions tis avagpopés) ya
Jia Aentopepr) avddvon ané tis mbavés vrodéoeis otov nuiypap ks 6po kar oTny oparéTnta Oebopuévwy.
Ebd, euels éxouvpe emAééer va empBdAove TS eAdyiotes vtodéoers opaddtntag mov €yyvval tny vrapén
g avtiotoyng daxpitis Alans ato xaépo L¥[0,T; L2(Q)] N L2[0, T; H (Q)].

MpéPAnpo kortavepnpévov eAéyxov Stokes. ESk o nurypoppixd Lop@h 1 OYETY YE TOV TEAEOTH|
oG ebvon

a(y,v) = 1// VyVudz, Yy, v € HY(Q),
Q
%ol XovoToLel TiC GUVINXES TUECTIXOTNTAS Xl GUVEYELG
a(y,y) > v [|Vyliz)» @W,v) < C [yl o) 10l o) Yy v € HH(9Q).
Telxmg 0 NUIYPoULXOS YWEOS 0 OYETIXOC UE TN Teon elvan
b(v,q) = /ﬂqV.udw, Yo € HY(Q), ¢ € L*(Q),
70U xovoTotEel TIC XAAoIKEC SUVITiES CUVEYELIG Xou UEYLoTOU EAAyLoToU dTwe oTo [52, 102], dSnhady,

b(v,q) < Cllvllar @ llgll2 @),

P )
inf sup % >c>0.
a€L3(@) peri(a) Vllm @ llallrz o)

Yy enduevn evétnra napadétovye ta Baocixd anotehéopoto Yol TY Untapén Aong Ut TIC TaUpaTdve
unoVéoELC.

Yuveyég mpofanua ehéyyou xar Omapdn hoong

e auth ™ napdypopo ueAetdue TV Utopdn Aong twy tpofAnudteny Pedtiotonoinong Ue TepLoplopolc
egelxtixée uepuég dlapopuéc e€lowoelc. Mehetdue cuvoplaxd 1 xataveunuévo €Aeyyo, xou yio xdde
neplntwon elvon anapoftnTo Vo TopatnERcOUPE Xou Vo amodeloupe TNV EVCTAVELX TLY TEOBANUATWY o
v Unapgn povaduehc hoong 1 oyL. TIpénel va avapépoue mwe dtay To cuvaETNOLIXS TREOE ENYLOTOTO-
nom eivon xuptéd (OTKE 6TN TEPITTWON TWV YEUUIXADY TEOBANUATY), ElXOAA ATOBEXVIETOL TS EYOVUE
povaduy Aor. Av dpeg o cuvapTNoLaxd dev elval xUPTS, OTKS oTa MUY EUUUXS TeoBAfuaTa, €youue
olix} AMoom oAAG Bev elvon Lovodixy| apol UTOoROUUE Vo EYOUUE EAIYLGTOTOMGT UE SLAPOPES GUVIRTNOELC
ehéyyou.

Fpoyupikd TpdPANRa ovvoploekod Robin eAéyxov. Xe autd to mopdderypo HEAETdUE TN TEpiTTLO
ywelc, ok xou auTh Ue TEploplools cuVdETNoN eAéyyou. Zexwovtoc napouctdlovue TV acdevr
pope? tne Baoinfc eflowonc. Aoocpévev twv f € L2[0,T; HY(Q)*], g € L*[0,T; H*1/2(F)], xou
Yo € L2(Q) avelnrotpe y € L2[0, T; HY(Q)]N H[0, T; H'(Q2)*] tét010 dote v o.n. ¢ € (0,7, xou yiet
éha T v € HY(Q),

(ye,v) +aly,v) + Xy, v)p = (f,v) + A(g,v)p  xu  (y(0),v) = (yo,v). (3.2.1)
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Mot tood0vaun pop@| xotdAAnhn yio Ty avéhuon oe dG oyfipata, etvor To vor avalntotue y € Wg(0,T)
Tétolo Gote Yo 6ha T v € L20,T; HY(Q)] N HY0, T; H(Q)*],

T T
(y(T),v(T)H/O (*<ywt>+a(y,v)+k<y7v>p)dt=(yovv(U))Jr/O ({f,v) + Mg, v)p)dt. (3.2.2)

Axolovlel 1 Omopln, povadixdtnto xou 1 opohdtnTa, BAéne xou [25] anotéleoua g (3.2.2).

Ocdpnua 3.2.1. Yrodérovue nog g € L2[0,T; H-/2+0(T) N HO[0,T; H-'/2(T")], yo € H?(Q), ka1
f € L20,T; H'=9(Q)*] ya rdrow 0 € [0,1]. Tére, vndpyer éva povadixé y € L2[0,T; H*0(Q)] N
HY0,T; H'=9(92)*] nov ikavorotel tnw (3.2.2) ka1

11l 210,751 +6 )] + el oo, 7m0 -0 () < C(”JCHLZ[O,T;HF"(Q)*] + lluoll oy + N9l L2po,rymr-1/240 (1)

+lgll o [O,T;Hfl/z(l")]> .

Emmhéov, 1 anemdvion e Paoufc petointhc otov éheyyo G : L2[0,T; L*(T)] — Wgr(0,T), mou
ouvdéel otov xdle éleyyo g ™ Baouxd petoaBanth G(g) = yy = y(g) wéow e (3.2.2) elvan xohd
optopévn xon cuveyng. Omote 1o cuvapTnolaxd x6oToug cLY VA cuUBohiletar e TV avnyREVn Lop®Y),
J(y,9) = J(y(g)) = J(g) : L?[0,T; L*(T')] — R 7 onola ebvor eniong xohdde optopévn xon cuveyhc.

Optowée 3.2.2. Eotww f € L2[0,T; HY(Q)*], yo € L2(Q), kar yq € L?[0,T; L2(Q)] Soopéva dedo-
péva. Téte, to ovrodo twy embuuntdy eléyywy (ouppohildpero e Aqq), opiletar ws e€rig:

1. ‘Eleyxos xwpis mepropiopods: Aqq = L20,T; L3(T)).

2. Eheyyos e mepiopiopiols: Agq = {g € L?[0,T; L2(T)] : g4 < g(t,x) < gy ya o.m. (t,x) €
(0,T) x I'}.

To Lebyos (y(9), 9) € Wr(0,T) X Auq, ovoudletar fédtioTn Adon av J(y(g), g) < J(w(h), h) Y(w(h),h) €
WR(O,T) X -Aad-

Zuyvé Yo uiodetolue 1o cupPohiopd ¥y =y, = y(g). Hopoxdtw, mapousidloupe 0 xpto amotéhecua
and to [109] oyetxé pe Ty Umopln wog BédTioTne Aorng.

Ocdhpenua 3.2.3. Foww yo € L2(Q), f € L0, T; HX(Q)*], ya € L?[0,T;L*(Q)] efvar doopéva.
Tére, to npdPAnua ovvopiakol eAéyyou éxer povadikh Abon v (y(g),g) € Wr(0,T) x Aqq.

Hpirpopupikd TtpéPAnpo kortavepnpévou ehérxov. Apyxd, mopadétouvue évo anotéAecya Tou a-
Qopd T emAuoipdTnTA TOU TEOBAAUATOS ot aolevh wopyt| (Boopévwy f, g, Yo xa avalntdvtag y €
Wp(0,T) v 6ha oo v € Wp(0,T)):

T

W) + [ (=) +at o)+ 6000t = oo+ [ (110 + (0.0}, 3:28)

GTOV QUOLXO EVERYELOXO YWEO UE UTOVETELS EAAYIOTNG OUAAOTNTAG.

Ocdhenpa 3.2.4. Eotw f € L0, T; H-X(Q)], yo € LA(Q), g € L?[0,T; L3(Q)]. Tére, vrdpyer pa
povadikny Avon y € Wp(0,T) n onola 1kavoroiel Ty axélovdn evepyeiaxtj oxéon

Iyllwo o,y < C(”f”Lz[O,T;H*l(Q)] +lvollL2 (o) + HQHLZ[O,T;Lz(Q)]>~
Anédeitn. H onddeiln Peloxeton otn Piphoypoeplia w.y. [25, 43, 113]. O

Y1 ouvéyela, avapECOLUE TOV 0ploUd TOLU GUVOROL TwV ETDUUNTEY - AmodEXTMY AoEWY Aqq oL TOv
optopd tou (tomxol) BértioTou Lebyous ANIGEWY.
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Opwopwés 3.2.5. 1. Me bedouéva f < L0, T;HYQ)], yo € L*Q), xar owéyo
ya € L0, T; L%(Q)], téte to Letyos (y, g) Aéue 6u efvar anodexts aroryelo av ta y € Wp(0,T),
g € L2[0,T; L%(Q)] wavorooty tnv (3.2.3). (Enueadvouue tws to J(y,g) eivar gppayuévo, alu-
pova ue to edpnua 3.2.4).

2. Me dedopéva f € L2[0,T; H-1(Q)], yo € L*(Q), ka1 owdyo ya € L2[0,T; L*(Q)] avalnrotue
Letyos (y,9) € Aaa o dote J(y, ) < J(w,h)  V(w,h) € Aaa, dtav [ly —wllwpom) + g —
hlz2po, 20 < 0 y1a 0 > 0 kardAAnAa enideypévo.

Topaxdtey mapovsidlovpe to Bacixd anotéheoua Tou agopd Ty Lnopsn Wwag Béhtiotg Aoong yio Ty
ehagyiotonolnon Tou cuvaptnotaxol (1.3.3).

Ocedhpnpa 3.2.6. Trodérouue twg yo € L2(Q), f € L?[0,T; H-1(Q)], ya € L?[0,T; L*(Q)]. Tdre,
0 TpdPANuUa BéltioTou eAéyxov éxa Aon Ty (y,g) € Wp(0,T) x L2[0,T; L*(Q2)].

Anédeaén. H oanddelln Beloxeton otn Pihoypagpio m.y. [25, 50, 80, 109]. O

Ynueiwor 3.2.7. H Aon mpopAnudtwy Bértiotov eAéyyov éxovtag meplopiopols un Ypapuikés
napaPolikés p.6.€. Oev elvar yevikd povabikn. (20téoo, kdtw ané kdroie§ emmAéov vrnobéoes ota
dedopéva tou mpoPANUaTOS PEATIOTOTOMONS KAl 0T KATATKELVT) TOU NUIYPAUIKOU dpov €lvar duvatoy
va aroderytel nwg vrdpyer évag povadikds éeyxos g (BAéme mx. [82, Kepdlaio 3, ged. 43]), ka1 nwg
70 avtiotoryo ovoTnua Pedtiotonoinong 6éxetar povadikr Avomn.

MpéPAnpo koctouvepnpévov ehéyyov Stokes. Mo ndav povieronoinorn tou npoPhfuatos (1.3.6)
oplleton we e€hc: Aoopévev f € L20,T;L3(Q)], yo € V(R), xou ehéyyou g € L2[0,T;L3(Q)],
avednrodye (y,p) € Ws(0,T) x L2[0,T; LE(Q)] térowo dote v o.n. t € (0,7,

(ye.v) +aly,v) +b(v,p) = (f,v) +(g,v) Vv eH(Q),
b(y,q) =0 Vg e L3(Q), (3.2.4)
(4(0),v) = (yo,v) Vv e W(Q).

Mo evodhoxtixt) aotevric woppn i to medBinua (1.3.6) xatdAAnAo yia T TepinTwon Wn opahdy apyi-
%V dedopévev, oplleton yenowonowdvrag undevinic andxhone (divergence-free) cuvaptioelc Soxiufic
%o uropel va ypagel we e€fc: Aoouévev f € L0, T;V(Q)*], g € L2[0,T;L%(Q)], xou yo € W(Q)
béyvouye y € L2[0, T; V(Q)] N H[0, T; V(Q)*] tétow dote vy o.n. t € (0,7,

<yt’v> + (l(y,l}) = <f7 ’U) + (gvv) Vv € V(Q)’
(4(0),v) (yo,v) Vv € W(Q). (3.2.5)

Tehxwg, and ™ oxomd tng aprduntrc avdiuong, wo emdupnty aodevig yoviehonolinomn xatdAAnAn
Yl TNV ovdAuon oynudtey acuveyols uedddou Galerkin, eivon vo avalntodue y € Wg(0,T) , xou
p € L?[0,T; LE(Q)] tétowe dote o 6ha w0 v € L2[0, T HY(Q)] N HL[0, T; H™H(Q)], xou yio 6ha Tt
q € L?[0,T; L§ ()],

T

T
WD) + [ (o) +a) + b0 p) de = (oo O) + [ (S.0) + (9200
T 0 0 (3.2.6)
[ b0
Jo
Axohouvdolv xdmowa oydhia Tou agopody Tig acleveic Aoeg v dioddotatwy e€lodoewy Stokes xou
v wwoduvopia Twy woppdy (3.2.4), (3.2.5) xou (3.2.6).

Ynueinorn 3.2.8. TrerOuuilovpe nws ta kAaoikd Sewprpata opaldtntas, PAéne my. [35, 102]
detyvour u edv f,g € L0, T; W(Q)] ka1 yo € V(Q) wte n Adon (y,p) twv ebiodoewy (3.2.4)
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1kavormolel Tny
(y,p) € L20,T; H*(Q) NV (Q)] N H[0,T; W(Q)] x L2[0,T; H(Q) N LE(Q)].

XYe autijy ) nepintwon o1 aolevels popeés (3.2.4), (3.2.5), ka1 (3.2.6) eivar ovoaotikd 1w0odlvaueg. Av
wa dedopéva f € L2[0,T; V*()], yo € W(Q) wdte undpyer pua povadikij acdeviis Abon mov tkavorotel
mry € L0, T; H(Q)NV(Q)NH10,T; V*(Q)], evé n nieon p ikavorotel Ty (1.3.6) j1e v évvon
g katavouns, ka y, + Vp € L2[0,T;H™Y(Q)]. Xty mapardvo mepintwon, mnpéret va molue mog
dev etvar tpogarés av n rieon avijket otov L2[0,T; L3(Q)] vnd eAdyiotes ouvdrikes opakdtnrag, PAéne
m.x. [102], ka1 ondte o1 pop@és (3.2.4) kar (3.2.6) dev eivar anapaitnta éykupes, ektds kar edv kdvouue
vnotéoes Unapéng yia Ty wieon érws p € L2[0,T; L3(Q)].

H oanexdvion ehéyyou mpoc tnv Pacxd) petofBintd G : L2[0, T; L2(Q))] — Ws(0, T), n onola cucyetile
v xdde éheyyo g v Paoud| petaBinti G(g) = yg = y(g) uéow g (3.2.5) eivon xohd oplopévn, xou
ocuveync. Emniéov, npénel va modue 6TL edv T dedouéva Tou meoBAuatog €youv emTAEOY OUOAOTNTA,
Y., €4 Yo € V(2), xou f € L2[0, T; L2(Q)], téte y(g) € L2[0,T; H2(Q) N V()] N HL[0, T;L2(Q)]
x p € L2[0,T; HY(Q) N L3(2)]. Ondre, to cuveptnolond x6010U¢, T0 onolo ouyvd cupBohileta,
J(y,9) = J(y(g)) = J(g) : L?[0, T; L2(2)] — R, eivor xahd oplopévo xor cuveyée.

Optopés 3.2.9. FEotww ta dedopéva f € L2[0,T; V(Q)*], yo € W(Q), kat yqg € L?[0,T; W(Q)].
Téte, to 0Uvodo twv anodektdy eAéyxwy (nov oupPodiletar pe Aqq), opiletar and tnv:
1. ‘EXeyxos xwpis Hepopiopiots: Aq.q = L2[0, T; L2(Q)].
2. Eheyyos pe Hepropiopols: A.q = {g € L?[0,T;L2(Q)] : 90 < g(t,2) < gp ya o.m. (t,x) €
(0,T) x Q}.

To Levyos (y(g), g) € Ws(0,T)x Az, Aéyetar du etvar fédnioro av J(y(g), g) < J(w(h), h) V(w(h),h) €
Ws(0,T) X Agq.

Axolovdel to xUplo anotéheoya ciupova we to [109] Tou agopd v Uapdn wae Bértiotne Aong:
Oedpnua 3.2.10. Eoww yo € W(Q), f € L[0,T;V(Q)*], ya € L?[0,T; L*(Q)] efvar ta doopuéva
bedopéva. Tére, to mpdPAnua Bédtiotov eAéyxouv éxer povadiki Adon v (y(g),9) € Ws(0,T) x
L2[0,T; L2(Q)]. EmmAéov undpyer icon p mov wkavonotel Ty (1.3.6) pe tny évvora tng katavouris.
Edv emmAéov, yo € V(Q), f € L2[0,T;L3(Q2)], wdre p € L*[0,T; HE(Q) N LE(Q)] ka1 to Ledyos (Y, p)
ikavororel Tny (3.2.6).

To Yootnua BeAtioTonolnong

Fpoppikd TtpéPANRe cuvoplokod Robin eNéyyxov. 'Evo olotnua elioioenmy Bedtio tonoinong uro-
pel var TPOXVPEL YPNOLOTOLDVTAG TIC XNIOIXES TEXYVIXES, PAENE Yiow mopdderypo To [109] 4 [25, Evétnta
2]. Apywd Stunddvouue TN Boaotxf LETNTA DPOPLOIOTATIS TOU SUVARTNOLIXO) XOGTOUS.

Adppo 3.3.1. To ouvaptnowaxd xéorous J : L2[0,T; LA(T)] — R efvar tiéng C™ ka1 ya kdde

g,u € L*[0,T; L*(T)],
g)u = / / ) + ag)udxdt,

émov pu(g) = pg € T
L2[0,T; H ()] N HY0, T, H

/0 ({1, ve) + a (g, v) + A g, v) 1) dt = —(pg(0),(0)) +/O (Yg — Ya, v)dt, (3.3.7)
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émov pg(T) = 0. EmnAéov, (ug): € L2[0,T; H(Q2)*].

Onéte 10 oVotnua Peltiotonoinone mou anotelelton and ) Poowxr; xan ) ouvluyh e&iowon, xou N
ouvirixn Beltiotomonong Talpvouv TN pop®nh:

Adppa 3.3.2. Eorw (§g,9) = (7,9) € Wr(0,T) X Agq ovpuporiler to povadixd Bétioto Lebyos tou
Opiopot 3.2.2. Tére, vndpyer pa ovluynis petapAneri i € Wr(0,T) mov ikavoroel, i(T) = 0 tétowo
dote yia da ta v € L2[0,T; HY(Q)] N HY0,T; HY(Q)*],

T T
(5(T), o(T)) + / (= (5 00) +a (5:v) + A5 0)p) db = (5o, v(0)) + / ((f,0) + A (@, o)) db, (3.3.8)

T T
| G+ o+ 2@t = ~o)00) + [ G-pnan @39
T
1) EAeyxos xwpis Teplopioptols: / (g + Mt u)pdt =0 Yu € Agg, (3.3.10)
0

T
2) ‘Edeyxos J€ Tepropiojols: / / (g + i) (u— g)dzdt >0 Yu € Agq. (3.3.11)
o Jr

EminmAéov, y; € L2[0,T; HY(Q)*], @ € L2[0,T; HX(Q)| N H[0,T; L*(Q)], ka1 ny (3.3.11), etvar wooddvayn
e wy ekiowon §t, ) = Projj,. g (—2i(t.z)) = Projiy, g (g%) ye o.m. (t,x) € (0,7] x T.
Andbaén. H dnwoupyia tou cuotiuatog Behtotonoinone avagépeton otn Biphoypapia (Bhéne m.y.
[109]). Tw tnv Bertiwuévn opohdtnTa Tou fi, onuewdvoupe 6Tt § — yq € L2[0,T; L?(2)] xou eqoup-
péloupe 10 avéhoyo tou Oswpfpatoc 3.2.1 yio v (3.3.9) yia va tpoxiiber mwe i € L2[0,T; H2(Q)] N
H[0,T; L?(Q)]. O

Snueiwon 3.3.3. Inuadvovue tos yia opaAd obvopo xai ya kdde v € H2(Q) égoune mwg n
kdOetn napdywyos g—f} etvar kald opiopévny kar avijker arov HY/2(T). Avtd duws bev avijkea otn
Tepintwon mov to I efvar modvywrikd ywplo (SnA. pdévo Lipschitz ovvexris), mapdlo to yeyovds éu
o€ kdOe owotdoa tov ouvrdpov (ouufohilduern ue IT';) BPAénovue kalapd mwg %|Fi € HY2(T,). I'a
anotedéopata opaAdTnTag yia yevikd moAvywvikd xwpie naparéunovpe tov avayvdotn oto [51]. Av to
atvopo efvar opadd, my. kAdong C? téve flr € L2(0,T; H3/2(T)| N H3/4[0,T; L*(T)]. Ondre unopel
va epappootel éva “mpog ta miow emyeipnua’ (“bootstrap argument”) (BAéme kar [86]) ue oxond va
Bertidoouue tny opaddtnta tov g,y. Ia napdderyua, otn nepintwon tov eAéyxou Xwpis Tepopiools,
g € L?0,T; H3>(T)) N H3/4[0, T; L*(T)] éxoupe ws anotéleopa § € L2[0,T; H2(Q)NH' ([0, T; L*(Q)],
érav yo € H(Q).

Hpuypopupikd mpdPAnpor koetavepnpévov eéryxov. Trodétoupe téhpa e 0 (¥, 9) € Aqq ebvon
wee (Tomxd) PértioTn Aoom pe v évvola tou Opopol 3.2.5. Téte, éva cvotnua BeEATiIoTONOMOTG TOL
avtioTotyel 0to TEdBAnua BéATioTou eAéYyou Tou Optopot 3.2.5 urnopei ebxoha va tapaydel Baoilouevol
OTIC YVWOTEG TEYVKES OTwe oTo [25, 50, 80, 93] nolamhactactdv Lagrange. Aoouévev v f, Yo, Yd
%o (XavonoLdvTag Tig utovéoelc to Oplopol 3.2.5, avalntotyue y, u € Wp(0,T) tétolo hote yio Oho
v e Wp(0,T),

T

WD) + [ (= {000 + alwr) + 000t = o) + [ (150 + (00t

0
y(0,2) = yo,
(3.3.12)

[ (v + atie) + 6 @) e = 0. 00) + [ (0= o), (5.13)
H(T’ $) =0,
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T
/ (g + pyu)dt =0,  Yu € L2[0,T; L*(Q)]. (3.3.14)
0

Inueiwon 3.3.4. Ilapatnpolue nws olupwva e tny ovvdikn feAtiotonoinong éxovpe 6t 0 édeyxos
g elvar ot mpaypatikéTnta opaldtepos, dnAadry g = —(1/a)p € Wp(0,T). To tekevtaio pmopel
va xpnowornonOel ya va Bpovue anotedéopata Pedtiopévng opaddtntas ya tn Paowkny kar ovluyr
petapAnth péow evds “mpog ta miow emyeipnua’ (“bootstrap argument”’), drav elvar Sradéoun emmAéoy
opaAétnta ota ya, f, Yo.

MpéPAnpo katavepnpuévou eéyyov Stokes. Opolwe pe mponyolueva and [56, 109] # tapduoto pe
(13, Evotnra 3], dtotumedvoue 1 Baotxd IBGTNTo SlopoplottdTNTIS TOU SUVARTNOLIX0) XOGTOUS.

Adppa 3.3.5. To owaptnoiaxé xéorovs J : L2[0,T;L2(Q)] — R eivar wdééng C™® kar ya kdle
g,u € L?[0,T; L2(Q)],

T
Tign= [ [ () + agyudsi.
0
émov pu(g) = pg € Ws(0,T) elvar n povadixiy Abon tov axdlovlov mpoPAipatos: I'a da ta v €
L2[0, 75 V()] N H'[0,T5 V(2)*],

/{; (g v0) + aptg, 0)) dt = — (1 (0), 0(0)) + / (v — v, v)dt. (3.3.15)

0
émou pg(T) = 0. Emmdéov, (ug): € L2[0,T; L3(Q)], ka1 vndpye nieon ¢ € L2[0,T; H () N L3()]
Tétola bote N pos Ta Tiow oto Xpdvo eklowon Stokes ikavonoettar pe Ty aodevij évvowa (3.2.6).

Onéte 10 oVotua Pertiotonoinone mov amoteheiton and v Boaoixr xau ) ouvluyn e&lowon, xa n
ouviun Pedtiotonoinone nadpvel Ty axdrouvdn popen:

Adppa 3.3.6. Eotw (§g,9) = (4,9) € Ws(0,T) x Asqg ovpBorila o povadixé fédtioto Lebyos tov
Opiopot 3.2.9. Ondre, vrdpyer pa ovluyns petapAnt i € Wg(0,T) mov tnv wkavonoet, ji(T) = 0
wétowa dote yia 6ha ta v € L0, T; V(Q)] N HL[0,T; V(Q)*],

T

T
(y(T»v(T))f/O <7<g,vt>+a@,v)>dt:@mv(o»f/o (f.0) + (@) dt,  (33.16)

T T
| @+ atw ) de =) 00) + [ @ yav)er, (3317)
0 0
T
1) Eleyxos xwpis nepiopiopols: / (g + ,u)dt =0 Yu € Agq, (3.3.18)
0
T
2) 'EAeyxos e mepropioiols: / / (ag+p) (u—g)dedt >0 Yu € Agq. (3.3.19)
0o Jo

EmmAéov, g, € L2[0,T; V(Q)*], i € L2[0, T; H2(Q)] N H[0, T; L2(Q)], xa1 n (3.3.19), efvai w0oddvayun
e wy eflowon §(t,x) = Projig, g, (—1f(t,z)) ya om. (t,z) € (0,T] x Q. EmnAéov, vndpxer pa
nieon ¢ € L*0,T; HY(Q) N L3(Q)] rov ovoyetiletar pue tn avluynd petafAnti fi mov ikavonoiel to mpog
Ta Tiow xpovikd eEeliktikd TpdPAnua Stokes, ue tny évvoia tng (3.2.6).

Anddeitn. H xotooxeur; Tou cuothpatos Behtiotonolnone Beloxetoan otn Biphoypopla, .. oto [109].
T Bedtiouévn opehdtnta tne i, mopatneobue tog i(T) = 0, xu § — yq € L2[0,T;L%(Q)] xou ondte
7 (3.3.17) unodnhdver e éxovpe i € L0, T; H2(Q) N V(Q)] N H[0, T; L2(2)]. Tw tv operdtna
e avtiotoyme nleong ¢ avapepduaote otn Lnuslwon 3.2.8. O
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Snueiwon 3.3.7. I'a Pedtiwpérva amoteAdéouata opaAdTNTAS M€ TEPIOPITUOUS TTOVY €AEYXO, Tapa-
Oéroupe tov avayvdatn ovo [13, 14]. Av to olvapo eivar ouadd, m.y. wAdons C? tére g € H () N
C[0,T; HY(Q)] N L2[0, T; WhP(Q)] brav yo € V(Q) ka1 f € L2[0,T;L2(Q)]. ITo ovykexpiiéva, ot
(3.3.16) xa1 (3.3.17), rnaipvovy Ty axélovdn popeii: Ia dda we v € L0, T; HE(Q))NH 0, T; H1(Q))],
kar q € L2[0,T; LE(Q)],

GO )+ [ ({500 +al@) +bep) e = o) + [ (o) + @) a0

T
/ b(y,q)dt =0
0
T - T
/ () + a(v, ) + b(v, 8)) dt = —(7(0), v(0)) + / (5 — ya, ),
0, 0 (3.3.21)
/0 b(g, q)dt = 0.

Orndre, etvar EexdOapo du np, ¢ € L2[0,T; HH(Q)NLE(Q)]. Oav dev vrdpyouvy mepropiapiol wéte eniong
unopel va epapuootel éva “rpog ta wiow entyeipnua’ (“bootstrap argument’’) pe orxond va Perticdoouue
Ty opaAdTnTa Twvy g, i, Y.
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To doxprtd TEOBANUA BEATIOTOU EAEY Y OU

E8¢ Yo ueAeTHO0OUUE TN XATACKELT] Y DPGV TETERUOUEVKDY TTOYEIWY Yot Ta TeoBAuaTa TOU TRPOUVApER-
Yoy, To Thfpwg Slaxprtotomuévo tpdfinua BEATiotou ehéyyou xadig xou Tic cuVIxeS evoTddeLog.

4.1.1 Ipoxorapxtiny| PeRETN xon WOTNTES TAEYUUTOS

Tuvoplakéd TpoPANRe Robin eAéyxov. Oewpolue pio oixoyEvelo Tprywvorotioewy (ag molue
{Th}tr>0) ToU Q opouévn pe o xhaowd teomo ([34]). T xdde otoieio T € T; cvoyetilouyue
duo mopapéteous hr xan pr, mou cuuBorilouv T dduetpo Tou cuvérou T', xou TN SIHUETEO TN Ue-
yahOtepng pndhag mou mepéyetan oto T avuotoiyws. To péyedog tou mhéypotog ouuPBolileton ye
h = maxyer, hr. Oo Yewendolv ol axdrovdec xhaouég WBLOTNTEC TOL TAEYUATOG:

(7) Trdpyouv duo Yetinéc otadepéc pr xou o7 TéTolES d)o're% < pr xou h’—; <7 VT € Tp, xou Vh >
0.

(17) Aooyévou h, éotw e {Tj};yz’”l oLUBOMZOUPE TNV OXOYEVELX TOV TELYWVWY TIOL avixouy oto Tj, xou
€éyouv uia Thevpd oo oivopo I'. Ondte av ou mhevpég tou T; NI ouuBokilovtan pe 51, T 41,0 TOTE N
eudelor ypapyun [z, 2j41,r] = T;NI. Xe autd to onueio, Yo Ydewphoovye enfone twe 1.1 = TN, +1,r-

éver oo Théype T, Yewpolpe Tenepaopévoug dlavuopotixoie yoeou U, C H () xataoxeuaopévous
and Tunuatixd tohuwvupe atov 2. Khaowée unodéoeig Yewplag npoceyyioewy Yo yenowonomboly oe
autole Toug yopoue. o cuyxexpéva, yia xdde v € HHL(Q), undpyer évac axépoiog € > 1, %o pia
otodepd C' > 0 (aveEdptntn Tou h) TéTow WOoTeE:

inf |lv—wvpllgs) < Chl+1_s“v||Hl+l($2), yio 0 <1 <fxus=-1,0,1.
vp €UR
Xenowonoolpe enione, avtiotpoges avicotnres (inverse inequalities) otic Pevdo-opolduoppes (quasi-
uniform) tprywvonowioeig, Snhadr undpyouv otadepéc C > 0, tétoieg dote ||up || g1y < C/h||vallL2(q),
xau |Jvpll2e) < C/hllon |l g1 ), xTh

Or mpooeyyioels Yo xataoxevasTony ot wo Peudo-opotduopen (quasi-uniform) diewépion 0 = 0 < 1 <
o <tV =T 700 [0,T7], dnhedr undpyer o otodepd 0 < 0 < 1 tétola dote ming—1, . (" — ") >
Omax,—1 . n(t" —t""1). Enlonc yenowonoolye 10 cupgfohiopd 70 =" — "1 r =max,—; N T"
xon oplloupe pe Pr[t" 1, ¢ Up) 10 xtpo 1V toluevipny Baduol k A wxpdtepo éyovioc tyéc oTov
Up. Wéyvouue mpooeyylotixég MIGES TOU aviXOUY GTO Y(OEO

Uy, = {yn € L*0,T; H(Q)] : yn

(tn—1,n] € P [t"il, t"; U}J}

Ou ouvoptioelc Tou U, elvon aplotepd ouveyeic ue 8edid dpla xan omdte Vo Ypdpouue yp = yp_ yio
yn(t") = yn(t™), xou eved n acuvéyelr oto ", ovuPorileton pe [yp] = Y, — Y5 LT0UC TUPATAVL
oplopole €youpe uodethoel to ouUUBOMOUS Y » = Yn, Upr = Uy x.T N\ T ) ypovixn Slaxpitonol-
non emxevipwvéuacte ota oyfuota younhhc Wéne (K = 0) xou v acvveyh uédodo Galerkin mou
avtiotoyel otny éuueon pédodo Euler. Aivoupe éugacn oto 6Tt GAho oyfuate (GUUTERLAUUBOVOUEVOL
¢ avdaipetne TdENe oe Ypdvo xou yweo) utopoly va cuprepthn@dody ot mopoloa uekétn. Qotdoo,
1) TEQLOPLOUEVY) OUUAGTNTOL OmOTENEL EUTODIO Yior TN HERETN OYNUATOV AVOTEPNS TEENG.

Do ™ wetaBAnth eléyyou €youue Buo EMAOYES Yio TN TEPINTWON UE TEPLOPLOHONE Xou TN TEE(mTWoN
Ywelc Tepoplopole avtiotolywe otov éheyyo. Kou otig duo nepintioei ) Sloxpitonomot| pag eoptdton
and ) cuviixn Behtiotonoinong, Bhéne m.y. [30].
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ITepintwon 1: 'EAeyxor xwpic nepropropovs: Egapuélovye pa Swaxpitonoinon nou emtpénet
TNV TAEOUCTO AOUVEYELDY, T.Y., opilouue

Gn = {gn € L?[0, T; L*(T)] : gn|(gn-1,4n] € Pu[t" ™", t"; Ga]}.

Yt ouvéyela Tpoodlopileton évag olupoppos Lndyweos (conforming subspace) Gy, C L2(T) oe xdde
xpovixd didotnua ("1, "], o onolog avorotel Tic xhaoinéc WdTNTES TPOCEYYIoWdTNTAC. T deyouy
xou GAheg emhoyée tou Gp. Ebd emxevipwvéuacte oty guod emhoyh G, = Up|r xou yior yiot
AETTOUEPECTERT OVAAUOT) TIUPUTEUTOUUE TOV ovary vedoth otat [52, 57]. Tt toug umohoytopols GPaludTemy
Vo ypewotel wévo L2[0,T; L?(T)] opeddtnia. Suvodilovtag, yio THv EMAOYT TUNUATIXG YEOUUUXOY
TONUGVOUOV (0TO YMPO), ETAEYOLYE:

Uy, ={v, € C(Q) suplr € Pr, v Oha o T € Tp b,
Gp ={up e C(I): uh‘[zf,,rmﬂ,r] €P1, viwi=1,...,Np}.

ITepinttwon 2: 'EAeyxor Me Tepoptopd: X’ outh ) meplntoom, c@aupuoélouvue v opyn
droprronolnone petofohdv (variational discretization concept), BAéne m.y. [65] Tou emitpénel T QuoA
Blaxpltomoinamn tou eAéyyou péow g culuyolg UETOUBANTASC Xou Bev BlaxpLToToloVUE T METORBANTA
ehéyyou ancuieiog.

Hpypopupikd mpéPAnpar kartowvepnpévon eéyxov. ‘Opoto e T TponyouUeYn TEPITTMOOT TOL GUVO-
ptoxol Robin ehéyyou, ol mifpwe Slaxpitonoinuéves npooeyyioei xataoxeudlovton oe pia Sopépion 0 =
0 <t! <... <tV =T=000,T] Zexdde ypovxd ddotnue (11, "], wixoue 7, = t"—t"~! npocdio-
plleon évac undywpoc UP tou HE (Q), xou Yewpetton noe xdde U ixavonotel to xhaoixd Yewpntind omo-
teréoporta npooeyylowotnros ([34]). Enione dewpolue 6t o ypovixd Bruota etvon Peudo-ouoidpoppo
(quasi-uniform), dnhadh, undpyer 0 < 6 < 1 ttol0 Gote Miny—1, N Tp > @ MmaxXp—1,.. N Tn. Thpa
Py vouue Tpooey Yo TXES NICELC OL OTIO(EC AVIXOUV GTO YWPO

Up = {yn € L? [0,T; H& Q)] : yh,|(t7171’tn] € P [tnfl,tn; U}

E3¢ pe Pr[t" 1t UR] oupBohilouue 10 yOpo TV Tohumviuey Buduod k 1 wxpdtepou éyoviag
wwéc otov U'. Emlong yenowomowlye tov axéhovdo cuufBoloud, yn» = Yn, Un, = Up n.TA
H Swxpitonoinomn tou edéyyou umopel va emiteuydel anoteheopatixd uéow Tng dlaxpltonoinong tng
ouluyolg petafintic p. Qotéoo, tovilouue 6T 1 woVN LTEVEST, OUARGTNTAS VLol TOV DAXELTO ENEYYO
ebva g, € L2[0,T; L2(Q)].

Katd oOpBaocn, n ouvapthoelc Tou Uy, elvan apliotepd ouveyelc e delid dpla xau omdte ypdpouyue (vio-
Vetdvtag 1o ouuBolopd) y™ v yu (") = yn(t™), xon ¥ yia yu(th). O mopundve cuufolopds do
Yenoulomoleltar eniong yio T CUVEETNOY CPINIATOC € = Y — Yp. DVUPWVIL UE OTOTEAEGUOTA ATO YV~
016 Yedpnua eppiteuone Wp(0,T) C C[0,T; L3(Q)] (Préne m.y. [43, Kepdhowo 5]), n axpiBiic hoon
y ebvar otov C[0, T; L2(2)]. Etot 1 aouvéyelo (jump) vt 1o opdhpa oto " ouuPorileton pe [e"] xou
ebvou [e"] = [y"] =yt —y".

MpéPApro kortavepnpévov eléyyxov Stokes. Oupolwe opiletar plar 0XOYEVELD TELYWVOTOMOE®Y
(ouuPonloypevn énwe oto [34] ye {Thth>0) Tou Q. Oewpolue 6T xdde oroyelo T € T, duo Tapdue-
teoL hy xou pr oupPBolilouv 1 Siduetpo tou cuvéhou T, xau T JDIGUETEO TN UEYOAITERPNS UTENOC TTOU
nepéyeton 0to T avtioTolywe, xou To oyetixd uéyedog mhéyuatog ovuBollouevo ye h = maxrper, hr.
Trovétouue g oxdhoudeg WBLOTNTEG TAEYUOTOS!

(i) YTrdpyouv duo detxéc otadepéc pr xou d7 TéTolec HOTE ﬁ—; < pr xon % < 67, VT € Tp nou
Vh > 0.

(#1) OpiZoupe Qi = Urer, T %o oupBohiloups pe Qp, xou T, 10 €00TEpG %01 T0 GOVOPO AvTIGTOLYWC.
Enione unodétoupe nwe ot mheupée tou cuvbpou tou T, elvon onueio tou T'.
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Yto miéypa Tp, Yewpolye duo merepaopévne didotaonc yopoue Yy, C H(Q) xu Qp C L3(Q) xorto-
OxEVUOUEVOUG amd TUNUATIXG ToAUGVUPS 6ToV £, Ta omtola undeviovtan otov  — Q. Tapatnpolye
WS XATw And TNG TAPUTAVEL UTOVECELS XATAOXEUHS, av 0 £ elvan xUpTdS, TOTE o 0 £ elvan xUPTOG,
x| — Q| < Oh2. O nopamdve unodéoelc eivon dpreTéC UE OXOTH VoL TUPAYOUPE EXTYIFCELS YLoL T
TEPLTTAOOELS 6TIOU ToL oipyxd Bedopéva avixouv otov W(Q) 4 V(Q).

/

H unédeon yia 1o ywplo va elver x0ptd xou mohuyovixd (f mohuedpixd otov R3) ebvon amapaitnTn
epboov Bev ebvor YvwoTtd av 1 xupTdTTa elven dpxeth va eyyundel v H? elerntied opohdtnto tov
ooty elodoewy Stokes otov R3. Emnhéov, meplocétepn opohétnia 6o clvopo I' (ovouaostixd
C3) unodnhdver Ty H? opodétnto yia Tic otaminée Stokes, ohhd Tumixd amoutolvton Toh) TEpIoodTERO
nepimhoxa otouyela. ‘Otav éyouue va xdvoupe ue oyfpota udmiotepne t8éng, divouue éugoaon otny
emnhéov opohdtnta 6o I' mou npénel va unodécovue BAéne o opdderyua [35, 102], woll ue cuvidixeg
ovuBatétnrog ue oxond va e€aoparicovpe Y XATIAANAN opuahOTNTA Yior TiG AVOELG.

Khaowée unodéaeic Yewplog npooeyyiowotnog Yo egapuoctoldy oe autols toug ydeous. Iho cuyxe-
xowéva, yio xdde v € HHL(Q)NHE(Q) undpyer évac axéponoc £ > 1 xon pua otadepd C > 0 (aveEdptntn
Tou h) tétow MoTE:

in‘f{ lv —vnllas @) < C’hH'l_SH11||Hl+1(9>7 yio 0 <1< lxus=-1,01. (4.1.1)
VhEY R

Enione yio x&de ¢ € HY(Q) N L2(Q), étav

inf [lg = gnll2@) < CR'llgll oy, T 0<1<E (4.1.2)
ahE€EQN

Emnmiéov, ot ydeor Y, xon Qp Teénel vo ixavomotody Th ouvdfixn péylotov-eNdytotou (inf-sup), dnh.,
undpyet éva C' > 0 (aveZdptnto Tou h) tét010 BoTE

b )
inf  sup (vn, an)

> C. (4.1.3)
1 €Qn v,eYy 1vnllE @) lanllz2 )

Oewpole eniong to Blaxpltd undevixhc andxhone avdhoyo tou Y xar cupfBolileton ue
Up={vn € Yn:b(vn,qn) =0 Van € Qn}-

Eniong Yo xataoxevostolv tpoceyyioeic ot pia peudo-opolbpopen (quasi-uniform) Siopéplon 0 = 0 <
th < ... <tV =T v [0,T], nhad, undpyer wo otadepd 0 < 6 < 1 téow GoTe Min,—q, N (" —
t"il) > fmax,—1,  n(" — t"il). SupPorilovue pe " = t" — Tl = maxp—1,.  NT", UE
Pelt" 1t Y], Prlt" Lt U], xon Pyt 7 Q] touc xdpouc v mohuevipey Baduod k 14
Aydtepo, éyovtoag Twég otov Yy, Uy xou Qp avtiotolyws. Avalntolye npooeyyloTixég Aoe Yo T
TayOTNTO X TN TEON TOU AVAXOLY GTOUC YHPOUS

Y = {yh € L2[0,T; H(I)(Q)] : yh‘(tn—l?tn] S 'Pk[tnil,tn;Yh]},
Uy, = {yn € L?[0, T;H(Q)] : ynlgn-1,m) € PRt 1% U},
O = {yh € L? [OvT; L%(Q)} : yh'(t"*l,t"] € Px [tnilztn; Q}J}‘

H endpevn onueiwon eotdler ) mpocoyy| yag oto yiati 1 xpfion Bou Baduod Tohuemvipeny K¢ Teog To
Yeovo elvan 1 puoixs; emhoyT yia Tn Saxpttonoinon (o710 ypdvo) tne meomne.

Ynueiwon 4.1.1. Eivar pavepé on to avdloyo tou Oakpitod undeviknig anékAlong UmoXY@pou Tou
,Pk[tnilvtﬂtyh] GI/V(ZI, Z}? = {vh S Pk[tN71atn;Y}L] : fttn—l b(”h»qh) = 07 Vq}L S Pk[tn717tn;Q}L}}'
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Tée, to [32, Afppa 2.3] vrodnAdve tws o Z1 = Pi[t" 1, ¢, Uy]. Ondre, unopotue va ypdipoupe éu

T
zZ, = {Uheyhi/ b(vn,qn) =0, Van € Qn}
0

{Uh S yh : Uh'(tn—l’tn] S Z}T:}
{vn € Yh : vnlgn—1,4m) € Pult" ™", " Un)} = Up.

Iapanéumovue tov avayvdotn otny [32, Evétnta 2] yia nepioodtepes Aentopépercs.

Ytoug mapoandve cupBoliopois, xatd olpfoon, ol cuvapThcels Tou Uy, elvan aploTtepd ouveyeic pe dedid
opro. Onde Yo ypdpouye y™ yio to y(t") = y(t™), y171 yiol To y(tifl)7 Yy to Yy (E") = ya(t™) xon
Yy Yo 0 y(th), evéd n acuvéyewa (jump) oto " cupPoliletan pe [yi] = Yy, — yi- LToug mopamdve
oplopolg, €youpe enlong yenoylomooel Tov axéhovdo cUUBONGCUS, Yn.r = Yn, Vhr = Vhy Unr = U
%x.T.h Auto e€autlag Tou yeyovotog 6T 1 mapdueTpog ypovixig dlaxpitonoinong T unopel vo emheyel
ave&dpTtnn Tou h.

ToviCoupe Twe dAho oyfuota (6Tee oynudtwy avdoipetne TN oTo ¥pdvo xa oTo Ykpo) Yo cuunEpt-
Mnpdodv otic mapaxdte anodelelc. 201000, 1) TEQLOPIOUEVY OUAAGTNTA AMOTEAEL PEAYHUO OTNY AVETTU-
&n extioewy vPNAdTepne TEENC, TOLAYLOTOV GTNV TaPoLGia Teploptol®y otov éheyyo. H mepintwon
OYNUSTOV YauNnhic TEENG 0TO YDRO XaL GTO YEOVO EYEL AVTIHETWTIOTEL UE AETTOUEREL OTIC TPOCPATES
epyaoiec [13, 14] v o npdPhnua eviomopol tayvtntag o poéc Navier-Stokes, ue mepoplogole ylo
Tov éheyyo, dTav o dedopéva ebvan yo € V(Q), f € L0, T; L2(Q2)].

Tt v petafBhnt edéyyou éyoue duo EeyweloTéc ETMAOYES Yia TN TER(MTWOT Pe %ot Ywelc TepLoplopole
avtiotoiya. Ko otic Buo mepintdoeic 1 Saxpitonoinon yag éyet we xiviteo tn cuviixn Pedtic tonoin-
ong.

ITepintwon 1: I'a eAéyxovg xwpiS TeP10p1oovg: Mag anacyoholy oL QUOIXES YWEOYPO-
VIXEC DLUXPLTOTIOLAOELS IOV ETUTPETOLY T Topouaiar aouVEELDY (0To Ypdévo). Eldtepa, opilloupe we
G = Vi Tta embpeve Yo YpelooToNUE Yo TIC eXTfoELS o@ohpdtev uévo L20, T; L2 ()] opohétro.
ITepintwon 2: I'a eAéyxovg e mepropropuovg: Ioapduolo ye ) nponyoluevn neplntwon,
pog amaoyoholy ot apyés dlaxpltononorng uetafordy Préne .y. [65] ol omoleg emtpémouy T QuUoKA
Bloxpltomonam Twv eEAEY YWY PEow Tng culuyolg petaBintng. Xtnv ousia Sev Swoxpitonotolye aneudeiog
™ petaBAnTh eréyyou dnhadh otov Gy, = L2[0, T; L2(Q)].

4.1.2| To mipec dloxpitononuévo TedPAnua Bedtiotonolnong

Fpoyupiké TpdPANoL ouvoplakod Robin ehéyxov. To acuveyés ypovixol Bruationol mhfpns do-
XPLTOTIOLNUEVO Oy AT Y10l TNV omEdVLON ToU eENéYYou otn Paowh petoBinTh Gy, : L2[0, T; LA(T)] — Uy,
n onofa cuoyetilel o xdde éheyyo g oty Baocixr tou uetaBAnth Gr(g) = Ygn = Yn(g) opiletan
oc e8hc: T xdde g € L2[0,T; L%(T)], vy doopéva dedopéva y° € L3(Q), f € L2[0,T; H'()*],
xou otéy0 ya € L2[0,T; L*(Q)] avolntodue yn € Up tétolo dote yio n = 1,..., N, xou yio ke o
Vp € Pk[tn_l,tn; Uh]7

ot
(yﬁv UZ) + / L ( - <yh,7 'Uh,t,> + (L(yhy 'Uh,) + )\<yl17 Uh,>F)dt
tn—

= (rtoeh +/
t

g

) ((f7 vn) + Mg, Uh>l">dt- (4.1.4)

TNUELOVOUUE TS GTOV Topamdve oploud yeewdletor wévo g € L2[0,T; L3(T)] opohdtnra: yior va ETohm-
YebeTon To mAripeg Blaxpitomoinuévo oyfua. Trohoyiopol euctdielag ota onueio TnE ypovixng dlauéplong
xaddS xon ou L2[0,T5 HY(2)] xn L2[0,T; L?(T)] vépuec ehxoha mpoxdntouy 9€10vTag vy = yp, 0TV
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(4.1.4). T Toug vrohoyiopole ot audaipeta Ypovind onuelar UTOPOUUE Vol EPUPUOCOUNE TEXVIXES TTOU
Topouctdotnxay oty [31, Evétnra 2] v yevixée ypauuxée napaBolixés eiomoels, (BAéne eniong [23,
Evétnro 3] v unohoytopolc euotddelag ot nurypauuxés mopaohxéc w.b.c. ue Robin dedoupévar).
Iupbuoa pe 0 cuveyr| TEpNTWO, N TAEWS BIAXELITOTOMNUEVT) ATELXOVIOT) artd Tov EAeYy 0o oTr Boaoixy
petoBhnth G, + L2[0,T; L2(T')] — Uy, civar xohd oplopévn xan ouveyrc. Axohoudel o oplopéc tou
SuaxpLtomolnuévou teofifuatog Beltiotonoinong pe éleyyo oe Robin cuvivxeg:

Optowéeg 4.1.2. Eotww doopéva dedopéva f € L0, T; H (Q)*], yo € L*(), ya € L?[0,T; L*(Q)].
Yrodérovpe éui To alvolo Ty Sukprorompévwr emduuntdy e\éyxov ouupoditetar pe A%, = G, N

Aoa, ka1 éorw Jp(yn,gn) = %fOT Jo lyn — ya|?dzdt + %fOT Jr |gn|2dxdt. Edd wo Lebyos (yn,gn) €
Uy, x A2, 1kavoroiel tny (4.1.4). ‘Otav to Lebyos (G, Gn) € Un x AL, téte Aéie s elvar e fédniotn
/\130‘!) av Jh(gh:gh) < Jh(wh,uh), V(wh,uh) S uh X Agd'

H Onap&n Mong tou dtaxpitonomuévou npofAfuatoc BEATIGTOU eéYyou unopel va amodeyVel ue xho-
OWES TEYVIXES, EVEY 1) LOVAOWOTNTA TEOXOTTEL Omd TN BoUn TOU GUVAPTNOLIXOV, oL TN YEUUWMXOTN
o e e&lowong. O Baoixol utohoyiopol evstddelng avagopd e to Béhtioto Lebyos (Yn,gn) €
Wr(0,T) x L2[0,T; L*(T)] uropel elxoha vo mpoxder. Tlopadétoupe oTn GUVEXEL TOUC UTOAOYL-
ouole oe audaipeta ypovixd onuela yior oyfuata audaipetne T8Ene we eAdytoTeg UTOVECELS OPOASTN-
T, UOUETNUEVDL X0t TpooopUocuéve o1 Buad pog Tepintwon and v [23, Evotnra 3. Ou utoho-
yiopol eotidlouv ) mpocoy pag oTo YEYOVOS OTL M Quolxh emhoy g Slaxplthc evepyelaxic vop-
o v T Boowd uetaBAnTh oxeTid ue acuveyr oyfuoata ypovxol Bnuatiopod eivon ||.l|w o) =
||~||L2[0,T;H'(Q)] + H-HLOO[O,T;L%Q)] + ||~||L2[O,T;L2(F)]A

Adppa 4.1.3. Eoww yo € L3(Q), f € L20,T; HY(Q)*]. Av (yn,gn) € Un x AL, ouuporila o
Levyog Aboewy tou dakprronompévov mpoPAripatos Bértiotov eAéyyou. Tdre,

A /2
||?/hHLoo[o,T;L2(ﬂ)] < Cmax {1, (a) }(H?/OHLZ(Q) + HfHL2[(J,T;H1(Q)*] )-

Ebd, n C > 0 e&aprdrar and to 1/Cpmin{n, A}, Cy kai to Q aAAd 1 and ta «, T, h.

Andbaén. Bhuo 1. Egpdoov to Ledyoc (§n,0) eivan éva emdupntd Léuyog yio to doxpitd mpdfBAnua,
elvou

_ IR _
J(Ynygn) < J(Gn,0) = 5/0 9n — deZLZ(Q) <C (Hyh”iz[omm(m] + ||Z/dH2Lz[o,T;L2(Q)]>

<C <Hf||L2[o4,T-,H1(Q)*] +119oll p2q) + ||de2L2(Q)) .

Brpo 2. Oétovtag vy, = yp otn oyéon

ot

(ynvvn) + /tn—l (<7yhyvh,t,> + (L(yh,yvh,) + A <yh,7vh>[‘) = (yn717 ’Uz_l) + \/tnlfl (<f~ /Uh> +A <gh,7'Uh,>l")

éyouue

1 ni2 1 n—11(|2 1 n—1)12 " : 2 A
3 v HL2(Q) + 3 H[y ]HLz(Q) -3 Hy ||L2(Q) + - Cpmin{n, A} HthHI(Q) + 1 Hyh||L2(1") dt

n—

-
1 2 7
< / ((T mind, A} £z 0y + A “gh“m) "
n—1 F

, , . " , ,
L1 GUVEXELDL YPTOLUOTOLOUUE TO PEAYHA YL TO [, ||g;,,\|2LQ(F) dt amd ) oyéon J(yn, gn) < C (Hf”LQ[O’T;H. @ T lwollrz2@
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o TT{PVOUPE

n—1

n . A
157 sy + D Ul + [ (Comingn X Ylun i oy + Manl ey ) < Comae(, 2},

i=1

Brpa 3. Eyetxd ue to @eedyua o avdalpeta ypovixd onuela yenoylototolpe Ty exVeTin Topeu3ohT
e=P=" Dy, suuBonlbuevn ue

- -

- _(p_gn—1
/ (Ynt, Yy, )dt / (ynesyn)e "7 Dt
t t

n—1 n—1

1 n _m_gn—1 1 n— 2 1 n—1112
= 5l W e+ S e — 5 19 e

p o ma
5 [ Il e e

Lo et 0o |+ ) (o),

Aro 1o Jedpnua npofolic T0 Y, @eAcCETOL Ao TO Y, ENloNG Elvor

IN

[ttt < G s

n—1 tn

e o
(e < GEmingn} [ 1y b+ Crmingn ) [ lonl o .
tn—t gn—1

+n
\/trn—l

" n

t" 2
A
-~ — 2 2
/tni1 A ‘<gh,7 yh>r‘ + A ‘<yh7 yh>F’ dt < \/tnfl ”gh,HLz(F) dt + Ck:()\ + 4& )/tnil ”yhrHLHF) dt.

Onodte

n

1

S 1 ¢ net
e N ey = g N Wy + 5 [ 197y 0 e

1 2
3 ”ynHL2(Q)

1 . .
<Gk / (C—F min{, A} 1[5 - + (0 + Crmin{n, A lynllzs o) + @ lgnl 72
t

+A+ E) Y22yt

- _ 1
o TEMXG EYOVUE Ylo p = =

Tn

1. o a2 1y 2 N "
5 Hy Hi%ﬂ)e ! +§ H[y 1]||L2(Q) - 5 ||y 1HL2(Q) + (e 1/27—71) /tni1 HthiQ(Q) dt

min{n, A .
<O [ (A 1 + -+ Coming AD s oy + @ lon

+(A+ ;) lynllzz))dt ) -

Enlone and v avtiotpogn extiunon (inverse estimate) Hyh”sz(Q) < % ftt:fl Hyh||i2(g) dt éyouue

n

gl g pon1.om, ez < Co (8" 132 + / ((/Ce) minfn, A1 1 g

tn—

+ (- Cpmin(n, ) [ 11y + @ lgnlaey + A+ 3/0) ey ) )
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oTmoTE 0 6pOG thHiz(F) (PEAOCOETAUL OTIWS TEOMNYOLUEVKS Xou €YOUUE T {nToduevn extiunon.

YNUELDOVOUUE TS 1) TORATAVE EXTIUNGT ElVo EYXLET 0XOUN XAl YLOL T1) TERITTWOY TWV TEPLOPLOUDY GTOV
éheyyo vrodétovtog 6t 0 € Agd. |

Hpiypoypupikéd tpépAnpo kowtavepnpévou eérxov. H Sopith Paownr| e&lowon unopel va optotel
¢ axorovdng: Kdtw and tic utodéoei tou Optopot 3.2.5, avalntolye yn € Uy, TéT010 OoTe Yo xdde

)+ [ (= o)+ ol o) + (B, on) )t = (707

n—1

.
i / 1((f,v;,,>+(g;“vh))dt, Vo, € Pt 1,87 U7, (4.1.5)
t

n—

yion = 1,..,N. To doxprté emdupnté olvoho AL, xor o dlpitd (tomixd) mpdPhnua Bértiotou
ehéyyou elvan Tdpa xahd oplouéva xot’ avahoyioy e TO cuveyES TEOBANUA.

Optowoe 4.1.4. Trobérovue nwg 1woxovr o1 vtodéoes mov avagépaje oto mponyoluevo Kepdiaio.
1. AL, = {(yn, gn) € Uy, x L2[0,T; U] téroro éote va wxde n (4.1.5) }.

2. Awxpreé Péltioto (tomikd) Béltioto Zebyos: Wdxvouue {ebyos (yn,gn) € AL, térowo dote
J(Yn, gn) < J(wn,up) ya da wa (wp,up) € AL, érav
llyn — wnllL2005m3 @) + 190 — wallzojo 2] + lgn — unllzzo ey < 6 ya xardAdnio
emreypuévo &' > 0.

‘Eotw gy, etvon 1 Aoon tou (4.1.5) yweic éheyyo. Xwplc BPAEBN tne yevixdtnrog, efvon xatavontéd 4t to
Cevyoc (§,0) € Ay, xan 8 eivan emheyuévo pe tétolo 1pémo Gote va dacporileton 6t J(yn, gn) <
J(Gn,0). H anddeln e Onoping Bétiotng Aong tou Blaxpttol TeoBAAUATOS xat Tou ovtioTolyou
BdroxpLtol suothpatog daxpttononone (Ing Té&ne Luvdfun Bektiotonoinong) onattoldv unohoyiopoie
euotdidetog v ) Abon g (4.1.5), und vnodécec endyotne opohdtntag (BAéne Ty, [22, Evétnta
3]). Autol oL utohoyiopol euotddelas ypetdlovton ET{oNg Yiol Tn TOEAYWYH UTOAOYIOUOY cpahpdtwy. H
vopua |lynllx = llynllejo,rsrz ) + llvnll 20,7851 () xenowonoeitor we o uowxy evepyetnd vopua
nou oyetileton pe ) dG yovrteronoinom, epocov 1 daxptt) yeovin) Tapdywyog dev napouatdlel xopio
ouctao T opoAdTHTY €Tl TNG TUEOLGIAG AGUVEYELDV.

Kdtw amd ti¢ emnpdoieteg unodéoelg yior Tov Nuypapxd 600, Tapdyoupe €va @pdyuo euctdielag, To
omofo Bektidvel Ty e€4pTNOT TOU T GE OYEON UE TN TOUPHUETPO TOWAC ( CUYXEVOUEVA UE TO ATMOTEAEGUA
Tou [22, Afupa 3.6].

Yrné9eon 4.1.5. Trodérouue tos to {t"}N_, ovuforiler pua pevdo-opuoiduopen (quasi-uniform)
bapépon wov [0,T]. EmmAéov tng Ynédeong 3.1.1, vnodérovue mws o ¢ kavomoiel tny axélovin
vndleon: Ta GAa tan = 1,..., N ka1 s1,s5 € L2[t"~ 1, 1" L2(Q)], pe |51 — sall L2pen—1,en.12(0)) < €, Y
kdnoio € > 0, vrdpyer Cp, > 0 (adyeBpikrj otadepd) térowr dote

6(s1) — @(s2)llL2fen—1,em;02(0)) < CLlls1 — sallL2pn—1 4n502(0))-

Ynueiwon 4.1.6. Xt owiéyeaa, Yo ouvpporilovue pe Cp tis otabepés mov efaptedvtar uovo and
otalepés Lipschitz twv Trodéoewr 3.1.1 ka1 4.1.5, ka1 pe Cy, oralepés mov efaptddvtar and to k. Kai
o1 6vo otalepés umopolv va elvar S1apopeTikéS o€ BlaPopeTIkES eppavioe.

Adppo 4.1.7. Trodérovue mws ta yo € L2(Q), yq € L2[0,T; L*(Q)], f € L?[0,T; HY(Q)] etvar
dedopéres auraptiioes, kar éotw o ¢ kavoroiel tig Yrodéoeas 3.1.1 kar 4.1.5. Av (yn,gn) € Up X
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L2[0,T;UP] efvar éva Lebyos Aboewy tou Sakpirod (tomikol) mpofAripatos féltiotou eAéyyov, téte

T T
[ 1= sl @/2) [ Lo
T T
< O 13200 + (1/m) / 1yt + / Iyalla ey dt) = C

émov C' etvar pia otalepd mov ekaprdtar pévo and to ). EmmAéov, ya dda ta n =1,..., N

n—1

12200 + 3 M N2 + / nllynll3rs @t < Dy,
1=0

B
L
b
X
S
IN

pne Dyy = Cszmax{l,l/alﬁ}. Eotw T = maxj_1,.nT, M€ T = t —
min{Ck/SCLC'Sltm, Cral’?/8}, téte wyva n axdhovdn extiunon

Hyh||%°°[07T;L2(Q)] < CDyst,

énov C' ebaprdrar and ta (Ce/n), Ck ka1 Q adAd ¢y and ta , T, h.

Anddeln. T Tic dvo mpodrtee extyhoels, amhede nopatneolue nwe J(yn,gn) < J(Gn,0)
(1/2) fOT llgn — UH%Z(Q)dt, omou To g, avtistoyel otn Ao e (4.1.5) ywelc éheyyo. H extiunon
yiot T0 g, Tpoxtmtel and 1o [31, Evéotnra 2]. Tt Seltepn extiunon Yétoupe vy = yp, oty (4.1.5),
X0l YENOWOTOLOUUE TNV avicdTNTa Young ylo Vo Tdpoulue

+n

(1/2)Hy"||%2(9) + (1/2)‘”?/”71]”%2(9) +77/ . HZMH?P(SZ)dt

n

i o

< (1/2)”21"71“%2(9) + (1/(4@1/2))/ ||Z/hH2LZ(Q)dt + al/Q/ thHiz(Q)dt'
tTLfl t?l*l

H extipnon todpa npoxdntel npoc¥étoviag Ti¢ MUpamdve aviGOTNTEG Xl YENOUOTOLOVIAS TO TEWTO
vrohoylopd. Tty extiunon oe avdaipeta onuela 1 anddeln Pacileton ot tohdtepes éee ([32]). T
X3en TANEGTNTOC TEPLYPAPOUUE TNV anddeln. Oétouue vy, = Y, oTtny (4.1.5), 6mou g, elvon 1 exdetnn
napeuBoly| Tou e Pt=t""Dy, 200 gy, (ywt xdmowo p > 0) xou opiletan oto Hopdptnua A2, Ondte, o
0pLOUOC TOU ¥, EMTEETEL VO THPOUUE

_ (pgm—1 n (4 g1
/ (g Gt = / (s )0 e = (12) g7 |2y D
Jn—1 Jtn—1

"t

/2 e + 02 [ om0 e (4.L6)
tn—

Y11 cuvéyela e@uppdlovTag TapoyoVILXE OMOXAAEWGT WS TPOS TO Ypdvo otny (4.1.5), xau yenotuorol-
dvrog v (4.1.6), éxoupe

n p(f—t—1 n— n—
/2y 72 @pe "+ /2" M) — /29" Nz

o) [ s Vet [ @) e
tn— t

n—1

o ” o
S/ |a(yh7gh)|dt+/ |(f7?3h>\dt+/ [(gn, Un)|dt.
Jt P

gn—1 Jgn—1 gn—1

Xpnowomnowdvtog 1o Afuua A’.2.2, umopolue va PedEoude To §i O 6pOUG TOU Yp, OF BLEPOPES VOPUES.
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Ewlwotepa, yenowonoidvtoag Tl avicdtnteg Young xotohiyoupe
1 —p(t—t"~1 n— n—
/2y e @e ™) + /2" Mlz2@) — /28" iz

" n—1 ¢ _
/D) [ e+ [ (o)
tn— t

n—1

<l [ B+ (Coot )ln B o)

.
[ @l + 0/ ). (117
tn—

Arnopével va gpd€oupe Tov NuLypauxd 6po. I'a autd to oxond yenowonowdvtas Ty Yrodeon 3.1.1,
éyouue

o o,
[ ot = [ o) - sm).md
tn—1 tn—1

Metagpépovrag o Teheutaio ohoxhfpwua 6o deZl uéhog tne (4.1.7) éyouue 10 Qpdyua we oxoholdwe:
To Afupa A’.2.2, Seiyver ntwe 1 Slapopd yp, —yn, mopopéver wixer|. IIo ouyxexpiuéva, YenoLonoudvTaS T
TpoNYOUpEVES eXToES Y10l TO [y || 20,712 ()] WOpOUYE Vo ppd&ouye TO [y — Fnllp2fn—1,m;2(0)) <
CrpTallynll2en—1 eni200)) < CkaCit/z. Emopévac, éxouue and ty Tnddeon 4.1.5 xau v avicémta
Holder

.
/ 1<¢(yh)*¢(ﬂh)7ﬂh>dt < CLllyn = gnllepen—em 2 100l L2 pem—1 47,02 ()
tn—
-
2
< A C [ Il
tn—

Eqgopuélovrog tic mopandve avicétntes otny (4.1.7) nafpvouue

1 —p(t—t""1t n— n—
/2" 1Z2pe™ ") + (/2" 2@ — 1/2My" iz
ot

n—1
Ho/2) [ @l D
tn—

s
< Ck/ . (Hf”?rl(n) + (Ce +0)llynllF ) + 041/2||9h||%2(9)>dt

tn

o~
+ ((1/a1/2) +CkCLanC§{2)/ lynlEaqoydt
tn—
o
< Clc/ <Hf||§rl(n) + (Ce+0)llynllF ) + 0‘1/2||9h||%2(sz))dt
tnfl
+7n ((1/a1/2) + CkCLPTn,Csltﬁ) Hyh”%&[t"*l,t";LQ(Q)]'

Onodre, emhéyoviag p = 1/7, xou ypnowonowdvtog Ty avtiotpopn extiunon Hyh”%*[t"*l.t"-LZ(Q)] <

Ci/Tn fttn,l Hyh(t)Hsz(Q), TOPATNPOVUE TG 0 TeEheuTalog dpoc oT0 aploTepd uéhog umopel var ppoy el
OTOC TOEAUNATE,

t" B e B g
02) [ IOl ee e = @ om) [ @)
gn—1 Jin—1
> CkHyh,||%ao[tn717tn;L2(Q)].

Telxde @pdocoupe tov televtaio 6po oo de&i wéhoc. Eméyoviag to 7, > 0 ue tétolo tpbdmO
Gote va xpvouue autdy tov 6po and To aploTepd Yéhog oo OeEi, dnA., C:tﬂCkCLTn < Ck/8 xou
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(Tn/al/Q) < Cy/8, yw T, < min{ (Ck,/SCLC:.tM, (al/ZCk./S)} napvouE,
(U DYnll7 e rn-1 e 220 < N9 F2(0)

o

40 [ (s + (ot mlln ey + 0l o).
tn-

H extiunon tdpa axohouvdel ypnollonoldvTog Tic Topamdve EXTWACES GTNV EVERYELOXT] VOPUO ot To

ornuela Blopéplong. O

Ynuelwor 4.1.8. H Tréleon 4.1.5 elvar emions xprjoiun (e OKOTO va €AaI0TOTOUJOOUUE TS Te-
XVIKES AemTopépeles atny emakéAovdn mapaywyn twy OUUUETPIKOY ekTiprocwy opaludtwy. (20téoo,
tovifoupe mws n ovrdnkn adéovoag povotoviag ikavonoieitar je tov extérn 1 < p < 2, ka1 umopel €dkola

d(yn) — o)l L2pen—1mn2)) < C(Csts Co)llyn — Unllp2pen—1,em,02 () -

va amoderyUel mws

‘Ouoto ye ™ mepintwon tou [22, Oedpnua 3.8], (6mou t0 ¢ avornolel T cuviixes Lovotoviag xou
avZouoag Lovotoviag) toylel To axdAoudo anoTéAeoia cUYXAONE UTO EAAYLOTES UTOVETELC OUaNdTNTOS,
bty YpnowonolbvIon oL Blol uTdyweol oe xdde ypovixd Bidotnua, my. UR = U, C H{(Q), yw
n=1,...,N.

Oehpnpa 4.1.9. Acdopévov otadepot (fived) h ka1 dapuépions 0 =10 <t < ... <tV =T wov [0, T7,
M€ T = maX;—1,.. N Ti, kavomoortar o1 vrobéoels tov Afupatog 4.1.7, ka1 éotw ot 1woxve n vnéleon
3.1.1. Trodérovue nws f € L2[0,T; H-Y(Q)], yo € LA(Q), ya € L2[0,T; L?(2)] ka1 éotw o > 0. Tére,
yiae U = Uy, C H} (Q) ka1 yia evbo-opordpopgpovs (quasi-uniform) xpovikods fnpaztiopols, éxouue,

o TYrdpyer yn, € Uy, ka1 gy, € L?[0,T; L%(Q)] térowa date to Lebyos (yn, gr) 1kavonorel tn Saxpir
etlowon (4.1.5) ka1 To owvaptnoaxd J(yn, gn) eAayiotonoieitar.

o To bakprtd Lebyos (Yn, gn) ovyrAiva kados ta T,h — 0 otn Adon (y, g) Tov ovvexols npopAija-
T0§ BéATioTOU EAEYXOU, € T akdlovDn évvowa:

ypn =y aclevds otov L20,T; HE (Q)],
yn —y  aoevde-* atov L>=[0, T; L?(Q)],
yh =y 1oxypds atov L2[0,T; L2()],
gn — g aoBevis avov L2[0,T; L2(Q)].
Ynueiwor 4.1.10. O1 eknprjoes evorddeaas vnd eddyiotes vnotéoes oualdtntas eivar éykupes
axdun kar étav ypnoipornomnoly diegopetikol undywpor o€ kdle xpovikd didotnua. To anotéreoua tng
olykhiong tov [22, Oewphpatos 3.8] Paciletar oo emiyeipnua dakpiis ovurdyeaas tov Walkington
(BAéme [110, Oeddpnua 3.1]) ya acuvexri xpovikol fnuatiopol oxfpata ta onofa dnuiovpyolvtar dtay
Uy = Uy. flotéoo eivar mibavo va emextelvoupe to kUplo anotéAeéopa akopn kai 0T Tepintwon e
Sagopetikols vndywpovs. Ymoypapuilovpe eniong 6t n anédeén tov Ocwpnuatog 4.1.9 anarcel uévo
g vnotéoes povotoviag ka1 avéovoag povotovias tng Tnéeons 3.1.1.

MpéPAnMpro kartavepnpévov eNéryxov Stokes. To acuveyés ypovixol Brnuatiopnol mAfpns Sxptto-
TOMUEVO OYAUSL Yiat TV amelévion amd Tov éheyyo ot Paoixd| uetaPhnth Gy, : L0, T; L2 ()] — Uy,
anewxovilel tov xdde éheyyo g oty avtiotoyn xatdotaon Gr(g) = Yg.n = Yn(g): Tio x8de dedouévo
g € L2[0,T; L2(Q)], xou dodévtwv y° € W(Q), f € L2[0,T; V(2)*], avalntolye yp € Uy té1010 OGOTE
yien =1,.., N, xou yia 6ha 1o vy, € Pr[t" 1,47 Uy,

e n

o)+ [ (=t +atnon))at = G o)+ [ () + gon))at. (418)

tn—1

1¥e éva Sravuopatind ydpeo pe véppa V, wa axohoudia {uy} tou V ouyxdiver aodevie oo u € V av (v*,up) — (v*,u)
yia xdde v* € V*. Xe éva Slavuopatind xdeo ue voppa V, wo oxohoudia {uy} tou V* ouyxhiver acdevie—+ oo
u* € V* av (uk,v) = (u*,v) vy xdde v € V. Touwtlleton ye tnv acdev) ohyxhion av o V elvon avaxhaotixds, eidixd
av V* =V, n.x. av o V elvau Hilbert.
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Hpox(nTouy ebxoha EXTYHCELS Gpouhdtey oo onueto dlpéplone yio Tic voppee L2[0, T; H ()] 9étov-
g v, = yp oty (4.1.8). T exthoec oe avdoipeta onuelor TUPUMEUTOUYE TOV AVAYVOGTH OTO
(32, Mopdptnua Al. Ondte, o extipfioelc euctddelag LTOBINADOVOUY Twe 0 Eheyyos anexovileton 6T
TAApwe daxpLronotnuévn Buowd peteAntd péow tne arewévione Gy, ¢ L2[0, T; L3(Q)] — Uy, eivon
xahd optopévr), o cuveyng. Ilopduola e ™) cuveyn nepintwon, 6tay yia to dedouéva eivon Brordéotun
TEeplocdTERY opohdTTe, dhad Yo € V(Q), f € L2[0, T; L3(Q)], t6te avalntodue (yn,pr) € Un X Oy
TéTolo WOTE Val Loy Vel 1) Topaxdte Tunononon: Do n = 1,..., N, xou yio 6Ohat T v, € Py [t”fl,t";Y;,,],
qn € L0, T; LE(Q),

t" t"
o)+ [ (= oo+ atum.on) + bon o))t = G o)+ [ () + (0,0,

gn—1

o
/ b(yn, qn)dt = 0. (4.1.9)
t

n—1
To mhnpeg Soxpitonomuévo Tedfinua BEATIoTOL eAéYy oL unopel vo oploTel wg e€ng:

Optopée 4.1.11. Ocwpolue doouéva dedopéva f € L20,T;V(Q)], yvo € W(Q), ya €
L2[0,T; W(Q)].  Yrodéroupe dni to otvodo twr dakpitdy embupuntay eéyxwr ouvufodiletar e
Ad, = Gy N Aga 5 xar éotw Jn(yn, gn) = %fOT ‘[Qh lyn — yal*dxdt + %fOT fﬂh lgn|?dxdt. Ebé wo
Lebyos (yn, gn) € Up X Agd ikavonoiel Ty (4.1.8). Tére to Ledyos (Yn, gn) € Up X Agd, Aéyetar Twg
efvar Béxtiotn Aoon av Jp(Yn, gn) < Jn(wn, up) Y(wp, up) € Up, X Agd,

H Omapén xon wovadixotmta tou dioxpitod npoPfiiuatog Béhtiotou eréyyou umopel vo amodetydel ye
xhoouxée TeExVnég. LN ouvéyela Yo Bodue Tic extyufoeg oe avdaipeto onueia, v oyfua auvdoipe-
™me TEENS x4Te amd Ao TEC UTOVEDELS OMONOTNTOG, TREOCUPUOCUEVE OTN TEpinTwo) Yog and vy
(32, Evotnra 4]. Ly extipnon vroypouuiletar to yeyovée mwg 1 guoixh daxptth evepyetont| vop-
ot Yoo T Paowr peTaBAnTh oxeTxn Ye T aouveyr oyruate xpovixol Bruatiopol eivan || |lwg o) =
Il 20,7881 () + II-loe o, 1L ()1 -

Adppo 4.1.12. Trodérouue du yo € W(Q), f € L2[0,T;V(Q)*]. Av o (§n,gn)€ U x AL,
oupporiler to Ledyog AVoewy Tov dakpitol mpofAnuatos BéATiotov eAéyyou, tote vndpyet otadepd C > 0
ekaptdpern and ta 1/v, Cy, ka1 2 aAAd 1 and ta a, T, h, téroia doTe,

_ 2
Hyh”iw[(LT;L?(Q)] < O(l/a)( HyOHL2<Q) + Hf”ii’[(LT;V(Q)*] )

4.1.3 To daxpitomotnuévo cbotrua fehtiotonolnong

Fpoppikd TpSPANRa ovvopiakod Robin eAéyxov. Xpnowomoudvtog YvemoTtés TEXVIXES Xou TOUG
unohoylopolg euotddetas v tov Wr(0,T), efvon edxoho va del€ouue v dagoplowdTnTo TS oYéong
g = yn(g), v xdde g € L2[0,T; L?(I")]. Onére, o doxpitd avtiotoyo tou Afupatoc 3.3.2, naipvel
™y axdloudn pwopen:

Adppa 4.1.13. To ovveptnoiaxd kéozovs Jy, : L2[0,T; L3(T')] — R efvai kakd opiopiévo, Siagopionjio,
ka1 ya kdde g,u € L2[0,T; L3(T)],

T
Jgu= /0 / (ung) + ag)udadt,

6mov pn(g) = pgn € Wr(0,T) €ivar n povadikri Aon tov axddovouv mpoPAriuazos: a dAa ta n =
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1,...., N, kat yia 6\a wa vy, € Pp[t" 1, 1" Uy,

g

((Ng,h, Unt) + a(vn, pg,n) + Mig,n, Uh>r>dt

) [

.

.

(g vns )+ / Won = ya, vn)dt, (4.1.10)
.

émov “é\,{}w = 0. Ebd, Yn,g = yn(g) etvar n Adbon ov (4.1.4).

Omnére, 0 TAfewS Blaxpltonomuévo cloTnua BeATioTonoinong talpvel TNV axdhovdn Lopy.

Adppa 4.1.14. Eoto (Gn(Gn), Gn) = (Gn, Gn) € Un x AL, aupforile to povadiaio féltiaro Lebyog
tov Opiopot 4.1.2. Tére, vrdpyer a ovluyrs petapAnts fin, € Uy, mov tkavoroel i = 0 térowo dote
yia 6a ta vy, € Pet" 1, t" Upl}, kat yia e tan=1,.... N

o
(h>vn) + / (= {Un,vne) + a(yn,vn) + Min, va)r) dt
t

n—1

.
= G [ () + Mg o) (11.1)
-
.
@) [ Gneon) + ) + A, o))
t

4",71
o~
=Ryt oy + / (Yn — Ya,vn) dt, (4.1.12)

tn—1

ka1 wyber 1 axdhovdn ovvdijkn Belniotoroions: Ta dha ta uy, € A,

T
1) EXeyxor xwpls mepiopiopiols: / (agn + Man, up)rdt = 0, (4.1.13)
0
T
2) EAeyxor ue rfeplopwyozﬁg:/ / (agn + Nan) (up, — gn) dadt > 0. (4.1.14)
o Jr

Ot umohoyiopol yia T cLLUYH UeTAPANTA oTo onueia TS ypovixrc dlapépione xou otov L2[0, T; H(Q)]
propolv va Tapoydoly 0xoAa, eV Yo Toug utoloyiopolc oty L0, T; L2(Q)] napanéunovue tov
avoryvaotn ot BiBhoypagio [23]. O axdhoudog unohoyiopds Tovilet o yeYovde 6Tt oL dlaxpitéc MoELS
TIOL TOPAYOVTaL O ToL AOUVEY T OYAUTOL HE YpoVixd Bruatiopd yapoxtneiloviar and Tig idieg iotntee
OUAAOTNTAC UE TO CUVEYES TIEOPBANUOL.

Afppo 4.1.15. Ocwpolie ws (Y, gn) 0 dakprer) fédtioTn Adon kar ot (Yn, fin, Gn) 1KAvoTO10UY TO
ovotnua (4.1.11)-(4.1.12)-(4.1.13) 1 ©o (4.1.14). Tdre,

il oo,z sy + A 218l L0752 < Clln = wall 20,752,

émov to C dev efapritar and ta o, T, h aAAd pdvo and wa 1/n, Cy, Q.

Anddan. tn ouvéyew Pactlduacte otic TeYVixéS Tou [32, Oehdpnua 4.10], TpocupUOCUEVES UE GXOTO
VoL yelploToluEe Ta debopéva aTo alvopo Robin, xou v “rpog ta mlow’” ypovixd @lon tne w.8.e. Apywd,
napatnpotue e w(T) = 0, xou y, — yq € L°°[0,T; L?(2)]. Onére, oe xdde ypovind otiypn t €
(t"71, 7] ot a,(.) € Uy eivon 1 axdhoudn dopith) tpocéyyiorn tne Aamhaotavic (pe Robin cuvoptoxd
dedopéva),

(ap,vn) = (1/m)alfin, va) + (\/n)(fin, va)r,  Von € Up.

Onodte, ap € Pyt 1,17 Uy), xon ¥étovrag vy (.) = fint(.) € Up, 0w vp(.) = ap(.) € Uy, medpvouye

d _ _ _
(1/2) 2 (IV Rl 2 () + VMl L2ry) = (ap, Fine)
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%ol
a(fin, ap) + Mpn, ap)r = 1(ap, ap)-

Eqgopuolovtog mapoyoviif| ohoxhfipwon ypovxd otny (4.1.11), ¥étovtag v, = a, oTny 106TNTRL TOU
TPOXUTITEL, YPNOIOTOLOVTAS Tic BUo TeEReUTOlES LGOTNTES Xal TOV 0pIoWS ToU ap(t™), Sn\., (ap(t™), i, —
i) = (Vg Vg = i) + ) (g ity = ig)r €xovpe,

+n

(/2 IVip e + A2 lians ey + 0 / B lapll72q)

tn
m

< /I e + /2 ooy + [ = i)t

tn—

H nopandve ovicétnta unodnhdver gedypata ota onueio Slouéplong xou CUVETKS QEAYHATA OTNY
L*[0,T; HY(Q)], 6tav k = 0,1 apol eiodyoupe to gpdypa eustddetoc oto . L upnhétepne téEne
Yeovxd oyfuota axohoudolue amevdelac TNy teXVIX Tou [32, Oedenua 4.10]. O

Hpiypoyupikéd mpéPAnpoe kaetowvepnpévov eréyxov. To mifpwe Soxpitomomuévo ovotnuo Belti-
otonoinong oplleta we oaxoroving: Avalntolue yp, un € Uy, tétoo wote yian = 1, ..., N xou yio xdde
vy, € Pelt" 1,7 U,

o) [ (= ) + et + o)

gn—1

= e /t' (45,003 + (gn, 00)) (4.1.15)

n

—(uro™) + / ((Mm vne) + alon, pn) + (¢'(yh)uh7vh))dt

tn—1

"
= *(#Tlavi_l)Jr/ (W = ya,on)dt, (4.1.16)
tn—

T
/ (augn + pn, up)dt =0 Yy, € L2[0,T; U (4.1.17)
0

E36, o 4 = ypo, ,uf =0, f, yq v doouéva dedouéva, xou T0 Yro oLUBONTEL tiot TPOGEYYLON Yiol TO
Yo-

Ynueiwon 4.1.16. Ta oxrfiuata xaunAnis wiéns (k =0, 1k = 1) n anédeién tng vnapéng tov dakpi-
oV ovotiuatos PeAtiotonoinons propel va napaxJel ané khaoikés texvikés. Ia oxnuata vipnAdtepns
Tdéng, napanéunovue tov avayvdotn otny [23, Evétnra 4].

Ynueiwon 4.1.17. Ynueadvouue du dokiudlovras otn owdikn BeAtotonoinons (4.1.17) moAvew-
vupikés ovvaptioes e xpovikn doun, umopolue ebkoda va dolpe mws n (4.1.17) elvar woddvaun pe

Ty f:,,,,l(agh + pn,vp) =0 ye dAa ta vy, € Pt 1, " U], kmn=1,..,N.

To uTONOLTO AVTAG TNG EVOTNTOC APIEPOVETAL OTIC EXTWAOEL euoTdietag yior 1 culuyr UETOPBANTH Lip.
Avtéc o extyiioes Va nai&ouy onuoavtind pdho oTny ENaxOAOUDY AVEALCT] YIoL TIC EXTUHOELS GQUAULETOVY
yiot To TAhpwg Slaxprtonoinuévo chotnua PektioTonoinong.

Ahppo 4.1.18. Trodéroupe news ta yo € L*(R), yq € L2[0,T; L2(Q)], f € L?[0,T; H-Y(Q)] etvar
doouéves ouvaptrioes. Ocwpolje 6l o Nuiypappukds 6pos ¢ kavonoel tig vrodéoes 3.1.1-4.1.5. Ay
ta (Y, pn) ucavomowdy tg (4.1.15)-(4.1.16)-(4.1.17) tdze

T
Aumm@wsam
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N

T
4811720 + Z Iz 2y + 77/0 llnllr oy dt < Copa’?
i=1

yadatan=1,.,N,|p" H2L2(Q) < Copa/?, 6mov Cyy opiletar ovo Afjppa 4.1.7. Oewpolpe emmAéoy
g vrodéoers tov Afupatos 4.1.7, T = maXi_1,. ., Ti, kar ((Dys:C3C2/4n) + (Cr/4a/?)) 7 < (1/4).
Ondte, npoxuntel

a7 o 0,1;22(0y) < CCst@™® = Dyt

émov to C' bev ekaptdrar and ta o, T, h, adAd pévo ané ta C./n, Cy ka1 Q, dnov to Dyy ovuforile Tn
otadepd evordleas tov Anuparog 4.1.7.

Anddeén. O dbo mpdres extphoeic tautilovtan ye avtéc oto [22, Afupa 3.8]. T v extiunon
oe owdalpetar ypovixd onuela mopduowr pe o [22, Evétnra 4], 9étoupe v, = [y 6mou [y, elvan m
exdetind| nopepfBord e =P 7D 1y tou py, (Yio xdmoto p > 0) xou opileton oto Hoapdptrua A2 (xatdhhnha
TPOTOTOMUEVY (OTE VoL EQUPUOCTEL 670 TPOg Tat Ttiow Ypovixd TedPBAnua). Téte to avdhoyo g (4.1.7),
nafpvel T wopen

n— —p(t—t"1 n n
/25 M F2e ™) + (/2™ Z2 ) — /2185 1720
" t"

o) [ Ol se ™t [ (6 e
tn— t

n—1

4
< [ (Il + (Cufa) oy + 2l = valage )t (41.18)
Jin-1
Arnopéver vo yeipiotolue Tov nuiyeauuixd 6po. Iupatnpolye nwe ntpocVapaip®dvTag T0 (i, 0 NULYEo-
Wxog 6pog Talpvel TN LopY),

+n

t" t"
/ 1<¢/(yh)ﬂhaﬂh>dt:/ (@ (yn)pans fin *Nh)dl”r/ A& (yn)pan, pn)dt.
- - -
Enopévog, pynopolue vo Sudouye tov tekeutaio dpo egoutiog TG HOVOTOVING TOU ¢, X0l HETAUXVOVTOG
Tov TpKhTo bpo oTo Be&l uéhoc. Ltn cuvéyew yenowonowdvtag v Lipschitz cuvéyewo tou ¢, v
aviooTNTaL ToeUBohTg H.HQM(Q) < Ol 2@l a1y, Ty oviodtnta Holder xon to Hapdptyuo A2
nafpvouue

. i
/ (&' (yn)ins fin — pn)|dt < C’L/ ) llynllzz (o llenll Lo llin — pnllLa@)dt
t trn—

n—1

n

1/2 1/2 1/2 — 1/2 — 1/2
< COLDYG | lunll ooyl it o = pnl| o i = pan 377yt
tn—
1/2
S CkCLDyif an”lLLhHL‘Z[tn—IA’tn,;LQ(Q)] “M}l||L2[t1l,fl7tn;Hl(Q)].

Ondte, yenowonowdvrog ™y avioétnto Young pe § > 0, mopdyoupe tny

g

o
/t (&' (yn ) pons on — ) |dt < (CI%C%DysthTnz/éLn)”/“LHi2[t“*1,t";L2(Q)] + 77/ . H/Lh”%ﬂ(sz)dt'

n—1 n

Enopévoc, ouvdudlovtog Tic Tpelc teheutaies oyéoelc oty (4.1.18) xou emhéyoviac p = 1/7,, éxoupe
v emduunty extipnon epyalouevol opolng pe to Aduua 4.1.7. O

Ynueiwon 4.1.19. Telikdg kAelvoupe avtriy Tnr evétnta tapatnpdvtas 6t ta dakpitd gpdypata
evatdleas ya tn ovluyn petafAntr elvar kadltepa ws mpog TNy napdieTpo o OTwS €lval avapevouevo.
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MpéPAnpo kartowvepnpévov eAéyxov Stokes. Xpnowomoidviag EXTWAOELS EVCTAVELNG XAl YVOOTEG
teyvxéc v tov Ws(0,7T), elvan eixoho va detfouye 11 dagoplowdtnta e oyéons g — yn(g) yio
x&de g € L2[0, T; L(Q)).

Adppa 4.1.20. To ocwvaptnoiaxd kéorovs J, : L2[0, T; L2(Q)] — R efvar kaAd opiopévo, Siagopionjio,
ka1 ya kdde g,u € L]0, T; L%(Q)],

T
me:A[jm@+men

omov pp(g) = pgn € Ws(0,T) elvar n povadikij Abon tov akélovlov mpoPArjuatos: I'a dAa ta n =
1, ..., N ka1 y1a 6\ ta v, € Pp[t" 1,7 Uy,

t" t"
o)+ [ (Gt ons) + alonssiga) )t = =iyt + [ G = i,
tn—

tn—1
(4.1.19)

émov p) = 0. Ed, ©0 ygn = yn(g) eivar n Adon tns (4.1.8).

Onéte, 10 mhipng Slaxprtotomuévo cvotnua Bedtiotonolnong malpvel Ty axdhoudn popen.

Ahppo 4.1.21. Forw o (§u(gn), gn) = (Gn, Gn) € Uy, x AL, aupporila to povadiné Bédtiato Lebyos
wov Opioqot 4.1.11. Tére, vndpye pa ovlvyns petapAnt jin, € Uy mov ikavoroiet, jily = 0 tézowo
@ote yia 6ha ta vy, € Py[t" L, ¢ Up)}, kat yia e tan = 1,.., N

t" t"
o) + / (%%wm+dmwwmhﬂﬁ”wﬁﬂ+/ (o) + s on) it

gn—1 gn—1

i i
7(/_4"27“ U}TLL) + / (<ﬂh7 Uht> + a(ﬁhv Uh)) dt = 7(/12;17 'Uzzl) + / (l_/h — Yd; U}L) dt,
t t

n—1 n—1

ka1 wyUer n axéovdn owdikn BeAtiotoroinang: I'a dia wa uy € A2,

T
1) INa eAéyyouvs xwpis TEEplOplU}lOUS‘.‘/ (oegn + fin, up)dt = 0, (4.1.20)
0
T
2) I'a eAéyxoug e mepiopiouols: / / (agn + fin) (up, — gp) dxdt > 0. (4.1.21)
o Jo,

Snuetwon 4.1.22. Iapduoia pe ) Inueiwon 3.3.7, av p € L?[0,T; L3(Q)], tére o1 ekiodoe
(4.1.20), (4.1.20) umopoty va Eavaypagody atny axélovdn 1wodtvaun popen yia dha ta v, € Pkt 1,1 Y4},
qn € L2[0,T; Qu), ka1 yia da tan=1,...,. N

t" t"
(37;77:7 U;LL) + / s (7<Zjh,7 Uht> + a(:’j)u Uh) + b(vhwﬁh)) dt = (gs—17v;rbz;1) + / (<j7 Uh) + @h,?}h)) dt7

tn— tn—1

"
/ b(Yn, qn)dt = 0, (4.1.22)
tn—1 n

+ g

=) [ U on) + el on) + bom, ) dt =~ )+ [ G ) de
S .

-
/ b(fin, qn)dt = 0. (4.1.23)
tn—1

Extpfoeic ota onpeia dupépione xa otov yoeo L0, T; HY (Q)] uropoiv vo nopaydolv ebxola, eve yia
Ti¢ exthoec otov L0, T; L2(Q)] noparéunoupe Tov avayvaotn otn fldhoypapic [32]. O axéhoudog
unoloytopde detyvel Eexdiopa To YEYOVOS 6TL oL Slaxpltéc ANIOELC TTOU TopdyOVTaL UE OOUVEY Y YPOViXo0
Bruatiopod oyfuata €xouy Tig (Bleg IOTNTES OPUAGTNTOC UE TO AVTIOTOLY0 CUVEYES TEOBANUA.
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Afppo 4.1.23. Eoto nws pe (Y, gn) ovpPorilovue tny dakpieh fédtiotn Adon kar ta (Yn, fin, Gn)
ikavomoody to oUotnua (4.1.20)-(4.1.20)-(4.1.20) 1j Tnv (4.1.21). Tére,

20l o 0,701 () < Cllin = all2j0,mim20)

érov n C bev ekaprdtar and ta o, T, h mapd pdévo ané ta 1/v, Cy, Q. Av emmiéor, yo € V(Q),
f € L2[0,T; L2(Q)] tére n Abon gy, tns (4.1.21) eniong wkavonoret,

98l Lo [0, 7:m1 (2] < C-
Anddeaén. H anddeiln vty mpoc tor eunpde ypovixd e&ehxtind e&iowon Stokes diveta oto [32,

Oewpnua 4.10]. T 0 ypovixd omo¥bdpouo TeéBAnua Tupatneolue T6e ¥n — ya € L2[0,T; W(Q)],
X0l OTOTE YE Lot ook Aoty Ty TG TEVIXTG Tapdyoude To emduuntéd AmoTENECUAL. O

Extroeig ogpoipdtwy

Yt ouvéyelo Yo Yeketooupe TG TEEEl GOYXMONG OTIC XATIAANAES VOPUES, Yiot Tal avTioTOLY ol TIPO-
BAAuartar xou Yot TUPOUCIAGOUHE TIS EXTIUNOELS GPUAUATODV.

4.2.1| Tpappixd mpoBinua cuvoploxol Robin eiéyyou.

To xAewdl ot UEAETN TOV EXTIUACENY VoL 0 0PLOHOS KIS XATIAANANG YEVIXELUEVNS Ywpoypovixhc dG
TEOPOMC TéTol (YOTE VoL UTOPOUPE VaL YEWPLGTOVUE Th YOoUnAY opobTnta Tou yy € L2[0,T; H(Q)*],
xou éva Bondnuixd clotnuo Behtiotonoinone to onoio mailer t0 pého piog xadohxhc YwpoYpOVIXHC
npoPolic xou Tapouctdler XahOTEPES IOTNTES TPOCEYYIOWOTNTAG.

4.2.1.1 | H m\pwe dioxplth mpoBold.

Eotw 6t wh, 2, € Uy elvor oL Moelg Tou mopaxdtew cuothuatos. Aegdopévev f, Yo, Xou apyixdy
ouvinxoy wl) =y, émou e yi = Phyo oupBohiloupe Ty opyxh mpooéyylon Tou Yo, 2y = 0,
avalNToOYE W, 2, € Up, TéTO dote Y n = 1,..., N xou yiot 6ho o vy, € Py [t"‘l, t"™; Uyl

i
(U}g, ’U;LL) + / ( - <717h7 U}Lt> + CL(’IU}“ Uh) + A<u}h7 U}L>F>dt
t

n—1

= (wp o)+ /t (<f7 on) + MG vn)r ) dt, (4.2.24)

tn—1

i
—(zhe o)+ / <<Z}L7U}Lt>+a(zluv}z,)+/\<Z}L7Uh>1“)dt
t

n—1

n—1

-
—(zﬁ;l,v}z;l) + / (wp, — Ya, vp)dt. (4.2.25)
t

O Wooewg wp, 2, € Uy, utdpyouv eloutiag tng opahdtntog tov ¥, 1 € Wr(0,T). O Moeg tou on-
Ynixol cuoThuatog BehticTonoinong €xouy To pého tng “‘yevixeupévng meoPolnic’” uéoa otov Uy. O
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Baondg UTOAOYIOUOS TNG EVERYELOXNG VORUAS TOU § — W, [t — 2k Vo TopayVel oe 6poug TOTLXDY %
TpoBoldyv ou oyetilovton pe Tic aouveyElc ypoviol Pruatiopol uedodous, BAéne Ty, [104].

Opiopode 4.2.1. (1) H mpofodry Pl°¢ . Clt" 1,17 L2(Q)] — Ppt" ', t"; Uy weavonoel tny
(Plocy)™ = Pyo(t"), xai

o
/ (’U — Pffclh Uh) =0, Yoy € 77}@,1[t7171,tn; Uh} (4.2.26)
t

n—1

Ebc éyovpe ypnowpororjoer T obpupacn éu (P)* = (PY°)(t") ka1 P, : L*(Q) — Uy evar o
tedeatris opBoydviag rpofodiis atov Uy C H(S).
(2) H mpofokij Pie¢: C[0,T; L2(Q)] — Uy, 1xavororel

PéLOCU € Uy, ka1 (Plhoc’u)l(tnfktn] = Pifc(/l]“tn—lytn])‘

Abyw e Eewdng opahéTntoc xon xuplee Tov 6ty € L2[0,T; HY(Q)] N H[0,T; H(R)*], xataoxeu-
dloupe prat ywpoypovixh yevixeupévn L? mpoBoht| tou ouvdudlel Ty xhaow dG ypovixol Bruatiouot
TeoBoNT, xou TN Ywewh, Yevixeupévn L2 npoford Qp : H(Q)* — Uy. Avaxoholpe Twe o oplopés Tou
Qp vROdNAGVEL 6TL (v — QRu,vp) = 0, Yo Gha T v € HY(Q)* xow vy, € Uy, (BMéme yua mopdderyua TNy
(26, evotnra 2]).

Opiwopoc 4.2.2. (1) H npoPorn Ql,;" DO HY(Q)Y] = Pult™1, 7 U] wkavoroed Ty
(Qif)bv)n = Qnu(t"™), kar Tny

o
/ <U—QZT?C'U,’U/.L> =0, Yop GPk_l[tnfl,t";Uh].
tn—1

Eb6 9a xpnonoromhooupe erions t otpPacn éu (QU0°0)" = (Q1°%) (1) ka1 Qp, : HY(Q)* — Uy, ebvar
0 tedeotiis yevikeupévng opoydrag tpoPolris atov U, C H(R).
(2) H mpopodsi Q4 - C[0,T; H ()*] — Uy, ixavoroel tny

Qleew € Uy war (Q°0)] 1 ) = Q2 (0l 1,0m).

Na k = 0, n mpofodr QI°° = C[0,T; HY(Q)*] — Uy, aviya mp Q¥v(t) = Quu(t") ya dha
te (L], n=1,..,N.

To Baowxd yapaxtneotxd e Q1 eivan bt tautileton pe y P, étav v € L2[0,T; L2(2)] Snhady,
Plocy = Qv brav v € L2[0,T; L2()], xou onéte nopouoidler xohiTepes IOTNTES TROOEYYIoWOTT-
o, ohAG ebvor enlone egappdon v v =y € L2[0,T; HY(Q)*]. T to “mpoc 1o nlow’ ypovind
TpOBANUa yeetdleton 1) TPOTOTOINON TWV ToEUTdve TEoPohdy (entione cuuBollluevo ue Ploc Qloc gy-
totolywe). o mopdderypo, emmiéov e oyéone (4.2.26), ypeewdleton var emBdhoupe v “ouvdium
Tonpiéopatog”’ (matching condition) ot wpiotepd, dnhadh, (P%)1 ! = Ppu(t™1) avtl tne empo-
e e ouvirxng ota 8edid. 1o mopaxdtw ARy, GUNAEYOUUE UEPXd OmOTENEGHATO OGOV APORS. TIC
(BérToTEC) TéEEC CUYXMONC Yiot TNV Tapamdve TeoBol. Edd, divoupe éugaon otic WidThTeS Tpo-
GEYYIONG YL TNV YEVIXEUUEVY TEOBONT Ql°, %4t and unodéoeic eNdyloTS OUUNGTTOG, SNAADH, Yot
v € L20,T; HY(Q)] N HY0,T; H(0)*] yio T0 oyfue yopunhétepne t6Ene.

Adppo 4.2.3. Eoww U, C HY(Q), ka1 P, Q¢ opiletar atovs Opiopuots 4.2.1 ka1 4.2.2 avtiotoiyes.
Téte, yia dAa ta v € L2[0,T; HH1(Q)] N H*1[0, T; L2(Q)] vrdpyer otadepd C > 0 avetdptnra tov
h, T térowa doTe

k+1 ”,U(k+1) HLZ[

o = Piollz2po,msn2(0)) < C(hH [0l 20,z g + 7 0,1:L2()])-

Ay emmAéov, k= 0,1 = 1 ka1 v € L2[0,T; H*(Q)] N H[0,T; H*(Q)*] téte vndpyer pia oradepd C > 0
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avekdpTnTn and wa h, T téroia dote

o — Qi vl 2oz < C(Allvllzzp i@y + 72 (0l 2o, sm @) + el 20,730 (0041))

o = Q¥vll 2o ) < C (vl 2o, rsm @) + (/B vell 20,7510 (2)1) -

Eotwk=0,1=1xavec L20,T; H*(Q)])NH[0,T; L*(Q)]. Tére vndpyer atadepd C > 0 avekdptnTn
and ta h, T téroia HoTe,

v = Q¥ (0,7 110y < C(hlvll 210,112 + T2 ([vell 200,220 + 0l 20,7 m20)))) -

Arnddeén. Biéne Iapdotnua A'l. O

Snueiwon 4.2.4. H extiunon evotddeas ovov L2[0,T; H' ()] anaitel to nepiopious yia to ypovixs
Bripa T < Ch? ekuiriag tng éenhns opaddtntas ws mpog to xpévo. Av to v € L2[0,T; H*H(Q)] N
HF10,T; L2(Q)] téte n mpdyTn extiunon tov Afjuuatos 4.2.3 vrodndver tews,

v — Pl 2o,y < C (WMl p2po, 7m0 ) + 7 /Rl E T | 2o 1,12 0)) -

Ipdypan, xpnoonowdvtas to [32, Ocdpnua 4.3, IIdpoua 4.8], éxovue s mapaxdtw (tomkés oo
XPovo) extipnioe:

HU — PlrfCUHL2[tnf1’tn;H1(Q>] < C(HU — P}LU||L2[tn—l)tn;Hl($2)] + rk+l HP},,’()UCH) |‘L2[tn71’tn;H1<Q>])
<

C(hl||UHL2[tnfl¢ﬂ;Hl+1(9)] + (Tk+l/h)||v(k+l)HLz[t"*l,t”;L%Q)])-

6mov 0t TeAevtaia ekTiunon éYOUNE XPNOILOTOU)OEL LA avTioTpopn eKTIUNCT). XNUEdVourE Tws av
etvar Sradéoun mepioodtepn opaldtnea, n avtiotpogn extiunon Oev eivar anepattnn. Iho ovykekpi-
péva av vt € L2(0,T; HY(Q)], téve wytowr o fedniwpérves tétag atyrhions O(h! + 7%+1) g
vopua ||.||2(0,7;m1 (02))- f20T600, Tapatnpolue 6t ya o ovvopiakd mpdfAnua féltiotov eAéyxou 1) av-
Enuévn opaldtna vy € L2[0,T; HY(Q)] dev efvar S1adéoun. Ondre, divovue éupaon oo 6t n éenhn
opaAdTnTas evepyel ws gpdyua ya tny avdntuvén eviés oxnuatos vpnAdtepns tdéng. Epyaldpevor duoa,
éxoupe ua extiunon oe avdaipeta xpovikd onueia, SnAadr),

v = Pieevl| poepo,rsz2() < C (Rl poofo.rsmieay + 75 /RIS | oo 1 0)) -

Topaxdtey napovoidlouue to xOplo anotéheoua oyetd Ye to Bondntixd npdBinua, to onolo evepyel
e o yevieuuévn yweoyeovixh) dG mpofohn. Xtdyog pog eivon v Peolue 6Tl to o@dhua tpoBoirg
elvon 1660 xah6 600 1 tomxr) dG TEoPol| emitpénet va elvon, xou ondTe elvon BEATIOTN LTS TNV évvola
e Swondéoiung opohoTNTOC.

Ocdpenpa 4.2.5. Eotw éu pag dtvovear ta f € L2[0,T; HY(Q)*] ka1 yo € L2(Q) ka1 y, i € Wg(0,T)
etvar o1 Moeig twr (3.3.7)-(3.3.8)-(3.3.9) 1 (3.3.10), ka1 éotw wp, 2z, € Uy efvar o1 Aoes tov (4.2.24)-
(4.2.25). SupBoAilovpe pe ey = §—wy, 11 = fi— 2p Kkt €0tw e = §— QY°F, rp = i — PY°[i, dmov ta
Ploc Qloc opilovtar atovs Opropots 4.2.1 ka1 4.2.2. Tére, vrdpyer a adyeBpixti otadepd C > 0 mov
etaptdtar pévo and o 2 térowo dote,

N-1

Cr min{n, )\}Helﬂzum,T;Hl(Q)] + Z ||[81ﬂ||%2(9) + /\H61H§,2[O.T;L2(I‘)]
i=0

< C(HG(IJH%%Q) + (1/Cp min{n, )\})(HeszL?[o,T;Hl(Q)] + )‘”ePH%Q[O,T;L2(F)])7

N

Crmin{n, A}[r: H2L2[0.T;HI(Q)] + Z [ H%Q(Q) + Allr H%?[o,T;L?(F)]
i=1

< ¢((t/Crminfn, AD) (les g zizz@) + 17olE2p0 2yt ) + ArolEego mizecey )
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leallzzpo,rsraey < C(nllepllzziomzzy + 72 (lepl z2jo,rsm @) + lepll2p,rsz2ry)),
71l 2207020y < C(nllexll 2oz + Irpllzpo, 2y + 72 Irpll L2jo, ;i o)

+7pll L20,7:L2(0)) -

Ebc, w) =y, énov y) ouppodila pa tpoaéyyon tov yo, kar n C elvar pua otabepd efaprdpern and
T0 Ywpilo ).

AnddeiEn. Brjua 1: Ilpokatapktikol vmodoyiopol. 3to enépsva ouuPorlovye ye €1 = ¥ — wp, T =
L — Zp Ko &axwptloups o ep,r o8 e = e + ey = (QY°F —wp) + (5 — QY°F), r =i+ =
(Pl — z1) + (i — PiP°f), 6mou PP°, Q¢ opilovion otouc Optopote 4.2.1 xou 4.2.2. Agopdvtoc
v (4.2.24) ond e (3.3.8), xou v (4.2.25) and v (3.3.9) éyoupe v cuvdixn opdoywwdtntog: T
n=1,..,N, xo yio 6hat T vp, € Pr[t" 1, " Uy,

n
(6'117 1);’) + / < — <el7vht> + a(el,vh) + )\(el,vh)p>dt = (6?717’0}?;1)7 (4227)
t

Jgn—1

" "
—(ri4, vn) +/ (<T17Uht> +a(ri,vn) +/\<T17Uh>r‘)dt =—(rPohh +/ (e1,vp)dt.
tn—1 tn—
(4.2.28)

Enueidvouge Twe 1 ouvdiun opdoywwidtntog (4.2.27) elvar ouctaotid anoculevyuévn xon tautileto
pe ™ ouviixn opdoywwidtnrac tou (31, Xyéon (2.6)]. Ondte eopudlovtog to [31, Oebdpnua 2.2],
Todpvoupe TN Ted T extiunon. Me napdpoto TeéTo, 1 cuvifixn opdoywvidtnTog (4.2.28) eivor loodhvoun
pe: T n =1,..., N, xou yio dhat 1o vy, € Pr[t" 1,7 Uy,

g

7(7“?h+, ’UZ) + / ((Tlh, Uht) + a(rlh, Uh) + )\<’I‘1h, ’Uh>1"> dt

tn—1

A
(T?}H}7 Uﬁ+1) + / ((617 ’Uh) - (1(7'1;, yh) - )\(pr U}L)F>dt- (4229)
pn—1

ESw éyoupe ypnowonoioer tov Oploud 4.2.1 tnc mpoforfic PY°, o omoloc umodmhdver mee
ftn (rpsvne)dt = 0, (rpp o) = 0, %o (1) ’Uh+1) = 0. ©¢tovtac v, = 715 oy (4.2.29), yen-
oonodvtag Ty aviedtnta Friedrich yio var ppd&oupe tov dedtepo xau tov tpito dpo ota aptotepd,

t" "
A
/ (a(rin, m1n) + Mrin, in)r)dt > / ) (gHVﬁhH%Z(Q) + EHTMHi?(F)
t’rlfl n—

Crp .
+5 min{, Il 3 ) dt

™y avioétnta Young yio vat ppd&ouue toug bpoug ota deid,

t" t"
[ Mevrlae< [ ((Comin{nnb /)l + (€/Crmin{Anbler 3z o))t

¢

" m
/ ‘a(mh,rp)‘dt < (Cp min{)\,n}/B)/ ) Hth%{l(Q)dt +(C/(Cr min{)\,n}))/ . Hrp\ﬁ{](mdt,
t tn— tn—

n—1
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X0l UE UTONOYIOUOUGS, €YOUUE

1 1, 1, P
—§||T{Lh+Hiz(Q) + §\|[7"1L;L]|\2Lz(9) + 5“7’1;14:“%2(9) 1 /tn_] 71172y dt

Crmin{A\, i ¢
e R T S o A
4 - 2 s

o
<c [ (a/ermininalalia + 0/ min(s oDl @ + Mol ) i
H 8eltepn extiunon npoxintel Yetd and ddpotor.

Brjpa 2: Avikd enryeprjpata. Stpé@ouye T Tpocoy N Wac oTi duo teleutales extiufioes. Me otdyo
v Tepdryoupe o Bedtiopévn téEn olyxhiong Y v L2[0, T L2(Q)] véppa, epopuélovye évo duixd
emyelpnuo Yoo vor Tdpoupe évol xaAOTERO QEAYHOL Yiot TN TOCOTNTO \|61;L||%2[07T;L2(Q)]. Io awtd to
oxomnd, opilovye éva Tpog Ta Tow YEOoVIXd TEO(pO(BO)\L}(é npéﬁ)\npa pe Be&i wéhoc ey, € L2[0,T; L2()],
o undevixd Robin xou tehixd dedoyéva, dnh., Ag + n22 e 2lr =0, xou ¢(T) =0. T n=1,.... N xu yio
oha o v € L2[0,T; HY(Q)] N H[0,T; HY(R)*], avalntotue ¢ € Wg(0,T) tétola tote

ng

/t ({600 + (v, 6) + M@, 0)r)dt + (6" o) = /t (exn, v)dt. (4.2.30)

Hepatneolue toe epboov er, € L2[0,T; L2(Q)], tdte ¢ € L2[0,T; H2(Q)] N HY{0,T; L2(Q)] (Bréne
Ocwpnua 3.2.1). Ebdwdtepa, oylel n oxdhoudy extiunon:
61l 20,7502 () + D¢l L2j0,7:L202)) + Al Bl L20, 75220y < Clleanll2jo, L2 (4.2.31)

H édhewn opahdtnrog oto dell péhog tne (4.2.30) eZoutiog Tov aoUVEYELDY, dely Vel TwS de Unopole
va Behtidooupe v opakdtnTa Tou ¢ oto [0,T]. To oyetxd acuveyés oyfuc xpovixol PrHudtiopol
uropel var mapoy Vel wg axohotdnc: Aedopévev tehixdv dedopévev ¢f, = 0, avalntodue ¢n € Uy,
77010 WOTE YL Oha T vy, € Pr[t" L7 Uy,

t" t"
—(Phervn_) + /t ((#h, vne) + a(dn, va) + Adn, va)r)dt + (¢h+ S URL h = / (e1n,vp)dt.

n—1 n—1
(4.2.32)
Ondte yenowpwonowdvtag to Afupa 4.1.15, woyver n axdhoudn extiunom.
¢nll Looto, 701 (2)) + M bnllLoco,rp2ry < CrllernllLzpo,rizz@))- (4.2.33)

Tapo etvan gavepd Twe €youpe TNy axdhoudn extiunon yio 10 ¢ — ¢y, 1) onola elvor GUEST) EPUPUOYT) TWY
Tponyolpevey extipioewy otov L2[0,T; HY(Q)], 1wV tpoceyylotxdy Wiothtey tou Adupotog 4.2.3,

WY TPOPONDY Ploc, iloc, %o TNG ouvoplaxfic aviootnTog Sobolev,

C(h+72) (llgll L2p0.7:m2 () + I6ell L210,7522(00))
C(h+71/2)||61hHL2[O,T;L2(Q)]- (4234)

¢ = ¢nllzz0,1m ) + M@ = ¢nllzzo ey <
<

Ynuewdvoude g 1 EAhewn opoddtntoc oto Sl wélog, meplopilel ) tdEn olyxhione oe auTh TOu
younhotepne Eng oyfuatog I = 1, k = 0, oxdun x av emheydodv uhniic tédEne ypovixd oyfuara.
©¢tovtog vy, = ey, oTn oyéon (4.2.32), éyouye

+n

.
—(Phys €l )+/ (s €1nt) + alern, n) + Mén, enn)rdt + (o571 el l) = / le1nl|Zz(q)dt.
tn—l

tn—
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Egappolovtag mopoyoviixr] ONOXAAEwo YeovIXd €YOUYE:
o

_(¢2+7 e’llh,—) + ((bﬁ—v e?h—) + /t ( - (¢ht7 elh) + a(¢h7 elh) + )‘<¢h7 €1h>1‘)dt

-
:/ ewlagydt.  (4235)
.

©¢tovtag v = ¢ oty (4.2.27) xou ypnoyonoudvtag 6t ep = e, + e, xou v Oploud 4.2.2 g
TpoPohfic Q¢ maipvouye,

3T
(eTh—s Ph—) + /tw1 (= (exn ¢ne) + alern, ) + Aexn, dn)r)dt
o

— (@ — [ (alendn) + Ay on)) e (4.2.36)

gn—1

Eb¢, éyouue Xpnmponomost T0 6Tl O opLopog ™me npoﬁo)\ng Ql"c tou Oplopol 4.2.2, Belyver mwe
(e p,¢"7) = 0, jzﬂ 1(ep,vpe)dt = 0 xau (e ep” ,qb ) 0. Xpnowonowdvtoe v (4.2.35) vy va
AVTIXATUOTAGOUUE TOUG TREIC TTPMTOUS Gpoug e (4. 2 36) %ot YOUPE GTNV

e

o
(¢Z+ve?h) (61h 7¢h+ )+ / ) Helfz”%?(ﬂ)dt = _/ ) (a(6p7¢h) + )‘<€p’¢h)1‘)dt
tn— tn—

n—

i
= / (a(elﬂ (bh - ¢) + a(6177 (b) + )‘<ep7 ¢h - ¢>F + )\<ep7 ¢>F)dt
gn—1

t" 9
= - [n—l (a(e;H ¢h - ¢) + )\<ep’ (bh - ¢>F - T](ep’ A(b) + n(elﬁ FZ)F + )\<ep’ ¢>F)dt

»
== [ @lepein— )+ Meys b — O = e, B0t

n—1

6mou oTic duo teleutoleg eELOWOEIC €YOUPE YPNOUWOTOOEL YWEIXY TAPUYOVTXY OAOXAHPKGT), Xl O
0pLoPdC ToU ¢ w¢ Eva duixd TEABANua e pndevixd Robin cuvogloxd dedouéva avtiotolywg. Ondre,

[ emlndt+ (@R et) = (it i)

o
< / nllon — ol @) llepll o dt +/ (nllepllz2 @) 1Al L2 ) + Allepll L2y lldn — dllL>(r)) dt
Jgn—1 tn—1

Adpoilovtag Tic TapaTdvVeL AVICOTNTES XU YENOWOTOUDVTAS TO YEYOVOS OTL qﬁf =0 xou e(l)h_ =0 (e
optopo) xa avaxadopiloviac Toug dpoue, talpvoupe

(1/2)”61’1HL2 0,T;L2(Q)] = 077/ lepllr2(o)lldl = (o) dt

+C/O (nllon = ol @ lepll mr@) + Mepllz2@yllon — ¢ll2qry)dt
< C(UH%”L?[O,T;LZ(Q)} 19l 210,712 ()] + lldn — Il L2j0,7581 ()
lepll 2o, mr ) + Allepllzzo,riz2ryllén — ¢HL2[0,T;L2(F)])
< C<77H6p||L2[o,T;L2<m] llewnll L2022 ()
+(h+ 72 lenl 20,722 (lepl L2,z @) + )‘HepHLz[O,T:LQ(F)]))'

Ebe éyouue yenowomoioel v ovioétnta Cauchy-Schwarz, to @edypata sustddeiog tng duixrg e-
Zlowong (4.2.31), xou Tic extpfioels o@dhpatog (4.2.34) vy tov ¢y, — ¢. Tehxde, 1 extiunon yio tov
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6p0 |71l 22(0,7512(02)) TROXUTTEL YPNOHIOTOLOVTAS €va ToRUOL BUIXS emtyeipnuaL. O

Egboov éyovye wa extiunon otnv vépua L2[0, T; H(Q)], xou to Bondntind mpdBinua eivor ouclaotind
amoouVdEdEUEVO, UTopoLY Va egaplooTtoly aneudeiag ol texvixéc tTne [31, Evétnrog 2] yia va napdyovyue
e L°[0, T; L2(Q)] exxiunon (BMére enlone v Hpdtoon 4.2.10).

Ocewpnpa 4.2.6. Eotw wy, 2z, € Uy, 01 Adoeg twv (4.2.24)-(4.2.25). Zuupolilovue pe eq =y —wp,
r1 = i — 25, ka1 vnoUétoupe Twg 10 xvovy o1 utodéoes tov Ocwpnatog 4.2.5. Tdre vrdpyer pa otalepd
C nov e&aptdtar and ta Cy, § térowe dote

||61HLD<’[O,T;L2(Q)] < C(||6pHLoo[o,T;L2(Q)] + HC?HLZ(Q) + He;l?HLZ[O,T;Hl(Q)] + )‘||6PHL2[0,T;L2(F)])7

71l zoe 0,702 < C(Irpllzoeio, sz + leall2 o,z + 1pll 2o, ) + Allrpllz2po,ic2@y) -
Eb ep = § — Qi 1p = i = Py [

Andba&n. Awywpeiloviag to o@dhpoto 6nwe 6To tponyoluevo Jedpnua, k., e1 = ey + e, apxel va
PPEEOUYE TOV 6RO SUPsn—1y<yn Helh(t)HQLz(Q). Auto éyel yiver oto [31, Oempnuo 2.5] (onuewdvouye
e 1 ouvdun opdoywwdtntag eivon amoculevyévn). O

Ynueiwon 4.2.7. O ovvdvaouds twv dvo teAevtaiowr Ocwpnudtwy delyver Tny “ouppetpixii, eAel-
Uepns opaldtnrag’” kataokevn tng extiunons pag. Ovowaotikd vroUétovpe mws ta apyikd dedopéva
etvar yg € L2(Y), ka1 o dpog dbvauns f € L2[0,T; H(Q)*]. Tére, opilovue ) uakrj evepyeiaxn
vépua Ty ||(.,.)||x epodaopévn pe tny aodevij popen vrd vrobéoes eAdyioTng opardTnag

Ier, r)llx = llexllwaco.r) + Irlwaco.m)-
Onére, xpnoporoidrtas ta Ocwpnuata 4.2.39, 4.2.6 éxoupe pa ektiunon wng Hoperis
lopdApa || x < C(Hotpd/\ya apxikdy dedopévar|| 2 o)
+||opdApa kaAUtepng mpooéyyrong-npofordv|| X) .

H napandvew extiunon Selyver nws to opdApa eivar t600 kaAé doo empémovy or ouvinkes mpooey-
yioudétntas vid ts vnodéoers puoiknig napafolikris opaddtntag, kar 9a pmopovoaue va to SoUUE WS
0 mMrjpws Sakprtd avdloyo tov Anfuuatos Céa ([34]). Omdre, o1 tdéeis olykhions ya wa eq,r1 €
&aptdvtar pdvo ané ta amoteAéouata mpooeyyoudTnTAs Kar opaAdTnTas Héow Tou o@dApaTos mpo-
BoA&v ep, ), OT0S gaiverar oto Afuua 4.2.3 ka1 T Ynueiwon 4.2.4. Av yy € L*(Q), 6nAadn,
g € L20,T; HY(Q))NH0,T; HY(Q)*], ka1 ji € L2[0,T; HX(Q)]NHY0,T; L*(Q)] wére yal = 1,k =0,
xat yia T < Ch? éyoupe

L lepllz20,m3 1)) < C,

2. |lrpllzzfo sy < CIAN 210,120 + 721 el L2p0,7522(0)1)s

3. Nlepllezo.min2(a)) < CRIGl 20,7, 00 + 72 1Gell 20,71 (0)4))

4. |Irpllz20,mz2(0)) < C(h12||/7/“L2[07T;H2(Q)] + 7l 2 p0.7:L2(2))s

5. lepllzao ey < Cliepll oo pozaa el oto rosms oy < Clh+ 7212,

Orére o1 mapardvew ektiufoes, kai to Ocdpnua 4.2.5, ovvendyovtar yia 7 < Ch? o1 axélovdeg td&eg
aUyKAIonG: Hel||L2[(LT;L2(Q)] ~ O(h), ka1 HT1HL2[0,T;L2(F)] ~ O(h).

O eknipnfjoers efval epapudoipes akopn kar oty mepintwon opaAdtepwy Aboewy. Ia napdderyua, av
emméor ta y, u € L2[0,T; H2(Q)] N HY0,T; L*()] (ebd 1l =1 ka1 k = 0),

L lepll 2o m @) < CRlIYl L2, m200)) + 72yl 220,722 0))-

2. |lepll 2o,z @) < CR2 Nyl 20,1502 () + Tlwell 200,722 ())-
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3. lepll 202y < C(0% + 7)Y2(h+ 71/2)1/2,

I'a Tn ovvopiakn) vépua éxoupe xpnouoromjoer tn ovvoplakn aviootnta Sobolev. Idies tdéeis ovyrkhiong
wyow ya ws r, vépues. Ondre, ané o Ocdpnua 4.2.5, mporinter nos |le1lp20,m;m1 ) = O(h),
71l 20,110y = O(R), lleall 2o rizz(ay = O(B?) kar ||r1lz2p0,;12(0)) & O(W/?) drav < Ch®.

4.2.1.2 | 'E)eyyou yweic nepiopiopole: Ewoaywywés exturoe

Anopéver va cuyxpivoupe o dloxpitd cvotnua Bedtiotonolnong (4.1.11)-(4.1.12)-(4.1.13) e o Bon-
Intxd cVotnua (4.2.24)-(4.2.25).

Adqupo 4.2.8. Eotw Yp, fin, wh, 2, € Uy o1 Aboeg tov dakprtol ovotijuatos PeAtiotonoinons
(4.1.11)-(4.1.12)-(4.1.13) ka1 Tov Bondntikol ovotriuatos (4.2.24)-(4.2.25) avtiotolyws. Zuppolilovue
HE el =Y —Wh, T = fi— 2p, KAl €0Tw ), = Wh — Yn, Ton = 2 — [ 10Te vndpyer akyefpixii otabepd
C' > 0 térowa doe:

leanll L2, 7:22(00) + (M@ Iranll 2o rizzy) < CA a2 ]| 2o rize -

Anédeitn. Agoupdvtac ) (4.1.12) and v (4.2.25) nopdyetan 1 e&lowon: T n =1,..., N,

i
7(7,;}7,«#7 U;LL) + / L (<7"2}L7Uht> + a(r2h>vh) + A(""Qh?’”hh")dt
pn—

o
= —(ry ot +/ (ean,vp)dt  Yup € Pp[t" 1t Uyl (4.2.37)
-
Agapdvtac ™ (4.1.11) and ™ (4.2.24) xa yenowonowdvtog Ti¢ (3.3.10)-(4.1.13), éyovye: T n =
1,..,N,

o
( — (ean, Vnt) + alean, vn) + )\<e2h7'Uh>F)dt = (6;{1,1)2;1)

(e, oF) + /

gn—1

o
+/ —(N/a) (it = jin, vn)rdt Yoy, € Py[t" 1 " Uy, (4.2.38)
t

n—1
©étoupe vy = egp, oty (4.2.37) Yo var TépouUE
-

—(r3h1,eoy) + / . (<T2h7 eant) + a(ran, €2n) + A(rap, €2h>r>dt + (7’;;;17 eg}:ﬁ)

tn

i
= / H62h‘|%2(n)dt- (4.2.39)

gn—1
‘Ouota, Yétovtag vy, = 15 oty (4.2.38) éyouue
o

(€35, T3h) +/

i ( - <62}La TZ}Lt) + a(€2h> r2h) + A<62}La TZ}L>F)dt - (egh_largh_i)

:/t (— (X/a)(ry,ran)r — ()\2/a)||r2h\|%2(r>)dt. (4.2.40)

n—1

Eqgopuolovtog moporyoviix ohoxhipwon ¢ teog to yedvo otny (4.2.40), xou agowpdviac v eicnon
Tou TpoxUTTEL ond TNy (4.2.39), pTdvouue oty

+n

-

(P ebn) — (e5y ' o) +/f (HG%H%z(Q) +()\2/a)||7“2h||%2(r)> dt = *(/\2/04)/ (r1,ron)rdt.
gn—1 -1

(4.2.41)
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Xpnowonowdvtog Ty avicdtnto Young yia vor gpdEoupe to de&i péhog mpoxintel,

(2fa) [ (rusrantedt) < 02/40) [ ranlBaeyde + 02/a) [ s

n—1

TEOGUETOVTAG TIC OVIGOTNTEC TOU TEOXUTTOUY omd To 1 uéypt 0 N, oL TURATNEWVTIS TKS

N T ' n— n— 4 J— ’ 7 7
St (P eBy) — (€551 r5, ) = 0 (agob €§), = 0, i), = 0) raipvovpe v emdupnh extiyn-
on. O

Ou extiprioeic €0xolol TEOXVOTTOLY and TO TEONYOUUEVO Aruuo xou TS EXTIWACELS Yl TIC TPOPOAES eq
xou 71 poll pe éva xhaoixd “npog ta wlow” (“‘boot-strap”’) emyelpnuo.

IIeétaom 4.2.9. Eotw §p, fin,Wwh,2n, € Uy 01 Aoeg tov ovotiuatos Bedtiotonoinons (4.1.11)-
(4.1.12)-(4.1.13) ka1 Tov BondnTikod ovotripatos (4.2.24)-(4.2.25) avuioroiyws. Xupfodilovue e e; =
Y —Wh, T1 = [ — 2h, Kl €0TW e, = Wp, — Yh, Ton = 2n — h. 10T€, 10x0el n akédovdn extiunon:

N-1 T T
Heé\;”%%m + Z ||[8§h]‘|%2(s2) +Cr min{’lv)\}/o ||62hHill(Q)dt+)‘/O H€2h||%2(r)dt
i=0

g

< (C/r0?) / a2y,
t'n—l

N T T
180 2oy + S il + Crmingn, A} /0 a2 gt + A/ /0 |2 oyt
=1

T
< (C/\z/anmin{n,)\})/ ||T1H2LZ(F)dt,
0

émov n C etvar pia oralepd mov ekaprdrar pévo and o 1.

Anédaén. Brjua 1: Exuuroes ywa tn Paoiki petafAnery: Oétovioc vy = egp otnyv (4.2.38) xau
TAUPATNEWVTOS WS b — [, = T1 + T2p, TolpVOUPE

-
(1/2)H€§Lh”2LZ(Q) + (1/2)”[63171]”%2(9) - (1/2)”63}71‘&2(9) + 7]/t . ||V€2ILH2LZ(Q)dt
n

t" t"
+/\/ "62}1”%2(1“) + / <¢(’I/) - ¢(yh)7 e2h>dt < *()\Q/Ol) / (7‘1 + Top, egh)rdt. (4.2.42)
gn—1 gn—1

n— tn—1
Xenowonowdvtog Ty avicdtnta Young yia 1o mpwto dpo oto de&l péhog,

1 tn "
5[ veard] < v2) [ lealadt+ /20?) [ nlayde
- - n—
OnéTE CUYXEVTEMOVOVTUS Tol Tapamdve Gedyuoto oty (4.2.42) éyoupe,

o

(1/2)lle3n 17200y + (1/2)Nfess 1720y — (1/2)lless 12y + n/ ) Veanll72qdt
tn—

"

"

H02) [ leanltary < W32) [ Inlaqey + Iranla)dt. (4.2
tﬂ,—l tn—l

Xenowonmowvtag Ty aviooétnta Friedrich xou ye xdmotoug urohoyiouoic naipvouue Ty extiunon Yetd

and ddpoion yenowonowdvtag v extiunon g ||ran | L2, 12 () Tou Afppatog 4.2.8.

Brjua 2: Exupnoeg ya t ovluyrj petapAntri: ©Oétovtog vy, = rop oty (4.2.37), xou Ypnoylonoudviag



56 4. ITpooeyyiowpwotnTo xou Aptduntixy Avdivor

Tic aviootneg Friedrich xou Young, xou 1o Afjupa 4.2.8 yio va gpdouye ) vopua tou |lean || 2(0,7;02(0))
éyoupe

i

~(/2) 7304 122 (@) + /23T @) + (1/2)lIr5 22 0) + Crmin{n/2,A/4)} / l[ran 7 oy dt
Jin—1

t

.
+ [ W= mrma+ ] [

n—1

n \ o
) HVEQ}LH%z(Q)dt + Z/ ) Hr2h”%2<[‘)dt < / (€2h77'2h)dt
_ g

tn—1
(4.2.44)

xa apow

g n n

Loon A . A
/ (ean, r2n)dt < (2/0me{5]’1 ) / |\egh\|iz(g)dt+(Cpnnn{g,i}ﬂ) / llr2n |22 g0y it
tn—l tn—l tn,—l

avtahotdvtog T tTeEhevtaio aviootnta oty 4.2.44, éyoupe

n n n— s 17 )\ t’”
—(1/2)Ir5n i 1220y + /2N r5u)l172 ) + (1/2)H7"2h+1||2L2(Q) +Cr mm{i, 5}/2 /ﬁh1 l[72n 1 71 eyt

e

. A
0t [ Il + 32 [ ralfyde < 2/Comin{ 230 [ lean ot

tm tm

7 omoio uTodNAWYVEL TNV emduunTy extiunomn Yetd and ddpolom xou yenoylorowdviag to Adupae 4.2.8. [

M extipnon yio audaipeta ypovixd onueio umopel vo mapayVel epapuélovtoag tig mpooeyyioes e
TEYVIXAC VLo TIC DLOXELTES Yoo TNELOTES Tou [31] oty yeouwxy ue obvopo Robin nepintwon. Ed,
Yo ypeaotoly enlong ol utoloyiopol evotdetag oe audaipeTta ypovixd onueia.

ITpdétaocn 4.2.10. Yrodérouue nws 1wxvovr o1 vtodéoes tov Ocwpnpatos 4.2.5, ka1 tng Ilpdraong
4.2.9. Tére vrdpyer pa oradepd C egaptdevn uovo ané tn otadepd C, ka1 to ywplo tétoia ¢ote,

lleanll oo r:r2) < C(nllean | 2o m ) + Mleznll 2o, p2 @y + A22/Q) Pl 2o rp2ry)s

1/2)

[7anll Lo 0,7 L20)) < C(nllrenll 2.0 @) + (M) Imll 2.2 o))

Anédeitn. H anddeiln axolovdel tic teyvinéc tou [31, Evomta 2], mpocopuoouévn ot nepinteon twy
Robin cuvoplaxdy Sedopévev. o mhnpdtnta togouctdlouvpe v anddelln tng medTng extiunong, eve
N 8e0TERT UTOPOVUE VAL TN XELRLOTOUUE TAEOUOL. Apyixd avoxoAOVDUE TO XUPLO TPOCEYYIOTIXG EpYUAED,
TNV dlancpith yopanctneotin e€lowon. Tio xdde mohumdvugo s € Py ("1, "), cuuBoriloupe 0 dloxplti
Yo TNELo TN EElOWON X[pn-1 )5 PE TO TOAUGVLPO 8 € {8 € Pt~ 1, t7), 8(t" 1) = s(¢" 1)} n onola

" t
/ $q = / sq Vg€ Pp1(t"71 7).
t t

n—1 n—1

avornotel

To %ivNnTEo YioL T TUPUTAVE XAUTACKEVH TPOXVOTTEL and TN Topothenon nwe ¢ = s Talpvoviag fttn,l §'s =
f:n,l ss' = 2(s%(t) — s*(t"71)). H xomaoxevt| unogel va enextadel oTic TpooeYYIOEC X1,V Vit
v € Pr[t" 1t V] brov V ebvon évac ypapuude ydeos. H Sinxpith tpocéyyion Tou X[gm-1,4v 6TOV
Prlt" 1, 1" V] opileton otov § = Zf:() 8i(t)vi xou av V elvon évag ydpog NU-ECWTERIXOU YIVOUEVOU
téte, Yw € Pr_1[t" L, 1% V]

o) =u(t" ), w /ttn (ﬁ7Uf)v=/tt (v, w)v.

n—1 n—1

To [31, Afupa 2.4] delyvel xdmoleg WBLOTNTEC CUVEYELNS, KOl TILO CUYXEXQUEVOL

”ﬁHL2[t"*1,t";V] < Ck;HUHL2[tn—1’tn;V]7
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19— xpm—100ll 2pen—1 emv) < CrllvllL2pn—1 v,
omou Cy, eivan pa otadepd mou e€aptdton and 10 k. Eextvedvtog OhoXANpdVOUUE xotd uéhn ypovixd
v (4.2.38), xou oavTixoahoTOVTOC PE v, = é2p,0T0U TO Eg, cupPollel T mpocéyyion Tne doxpltic
xopoxTnplo Tuche eZlowong X (-1 ¢ ean (Y1 xéde ouyxexpyévo -fixed- ¢ € [t 7)), énwg elvon xo-
TOOXEVAOUEVO Topomdve. O 0ptoudc Tou €gp X0 TO YEYOVOS OTL €apy € Pk,l[tnfl,t"; Up) umodnhave
" N t .
WS [no1 (€2ne, €an)dt = [[_1(e2nt, €2n)dt xou omorTe,

1 1 o A
§Hezh(t)”2m(n) + 5“[6% NZ2 ) + / alezn, éan)dt = Hezh 17z
" tm
-\ (egh, ézh)pdt — / ()\2/05)(7“1 + 7r2h, ézh)rdt. (4.2.45)

tn—1 tn—1

Treviupilovye enione mwe 1 WioOTRTAL oLUVEYELC Yiot TO af., .), Delyvel

o~
‘/ a(ean; é2n) + A(ezn, é2n) rdt‘ < Ck/ (lleanllFr () + Mlleznll 22y )dt,

eved 0 6pog ouleuing unopel va ypapel:

)\2 t R . t" t"
= ranardt] < ©%/a?) [ (s + In R )de+ G [ llean eyt
tn— tn— tn—

Eba éyoupe yenopwonoinoel Ty avicdtnta Young ue xortdAinho § > 0, xau o€ BLAPopeS Ypovixés oTLyUES
NG WBLOTNTAG CUVEYELNS TNG TPOGEYYLONG TNG Bloxelthne Yapaxtneotixrc. Ondte, aviixadotdviag Tig
mopamdve extipfioec otn (4.2.45), éyoupe pio aviodtnTa Tre popeie, (1 — Cr)a™ < a1 + f", énou
a™ = SUPge(gn—14n) Hezh(s)H%z(m. Hpdypatt, éotw t € ("1, "] emdeyuévo we a® = Hezh(t)||%2m) xou

J _IHQLZ(Q) < a™~! mpoxdmter N emdupnTh extiunon uetd and npéodeon xou ané
0 Aduua 4.2.8. O

4.2.1.3 | Xupuetpués exTUNOELS Yo apyixd BeBopéva ywels opahdTnTaL

TIohhéc extiunoeic unopolv va TeoxVPouV YeNoWOTOUDVTIS TO ATOTEAECUNTA OO TIG TEOTNYOUUEVES
TPy PdPOUS xou xAactxd anotehéopata Tng Yewplag Tpooeyyioewy. ZexvivTog TapadETOVUE TIC CUY-
HETEWXEG EXTWNOELS OQUAUATWY Ot oTtoleg Umopolv va Yewpnoly kg avdhoyes Tou xhaotxol Afuuatog
Céa.

Ocewpnpa 4.2.11. Eotw Y, fin, € Uy, kat (3, 1) € Wr(0,T) o1 Aboeig tov Siakpirol kat Tov ouvexols
(ruarrjyamg Bezlrzoronoz’nm;g (4.1.11)-(4.1.12)-(4.1.13) ka1 (3.3.8)- (3 3.9)-(3.3.10) avnioroiyws. Eotw
ep =1 — Q¥°F, 7, = i — PY°fi t0 ogpdApa mpooéyyians, drov ta P, Q¢ opilovtar atous Opiopiots
4.2.1, ka1 4.2.2 avniotoiyws. Téte n akédovin wyve n akélovin extip r;(m yia to opdAua e =y — yp,
Karr = i — fip:

lI(e;m)llx < C1/a)l(ep 1)l

démou n C efaprdrar ano tig atadepés twv Ocwpnudtwr 4.2.5, 4.2.6, xar tig Ipotdoeg 4.2.9, 4.2.10, kat
efvar ave&dptnen and ta T, h, o

Andbaén. H npdtn extipnon axohoudel and v toryovixd aviodTnTo Xou TIG TeorYOUUEVES EXTIUNOELS
TV Oewenudtey 4.2.5 xon 4.2.6 xan twv tpotdoswy 4.2.9 xou 4.2.10. O
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Axohouvdel o Behtiopévy extipnon i tyy L2[0, T; L2(Q)] véppa yio T Baowh uetoAnTs, xou oty
L2[0,T; L*(T)] vyt Ty ouluyt) petoBinth ouvdudlovtag Tic exTiufioeic T1ou Oewpnudtov 4.2.5, xou tou
Afpporog 4.2.8.

Oedpnuo 4.2.12. Ocwpolue s yo € L2(Q), f € L20,T; HL(Q)*], ka1 wylovr o1 vrodéoes
Tov Oewpripatos 4.2.5 kar tov ARppatos 4.2.8. Eotw e, = § — Q¥°F, 1, = i — PY° 0 opdAua
poaéyyong, érov ta P, QY opidovemr otovs opopots 4.2.1, ka1 4.2.2 avniotolyws. Téte, vndpye
mia otalepd C ave&dpTnTn twv h, T, o tétoia &ote,

lellzzpo,rire)) < C(HCIJHLQ[O}T;LZ(Q)] + 72 (llepll 210, m: )
+llepll 20,7522 (ry) + (/\/051/2)“7’1HLQ[O,T;L2(F)]>;
Il rzzay < Clirllto rzz il oo e oy
omou o 11 vnoloyiletar pe Pdon ta opdApata twv tpoPoddy ey, Tou Ocwpnjatos 4.2.5.
Anddaén. O mpdhTog UTOAOYIOUOS TEOXVTTEL OO TNV TELYWVIXT] OVIOOTNTA XAl TO TRONYOUUEVO OO~
teléopata tov Oewphuatog 4.2.5, xou tov Afupatog 4.2.8. O deltepogc UTOAOYIOUOEC TEOXUTTEL od

™Y TR0V oot Ty extipnon tou Afupotog 4.2.8 yio vor pedEoUUE TO Tap, XAl TN CUVORLIXY
avio6tnta Sobolev. O

Xenowomoldvtag e TNy cLVNOICUEVT OUaAdTNTA Xou T Vewpld TEOCEYYICWOTNTAS TolEVOUUE TiC
e obyxhong. Iopaxdte nopoucidlouye T TdEelg GUYXALONG OE dUO EEYWELOTEG TEPLTTWOCELS, OV
eZoptivTon amd TN dtadéouun opohdTnToL

ITpétaom 4.2.13. Yrodérovue nws mAnpovvtar o1 utobéoers tov Ocwpripatos 4.2.5 kar tov Arjjpuatog
4.2.8, ka1 éotw yo € L2(Q), f € L2[0,T; HL(Q)*]. Yrodrovpe mews tunuatikd ypapujixd modvdruua
xpnopomolyTal yia va katackevdooupe tous umoyxopous U, C HY(Q) oe kdle xpovixé fruae, kai
Tunuatikd otadepd moAlvdvuua k = 0 ya T ypovikrj Sakprroroinon. Tére yia T < Ch? éyoupe,

He||L2[O,T;L2(Q)] S Ch Kai HT“LZ[O,T;Lz(F)] S Ch
Ay emmAéov, §, ji € L2[0,T; H2(Q)] N H[0,T; L?(Q)] tdre,

l(e;)lx < C1/a)(h+7'?),
llellL2po,7:L20)) < C(l/al/z)(h2 74+ (h2 +7')1/2(h+7—1/2)1/2 n (h+7—1/2)2)7
||7"||L2[0,T;L2(r)] < C(h2 +7')1/2(h+71/2)1/27

mou detyvel Tws yia T = h?, o1 tééag abyrhiong eival

[(e,r)lx =~ O(n),
||6HL2[0,T;L2(Q)] = (’)(}7/3/2)7
HTHLQ[O,T;U(F)] ~ O(h3/2).

Anddaén. O td€eic obyxhong mpoximtouy aneuldeiog and to Oetpnua 4.2.11, to Oedpnua 4.2.12, to
Adupo 4.2.3 xou tn Xnueioon 4.2.7. O

4.2.1.4 | "Eleyyot ye nepopiopoie: H Suaxpith npocéyyion yetaBohy.

AZiler va onuewdel g or extyioelc pag elvar emiong eQopUOOIUES OTNY TEPIMTWOT TWV ONUEL-
AWV TEPLOPLOUDY EAEYYOU YENOWOTOLOVTOS T BLaXELTOTOMUEVN TEocéYyion UetaBohwy Tou Hinze
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([65]). H Buoxpith mpocéyyion uetafohdv unodnhavel tog AL, = Aqq, dnhadh, o ékeyyog, dev
elvan doxprtomomuévog dueca ohld éupeca, péow e ouluyolc petofintic. Omndte to Soxpito-
nomnuévo TedPinua ehéyyou Ttipea tautileton pe to: Eloylotonolnon cuvoaptnotoxol Ji(yn(g),9) =
foT lyn(g) — deQLz(Q)dt + afOT HgHQLz(F)dt und v (4.1.4), omov yu(g) € Uy, cupPoriler T Mor g
(4.1.4) pe Bkl uéhog évav dooyuévo éheyyo g € L2[0,T; L3(T)]. Onére, o Péhtiotoc éheyyoc (uiode-
TOVTOC AL T0 GUUBOMOUS gp) txavorolel Tic axdhoules TedTNE TENG cuvidfixes Pedtio Tomoinong,

Jn(Gn)(u— gn) > 0, yioo 6ha Tt w € L2[0, T; L*(T)],
émou o §j, umopel vor mépel T wop@H Gn = Projig, g (—2in(Gr)), Suol e T ouvexh mepinTwon.
ENUELOVOUUE TS O gp Oev elvol YEVIXA ULol CUVEETNOT TEMEPAUOUEVLY GTOLYE(WY TOU AvTIoTOLYEl 6TO
TETEPAUOUEVWY GTOLYElWY TAEYHAL Yog, OTOTE 1 ahyoptdu| xotaoxeut| omatel Tpocoy |, PAéne T.y. [65].
Q61600, 08 UEXETEC TEAATINES XATACTAGELS, O XVPLOG GXOTOS EIVAL VoL ENXYLO TOTOLCOUUE X0l VoL UTTO-
hoyiooupe Tt Bacuer ueToANTH xou Oyl AmaEULTNTO TOV EAEYYO TOU YENOUOTOLOUUE VLol VoL EMLTOYOUUE

0 oxomd poc. ' tn dedtepn mopdywyo edxoha unohoyilouue pior extiunom aveZdetnTn ToU g, gh, Xl
TUO GUYXEXQLUEVA,

T (W)@ @) 2 allal| oo ripary, YO v @ € L2(0, T3 L2(T).
Ocdpnpa 4.2.14. FEowo yo € L3(Q), f € L2[0,T; H(Q)*], kat yq € L[0,T; L*(Q)]. Trodérouue

g Ay = A kar éotw G, gn o1 Aoes mou avtiotooly oto guvexés kai oo Siakpitd mpdPAna
Bértiorov eAéyyouv. Tore wyver:

19 — gnllz2j0,m;2(my) < C(1/)||11(g) — a9l 210,702 (1)) -
omov iy () ka1 u(g) etvar ot Moeg twv (4.1.10) ka1 (3.3.7) avtiorolyws. Emmdéor, av T < Ch?,
lg = gnll2(0,7;02(r) = O(h).
Anédaln. Snuewdvoupe tog ALy = Aga, xon ométe oL cuvdiinee Pehtiotonoinong delyvouv meg
Tu@)@ =) =0 e T (@)@ g) 0. (4.2.46)
Ondre, ypnowonowwvtog T dedtepns TENS ouviRxM, xou to Vedpnua UEong TWNG, €YOUUE Yio Xdie

u € L2[0,T; L*(T)], (xou ¢ ex T00T0U Yiot aUT6 oL TEOXVTTEL omd T0 VepnUo wéome TWAS) Xou TG
oaviedtnTee (4.2.46),

allg = gnlZzp0 ey < Tn W)(G = Gnr 3 — ) = Jn(@)(@ — ) — Jn (1) (G — 3n)
<T@ G- - T @G- ) / [ (@) = (@)@ ~ g o
< Clli9) = pn(@)lz2j0,7:220nllg — Gnllz20,122 ()5

70 omolo delyvel Eexddopa tnv mpw extipnon. Todea, wa t@En ocbyxhiong uropel va mopaydel yenot-
HOTIOLOVTOC TapoduoLa ETyElphlaTa Ye to Oetpnua 4.2.5. Ipdyuatt, mopatneodue oG opaedviag Ty
(4.1.10) and v (3.3.7) o Vétovtae 7 = pp(g)—p(g), xou € = yp(g)—y(g), €xovye To avdroyo e cuv-
Vhune opdoyewdtnrac (4.2.27)-(4.2.28), yio Sha te n =1, ..., N xou vl 6ha tot vy, € P [t 71,47 Uy,

n—1

.
(er,vp) +/ (— (e1,vne) + al(é1,vn) + )\<é17’vh>r)dt (e vph,
t

n

i
—(f17v;1')+/ ((ﬁvht)+a(f,uh)+,\(f,vh>p>dt:—(f{’;l,u}j;l)+/ (e, vp)dt,

Jgn—1

Xpnowomnoudvtog Tt ouvoptaxt avioétnta Sobolev Tic extuioeg Tou Oewphpoatog 4.2.5 xou Ti¢ T8EelC
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oUyxhong ¢ Ilpdtaong 4.2.13, éyoupe v emduunty extipnomn ool TOVIGOUYE TNV UELWUEVY Opo-
AOTNTOL YioL TO €. O

4.2.2 | Huypauud mpofinuo xataveunuévou eréyyou.

YN ouvéyela enextelvoupe ) Yewplo TOLU TOEOUCIAGUUE, OTN TERITTWGY TOU £YOVUE NULYPOUULXO 6RO
oty Baowr e&loworn xan xataveunuévo éieyyo oe 6ho to ywelo Q. Onwg avauéveton eugavilovron
TeEYVXéG Buoxolieg 0TI anodeiels Twv Yewpnudtwy eartiac Tou Nuypoppxol dpou. Emmhéov yenot-
pomnotovue éva Boninuxd chotnua vl T anocOLELETN TOU CUOTAUATOS X0l DIEUXOAUVOT| GTOV YELLOUO
Tou.

4.2.2.1| To mhipwe Suxpité clotnua Bektiotonoinong

Enlone nopaxdte Yo anodeiloupe mwe ou dG mpooeyyioelg tou cuothuatog BeltioTonolinong mapou-
oélouy Tig Bleg el oOYXMoNG e TV avtioTouyn (xwelc Eheyyo) Yeouuwxy TopaBolind w.8.e. yio
XxaTdAANAa BeBoPéva f, Yo, Yd XOUL TN TUEAUETEO v

4.2.2.2 | Extprosic ogahudtov i 1o abotnua Bektiotonoinong

Y mepintwon tou nuiyeoupol teolAiuatog xataveunuévou ehéyyou, emiong To xAewl Y TiC o-
TOJE(ZELS Vit TIC EXTWAOELS OPaludTwy eivor ot utoloyiopol evotdieias oe avdoipeta ypovind onueio
pali pe Tic exThoelc yio to Bondntind clotnua (Bacwlbyevol oe xatdhhnhec L? teyvinéc mpoBohdv),
xan €va “Buixd emiyeionuo’’ uE x0T VoL YEWRIGTOUUE TOUG U1 Yeauwuxols yweoug. T vo Bpodue wio
npaypoTixh TEN olYXAoNG, ouotac TiXd YeeldleTon TEPLOCOTERY OUUAGTNTOL!

YroOeon 4.2.15. Eoww (y,9) elvar éva Bédtiato Lelyos pe Tny évvoia tov Opiopuol 3.2.5. EmmAéor,
éotw yo € H(Q), f € L2[0,T; L?(Q)] ka1 vrodérovpe mwg a1/2||y||%w[0 7:14(0) < Ca, omov n Cy efvan
mia otadepd mov ebaptdrar uovo ané ta dedouéva f,yq, yo, tis oralepés Ce,n kar to xwplo €.

Ynueiwon 4.2.16. H mapandvw vrédeon Oelyver évay o meplopioud oo péyedos tov y, o€ dpous
s mapapérpov towns a kar twr dedouévwv. Iapanéumovue tov avayvdéotn otn Pifioypagia [113]
Yia pia Aemtopepry avdAvon twy anoteAeoudtwy opaAdTnTas Kai TS NUIYPapUMIKiS Tapafolikns u.0.€.

4.2.2.3 | 'Eva Bondnuxéd cvotnua Bertiotonolnong

Apyxd, opifouue éva Boninuxd cbotnue Pedtiotonoinone to onolo Va Bondfcel va anoculedEouye
T0 Buaxplto obotnua Behtiotonoinong. ‘Eotw wy, 2z, € Uy elvan ot AMoeig Tou axdéroudou cuoTtidatog.
Ao¥évtnv v BEBOUEVWY [, Ya, Yo, XOU TWV apYXBY SUVINXOY Who = Yho, OOV Yho Elval 1 oy ixn
TEOGEYYLON TWV Yo, zf = 0, avolntolue wp, 2, € Uy, €010 Oote v n = 1,..., N xou yioo 6kt Tol
o € Pylt" ™1t UR],

e+ [ (= ) + o) + (90,0

gn—1

() + /ttn (<f, o) — (1/a)(u,vh)>dt, (4.2.47)

n—1
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) [ (e ) + (6 o))

n—1

o
= _(217171)171) + / 1(wh — Ya, vp)dt. (4.2.48)
n—
Ou Noewg wp, 2z;, € Up UTEpY 0LV EOOOV 0L NuLYpoixol 6pot d(y), @' (y) i avixouy ToLAdYIoTOV oTOY
L2[0,T; H1(Q)], opgovae pe tic Trodéoewg 3.1.1-4.1.5 xon tnv operdtnta tov ¥, u € Wp(0,T). O
Nooeic tou Pondntixod cuotiuatog Pedtiotonoinong modlouy to pdho ““yeVixeLPEVmY TROBORGY” oToV
Uy, H Baowdh extipnon e evepyeladic YOpRaC Y — w, it — 21, o Taporydei e Béom Tomuée L2 npoPo-
e yenowonotdvTog tExvixé Tou [31, Evétnra 2] oto Bonintind cvotnua (3.3.12)-(3.3.13),(4.2.47)-
(4.2.48).

‘Opota pe to cuvoploxd Robin mpdfinua onuovtind oe autés Tic exTiunoels elva o 6T elvan €yxupeg o-
%x6un %o xdte and vnovécelg ehdyiotng opokottoc. Kotd napduoto tpono howndy, oplloupe tn xhaoixy
TpoPol| mou epappoleETon Xou Yot ToV NuLYpouuxd 6po, (ypeerdletar duwe Tpocoyy yiati oTn Tepintwon
TOU XATAVEUNUEVOU EAEYYOU GE NULYpouuixd TedBANua epyalduacTe oe SLaPopeTX00E YWEOUS and ou-
T00¢ Tou avaépdnxay oto tponyolueva tpoflifuata). Ondte ypetalduacte Tic axdhouvlec, oyeTnéc
ue ™ pédodo dG npoPolée, Bréne m.y. [104].

Optopds 4.2.17. (1) H mpoBolij PI° = C[t"= 1™ LA(Q)] — Pplt" 1,7 U} wcavoroel
(Plocy)n = Pou(t™), xat Ty

-
/ (v — Pl%y,vp,) =0, Yo € Pe_q[t" Lt UR. (4.2.49)
tn—l

Ebcs, éxoupe xpnoporomaer tn atpfaon (P = (P°v)(#") ka1 P, : L*(Q) — U} elvar o teheatris
opBoydviag tpoPolris otov UR C HE().
(2) H rpoPokri Pi¢: C[0,T; L2 ()] — Uy, 1cavororel T axéon

Plhoc’l) € Uy ka1 (Plhf)cv)ktn—l’tn] = P,l,;)c(v‘[tn—l’tn]).

Emmiéov e ouvdfixng (4.2.49), yia 1o ypovixd omodddpopo mpdBinua yeewdleton vo emBIANOVUE
™ “ouvdifnn Topldopatos’” ota aplotepd, dnhadh, (P)T! = Pu(tth) avti tne emPolic tne
ouviixng ota aplotepd. Troypoppiloupe nwe N tpofolf Tou Oplopol 4.2.17 propel vo Yewpndel wg N
povoPnuatixd dG mpocéyyion e v, = f oto didoThue (£, 7] e axpPn opyind Sedouéva v(t" 1) xou
vor xaoplletar ¢ f = v, eved 1 mapakhary) TG mEofolhc yiot TNV omoVEdpoun Yeovixd povoPnuatixng
dG npocéyyion e omod6dpoung ypovind o.8.€. pe doouéva tehxd dedouéva. Tmevduuilovue nwe
oY tou [104, Oedpenua 12.1] autée oL TpoPorEC IXAVOTIOIOUY TIC AVAUEVOUEVES WOLOTNTES TPOCEYYIONC.
Tlapoxdte mapadétoupe to x0plo anotéheopa yiol To Bondntind npdBinua.

Oempnua 4.2.18. Eoww wa debopéva f € L2[0,T; H-1(Q)],yo € L2(Q), ka1 yq € L?[0,T; L*(Q)],
Kai éotw nws wyve n Trnédeon 3.1.1. Av ta y,u € Wp(0,T) efvar o Adoeg tov (3.3.12)-(3.3.13) ka1
wh, 2z, € Uy, 01 Aboes tov (4.2.47)-(4.2.48) vrodoyiopéves xpnoporowsvtas to dG oxrjua. Zuupo-
Milovjie pe ey =y —wp, 11 = 1 — 23, kat éotw e, =y — Py, v, = pp— Pi°u, drov P opilerar atov
Opioud 4.2.17. Tére, vndpyer pa alyefpixr otadepd C > 0 mov ebaprdrar uévo and to 2 téroo doe,

N-1
nllexlZepzomoy + D Ntz < C (18132 + (C2/mlleplEaoroams o)
i=0

N-1

+ 37 2min (I = Py sy, (1 i) Pisa (T = POyE) -0
i=0
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N
77H7"1||%2[0,T;H1(Q)] + Z H[THH%?(Q) < C((l/ﬂ)uelH2L2[0,T;L2(sz)] + (03/77)HTszm[o,T;Hl(Q)])

i=1

N
+ 3" 2min (07 = P )ult) By (/) |PT = Pt g )

i=1

Eb6, won = yon, 6mov yon, oupPorila a mpoaéyyion tns yo, 7 = t' — t'71, P, ouuforilovy v L?
mpofodn} Tov Uy’ ka1 éxouvpe xpnooromjoer tn odufaon Py = P, Pyy1 = Pn.

Anédaén. Xe avth tnv anddeln, cuyPorilovpe pe e; = y — wp,m1 = @ — 2 %o dlorywpeilovpe T
€1,71 OE €1 = ey, +€p = (Plecy —wy) + (y — P%y), ri = rip + rp = (P — 21) + (1 — Plocy),
ém0u Pi¢ opiZeton otov Optoud 4.2.17. Xenowonoldvio 1o Tapdndve cUUBONOUG %ol apaupGyToc )
(4.2.47) and ) (3.3.12), xou ™ (4.2.48) ond ) (3.3.13) naipvoupe 0 cuvdixn opdoywwidtnrac: T

n=1..,N

.
(€7, o) +/ (= tenvn) +aer,on) dt = (17 0y, (4.2.50)
tn—
t" "
— (rf,v™) +/ ) ((rl,vht> + a(rl,vh))dt = f(r{:l,vﬁfl) +/ 1(el,vh)dt, (4.2.51)
tn— tn—

Yoo G T v, € Pyt UP]. Topotnpolue o 1 ouvidhun opdoyewdtntac (4.2.50) etvor ou-
oo Txd amocLleuypévn xou Toutileton e T cuvdhxn opdoywwidtntac tne [31, Tyéon (2.6)]. Ondte
egappdlovtag to [31, Oedprnua 2.2], xotahfyoupe otn TedTn extiunon. Me tapdpoto 1p6m0, 1 cUVIHXY
optoywviotntag (4.2.51) elvon 10od0vaun e:

o~
((7‘1}1, Une) + a(hmvh))dt = —(T?;L_Jrlyvi_l)

(") + /

tn—1

-
+/ <(el,vh) — a(rp,vh)>dt + (rpsv™), Yoy € Pe[t" 1t UR.
t

n—1

E3¢ éyouye ypnoylonolioel Tov optoud e npoPolfic. ©étovtac vy = rip otn (4.2.52), ypnoonowdv-
TOC TAL PEOYHOTAL,

t" "
| Menrlie< [ (@il + /el )

n— tn—

i

[ atweralde < /) [ Il + () [ Tl
tn— tn— tn—

X0l UE XATOLOUG UTOAOYLOUOUS, Talpvouue

e

1 n 1 n 1 n— 77
—§||71;L+H2L2(Q) + §‘|[T1}L]|‘iz(ﬂ) + 5\\7'1;1,4:\&2(9) + 5/ B ||7‘1h\|§11(9)dt

in
o
<c [ (Cxmlin s + 1mleliae )+ (T - Puaa(e), ). (4:2:52)
tn-
Telxae v 10 teheutaio 6po, mapatneolye 6T 1y, € U,";H Ol ETOUEVWC,

(I = Po ) (), 1 — mT0t)
(I = Pug) () 720 + /DIy = rinllZz o)

((I - Pn+1)/j’(ti)7r?h)

IN

Etvar Suvatd va mopayVel €va evoAoXTIXG  QEdyHo YENOWOTOLOVTAS Ui avTioTeogn extiunom
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13131 @y < (Co/ i) fynos Irn Iy dt, %o mopormpdbveag mec 7, € U,

(I = Pry)pu(2),r1n) = (Pu(l = Puy)p(3),71n) < ([P = Py )p(D)l -1 Irinll ()
o

< (Cﬁ/(Tnn))l\Pn(f—Pn+1)u(ti)\\?f—l<m+(77/4)/ 1l o dt;
Jin—1

A

6mou oto tekeutaio Bruo €xouue yenolonotioel TV avicdTNTA Young. LUyXEVTPOVOVTAS TS duo
tehevtaieg extipfioels xou Ty eiowon (4.2.52) modpvoupe v emdupnth extipnon uetd and ddpolopo
X0l XETOLOUS UTONOYIGHOUS . O

Inueinon 4.2.19. Av ypnoiporowdvtar o1 o1 vndywpor o€ kdle xpoviké Pripa, dnAadn, Uy =
Up C HY() wdte mapatnpolue nwg dev undpyer ovvetopopd and tov dpo adpoiopiatos oto Oedpnua
4.2.18. Inueadvovue tws ya i = 1,.... N n tomxr) L2(Q) mpoPodry P, = P;yy = P2 : L2(Q) — Uy,
etvar n d1a o€ kdde xpovid Prija. Ondre, o 1, € Uy pag deiyver g

(I = Pay)ul),11) = (I = Pra)ua(t),r2y) = 0.
Orndre, n (4.2.52) maiprer Tn popen

n

—(1/2)‘|r¥h+|‘i2(9>+(1/2)|HT1L}J|\2L*(Q>+(1/2)||T?§43H2Lz(9)+(n/2)/ N
. t'n—l
t" ) ) ,
<c [ (@mlnlin @+ W/mlaliw)d:
tn—

Epyalduevor duoia ya to npog ta eunpds (xpovikd) mpdfAnua, éxovpe toug akddovdoug vrodoyiopols:

N-1
nlles a0,y + O NeillZa) < C (1683 + (C2/mlepl3ap.rm @)
i=0
N .
ez @y + O I 20) < C((1/71)H€1||2L?[0,T;L2<Q)] + (Cc2/7/)HTPH%Q[O‘T;Hl(Q)])'
i=1

Enoxohotdng, tapdyetor évoc umohoyiopdc yie iy L0, T; L2 ()] véppo yenoulomoidvtog Tn dloxptts
yopoxtnpiotxy (Bhéne oto Mopdptnua A'3), xau 1o enaxéroudo Oedpnua 4.2.28. E@dcov, wio extiunon
v v L2[0,T5 HY(Q)] vépua éxer dn mapoydel, xou 10 Pondnmnd cOotnue Pehtiotonolnone eiven
oUoLIGTIXG amocLLELYIEVO, oL TexVixéS Tne [31, Evotnra 2] unopolv va egopuoctody areudeiog.

Oewpnpa 4.2.20. Eotw wp, zn, € Uy, o1 Aoeg tov (4.2.47)-(4.2.48) vrodoyiouéves xpnotponowd-
vtag to dG oxnfua. XuvuPorilovue pe ey =y — wp, 11 = 1 — 2, kai vrodétovpe twg mAnpodvtal ol
vnotéoes tov Ocwpriparog 4.2.18. Tére vndpyer pua otalepd C' mov eéaptdrar and ta Cy, ) téroa dote

”eIH%m[O,T;L?(Q)] < C[H%Hiw[o,T;L?(Q)] + ||€(1)H%2(n) + (03/77)Hezz”%?[o,T;Hl(Q)]
N—-1
> 2min (17 = POu(t) 32y, 1/ (asamDl| P (1 = Py(t) 320y )|
1=0
Il o, rze) < C[|\Tp||%oo[o,:r;m(n)] + (U n)llellZzg0,r52200 + (C2/MrallTei0,m;m )

N
+ 3 2min (10 = Posn)l) ey, (1/ mm)IPA = Pt 310 )|

=1

Anddeitn. Awywpilovtog 1o o@dhua 6nne 610 Tponyoluevo Yedenua (xadde xo 6to Robin npdBinuo
oTa TPONYOUUEVA), Bh., €1 = €1 + €, dpxel Vo PedEOUPE TOV 6PO SUD;n—1y<yn H61h(t)H2Lz(Q)~ Avtb
€yt yiver oto [31, Oemdpnua 2.5] (toviloupe Twe 1 cuvdiun opdoywwdtntag eivon anoculevypévn). H
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extiunon yio ™) ouluyy petaAnty urnopel va mopoydel Topduoia Eexvmdvtog and T cuviixn opdoyw-
vioTnTog (4.2.51), o YpNOoLOTOLDVTAS Uiol XATANANAY TROGEYYION YLol TH BLloxplth] Yoo TNELG TIXH Yot
70 omoY6BPOPO YPOoViXd TEOBANUL. O

Ynpelwon 4.2.21. Iapduoia pe tn Xnueiwon 4.2.19 w0y ve éva Behtiopérvo ppdyua otay U = Uy,
n=1,...,N. Eidikérepa,

IN

leslmpprizz@y < Clllenldmin iz + 181320 + (C2/mlenFapo zim )
Il porz2y < C(”%Him[o,T;L?(m] + (/mllealZzp0 7020 + (0(2:/77)HTPHQLZ[O,T;Hl(Q)])'

Ynueiwon 4.2.22. O ourdvaouds twy 6vo teAevtainy Ocwpnudtwy, katadeikrvel tn “‘ouvpuetpikn’”
doun twv extunoewy. Iho ovykekpipéra, éotw ||(., . )|lx, |- -)|lx, opilovtar and Tnv

[er,rD)I% = ek + Iml% = lellZejor oy + 171l Z2i07m1 @)

+H€1H2Loc[o,T;L2(Q)] + HTIH%OO[O,T;L?(Q)]ﬂ

(e, m)I1%, = lleallX, + Irall%,

N-1
= 3~ 2min (I = Py(t) By (/i) Posa (T = Py(t) 310
i=0

N
£3° 2min (1~ Pty O/ GaIB ~ Pec)a®) 0.
i=1
Tére, xpnoponoidvas ta Ocwpripata 4.2.18, 4.2.20 éxovpe pna extiunon s Hopens
lopdApal| x < C(||(7(pd/\pa apxiccy debopévar|| 2 o) + |opdApa kakitepns rpoaéyyions||x
+||opdAua vroxdpwr| x, )

O maparndvw vrodoyiouds detyver tws to opdApa elvar epappéoiuo yia vipnAdtepns tdéng oroweia vrd
TS Quoikés mapafolikés vnodéoers opalotntas. Av Uy = Uy, yian = 1, ..., N téte to opdAja vnoydpwy
unopel va mapadeiplel, ka1 omdte éxovpe (@ TUUUETPIKT] €KTIUNOTN TNS HOPPTIS

[|lopdApa || x < C(Hmpa’/\ya apxikdy dedopévar || 12 q) + ||opdAua kaAdTepns npooe’yylang‘Hx),
(4.2.53)

o omoio pmopel va Jewpniel ws to mApws dakprrd avddoyo tov Afuuatos Céa ([34]).

Anopéver va ouyxpivoupe o Buaxpitd obotnuo Behtiotonoinone (4.1.15)-(4.1.16) ye to Bondnuxd
olotnua (4.2.47)-(4.2.48). Xtn cuvéyelo, oUUBOMLOUUE UE €2, = Wp — Yp, XOU UE Top = 2 — [p.
Eexwdpe avayvwpillovtag éva Bondntind @edypa Yo to HthHiﬂO’T;LQ(Q)] %ot (1/(1)HTQhHiz[O’T;Lz(Q)]
1/2Hezh||%2[0,T;H1(Q)] xaL 6poug TEOBOAGY e1, T1. Eb®, napatnpolue nwe ywels BAIEN
™e yevudtnrag unodétovue a < 1, to onolo avtiotoiyel 0T QUOKH TEpiTTWO.

oe bpoug ToL «

Afupa 4.2.23. Yrolérovpe twg mAnpotrtar or Trnobéoeg 3.1.1-4.1.5-4.2.15. 'Eotw yn, fth,Wh,2n €
Uy, €fvar o1 Mdoeig tou ouotiuatos BeAtiotoroinons (4.1.15)-(4.1.16) kar tov Bondntikod ovotripatog
(4.2.47)-(4.2.48) avtiotoiyws, vrodoyiopéva pe to aovvexés oxnua Galerkin. YupBolilovue pe e; =
Y — Wp, T1 = [ — 2p, Kal é0TW €9, = Wy, — Yh, Ton = 2 — Wi L6tTe, vndpye otadepd C nov efaprdtar
arnd ta n,Cr, C. ka1 tig otalepés Cy, Cs tns Ynéleong 4.2.15 ka1 tov Arjuuarog 4.1.7 avtiotoiyws
Tétola dote ya T va ucavorolel Tis vrodéoes tov Afupatog 4.1.7 ka1 4.1.18, ka1 yia o < CCY, va wxve
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n akélovln extipunon:

T T
/0 leanll2a oyt + (1/a) / a2 gyt

T T
< [ (/allealipay + Il ) =+ ot [ fea it

Andden. Agaupdvtag ) (4.1.16) ond tn (4.2.48) maipvouue Ty eZlowon,

g

(1) + /

tn—1

((Tzh,~, vpe) + alran, vn) + (&' (y)u — &' (yn) pin, Uh>)dt

o
= —(ry o h +/ (ean,vp)dt Yo, € PRt 1t U] (4.2.54)
t

gn—1

Agonpdvtag t (4.1.15) and t (4.2.47) nalpvoupe v e&lowon:

(0" [ (= Geanvoned +aean,vn) + (66) = olun). ) )t

n—1

n—1

o
= (ehy o) +/ —(1/a)(p — pn,vp)dt Yoy, € PR[t" 1" U] (4.2.55)
t

Oua Bpovye éva Boninuxd @edypo Yo o HthH%z[QT;LQ(Q)] xolL TO (1/a)HTQhH%Q[OYT;LQ(Q)] o€ bpoUC TOU
al/zH62h||%2[0,T;H1(Q)] %o 6poug TEoPohdv. o autd 10 oxomd Bétouyue vy = e, oty (4.2.54) yia vor
npoxOeL

g

i)+ [ ((ranscam) + alran,ean) + (6 = &' (unvnscan) )t + 051 i)

tn,—l

o~

:/ 1||62,L|\2L2<Q>dt. (4.2.56)
tn—

xou vp, = rop o1 (4.2.55),

ot

(e3ps73) + /

tn—1

(= {eans rane) + aleansran) + (0(y) = Glyn), vn) )t = (e, 5

n
= [~/ ~ ()l (4257
tn—1
Egapuolovrac mapayoviixh) ohoxhfiowon »w¢ Teos To xeévo ot (4.2.57), xa agoupidvtas v e&lowon

Tou TpoxUTTEL omd TNV (4.2.56), xotohfyouue oTn

.
(D) = €+ [ (leanlBagey + 1/ lranliey)
.

-1
e

- / (6 (W) — & (o) e2n) — (DY) — Byn), ran)) dt — (1/a) / (r1.ron ). (4.2.58)

n—1 tn—1

Xpewdletan vo ppdZoupe Toug TeES 6pouc oo de&i uéhoc. Eexwvdpe vrohoyilovtag Toug duo teleutaioug
6poug. T autd To oxond, mapaTnEolUE TS,

(/o) [ trvrani] < 1/40) [ raliadt+ (1) [ st
tn— tn— tn—

apol 1 Trddeon 4.1.5 (onueidvoupe cOupwva pe 10 Oedpnua 4.1.9 twg utdpyel € > 0 tétow Mote
pou m n W I U W PN 4
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llyn = yllL2pn—1,em02(0)) < €) % 1 avicétnter Young Sivouv

g

[ Vo) =t radlar < Ga [ (leala + lerlEa) de+ (1/40) [

tn—1 tn

i
(7201720 dt-
—1

Emunhéov, vl Tov teheutaio dpo umopolue va @pdEouyue

o= [ 1600 o i can)
tm tm
< [ 0@ ealdi [ @ 0) & ) canldt =T+ T
tn—1 $n—1

T t0 ohoxhhpwpa IL,, mpoodagupedviac to ¢ (0),

1
Inl

/t 8 )t — un) ean)

n—1

IN

/t (K(¢"(y) = &' (0)) (1 = n), e2n)| + (8 (0) (1t = pan), €2n)]) dt.

n—1

Ernopévec, yenowonowdviag tn cuvéyewr Lipschitz tou ¢, o opoduoppo @edypa tou ¢'(0), tnv
eppitevon H1(Q) C L), xou tny avicétnto Young pe xatéhhnho & > 0, éyouue

.
I, < CCL/ lyllsyllren + r1llL2 (o) lleznllLe @) dt
tn—l
"
4 [+ ralzaco leanllondt
tn—
. .
< Wa) [ I+ (1/10) [ lranlaads
gn—1 Jin—1
-f,n .f;n
+aC(CL)||y|\2Loc[o,T;L4(Q)]/ 1H82h\|%{1(mdt+ca/t 1\\€2h||21:2(mdt
- -
. .
< (1/a)/ HrlHig(Q)dtJr(l/lla)/ lranl22 it
tn,fl tﬂ,fl

t" ot™
+a1/2c(CL,Cd)/ Hezhniﬂm)dHCa/ lleanll72 () dt,
n—1 n—1

6mou o1 TeheuTalo aviodnTa éyoupe yenotporotioet Ty Trodeon 4.2.15. Edo n C(C,, Cq) cupPolilel
wia otardepd nou e€aptdton and to Cr, ta dedouéva f, Yo, ya, 7 xou 10 Q. Emniéov, n ouvéyeia Lipschitz
Tou @' xau 1 yevixeupévn avicotnto. Holder unodnidvouy mwe

= / (& (4) — & (yn)yans ean)|

n—1
¢ "
< CL/ 1 HelHL4(9>||/L;LHL2(Q)||621LHL4(Q)dt+/ . llezn |l Loy lpnll L2 @ lle2nll La o) dt.
tn= gn—
To mpdto pépog tou 12, unopel va gpaytel yenowonodvioc TNy eupitevon H1(Q) C L*(Q) xou v
aviootnta Young

" " "
/t llex Lz o llnll 2 @ llean @y dt < (CDyar/0'?) /t leallr1 oy dt + @/ /t ez (ot

6mou oupPorilovue pe Dyg ) otadepd evotdietog tou Afuuatog 4.1.18. Telxde, napatneoiue nwe
N aviodtnTa TopepPoric ||.||%4(Q) < Cll 2@l @), B aviodtnra evotddeias Tou py, Tou Afupotog
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4.1.18 xou 1 avicoéT T Young pe XotdhAnho J, UTOBNAWVEL TS

" £
[ Neanlonialeanlosco i lzzcords < linllsinsanszocon [ Neanlzzolleanlin oyt
tn- -

<) [ lemlaodt + Clinli sz |,
t t

n—1 n—1

llean |71 (o dt
. .
< (1/4) / leanll2a gyt + CCwal/? / leanlZrs ot

t'n.*l tn*l

AvtiadiotdvTog o nopandve @edyuata otny (4.2.58) xou tpoc¥ETovTag Tic aVGHTATES TOU TEOXVTTOUY
; . . N _ _ ,
a6 o 1 péypr to N, mopampdvac moe Y,y (15, e5,) — (e3, I,T;Lthl)) = 0 (s@doov €3, = 0,
N L oyt b2l " 2 !
. = 0), xau emdhéyovrac o < C(CL) yiar va “piovye” to [,y ||62hHL2(Q)dt7 nodpvouue to emdu-

UNTO amoTENEGUAL. O

Ynueinon 4.2.24. Y napandvo andbaén xpnoiponowolue tn owéyea Lipschitz tov ¢’ ya va
arogUyoupe emmAéor texvikés Aemtopépetes. H vndleon mws y € L®[0,T; L*(Q)], Oa anarcioer va
emfddovpe emmpdodetn opaddnta ota dedopéva, eidikdrepa, yo € HE(Q), f € L2[0,T; L?(Q)], aAdd
dx1 emmAéoy opaldtnta oTov éleyxo kai To aTdxo.

Ot exXTUNOEC TEOXVTTOUY YENOOTOLOVTAS TEXVIXES TEOBOAGY Tou Bewpruotog 4.2.18 ol onoleg Yo
ETUTEEPOUY VoL YELPIOTOVUE TIC TPOG ToL EUTPOS Xt TIG Tpog Tat ow (010 ypdvo) ouleuyuéves w.d.e.,
woll pe éva “rmpog ta miow” (“boot-strap”’) emyeionuo.

BOevpnpa 4.2.25. Eotw ot mAnpotvtar or Yrnobéoes 3.1.1-4.1.5-4.2.15. OewpoUie Y, [th, Wh,2n €
Uy, s Aboeg tov ouothuatos Bertiotoroinong (4.1.15)-(4.1.16) xai tov Bondntikol ovothuarog (4.2.47)-
(4.2.48) avtiotoiyws, vnodoyiouéves pe to oxripa aovvexols Galerkin. Xuvpuporilovue pe ey =y —wp,
1= [ — 2p, KAl €0TW €, = Wi, — Yh, Ton = 2n — fh. 10tT€, vndpyea pa otadepd D, mov eaprdtar and
o ||yl oo, 32(02)1 /1> T oTadepd C tov Afuuaros 4.2.23, kat to p = n/ffccz/cn_% <1 (ywup>0)
wétol0 ote ya T va ikavornolel Tig vrodéoes twy Anupdtwy 4.1.7, kar 4.1.18, ka1 wxder n akédovdn

extiunon:

T N-1

Heé\fh”%ﬂ(ﬂ) +”// ||62hH%(1(Q)dtJr Z ||[€§h]||%2(9)
i=0

0

T N
+(77/CV)/0 HTZhH%{l(Q)dt+(1/0‘)”7"(2)h+H%2(Q)+(1/Q)Z|Hr§h”|%2(ﬂ)
i=1

<o) [ (Je

By + a3y )
Ebd n owalepd D etvar aveldptntn twv T, h, a.

Ynueiwor 4.2.26. Ilapatnpolue tws pag evdiagpéper n mepintwon 6mov o1 Tiuég Tov av €ival HIKpES,
ka1 mavdd§ ouykpioyues e to h, o1 onoles eyyvdvtar ypriyopn o0ykAion oto otdxo yq. (26 €k TovTov,
araiteftar pueydAn mpoooxny yia va anopevxJel n xprion aviwootitwy timov Gronwall mov ovowaotikd
0dnyolr ge atalepés tng poperis exp(l/a).

Andbaén. Brijua 1: Hpoxatapktikd anoteAdéopata ya ) Paoikn petafAnt):  Oétoviag vy, = egp OTNY
(4.2.55) xou TAPAUTNEAOVTOS TG fL — f, = 1 + r2p, Todpvouye

n

1 1 _ 1 _
5“67231”%2(9) + 5“[63;1 NlFe - 5”‘3% e + 77/ llean |7 (o dt

gn—1

t" ot
+/ (0(y) — d(yn), ean)dt < —l/ (71 + T2n, e2n)dt, (4.2.59)
t t

n—1 Q Jin—1
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Tt to ptdT0 6o 010 Be&i PENOG, TAPUTNPOVUE TG

o o o
(@e) [ oveandt] < na) [ leanli it + (©na®) [ Il
n— Jin- -
Y10l EMOPEVA ETUXEVTPWVOROOTE GTOUC N Yeapuxole dpous. Toviouye mwe 1 govotovio Tou ¢ uto-

SNAGOVEL TS
o

T, = / (6(0) — Bun). ean)dt > / (6(y) — d(wn), ean)dt,

n—1 gn—1
XL OTOTE UETOXVOVTAS TOV TRV 6po 610 Je&l uéhog umopolye vo Ppdéoupe auTéV TOV 6p0 Y-

owonowdvtag ™y Tnédeon 4.1.5, v avieétnta Poincaré, xou v avicémta Young, émwe axoloudel

e

.
<Ci [ lelloleanliad < /1) [
tn— tn—

Inl

.
Neanlde + (€Cwfn) [ ler Byt
tn—

Enopévec cUNAEYoVTaS T Tapomdve @pdypoata oty (4.2.59) xa todhamhacidlovrac pe /2 naipvouye:

0 (el + e MEocon = e Wy + (n/0) [ lleanls o)
Jin—1

t" t
< [ (€Cma¥)nlfp e + (€CLa 2 ler o) dt = (1) [ (raseaat.
¢n—1 tn—1
(4.2.60)

Brjpa 2: Hpokatapktikd arotedéopata ya tn ovluyr) petafAnt: Oétoviag vy = rop oty (4.2.54),
gyouue

o,
(/2|5 720y + /2372 () + /275 720 +77/ ll72n 171 eyt
t‘nfl
o 4
[ @ ot < [ el (@260
tn—l tn—l
XpnoonoudvIas T LOVOTOV{d TOU @, XoL TUEUTNEMVIAG WS fL — [y = 1 + Tap, N W1 YROUIMXOTHTA
e ouvluyolc e&iowong pnopel vo ypopel we &g

g n

(& W)t — & (@)yans ran)lt + / & (W) — & (), ran )t

Jin—1

/tt"’ (¢'(y)u — &' (yn) pn, ron)dt = /t

n—1 n—1

" "
> / 1<¢/(y)T17 Ton)dt +/ 1<¢/(y)uh — ¢ (yn) ;s ran)dt.
- -
Metaavevtog ta teheutaio 5uo ohoxAnpouata oto Se&l uéhog nalpvoupe xatdhinia @edyuata. o to
TEATO OAOXAfiPWUY, YENooTowdVTaG T cuvéyeto Lipschitz tou ¢, 1o opolbuopgo gedyuo tou ¢'(0),
1 yewxeupévn avioétnto Holder’s xou tnv eupoteuon H(2) C L*(€), nodpvouue

‘/ Y)T1,72R) dt‘ < ‘/ )i ran dt‘-i—‘/ (0)r1, r2p)dt
tn—1 tn—1 tn 1
< /) / ol + (Cotn) [ oyt
tn—1 tn—1
‘/ <¢,(y)7'177'2h>dt‘ < ‘/ N7, Ton dt’Jr‘/ (0)ry, mon)dt
tn—1 tn—1 tn 1
<

(0/1) / ol + (Cotn) [ oyt
Jin—1 Jin—1
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émov 1 Cy e€aptdton wovo ond 10 ||yl| L0, 112 ()] %% T0 Ywelo. Tapduow, yio to dediepo oloxhpnpa
7N ouvéyeto Lipschitz tou ¢, 1 yevixeuuévn avicotnto Holder xou to yeyovoe 6T y — yp = €1 + eap
Oelyvet,

i o
‘ / ((¢'(y) = ¢,(yh))ﬂh77'2h>dt‘ < CL/ llnllz2 (e ller + eanllzac IranllLe@)dt < IT, + 1L,
Jgn—1 gn—1

Anoyével va gpéZoupe o teheutala Suo ohoxhnedpata. Apyiloviog ané o 112, ypnouonowdviog Thy
WiotnTor TopeuBohtc ||.Hi4(9) S Ozl a1 @) o Tic extipfioeis evotddelag yio T fup, Talpvouye:

o
I, < Cy 20l L2 oy llezn || L@ 1m2nl La oy dt
—1

tn

-
< 77/4/ » 1220y Iranll 1 ) leanl e oy di

i
.

+H(CC /) / leanl 22y vzl ey d
t

n—1

t" "
< 77/4/ ) l72n 1 oyt + Huhr”%N[t"*l,t“;L2(Q)]77/16/ ) llean | dt
. i

n

t
+(CCr/n) / (@ 2lleanl2qay + (1/a®)llranllfeey ) dt
t 1

n—

t" t"
<o/t [ ol + (CChan/16) [ leanlfp oyt
tn— n—

o [ (a2 leanlBamy + 1/l lranlaey) dt,
t 1

n—

bTou éxoupe yenorLonotioel o @pdypa euotddeiac yio to Afppa 4.1.18. T 1o IIL,, yenoiwonoidviog
v avioétnta Holder xou tnv epgitevon H(Q) C LA(Q), éyouye,

.

1 <C [ unllaollemollranlmods

< (n/4) / Iranll2ps gt + (CCLCwal/2 /) / lex 2.
tnfl tn—l

Bélovrog ta ppdypota Tou ik ,112 otnv (4.2.61), xon toharhactdlovtog we (1 al/? , EYOLpE
('PP W nl nl Y] [ XOLW

—(1/24 )15y 72 (@) + (1/2a2) 50l 720 + (1/202) 15 72 @)
o

H/207) [ ranlf et
tn—

ng

-
<D [ (lealia + (/a )l ) dt+ (1/at) [ (eanran)at

tn—1
e

-
+C’C‘52,tozl/277/ \|e2h||§11(mdt+ch/n/
t"—l t

n—1

(leanlzqay + (/) lIranl 2y ) dt, (4:262)

omou to D eZoptdrton and 1o CCLCg/n, xau 1o Cy/n.
Brua 3: Xwdvaouds twr (4.2.60)-(4.2.62): o endpevo Yo DATUTOCOVUE TO XUPTH GUVBLACHS TKV
(4.2.60)-(4.2.62) nolamhaotdlovtog ye 1 — p v eiowon (4.2.62) xou pe p v ellowon (4.2.60),
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0 < p <1, (r0 p Yo tpocdoptotel apydTepa), xon TEOTYETOVYE TIC EEIGMOELS TOU TEOXVTTOUV:

n

pal/? (Heélh\l%z(g) + lllesn M2 — ||€3{1\|%2(Q)> + (Pﬂal/2/4)/ llean |21 oy dt
tn—l

((1- P)/2041/2) (*HTSHH%%Q) + ||[7“5Lh“‘%2(sz) + Hrg};lH%Z(sz))

n

H= /et [ ol oyt
tn—l

n

g

<D/ [ (Il + lealfe) de+ (0= CCRa 2 [ el et
tn—

tn—1
i

= pccun) [
H1-p/atl [

tn—

(lezrllZzq@) + (1/a)lIranlFaqey ) dt

m
(e2n, ron)dt — (p/al/Q)/ (ean, ran)dt. (4.2.63)
1 fn—1

Trdpyovv 8bo dapopetixés tepitdoec. Av 0 < p < (1/2), tote p < (1—p) xou propolue Vo ppdEoupe
Toug TeheuTtaiou Buo dpouc e o 2(1 — p)/al/? fttn,l [(e2n, T2n)|dt, xou ETOPEVC YENOLLOTOUDVTAS TNV
avio6tnta Young vor Ty QedEoupe e TNy

2= p)fa? [ (a2 eanlaey + (1) lranlFage) .
tn_*l

Avtixadiotdvrog ) tehevtaio avioétnta oty (4.2.63), xou mpoodétovtag and 1 ewg 1o N €youpe

N T
POCI/2||8§V;LH%2(Q) +pal/? Z H[eéﬁl]niz(m + (/”7‘11/2/4)/0 llean |21 () dt
i=1
N T
+(1 = p)/22M Y " raalllZe ) + (1= p)/20 )Py 1720y + (1 = P)Tl/4a1/2)/0 720172 ) dt
i=1

T T
<DW/a*?) [ (Inlfpe + el @) de+ (1= CCHYn [ ean s it
0 . 0
+1=p0Cu/n [ (leanlfae + (1/a)lranlEae)) di
. 0
+201=p) [ (lean oo + 1/l ) . (42:64)
6mou 10 D e€optdton uévo and ™ otadepd evotdeiac Cg, 1, Cr. Iopatnpolue mwe Unopolue vo

yenowonotjooupe to Afjupo 4.2.23 yiot vor avTixataoTHCOUPE Tal TEAEUTALO BUO OAOXANEGOUITA YE TOUS
6poug ToPohic e, r1 X0 TO a1/2HGQ}L”%Q[O,T;H‘(Q)]‘ Ondre,

N T
Pa1/2H€§Vh||%2(Q) +pal/? Z Ilesn 172 () + (P71a1/2/4)/0 llean I3 ) dt
i=1

N T
(1= p)/202) Y 52 ) + (L= p)/20 )1y (172 + (1~ /’)77/4‘11/2)/0 Ir2n| 71 o dt

z;l
<D/ [ (Iralisioy + lealBrscey) dt
0 T T
+(1 - ﬂ)CCEt()zl/27]/ ||€2}L|‘§_11(Q)dt + (1 - [))300[1/2/ ”62},,“%[1(9)6&. (4265)
0 0

E8®, n C ouufBoiilel ™ otadepd tou Afupartog 4.2.23. Ondte, emhéyoviag p Ue oxomod vo xp0ouye
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oV 600 |leanl|L2(0,7;m1 (Q)) 0T aploTERS, N\,

2
CCn+3C

1—p)(CC%n+3C)al’? = pna'/?/4 — st T
( P)( st77+ )Oé PUOC / ’ p n/4+CC§t7]+3C b

(toviCoupe mwe o p elvar aveZdptnTo Tou @) xotoAfyouue oty emuunth extiunomn. Enuetdvoupe
enlone nwe éyouye yewplotel ) mepintwon 0 < p < 1/2, 1 onolo unOdNAGVEL W vddeon Yo To
péyedoc v dedopévayv, xa edxétepn, CCZn + 3C < n/4. Anopéver va yelpiotodue ) mepintwon
mou 1/2 < p < 1. EvBiogpepdpoote yiol 10 Yeplowd twv duo teheutoiny dpwv g (4.2.63). T to
O%OTO AUTO, TUPATNEOVUE TG

t" n

.
(ean, ran)dt — (pfa’?) / (ean, ran)it < |(1 = 2p) o> / [(eans ran)dt.
1 tn—1 1

tn—

(1-p/a’ [

tn—

Egboov, 1/2 < p < 1, madpvoupe |(1 — 2p)| = (2p — 1) < B(1 — p) vy xdnowo S > 0. Qotdoo,
TOPATNEOVUE e av To B > 0 efvon opxetd yeydho, téte p =< 1 epdoov p < (1+ B)/(2+ B) =< 1.
To vnéhoino e anddeine nopapéver to do. To avdhoyo e (4.2.65) naipvel T wopy,

N T
pa2ledy 72y + p Y Nlesy Iz () + (ona/?/4) /0 llean |7 (o dt
=1

N
(1= )/20"2) Y NI5all7a @) + (1= p)/20"2) 134 720
=1

T
H = n/10) [ ol oy
TO
<DEW/) [ (Il + ler ) d
0 T T
(1= )CCha" 2 [ eyt + (1= )€ [ el oyt

Onéte, emhéyovtog p (aveldptnto and to a) e oxond vo xploude Toug Teleutaiou Buo bpoug 6To
0egl uéhog, Snh., yio

2
cCin + pC <1

_ 2 /2 . 1/2
(1 P)(Ccst7l + BC)O& pno /47 P 7]/4 T Ccfm T ﬂC )

o €Youue To emduuntd amoTENEGUA. O

Inueiworn 4.2.27. Xtg nepioodtepes mpakTikés kataoTdoel, tétoles 6rws UikpoU xpovikol fnua-
TopoU 1 o1 peyddwy dedbouévawr Cgi, Tapatnpolpe tws o1 TIUES Twy napapétpwy p 11 — p ey elva
ouykpioies e tov dpo a'/?
TEPITéPW.

<< 1, ondte n e&dptnon twy vroAoyioudy and tov o 8e X€poTepevel

BaowWlbuevor otic extiunoes v evepyelaxmy vopuwy cuveyiloupe (doTe Vo TpOUUE eXTIUNOE GE
avdaipeteg ypovixés otiypée. E@doov, wa extiunon tne evepyetonnc vopuos |71l L2(0,r;m1 (@) Exer 10N
unoloytotel oto Oedpnua 4.2.25, to clotnua Pedtiotonoinone eivon anooulevypévo. Mia extiunon
oe audaipeta ypovixd onueio yioo T TEog Ta eUnEos e&lowon pnopel vo unohoyiloTel egapudlovtag TN
TEYVIXH TPOGEYYLIONG TV DLOXELTMY Yoo TNELGTIXMY Tou [31] otn nepintwon pe Tov nurypaumxé dpo.
Onére, Ya ypewotel 1 extipnon evotdielag o avdalpeta ypovixd onueio.

Oewpnpa 4.2.28. Ocwpolue s Adoe§ yp, pin, € Uy, twv (4.1.15)-(4.1.16). Av emmAéov twv vro-

Oéoewr twrv Ocwpnudtov 4.2.18, 4.2.25, to T wkavoroiel tny 7 < Cy/n, tote vndpye pa otadepd D
ebaprcspern and tous Adyous (Cy/n), (Ce/n), €TC4/M ka1 wn otadepd D tov Ocwpripatos 4.2.25, wétores
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ote
5 T
lean F~poraacan < B1/0) [ (ler o+ i s )

Ebé n D eivai eniong avebiptnen tov T, h, a.

Andbadn. Eexwdpe pe Topoyoviier) OhoxApnoT w¢ Tpog To Ypovo oty (4.2.55), xou avtixadiotdvTog
e v, = €ap, 6TIOU TO Eap, SLUPBONLEL TN TPOGEY YoM TG DlopLtic YepaxTNELoTC EEICLONS X[tn—1 1) €2n
(y1ot %89 ouyxexpévo -fixed- t € [t"71 ")), bnwg ebven xotooxeuacuévn oto Iopdptnua A3. O
oplopde tou oy, (Phéne Hoapdptnua A'3) %o 10 YEYOVES 6TL eapt € Pr_1[t" 1, t™; U] unodnhdver nog

n
ffn,l (e2nt, Eap)dt = ffn,l (e2ht, €en)dt To omolo delyvel,

g

(1/2)ean Ol + 1/ el ooy + |

tn—

: <a(62h7 éan) +{p(y) — ¢(yn), é2h>)dt

3T

= (1/2)es 2 — / (1/a) (s + ron, éan)d.

tn—1
Treviupilouye eniong twe N BoTTR cUVEYELXS Yot T0 af.,.), xou 1 ITpdtaon A’.3.1, utodnhdvouy TKg

n

| [ aleananyit] < C(CiCo) [ el
t‘n,—] t‘n,—]

epbo0v 0 bpog cLleLEne unopel va oy Tel we axoholing:

i
llean 12 oy dt-
—1

g
tn—1 tn—1 n

1 " . "
\a/ (r+ ron eon)] - < (ck/a2)/ (Hmh\\iz(m+Hr1\|%2(9)>dt+0k/
A t

E8¢ €youue yenowonotfoel Ty avicdtntor Young yioe xotddinho & > 0 xou ) Ipbdtaon A’3.1. T
ToV MuLYpauUixd 6po, ureviupiloupe g n ouviixn adgovooag povotoviag xou 1 avicdtnta Holder, n
epiteuon H1(Q) € LA(Q) urodnhdver

o~ o
/ ((y) — d(yn), éan)dt < CL, / ly — yullz o lleznll mr o dt.
Jt —1

gn—1 Jn
XpNoWomolvTag TNy avio6tnTe Young Tehxd XATIAYOUUE GTNV:

+n

[ @) = ot eantat < CuCy+ Co) [ (leallay + lean )

Jgn—1 "
onou n Cy e€aptéron povo and 1o ||yllpepo,r;r2(0)). Emopévoc, avixahotdviag toug Tapamdve u-
nohoytopolc oty (4.2.66), modpvouye W avioétnia e popgte, (1 — Cry)a™ < a1 + ) émou
a™ = SUPge(n-1 4m| ||62h(s)H2L2(Q). Hpdypott, éotw t € ("1 emheyuévo we a™ = ||62h,(t)|\2Lz(Q) X0l
Topatnemviag tws Ck ftt:,l Hegh,”%z(mdt < Cpmpa™, Yo 7, avonowdvtag 7,C, < 1/4 7 emduunti
extiunomn axohoudel and to dwxprtd Afupo Gronwall, yenowwonoimnuévo oo TpomNyolUEVa PEdyUaTa TOU
Afuportog 4.2.23, twv Oewenudtwy 4.2.18, 4.2.25, xau utoloyiopols. O

Axoloudolv exturoeic yio T oLluYT HETOBANTY L1 XENOWOTOLOVTAS TUPOUOLES TEYVIXES XodME Xol
TOUS TPONYOUUEVOUS uTohoyiololg yiot T Boaoix uetofAnt. Iapoxdte Siatunidvoupe T oyetixy
extiunon.

Ocwpnpa 4.2.29. Eotw yp, pp € Uy, 01 Aoeig tou (4.1.15)-(4.1.16). Trodétoupe twg mAnpodvtar ot
unodéoers twv Oewpnudrwy 4.2.25-4.2.28. Téte vndpyer pua otadepd D > 0 (rapduoia tov Qewpripatos
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4.2.28) térow dote
T
2 B 2 2
2z oo, p200y) < D/O (HelHHl(Q) + HT1||H1(Q)) dt.

ALdpopes EXTWAGEIC UTOPOVY Vol TeoXUPOLY, YPNOHIOTOWVTIS To ATOTEAEGUATA OTO T TEONYOUUEVN
EVOTNTO XU XAUGWXE amoTeAéopaTa and TN Vewpla tpoceyyioewy. Eexvdue napadétovtag TG CUUUETEL-
XEC EXTUNOELS CPUAUATOV.

BOevpnpa 4.2.30. Yrodérovue mws mAnpovvtar o1 vrodéoes 3.1.1-4.1.5-4.2.15. 'Eotw yp, n, € Uy,
o1 Tpooeyyotikés Aboeis tov ouotriuatog Beltiotoroinong (4.1.15)-(4.1.16) vrodoyouéves xpnoipio-
TowdrTag To oxNHa TS acuvvexols pebddov Galerkin. Ymoléroupe mws ta T = maxi—i,.. nTn, N,
ikavortowy ts ovvdikes twrv Anuudtov 4.1.7, 4.1.18 ka1 tov Ocwprjpatos 4.2.28. Tdte, 1woxve n
axdrovln extiunon:

lell% + (/) Il < €(1/a2)(lleol3zq) + lepl% + Il )

N—-1

+ 3 2min (I = Py sy, (/7 0) | Poa (T = Pyt -+ )
=0

+ " 2min (0 = P )ult) By (L/r I P = Pro)u(t) By )
i=1

érov n otadepd C eapritar and tg oradepés evordideaas twv Anuudtov 4.1.7, 4.1.18, ka1 tig otadepés
C, D, D tov Afjuparos 4.2.23 ka1 twv Ocwpnudtor 4.2.25, 4.2.28 avtiotoiyws, aAld eivar avedptnto
Ty T, h, a. EmmAéov, vnolétovpe mws ypnoiponowdvtal ot 16101 vndywpor, dnAadn, Uy = Uy. Ondrte,

lell% + (1/e)llrl% < C(l/a2)<|\€olliz(m +llenl% + HTpHi)-

Andbetn. O mpdtog UTOAOYICUOE TEOXVUTTEL YENOWOTOUDIVTOS TN TELY WVIXTH AVICOTATO XAt TIG TROTY0U-
MEVES EXTWNOELC TwV Oewpnudtwy 4.2.18-4.2.25. O deltepog uTtohoyloudg TeoxnTel amd T Lnueinon
4.2.19. O

Xenowomoudvtog Thpa xhaotxd anoteréopata e Yewplag npoceyyioewy napdyoupe tic el ovY-
xhong. Hopaxdtw, tapoustdlouvue Ti¢ téelc olyxhione o€ duo EexwELoTEC TEPLTTWOELS, ovdhoYa e
T Blodéoun ogahoTnTaL

ITpotaon 4.2.31. Ocwpolie mws mAnpolviar o1 vnodéoes twy Oewpnudtwy 4.2.18-4.2.25. Ymo-
Uéroupe emiong mws ta y, it 1kavomowody,

(y,p) € L0, T; HH N HY(Q)]  (y*D, pBD) e L0, T; HY(Q))].
Ocwpole nws Tunpatikd Tolvdvuvua Badpod I xpnopuonoolytal yia va kKataokevdooUUE TOUS XWDPOUS
U C HY(Q) o€ kdde ypovixé Brua, dnov to h oupfodila tnr napduetpo xpoviknis Sakpiroroinons.
Téte 1w0xver n akérovdn extiunon:

lellf + (1/elirli < €(1/a®) (B2 4+ 72040 4 h2 minght/(r2), 52/} ).

Ebc 1 owadepd C etvar n otalepd tov Oewpripatos 4.2.30. Sty mepintwon mou Uy = U, tdre
artiodoyetftar 1) axdovdn extiunon

lel% + (a)lirlk < €(1/a)(h +204D),
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Anddeitn. Amouével va EXTIUACOUUE To €y, Tp. XENOoWoToldvTos To [33, Suunépoouo 4.8], xou Tic
cuvndouéveg WBLOTNTES TpooeYYloWdTNTAS Tou P, éyoupe

el

C(”y - Pny|‘L2[t"'*1,t,“;H1(Q)] + Tk+1HPny Lﬂt"*&t”;H%Q)])

k+1 Hy(k+1)|

Iy — Pieyll p2jpn—1 n; 111 ()]

<
< C(h/lHyHL2[tn—l,tn,;Hl+1(Q)] +7 |L2[t71—1,tn;H1(Q)]).

k+1 Hy(

onéte, |ly — Pyl rzpo, o) < C (R 20,010 + 7 M| L0, () -

Epyaldpevol napduota, €xouue
Iy — Piyllp=po,r;z2(0) < C (R Iyl poe o.rsmi ) + 7 Iy S0 poe .10 2))) -

Iapépowa anoteréopata eniong woybouv Y to 7p. Hopauéver va gpd€ouue Toug 6poug GRIALATOC
Noyw g odhayhig utoydpwy. TV autd 1o oxond eivar elxolo va Bolue TKG

N-1
S 2umin (7 = Py(e)2aqey, (/7 0) | Posa (T = Pu(E) -+ )

i=0
h21+4 h2+21
2 .
< ClyliE,rome o mm{ﬁv b
eved Wiat mapdpota extiunom wydel yiot Toug 6poug Toug oyeTols P T ouluyY LETOBANTY. O

To teheutoio pog anoTENEOUA APORY EXTUNACELS CPUAETWY XATK ATO O AUCTNEES UTOVECELC OUUAOTN
TAG, XU TUO GUYXEXQWEVA OTNY YPOVLXT) TORdYKYO.

ITpbtaom 4.2.32. Eotw twg nAnpolrtar o1 vnobéoes twry Ocwpnudrwy 4.2.18-4.2.25. Trolérouue
€TIONG TWS TA Y, [t 1KAVOTO0UY,

(y,p) € L0, T H 0 Hy(Q)),  (y* D, u+0) e L0, T; L*(Q)],

ka1 é0tw TwS xpnotporootrtal o idor vndywpor o€ kdle ypoviks Pnuatious Ul = Uy kar xpnoijto-
roodvTar Tunuatikd roAvdvuue Baduol I ya va kataokevdoovpe tov undywpo Uy C HY(Q), drov o
h oupporiler tn mapdpetpo tng xpovikng dukprronoinons. Trolérovue nws wyvovy o1 vnodéoes tov
Ocwprjparos 4.2.30. Tdre, éxouue,

el + (1/)lirlk < G/ (W + (42 m%),
dérov n C oupPoriler tn otadepd tov Ocwpripatos 4.2.30.

Anédaén. Epyoalduevol napduota e To mponyoluevo Oemenuo xon gla avtio tpoen extiunon odnyoluo-
6TE OTO

lly — Pil,ocyHQLz[tn—htﬂ;Hl(Q)] <Clly - Pny||2L2[tn—1,tn;Hl(Q)] + CkTZ(kH)HPny(kH)HQLz[tn—ttn;HWQ)]

< C (Hy - Pny”%Q[tn—l’tn,;Hl(Q)] + 72(k+1)/h2HPn,y(k+1)|‘iz[t,.,_17t,,L;L2(Q)]> .

To ogdhpa mpocéyyione otov L°[tn~1 " L2(Q)] unopel va avtiyetomotel ye tov o tpémo. H
ouluyic petoBinty unopel eniong vor avtipetwmiotel ue tov Blo tpémo. Omndte, yenowonoLdVTIG TNV
evotdielo yio TV opvoydwio TeofBot, €xouue Tov EMIUUNTO UTOAOYLIOUO. O

Ynueiwon 4.2.33. Elvar gavepd ané s anodeibers twv Ilpordoewy 4.2.31 ka1 4.2.32 twg ot vmo-
Oéoeis Bedtiopérng opaldrnas ya ta (y, u) xpedlovtar udvo ya va vrodoyioovue (Béltioteg) tdéeig
obyrhions s mpos o ||.|| Lo, 102 (Q) koppdn g ||.||x véppas. Avzideta, av emAébovpe Toug iBoug
undywpovg o€ kdle xpoviké Priua Uy = U, téte dev vndpyel ouveiopopd amd tous 6pous aouvéyelas
(jump terms), ka1 ondte umopolje va ouvdudoouue ta arotedéopata tns Xnueiwong 4.2.19, kai tov Oe-
wpnipatos 4.2.25, ya va ovvdéoovue wa opdApara ||el 210,711 () kat |7l 220,751 ()] 1€ T@ opdApaTa
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loc

mpoBoddv y — Py ka1 p — P°u otis thies vépues. Qg ovvénaa, o wiéeas obyxhiong s Hpdtaong
4.2.32, ws mpos s ||.|| L2 (0,711 ()] YOpHES ararwoty udvo (y, ) € L2[0, T; HPH(Q)NH*T1[0, T; L*(Q)]
opaAdTnTa.

Ynueiwon 4.2.34. Efaitiag tng arovoias mepiopiopdy yia tov éAeyxo, Mia €KTIUNOn Yiad ToUS €-
Aéyxous g — g, mpoxUnter arevdeiag and toug vrodoyiouols ya tny avluyn petaPAnTr || — pnllx
xpnowonoidrtas tn owvidnkn PeAtiotoromons. f20téoo, onws elvar pavepd kar ota avtiotorya apriun-
nikd anovedéopata, avauéverar yua tov é\eyxo pia Pertiopévn tdén abyrhong oty L2[0,T; L?(Q)]
vépua.

4.2.3 | HpoPinuo xataveunuévou ehéyyou Stokes.

‘Opota enexteivouye ) uerétn pog oe npofiruata Stokes xou epyalduacte 6TOUG AVTIOTOLYOUS Y WEOUG
nou €youv mpoavageplel. Opilovpe éva Pondnuind cvotnuo mov nailer T0 PONO WG YEVIXEUUEVNC
dG mpoPolic. Oa doukevoupe pe T aclevelc poppéc mou unootneillouv v Umopn nieong p €
L2[0,T; L3(9)] (xen omdte e o € L2[0,T; H™H(Q)]). Ondre, 1 ouvéyea Tou cuothuatoc PerTioto-
no{none anotelelton omd tic e€iotdoelc (3.3.20)-(3.3.21) xou (3.3.18) A (3.3.19), xou to Slaxpitd choTNUL
Behtiotonoinone (4.1.22)-(4.1.23) xau (4.1.20) A (4.1.21).

4.2.3.1 | H m\pwe dloxplth) mpofolr

Aoocuévmv dedouévev f, 1o, xot TV dpYXdy cuVInXGY w?l = yg, 6ToU yg = Pryo elvon oL apyixéc

TpoceyYioels Twv Yo, 28 = 0, aveldnrodue (wh, pin)s(2h, d1n) € Un x Qp Tét01 GoTE YIA R =1, ..., N
nou yle Oho T Vp € 7)k: [tn717 tn; Y}L]a qn € Pk [tn717 tn; Qh]7

e e
(wp,vp) — /t ((wh,vht> — a(wp,vp) — b(vh,plh)>dt = (w,’iil,vsll) +/t ((f, vp) + (Q,vh)dt

n—1 n—1

ot
/ b(w}u qh)dt = 07
t

n—1

(4.2.66)

t" t"
o)+ [ ((omone) + aon,on) + om, ) )t = =G o)+ [ (o = )t
t

tn—1 n—1

o
/ b(zh, qh)dt =0.
tn—l

(4.2.67)
O Noogic wy, 2, € Uy, undipyouv yio omotedirote doopéva dedopéva f € L2[0,T;V(Q)*], yo € W(),
xau yq € L2[0,T;L%(2)]. Sty ousia, ot utoloylopol euotddelas detyvouv twe wy, 2, € Ws(0,T) xou

emnhéov efautiog Tne BeAtiwuévng opehdTnTac Tou Wy, — Ya €xoupe 2, € L0, T; HY(Q)).

O Moeig tou Ponintinod custhuatog Bedtiotonoinong ntotlouv to pého ‘‘yevixeupévng npofolrc’”” atov
Up. H Boowh extiunon yia Ty evepyeLona] Voppa Tou § — wp, i — 2, Vo ipoxlel oe dpoug tomxdhe L2
npofohig oto Bondntind clotnua. Ilopduowa ue ta nponyolueva teoBAfuata, yeeldleton 1 axdroudn
TROPBONY, 1) OYETIXT UE TNV AOUVEYT| YPOoVixol Bruatiopol pédodo v tic ellotoel; Navier-Stokes (BAéne
.y [32, Optopolc 4.1, 4.2]).

Optopos 4.2.35. (1) H mpoforss Plo° . Clt"=1 t% L2(Q)] — Pi[t" 1,17 Uy wcavoroel Ty
(Plocy)® = Pyo(t™), kai

o
/ (v— Pif"’v,vh) =0, Yo € Pk_l[tnfl, t"; Uy). (4.2.68)
t

n—1
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‘Exoupe ypnoporojoer to ovpBohioud (Plo%v)™ = (P) (") ka1 Py, : L2(Q) — Uy, efvar o tedeotris
opOoydviag mpoforris ndvw otov dakpitd povadikns andkAong vrdywpo Uy,.
(2) H mpoBoAsi Pio¢ : C[0, T; L2(Q)] — Uy, 1cavoroel Tny

PZJCU € Uy, ka1 (P;luc’l)”(tn—&tn] = Pf,](/)(:('l)'[tn—l,tn,]).

Enfone e€autiag e éMhewdng opahdtntog xou tne oVleung YeTadd Tne ypovixnic mapaydYou Xou Tng
nieong, Yo ypewotolpe TV axdroudr yevixeuuévy dG npofoly, 1 omola Yo urnopel vo e@appoctel dtay
p € L2[0,T; L3(Q)], 5 € L2[0,T; H™1(Q)]. Eididtepa, x0taoxcudlOUUE Lol YWpOyeOoVIXT YEVIXELUEVN
L? pndevixfic anéxhione npoPoly (Bréne emiong [30]) mou cuvduLElet TNV xhaowh Yeovixol Bruatiouol
dG mpoPoMi, xou T yevixeupévn L2 npoford Qp 1 H71(Q) — Uy, T wWidtntee e Qpn Préne yia
Topdderypa [69, evétnta 2]. Ouuiloupe T o oplouds Tou Q) delyvel twe (v — Qpv, vy) = 0, Yo Ghat
o v € H1(Q) xu o v, € Uy H npoPold eiven xohddc optopévn otov H™1(Q), xou towtileton pe tyv
P, vy v € L2(9Q).

Optopée 4.2.36. (1) H mpofordsi Q¢ = Clt" 1t H- Q)] — Pp[t" 1, t";Uy] ikavorowel wny
(Qlocv)™ = Quu(t"), kar

o,
/ (v— Qifcv,vw =0, Yoy € Pr_1[t" 1t Uy).
gn—1

Ebcs 0a ypnotponoujoovpe to oupfohious (Q°0)™ = (Q1°0)(t") km Qp : H™1(Q) — Uy, evai o

tedeotiis Tng yevikeupérng opoydvias mpoPorng atov Uy,.
(2) H mpoporri Q'°¢ - C[0, T; H~1(Q)] — Uy, cavororel Tny

Q;.LOCU € Uy, ka1 (Qéfc/l))ktn—lytn] = Qifc(vl[tn—lyt'n]).

e k = 0, n mpoPodri QY : C[0, T;H-YN)] — Uy, avdyerar oty Q% (t) = Quo(t™) ya Aa ta
te (L, n=1,..,N.

oot e to Robin mpéfhnua € opopos, 1 Q¢ tautileton e v P, étav v € L2[0, T; L2(Q))]
Shodh, Py = Qi étav v € L2[0,T;L2(Q)], o 6mote mapouoidler xahhtepe BidTHTES TEO-
oeyyowétnac.  Qotéoo, divouue éugaor Ot eivon egapudon Y v =y € L2[0,T;H™1(Q)).
T o omo¥édpouo 610 Yedvo TEdBAnua wa Toapodhayh Twv mapandve teoBokdv (enione cuufBo-
NZouevey pe Pl Q¢ avtiotolywe) opileton pe mapbpoo tpémo. o mupdderypa, emmiéov The
oyéone (4.2.68), ypewlopoote va emBdihovue 0 “ouviixn toupidopatoc” oto aptoTepd, dnhadh,

(Pleey)n=t = Ppu(t™h) avil te emBolfic e ouvdnne oto dedid.

Y10 endpevo Adupo cuUNEYoUpE xdmota amotehéopata 660 apopd Tic (Béhtiotes) Tédlelc olyxMong
yiot TN mopandve teofolh. ESw, n éupaon divetar 0TI IBLOTNTES TEOGEY YIGWOTNTOC YIo TN YEVIXEUUEVY
TpoBorf Q1% und edyiotec unodéoeic opahdThTac, Snhadth, v v € L2[0, T; V()N H[0, T; H~ ()]
Yl T0 yopunhdtepne tdEng oyru.

Adupo 4.2.37. Eotw U, C HY(Q), ka P°,QY° opopévo orovs Opiopots 4.2.35 kar 4.2.36

avtigtoiyws. Tote, yia dAa ta v € L2[0, T; HHL(Q)NV(Q)] N HE L0, T; L2(Q)]. vrdpyer a atadepd
C aveldptnTn twv h, T TéT010 dOTE

o ey

v = Pv| 20,712 (0] C (K0l 20, mmm () + 7 0,TiL2(9)]):

<
v = Pivll ey < C(RHWI 2o+ gy + 75 /AI0E T |20 7im20)) -

Eotw k= 0,1 > 1, kar v € L2[0,T; H2(2) N V()] N H[0,T;L%()]. Tére, vrdpyer pa owadepd c
avebdpTnTn twv h, T TéTo0 HOTE,

lv— PZOCU”LQ[O,T;HI(Q)] < C(hHUHH[o,T;H?(Q)] + TI/Q(HWHL?[O,T;L?(Q)] + HUHL2[0,T;H2(Q)]))-
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EBoww k = 0,1 > 1, katv € L0, T; V(Q)] N H'[0,T;H 1(Q)]. Tére vndpyer pa atadepd C > 0
ave&dpTnTn twv h, T Tétowa dote

v = Qv 2po.riy < C(Allvll 2 e @y + /2 vl 2o, 71 (2)1)

v = Qi¢“vll2po,riem () < C(Ivll 2o,k o + (72 /) (loell 2po.rm-1 ) + vl 2o, riem ) -

Arndoeén. Biéne Hopdptnuo A'L. O

Snueiwon 4.2.38. O vrodoyiouds evorddeaas otov L?[0,T; HQ)| anaiwel to mnepiopioud ya o
xpovikd Bripa T < Ch? efariag tng éenhns opaddtnrag ws mpog to xpdvo. TI'a tov dedrepo urodoyod,
tovifoupe mws av elvar abdéoun mepioodtepn opaldtnta, Oev xpedletar va XpnoydoToIjooupHE TNV
avtiotpogn extiunon. Eidicdrepa o v+ € L2[0, T; HY(Q)], ondre évovpe ) Behniwpévn wién
otyrions O(h + 751) oo ||| L2j0. 7011 ()] ¥éppa. QoTéo0, Tapatnpolue tws ya Ta XaunAdtepns
wdéng oxnuata k =1 < 1 n avEnuérn opaldtnta vy € L2[0,T; HY(Q)] dev efvar Gradéoun, tovddyiotor
e T mapovoia mepopioudy ya tov éeyxo. Ondte, divovue éupaon oto on n é\ewpn opaddtntag
armoteAel eumddlo yia tny avdntvén oxnudtwy vPnAdtepns tdéns. Aeatouvpydrtag tapduoa, taiprouue
eniong g exnunoeas oe avdaipeta onueia dnws oto [32]. Tehikds, efvar onuavtiké va todue nwg
1wy bowr o1 poseyyoTiKés WidtnTes Tg QY aTov -l 210,711 () ¥opuas (BAére m.x. [69, Ilpéraon
2.12]) uévo avov vndywpo undevikris aréklions, V-1 = {v € H™1(Q) : dive = 0} epodaauévo ue
vépua ||.||lv-1 = ||-|lg-1. Xn ovéyea éwuvue tn npoiinddeon underixris ardrklions:

(v, Vo) =0 V¢ o0 H3(Q) = {¢ € H*(Q) N Hy(Q) = (Vo)|r = 0},

omov (.,.) = ()11 Iaparéurovue tov avayvdotn oty [69, Evétnra 2.3] ya pia Aentopepri
avdAvon tns avtiotoiyng mpoPoAris kal Twv 1010TATWY TNS. XNUEOVOUUE wOTO00 TwS 0Ty €nakolovdn
avdlvon n xprion g ||| L2, mm-1(0)) €kTiunons mpopolrs dev efvar anapatenen.

To endyevo anotéhecpo SNOVEL TG T0 G@IAL oyetind ue T Pondntixy mpoBoln eivon 1600 xahod
600 10 emtpénel o tomxd dG opdiua tpofolwy, xou ondte eivar BEATIOTO WC TPOC TNV Evvold NG
Bladéotung odardTnTaS.

Ocdhpenpa 4.2.39. FEotww f € L0, T; HH(Q)] ka1 yo € W(Q) efvar soouéva, xai (y,p), (i, d) €

Ws(0,T) x L2[0,T; LE(Q)] etvar o1 Aboeg tov (3.3.20)-(3.3.21)-(3.3.19) 1 (3.3.20), ka1 wy, 2, € Uy,

etvar o1 \boeis twv (4.2.66)-(4.2.67). SuuBolioujie pe & = §—wp, F = fi— 2, ka1 éotw e, = § — QY°7,
loc

rp = Ji— PY°fi, émov ta PY°, Q¢ etvar opiopéva otous Oprojiots 4.2.35 ka1 4.2.36. Tére, vrdpyer ua
alyeBpixry otadepd C > 0 mov efaprdrar uévo ard ta 2 wérow dave, ya kdde g, € L2[0,T; L3(Q)],

N-1
1) Héle/V((],T) + Z |H51}Hi2(n) < C(HEOH%‘Q(Q) + (1/V)(|‘6P“%/V((),T) +p— QhH%?[O,T;LQ(Q)]))v
i=0

N
2) Ny + Z 171z < CA/W)(NellT2i0 a2y Hirolliv o + 16 = arllZzi07c20y)
i—1

3) lellzzjorinecoy < CA/W) (VllepllL2jomine(oy + 72(

llepllz2po,rsenr () + 1P — Qh”LZ[O,T;L2(Q)))a
4) 7l 2wz < C(vlel 2oz @) + Irplle2po.ree @)

+Tl/2(HrpHLZ[o,T;HI(Q)] +11¢— qhHm[o,T;Lg(Q)]))-

Ebdc, w = yY), énov y) aupporila tn npooéyyion tov yo, kar C efvar pa otadepd mov efaptdrar and
T0 xwpio ).

Anddeitn. Exupurjoes (1)-(2): 1 ouvéyewa, cUPBOMLOUUE YE € = §—wp,, T = L — 25, o Doy wpllovyue
e, T ot € = eny +ep = (QFY —wn) + (I — QR°Y), T = rin+1p = (PRl — 2) + (i — P°f1), brou
Plee Q¢ opilovtan otouc Opiopoie 4.2.35 o 4.2.36. Agupdvtac Ty (4.2.66) and tnv (3.3.20), xou
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v (4.2.67) ané v (3.3.21) modpvoupe 0 cuvdixn opdoywvidtnrag: T n = 1,..., N, xou yio Aot Tot
vn € Plt™ 187 Y 5], gn € Prlt" 1, 175 Q)

o~
(e, ) + / ( — (&, vps) + a(€,vp) + b(vy, P — plh))dt =@ o),
in (4.2.69)

o
/ b(g — Wh, Qh)dt =0,
t

n—1

- -
(7L, ) +/ (47 one) + a(ryon) + b(wn 6 = dun) )t = (7 o) +/ (€ vn)dt,
t

tn—1

ot
/ . b(u—zh,qh)dt:O.

' (4.2.70)
Mopatneolue twe 1 ouvdfixn opdoywwdtntag (4.2.69) eivar anoculeuyuévrn xou tawtiletar ye v cuv-
9pen opdoywwdtntag [32, E&lowon (4.4)]. Ondte egapudloviae ta oyetind Yewphpota tou [32, Ocw-
pfuato 4.6 xou 4.7], nadpvoupe tn npdtn extiunon. T tn dedtepn extiunom, Tapatneolue nws 1 ouvdhxn
opdoyewdtntac (4.2.70) etvor tood0voyn pe: T n = 1,..., N, xou you 6ho o vy, € Pr[t" 1 #%Y ),
qn € Pk [tn717 tn§ Q’LL
o

—(rThg,vp) + / ((Tliu Vnt) + a(rin, va) + b(vn, ¢ — ¢1h))dt

gn—1

.
— =)+ [ (@) — ot (1271)
t

n—1
o
/ b(ﬂ — Zh, qh)dt =0.
tn—1

Eb, éxouue yenowomoioet tov Oploud 4.2.35 tng npoBolrc P¢ nou Belyve moc f:,:il (rp, vpe)dt =
0 xou (rpy,v™) = 0. Oétoviag vy = 71 € Up oty (4.2.71), YENOWOTOLOVTAS TO TEPLOPIOPG 1)

CUPTECTOTNTAS, fzt:,l b(rin, ¢ — d11) = j;infl b(rin, & — qn) éxoupe,

i
—(1/2)||T?h+“i2(9) + (1/2)“[7"11il]||%2(9) + (1/2)||TIL{J:H%2(Q) + (V/4)/ ||T1h||%{1(n)dt
t

<c [ (@l + 0/l o + 16 - ale )i @272)

ITpoo¥étovtae tic aviobdttes (4.2.72) %o YENOWOTODOVTAS T TELYOVIXY) AVICOTNTA TAEVOUPE TNV -
xtlunon yio o onuela dopéprone xo otov L2[0, T; HY(Q)]. Agol éyer amodetyVel 1 extipnon yio o
171l 270,112 ()], N extinon ooy L>2[0, T'; L (Q)] npoxintel YpnotlonoudvIos Ta ETyelpfuata Tou Ot-
wphuatog [32, Oempnua 4.7], TponoTOMUEVO MOTE VoL XERIOTOVUE TNV 0TiloVddpoun ypovixd e&icwon
Stokes.

Exuunoeg (3) kar (4): Ltpégoupe tn npocoyh woc otic teheutales duo extipfioeic. Me otdyo va
anodeifouye pra Bedtiouévn T6EN ovyxhione v T vépuo L2[0, T; L2()], xotaoxeudlovye évo duixd
enyelpnuo OOTE VoL ThPOLYE EVa XUNDTERO PESYIaL YLoL T TOGHTNTA ||e1p HQLQ[O,T;LZ(Q)]. Tawté to oxond,
yevixeboupe To duixd emyelonuo tne anddeine tne [14, Evotnro 3] A tou [30, Aduua 4.3] e otdyo va
xewptotolpe oyfuata avdoipetne t8Eng, xou tov dlaxpltd Teploploud un ouvumeotottag. Optloupe éva
omo06dpouo ypovixd eEehntind mpdPhnua pe deki uéhoc ey € L2[0,T;L2(Q)], xon undevind tehind
dedopéva, dnh., v n = 1,..., N xou vt Gha 1o v € L2[0, T; HY(Q)] N H0, T; H~H(Q)], avalnrodue
(2,9) € W(0,T) x L?[0,T; L(Q)] téroia dyote

| (e + a2+ o)t + (0007 ) = [ e

0
T
b(z,q)dt =0 Vqe L2[0,T;L3(Q)].
0

(4.2.73)
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Enueidvoude Twe epbcov ey, € L0, T; W(Q)], tote 1 Lnuelwon 3.2.8 unodnhdver nwe oylet 1
oaxohoudn extipnon:

|20l L2, 72 ) + N2l 2o,z + 19N e2j0, 0 @) < Cllean L2, rnz @y)- (4.2.74)

H éMewdn opakdtntog tou de€iod péhoug tne (4.2.73) egoutiag tne mapovoiag acuveyeldy, delyvel tog de
umopolpe vo BekTtidsouue TV opodtnta Tou z otov [0, T]. To oyetxd aouveyéc ypovixol Buatiogon
oy o unopel Vo oploTel ©¢ axoholdnc: Soouévey TedGY dedopévay 2, = 0, avalntodye (zn, ¥n) €
Uy, x Qp, tétolo dote Yo Ohat T vy, € Pr[t" 1, 8" Y4, qn € Pe[t™ 1, % Qul,

t" t"
7(ZZ+, UZ) + / ((Z}u 'Uht) a(zlu Uh) + b(T/)h, vh))dt + (Z}H, 7'UZ+1) = / (ellu Uh)dt7
t

tn—1

o
/ b(Zh, qh)dt =0.

' (4.2.75)
Enopévaq yenowonowwvrag 1o Afupa 4.1.23, éyxoupe [|zn | Lo, ()] < Crlleinllz2jo,r2 (o) Topa
elvan Eexdiopo OTL €xoupe TNV axdhoudn extiunon yio T0 z — 2p, TO omolo elval JUEST EPUPUOYT TLV
TponyolpeEvLY extfoewy otov L2[0,T; HY(Q)], twv tpoceyyiotxdy Wiothtwy tou Adupotog 4.2.37,
%o TV TpoPohdv PiC, QI0°, (Bréne my. To [32, Ochpnya 4.6]),

l/HZ — ZhHLZ[o,T;Hl(Q)] < C <h + 7'1/2> (||Z||L2[O,T;H2(Q)] —+ ||Zt||L2[O,T;L2(Q)] + HI/}HL2[0,T;H1(Q)])
= C(h+71/2)HCIHHLz[O,T;L?(SZ)]- (4.2.76)

Tapatneolye nwe n éhhewdm opordtnrag oto de&i péhog teplopilel Ty &N ovyxMong oe auTh mou dive-
Ton oo To Younhotepne tEng oyfua l > 1, k = 0, oxdun i edv emheydoly u¢nk0189ng wing oYU
(xpovixd). ©étovtog vy = e1p, otV (4.2.75), X0u YPNOWOTOIDOVTOS TO YEYOVOS TS ft" L b(ern, Yp)dt =

0 €youye,

- -
—(2h4s€1n) +/ 1 (2h, €1nt) + alern, zn)dt + (2370 e )l) = / ) lewnllge (q)dt.
tn—

tn—
Egapudlovtag mopayoviixt] ohoxAfipwon wg Teog To yeovo, TolpVoulE,

g

(e ) + () + / (—(zht7e1h>+a<zh7e1h))dt:/ lewnladt.  (42.77)
Jgn-1

Jgn-1

loc

©¢tovtoc vy = 2z, oty (4.2.69) xau Xpnmponotwqu Toe=ep+ elh, 0 0plopo6g TNE TEofolrc Q)
tou Optopot 4.2.36, xou T0 YEYOVOS g ft" y b(zh, D — p1n)dt = ftt 1 b(zh, P — gp)dt pac divet,

ot

m
(e’fhv ZZ) + / ( - (elhy th) + a(ellu Zh))dt - (8'11’1—17 Z}TLLII) = _/ ((L(CI” Zh) + b(Zin - Qh))dt7
tn—1

tn—1
(4.2.78)

E86, éyouue enlong Xpnov.ponomoa TO YEYOVOSC TG O ochpoq e mpoBohig Qloc tou Oplopot 4.2.36,
Betyver e (e, zp) =0, jt" L(ep, vng)dt = 0 xou (ep~t, 27 1) = 0. Xpnowonowbdvtac v (4.2.77) yia
val avTxadIoTHOOVUE TOUS TRELC TTRMTOUS Gpoug Tne (4.2.78) xatohfyouue otny

n

t" t
eyt == [ (ate 1) + blen = i

(zry el) — (efn 2t

+

i
= / alep, 2z, — 2) + aley, z) + b(zn — 2,0 — qp) ) dt

= / epyzh _Z)+V(€p,AZ) -‘rb(Zh —Z,ﬁ—qh)>dt,
-1
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61OV OTIC BUO TEAEUTOLES LOOTNTES EYOUUE Xpnctponomcst ToporyovTxy ohoxhfpwon (oTo Ydheo) xou o
TEPLOPLOUOC 1) CUUTIECTOTNTAC oG BElyVEL TS ft,, 1 b(z,p — qn)dt = 0. Enopévec,

" o
[ lenlade+ i) = (2 < [ o = sl o lepln oy

tn— tn—
+/ . (lepllLa(e AzllLzce) + Iz = 2nllmr @) 1P — anllz2))dt.

Ondte mpooéTovTag TIC MUPATAVG AVIGOTNTES XOL YENOULOTOLOVTAS TO OTL ¢f =0 xou e(l)h_ =0 (e
0pIOPOY) Xat avadLUTAoCOVTaS TOUG Gpoug, Talpvoupe

(1/2)llewnl720,rn2() < C(”H%HL?[o.TLZ(Q) Izl L2 (0, 7122 ()]
+vllzn = 2| 20,7510 (@) (lepll 20,7500 @) + (L/W)p = anllr2p0,m02(0))

< C(V||ep”L2[0,T;L2(Q)] llenllz2(0,7512 ()
+(1/v)(h+ 72 lexnll 20, mz2) (lepl 2o e @y + (/)P = anll2por L?(Q)]))

Ebw, éyouue yenowonoujoel tnv aviooétnta Cauchy-Schwarz, ta @edyuata euctdieiog tng duixig e-
Zlowong (4.2.74) xou tic extprhoelc opahpdtov (4.2.76) v 0 2, — 2. Telxds, N extipnon yio to
(17l 210, 7512 (2)) TPOXUTTEL YpNOHHOTOWOVTAS éva TR0 BUiXd emyeipnua. O

Ynpeiwon 4.2.40. O ovwvdvaouds twy tedevtaiowy 6vo Ocwpnudtwy ety vel Tn “OUUMETPIKT) UNOEVI-
kN andkhions” kataokevrj Tng extiunons. Edikdtepa vrodérovpe nwg ta apyikd dedopéva yo € W(Q),
kat o dpos &vauns f € L20,T;H1(Q)], ka1 opilovue 0 @uowkr evepyeaxn vépua
s, e2)llwsory = Ioslwatoiry + [vallwsor) epodiaapérn e my aotlon juopgri. Orde, n e
ktiunon vnd vrnoléoes eAdy10tng opaAdtnTas pumopoly va ypapolv ws e€rg:

& Allwso) < CUll(ep, rp)lllwso.r) + 1P — anllz2p,m:r20)) + 116 — anll 20,722 2))-

H napandve extiunon katadeikviel nws to opdAjua €ival 600 kaAé 600 o1 1016TNTeS Tpooey1oudTnTas
emitpénovy va eivar, vnd ts vrodéoes tng guoikiis mapafolikng opaAdtntag, ka1 pumopel kdmoios va To
det ws to mArjpws dakpitd avddoyo tov Arjupatos Céa, PAéme m.x. [34]. Ondre, o tikes ovyrAions
Y ta e,7 ekaptidvtarl uovo and ta aroteAéopata Tng opardTntag kar TS mPooE YMTIITNTAS HEOw TOU
opdApazog mpoPoddy e, otws gatvetar oto Afupa 4.2.37 kar tn Xnueiwon 4.2.38. Ia napdderyua, av
xpnoiponotetzal to ororyeio Taylor-Hood kary € L2[0,T; V(Q)|NH0, T; H~1(Q)], p € L2[0,T; LE(Q)],
wte yia T < Ch? éxoupe

L lepllr2po,mmr o)) < C, 12 = anllz2j0.1;L2(0)) < C,
2. |lepllzeo,rne ) < Chllyll 2o rem ) + 72 el 220, mim 1 () -

Ondre o1 mapandve vrodoyopol kar to Oedpnua 4.2.39 Setyvovy tws €]l 20,2y = O(h), ya
T < Ch2. Ilpopavds n extiunon tov Ocwpripatos 4.2.39 epapudéletar kar ot TepinTwan mo oUaAAGY
Moewr. Ta mapdderyua, ya opedés Avoes, o Taylor-Hood otoeio avvdvaouérvo ue oxnua xpovikov
Bnuatiopot dG, tdéng k uag d6ivar tig e€ng tdéeis ovykAiong,

1. ”61)HL2[0,T;H1(Q)] S C(}L2 + Tk+1),
2. llepllLzporine () < C(h? + 751,

Onére, to Occdpnpa 4.2.39, vrodnAdver tos ya 7 < Ch?
Hé||L2[o‘,T;H1(Q)] ~ (9(h2 + Tk+1)7

17| 220, 7581 () & O(h? + 77F1),

Hé”L?[O,T;Lz(Q)l ~ 0(h3 + Tk+1)7
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HFHLQ[O,T;L2(Q)] =~ O(h3 + Tk+l),

4.2.3.2 | Xuyuetpwéc exToe Yl To ovoTnua BeATioTonolnong.

Arnopéver va cuyxplvoupe to dlaxpttd cvotnuo Pedtiotonoinone (4.1.22)-(4.1.23)-(4.1.20) pe o Por-
Intnd cvotnua (4.2.66)-(4.2.67).

Adppo 4.2.41. Forw (Gn, pr), (in, on), (Whypin), (zn, d11) € Un X Qi 01 Moe tou Siakpizod ov-
othpatog Pedtiotoroinons (4.1.22)-(4.1.23)-(4.1.20) ka1 tov Bondnrikod cvotiuatog (4.2.66)-(4.2.67)
avnotoixyws. XVpfodilovpe pe e =y — wp, T = i — 2p, KAl €0TW €, = Wi, — Y, Ton = 2n — . 10T
vrdpyer akyefpikn otadepd C > 0 téroia doe:

lleanll z2po.riwz @) + (1/?)|[ranl| 20 rim2 @) < C(1/a )7 L2p0 102 0))-
EmmAéov, w0xve n akélovdn extiunon:

N-1 T o
el + 3 MebllEa + v [ lealfait < (C/a¥) [ 17IEacay)at
i=0 "

N T T
B 2y + S MinllZey + v / a2y d < (CJa/?) / 17122y dt,

i=1

émov C' efvar pia otadepd mov ekaprdrar uévo ané o €.

Anddeitn. Agaupdvtog T oyéon (4.1.23) and ) (4.2.67) nadpvoupe v ellowon: T n = 1,..., N,
op € Prlt" 1t Y0, an € Pilt" 17 Q]

0" (ko) [ ((raneone) + aran, o)+ bon v = ) )t = [ (eansunit
P tn,—l

i tn—1

b(r2h> q}z)dt =0.

gn—1

(4.2.79)
Agoipdvtac ) oyéon (4.1.22) and tn (4.2.66) xou yenowwornotdvroc Ti¢ (3.3.18)-(4.1.20), nadpvouye:
Twn=1,.., N,y oo 1o vy € Pe[t" 1t Y], gn € Pr[t" 1, 1™ Qul,

o
(e, v™) + / ( — (e2n, Vne) + alean, vp) + b(vp, p1n — ﬁh))dt
t

n—1
n

— (en Y +/ ) —(1/)(jt — [in, vn)dt, (4.2.80)
tn—

i
/ b(egh, qh)dt =0.
t

n—1

Oétoupe vy, = egp, 0Ny (4.2.79) xou TapATNEOVTIC WS ftt:,l b(ezn, d1n — J)h)dt = 0, nofpvouye

o .
—(r3h4s €3n) +/ ((Tzh, e2nt) + alran, €2h)>dt + (ot e ) = / llean|[faqdt. (4.2.81)

tn—1

—

©étovtog v, = o, oY (4.2.80), Xou TOEATNEMVIAS WS ftt:,l b(ron, p1n — Pr)dt = 0 éxouvye,

e

(el 72) + /

tn—1

- /t (= (/) ran) = (1) lranliEaqey ) dt. (4.2.82)

n—1

( — (e2n, rant) + alezn, 7"2h)>dt — (eby T;thrl)
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Eqgopuolovrog moporyoviixh ohoxhipwon o tpog to yedvo otny (4.2.82), xou agoupdvias v e&ionon
Tou TpoxUTTEL ond TN (4.2.81), xATAAAYOLUE TNV

n

i) = @i+ [ (lemlay + 0/olimnlEa) dt = =1/0) [ ()i
(4.2.83)

Xenowomoldvtag TNy avieétnto Young yio var gedéouue to 8e&l uéhog, mpoodétovtog Tic avicdTnTES
, / L / N n n n—1 n—1y) _
ou mpoxiTTouY omd To 1 éwg to N, xau mapatnpeviag Teg > n_q (15, ) — (el 77“2}14_)) =0
(ao0 €3, = 0, 73, = 0) éyoupe ™ mptn extiunon. T ) dedtepn extiunon, amhde Vétouye
vy, = egp, oty (4.2.80) xou ypnowwonololue Ty Tponyoluevy extiunon yio 1o rop. Tehxde, 1 tpln
extipnon tpoxinter elxola Vétoviag vy, = rop oty (4.2.79) oy extiunon yia 1o |lean |l 20,712 (0))
xat oahyefpixolc uTohoYIoUoUg. O

Audpopeg exTuioelg Umopoly va mopay Yoy YeNnoulotoldvTag o anotehéopata Tou Oewpruatog 4.2.39
xou tou Arpporog 4.2.41 xou ta anotehéopota Tng Yewplag TPOCEYYIOWATNTAC. ZEXVOVTIS TAPOUsL-
Glouue TIC oYEBOY CUUUETEINES EXTIHHOELS GPUAUETWY avdAoyeg Ue To xhaowd Afuua tou Céa.

Ocdenua 4.2.42. Eotw (§n, br); (fin, dn) € Up x Qn xar (§,9), (i, ¢) € Ws(0,T) x L2[0, T; LE(9)]

efvar o1 Tpooeyyotikés Adoes tov Sakprtol kar Tov ouvexols cuotiuatos BeAtiotonoinons (4.1.22)-

(4.1.23)-(4.1.20) xa1 (3.3.16)-(3.3.17)-(3.3.18) avnioroiyws. Ocwpotie e, = — QW°q, rp, = i — Pi°fi
loc loc

Ta opdApata mpofoldv, érov Py’C, Q)¢ elvar opiopéva otovs Opiopols 4.2.35 kar 4.2.36 avtiotoiyws.
Tére, 1w0xver n akérovin extiunon yia to o@dpa e =y — Y KA1 = i — fp:

l(e; M)llwsor) < c~3(1/<13/2)(|||(6p77"p)|\|Ws(0,T) + 11— anll 20,7502 + llé— anllz2o,7522(0)));

érov n C ebaprdrar and tg otadepés tov Ocwpiiparos 4.2.39 kar tov Aipparos 4.2.41, 1/, kar eivar
avebdpTnTn twv T, h, o, ka1 qn, € Qp aviaipeto.

Andbedn. Apyind TapatneouE T6S ol eXTHUNON Y10t TO ||ean | Loojo,min2 ()] %04 |72k || Loo [0, 7512 ()] UTO-
pel vou mapay Ol dpota pe to [32, Oedpnua 4.6] epdoov ta (4.2.78)-(4.2.79) eivan anoculeuyuévo eEountiog
e extiunong tou Afuuatog 4.2.41. Ondte, npoxONTEL N EXTIUNOY YENOWOTOLDOVTAG TN TELYWVIXT oL~
ooTNTAL XL TIS TIRONYOUPEVES EXTIUACELS Tou Oewpruatog 4.2.39 xou tou Afupotog 4.2.41. O

"Evag Pehtiopévog unohoyiopde v v L2[0, T; L2(Q)] vépua, yior t Baowed xou tr ouluyh weteAnti
TPOXOTTEL GUVOUALOVTOC TIC EXTIUAOELS Tou Oewpruartog 4.2.39, xau e mpd g extiunong tov Afuuatog
4.2.41.

Ocdpnua 4.2.43. Trodérouue tog wylovr yo € W(Q), f € L2[0, T; H™1(Q)], ka1 o1 vrodéoeg tov
Oewphipatos 4.2.39 ka1 tov Arppatos 4.2.41. ‘Eotw e, = §— Q¥°F, rp = i — PY°[i etvar ta opdApata
loc

poBoAdv, érou P, Q¢ opilovtar atoug Opiopots 4.2.35, ka1 4.2.36 avniotofyws. Tére, undpyer pua
otadepd C' mov e€aptdtar and ta Q, 1/v térow dote,

lellz2po, ey < C(l/al/g)(llepHL‘Z[o,T;LQ(Q)] + lIrpll 20,12
+7'2(|lep )| 2o, () + 1P — anllz2po. 722 ()
+Tl/2(HTPHLQ[O,T;Hl(Q)] +l¢ — QhHL2[U,T;L2(Q)]))7

||7'||L2[0«,T;L2(ﬂ)] < C(H%HU[O,T;LQ(Q)] + ”TPHL?[O,T;LZ(Q)]

+72(llepll 20,81 (@) + 1P — anll L2po.r522(0)))

+72(|lrpl p2go,0 () + |6 — QhHL2[0,T;L2(Q)])>-
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Anddaén. H npdtn extiunon TpoxdnTel YpnowlonowdvTog T1) TELY VXY avoOTTO X0l TI TEOTYOVUEVES
extuioeic Tou Oewphuatog 4.2.39 xau tov Afuparog 4.2.41. O

Kielvouye authv ) mopdypago mopadétoviog Tic el oUYXAONE GE BUO TERLTTWOELS YLl TO GTOLYED
Taylor-Hood avdhoya pe tn dioedéoyun opardtnto. Ipogoavae unopodv va mpoxiouy morhéc dhheg
EXTWAOELS, avdhoya pe To emheypéva ototyeio tou Ya ypnotpornoudoiv.

Ilpbtaocn 4.2.44. Aedouévov nwg w0y vovy o1 vrodéoeis tov Ocwpripatos 4.2.39 kar tov Arjjpuatos
4.2.41.

1) Eoww yo € W(RQ), f € L?[0,T; H1(Q)], xat vndpyer p € L?[0,T; L3()], térow dyate n aolevig
popeny (3.3.20) va efvar éykupn. Ymoléroupe mws xpnoyuorowlviar ta otoeia Taylor-Hood ywa va
KaTaokeVvdooUreE TOUS UToypous kal tunuatikd otadepd molvdvvua k = 0 ya tny xpovikn dakpito-
nofnon. Tére, yia 7 < Ch? éouue,

llell 20,7520y < Ch kar  ||r]l 20,7512 () < Ch.

2) Eoww §, i € L2[0, T; H3(Q)NV(Q)NH*1[0, T; HY(Q)], p, 6 € L2[0,T; H2(Q)NLE(Q). YTrodérouue
ws xpnoiporowvrtar otoyela Taylor-Hood ovvdvaouéva pe tunuatikd toAvdvuua Baduod k ya tn
Xpovikr) diakprtomoinon, téte 1wxvovy o1 akédovies tdées ovyrkhiong:

(e, )llwo,m < CA/a®?) (K +74F1),

lell e, riLe oy < C(1/al/?) (B3 + 78T 4 71/2(1? 4 7741,
C

<
HTHLZ[O,T;LQ(Q)] < (h3 +7_k+1 +T1/2(h2 +7_k+1)).

Andbeaén. Ou td€eic obyxhione npoxintouy aneudeiog ano to Oedpnua 4.2.39, to Oedpnua 4.2.43, t0
Afppo 4.2.37 xou ) Emueioon 4.2.40. O

4.2.3.3 | 'Ekeyyou pe neproptopoie: H Slaxpitd tpocéyyion petaBohoy.

Arnodexviouye 6Tt 1) Slaxplth| npocéyyion petafolmdv tou Hinze ([65]) propel va yenowonomdel oto
napandve mhaioto. Tlapduola e tn nepintwon Tou yeopuxod teofAfuatos ye Robin cuvoploxd éheyyo,
oTN Sxpity) TEoGEY Yo PETUB0AMY 0 €AeYy0g Bev Blaxpltomotleltan dueca AN EUUETA, XoL EUOTERL
opiloupe Ad; = Aqq. Ométe, 10 Blaxpité PéNTIoTOU eEAéYYOL TEOPANU pag TauTileton pe tor Ehayt-
6T0TOMGN TOU GUYVAETNCLUXOV

T T
Tu(yn(g).9) = / o (9) — a2 ot + o / 91122yt

und v (4.1.2), 6mov yi(g) € Uy, cuuBoriler T Aom tou (4.1.2) ue de&l uéhog to dedopévo éheyyo g €
L2[0,T;L2(2)]. O Péhtiotog éheyyoc (xpnowomoudviac o cLUBONOUS gy) ovorotel Ty oxéhoudn
TeKO NS TENC ocuvixn Bedtiotonoinong,

J/;(gh)(u - ah) > 07 v Ol Tt u € L2[07 T; LZ(Q)L

‘Omou gp, mofpvel T woph| gn = Projig, g, (—Z1in(gn)), dpola e ) ouvext mepintwon. nuewdvou-
ME TS TO g OEV elvon YEVIXE ot GUVEETNOT TMETERUOUEVWY GTOLYE(WY TOU AvVTIoTOLYEL GTO TAEYUA
TENEPUCUEVWY GToLElWY Tou yenowonoolue. Onote yio alyoptduix xataoxeur] tou do yenoluonol-
Aoouvpe ebvan otn BBhoypopla, Préne m.y. [65]). Qo1t660, 6TIC TEPIOGHTEPES TEPITTACELS, EVOLUPEROV
€yel ) Baowh uetoAnT xon oL o éheyyog. Ia n Bedtepn mopdywyo edxoha TolpVOUPE pial EXTIUNGT
aveEdpTNTN TWV g, Gk, XOL EWBIXOTERA,

T ()@, @) > allilfF o ey, e 6ha o € L0, T LA()).
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Ocdhpnua 4.2.45. Fotw yo € W(Q), f € L2[0, T; HY(Q)], ya € L?[0,T;L3(Q)], ka1 vrdpyer pa
ovoxenopérn nieon p € L0, T; LE(Q)]. Trodéroupe nwg AL, = Auq ka1 éotw g, gp, €lvar o1 Adoeg tou
avTioToyov ovvexoUs kai diakpitol ovatnipatog Bédtiotov eAéyyov. Tdte, wyve n akéAovdn extiunon:

C(1/a)1(g) — (@)l L2j0,7:L2 ()]

Clllepllrzo, 20 + Irpllrzp.miLz o))

lg — gnllz2j0,7:L2 ()

INIA

+72(llepllzpo, i @y + 18 = anllz2po,7520)
+7—1/2(HTPHL?[OA,T;Hl(Q)] + 116 = anll 20,7522 ())s
émov e (/Lh(g),qﬁh(_)) Ka ( 1(9), ¢) ovuBolilovue Tis Moes Ty (4.1.19) kai (3.3.15) avuowoiyws,
) T g

xat e, = y(7) — Q¥°y(g = u(g) — Pi°°u(g) etvar Ta avtiotorya opdlpata eléyyov. Emmiéov, av
7 < Ch?, téte éxoupe

g — gnll 20,702y < Ch.

Anédain. Yroypuppilovpe noc ALy = Aga, xou ométe ol tpdTng TEne avaryxaiee ouvixee divouv

Ju@)@—g) 20w J(9)(5— ) <O. (42:84)
Katd ouvénew, yenotonoudvtog tic dedtepne tadne ouvifixes xon to Jedpnua uéone TR €Oupe Yio
x&de u € L2[0,T; L2(£2)], (xo ¢ ex T00T0U Yl T1) TUpdoTooT TOU TEoXUTTEL and To Yedpnuo péomng
Thc) o Tic aviedtntee (4.2.84),

allg = gnlZzp ey < Tn W)(F = Gnr G — n) = Jn(@) (@ — ) — Jn(@1) (G — 3n)
< @G- - @G- ) / [ @) = @)@ ~
< COllu(g) - Mh(§)||L2[0,T;L2(Q g — thLQ[O,T;L%Q)]v

xa €tol éyoupe TN meddTN extiunon. Tdpea, pmopel ebxolo Vo TEOXVPEL YENOULOTOUDIVTAS TAPOUOLL
emyelpAuoTe pe To Oempnuoa 4.2.39. Mpdyuatt, agoupdviag Ty (4.1.19) ond tnv (3.3.15) xou détovag
7 = pup(g) — p(g), xau € = yp(g) — y(g). Xenowonowdvtog g exTiwioels tou Oewpriuatog 4.2.39,
xan Tic tagelc ouyxong g Hpodtaong 4.2.44, éyoupe ) {ntoduevn extiunon, apol mapaTneHCGoLUE TN
UELWPEVN OUaAdTNTA TOU €. O

Aqgol pehethoope Tic el oUYXNONG 0TI OYETXES VOPUES Yot TO xadévar and To LT UeAETN Tpo-
BAiuarto, oo xe@dana TOU oxohoudolV TEPLYEAPOUUE T VT TOLY O TELROUUTLIXE AMOTEAECUATO, XoL
enaAndetouue to avtioToryo YewenTxd anoteAéopota.
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Avtd to kepdAaio mapovordler tig Jewpnrikés apyés kar ta avtiotoya mepapatikd arotedéouata yia
éva mpdPAnua auvopiakol eAéyxou g€ mapafolikés ypapupkés uepikés diapopikés egiodoes e Robin
ouwvoprakés ovvinke.
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Yuvoptaxeg cuviixeg Robin - Ileprypogy| Tou poviéhou

S0uQova e 600 EYOUUE AVUPEREL GTA TEONYOVUEVO XEQIAALO OYETIXA PE TO TROBANUA CLUVOPLIXOV
ehéyyou Robin 9éloupe va eNoyloTOTOACOUUE TO GUVAETNOLOXO

1 T 9 a [T 9
T09) =5 [ o= valisdt+ 5 [ ol
uTtd TOUG TEPLOPLOOUG,

Yt — Ay = fv ot0 (OvT) X Q7

0
g,ﬂu,\*la—fl = g, 0w (0,T)xT, (5.1.1)
y(0,z) = wyo, oto Q.

Ocwpolpe apriunTind Tapadelypata Yia To wovtého TpdBAnua otov oo Q x I = Q x [0,7] = [0,1]? x
[0,0.1] otic nepinTdoELS YE:

o) Opohd apynd dedopéva yiow Ty Pacixhy YeTaBANTH (KE YVWOoTH avohutixh) AUoT) YeNOoULOTOUdVTAG
TohuGYLUA UNBeVixol Boaduol yeovixd o mewtou Baduol 6To xheo,

B) Aocuveyr apyixd dedopéva yo € L3(Q) - oe auth T mepintwon mEémeL var avapépouye G6TL éouue
dyvwotn meaypatixy Avon, Jewpedviag we axeln Aoon Ty AUom OTo YWeo - Yeovixd TAEYUd
dt = 2.71267¢ — 05, h = 5.20833e — 03 (3687 xou 37249 Baduolc erevdeplac avticTorya), xou

T) Opod apyxd dedopéva yior v Pacixh petoAnt (He YveoTh Teaypatixl) AOoT) YeNnouonoudvIaG
TOAUGYLUA TEHOTOU Borduo) YEoViXd xon YweLXdL.

Enuewdvoude 6TL 0 cuvoplaxds ENeYY0 BeV ToPOUCIAlEl CUVEYEIC TPMTES TOPAYWMYOUS OE OpLoUéval
onpelo.

Yo mopoabelypotor oTHdEPOTOOVUE TNV TUPAUETEO OUAAOTIOMGNE TOU GUVORTNOLIXOL OTN TWH o =
774 To cuvoploxd TedBAnua Pehtiotonoinone Avetan pe to toxéto FreeFem++, BAéne m.y. To [64]
yenouonounviag évay ahyoprduo xhicewv oe évay 4 Six-Core AMD Opteron(tm) Processor 8431, 96
GB RAM vunohoyiot.

5.1.1 Opahotnto oo oy xd. dEdoUEVaL

BEotw a = —/5. Enéyoupe Se&i péhog
ft, 1, 20) = 7r26“”2t<2(x% — 2y 4 22) cos(mzy22) cos(mxy (zo — 1))
—(223 — 239 + 202 4+ a + 1)sin(m2122) sin(72q (z2 — 1)))7

apy ity ouvdpm yo(z1, 22) = sin(m(l+ x1x2))sin(mz (z2 — 1)), e Bédtioto Lebyog hoewy (7, §) Tou
ToEATAVE TEOBAAUTOG

§(t, 1, 22) = exp(am?t)sin(n (1 + z122))sin(rzy (z2 — 1)),
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eved ) g €xeL uToloYLoTel yenotwonowsvTag Ty Robin cuvirinn oe xdlde cuvictdon - mAeupd TeTEAY VO
T, i=1,..4 (Zexwvdviag and ) xdtw TAEVPE) TOU GUVOPOL UE

0 oto I'y,
, mxg sin(rxe — ) + w(1 — z2) sin(mzy)
glt,m1,2) =™ cos(m (z2 — 1)) 610 Ty,
0 oto I's,
0 oto I['y.

Tt ouTH TNy eThoYH dedouévmv xa cuVpTnoT 6Tdy oL Ya(t, 21, 22) = 0.5, To avtioToy o opdhpoTa YLot
v Baower peToBANTA xadde xou yior THY GUVEETNCT EAEYYOU VLol BLPORETIXG TAEYUATO (PAiVOVTAL GTOV
Tlivoca 5.1.

ITivaxag 5.1: TéZeic Loyxhione yio Ty dodidotatn hoon ye k =0, 7 = h2/2 OUoAG apyxd dedopévar xon
ya = 0.5.

Avoxpttonoinomn Sepdhuortar

h = 0.2357022 0.018310605 0.070340370 0.002395820
h =0.1178511 0.004085497 0.031958661 0.001857961
h = 0.0589255 0.001335615 0.016375314 0.001738954
h = 0.0294627 0.000766443 0.008819160 0.001711876
h = 0.0147313 0.000676697 0.005626214 0.001705198
TdEn Soyxhong 1.526118558 0.998546583 -

Ot téEec o0y xomg Tou Prénouye eivar autéc Tou TpoPhéncet 1 Vewpla xon ioec pe 1.5 yio v L2[0, T; L2(Q)]
vopua xon 1y tnv L2[0, T; HY(Q)] vépua (O(T 4 h*/?) xaw O(1 + h) avuiotolywe, olupove e to Je-
wpnTixd arotehéopota e Hpdtaone 4.2.13). Ebwétepa n 16En obyxhone 1.5 v tnv L2[0, T; L2 (Q)]
vopua elvar 1) BEATIOTN TOU PTOPOUUE VoL TEPOUPE, UE AUTE Tt GUVOPLIXS Sedopéval, ool amd Tov opl-
oWé e mpoPolic, etvar n L2[0, T; L2(T')] vépua mou pac neplopiler Adyw tou ouvépou. Ondte avtl va
éyouue TEEN ovYXMONG 2 6Twe EYOUUE 0TO XaTaveunuévo éheyyo e ouvoptaxés ouvirxeg Dirichlet
undév, N €N ovyxhong ehattdveton oty Ty 1.5.

TTapduote. amoteréopota €xouv tpoxdel vl cuvapthoelc otdyou 0, xou 0.5 cos(may) cos(mzz). Io
CUYXEXQPHIEV TUEATNEMVTOG T anoteléoparta o gatvovtan otoug Ilivaxeg 5.1, 5.2, 5.3 yio Toug TeeElC
BlapopeTixole atdyoug, Brénoupe xotd meocéyyion TiC (Bleg TdEelc oUYXAONG YLl Ta GQPAAUATO TNS
Baowc petaBhntic otoug ydeoue L2[0, T; L2(Q)] xou L2[0, T; H(Q)] xoddde xou mopeupepeic Tyée yio
TO GUYAPTNOLUXO.

Tivaxag 5.2: Tdfeic Doyxhong yio tny Siodidotatn hbom pe k = 0, 7 = h?/2 opodd upyixd dedouéva xou
ya = 0.

Auwaxpitonoinon Spdhyarta

h = 0.2357022 0.018437187 0.070206813 0.003505277
h =0.1178511 0.004163875 0.036356131 0.002718328
h = 0.0589255 0.001477032 0.017039099 0.002520912
h = 0.0294627 0.000961147 0.010077840 0.002473947
h =0.0147313 0.000883837 0.007476681 0.002462163
TéZn Xoyxhong 1.420572191 0.875175799 -

To 3-8dotato Lyfuo 5.1 delyvel and yio Swopopetixr) TAsUEd, TWE PETUBIANOVTAL TOL COANIATA GTOUG
yoeove L2[0,T; HY(Q)] xou L2[0,T; L3(Q)] xadde ta 7, h adhdlouv. Edixbtepa Zexvivtag, yid
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IMivaxog 5.3: TéEeic Loyxhiong yia v dioddotortn Aon pe k = 0, 7 = h?/2 ouokd upyind Sedouéva xou
ya = 0.5 cos(mz1) cos(mzz).

Avoxpltonoinon Spdhuarto
h = 0.2357022 0.018033381 0.070977749 0.004957926
h = 0.1178511 0.003666894 0.032317405 0.004953116
h = 0.0589255 0.001015930 0.016629768 0.004905743
h = 0.0294627 0.000821597 0.009086474 0.004909695
h = 0.0147313 0.000879346 0.005954120 0.004907448
TdaZn Loyxhong 1.485364815 0.988524738 -

Error L2[0,T;HY(2)] —=
Control Error L2[0,T;L2(€2)]
Error LY[0,TiLA()] —B8—2

0.07
0.06 F
0.05 b
0.04

Error
0.03
002
0.01 5

h(space discretization) 0.15 02 il

SyRpe 5.1: Sedhuota yio t Boowed petoBAnTh xou ™ petoBAnth ehéyyou yio T = h?/2.

h = 0.2350722, xou 7 = 0.05555449, éyouue oyetixnd peydha opdhpara yio v L2[0,T; H(Q)] véppa
CPANUATOC, Ho UPXETS WxpbTERQ Gpdhparta yia Ty L2[0, T'; L2(Q)], tne 1é&ne Tou 0.070 xon 0.018 ovti-
otoiyws. Kadde eZehiooeton to melpapo tor o@diata eEAattiIvovTan péypl vor ptdoouy otic Tyég 0.0056
xou 0.00067 avtiotoryo 6mou xan ta opdhuata apyilouv va otadeponooivto e€antiog g TOAD TUXVAC
XOPWAS XU YPOVIXNAC DLUEPLONG, XL ETOUEVKS TWV CQUMIATWY OAOXAAEWONE Xl GTEOYYUAOTOMONG.
Y10 mopamdve yedpnua eivon @avepd emiong, 6TL Ta GQAMNIATA Yol T CUVAETNOY EAEYYOL GTalepoTolo-
Ovtow o yeryopa agol dmeg elvon Quotoloyxd Boulelel”’ TEPLOGOTERO OTA MPWTA BrUATA WOTE Vo
€youpe éva emuunTod €AeYyO.

To 2-8idotato Lyfua 5.2, tapovcidler mwg 1 vopua v tov éheyyo ||g(t) |l 12(q) petoBdhieton we mpog
v eZEMEN Tou ypdvou, ota Théyuata i Tic didpopes dupepioels Twv T, h. To apiotepd ypdgpnuo Tou
Yyhuatog 5.3, delyver nog N andotaon and 10 6160 [|y(t) — ya(t)|l L2 (o), uetafdihetar we mpog TNy
eZEMEN TOU YpOVOU, OE BLUPOPETIXG TAEYUNTA, XOU TO CUYXEXQWEVA 600 TEPIOCOTEPO TUXVO TAEYUA
XENOWOTOUUE, T660 UxedTERT ANOCTUGY UMb TO GTOYO EMTUY YAVOUUE.

Emidpoon améd tig petofolég TG OLAAOTOLNTIKYG TLALPAUETPOV (¥ TLOL TO OUVOALPTNOLAKS. X110
Yo 5.4 Topatneolue Twe Yio WXEES TIES TN OUUAOTIOINTIXAC TTaRAUETEOL eapuoletal and ) uédodo
xhloewvy peydhog €leyyog, xou avtiotpopo mapatneinxay Wixeéc TWES TS CUVEETNONG EAEYYOU Yid
UEYEAES TWES TOU ar. ATt TNy eXTEAEGT) TOL OB GE OAEC UTES TIC TEPLTTWOELC TORATNENOUUE OUANT
hertoupyio xan Tic avauevoueveg TEEel oUYXALONG Yid 107 < a < 1075.

H améotaon tng Adong anéd to otédyxo. Inuavixh) mapathpnon eivon to 6Tl 8 mopatneioaue
ahhary) 6T TEdodo TNG andoTaoNE TS aetdun X Abong amd To 6TOYO Yiol T SAPOPES TYES TOU «



5.1.

Juvoptaxég cuvd¥xeg Robin - Ilepiypapn Tov poviélou

. \ mesh (12x12) —+—
0.03 \ mesh (24x24) ——
mesh (48x48)
mesh (96x96) ——
0.025 ‘
0.02 \
0.015 \
0.01
0.005 >
o e
001 002 003 004 005 006 007 008 009 01
© (ume)

TyApa 5.2: H vépua yio tn ouvdptnon ehéyyou [lg(t)llrz(q)-

0.0008

0.0007

0.0006 X

0.0005

0.0004

0.0003

0.0002

0.0001

mesh (12x12)
mesh (24x24) —
mesh (48x48)

mesh (96x96) ——

0.18

0.16

0.14

0.12

0.1

0.08

0.06

0.04

0.02

mesh (12x12)
mesh (24x24)
mesh (48x48)
mesh (96x96) —
mesh (192x192)

001 002 003 004 005

t (time)

ExApa 5.3:
opordtnto L2(Q) - acuvéyeia.

0.0012

0.001
0.0008
0.0006
0.0004

0.0002

0.06 007 008 0.09

0.1

0

0.01

0.02 003 004 005

t (time)

o=0.000005
— —
001 002 003 004 005 006 007 008 0.09
T (time)

0.06 007 008 009 0.1

Andbotaon and 1o 016x0 ||y(t) — ya(t)|lL2(q). @) Opard dedopéva. B) Acdouéva pe wxen

EyxAuna 5.4: Enldpoon and tic HETOBoAES TNG OUAAOTONTIXAC TUPUUETEOU YLol TO CLUVAPTNOLIXG (L GTOV

éeyyo |lg(t)]

L2() Yo otodepd mAéypa 48 X 48, o Tic BLdpopeg TiES Tou A
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%=0.01
«=005
«=0.01 ——
0.00005 | Ry
2=0,0005 ——
2=0,00005 ——
0.00004 \ 2=0.000005
2000003
N
\
0.00002 .
\
\\
0.00001 .
~

001 002 003 004 005 006 007 008 0.09

t (tme)

ExAue 5.5: Enldpoaon and tc yetaforéc e opohomomntixic TapauéTeon Yid T0 GUVIPTNOLIXG (v OTNV
anbéotaon e hoong and 1o 6160 [|y(t) — ya(t)|L2(0)-

O6mwg pafveTon xou 6To Ly Hua 5.5.

O akr6ptOpoc Lo TRNpRorTtiké oTtadepd ToOAvAVIRA oTo Xpdvo. T o mapamdve amotehéopoTo
YENOWOTOACOPE TO TAUPOXETE XDV, ool apyixonotfoaue o 1 = 0, € = 1, Ty ToEdUETEO avoyhc
tol xou tov éheyyo ¢°|r. Na onueidoovue mwe my. 10 Yy ebvor oxohoudo TUNUOTING YEOULUXY
TOAUWVOUWY 6T0 Xpbvo, (ue xade dpo authc g axoloudiog va avtimpoonredel dhAn axolouvdio TGy
OoYETW UE TO YWpO) Xt Ty N emavdindm e wed6dou xAicewy.

e Brjua 0 (Apxixn kavdotaon) Enthuon pe gr == ¢°|r vyt y =: y° tou cuothuartog

yw—Ay = f,
4,0y

y|F+)‘ 1% = g‘Fv
y(0,) = o,

e Brjpa 1 (Enilvon ovluyols eklowons) Trnoloyioude p =: p™,

we+Ap = y—yq,
o
AT1E = 0
plr + on ,
wTz) = 0.

e Brjua 2 (Néa kareturon kadébov) Aapfdvoupe o¢ (descent) xortedduvon xadodou v opvntixn
xAiom Tou CUVIPTNOLIXOY XOGTOUG

—J'(glr) = —(aglr + plr)
e Bijua 3 (‘Eeyyos tou Bripazog): Tpocdiopopde tou Béltiotou weyédoug Buatog e,
I ("I + =lagl + uir)) = min J (5"l + =(agle + uir))

e Brjua 4 (Néa ovvdptnon eAéyyov): Oétouye

9" e = g"[r + en(ag” e + ")}
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e Brjpa 5 (Néa kardoraon): ENéyyoupe av J® < J"71 xou 9étoupe € = 1.5e. Av J» > Jn—!
¥étoupe € = 0.5e. Exteholue 1o Brjpa 0 pe gl == ¢"Mrywy = y"xan=n+1. O
ohybprioc otopatd 6tayv |J7 — JP|/J™ < tol.

Na onpewoovye twg yiow ™ Aoon e Paowic eiowong yeedletan va yeddoupe ™ Baoixr e&lowon
oe xoTdAANAN acuveyl) oto ypdévo Galerkin poper. Ewlwdrepa ov npoceyyiotxés ouvopthoelg ebvan
TUNUaTXd oTaepd TOAUMVUUA GTO Yp6vo omoTe 1) U€Y0B0C AVEYETOL TNV TPOTOTOMNUEVY TIPS T THGW

pédodo Euler (uédodo dGO):

tit1
(I + dtA)yir1 + Yir1lr = yi + ginalr + / fds.
t;

i

Ouolwe v ) Aon e ouluyolc e&lowong ypeetdleton va ypddouue tnv omodddpoun ypovind egicwon
ot popgt

tit1
(I + dtA)p; + pilr = piva +/ (yi — ya)ds.

ti

‘Omnou o tekecthic A avtioTtoyel oto teheotr Laplace.

5.1.2 | Muxpr| opahdtnta oo opyind Sedouéva

T owtd to medPinua T Q, T, elvor ot (Do dnwe oo TpddTo ToEdderypa, dnhadh, Q = [0,1] x [0, 1],
T = 0.1. H dapopd eivon 6L o€ Tt TO TopdBeLya To oipyxd Bedouéva Yo efval Lo aouveY S cuVdETNoT
nou optleton and tn oyéon

| sin(m(1 4 zyx2))sin(mri (2 — 1)) av z1,xe > 0.5,
=1 10+ sin(m(l + zyza))sin(rzy (z2 — 1)) BLowpopeTIXGL.

To oyetind anoteléopata yio To opdhuarta mapovoidlovtar otov Ilivaxa 5.4, émou 1 té€n obyxhiong
O(h) étav T < Ch2, v v L2[0, T; L2(Q)] enohndeteton yio tnv oo xen tn ouluys petoBAnTe.
To anotehéopoato oyeTnd Ye T TEEN oVYXMONG xou TNV avopevopevn t4En olyxiong delyvouv Aiyo
xahOtepa, e€autiog Tou TpémOU xataoxevic” g axpnc Abong. Buyxpelvoviag o mapdy Topddetyua
UE AUTO PE To OPOAG BESOUEV TUPUTNEOVUE TS TO GLVOETNOLUXG Exel TON)D UEYUADTERES TULEC %ol
10 o@dla T.y. oto h = 0.014 eivan enlong peyoldtepo. Ipogavis Aoyw tng acuvéyelg 1 vopua

Tivaxag 5.4: TéEeic Toyxhone yia t diodidotarn Mon ye k = 0, 7 = h?/2 o opyixd dedopéva ue pixph
ouahbTNTAL.

Auaxpitonoinon Spdhporta

h = 0.2357022 0.4093275092 | 0.008552165422 | 0.9411555956

h =0.1178511 0.1555909764 | 0.005056762072 | 0.8225865966

h = 0.0589255 0.0714820269 | 0.002440981965 | 0.7424795375

h = 0.0294627 0.0302970740 | 0.001179518135 | 0.7066657202
h = 0.01473139 0.0100448501 | 0.001097951813 | 0.6883517113
TéZn Loyxhone | 1.2520017243 | 0.952697386266 -

opdhpatoc L2[0,T; HY()] de ouyxhiver Aoy tne acuvéyetog, Woc xon to dedopéva yo € L2(€) xou
QUTH N aEYLX) ACUVEYELD HETAOIDETOL UECW TWV YAPUXTNEWOTIXWY GE 0AOXANeT T Aoor. Telwdg, o
yedpnua ota Sedid tou Lyfuatog 5.3, Belyvel T N andoTaon oand T0 OTOY0 UELDGVETOL OTAdXS UE TO
TEEACUA TOU YPOVOU, Xl OTwE Teptuévaue elvon ToAL o 8Uoxoho Y Tnv Pooix UeTofBANTH ye Ty
enidpao TNG CLUVETNONE EAEYYOUL VoL YTACEL GTO GTOYO.
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5.1.3 | Ilelpopo e yphiomn YEUUUIIXOY TOAWYOUWY GTO YMEO XdL GTO YEOVO

Tat Vo TopOUGLAGOUUE TNV EQPUPUOCLUOTNTA oy MudTwy VPNAGTERNE TEENG S TROS TO YP6Vo, Vewpolye
ula aponod ypovixot Bruatiopod tpocéyyion tou Boaoiletar 6Tto oy yeovixod Bruatiouod k = 1.

Ye autd T0 oNuelo AVUPEPOUNCTE GTO TAUPABELYU TNg Tapayedpou 5.1.1, pe yvwotr opohr Baouxn
peTaAnTh ¥ v diveton omd v §(t, x1,22) = exp(an?t)sin(m(l + z122))sin(mzy (ze — 1)), v k = 1,
[ = 1. Enueudvoude mwe Tapdho To YEYOVOS OTL €xouue emAéEel opaln Baotxn ueToBANTY, 1 Topovsio
ouvoptaxol ehéyyou Robin mepiopiler v opoldtntor TOUAEYLOTOV X0VTE 6T0 GUVOEO Yiot TN YEOVIXH
TopdYwyYo Yoo T oLluyh LeToBANTA xadde xau i T peTaAnTh edéyyou. Qotdéoo mapdha owtd,
nepévoupe 6t Yo epgoviotel 1 mopaBolxy) opahdtnta o o yedvoe efehiooetan. O extiuroeic
pog Béhtiotng Tpocéyyiong Yo opakt Baocuxr, ouluyn petaAnTr xou uetaBhnTh eNéyyou, Topdyouy o
4N olyrhione we Tpoc T vépua L2[0,T; HY(Q)] tne téEne O(72 + h), dtov Yewpodvion TUnUatind
YOUUMIXG TTOAUGVUMOL X0 Yol TO YPOVO Xal Yiol TO 0o, dnh. k=1, 1=1.

Yo oxdrouvda mopadetyyata nagouvoidlovpe Tic el cUYXMoNG ot Wiol aponol Ypovixol Bruatiopo-
O mpocéyylon. Edixétepa, yio v emhoyh T = h'/2 xou 7 = h¥/4, 1 onola avtiotoryel oe moY
Myo ypovixd Briwata, ta anoteréopata napovatdlovton otoug Iivaxeg 5.5 xau 5.6, avtiotolyws.  No

IMivacag 5.5: TdEeic Tuyxhione yio Ty dodidototn Mon ue k = 1, I = 1, 7 = O(h%/*), ouodd apyixd
dedopéva xat yqg = 0.

Avoxpltonoinon Spdhuartor
h = 0.2357022 0.007064919 0.071348872 0.002392313
h =0.1178511 0.002639725 0.031653985 0.002355530

h = 0.0589255 0.001462584 0.017397858 0.002305098
h = 0.0294627 0.000873854 0.009497292 0.002258746

h =0.0147313 0.000566631 0.005500319 0.002230101
h = 0.0073656 0.000410072 0.003614028 0.002214837
TdaEn Loyxhong 0.910047586 0.924325857 -

Iivaxag 5.6: TéZec Toyxhone yio v dwdidotatn Mon pe k = 1, 1 = 1, 7 = O(h'/?), opord apyxd
dedopéva xat yqg = 0.

Aaxprtonoinom Spdhuarto

h = 0.2357022 0.008385394 0.068070558 0.002676642
h =0.1178511 0.004769310 0.040332082 0.002579619
h = 0.0589255 0.002736129 0.019010050 0.002468955
h = 0.0294627 0.001954915 0.012117836 0.002384007
h =0.0147313 0.001398719 0.008222888 0.002322462
h = 0.0073656 0.001003904 0.005980212 0.002276926

TéEn Shyxhone 0.645943041 0.762328463 -

OMNUEIDOOLYUE TwE Yiot T Ao g Baowc e&iowong ypeetdleton var ypdouue tn Boowr e&lowon oe
XATIAANAY acuveyn oto yedévo Galerkin popgr) dG1. Ewbixdtepa ol mpooeyyloTixég cuvapThoelg elvor
TUNHOTIXG YROUULXE TOAUWVUPA 0TO Yeovo. Lo Aéyoug cagrivelag TEpLYpdpoulE TO TS TEOXUTTEL TO
ovotnuo edlotoeny o auth T mepintwon. Trevduuilovye mwe to acuveyés ypovixol Bruatiopod
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TAfpwe Saxpitonoinuévo oynfua eival To

n—1

i
(pitonh) + / ( = (Ynt> V) + a(Yn, ) + MYn, vh)r)dt
t

i
(7 Jr/ ((f} vp) + A(g,v;,,)r>dt,VwL € Pplt" 1, 1™ U, 1 <n < N,
t

n—1

v = o
Onéte ot nepintwon k£ = 1, SNk, YpuuuxdY TOAGVOUGY Yo To ¢, unopolue vo yeddouue yp(t) =
Y3 + Y (t — ta—1)/7 070 dboTrua (£771, 7] ue 7 = " — "1 xau mofpvoviac we ouvdptnom doxuyhc
v o =T s —th—1)! Yol = 0,1 xou petd ané ypovixr ohoxhfipwon xau ouuPorilovtag Y = Yy,
Y" = Y1 éyouue 1o {nroluevo obotnua 6nwe goivetal otov enduevo akydprduo. pe y; = Yo + Yi.
Tlapopowa epyalduacte yioo Tnv Aon e omotddpoung ypovixd e&iowong. ue p; = Mo + M;.

O aA1éplOpog TioL TUMRATIKE TPAPIIKE TToOAv@VIpRe oto Xpdvo. Opolwe pe tov mponyoluevo
aAYOpLIUO, VLol TOL TORAUTAVE) ATOTEREGUOTOL Y PNOWOTOCOUE TO TOEOXATE XOBXAL, APOD UEYLXOTOLACOUE
wwn =0, =1, mv nopduetpo avoyrhc tol xon tov éheyyo ¢°|r. Na onueidooupe toe T.y. 0 Y
elvan otohoudiar TUNUATIXG YROUUIXGDY TOAUGVOUWY 0TO Yp6vo, (e xade 6po authc ¢ axohoudiag
Vol AVTLTEOoWTEVEL GANY oxohoudiar TV OYETWA UE TO ¥tpo) Xatd ™V N enavdindn e Yedddou
xhioewv:

e Brjpa 0 (Apxixi kardotaon) Exthuon pe g|r == ¢°|r v y =: y° tou ouotiuatoc

1 1 rtit1
(I+dtA)Yy + (I + ith)Yl + (Yo + §Y1)|1“ = gixlr +ui +/ fds
ti

1 1 QIESY
59i+1\r + T /m (s —t;)fds

1 1 1 1 1

—dtAY, I+ —dtA)Y; =Yy + =Y,

5 0+(2 +3 )1+(2 0+31)|r
ey =Yy +Y;

n

e Brjua 1 (Enilvon ovluyols e€iowons) Troloyiopde p=: pu",

1 1 tit1
(I +dtA)My+ (I + ith)]\/fl + (Mo + 5Afl)|1‘ = I +/ (yi — ya)ds
t;
1 1 1 1 1 1 [lin
5thMo + (51 + gth)Ml + (§MO + ng)|p = = (yi — ya)(s — t;)ds
t;

ue p = My + My

o Brjua 2 (Néa karetiBuvon kadédov) AauPdvouye w¢ (descent) xatethduvon xadddou tny apvntixd
%Aom ToU GUVIETNCLIOY XOGTOUS

=J'(glr) = —(aglr + pr)

o Brjpa 3 (‘Exeyyos tou Pripatog): Tlpoodiopiopdc tou BélTioTtou peyédous Buctoc €,

J(g”\r + en(aglr + ulr)) = min J(g"\r +e(aglr + ulr))

e Brjua 4 (Néa ovvdptnon eAéyxov): Oétouue

9" = g"|r + enlag™|r + ")}
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ExAra 5.6: Tuypotuno e Pooinhic HeTHBANTAC.

e Brjpa 5 (Néa kardotaon): EXéyyoupe av J® < J71 xou 9étoupe € = 1.5e. Av J» > Jn71
Yétoupe € = 0.5e. Extelolpe 10 Brjua 0 ye glr :== ¢""lr yiwy = y" xaaen =n+1. O
ohybpripoc otopatd étav |J™ — JTL| /™ < tol.

Ynpelwon 5.1.1. Yyetnkd pe tov akydpiuo kAiong o€ OAe§ TS TePITTADOES Ypnouonojoape évay
akydpidpo Baoiouévo otny Androun Kddodo (steepest-descent/projected gradient) pédodo. Hpérer va
avagépouvue Tws N tapandve pédodos auykdivel apyd, wotéoo eivar ToAv €0kolo va vAoronOel ka1 ondte
KkatdAAnAn ya apifunuikd reipduata. Eniong emeidn ta e€eliktikd npopAnjuata araicovy moAd peydAn
vrnodoyiotikr) mpoondOeaa efartiag tng xpovikns petaforris, ot uébodor khicewy eivar moAD xproiues
evalaktikés néfodor twy pelddwy pe vpnAdtepn tdén odykiions, apod anartody Atyétepous vmodoyi-
otnikols ndpovs. To Pripa ya T npoPodd, &, €ivar anapaitnto apol o 6pos ;™ + en(Vigi + i), pmopel
va unv elvar emOuuntds. Eibikdtepa ypnoiponoeizar n apvnuikd pewpévn kAion wg katedbuvon ava-
{Tnong ka1 otn owvéyela vroloyiletar To Pripa mpos avtr) tny katevuvon. To Pripa €, mpokUnter ané
i katdAAnAn otpatnyxry ypaupuiknis avaliitnong (line search strategy). Eva tumkd xapaktnpiotikd
Ty pedédwy kioewy €ivar 1) kadij npoortiky dote va odnyndolue atn Abon oTig npdTes enavaAnpe,
€V EAATTAVETAL 1) ATOTEAEOUATIKGTNTA TOUS OTIS €MOl€EveS emavaArppes. (20T600 0o endjevo kepdAaio
OXETIKG Ue Kkataveunévo éleyxo o€ nuiypaunksé mapafolikd mpdéfAnua Oa Bedticdoovue to kddika
kdvovtag xprion wxvpdy kavévwr - ovvdnkav Wolfe-Powel ka1 avti twv katevdlvoewr apvntikdy
katevdvoewy Tng mapaydyov tov ouvaptnoiakod t katebOuvon Fletcher-Reeves.

Inpeiwon 5.1.2. Y Yyruata 5.6, 5.7 napadérovue evbaxtikd kdnowa otiypdtuna s Paoikig
ka1 tng ovluvyols petaPAnTig.

Ynpelwon 5.1.3. Eivai eddloyo va ouykpivouue ta anoteléopata twv neipaudtowy je opald dedopéva
otn mepintwon k = 0 ka1 k = 1. Iho ovykekpiuéva ag ouykpivouue ya mapdderyua ta amotedéopata
v Ivikwy 5.3 ka1 5.5. Ilapatnpolpe tws mapdlo mov n tdén olykhions elvar apketd jukpdtepn,
ya tn mepintwon k = 1 ta opdlpata m.y. ya h = 0.014 mapdro mov mapapévour i ya tny
L2[0,T; HY(Q)] xa1 nepinov foa e 0.005, efvar pukpdrepa ya Ty L2[0,T; L2 (Q)] vépua and 0.008 yia
k=0 0€0.005 ya k =1, 6nAadn éxouvue kadltepa anotedéopata. ALoonueimto elvar enions tws ot
tepintwon k =1 ekaitiag tov apaiod ypovikol fnuatiopol tapddo mov xpnoiuonoUpe tny ida puviun
H/Y éxoupe tn duvatdtnta va mpoxwpjoovpe o€ Teploadtepo tukrij Oapépion. Avtd eivar epiktd yiag
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=0, =0.0763885, it~ 0.0075002, mux=0 00539646
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EyxApna 5.7: Suywoétuno g ouluyois petaAntic.

ka1 éxovpe ukpotepo uéyebog uvniung arotnkevons dedopévawr, apod ta xpovikd onueia elvar moAV
Aryétepa, kar efvar autd mov mailer kpiouo pélo otn 6éopevon Aydtepng puviung tov vtodoyotr. Avtr
Aoimdv 1) duvatétnTa va TPOYwPTIOOUUE T€ TEPITTOTEPO TUKVT Dlapépion Uas emrpémel akoun kaAitepa
amoteléopara ka1 ya T vépua apdAuatos L0, T; H' ()] and 0.005 ya k = 0 o€ 0.0036 ya k = 1, ka1
yia Ty L2[0,T; L*(2)] véppa and 0.008 ya k = 0 o€ 0.0004 ye k = 1. Télog va emanpudvoujie s to
eAayiotonomnpévo ovvaptnoiaxé J and tn tur) 0.0049 mov éxovpe otn nepintwon k = 0 emrvyydrovpe
ot mepintwon k =1 moAd pkpdtepn niun ekaxiororomnpévov avvaptnoakov ion ue 0.0022.

Avapépoupe tws o1 fabjol edevlepiag oyetikd pe to pikpol xpovikod Pnuatiopol (coarse time stepping)
napddetyua k = 1, 7 = O(h3/*) ya kdOe Siapépron, (BAére Mivaxa 5.5) ekedivoovtar ws e€ijs (ya
kdUe e and ©g 5 petafAntés tov ovotiuatos - 2 ya to €vdl, 2 ya to ovluyés mpdfAnua kai pua ya
Tov éAeyx0)

® Vit To }wpikd koppdtl éxovpe dadoyikd Palpols eeviepiag 49, 169, 625, 2401, 9409, 37249,
(148225),

e yia to xpovikd koppdn éxoupe dadoyikd faduols elevdepiag 5, 8, 14, 23, 38, 64, (108),

evéd ya ya ) mepintwon k =0, 7 = O(h?), ya kdOe pa and tg 3 petapAntés
e Ve to Ywpikd koppdn éxovpe Sadoyikd Pfaduols elevdepiag 49, 169, 625, 2401, 9409, (37249),
e yia to xpovikd koppdn éxouvpe dadoyikd Paduols edevdepiag 4, 15, 58, 231, 922, (3687).
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Avtd to kepdAaio mapovoidler tig Jewpntikés apxés kar ta avtiotoya mepauatikd anotedéouata yia
éva mpdfAnua nurypaupukns rtapafolikng e€lowong pe kataveunuévo éeyxo oe auvvinkes Dirichlet
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Kotaveunuévog éieyyog - Ieprypagr Tou yovtélou

Youpova Ye 60a €YOUPE AVAPEREL GTA TEONYOVUEVA XEQPANOLAL CYETXY UE TO NULYPUUUIXO TROBANUa
xaTaveunpévou eréyyou Yo enodnieloouue apriunTind ToUg £X TWY TPOTERWY UTOAOYIGHOUE GPIAUTCY
vk =0,1=1, otc mepintdoeic T = h? xa 7 = h yia T0 GPANUOL TWV GUVIPTHCERY EAEYY 0L, Baotxig
petaBAnTic xan ouluyole uetoBANTAC, xou Yo TUPOUCLECOLUE XAt OMOTENECUOTO Yol TN TEPITTWOT e
woyveéc ouvirxeg Wolfe-Powel.

Oewpole T axdrouto apriuNTING TAUEABELYHA Yiol TO HOVTEAD UE YVWOTYH axplPrc avolutixh Ador oTo
Q x (0,T) = (0,1)% x (0,0.1) xou opoyevelc Dirichlet cuvopiaxéc ouvifixec, topduoto pe oautH TOU
nopouctdleton oo [94]. TIo cUYHEXPWEVD, ENAYICTOTOLOUUE TO GUVIPTNCIOKO

1T a [T
w9 =3 | Iy=villsordt+5 [ ol
0 0
UTO TOUG TEPLOPLOUOUG,

ve— Dy+(1/3)y° =f+g 00 (0,T)xQ,
y =0 oto (0,T) x T,
y(0,2) =yo oto Q.

Emiéyouye mopduetpo opohonoinone v = w4, ekl uéhoc

5 1, -1 5 :
ft oy, 0) = —mre V5" Tsin(nay ) sin(ras) + = (———=n2e” Vo tsin(nxy ) sin(ras))?,

3'2-5

cLVAETNOY 0TdY 0oL
. 4 :
— 27T287\/5772T _ ™ e,\/gﬂ-lt
( (2 —/5)2 (

(ef‘/g”% - 67\/5W2T> ) sin(mzy)sin(nzs),

2
ya(t, T1,22) 5in(7r:L'1)sin(7r:L'2)>

xou apyxy ouvdfnn yo(x1, z2) = 2__—\1/57r25in(7m1)sin(7r7;2), ue tétolo teéTmo hote 1 PélTiotn hoon

(y, 11, g) TOU TOPATEVE TEOBAMUNTOC VoL Efvou M

-1 2
71_267\/5# t

t,x1,T2) = sin(mxy)sin(mrs),
y(t, w1, 32) R (may)sin(was)

u(t, x1, ) = (e*‘/g”% - eiﬁﬂzT)sin(ﬂxl)sin(ﬂxg),

g(t,x1,22) = 77r4(ef‘/57’2t - 67\/gﬂzT)Sin(ﬂ'.Tl)Sin(ﬂl’g).

6.1.1| Xtodepd TOAUMYLUL GTO YPOVO, XAl YOUUUIXE GTO YOEO

TN T mapomdives amoTtehéouator YeNoHLOTOICUUE TO ToROXATEL XWBLXa, ool apyLxonotioope tan = 0,
£ =1, tnv mopduetpo avoyic tol xor tov éheyyo g°|. Na onpeidoouue mwe my. o y™ eiva oxohoudic
TUNUOTIXE YRUUUXDY TOAWYIUOY 6T0 Xebvo, (ue xade 6po auThg g axohoudiag Vo avTitpocnredeL
80 axohoudio TGV OYETIXA PE TO YPo) xatd TNV 1 emavdAndn e uedddou xhicewy:
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e Bripa 0 (Apxixij katdoraon) Enthuon pe g := ¢° yuw y =: y° 10u ouotiuatog

1
ye—Ay+ gy’ =g+,
yr =0,

y(o, Jf) = Yo,

e Brjua 1 (Erilvon ovluyols e€iowons) Trokoyiouods p =: u™,

pe + Ap 4y =y — ya,
MF:O>
w(T,z) =0.

e Brjua 2 (Néa karetiBuvon kadédov) AapPdvoupe we (descent) xatehduvon xadddou tny cpvntixd
xhion Tou GUVAETNCLIXO) XEGTOUG

—J'(9) = —(ag +p)
o Brjua 3 (‘Exeyyos tou Bripatog): Ilpocdiopiopdc tou BérTioTtou peyédoug Puatoc e,

.]<g" +en(ag + u)) = r5n>151 J(g” +e(ag + u))

e Brjua 4 (Néa ovvdptnon eAéyxov): Oétouue

gn+1 = gn +En(a9n _,’_Mn)}

e Brjua 5 (Néa kavdotaon): Eéyyouvue av J™ < J™~1 you détoupe € = 1.5e. Av J* > Jn—1
Yétoupe € = 0.5e. Exterolye 1o Brjua 0 pe g == g™t vy =: y" xou n = n+1. O adybprduoc
otopatd étav [J — JPTL| /T < tol.

‘Opowa ye 10 mponyoluevo xepdhato, Y T Aoon tne Baoixrc e€lonone yeewdleton vor ypddouue ™
Baouxr e&lowon otn popen

1 . tit1 )
(I + dtA)yip1 + gyiﬂd =i +/ (f +g)ds,
t

xau Yo T hoom e ouluyolc eglowong ypetdleton va ypedhoupe v omod6dpoun yeovixd egiowon o
wopept
tit1
(I+ dtA)p; + yZpi = pis1 + / (yi — ya)ds.
t

O un yeouixog 6pog avTETOTOTNXE EEXWELOTE UE YRUUUXOTIOMOT GARS Xol HE YEVIXT ETOVAUANTTLXT
uédodo.

6.1.2 | Ioyupéc ouvirxec Wolfe-Powel

Yta TPV TELRGUATA OTWE XL GTO TPONYOUHUEVO XEQPAAAO Yenottonotolue €vay ahyderduo Poot-
ouévo oty Andtoun Kédodo (steepest - descent / projected gradient) uédodo. To Pruc yio
npofoln, €, eivan eniong amapaltnTo Aol o dpog xatebduvong, unopel vo uny etvan emuuntoc. Xen-
owomnoteiton 1 ovluyhc xotedidnvon Fletcher-Reeves ¢ xoatediduvorn avalAtnong xou otn ouvéyeia
unoloyileton 1o Bripa npog auth TV xatedduvon. To PAua €, xau e8¢ mpoxdnTteL and wiot xUTIAANAN
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ITivaxoag 6.1: TdZewc Loyxhong yio Ty 2-ddotatn Aonue k=0,1=1 (h = 7).

Auaxpitonoinom Spdhporta

h = 0.02946280 3.631050 0.05551130 0.02498330
h = 0.01473140 1.508560 0.02618430 0.01082740
h = 0.00736570 0.772711 0.01454260 0.00561528
h = 0.00368285 0.391391 0.00758848 0.00281426
Té&n Loyxhong 1.071233 0.95696566 1.05004366

Iivaxag 6.2: TdEn oOyxhione yio To diodidotato tpdPhnue ue k=0, 1 =1 (h? = 7).

Auwxpitonoinom Spdhyorta

h =0.1178510 2.254550 0.04141390 0.07661170
h = 0.0589256 1.003230 0.01943350 0.02208320
h = 0.0294628 0.470049 0.00914215 0.00546600
h = 0.0147314 0.229416 0.00445367 0.00135706
Té&n Loyxhong 1.051790 1.06430666 1.89617666

otpatnyw] yeouuwmc avalhmone (line search strategy). Na onueidooupe twe ota nelpduato auThg
¢ moporypdpou (Bréne Iivaxa 6.3) xou eidixdtepa ot TepinTtwon k = 0 ov xot OTUTUAACOIE TEPLOTOTE-

Iivocag 6.3: TdEn chyxhiong yiot to dodidotato TedBhnua pe k =0, 1 =1 (h? = 7).

Auwxpitonoinon Spdhyota
h =0.1178510 2.195070 0.0411142 0.348617
h = 0.0589256 0.989756 0.0192208 0.098052
h = 0.0294628 0.467749 0.0091017 0.027175
h = 0.0147314 0.229123 0.0044466 0.008308
Té&n Loyxhong 1.086690 1.0695966 1.796943

POUC UTIOAOYLO TIXOUE TTOROUS OE UV, XUTOPEQUUE VAL HEUWCOUUE ONUAVTIXG. ToV apidud emavahieny
Tou Buhol Pedyyou emtavolideny e pedddou xhicewy and xatd péco 6po 31 enavorfideic ot 23, (Sw-
MedVTAC oYedV TiC (Blec TdZelc GUYHALONC Xl TUPEUPERT| ATOTENECUATOL) YENOUOTOLOVTIS TIC LOYUPES
Wolfe - Powel cuvidrixec:

1o J(Wk+1: gk41) < (Y, 9i) + oep T pdy (xavévac Armijo)
2. | pprdi] < —pJ'kdg
pe 0 < p <o <1 xaw dpyr = —Jj 4y + Berade, pe do = —Jf, xou e Ty €mAoY1 Yo TOV 0pIOUS TLY

. , JT
ouluymy xateudivoewy Fletcher-Reeves : B = W
k—1
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Kotaveunuévog éieyyog - Ieprypagr Tou yovtélou

Ye autd 10 xePdhao TERLYPAPOUUE TO HodnuaTied Hovtého Tou Ya e€etdoouue oUWV U Goa EYOUUE
AVOUPEPEL OTA TIEOTYOVUEVA OYETIXA UE TO TEOBANUOL XATAVEUNUEVOU EAEYYOU OE eEEAXTIXG TIPOBAAUOTA
Stokes.

To. mopodelypara elvon Bactopéva oe autd mou tapoucidlovton otny [60, Evétnra 3]. H wleon xou 7
Tay TNt TEéneL va Sloxpttonondoly e GUUBATOUS YWEOUE TETEPUCUEVWY GTOLYEIOY UE TIG XATIAANAES
inf-sup ocuvirxec va ixavomootvtan. Tétolol xatddinior yweot eivon yia mopdderyua ta Taylor Hood
P2/ P1 otouyela yio T ywewd mpocéyyion tne toydtnrac/mieone. T tny ypovind mpocéyyion yernot-
ponotolue dG oyfuata yeovixol Briuatoc Enc k = 0, k = 1 dnhodr), tunuotid otadepd xon TUNUoTixd
Yeouuixd ototyeio avTioTolywa.

Oewpolue éva aprduntnd mapddelypa Yo Ty nepintwon k = 0, xou tpla mopadelypata yioo Ty Bu-
ox0NGTERN ahNG We xohtepe T8Eelc olyxhong mepintwon k = 1 v to meéBAnua poviélo otov
Q% [0,7] = [0,2]% x [0,0.1], emiéyovioc Flr = 0 pe Yvooti avehutd axpPhc Aon Ty :

7 = (J1,52) = ((cos(2kz) — 1) sin(2my), sin(2ma) (1 — cos(2ky)))e"*/?
p = e "Y(sin(kx)?sin(my)?)/k? + (cos(2kx) — 1)2sin(2my)?
+sin(2ma)?(1 — cos(2ky))?)/2,
g = (91.92),
@i = (((kvsin(kz)? — kv cos(kx)? + kv) cos(my) sin(my) + ((—8km? — 8k3) sin(kz)?
+(8km? + 8k3) cos(kx)? — 8km?) cos(my) sin(my)))/ke*"t/Q,
G = (((K?vsin(2mz) cos(2ky) — k?vsin(2ma)) + (—8k>m? — 8k*) sin(2ma) cos(2ky)

+8k2m? sin(Zmz)))/(2]8))6—”15/27

apyw Tootnta Yo = ((cos(2kz) — 1) sin(2my), sin(2ma)(1 — cos(2ky))) xou 616x0 yda = (Yd1,Ya2) =
(0.5,0.5).

O 6poc dovaune f = (f1, f2) propel ebxoha va utoroyiotel and v Poowxd| eiowor, TotodeTdvTog TNy
TopaTmave axeBric ADGT), XAl O GUYXEXPLIEVA

fi = (((cos(kx)sin(kx) sin(my)? + (16k? cos(kx) sin(kx)® + (16> cos(kx)
—16k? cos(kx)?) sin(kz)) cos(my)? sin(my)? + ((16km cos(ma) sin(mzx)?
—16km cos(ma)3 sin(max)) cos(ky)? — 8km cos(ma) sin(max)3
+8km cos(mx)® sin(mz)) sin(ky)? + (8km cos(mz) sin(mz)?
—8km cos(mx)® sin(ma)) cos(ky)? — 8km cos(maz) sin(mz)>
+8km cos(ma)?® sin(mx))) /k)e ",
fo = ((2msin(kz)? cos(my) sin(my) + (74k2m sin(2kxz)? — 8k%m cos(2kx)
+8k*m) cos(2my) sin(2my) + (4k> sin(2ma)? — 4k3 sin(2mzx)? cos(2ky)) sin(2ky)))
J(2h2))e

Avopévoupe v v toyOtte O(h? + 78+) xow O(h? + 7%+1) 18Eeic olyduone v Tic vépuec
L2[0,T; L2(9)] xou L2[0,T; HY(Q)] avtiotolyee.

Ye 6ho T mapadelypota, emAEYouUe oTadepr) TNV TAPAUETEO OPAAOTOINGNG GTO GUVAETNOLOXG Xou (oM
pe a = 1074, xou o1 eheOiepec mapdpetpol mapdpow ue 0 [32), v =1, k=7, m =7, xu A = 1. To
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TeoBANua BERTIOTOU EAEYYOL EMAVETOL UE TO TOXETO MEMEPACUEVLY aTolyelwy FreeFem++, PAéne xou
[64], yenowonoudviag évoy ahyoptduo xAGewmy.

7.1.1| Opoid dedopéva

37 auth TNV eVOTNTA HEAETAPE TN TERIMTWOT oL ToL oEyWd Sedouéva elvor opahd xou Ue YVWwo Ty BErTio
Moo, Na moapatneroouvpe nog wg apyixd Brua éxouvue h = 0.47 opxetd yeyalitepo and ta avtloTorya
TopadelypoTor 0T TEONYOUUEVA XEPdhool BLOTL DG To Ywplo elvan peyohbTeERo (TETEdYWVO Theupds 2),
OTOTE UOC ETUTEEMETAL ULl TETOLXL OLOPEPLOT). 2TO TENOC TOU TUPOVTOC XEQPAAA(OU OVOPECOVTAL XAl Ol
avtioTotyol Baduol ehevdepiog.

Ye 6ho ta mopadeiypata emPefodvovion ol el oUxMong olupwva pe ) Yewpla. T'evind ouwe sivon
BUoxolo va Auvdel uToloylloTXd To cUoTNUA, XaL eWBXd Yo T mepintwon k = 1 éyouue wdvo Yo to
Bidvuoua g Tay TS éva oboTtnua 4 eElohoEny.

7.1.1.1 | Xpovui k = 0 xou ywewr| Taylor/Hood dioxpitonoinon

Nopéderypa 1 (k=0 nia 7 = h2/8) Eotww 7 = h?/8. Tlepyévouye
lell 220,20y = OR®) xau [lel|zpo,mm ()] = O(R?).

T owtr) v emdoyn TAéyuatog ta avtioTolya opdhuata goaivovton oto Ilivaxa 7.1.

ITivaxag 7.1: Tdewc Xoyxhong vy k =0 xou 7 = h2/8.

Auwxpitonoinon Spdhuarta Taybtntag - EAéyyou

h = 0.4714050 0.110215 1.81853 5.33150
h = 0.2357022 0.011512 0.43118 0.63211
h =0.1178511 0.002031 0.11109 0.11369
h = 0.0589255 0.001255 0.02922 0.07081
TéEn XOyrA. 2.152143 1.98600 2.07596

7.1.1.2 | Xpovuxh k = 1, xou ywewxr Taylor/Hood Suxpitonolinon

MNopéderrpo 2 (=1 e 7 = h/16) 'Eotw 7 = h/16. Tepiévouue
||€HL2[0,T;L2(Q)] =0(h?), llell 2o, rm ) = O(h?).

T auth Ty emhoy) TAéyuatog ta avtiotoryo ogdiyata gaivoviar otov Hivaxa 7.2. ToviCouye 6t 7

apxetd “dypla’” emhoyy) Biuatog T & h divel eniong to avopevoueva YewpenTind amoteAéouoTa, ToL omola
emonuodvouv Ty “renheyuévn (implicit)” @oon twv dG oynudtwy ypovixol Bhuotoc.
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IMivaxoag 7.2: Tdewc Boyxhong vy k =1 ye 7 = h/16.

Aaxpitonoinon Sepdhporta Taydtnrtac - Exéyyou

h = 0.4714050 0.108866 2.315120 5.470750
h = 0.2357022 0.010535 0.453111 0.607322
h =0.1178511 0.001838 0.113375 0.083115
h = 0.0589255 0.000832 0.028927 0.020270
TéEn Loyxh. 2.343953 2.107000 2.686666

Napéderrpe 3 (k=1 e 7 = h3/2/10) 'Eotwo 7 = h%/2/10. Tlepiuévoupe

lell 2o 72y = Oh) 5 llellzzgo,rmr ) = O(R?).

Tt auth Ty emhoyy) TAéyuatog ta avtioTolya opdhuato @aivovton otov Ilivaxa 7.3. Ebw, nalpvoupe
o ogdhporta v Ty L2[0, T; L2(Q)] vépua, pe pio mo “dyp’” emhoyh ypovixol Bruatoc.

ITivaxag 7.3: Tdewc Xoyxhone yio k=1 pe 7 = h3/2/10.

Auwxpitonoinon Spdhparta Tayvtnrag - EAéyyou

h = 0.4714050 0.1138780 2.420150 5.718610
h = 0.2357022 0.0104282 0.455479 0.610602
h =0.1178511 0.0014891 0.112681 0.082763
h = 0.0589255 0.0004965 0.028212 0.020051
T4En SOy 2.6137833 2.140366 2.718333

Nopéderype 4 (k=1 ywa 7 = h?/8) 'Eotw 7 = h?/8. Tlepévoupe
lell 2o 72y = O®) 5 llell 2o, ) = O(R?).

Do auth Ty emhoyh mhéypartog To avtiotolya o@dhuata gaivovtoan oto Iivaxa 7.4.

Iivaxog 7.4: TéEeic Yoyrhone yio k = 1 pe 7 = h%/8.

Aaxprtonoinon Spdhparta Toydnrac - EAéyyou

h = 0.4714050 0.105817 2.251280 5.320290
h = 0.2357022 0.010357 0.461360 0.618637
h =0.1178511 0.001298 0.112730 0.082865
h = 0.0589255 0.000355 0.028156 0.020091
TéZn Loyx. 2.739333 2.106666 2.671000

Ynpeiwon 7.1.1. Eéd mapatnpolue mws ouykpivovtas tn mepintwon k = 0, pe wn mepinttwon
k =1, BXéne m.y. IHivaxes 7.1, 7.4, éxovue oxedov (e opdApata ya tny tepintwon opaAudtoy
oty L2[0,T; HY(Q)] vdpua kar oxedév ioa pe 0.02922 ya k = 0 kar 0.028156 ye k = 1. Eriong
rapatnpolpe oAU pikpdrepa opdiuata ya Ty L2[0,T;L2(Q)] s wééng ané 0.001 ye k = 0 oe
0.0003 ywia k = 1. To edayioronoimnuévo ovvaptnoaxsd eAayiotonoieitar kaAvtepa étay k = 1 kar o
ovykekpipéva éxer tun 0.07 yia k =0, evd drav k =1 eivar 0.02.
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7.1.2 | Acdopéva pe uxpr opahotnTo (AoLVEYEL 0T Yo, Yd, G)

X7 outhv TN evétnTa yehetdue TN meplnTtwon mou Tor opyixd dedouéva elvon un opodd xan 1 oxenc
aprduntixd hoon elvon dyvwotn. Elbixdtepa yio va ouyxpivoude xou vo Bpolue ta opdipata, Yewmpolue
we Noom Wwa Noon oe npoywenuévo mhéypa T.y. ot diopépion 96 X 96 Tou TeTpay VoL, XA 1 GUYXELON
yivetan yenowponouwsvtog nagepBoly Yo ta Sopopetind U,

Yo emopeva mapadelyparo Yo yenowwonotjoouue yeovixh k = 0 xou ywewt| Taylor/Hood Sioxpitono-
mon.

7.1.2.1 | Awxpitonoinon yweic teplopiopolc otov éAeyyo

‘Onee paiveton Topaxdtw epopuélovpe acuvEyeld ota apyixd dedouéva xadtg Xt 6To GTOYO Y4t

Nopdderypa 5 (K = 0 e 7 = h%/8 kou aovvéxela) e auté To TopESetypa avapévouue TaEelc
oUYxAoNg

||€HL2[0,T;L2(Q)] =O(h) , [I7llrz0,r12(0)) = O(h).
Enéyouvpe f = (f1, f2) 6nwe mponyouuévme ahhd acuvEYEL 0T GTOY0, OTOV EAEYYO0 xau oTn Baotxt
petaBAnTh y xodde xaw oty oLluyn ueTuBANTH 1 dTeC ToEaXdTe:

ya(z1, w2) = (Yar (w1, T2), ya2 (71, T2))

6ToU
(21, 22) = (1, 22) = 0.54+6,y > 0.5 xux>0.5
Yar{n, @2) = Ya2{T1,22) = 05 4 < 05 xn z < 0.5
Yo(w1,22) = (y01(3:1,:1:2)7y02(x1,m2))7
6ToU

6 + (cos(2kx) — 1)sin(2my), y > 0.5 x> 0.5
(cos(2kx) — 1)sin(2my), y < 0.5 xo z < 0.5

)

Yo1(x1,22) = {
6 + sin(2ma)(1 — cos(2ky)), y > 0.5 xa x> 0.5

yoa(1, w2) = { sin(2ma)(1 — cos(2ky)), y < 0.5 xu z < 0.5

Tt tv exxivion tne pedodou xhiong yenorpomoidnxe apyxdc EAeyyoq:

90(171>i172) = (901(3317332),902(%@2))‘

6mou
6 + ((((kvsin(kz)? — kveos(kz)? + kv)cos(my)sin(my)
—((8km? + 8k3)sin(kx)? + (8km? + 8k3)cos(kz)? — 8km?)
cos(my)sin(my)))/k),

Yooy > 0.5 xou xz > 0.5,
((((kvsin(kx)? — kveos(kx)? + kv)cos(my)sin(my)
—((8km? + 8k3)sin(kx)? + (8km? + 8k3)cos(kz)? — 8km?)
cos(my)sin(my)))/k),

go1(z1,x2) =

Yooy < 0.5 xou xz < 0.5,



106 7. Ielpapo Katavepnuévou EAéyyouv oe Egwocdoeig Stokes

6 + ((((kK*vsin(2maz)cos(2ky) — k*vsin(2ma)) + (—8k?*m?
—8k*)sin(2mx)cos(2ky) + 8k*m?sin(2maz))/(2k?)),
y > 0.5 xu z > 0.5,
((((K2vsin(2mx)cos(2ky) — k2vsin(2mx)) + (—8k2m?
—8k*)sin(2ma)cos(2ky) + 8k*m?sin(2maz))/(2k?)),
y < 0.5 xou z < 0.5.

902(061,962) =

Mivaxag 7.5: Téec Toyxhone yio k = 0 ye 7 = h?/8 pe acuvéyela oo apyixd dedopéva xa acuvéxeL
o710 atdyo.

Auwaxpitonoinon Spdhparta Toybdnrtac - EAéyyou
h = 0.4714050 0.126828 0.0079597 14.80282
h = 0.235702 0.036255 0.0015081 9.742095
h = 0.117851 0.014052 0.0004364 9.608375
h = 0.058925 0.004472 0.0000703 9.619787
h = 0.029462 - - 9.612306
Td&n ToyxA. 1.608596 2.2742714 -

7.1.2.2 | Awxpitonoinon e neplopioolc oTov €Aeyyo

Y7 authy Ty evétnTa peletdpe T mepintwon mou ta apyixd dedouéva elvon un opahd xar n oxeiBric
aprdun ] Aon elvon eniong dyvewot, alhd e€etdlouye T TepinTwoT TERLOPIOUGY oToV Eheyyo: —85 <
i < 85 yio 1o Tlapdderypa 6, xon —0.5 < g; < 0.5. T to Ioapdderypa 7 eqapuolovye aouvéyela ota
apywd Sedopévar xadide xa 6TO GTOYO Yq OUOLL PE TO TROTYOUHUEVO TORADELY UL

Nopéderypa 6 (k=0 7ioe 7 = h2/8 pe aovvéxeLo kou TiepLoplopols otov éerxo) Avauévouue
el olyxhong eniong

lellrzo, 720y = OW) 5 Il L2712 (0)) = O(R).

Enéyoupe f = (f1, f2) énwe mponyouuévme pe aouvEYEL 0To 0T0Y0, 0TOV EAEYYO Xou o1 Boouh
petaBAnT y xodde xan otn oLluyh YETOBANTH L.

Tty exxivnon e uedddou xhiong yenowwononiinxe apyds eheyyoq:

go(z1,2) = (go1(z1,22), go2 (1, 22)) = (0,0).

Nopéderypa 7 (k=0 mioe 7 = h2/8 pe aovvéxeLlo kou TepLoplopolds otov éerxo) Avauévouye
el olyxhong eniong

lellrzo, 72y = OW) 5 Il L2, 7512 (0)) = O(R).

Enéyoupe f = (f1, f2) 6nwe mponyouuévne Ue aouvéyeta, oTov ENeYyo xou otn Boowux| weToBAnTA y
ahhd Oyt 0T cUVAETNOY GTHYO.
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Tlivaxog 7.6: TéEeic Doyxhone v k = 0 ue 7 = h?/8 pe aouvéysia oo apyind dedouéva, acuvéyeld aTo
o01h 0 xou aoVeVE(C TEPLOPIOHOVS OTOV EAEYYO.

Awxprtonoinon | Egdhuota Taydtntog - Suvaptnotaxd

h = 0.471405 0.125484 14.35750
h = 0.235702 0.038590 9.417572
h = 0.117851 0.014412 9.289013
h = 0.058925 0.004503 9.299375
h = 0.029462 - 9.291695
T&En SOy, 1.600097 =

T v exxivnon tne yedddou xhiong yenotwonofinxe apyixog ey yog:

go(x1,22) = (go1(x1,2), goz (w1, 22)) = (6,6).

Ilivaxag 7.7: TéEewc Toyxhiong yio k = 0 ye 7 = h?/8 pe aouvéyeln ot opyind dedouéva xou 1oyupols
TEELOPLOUOUE OTOV EAEYYO.

Awxprtonoinon | Lepdhparta Toydtntag - Luvaptnotoxd

h = 0.471405 0.125664 22.65422
h = 0.235702 0.038621 14.78615
h =0.117851 0.014417 14.55425
h = 0.058925 0.004504 14.55310
h = 0.029462 - 14.53629
TaEn Loyx. 1.600733 -

Ynuelwor 7.1.2. Y nepduata xwpis meplopiopols atov éreyxo kar pe avotnpols Teplopiools
otov édeyxo Yy un opadd apyikd dedopéva, onws gaivetar otovs Ilivaxes anoteAeoudtwy 7.5 ka1 7.7
napatnpoliie mapeupepels tpués ya wny L2[0,T; L2 ()] vépua opdduazos, kai b tdén odyrAions,
Onws 1jTay avauevoevo, €vd To €AayI0TOTOMUEVO oUVapTNOolaks €xel oAU peyalltepes Tiués dtav
emPdAdovtar 10X upol mepiopiouol oTov éleyyo.

Ynuelwon 7.1.3. Ywa Yxnjuara 7.1, 7.2 napaOétovue evdeiktikd kdmowa otiyudtuna s Paoikng
uetafANTAS Yia to mapdderypa pe opadd dedouéva oe bvo dapopetikd TAEypata. XnUeidvoupe Tws oTS
Bdoeg twv oxnudtwy eupavifortar Tta avtiotorya daviouatae, €vd 1 tpiodidotatn areikérion tdvw ané
T Pdon tov oxripatos avarapiotd Tn wieon. Xta Yxnuata 7.3, 7.4, 7.5 napadétovpe evdeiktikd kdnowa
otdtuna tns Paoiknis petaPAntis ya to napdderyua pe un opaid 6edopéva ya tn Paocikiy kai Tn
ovluyn petaPAntr, o€ apxiké otddia, pe TNy ekkivnon pe ta aocuvvexn Oedouéva, kar oTn oLVéyEld
ka0d§ n Paoixr) Abon mAnoidler to odyo.

Ynueiwon 7.1.4. Avapépouue twg o1 Balol eAeviepiag oxetikd pe ta mapandvew napadefyuata, ya
kdOe drauépion, ekediocoovtar ws €€rig,

o av7 = O(h?)/8, etvar [Uh.ndof, Ph.ndof, Time.ndof)] = [169, 49, 72], [625, 169, 288], [2401, 625, 1152],
(9409, 2401, 4608], ([37249, 9409, 18432]) e Kdde MAéypa,

e av T = O(h)/16, etvar [Uh.ndof, Ph.ndof, Time.ndof)] = [169, 49, 68], 625, 169, 136], [2401, 625, 272],
9409, 2401, 544], (37249, 9409, 1087]),

o avt = O(h*?)/10, etvar [Uh.ndof, Ph.ndof, Time.ndof)] = [169, 49, 43], [625, 169, 85], [2401, 625, 170],
9409, 2401, 340], (37249, 9409, 679)]),
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ExAune 7.1: Lrymoétono g Paowic petaBintic oe mAéyua 12212 e opakd dedopéva.

o 59256, e L9373, SRAI=E06, L9313, GSKUD=EGAT, =<1 ST, = 65T

wns,

ExAune 7.2: Lrymotono e Paowic petaBintic oe mAéyua 24224 e opahd dedopéva.
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k=2GLoop2=6,i=108, 1=0.0117188, rainggl=-0.05, maxggi=0.05, tingg?=-0.0456486, raxgzi=005, minui=-3 13545, maxul=2.7100, minu=-2 98744, maxul=151008, minp .[siniVSéliz

139338

20233

ExAue 7.3: Lrymotuno e Paouhc uetaBAnTic pe un opold Sedopéva oe apyixd Ypovixd oTtédio.

k=2GLoop2=0 =904, t=0.0960903, minggl=0 0487044, rmaxgzl=0.05, mingg2=0 0487619, maxgg2=0.05, ainul=-0.243151, maxul=0 24379, moinui=-0319434, maxuz=0132397 .lszn\ligélétl

WP .0T00425
WD 068675

| EET

IxAue 7.4: Lrypmotuno e PoowxAc UETUBANTAS UE W opodd dedouéva oe TEMXO Ypovixd GTEBL0.
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SxApa 7.5: Snypdtuno e culuyols ueToBANTAS Ue un opokd dedouéva.

emions va onuedoovpe tws ya k = 0 éyovpe va Aoouvpe ws mpos 8 petafAntés to ovotnua - 3
ya to evdd, 3 ya to ovluyés mpdPBAnua ka1 2 ya tov édeyyo, ka1 yia k = 1 éovue va Aoovue wg
npog 14 petaPAntés to ovotnua - 6 ya to €vdy, 6 ya to ovluyés mpdfAnua ka1 2 ya tov éxeyxo.
TrevOuuilovpe twg kdde petaPAntr efvar akodovdia molvwviuwy oto xdpo (tijués oe kdde onueio Tov
TAEYpaTog).

Ynpelwon 7.1.5. Télos vrerOuuilovue nws ota televtaia mapadefyuata Jewprioape ws Abon
Adon oe mpoywpnuévo TAéyua, kar evdektikd eiyaue touvs Baduols edevepias mov avagpépovtar otig
napevOéoels, otn napandvew onpeiwon.
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Avtd to kepdaio napovoidler tis Yewpntikés apyés kai ta avtiotorya tepapatikd anoteAéopata ya éva
TpoPANpa kataveunuévov eAéyxov o€ ouaTipata NUIypau koY tapafolikdy efiodoewy ue Dirichlet
undév auvopiarés ovvdrikes - (FitzHugh-Nagumo olotnua).
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Kotaveunuévog éieyyog oe ocuotiuata FitzHugh-Nagumo

8.1.1 | Ewoaywyn - Iotopu avadpour

H dewpla Béhtiotou eréyyou éxel mohkég xan TORD YENOWES EQUPUOYES, OE TOANOUG ETIOTNUOVIXOUS
Toyelc omwe v Biohoyio tnyv Tatpu, ™ Mnyavia, tn Kowoviohoyio. Stn ouvéyelo napotétoupe puo
epopuoyt) mou oyetileton ue tn Blokoyla xou pag delyvel néoo onpovting xau dueca eqapuooiun ebva m
Yewpla BéATioTou ENéYYOUL OE mMROYHATIXG TEOBARUATA.

M amd Tig o onpoavtixég avoxohtelc Tou 200V oaudva 6T Bloguotxd elval 1 XATAVONOT VLol TO TWE T
velpa petagépouy TAnpogopio. H Paowed avaxdhudn oyetilel ) petagopd 1dvtwy xohiou xau votpiou
(enlone vatplou xan acBestion) xatd wixou tne eCwtepinhc uepBpdvng evéc xutTdpou Tou velpou o
NAEXTEWE CHPOTA ToL OTola UTopPolY var BladidovTton xatd uhixog TnNg MeUPedvng HETd amd XaTdAANAN
diéyepon. O Alan Hodgkin xau Andrew Huxley (Soulevovtag vwplc otn dexaetio tou 1950) nept-
éypahoav ) Vewplor Yo T UETOUPOPS LOVTWY, dnuiotpynoay éva podnuatixd Lovtého, xaL epuveucay
o TELpOPOTIXG BeBouEva Yl NhexTewd orjuata dieyepuéva oe xohauapoeldeic veupodEoves, xat Bpofe-
Otnav ue BeaPeio Nobel ot Pucioroyia xan Tateinr to 1963. To yviioio Hodgkin-Huxley yovtého
anoteheiton and técoepic 6.8.6. Anhonotfoel Tou Bacixol HoVTENOU, TPOTOTOAOEL, TEOCUPUACUIES OE
Shha deyépotpor péoa (Yo Tapddery oL LUy XUTTAp®Y) xau e€84pTNone amd To yweo €xouv uehetniel
EXTEVEG.

Mot a6 Tig Teptoadtepo onpavTixég amhonoifioelg Tou wovtéhou Hodgkin-Huxley mogouscidotnxe npw-
tonoptaxd and tov Richard Fitzhugh, and tn mhevpd tne wodnuatehc xon apriunuixic avéiuong. ‘Eva
nhextewd xoxhwua Yo évo avdioyo poviého xataoxevdotnxe and tov Jin-Ichi Nagumo. Auté 1o
UOVTELO TV BUO XUTAC TAGEWY, TO OTOl0 XOUT| YENOWOTOLE(TOL EXTEVAS, TEPLYPAPEL TN TOLOTIXY NAe-
XTEIXY) CUUTERLPOEEL BLEYEPUEVLY XUTTAPWY VEVEOL. BOu UEAETHOOUUE aUTO TO HovTéro. 2otdoo elpacTe
HaxELd amd TO VoL XUTAVONCOUPE TATewS To Blodoynd dieyépoda péoa. TIohhég olyypoveg uehéteg e-
TUXEVTPOVOVTOL 01 YETAPOPS 16vTmy. Ot Lwviavée pepBedve teptéyouv Sudpopa xovdhio, tviwy (xotd
uhxoc e pepBedvng) xou elvan emhextixd ot cuyxexpéva Wovta. O unyaviopol petapopds ot ol
SlaxOTTES TOU avolyouv Xt XAetvouy Tal xorvaMa LOVTWY elvan YeueAddn yio T Aettoupyio ToAGOY Bio-
hoyixawyv digpyaoidy. Emlong, dixtuo veupndv xuTtdpwy xa dhha SleyEpolua LEoa Eivol TV Ty 0l TRV
ot Pohoyioe. H perétn tétouwy Sixtiwy Unopel vor odNYHoeL 6T XATAvONoT Yo TO TG AELTovpYel o
eyxéparog. Ta podnuotind nallouv évay avgavduevo pdho onuasiog o’ auth T TELOY T BlETo THHOVIXAC
épeuvoc.

H petafint] xatdotaong y1 avamoplotd ) tdon xon eniong ovoudleton, dpdom 1 Suvauxd pepfedvng
%o 1 Y2 ovopdletar YeToBANTH avdxtnong (1 petaBAnt tdone eugpoaviler xuBuet un yeouxotnta Tou
EMITPENEL AVUYEVWOLUY AUTO-OLEYEPOT) HEoL TNG VETIXNE avaBpaong,xat 1 METOBANTA avdxTnong éyet Wio
Yoo BUVOULIXY TOU TPEYEL ULol TEPLOCOTEPO apY T apVNTIXY avddpaon).

To yovtého Fitzhugh-Nagumo dev xataoxeudotnxe 1600 yior vor xdver npdBAedm ahhd yior va cUAABeL
o Baotnd TOLOTIXG YoRoXTNELOTIXG TNG NAEXTEIXNS BEACTNELOTNTAUC XAUTE UAXOS EVOS VELPGOVA.

H mo onpavtixd tpdBiedn tou povtélou (1o omolo ouupwvel ue mepoportixd dedouévar) etvon 1 Umopdn
evbe oplou tou makpol epediopatog Tou mopdyel odevovTa XUUATA THoNG (%o AVAXTNONG) XOUATA TOU
SradiBovTon paxpeld and to yweixr| 9éomn tou epediopatog. To 0debev x0ua Tou duvauixol Tne peuBedvng
mou SLobideTon-taldevel elvon 0 pMyaviouds mou evdiveTal Yiol TN UETAPOEE TANROPORLMY Xotd uixog
ToU Veupwva. TpoPiedng.

To xOxhopo Hodgkin-Huxley unotideton mwg poviehomolel Ty nhexteuxr) dpacTnetdtnTta o8 €val onuelo
evog velpou. H Biadixacia avolyuotog xou xhelolpotog xavohiy 1Oviwy poviehonolelton Ue tn Bidyuon
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e tdomg (n omolo avtiototyel oty addotaty xatdotoon y1). H ywewd eZdptnomn poviehorotelton
we ddyvon , 6mou § elvon 1 dwryvowodtnra. ITpoodétoviag autdv tov 6po oto de&i uéhog ToL YOV-
TENOL UUXAOPOTOS Xt PeToPdAAovTog emlong TN ywewr HeToBANTY, toalpvouye TNV adldoToTy Lopdy
10V eflodoewy Fitzhugh-Nagumo.

H Sudyuon otic e€iodoeg Fitzhugh-Nagumo povtehonoiel ) ywew 00levén uetold twy xavalidy
LOVTLY XATH LAXOUS TOU VEVEOU.

Eivar agroonueiwto g Y 6 << 1 10 cOotnud yag yivetal TopOUolo Ue auTd TOU MEPLYRAQETAL OT)
npdogaty epyacio [78].

8.1.2 | lleprypagr) Tou poviéiou

27 authv v evétnto topardétouue To podnuatixd povtélo mou oyetileTon Ye TN TUPATEVE TERLY Py,
X0l TUO CUYXEXPUEVA VEAOUUE VAL ENOYLOTOTIOLCOUUE TO GUVARTNOLOXO

e 2 n [T 2
o0 = 5 [ I = malegy i+ 3 [ ol d

L 2 v [T 2
+ o5 My = vealliee))dt + 5 | llo2lza) dt, (8.1.1)
0 0

UG TOUG TEPLOPLOUOUC:

19] .

—ay: —Ay Fy—y1 =yt g+ fiow (0,T]xQ, 31 =001 (0,T] xT,

0

(;f —0Ays +ecary2 =ey1 + g2 + f2 070 (0,T] x Q, y2 =00710(0,T] x T, (8.1.2)

y1(0,2) = y10 42(0,2) = y20 070 ,
X0l TOUC TEPLOPLOUONE ENEYYOL

Gia < gi(t,x) < gip Yot oYEdOV TOVTOU (¢, 2) € (0,T) X Q, 670U gia, gip ER, i =1,2.

8.1.3 | H aolevric popen

Eonvavtag mopadétoupe ™y aodevi poper tne Buouaic eglowone. Aedopévey tov fi, f2 € L? [0,T; H~1(Q)],
TV eEMYYWY g1,g2 € L2 [O, T, LZ(Q)], XOL UPYIHOY XATACTAOEWY Y10, Yoo € L2() avalntolue

y1,y2 € L2[0,T; H (Q)] N HY0,T; H~1(Q)] tétowa dote yia oyeddv mavtol t € (0, T, xon yiot 6ha to

v e HY(Q)

(16, 0) + oy, v) + (U —y1,0) = (fr,0) + (g1,v)  xu  (11(0),v) = (y10,v)
(Y21, v) + 0a(y2,v) = e(y1 — a1y2,v) +(g2,v) + (fa,v)  xw  (y2(0),v) = (y20,0).
(8.1.3)

M 100d0voun poppt 1 omola eivar mo xatdhhnhn yio thy avdhuon dG oynudtov elvon va avaln-
wo0ue (Yg:, 9i) = (Yi,9:) € W(0,T) X Aga,i = 1,2, (povadind Pértioto Lelyn). Tédte undpyel wio
ouluyr PeToBANTh p1, e € W(0,T) mou wavonoel pi(T) = po(T) = 0 tétow dote v Ghor T
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ve L2[0,T; HY(Q)]) N HY0,T; H~1(Q)],
T
(y1<T>,v<T)>+/O (= (o vn) + o (92, 0) + (43 — . 0) ) dt
T T
= (10, 0(0)) + / (U = ys o))t + / (g0, )t
T
(1a(D). (1) + / (= (s 0n) + 6ov (32, 0))dt

T

T
= (o0 0O) + [ (elon — aage). o) + (o))t + [ (loms oD,
0 0
T
| G o)+ (@ = 10
T
=000+ [ (o = mao))
T
| ) + (2, 0) = G )
0
T
= (a0, 0(0) + [ (02 s, 0)
0
UE TEQLOPLOHOUE EAEY Y WV:
T
/ / ((agl +p1) (w1 — g1) , (agz + p2) (u2 — g2) )diﬂdt >0 Vug,up € Aga.
o Ja
Emnhéov, av yi, i € L2[0,T; H1(Q)], onueidvoupe mog 1 (8.1.8), elvon loodhvaun ue
. 1
gi(tvx) = PTO][gm,gu,] (_Eﬂi(tvx))

Yo oyedév mavtol (¢, ) € (0,7] x Q. Emmiéov, py € L2[0,T; H2(Q)] N L2[0,T; L*(2)],

8.1.4| To mhipwe Sloxprtomonuévo TEOBATL

(8.1.4)

(8.1.5)

(8.1.6)

(8.1.7)

(8.1.8)

"ot (yu(gin), gin) = (Yin, gin) € Un x L2[0,T;Up),i = 1,2, cupPorilouv ta povadixd Pértiota Lebym.
Téte, undpyer wa ouluy? uetoBnth p1, p2 € Up mou wavorowet uly, = pd . = 0 tétowr dote

v € Py[t"  t; Un], xou vy dhatan =1, ... N

o
(Y1, v™) + / (— (y1nsne) +  (yin, vn) + (yfh - y1h7vh))dt
Jin—1
- o~
=" orh +/ ({(f1 — yon, vn))dt +/ ({g1,vn))dt
tn—l tn—l
o~
(08,0 + [ (= (anyone) + 00 (o))l
tn*l

e

(8.1.9)

= (") + / ((e(yan — aryn), vn) + (f2, vn))dt + / (g2, vn))dt(8.1.10)

n—1 tn—1
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o
(i, 0™) +/ ({p1ns vae) + o (pan, o) + ((Byin — Dy, v)) dt

gn—1

.
— () + / (n —mao)dt (8.1.11)
t

n—1
-
(n3y,v") + / ((p2n, vne) + o (p2ns vn) — (Eatpigy, vp)) dt

gn—1

— = [ (e (8112)

n—1

UE TOUG TEPLOPLOHOVE ENEY YWV
T
/ / ((Oéglh + pan) (uin — g1n) , (@gan + pan) (u2n — gon) )dﬂﬁdt >0 (8.1.13)
0 Ja
Yuqp, uop € Azd.

Emnhéov, 1 (8.1.13), eivon toodUvoun ye tnv
. 1 )
gin(t,7) = Projig,, g,] _aﬂih(tvx) 1=1,2,
yiot oyedov navtol (¢, ) € (0,77] x Q.
Adbyw g Topousiog TV 0plwY Gia, gip Yo TN LETOPANTH eAéyyou, tia Tpofolf) Tévew 0To GUVOAO TV
amodex TV eEAEY eV elvan anapoitnty, 1 onola divetar and T cuvdptnon anoxonhc. EEoutiog g napou-
olog peaypdtov Yo ) uetaBAnT eAéyyou, yeetdleton o Tpofolf) Tévew 6To GUVOAO TwV ETYUUNTHOY

ehéyywyv, 1 omola divetan and TN GLVAETNOT AmOXOTHG

]P[!ha;gq,b] (g) = max{gim min{giln g}}

8.1.5| Aprdunmixec egapuoyég

37 authy Y evoTNTa, Topouotdloupe Tic TaEel oUYXALONG CPAAUIATWY OE TEPLTTWOELS UE TEPLOPLOUOUC
otov EheYyo xou Ywplc TEplopiopols dTay yia TNV TEocEY Yo Yenowonowiye k = 0, | = 1 (ctadepd
TOAUGYULOL GTO XpOVO XL YPound 070 Y6Oeo), we T = O(h?) xou 7 = O(h) v v Baotxh| LeToaBAnTh,
xou T ouluyh uetePBntd oty L2[0, T; H (Q)] vépua, xou tov éleyyo otnv L2[0, T; L2(Q)] véppa.

Tt T amoteléopoTaL Y ENOUOTOGAUE TO TOEOXETEL XDOBXA, Aol apyixortooaue n = 0, € = 1, tol xou

1% %o g2°. No onperdooupe moe m.y. o Yyl ebvon enlong exohoudion TUNUOTING YEUUXOY TOAUGVOULGY

0TO YGEO XATd Y N emavdAndn e uedddou xhioewy, xu oTN TEpiTTWoN Ywelc TEplopilopols oTov
Eheyyo Vewpolle TKS To Gplal TEQLOPLOUOU TOU EAEYYOU Giq — —00, gip — 00. ILo cuyxexpuuéva
Yewpolye Tov alyopLiuo

e Brjpa 0 (Apyich kardotaon) Exihuon e g1 = 17, g2 := 920 v y1 =: 1%, y2 =: y2° 70U
GUCTAUOTOC

it — Ay Yl —y1 =~y + a1 + A1,
Yot — 6Ay2 +earyz = Y1 + g2 + fo,
Yyip =Y2r =0,

y1(0,2) =310 ¥2(0,2) = y20,
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e Brjpna 1 (Ernilvon ovluyols ekiowons) Trohoyiopds twv culuydy Petaintay pu =: ™,
fo =: 2™, emAbovTag To cloTHUA

w4+ Apr + 3y — Dy = y1 — Yias
for + 0A Lo + €ay iy = Y2 — Yad,

parp = piop = 0,

w1 (Tyz) = pe(T,z) = 0.

e Bripna 2 (Néa xaretOuvon kadédov) AapPdvoupe we xatetibuvon xadddou tny apvntixt| xhion
TOU GLYAPTNGLIKO) XOGTOUG
=J'(91,92) = —(Mg1 + b1, 7292 + p2),
o Brjua 3 (‘EAeyxos tou Bripatog): Tpoodlopiopds tou Pértiotou pyeyédoug Bhuatog €, emhbovTog
70 TEOPBANUA

‘]<P[g1a,g1b] {gln + 5"(7191 + :U'I)}’P[gzaﬁgzb]{!hn + 5n('7291 + #2)})) =

= min J<P[gl,,,glb1{91" +e(Mgr + 1)} Plgay ga (92" + (7291 + Mz)}) ,

Brjua 4 (Néa ovvdptnon edéyxov): Oétouye
9" =Pl gl Fen(ng" + ™)},

92" = Py, g0 92" + En (202" + p2™)},

e Brjpa 5 (Néa kardotaon): Eléyyoupe av J* < J71 xou 9étoupe € = 1.5e. Av J» > Jn1
Yétoupe € = 0.5e. Exteholye to Brjpa 0 pe g1 = 1™, g2 := g2 yiw g1 =2 1™, y2 =: 42"
xun=n+1. O ahyépriuog otapatd dtav |[J™ — J 71 /J™ < tol.

BOcwpolpe Tapadelypota ue Yvwoth Aon oto Q x (0,T) = (0,0.01)% x (0,0.01) xou opoyeveic Dirichlet
ouvoptaxés cuviixeg, topouola pe to Kepdhoto 6.

Oa emhéZoupe mopopétpous 0 = 4,a7 = 2,L = 0.01, H = 0.01,e = 0.0001 cOuguvo ye ™ mpdopotn
epyooia [24], dewpdvtag Tic opodonomtixée otadepés - oyeTxée e 10 uéyedoc Tou EAEYYOUL Yla TO
ouvapTNoloXG: 71 = Yo = 1074

Mopdderypoe 1. Trodétovpe cuvapthioels 6Toy0L

yra(t, x1,02) = —(e ' (esin(ry/H)H?sin(rz/L)L? — sin(my/H)H? sin(nx /L) L*

72 sin(ry/H) sin(rx/L)L* — sin(ry/H)H? sin(rz /L) L2

72 sin(my/H)H?sin(mx /L)) + 3sin(my/H)3H? sin(rx /L)% L?e =3

— Be T2t gin(ry/H)* H? sin(nwa /L) L? + e =<7 (sin(ry/ H) H? sin(rz /L) L*
—  w2sin(ry/H) sin(rz/L)L? — 7 sin(ry/H)H? sin(rz/L))))/(H?L?)
((((((2a1€% = 1) sin(wy/ H)H? — 20en’sin(wy/H)) sin(rx/L)
2esin(my/H)H? sin(rz/L))L? — 28ensin(my/H)H? sin(rx)/L)e’/ (22
(26em2et @) sin(wy/H) — 2a,e%e'/?) sin((wy)/H)H?)sin(rz/L)L?
26em2et! ) sin(ry/H)H? sin(rz/L))e ™1/ )7t/ 29) /(2e H2 [2),

+ +

y2a(t, x1, z2)

+ + +
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xa apyiég ouviixeg

yio(x1,22) = sin(mxy/L))sin(rae/H),
yoo(x1,22) = sin(mzq/L)sin(rxe/H),

ue T€T010 TEOTO MOTE Vo €xoupe BERTIOTN Aot Yl To Topomdve TedBANUa, (Y1, p1, g1)s (Y2, pi2, g2) lon
e

yi(t,z1,22) = e “sin(rxy/L)sin(ras/H),

ya(t,z1,20) = e Y@ (sin(raxy /L)) (sin(rzo/H)),

p(tzy, ) = (et — efT)sin(nay /L) sin(may/ H)

po(t, 1, 00) = (e — T/ sin(ray /L) sin(raq/H),

gi1(t,z1,22) = Po,. ((e‘35t—t/(25) sin(my/H) sin((ﬂm)/L)(et/(QE) sin(ry/H)?
sin((m)/L)? — ec /) )

g2t z1,22) = P, (alee_t/@ee) sin((my)/H) sin(mv/L)).

Toviloupe Twe EYOUPE TEPLOPIOUOUS GTOV EAEYYO XU THO GUYXEXPWEVA (g € [Gia, Gib))-

ITivaxag 8.1: TdEeic Loyxhiong yio Ty dodidototn Aon yia tov éheyyo, T Booix xan culuyn uetoBinty
ue k=0,1=1 (7 = O(h)), xo TEPLOPIGLOVE GTOV EAEYYO.

Auaxpitonoinon Ypdhporta

h = 0.002357022 0.0439518 88.6349 4.25156¢-005
h =0.001178511 0.0214931 31.4208 1.20440-005
h = 0.000589255 0.0108039 12.0744 4.41810e-006
h = 0.000294627 0.0054238 5.55306 3.26909¢-006
h = 0.000147313 0.0027193 2.82740 3.07129¢-006
TéEn Lihyxhong 1.0036512 1.24257 0.947767750

ITivaxag 8.2: TdEeic Loyrhiong yio Ty dodidotatn Aon yia tov éheyyo, T Baoixd xan culuyn uetoBinty
pue k=0,1=1 (1 = O(h?)), xou nepiopiopolc oTov EAeyyo.

Auoxprtonoinon Spdhporta

h = 0.00235702 0.0448696 96.2116 4.3365e-005
h = 0.00138889 0.0216560 25.3040 1.2195e-005
h = 0.00058925 0.0109022 11.1981 4.4012¢-006
h = 0.00029462 0.0054459 5.71635 3.1558¢-006
TéEn Sihyxhong 1.0141566 1.35768 1.26015110

Mopéderypor 2. 37 qutod T0 Mapdderypa N cLVdETNaN eAéyyou elvan Ywelc TeEPLOELoUO0UE Xat VEWPOUUE
g Buvdelg

filt,z1,20) = (e7Y ) sin(my/H) sin(ma /L) (-t O H2 L2 4 3t
+ﬂ,2626t+t/(25)/H2 + 7,1,2625t+t/(25) /L2))
folt,zr,20) = (e~ gin(ny/H) sin(ra/L)(—e — 2%t/ (%)

+2m26eet JH? 4 2m%8eet /L?)) /(2¢),
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TIC GLUVOPTACELS GTOYOL

y1a(t,x1,22) = 2. —cos(mx/L)sin(ry/H),
yod(t,x1,22) = 2. —sin(mx/L)cos(ry/H),
xan apyxés cuvirxeg
yio(z1,22) = sin(wazy/L))sin(rze/H),

y2o(z1,22) = sin(wzy/L)sin(rze/H),

ue BE’)\TLGT"] )\‘:)CY] (y1791)7 (y27 a92):

yi(t,zy,m2) = e “sin(rxy/L)sin(nze/H),

pa(t,z,02) = e V@) (sin(ray /L)) (sin(raz/H)),

Gtz z0) = e 3 gin(ray/H) sin(may /L) (e %) sin((nxy) /H)? sin((zz1)/L)?
_Ee2st+t/(2e))

gt x1,m2) = aree %) sin(may/H) sin(rzy /L).

TTpénel va avapépouye o to npdBinua Béltiotou ehéyyou éxel eniong Avdel 6mwe xou Tor mapadely oo

ITivaxag 8.3: Twéc tou cuvaptnoloxol xou el olYXMoNng Yia TNy dlodidotatn Ao Yo ToV EAEYYO xo
) Booweh petaBinth pe k=0, 1 =1 (7 = O(h)), xou ywplc TEPLOPLOUOUS 0TOV EXEYYO.

Atoxpltonoinon Spdhporta

h = 0.002357022 0.0544954 4.74548e-005 5.65672e-006
h =0.001178511 0.0219039 1.02414e-005 3.64340e-006
h = 0.000589255 0.0107374 2.60774e-006 3.49583e-006
h = 0.000294627 0.0054011 7.16507e-007 3.52582e-006
h = 0.000147313 0.0027120 2.46111e-007 3.53950e-006
TéEn Loyxhiong 1.0815777 1.8972500000 -

ITivaxag 8.4: Twéc tou cuvaptnoloxol xou el olYXMoNS Yo TNV dloddotatn Ao Yia ToV EAEYYO Xo
™ Boowh petaintd pe k=0, 1 = 1 (1 = O(h?)), %o ywelc neplopiopols otov éheyyo.

Ataxpitonoinon Spdhpartor

h = 0.002357022 6.28133e-005 0.0544269 4.73965¢-005 5.64252e-006
h = 0.001388890 1.30951e-005 0.0218849 1.02321e-005 3.63497e-006
h = 0.000589250 3.27452e-006 0.0108686 2.63420-006 3.55844e-006
h = 0.000294627 8.19355e-007 0.0054478 7.20667e-007 3.55338e-006
TdaZn Loyxhone | 2.0868133333 1.1068586 2.0131000000 -

oTa TEONYOUUEV Xe@dhoua e T0 Aoyiomx6 FreeFem++, BAéne m.y. [64].
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Napdderypa 3. X’ autd To TOPAdELYUO EXOUUE TEPLOPICEL TOV EAEYYO OTO JEOTNUA [ga, gb] XU UE
duvdelc oto de&i péhoc:

(e735=1/2) (et (29) i (my | H)? H? sin(mar/ L)>L? — ee2et+t/(22)
sin(my/H)H?sin(rx/L)L? — e/ ) sin(ry/ H)H? sin(ra/ L) L
+et sin(ry/H)H? sin(rz/L)L? 4+ w2e*+4 29 sin(ry/ H) sin(rz /L) L?
—PQus (673“ sin(my/H) sin(rz/ L) (sin(ry/H)? sin(rx /L)% — 6€2Et))
I 2 L2 4 72200/ 29 gin(my ) H) H? sin(nw/L))) /(H?L?),
folt,zr,20) = (e~ () (2a,e%e sin(ny/H)H? sin(nz/L)L* — e sin(wy/H)
H?sin(rz/L)L? — 262t/ sin(ry/H)H? sin(rx/L)L? + 2w2dce!
sin(ry/H) sin(nz/L)L? — 2¢Pg,, <alse*t/(25) sin(my/H) sin(wm/L))

fl(t,l’l,l’Q)

eSO H2 12 4 972 5eet sin(my/ H)H? sin(nx/L))) /(26 H2L?),

g Bleg ouVaPTACEIS OTOYWY XAdDS xan Tig dpyixéc ouvirixeg 6mwe oto Ilapdderypa 2, étol wote 7
Bértiotn Moom, (Y1, 91), (Y2, g2) TOU ToPATdve TEOPAHaTOS va divovTar OTee TapoXdTw:

yi(t,z1,12) = e “sin(rxy/L)sin(nae/H),
yot, 21, 22) = e V) (sin(rzy /L)) (sin(raa/H)),
gi(t,z1,22) = Po.. (e‘sst_t/(%) sin(rao/H)sin(nz, /L)(e ) sin(rzy/ H)?

sin(mzy/L)? — 8626t+t/(26))>,

g2(t,x1,22) = ’P@ad<alse*t/(25)sin(mcg/H)sin(mvl/L)),

T autrv v emhoyy) Bedopévwy ta avtioTolya opdiyato yia ™ Baotxr uetoBAnTd xou tn ueToBAnTy
ehéyyou oe ddgpopa mAyuata gatvovtal otoug Ilivaxeg 8.5 xou 8.6.

ITivaxag 8.5: Tdleic Loyxhiong yio tny doddotatn Aonue k=0,1=1 (7 = O(h))

Avoxpttonoinon Spdhporta

h = 0.002357022 0.0544956 5.26533e-005 5.65673e-006
h = 0.001178511 0.0219040 1.20416e-005 3.64340e-006
h = 0.000589255 0.0107375 3.21396¢-006 3.49583¢-006
h = 0.000294620 0.0054011 1.06383e-006 3.52583¢-006
h = 0.000147310 0.0027120 3.96590e-007 3.53950e-006
Té&n Loyrhone 1.0821677 1.7631825000 =

Ilivaxag 8.6: TéZewc Toyxhong yie tny dioddotatn Aon e k=0, 1 =1 (1 = O(h?))

Avoxpitonoinon Ypdhporta

h = 0.002357022 6.28160e-005 0.0544271 5.25886e-005 5.64252e-006
h = 0.001388890 1.30974¢-005 0.0218850 1.20306¢-005 3.63497e-006
h = 0.000589250 3.27688¢-006 0.0108686 3.24638¢-006 3.55844¢-006
h = 0.000294627 8.21734e-007 0.0054478 1.06902¢-006 3.55339¢-006
TéEn Xoyxhong 2.0854400000 1.1068586 1.8734666666 -
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Huwypoppixddv ITapaforixody w.8.c.

Mopdderypor 4. 37 autd T0 TOEABELYUA €YOUUE 1S OTOYO CUVAPTNON UE TOAD UEYIAES TWES Xau “‘Ua-

%xpud’” and g Twée e Pacic YETOPANTAS. LNUEWdVOUUE Twe o’ auTd To Topddetryua dev neplopiloupe
tov éleyyo. Ou duvdpels oto de&i péhog elvou:

fl(t7 x, $2)

fg(t, Ty, mg)

—(—(x2eY sin(nwy/H) sin(rxy /L)) H?) + e~ sin(nxy/H)® sin(ra, /L)?
—ee~ ' sin(mwy/H) sin(rz1 /L) — e sin(rao/H) sin(rzy /L)

+e7¥ @) sin(mao ) H) sin(nzy /L),

(w26e %) sin(mao /H) sin(rz, /L)) /H? — ee~t sin(wao/H) sin(rz, /L)
taree™ %) sin(may /H) sin(nx, /L) — (e71 %) sin(raq /H) sin(nz, /L)) /(2€),

GUVAPTACELS GTOY WV

y1a(t, 1, 22)

y2d(t, 1, 22) =

— sin(maa/H) sin(may [L)e~ T3 (e H2[2esT+2et _ g2 [265T+26t | 121 2,eT+2et
+m2H2ef T2t 4 3sin(may/H)2H? sin(na, /L)2 L2

—3e!sin(rwo/H)> H? sin(nxy /L)2L? + 3  H2L? — n2e3' L2 — 123 H?)) /(H2L?),
e T/~ )2 HAL2) (2016 + 26 + 1) sin(nxy)/H) H?

—27%8e sin(mxy/H)) sin(ray /L) L? — 2n0e sin(rao/ H)H? sin(rax, /L))et/ 29
+(27%8eet/ %) sin(may /H) — 2a16%et/ %) sin(nzy/ H)H?) sin(nz, /L) L?

+21%6e exp(t/(2¢)) sin(nao/H)H? sin(rx1 /L)),

xadde xan T apyés ouvineg dmwe oto Ilupdderypa 2, €tol dote oL Vo TELEdES oL omoleg amoTeAolY

xou T BEATIoTN Moo, (Y1, 1, G1)s (Y2, H2, g2) TOL TopATEVE TROBNAUATOS Va BivovTon dTwe Topaxdte:

yi(t,z1, ) = e “sin(rxy/L)sin(nay/H),

ya(t, 21, 22) et/ (sin(ray /L)) (sin(rza/H)),

wt,x, ) = (7 — e T~ sin(naq/H) sin(rzy /L),

po(tzy,x0) = (7729 — et/ (2))o=T/(2)=t/(2) gin (o | H) sin(my /L),
gi(t,z1,20) = wle 'sin(mze/H)sin(mwy/L)/L?,

ga(t, 1, 20) = w26t sin(ray/H) sin(may /L) /L2

Do autv v emhoyy) Bedopévewy ta avtloTtorya opdhuata yio T Booix petoBAnTr xou ) uetoBAnT

ehéyyou oe Sudgopa TAéyuaTa @aivovton otoug Ilivaxeg 8.7 xou 8.8.

ITivaxac 8.7: Td&ewc Loyxhone yio Ty dodidototn Mo we k=0, [ =1 (1 = O(h))

Avoxprtonoinon Ypdhuarta
h = 0.0023570 0.07174 0.0457565 1.64568¢-006 0.017634 9.29315
h = 0.0013888 0.02924 0.0192318 6.74248¢-007 0.007384 1.96774
h = 0.0005892 0.01438 0.0096866 3.32127¢-007 0.003687 0.50788
h = 0.0002946 0.00723 0.0048361 1.62793¢-007 0.001809 0.14044
h =0.0001473 0.00362 [ 0.0024077 8.07215e-008 0.000890 0.04936
TéEn Bhyxhong 1.07636 1.0620475 1.086875 1.07702 -

Ynpeiwon 8.1.1. Ilpéner va mapatnprjioovue Tws o€ dda Ta mapadefyuata Tov mapovtos kepaaiov

o1 Tiués ya o h efvar moAU o pikplTepes ané avtés twy mapaderyudtwy o€ mponyolueva kepdiaia.

Avtd oupBaiver tiéti to melpaua AapBdrer xdpa o€ mo HIKPOTKOTIKS €Tinedo Kal To TUYKEKPILEVA

o€ tetpdywro mhevpds 0.01, ondre ka1 o1 Tipés ya to xpoviké Pfnuatiopd T Ja elvar mo HikpéS agpol
extelole mepduata e tis emloyés T = O(h), ka1 7 = O(h?). Avtd BéBawa bev etnpedler To mArbog

Ty xwpoxpovikey Padudy elevlepiag oe kdle mAéypa, o omolog elvar Tapdouoiog ue ta mponyolueva
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Tivaxog 8.8: TéEeic Yiyrhone yio Ty diodldototn Mo pe k =0, 1 =1 (1 = O(h?))

Auoxprtonolnon Spdhuato
h = 0.0023570 0.071655 0.044594 1.97478e-006 0.0225159 9.087240
h = 0.0013888 0.029221 0.019430 6.69304¢-007 0.0074020 1.985270
h = 0.0005892 0.014532 0.009640 3.21201e-007 0.0035714 0.506377
h = 0.0002946 0.007271 0.004792 1.58142e-007 0.0017506 0.139421
h = 0.0001473 0.003634 0.002391 7.92880e-008 0.0008706 0.049084
TéEn Xhyxhong 1.075285 1.0552 1.15961 1.173165 -

ka1 oUte emions to péyetos arolfkevons twv mvdkwy mov Ya xpeaotel va aroOnkevtody atn uviun
TOU UTOAOVIOTH].

Ilapéla tavra mapaTnpodvtal o1 avapevdueves tikag otyklions ya ta apdluata otnv L2[0,T; H'(Q))
Ka1 €ival i01€S OTwS €ival avapevouero ue autés Tov nuIypap kol tpofAnuatos BEATIoTOU A<y X0V 0TO
Kegpdlaio 6, apov kar to mapdy mpéfAnua eivar nuiypappixé obotnua e€iodoewny ue Péltioto éleyyo
kar eniong idieg pe avtés tng epyaoias [24] (Fitzugh- Nagumo clotnua xwpls édeyxo). $otéoo
070 TEAeuTaio mapdderyua, XPNOILOTOIOYTAS TIO akpaio oTéxo, kai akpale§ TIHES Yia Tov éAeyxo Kai
kdvovtag pua mo avadvtiki) perétn ya n kde a petafAnt Eexywprotd, napatnpovie oAl peyaitepa
o@dApata ya tov éxeyxo adAd etvar abioonueinwto 6Tt éxoupe kal TdAr Ti§ avapevipeves tdeis oUykAions
onws gatvetar otovg Hivaxes 8.8 kar 8.7.

Ynueiwor 8.1.2. Télog va mapatnprioovue nws Onws €ivar avapeviuero, ouykpivortas ta mpo-
PAuaza ue mepiopiouols otoy éeyxo L€ Ta avTioTolya XwpIiS TEPIOPIoTLIOUS, EYOULE TAPEUPEPELS TILES
opaAudtor Y tn Paoikny kar ovlvyr) petafAntr) aAdd avnuéves tués ya ta opdAuata eAéyyov,
6w emions kai yia to ovvaptnoiaks (PAéne mapdpowa pawvdueva kar ota mapadetypata o€ efeliktikd
mpofAfuata Stokes pe mepiopiopols otov éeyxo oo KepdAaio 7).






ETXAPIZTIEY

Eivaw yeydn euyoplotnon v expedow Ty ELYVwPooHVN Lou oe xdmotoug avipnroug mou e Borinooy
xou pe othptEoy Tar TeheuTaiar TévTe Ypovia.

Korapyhy Yo Hleha va evyopiothon tov emPBrénovta pou, K. Xevoapivo, yia ) Bordeta xou ) cuvéneia
Yt TN SLaBpot| LoU oo TO UETATTUYLOXS dlmAwyua eWdixeuong oTo Bidoxtopxd dimhwua. Av xal puepxés
(QOpES oL MEPLOTACELS eV NTay WBAVIXES ElUon EUYVOUWY Yiol TO YEOVO Xl TNV LTELDUVOTNTA, XL TNV
EUmOTOOUVY ToU ou €delée 6Ao auTd TO XAUEO.

Euyapiote enlong, o uéhn e tewerolc emtponhic, x. Xpuooféeyn xa Koxxivn, v tn euyeviny
Tapovsia Toug, T Sacxakla Toug, xau Ti¢ e0oTOYES Xou Yo Bard) TEOBANUATIONS EPWTACELS TOUS EWBLXS
%aTé TN TopoustaoT) TNS EVOLAUESNS Yiol TO SLBaXTOREIXG ouLAag Uov.

IIoAd onuovtue ftay eniong 1 owovouxy evioyuon xau 1 unoteopia Tou I6pluatog Hamaxuplaxdrtouviov,
g xou 1 Bdaoxoha epyaoTneiny mou pou eumotelTnxe 1N dievuvon tou Topéa Modnpotixdy
3. E.M.®.E. xou mou pou €dwoe 1N duvatdTnta vor acyohndcd TAReES yedvou xon va uereTiow ot Pddog
0 Yéua Tng BatePhc wou.

Téhog, elpon mavtoTvd eLYVOPKY ot oOLLYS pou Tewpyla, yiot GAn TV aydmn xou UTooTAELEY, oxdun
xau btav elyo TOAD Soukeld axdun xar 0To omlTl, Xou oL Keeg epyaciag elyav xatd moAd unepPel To UYLEC
opto. Euyopiotd mohd xou toug yroug pou Nudha xon puréunn, mouv xdde mpwl pou Lwypdplay éva
TEPAOTIO YAUGYEAD OTO TPEOOWTH [ou.

Evlbuios Kapatlds
AOnva, EAAdSa, Iavoudpiog 2015
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ITpofBoAég

Adppe A'.1.1. Eote Uy, € HY(Q), ka1 Pi°¢, Q4° opitetar otovs Opiopuots 4.2.1 ka1 4.2.2 avtioto-
iyws. Tote, yia da ta v € L2[0, T; HHL(Q)) N H*10,T; L2(Q)]. vrdpyer atadepd C > 0 avetdptnta
twv h, T Tétola doTe

[ S [l P

v — Pyeev|| 20,0200y < C(k 20,741 () + 7 0.7522(2)])-

Av emméov, k= 0,1 =1, kv € L2[0,T; H'(Q)] N H[0,T; H(Q)*] tde vndpyer jua oradepd C > 0
ave&dpTnro and ta h, T Tétowa woTe

1/2(

o = Qivll 2oz < C(Plvll2po.r:m ™ 2 (l0ll 20, msmn @) + vl 20,737 (04))) 5

v — Q¥Vllz2porsm () < CIvll2po,rm o)) + (T/h) vell 20,7502 (0)+) -

Eotwk=0,1=1, karv € L*[0,T; H*(Q)|NH[0,T; L?(Q)]. Tére vndpyet otadepd C > 0 avekdptnen
and ta h, T téroia HoTe,

lv— Ql;fc’UHLZ[o,T;Hl(Q)] < C(hHUHH[o,T;HZ(Q)] + TI/Z(HUt||L2[0,T;L2(Q)] + HUHL2[0,T;H2(Q)]))A

Anddaén. H mpdytn extipnon dlveton 670 [32, Oempnua 4.3, xou Luurépaopa 4.8]. T tn deltepn, yenot-
HomotkvToC To [32, Oedprnua 4.3, Buurépacya 4.8], xou Tic WLGTNTES TPOGEYYIoWATNTAC TOU Py, madpvou-
pe yio x&de v € L2[tn1 7% HHY(Q)], pe v (k + 1) ypovued mopdywyo vF L € L2[tn1 7 L2(Q)],
Toug axdroudoug UTOAOYLoHOVS:

C(HU - PnU”LQ[tn—l A HL(Q)] + 7'1CJrl Han(’““) HLZ[tn,—lJn;Hl(Q)])

C (R [0l g2pn-1 0 mtv1 ) + (TR [0S [ 2 ppn 1 m. 12 0)) -

HU — PifC/UHLZ[tn—l 4 H1 (Q)]

INIA

OTOL GTOV TEAEUTAO UTONOYIOUS EYOLUE YENOILOTOWaEL Wiat avTioTpogn avicotnta. Ondte,

oc Tk+1
v — Pl 20,7110y < C (W]l 2o, mrien ey + TH”(HUHLZ[O,T;Lz(Q)])~

0 omnolo amodewviel T debtepn extipnon. Tl T deltepn extiunon, Y x&de t € (171, "], npocda-
PAUEGVTUC TOUS XUTEAANAOUS GEOUC, Xt YPNOYLOTOLOVTUS TOV 0ploud Tou QN maipvouye,

flv— “HL?[OTLZ(Q)] < 2/ —-v tn)HLZ(Q + [[v(t") — th(tn)H%?(sz))dt

T To mpddTo bpo,

/ lo(t) — 0(E") |22yt < O / (loe2 e + 10120 ) -
tn,fl tn*l

O deltepog bpog Umopel Vo TEOCEYYIOTEL UE TN TELYWVIXH AVIGOTNTA, TNV LOLOTNTO TPEOCEY YIOWOTNTOC
llv(t) = Quv(t)|| L2y < Chllv(t)|| a1 (), xu t0 @edypa tou [|Jv(t) —v(t™)||L2(q). Opilovye e(t) = v(t")—
v(t), o TUEATHEOVUE TG (1/2)%“6@)“%2(9) = (e, e) = —(vy(t),v(t") — v(t)). Enouévwc ohoxhn-
peVOVTAC X0Td: TopdyovTeS oo (s, "], éxoupe (1/2)(|le (t")||L2 @ —le(s)[22 Q)) ft" —(ve(t),v(t") —

v(t))dt. Ymuewdvouue g e(t™) = 0, xou ondte maipvouue peTd and ohoxhipwon xatd Topdyov-
TeC 0T0 YPOVO, (1/2)||e(s)H2L2(Q) = —(v(s),v(t") — v(s)) — ff (ve(8),v(t))dt. Ombte, didyvovtag
Toug PeTixolg OpOUC, XAl YENOWOTOOVTAG TNV aviedTnta Young, (1/4)”6(5)\\%2(9) < HU(t")H%Q(Q) +
f:" vl )= 1ol oy dt. Xenoworowdvtag Ty epgitevon L2[s, t"; HY(Q)] N H[s, t"; HY(Q)*] C
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L>®[s,t"; L2(Q)], v avicétyra Hélder xau ohoxdnpdvovtac ypovixd ané to t"~1 oo ¢, tehxde
XATIAYOLUE GTNV

(1/4) / le(s)]12 oyt < O / (loel2 - + 10301 s
tn,—l t‘n,—l

T ) tpitn extipnom, apyxd TopatnEolye T N Yevixeuuévn opdoyodwia npoforf Qp : H1(Q)* — Uy
ebvon evotadfic otn vopua ||.|| g1 (). Qotéoo, yia dha T v € HH(Q)*, w € H'(Q), ané tov opiopd twv
neoBohdyv Qp xan P,

v, w v —v,w v, W
@uilor = sup MBI, (UG vl [l )
wert () lwllm @) wert@ \  llwllm o) lwll £ (02)
Qv —v,w — Pyw
< op L@ O 4 ol -
weH (%) [lwll 11 02)

6TOU 6T TEREUTOLOL AVITOTNTOL €Y OUUE YPNOLUOTOMTEL TO YEYOVOS OTL (Qrv —v, Paw) = 0. Enueidvouye
eniong nwe ano tov oplopd tNe TeoBohfic P, éyouye twe (Qpv —v, w — Pyw) = (—v, w — Pyw). Ondre,
n HY(Q) euotddeto yio v mpoBohs P, umodnhaovet,

vl 21 ()~ 1w — Prwll 1 (a)
lwll a (e

CHU||H1(Q)*~

C

v, w — Prw
|Qnv|| 1)y < sup v, w = Pr)|
wert(@)  llwlla @

IN

+ loll @) + vl )+

IN

Eropéva, 0 opiopés wou Qi vk = 0,1 = 1, avsloeopn extiunon [|Qnv|| 2 () < C/hllQnv| 1)+
xou 1 euotddela e Qp ot voppa H1(0)* Selyvel nog

1/2
3 / et th(t"L)lifl(Q)dt)
1/2 N
(Z/ — Qno(t )ﬁ{l(ﬂ)dt) + (Z/ [@Qno(t) — th(tn)?{l(mdt>
t n—1/t" !

N 1/2
< Clvllzeorsm @) + 15 o (Z/ [Qnv(t) — th(tn)nip(n)*dt)

v — Qv 2j0, 7,11 ()] = (

1/2

[

1/2
< CHU”L?[OT S HL(Q)] + (Z/ )|H'(Q)*dt>

n

s " 1/2
Z/ t / |Ut|§11(ﬂ)*d8dt>
tn—1

n=1

< CllollL2po,7m1 @) + (
< CH’UHLQ[O,T;HI(Q)] + CﬁHUtHLZ[O,T;Hl(Q)*]
Yoo 6kt v € L2[0,T; HY(Q)] N H[0,T; H'(Q)*], T0 omolo ohoxhnpdvel tnv anddelln tne tétaptng

extiunonc. H teheutala extiunon pmopel vo mopoydel napopola we ) dedtepn, apod mapatneicouye
e Q¢ = PL°. you %va(t)niz(m = 2(Vuy, V) xau

3 IO 320y + M) By = 5 (Telt), Te(t)) + Aelt), e(t)r).

TN CUVEYELL, OAOXAPMYOVTUS KOG TPOS TO XPGVO GTO (8,1"], X0 YEeNoWLOTOLOVTAS TOV Xovéva Tou
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ywvopévou, éyouue
=(1/2)(IVe(s)lIZ2 (@) + lle(s)llizr)) :/ = (Vo (t), V(o(t") = v(t)) + (er, e)p dt

:/ ((Vvt(t),Vv(t))+<vt,v)r)dt+/ —(Vor(t), Vo(t™) — (vp, o(t")p dt.

ENUeLdVOLUE g €xoude yenowonoioel to yeyovoe 6t e(t”) = 0. Omndte ohoxhnedvovtag xatd
uépn ywewd, To TewTo ohoxhipwuo 6To de&l uéhog, yenoulomolnvTas T undevixy cuvirxn Robin v
avicdtnta Holder, éyoupe

n
ov n
2V ey + e Eay) = [ (o 0) = (o0 5E) = wnode )+ 1906
=(Vo(s), Vo(t™) + (v(s), v(t™))p = [0(t") |72y
< Cllogll 2 gen—1 am 2@ 1Vl L2gen 1 m 12 () + 1VO(8) [ 22 (2) I VOE) | £2(0) + Cllo(s) [ 22(ry
+C||v(t")\|i2(r)
< C(HvtH%?[t"”,t";Lz(Q)] + ”UH%Q[M*RM;H?(Q) + HVUHLw[t”*l,t";LZ(Q)] + H/U”LD"[O}T;LZ(F)]»
Xpnowonowdviag to Yedenua ixvoug yia va gpd€oupe 10 |[v]| poepn—1 4n.r2(ry) < Cllvl| poepn—1 ni 11 ()]
n eupUtevon L2t ¢ H2(Q)] N H0,T; L3(Q)] € L>=[0,T; H ()] xou ohoxhnpdvovtac Ghn piet
@opd ané 1o "1 570 7, TENXAGOC HATINAYOUYE OTNY

o
1 Iy +le@ Byt < Cr [ (lulae + lolfe)ds.
t

n—1 tn—1

amé TNV onola mafpvoupe TNV emuunty extiunomn uetd and ddpoloua xotd UEAT. O

Adppa A%.1.2. Eotw Uy, € HYQ), ka P°,QY° opopévo otovs Opiopots 4.2.35 kar 4.2.36
avtiototyws. Téte, ya AAa ta v € L2[0, T; HHH(Q) N V(Q)] N HE10, T; L2(Q)]. vrdpye pua otadepd
C ave&dptnTn twv h, T Tétowo wote

o ey

v — PR 20,720 < C (R [0l 2po,rmsa oy + 7 0,T:L2(9)])»

v = Pivl| z2jo,mmm o) < C (W0l p2po sy + 77 /Rl * | 2o 720y

Eotw k = 0,1 > 1, kaw € L0, T; H2(Q) N V(Q)] N HY0,T;L3(Q)]. Tére, vndpyxer pa oradepd c
avekdpTnTn twv h, T T€T010 KHOTE,

v = Pievl popormm oy < C(Bllvllz2po,rmzcy + 72 (vell 2o rizecy + 10l z2p0,mme)))-

Eotw k = 0,1 > 1, ket v € L?[0,T; V(Q)] N H0,T; H-1(Q2)]. Tére vndpyer pna owadepd C > 0
ave&dpTnTn Ttwv h, T Tétowa dote

v = Q¥vl 22y < C(hlvllz2o,rm ) + 72 vel 20, mm-1 (1)

v = Qvl Lapo.riem () < C(I[vll 2o,z + (F/2/B) ([vel 2o ram-1 oy + vl 2o, riem @y)) -

Anddaén. H mpdtn extiunon diveton 7o [32, Oedpnua 4.3, o Tvunépoopo 4.8]. T tn deltepn,
yenowworowdviac to [32, Oedpnua 4.3, Juumépacua 4.8], xou T TEOCEYYIOTXES WOTNTES TOL P,
éyoupe i xdde v € L[t 1 ¢ HFY(Q)], pe myv (b + 1)™ nopdywyo g mpog to ypévo vFt! €
L2t~ 17 L2(Q)], tic axdhovdec extipioeic:

C(HU — PhU”LQ[tn—] AnHL(Q)] T rhtt Hth(k+1) HLZ[tn—l’tn;Hl(Q)])

C (R[]l pappn—1 gnm+r(y) + (T /D) [0F T || 2ppn1 pnp2(ay))-

o = Preellpapns e ey <
<
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6TOU GTOV TEAELTALO LUTOAOYLOUO €YOUPE Ypnotuonoael wa avtioTeopn extiunon. Ondte anodewvieTon
7 Sebtepn extiunon:

HUUCH) ”LQ[O«,T;LZ(Q)] ) .

, _Ploc/ <C hl Tk+1
[lv kvl 20,7 m1 Q) < ( ol 20,7041 (@)) +

H tpltn extiunon eivon ot Bi3hoypagpio xan 1 onddeiln mopaheineton. H tétaptn extiunon, npoxintel
AmO YVWOTH ETUYELNUATA UE PIXEEC TPOTOTOAGELS YLOL VO YERLOTOUPE TN PNBEVIXAS amdXhong (Quom
e mpofohfic. Tio ydetv mAnpdtnrac dlotuncvoupe To Baoixd emtyeipfuota. Do xéde t € (871,47,
TpooVAPUEGYTAC XATIAAAOUS HPOUS, X0 XENOWOTIOWOVTS Tov 0pLopé Tou QI maipvouye,

N "
lv = Q¥vl 20,72 < Z/ @) = V(t")|IEa () + I0(t") = Quu(t™) 12 (q))dt
n=1"t""

Tt to piyto 6o, opllouye e(t) = v(t™) — v(t), o nopaTnpotye toe (1/2)4 |e(t )”LZ(Q) (et,e) =
—(vg(t),v(t"™) — v(t)). Enopévic ohoxhnpdvoviae »¢ mpog 10 Yedvo oto ddotnua (s, "], nalpvoupe
n t” n ' n
(1/2)(lle(t )||%2(Q) — ||6(5)Hi2(ﬂ)) = [, —(u(t),v(t") — v(t))dt. Hapatnpolpe o e(t™) = 0, xwu
EMOPEVKC TalpVOUUE UETE amd yeovixr] OROXAHEWOT XaTd UéAN, (1/2)He(s)||i2(m = —(v(s),v(t") —
v(s)) ff:n (ve (), v(t))dt. Eniong, Sudyvovtag toug Yetinols dpouc, Xl YpnolonoudvIas TN ovedTnTa
Young, (1/4)He(s)|\iz(m < Hv(t")||i2(m+f: llvell -1 () vl (@) dt. Xenowomowdvtag Ty epgiteuon
L2[s,t™; V(Q)] N H[s, t™; H7L(Q)] C L*[s,t™; L2(Q)], v avicétnto Holder, xu ohoxhfpwon 610

Xp6vo omb to "L uéypel 1o 17, Telnd xoTahfyouue

+n

(1/4) / le(s)|2 eyt < O / (loelZs 0 + 101120 @) s,
tn—l tn—l

n omola Belyver Ty emduunty extipynon v to tpdTo dpo. O Beltepog dpog, umopel va amodelyVel
TEOUOLOL YENOWOTOLOVTAS TNV TELYOVIXT) AVIGOTNTA, XL T1) TEOCEYYIOTXH WBLOTNTA

n n
t

Z 07 = @t o) dt<Z 000 = O+ 1000 = Quo @)

6mou o teleutadog 6pog wropel var va gpoytel and tov [|u(t) — Qru(t)l|L2(o) < Chllvllar (o), (Vroyeoy-
wiloupe e v € L2[0,T; V(Q)]). Tt tehevtado extiunom, do xpnoluonomcouue To Tponyoluevo
unoloYiloud, ool tovicoupe T undevixic andxhione @bomn tne mpoPfolfc poc. Apyd mapatneolye
e N yewxeupévn opdoydwia teoBold Qn : H™1(Q) — Uy ebvon euctadfc ||.||lg-1(q) vopua, Bréne
m.y. 7o [69], v dho T v € V7HQ) . Hpdypott, yio dhat e v € V71(Q), w € HY(Q), amd tov opopd
Twv Qn xou Py,

v, W v — v, W v, w
rolicsmy = sop 1@y (@umn) ol
wenl@) lwlla @) weni@ \  lwlla) llwl[e (o)
Qv —v,w— Pyw
< sup I ) +lvllE-10),
weH(Q) ||wHH1(sz>

6TOU 6T TEREUTOLOL AVITOTNTOL EYOUUE YPNOUOTOMOEL T0 YEYOVOC 6T (QRv—v, Paw) = 0. Tnuewdvouye
TE and Tov 0plowd e teoPolfic Py, éyxovue (Qpv — v, w — Pow) = (—v,w — Pyw). Enopévwc, 7
H(Q) evotddeio e Py, mpoBorfic oty H(Q) vépua yia xdde v € V(€2), utodnhéve,

c lvlla-1 (@) llw — Prwllae o)

v, w — Prw
|Quvllrey < sup L= Pl
weH () Hw”Hl(Q)

IN

+ vl z-1(0) lvlle-1(0)

Hw”Hl(Q)
CHU||H*1(Q)~

IN

Eniong, o opioude tou QY v k=0,1>1, n avtiotpogn avieétnta [|Qpvllur ) < C/h|QrvllL2 (o),
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Belyvouy
N n

1/2
o — Qi 2o () = ( ) / flv(t) — th(t")H%{l(Q)dt)
t’n*l

n=1

(Z / 0 th(tnﬁp(mdt) (
1/2
( HQhU Qh’v(t")”i?(mdt)

1/2
> [ e th(t”nﬁp(mdt)

n=1
.f,"
< Cllvllpzjo,rm () +

?\Q

?\Q

N
N tn
<CHUHL20TH1 )]+ Z

1/2
—o(t" )||L2(Q)dt>

?\Q

< Cllvll 20,7581 ) +

1/2
Z/ vl Q)+||U|H1(Q)dt)

< Cllvllp2jo,rm1 () + C

T( [vell 20,711 ) + 1Vl 220,70 )))-

yio 6ha T v € L2[0,T; V(Q)] N HL[0,T; H1(Q)], w0 onolo cuuminedver v anddel&n e tétoptng
extiunong. O

Exdetinn nopepBory

H moluwvupud mopepBohn twv cuvaptioewy ePt=t""y brou v € Pr[t"™ 1, t™ V] xon xon 0 V' va
elvan ypoppxde ywpeog, yeewdleta yio Ty anddein anoteleoudtwy evotdielas. Ed¢ mapadétouye tov
oplod xou o xVpLa amoteNéopata ond To [32).

Opiopoéc A’.2.1. Eotw V évag ypaupnkos xapos, kaito p > 0 eivar dedouévo. Avv = Z?:o ri(t)v; €
Pt 1, t"; V], per; € Pe[t" 1t karv; € V, opilovpe tny exdetiktj napepforri tov v pe

k
b= Fi(t),

i=0

omou 7; € Pi[t" 1t efvar n mpoaéyyion Tou ri(t)e’p“’tWI) mou 1kavorotel Ty T; (") = 7 (t"71)
ka1

t" t"
[ moawde= [ nwawe N g e P e
tn—1 tn—1

To axérovdo Aduuo (Bréne [32, Adupo 3.4]) eloogouhilel Twe 1 Sopopd v — U TOPAUEVEL WX OF
OLdpopeg POPUES.

Afppa A’.2.2. Eoww V kat Q ypaupikol xopor kar v — U €lval 1) aneikévion Kataokevaouévn ooy
Opiopé A’.2.1, ya boopévo p > 0. Av L(.,.) : V x Q — R cgupfolile pa diypappuxry aneikdévion, kai
v € Pyt 1, t"; V] tére

o o,
[ pnand = [ Le.ae Yo e Pl Q)
tn—1 tn—1
Av (., )y elvar éva () eowtepikd ywduevo otov V, téte vndpye pa otadepd Cy avebdptnTn tov
p >0, térowa dote

flv— 17‘|L2[z"*1,t";v] < Cyp(t" — tnil)HUHB[t"*l,z";V]-
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ALt YopoxXTNELoTIXT GUYAETNON

Toviloupe TwC 0 LTOAOYLOUAS Tou GpdhaToc ot audaipeTes Ypovixée otiypée t € [t~ ") unopel va
BLeuxohUVIEL PE TNV AVTIXATECTAON Uy, = X[gn—1,¢)Yn OTIC Dloxpitéc e€lonoes. 261600, auTh 1 emAoYT
dev elvan drodeouun apod X1 4)Yn BeV avixel oTov Uy, extdc edv t etvan onpelo e dapépione. Ondte
TPETIEL VO XUTACKEVACTOVY Ol TIPOCEYYIoES TéTOWwY ouvapThoewy. Autd €yel yivel oto [31, Evétna
2.3]. T yden mhnedtnroc napadétoupe to xOpta anoteréopata. Ol Tpooeyyloels eivon XUTUOHEVUCUEVES
oto ddotnua [0,7), émou T = " — "1 xou Bev 0AAGLOLY XATY TOUC PETOTYNULATLOUOVC.

‘Eotw t € (0,7). Oewpolue moluvdvupa s € Pi(0,7), xou cupforiloupe 0 Stoxpith tpocéyyion tTou
X[o,t)8 e T0 mohudvupo 5 € {5 € Py(0,7),5(0) = 5(0)} w0 onolo wavonoiel v

T t
/ §q:/ sq Vq € Pr-1(0,7).
0 0

To %xvNTpEo VLo TN TOPATEVE XATUOXEVH TPOEpYETAL omd 11 Pactxd mapatienon teg yia ¢ = s’ nalpvouye
T o [teot — 1 2(4) — s2(0

Jo '8 = [y ss' = 5(s*(t) — s%(0)).

H xoraoxeud urogel vo enextael o€ npooeyyloeic Tou X0, v Yt v € Py [0, 7; V] émou V etvou ypouuinde
, = , . , , . ko4

x®pos. H Buuprth) mpocéyyion tou X, v otov Pi[0,7; V] oplleton and v 0 = Y7 8;(t)v; xou av

0 V elvan évag yWpog NU-EcwTeERIX0U YIVOUEVOU, TOTE,

9(0) =v(0), xou /OT(f;,w)V = /0 (v,w)y Yw € Pr_1[0,7;V].

Telxde mapodétoue o xVpto amotéleoyo ond o [31].

IMpoétaoyn A’.3.1. Yroérouue nws o V elvar évag xdpos (Hui) ecwtepikol ywopévov. Tdre n
aneikérion Zf:[) si(t)v; — Z?:o 3i(t)v; owov P[0, 7; V] efvar ovvexris aov ||| 2(0,rv]- Etbikdrepa,

2l L2po.riv) < Crllvllzepo vy, 19 = Xy vllzziorv) < Crllvllzejo,rivy,
émov Cy, etvar a otalepd mov efaprdrar and o k.

Anddeitn. Bhéne [31, Afupa 2.4]. O

Ynueiwon A’.3.2. Jurdudlovtag tis tapandve eknurioeg e to ernepacpévng didotaong Pil0, 7]
TaipYOUME 1A €KTIUNON TNS HOPPTIS

9] Lo 0,722 )] < CrllvllLoco,r,L20))-
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Optimal Control and Parabolic Partial Differential Equations,
Numerical Analysis and Applications

Abstract:

The main object of the thesis is distributed and boundary optimal control in evolutionary - parabolic
partial differential equations problems using a discontinuous in time Galerkin finite element method.
We examine a Robin type boundary control problem for linear parabolic equations, distributed control
in semilinear parabolic problem , and distributed control in evolutionary Stokes problem. We present
results and optimal convergence rates in the cases of constrained and unconstrained control, minimal
smoothness for the data of the problem and we numerically verify them even for L2(£2) data. We prove
stability, convergence, and we examine first and second order conditions for the quadratic functional.
Finally, we present numerical results for a biological problem which consists of two equations, a linear
and a semilinear parabolic equation with distributed control.

We study first order in time and second order in space linear and semilinear evolutionary problems
that often occur in applications to boundary problems for parabolic problems and Stokes systems. We
will present semilinear parabolic problems with zero Dirichlet boundary conditions, linear parabolic
problems with Robin boundary conditions, Stokes and Fitzugh-Nagumo systems with zero Dirichlet
boundary conditions.

Particularly, the aim is to focus on specific problems often encountered in practice than to study
more general problems in which the same analysis techniques may be applied. This allows someone,
in short time, to produce immediate results which are easy to use in applications.







INTRODUCTION

In this chapter it is presented an introduction to the problems that we will study in the following
sections.
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Description of the problems under consideration

In this section we describe the problems that we will consider in the thesis. More specifically, we
want to minimize the distance between y and a given distribution yg

T
/ /w—wﬁ
Jo JQ

For the control function we have the term in the functional:

T
/ / lgl?,
0 S

where S is Q or I depending on having boundary or distributed control. Below we present the
problems to be dealt with in conjunction with the functional we want to minimize (subject to
evolutionary pdes).

Robin Boundary control problem. We consider an optimal control problem associated to the
minimization of the tracking functional subject to linear parabolic pdes with rough initial data. In
particular, given a target function y4 we seek state variable y and the Robin boundary control variable
g such that the functional

1 (7 a [T
109) =5 [ lw=wiliadt+ 5 [ ol at. (111)

is minimized subject to the constrains,

ye—nAy = fin (0,7] x Q,
y+§§—i’l = gon (0,7] x T, (1.1.2)
y(0,z) = yoin Q.

Here, Q C R? denotes an open bounded polygonal and convex domain, with Lipschitz boundary
I". The control ¢ is applied on the boundary I' and it is of Robin type. Our analysis and results
will be primarily focused on the case of low regularity assumptions, i.e., initial data yo € L?(Q2),
but our analysis will be also applicable in other cases where the solution possesses additional
regularity. Furthermore, we are also interested in case of pointwise control constraints in the sense
that g, < g(t,z) < gp for a.e. (t,x) € (0,T] x T, where g, g, € R. A precise formulation will be
given in the next section. The forcing term f and the parameters A > 0, n > 0 are given data, while
a > 0 denotes a penalty parameter which limits the size of the control and it is comparable to the
discretization parameters. The case of rough initial data is very important within the context of such
boundary optimal control problems and great care is exercised in order to include this case into our
analysis.

The main goal is to show that the error estimates of the corresponding optimality system have the
same structure to the estimates of the uncontrolled linear parabolic equation with Robin boundary
data.

The key -but not the only- structural difficulty associated to boundary optimal control problems with
rough initial data stems from the lack of sufficient regularity of the state, adjoint and control variables.
In particular, if yo € L?(2) then the regularity of the state variable is limited to L2[0,T; H*(Q)] N
H'[0,T; H'(€)*]. Hence, classical boot-strap arguments for the uncontrolled parabolic pdes which
rely on standard Rietz-Galerkin elliptic projections typically fail due to the lack of regularity. As a
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consequence, error estimates for space-time approximations of parabolic optimal control problems
with rough initial data yo € L2(Q2) in Lipschitz domains have not been treated before.

To overcome the lack of regularity, we analyze a scheme which is based on a discontinuous time-
stepping approach, which is suitable for problems without regular enough solutions. The analysis
showcases the favorable behavior of such schemes even in presence of essential boundary Robin
controls. The key feature of our discrete schemes is that they exhibit the same regularity properties
to the continuous weak problem. Our results can be summarized as follows:

1. We develop a symmetric error estimate under minimal regularity assumptions on the natural
norm
Wg(0,T) = L>=[0,T; L*(Q)] N L2[0, T; HY(Q)] x L?[0,T; L*(T)] associated to our discontinuous
time-stepping scheme, i.e.,

llexror [0, < C||best approximation error ||y 0,1y

which states that the error is as good as the regularity and approximation theory allows it to
be.

2. We define a new generalized space-time projection that exhibits best approximation properties
in L2[0,T; L?(Q)], and which is also applicable for y; € L2[0,T; H(©2)*]. Using the above
projection, and an appropriate duality argument for an auxiliary system, we obtain a rate of
O(h) for the L2[0,T; L*(9)] norm, when 7 < Ch2.

3. In case of bounded controls, we demonstrate the applicability of our estimates within the
variational discretization concept of [65]. This approach allows to overcome the lack of the
enhanced regularity resulting on state variable due to the failure of classical “boot-strap”
arguments for the control and state variable.

To our best knowledge our estimates are new, and optimal in terms of the prescribed regularity of
the solutions, and the presence of essential boundary conditions. In addition, even in presence of
additional regularity on the data, i.e., yo € H'(£2), and despite the use of L? projections which exhibit
best approximation properties, the rate @ (h3/2) (when 7 < Ch?) appears to be optimal since there is
no possibility to obtain a better estimate at least when polygonal and convex domains are involved.
We also point out that the Robin boundary control can be viewed as a penalization approach for
Dirichlet boundary control problems (see for instance the works of [9, 17, 70] and references within).
For this reason the dependence upon the parameters A, o, of various constants appearing in our
estimates is carefully tracked.

Semilinear distributed optimal control problem. The optimal control problem considered here, is
associated to the minimization of the tracking functional subject to semi-linear parabolic pdes. In
particular, we seek states y and controls g (of distributed type) such that

1 (7 a [T
T09) =5 [ lw= vl + 5 [ ol (113)

is minimized subject to the constraints,

ye — div[A(x)Vyl + ¢(y) = f+gin(0,T)x9Q,
y = O0on (0,7)xT, (1.1.4)
y(0,z) = yoin .

The physical meaning of the optimization problem under consideration is to seek states y and controls
g such that yis as close as possible to a given target U. Here, £ denotes a bounded domain in R?,
with Lipschitz boundary I', yo, f denote the initial data and the forcing term respectively, and «
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is a penalty parameter which measures the size of the control. The nonlinear mapping ¢ satisfies
certain continuity and monotonicity properties, and A(z) € C*(Q) is a symmetric matrix valued
function that is uniformly positive definite. The scope of this work is the error analysis of the first
order necessary conditions (optimality system) of the above optimal control problem by using a
discontinuous (in time), Galerkin (dG) scheme. The corresponding optimality system consists of a
primal (forward in time) equation and an adjoint (backwards in time) equation which are coupled
through an optimality condition, and nonlinear terms (see, e.g [50, 56, 80, 93, 109]).

The main aim is to show that the dG approximations of the optimality system exhibit similar
approximation properties to the standard linear (uncontrolled) parabolic equation. In particular, it is
shown that the error of the dG approximations is as good as the regularity of the solutions and the
approximation properties of the subspaces enables it to be, for suitable data f,yg, U.

This is achieved by proving the following symmetric estimate, which states that,

llerror ||x < C(Hin. data error ||2(q)
+||best approx. error ||x

+||subsp. error ||X1>.

Here, |.|x = [l-llz=p,1;2()) + lI-ll220,7551 (2)]> and [|.||x, denotes a norm related to a possible
change of finite element subspaces every other (or every few) time steps and can be omitted when
the same subspaces are being used in every time step. The term ||best approx. error| x is posed in
terms of suitable local L? projections and allows optimal rates of convergence when the solution
is sufficiently smooth. The constant C' does not depend exponentially on quantities of the form
1/a. The dependance upon « of various constants appearing in these estimates is essential to the
underlying optimal control problem and hence it should be carefully tracked. In particular, in most
computational and practical engineering examples, we are interested for small values of the parameter
a, and in certain cases even comparable to the discretization parameter h.

The structure of the estimate is similar to the work of [31] which concerns the dG approximations of
linear (uncontrolled) parabolic pde’s, and it leads to optimal error estimates in terms of the regularity
of the solutions and the approximation theory of the chosen subspaces.

The proof of the main estimate, is based on estimates of an auxiliary and essentially uncoupled system
together with a “boot-strap” argument and stability estimates at arbitrary time-points under minimal
regularity assumptions. The key element of the proposed methodology is the use of a “duality” type
of argument for discontinuous time-stepping schemes, to facilitate the decoupling of the optimality
system. In particular, using the adjoint variable as test function in the primal equation, and the
primal variable as test function in the adjoint equation, we first show that

Jexrorl[3a o7,z (e < lIbest appros. errorlff + a2 error|Zago oy
Then, for a suitably small, we apply a “boot-strap” argument to obtain the desired symmetric
estimate. To our best knowledge the above symmetric estimates and their particular structure are
new within our optimal control setting.
The motivation for using a dG approach, stems from its performance in a vast area of problems
where the given data satisfy low regularity properties, such as optimal control problems. Furthermore,
the concept of symmetric error estimates can effectively capture the interplay between regularity of
solutions and approximation properties of the subspaces. Such estimates are also recently applicable to
a variety of problems such as error analysis of moving meshes, Lagrangian moving mesh methodologies
(see e.g. [42, 85]) and can be viewed as generalization of the classical Céa Lemma (see e.g. [34]).
In addition, discontinuous (in time) schemes accommodate the use of different subspaces in each time
step, and hence basic adaptivity ideas, in a natural way. In the recent works of [20, 21, 83, 84, 87, 88]
discontinuous Galerkin schemes were analyzed for distributed optimal control problems constrained
to linear parabolic pde’s, while the case of semi-linear constraints is analyzed in [22, 94]. In [22],
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convergence of discontinuous time-stepping schemes for optimal control problems (without control
constraints) related to semi-linear parabolic pde’s is studied, under minimal regularity assumptions
on the data and growth assumptions on the semi-linear term. In the very recent work of [94]
first order (in time) error estimates for the controls are presented for an optimal control problem
related to semi-linear parabolic pde’s, with control constraints, in case that the initial data belong to
H(Q) N L>=() under weak hypothesis on semi-linear term. The controls are discretized by piecewise
constants in time and space, however the analysis is also applicable when piecewise constants (in
time) piecewise linears (in space) are being used. For the state equation, the lowest order (k = 0)
discontinuous Galerkin (in time) combined with standard conforming finite elements (in space), are
being used. The first-order (in time) estimates presented in [94] successfully address a variety of
difficulties due to the presence of control constraints, and the corresponding nonconvexity.

The estimates and the analysis of [94] are different compared to the ones presented here. Our work
primarily focuses on the development of estimates that possess the symmetric structure (and their
advantageous features described above) for the associated optimality system.

Stokes distributed optimal control problem. We consider an optimal control problem associated to
the minimization of the tracking functional subject to the evolutionary Stokes equations. In particular,
given a target function y; we seek velocity y and control variable g such that the functional

I 2 « T 2
T09) =5 [ M= valisy e+ 5 [ lolfse . (1.15)
is minimized subject to the constrains,

Yy —vAy+Vp =f+g in (0,7) x Q

divy =0 on (0,7) x Q
1.1.
y =0 on (0,T7)xT (1.16)
y(0,2) =yo in Q.

Here, Q C R?, d = 2,3 denotes an open bounded polygonal (polyhedral) and convex domain. Qur
estimates are valid under the general assumption of a Lipschitz boundary I', however when considering
high order schemes, we will assume more regular boundary. The control g is of distributed type.
Our analysis and results will be applicable for schemes of arbitrary order, under suitable regularity
assumptions, but special emphasis is placed in the case of rough initial data, i.e., yo € W(Q2) =
{v € L%(Q) : divv = 0, % = 0}. Furthermore, we are also interested in case of pointwise control
constraints in the sense that g, < g(t,z) < g, for a.e. (t,z) € (0,T) x Q, where g4, 95 € R. The
forcing term f and the viscosity constant v > 0 are given data, while @ > 0 denotes a penalty
parameter which limits the size of the control and it is comparable to the discretization parameters.
The main goal is to show that the error estimates of the corresponding optimality system have the
same structure to those of the uncontrolled evolutionary Stokes equations. In particular, we develop
an almost symmetric error estimate under minimal regularity assumptions on the natural energy
norm || lwo,ry = I-lls=o,r;02(0) + Il 22j0,7;11 ()] associated to our discontinuous time-stepping
scheme, i.e., an estimate of the form,

[lerror [lyyg 0,7y < Cl[best approximation error ||y o,1)

+||best approx. error pressure || z2(0,7;12(q)]-

This estimate is valid in case of high order schemes, under suitable regularity assumptions, since it
separates the issue of regularity of the optimal pair from the choice of the approximation scheme. As
a consequence, estimates of high order can be also included similar to the uncontrolled case, at least
in case of unbounded controls, when classical boot-strap arguments imply enhanced regularity. To
this end, we also explore coarse time-stepping approaches.
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Another key feature of the above estimate is that the estimate is valid under low regularity as-
sumptions on the given data. More precisely, the symmetric error estimate, only requires velocity
y € L20,T; V(Q)] N H[0,T; H1(Q)] and pressure p € L2[0,T; L3(Q)], where V(Q) = {v € H}(Q) :
dive = 0}, and L3() = {p € L*(Q) : [, pdz = 0}.

Note that if yo € W(Q) then the regularity of the state variable is limited to L2[0,T; V()] N
HY0,T;V(Q)*], where V() = {v € H)(Q) : divv = 0}. Furthermore, despite the fact that
ye + Vp € L2[0, T; H~1(Q)] it is not known whether p € L?[0,T; L3(Q)] and y; € L2[0, T; H™1(Q)].
As a consequence the pressure p satisfies (1.1.6) in a distributional sense. Hence, the assumption
p € L2[0,T; L3(£2)] is the minimal one, to guarantee the decomposition between y; and p and hence
to validate a suitable weak formulation for rough initial data from the numerical analysis viewpoint.
Error estimates for space-time approximations of the velocity tracking problem with rough initial
data yo € W(Q) have not been treated before, despite the fact that the case of rough initial data is
of extreme importance within the context of controlling fluid flows (see e.g. [56]). To overcome the
lack of regularity, we analyze a scheme which is based on a discontinuous time-stepping approach,
which is suitable for problems without regular enough solutions. The analysis showcases the favorable
behavior of such schemes. We define a new generalized space-time projection which exhibits best
approximation properties in L?[0,T; L%(2)], but is also applicable when y; € L2[0,T; H~1(Q)] only.
Thus, constructing a global space-time projection, and using an appropriate duality argument, and
we obtain a rate of O(h) for the L2[0,T;L2(2)] norm, when 7 < Ch2.

Similarly, In case of bounded controls, we demonstrate the applicability of our estimates within the
variational discretization concept of [65]. This approach allows to overcome the lack of the enhanced
regularity resulting from a “boot-strap” argument for the control and state variable.

To our best knowledge our estimates are new, and optimal in terms of the prescribed regularity of
the solutions and the presence of the incompressibility constraint.

Related results

Robin boundary control problem. Previous related results regarding discontinuous time-stepping
approaches are almost exclusively related to distributed controls. For instance, the discontinuous
Galerkin framework is explored in the works of [89] and [88] where a-priori estimates are developed
for distributed optimal control problems with and without control constraints respectively for the
heat equation. In [20, 21] a priori error estimates in terms of suitable space-time projections, are
derived for unconstrained distributed optimal control problems related to parabolic and implicit
parabolic pdes with general and possibly time-dependent coefficients in the elliptic part. Recently
error estimates related to distributed optimal control problems for semi-linear parabolic pdes are
developed in the works of [94], with control constraints and Hg () N L>(€2) initial data, and in [27]
a priori error estimates of symmetric type for problems without control constraints. A-priori error
estimates for the velocity tracking problem with control constraints are analyzed in the works of
[13, 14]. A convergence result for discontinuous time-stepping schemes for Robin optimal control
problems (without control constraints) related to semi-linear parabolic pdes, under L2(Q)) data is
recently considered in [23]. Finally, in [86] fully-discrete approximations of a Neumann boundary
control problem related to homogeneous linear parabolic pdes are analyzed, for the implicit Euler
scheme, for smooth domains and for regular enough data.

Several results regarding the analysis of optimal boundary control problems can be found in [56, 80,
93, 109] (see also references within). Various boundary control problems related to time-dependent
pdes were studied in the previous works of [4, 7, 25, 61, 67, 77, 79, 108, 109, 112].

Semilinear distributed optimal control problem. Several problems with distributed controls have
been studied before analytically in [50, 56, 72, 80, 82, 93, 109] (see also references within). Several



1.2. Related results 149

results related to the analysis of numerical algorithms for optimal control problems were studied in
[11, 19, 18, 25, 37, 38, 49, 53, 58, 60, 65, 66, 76, 79, 86, 97, 107, 108, 109, 111, 112].

A posteriori estimates for dG schemes were studied in [83, 84] for optimal control problems related to
linear parabolic pde’s, while in [87] an adaptive space-time finite element algorithm is constructed
and analyzed. A priori error estimates for an optimal control problem of distributed type, having
states constrained to the heat equation are presented in [89], while in [20, 21], a priori error estimates
for dG schemes for the tracking problem related to linear parabolic pde’s and implicit parabolic
pde’s respectively, with non-selfadjoint possibly time dependent coefficients are established. In [90]
a Petrov-Galerkin Crank-Nicolson scheme is applied to an optimal control problem with control
constraints related to linear parabolic pde’s, while in [6] a Crank-Nicolson formulation is analyzed.
In both papers, second order rates of convergence are obtained.

There is an abundant literature concerning dG schemes for the solution of parabolic equations without
applying controls (see e.g. [104] and references therein). The relation of the discontinuous Galerkin
method to adaptive techniques was studied in detail in [44, 45, 104]. Some results related to finite
element approximation of semi-linear and general nonlinear parabolic problems are presented in
[1, 48, 46, 47].

Stokes distributed optimal control problem. Several results regarding the analysis of similar control
problems were presented in [2, 12, 56, 66, 101, 106] (see also references within), where various aspects,
including first and second order necessary conditions are developed and analyzed. To the contrary
the literature regarding numerical analysis for optimal control problems related to evolutionary
Navier-Stokes equations is very limited. In [61, 59] convergence of a gradient algorithm is proven, in
case of distributed controls, and of bounded distributed controls. Error estimates for the semi-discrete
(in space) discretization are derived in [37] in case of distributed controls without control constraints
by using a variational discretization approach, while in [36] fully-discrete error estimates for the
implicit Euler scheme is presented for the velocity tracking problem (without control constraints) for
the homogeneous Stokes equations using the variational discretization approach, and for smooth data.
Recently, a-priori error estimates for the velocity tracking problem for Navier-Stokes flows with
control constraints were analyzed in the works of [13, 14]. The lowest order (piecewise constants)
discontinuous Galerkin scheme in time, combined with conforming elements in space for the velocity
and the pressure was analyzed, and estimates for the state, adjoint, and control variables were derived
for three separate choices of control discretization (piecewise constants, linears, and the variational
discretization). Our work, is motivated by the results of [13, 14] and it can be viewed as an attempt
to extend these results to include the cases of rough data, and high order schemes via the derivation
of a symmetric estimate.

Other results concerning discontinuous time-stepping approaches are almost related to distributed
controls for linear and semilinear parabolic pdes. Recently error estimates related to distributed
optimal control problems for semi-linear parabolic pdes are developed in the works of [94], with
control constraints and Hg (02) N L>(f) initial data, and in [27] a priori error estimates of symmetric
type for problems without control constraints. Finally, we also mention several related works
[6, 20, 21, 88, 89, 95, 100] regarding parabolic optimal control problems with and and without control
constraints which may involve high order discrete schemes.

Several results regarding the analysis of optimal control problems can be found in [56, 80, 93, 109] (see
also references within). For general results related to the discontinuous Galerkin method parabolic
pde’s (without applying controls) we refer the reader to [104, 73] (see also references therein). A
posteriori estimates and related adaptivity issues within the discontinuous Galerkin framework for
optimal control problems were also explored in the works of [84, 87] (see also references within).






THE CONTINUOUS OPTIMALITY
SYSTEM, THE EXISTENCE OF THE
SOLUTION

In this chapter we present the basic assumptions to be used, an introductory study on the existence
of a solution and the continuous optimization system.
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Assumptions

Robin boundary control linear problem. For any n > 0, The bilinear form associated to our operator
is given by

a(y,v) = 7]/ VyVudz, Vy,v € HY(Q),
Q

and satisfies the standard coercivity and continuity conditions

a(y,y) = 11Vyl 7200y » @) <Oyl o) 0l () V9,0 € HY(Q).

Semilinear distributed optimal control problem. In this case too, the bilinear form associated to
our operator, is defined by

a(y,v) = / A(z)VyVudz Vy,v € HY(Q),
Q
and satisfies the standard coercivity and continuity conditions

a(y,y) = nllylE o) a(y,v) < Cellylm@llvlla@) — Vy,v € Hy ().

The data satisfy the minimal regularity assumptions which guarantee the existence of a weak solution
y e W(0,T), ie.,
FeL’OTHTH Q) yo € LX(Q)

while the distributed control g will be sought in L2[0, T; L2(2)]. Note that under the above regularity
assumptions one can only show convergence of the discrete schemes see [22, Section 3] (even in the
uncontrolled case ).

For error estimates, additional regularity assumptions are needed in order to guarantee rates of
convergence. In particular, we will assume that y € L°°[0,T; L*(2)], which typically requires
that yo € HE(Q), f € L2[0,T; L?(2)]. The choice of the control space significantly simplifies the
implementation of the finite element algorithm, since it leads to an algebraic optimality condition.
Hence, it avoids the use of spaces of fractional order, or the solution of an extra pde which typically
occurs when other norms of are included in the functional (see e.g. [56]).

For the subsequent analysis it suffices that the target yq € L2[0,T; L?(£2)]. However in most cases y4
is actually smoother, since the target typically corresponds to the solution a parabolic pde, and hence
it can be assumed that yqs € Wp(0,T). For the analysis of our discrete schemes, the semi-linear term
is required to fulfill the following structural assumptions.

Assumption 2.1.1. (a) For convergence of the state variable: The semi-linear term ¢ € C*(R;R)
satisfies,

#(5) >0, |o(s)| <Clsl7, [¢/(5)] < CJs[", so(s) > Cls|"T, for1<p<3.

(b) For convergence of the state and adjoint variable: In addition to (a), ¢' be Lipschitz continuous,
with Lipschitz constant Cr,, or ¢ € C?(R;R) with |¢”"(s)| < C|s|P~2 for 2 < p < 3.

(¢c) If the semi-linear also includes time-space coefficients, i.e., ¢(s) = ¢(t,z,s): [0,T] x A xR - R
then, in addition to (a)-(b), ¢(0), ¢’ (0) are required to be uniformly bounded.

Remark 2.1.2. Convergence can be shown by simply assuming growth and monotonicity conditions
of Assumption 2.1.1 (a)-(b) on ¢, ¢' (see [22, Section 3]). The Lipschitz continuity assumption on ¢’
is imposed only to minimize technicalities. Most of the results presented here, are still valid under
the weaker assumptions of [94], provided that the initial data belong to H(2) N L>(Q). We refer
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the reader to [109] (see also references within) for a detailed analysis of possible assumptions on the
semi-linear term and on the regularity of the data. Here, we have chosen to impose the minimal
reqularity assumptions that guarantee the existence on the corresponding discrete solution on the space
L0, T; L3(Q)] N L2[0, T; HE ().

Evolutionary Stokes problem with distributed control. The bilinear form associated to our operator
is given by
a(y,v) = I// VyVudz, Yy,v € H5(Q),
Q

and satisfies the standard coercivity and continuity conditions
a(y,y) > vIIVYlia) s @) < Cvllylla o) 10l @) 9,0 € Hy(Q).
Finally the bilinear form associated to the pressure is gived by
b(v,q) = /sz qV.vdz, Yo € HE(Q), ¢ € L3(Q),
which satisfies the standard continuity and inf-sup conditions (see e.g [52, 102]), i.e.,

b(v,q) < Cllvlla @ llall L2 @)

and )
inf sup % >c>0.
9ELF(Q) veHL(Q) vl 2 o) llall 2 (o)

Next we introduce the basic results related to the solution existence under the above assumptions.

The continuous control problem and the existence of solution

Here, we will study the existence of an optimal solution constrained to evolutionary partial differential
equations. We will handle boundary and distributed control, and for every case it is necessary to
prove the stability and the the existence of a unique (or not unique) optimal solution. We have to
mention that if the minimization functional is convex (like linear problems), it is easy to prove that
we have unique solution. If the functional is not convex, like semilinear problems, we have a whole
solution but but it is not unique since we can minimize functional using various control functions.

Robin boundary control linear problem. In this problem we study the case with and without
constraints for the control function. Starting present weak form of the basic equation. Starting we
introduce the weak form of the state equation. Given f € L2 [07 T, Hl(Q)*}7 g€ L? [07 T, H*I/Z(F)}7
and yo € L3(Q) we seek y € L2[0,T; HY(Q)] N H[0,T; H(Q)*] such that for a.e. ¢t € (0,T], and for
all v € HY(Q),

(y1,0) + aly,v) + Ay, 0)p = (f,0) + A(g;0)p  and  (y(0),0) = (yo,0).  (22.1)

An equivalent weak formulation suitable for dG schemes, is to seek y € Wg(0,T) such that for all
v € L2[0,T; HY(Q)] N HY0,T; H(Q)*],

(W(T), o(T)) + /0 (= (5 00) + aly,v) + Ay, v)p)dt = (30, 0(0)) + /0 ((F.0) + Mg, vy )dr. (2.2.2)
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The basic existence, uniqueness and regularity result of (2.2.2) follows (see e.g. [25]):

Theorem 2.2.1. Suppose g € L?[0,T; H-'/2t0(T)] n HO[0,T; H-'/2(T)], yo € H?(Q), and f €
L2[0,T; H*=%(Q)*] for some 6 € [0,1]. Then, there exists a unique y € L*[0,T; H*%(Q)] n
HY0,T; H'=9(Q)*] satisfying (2.2.2) and

11l 210,716 )] + el 2o, 7m0 -0 () < C(”fHLZ[O,T;Hl*"(Q)*] + lluoll o)y + N9l L2po,mymr-1/240 (1)

+lgll gro [o,T;Hfl/z(r)]) .

Thus, the control to state mapping G : L2[0,T; L?(T")] — Wx(0, T), which associates to each control
g the state G(g) = yy = y(g) via (2.2.2) is well defined, and continuous. Hence, the cost functional,
frequently denoted to by its reduced form, J(y, g) = J(y(g)) = J(g) : L?[0,T; L*(T)] — R is also well
defined and continuous.

Definition 2.2.2. Let f € L?[0,T; HY()*], vo € L%(Q), and yq € L?[0,T; L*(Q)] given data. Then,
the set of admissible controls (denoted by A.q), is defined by:

1. Unconstrained Controls: Aqq = L*(0,T; L*(I)].

2. Constrained Controls: Aq.q = {g € L?[0,T; L*(T)] : g4 < g(t,x) < gp for a.e. (t,x) € (0,T)xT}.
The pair (y(g),9) € Wr(0,T) X Aqa, is said to be an optimal solution if J(y(g),g9) < J(w(h),h)
Y(w(h),h) € Wg(0,T) X Aga-

We will occasionally abbreviate the notation y = y, = y(g). Below, we state the main result
concerning the existence of an optimal solution (see for instance [109]).

Theorem 2.2.3. Let yo € L*(Q), f € L2[0,T; H(Q)*], ya € L2[0,T; L?(?)] be given. Then, the

boundary control problem has unique solution (y(g),g) € Wr(0,T) X Aqq.

Semilinear distributed optimal control problem. First, we quote a result regarding the solvability
of the weak problem (given f, g,yo we seek y € Wp(0,T) for all v € Wp(0,T)):

T T
Do)+ [ (= () + ) + 600 )de = o wO) + [ ((£0) + (9.0) ), (223
0 0
on the natural energy space under minimal regularity assumptions.
Theorem 2.2.4. Let f € L?[0,T; H-1(Q)], yo € L*(Q), g € L*[0,T;L?(Y)]. Then, there exists a
unique solution y € Wp(0,T) which satisfies the following energy estimate
lyllwoo,m) < C(”f”L?[O,T;H*l(Q)] + llyollz2e) + HQHH[O,T;L%Q)])-

Proof. The proof is standard (see e.g. [25, 43, 113]). O

Next, we state the definition of the set of admissible solutions A,4 and of the (local) optimal pair.

Definition 2.2.5. 1. Given data f € L?)0,T;H Y (Q)], wo € L*), and target
ya € L2[0,T; L3(Q)], then (y,g) is said to be an admissible element (pair) if y € Wp(0,T),
g € L2[0,T; L?(Q)] satisfy (2.2.3). (Note that J(y,g) is bounded, due to Theorem 2.2.4).

2. Given data f € L*[0,T; H-Y(Q)], yo € L*(Q), and target yq € L*[0,T; L*(Q)] we seck pair
(y,9) € Aaa such that J(y,g) < J(w,h) Y(w,h) € Aag, when [ly — wllwyor) + llg —
Rl z210,7502() < 6 for & > 0 appropriately chosen.
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Below, we state the main result concerning the existence of an optimal solution for the minimization
of the functional (1.1.3).

Theorem 2.2.6. Suppose yo € L*(Y), f € L2[0,T; H-Y(Q)], ya € L?[0,T; L%(Q)]. Then, the optimal
control problem has solution (y,g) € Wp(0,T) x L2[0,T; L?(2)].

Proof. Similar to [25, 50, 80, 109]. d

Remark 2.2.7. The solution to optimal control problems having states constrained to nonlinear
parabolic pde’s is in general not unique. However, we note that under additional assumptions on
the data of the control problem and the structure of the semi-linear term it is possible to prove that
there exists a unique optimal control g (see e.g. [82, Chapter 3, pp 43]), and that the corresponding
optimality system admits a unique solution.

Evolutionary Stokes problem with distributed control. A possible weak formulation of the problem
(1.1.6) is defined by: Given data f € L2[0,T;L23(Q)], yo € V(R), and control g € L2[0, T; L?(Q)], we
seek (y,p) € Ws(0,T) x L?[0,T; LE(2)] such that for a.e. t € (0,77,

(ye,v) +aly,v) +b(v,p) = (f,v) +(g,v) Vv eH(Q),
bly,q) =0 Vg e L3(Q), (2.2.4)
(4(0),v) = (yo,v) Vv e W(Q).

A weak formulation of (1.1.6) suitable for the case of rough initial data, is defined by using divergence-
free test functions and can be written as follows: Given f € L2[0,T;V(Q)*], g € L?[0,T; L?()], and
Yo € W(Q) we seeky € L2[0,T; V(Q)] N H[0,T; V(2)*] such that for a.e. ¢t € (0,T],

<yt’v> +(l(y,1}) = <f,’U> + (g,'U) Vv € V(Q)’
(4(0),v) (yo,v) Yo e W(Q). (2.2.5)

To the contrary, from the numerical analysis viewpoint, a desirable weak formulation suitable for
the analysis of dG schemes, is to seek y € Ws(0,T) , and p € L?[0,T; LE(Q)] such that for all
v e L2[0, T; HY Q)] N HY0,T; H-1(Q)], and for all ¢ € L2[0, T; L3(Q)],

T T
(Mﬂw@D+A(%%M+M%w+meﬁ:wm@D+A(%w+WWD%

r (2.2.6)
| aja o

0
Some comments regarding the existence and uniqueness of weak solutions of the evolutionary Stokes
and the equivalence of formulations (2.2.4), (2.2.5) and (2.2.6) follow.

Remark 2.2.8. Recall that standard regularity theorems in [35, 102] show that if f, g € L?[0,T; W ()]
and yo € V() then the solution (y,p) of equations (2.2.4) satisfies

(y,p) € L20,T; H*(Q) NV (Q)] N HY0,T; W(Q)] x L2[0,T; H(Q) N L (Q)].

In this case weak formulations (2.2.4), (2.2.5), and (2.2.6) are essentially equivalent. If the data f €
L20,T; V*(Q)], yo € W(Q) then there exists a unique weak solution that satisfies y € L2[0, T; H§(Q)N
V()INH=Y0,T; V*(Q)], while the pressure p satisfies (1.1.6) in a distributional sense, and y;+Vp €
L2[0,T; H-1(Q)]. In the above case, we note that it is not evident whether the pressure belongs to
L2[0,T; L3(Q)] under minimal regularity assumptions (see e.g. [102]), and hence formulation (2.2.4)
and (2.2.6) is not necessarily valid, unless the existence of a pressure p € L2[0,T; L2(Q2)] is assumed.

The control to state mapping G : L2[0,T;L%(Q))] — Ws(0,T), which associates to each control
g the state G(g) = y, = y(g) via (2.2.5) is well defined, and continuous. Furthermore, we note
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that if more regularity is available to data, i.e., if yo € V(R), and f € L2[0,T;L3(Q)], then
y(g9) € L2[0, T; H2(Q) N V()] N H'Y[0,T;L3(Q)] and p € L2[0,T; H*(Q) N L3(R2)]. Hence, the cost
functional is frequently denoted by its reduced form, J(y,g) = J(y(g)) = J(g) : L2[0,T;L3(Q)] — R
is continuous and well defined.

Definition 2.2.9. Let f € L?[0,T;V(Q)*], yo € W(Q), and yq € L%[0,T; W(Q)]. Then, the set of
admissible controls (denoted by Aqq), is defined by:

1. Unconstrained Controls: A.q = L*[0,T;L?(Q)].

2. Constrained Controls: A.q = {g € L*[0,T;L%(Q)] : go < g(t,z) < gy for a.e. (t,x) €
(0,T) x Q}.

The pair (y(g),g9) € Ws(0,T) X Aqa, , is said to be an optimal solution if J(y(g),g) < J(w(h),h)
V(w(h),h) € Wg(0,T) x Aqq.

The main result concerning the existence of an optimal solution follows directly from the setting of
our problem (see for e.g. [109]) since Aqq # 0 (note that (y(0),0) € Ws(0,T) X Agq for instance,
with loss of generality).

Theorem 2.2.10. Let yo € W(Q), f € L2[0,T; V(Q)*], ya € L?[0,T;L%(Q)] be given data. Then,
the optimal control problem has unique solution (4(g),g) € Ws(0,T) x L2[0,T;L*(Q)]. In addition
there exists a pressure p that satisfies (1.1.6) in a distributional sense. If in addition, yo € V(Q),

f € L0, T;L*(Q2)], then p € L2[0,T; H3 () N L3(Q)] and the pair (i, p) also satisfies (2.2.6).

The optimality system

Robin boundary control linear problem. An optimality system of equations can be derived by using
standard techniques; see for instance [109] or [25, Section 2]. We first state the basic differentiability
property of the cost functional.

Lemma 2.3.1. The cost functional J : L?[0,T; L?(T")] — R is of class C™® and for every g,u €
L?[0,T; L3(T)],

T
T@u= [ [ wlo) + agudsat,
o Jr
where p(g) = pg € Wr(0,T) is the unique solution of following problem: For allv € L2[0,T; H*(Q)]N
HY0,T; HY ()],

T T
/ ({pg, ve) + a(pg, v) + A (g, v)p) dt = —(pg(0),v(0)) + / (yg — Ya,v)dt, (2.3.7)
0 0
where pg(T) = 0. In addition, (uy): € L?[0,T; H'(2)*].

Therefore the optimality system which consists of the state and adjoint equations, and the optimality
condition takes the form:

Lemma 2.3.2. Let (y5,9) = (¥,9) € Wgr(0,T) x Auq denote the unique optimal pair of Definition
2.2.2. Then, there exists an adjoint i € Wg(0,T) satisfying, i(T) = 0 such that for all v €
L2[0,T; HY ()] N HY0,T; H(Q)*],

(H(T), o(T)) + / (= (G oe) +a () + A (G o)) dt = (G0, v(0)) + /0 ({f.0) + Mg.v)p) db, (2.3.8)

0
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T T
| o)+ + A @ de=~000) + [ Gmvd (@239
0 0

T

1) Unconstrained Controls: / (g + M, u)pdt =0 Yu € Agq, (2.3.10)
0
T
2) Constrained Controls : / / (g + At) (u—g)dzdt >0 Vu € Agq- (2.3.11)
o Jr

In addition, y; € L*[0,T; Hl( 2)*

|, o € L0, T; H*>(Q)] N H[0,T; L*(Q)], and (2.3.11), is equivalent
to 9(@ LL’) = P’V’Oj[ga 9n) ( (x )) =

Projig, g (" On(t, “>> for a.e. (t,z) € (0,T] xT.

on

Proof. The derivation of the optimality system is standard (see e.g. [109]). For the enhanced regularity
on i, we note that § — yq € L%[0,T; L?(Q)] and apply the analogue of Theorem 2.2.1 for (2.3.9) to
get that i € L2[0,T; H2(Q)] N H[0, T; L3(Q)]. O

Remark 2.3.3. We point out that for smooth boundary and for any v € H%(Q) we obtain that
the normal derivative % is well defined and belongs to H'/?(T'). This is not the case when T is
polygonal domain (say only Lipschitz continuous), despite the fact that on each straight component
(denoted by T';) we clearly obtain 8%|r, € HY*(I;). We refer the reader to [51]. for related
reqularity results for general polygonal domains. If the boundary is smooth, e.g. of class C? then
Alr € L2[0,T; H3/2(T)] n H3/4[0,T; L*(T)]. Hence, a bootstrap argument can be applied in order
to improve the regularity of g,y see e.g. [86]. For example, in case of unconstrained controls,
g € L2[0,T; H3/2(T)] n H3/4[0,T; L*(T)] too, which results § € L2[0,T; H*(Q)] N H[0,T; L*(Q)],
when yo € HY(Q).

Semilinear distributed control problem. Suppose now that (y, g) € Aqq is a (local) optimal solution
in the sense of Definition 2.2.5. Then, an optimality system corresponding to the optimal control
problem of Definition 2.2.5 can be easily derived based on well known Lagrange multiplier techniques,
see e.g. [25, 50, 80, 93]. Given f, yo, ya satisfying the assumptions of Definition 2.2.5, we seek
y, b € Wp(0,T) such that for all v € Wp(0,T),

T T
)T + [ (= )+ alw0) + (000 0) )t = (0. 0) + [ (11:0) + (90)) e
y(0,2) = yo,
(2.3.12)
T T
/0 ({11 00) + a1, v) + (9 (), ) ) dt = —=(1(0),0(0)) + /0 (y — ya, ), (23.13)
/"(T’ I) =0,
/T(ag +pu)dt =0,  Yu€ L2[0,T; L*(Q)]. (2.3.14)

Remark 2.3.4. Note that due to optimality condition we obtain that the control g is actually smoother,
ie., g=—(1/a)p € Wp(0,T). The later can be used to obtain improved reqularity results for the
primal and adjoint variables via when additional regularity on yq, f, yo. is available.

Evolutionairy Stokes distributed optimal control problem. An optimality system of equations can
be derived by using standard techniques; see for instance [56, 109] or [13, Section 3], We first state
the basic differentiability property of the cost functional.

Lemma 2.3.5. The cost functional J : L*[0,T;L?(Q)] — R is of class C*™ and for every g,u €

L[0,T; L*(9)],
g)u = / / ) + ag)udzdt,
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where ju(g) = pg € Ws(0,T) is the unique solution of following problem: For all v € L?[0,T; V()] N
H'0,T; V()]

T T
| g + aliags ) dt = 1y 0 00) + [ 3 = ). (2.3.15)
0 0

where py(T) = 0. In addition, (uy); € L?[0,T;L%(Q)], and there exists pressure ¢ € L2[0,T; HY(Q) N
L3(Q)] such that the backwards in time Stokes equation is satisfied in the sense of weak formulation

(2.2.6).

Therefore the optimality system which consists of the state and adjoint equations, and the optimality
condition takes the following form.

Lemma 2.3.6. Let (y5,9) = (¥,9) € Ws(0,T) x Aqq denote the unique optimal pair of Definition
2.2.9. Then, there exists an adjoint i € Wg(0,T) satisfying, p(T) = 0 such that for all v €
L2[0,T; V(Q)] N HY0,T; V(Q)*],

T

T
(H(T), o(T)) + /0 (—(G, ) + a(@,v)) dt = (o, v(0)) + /0 (f.0)+ (@) dt,  (23.16)

T T
| o)+ ato. ) de = ~G0).00) + [ 5= )i, (2.317)
0
T
1) Unconstrained Controls: / (g + ,u)dt =0 Vu € Aga, (2.3.18)
0
T
2) Constrained Controls: / / (ag+0) (u—g)dzdt >0 Yu € Agq. (2.3.19)
o Ja

In addition, j, € L*[0,T; V(Q)*], i € L?[0, T; H2(Q)] N H'[0, T; L2(Q)], and (2.3.19), is equivalent
to g(t,x) = Projig, g, (—2p(t,2)) for a.e. (t,x) € (0,T] x Q. In addition, there exists a pressure
¢ € L2[0,T; HY(Q) N L&(Q)] associated to the adjoint variable ji satisfying the backwards’ in time
evolutionary Stokes, in the sense of formulation (2.2.6).

Proof. The derivation of the optimality system is standard (see e.g. [109]). For the enhanced regularity
on ji, we note that ji(T) = 0, and § — y4 € L?[0,T;L%(Q)] and hence (2.3.17) implies that to get that
A€ L2[0,T; H2(Q) NV(Q)] N HY0,T;L3(Q)]. For the regularity of the corresponding pressure ¢ we
refer to Remark 2.2.8. O

Remark 2.3.7. We refer the reader to [13, 1]]. for enhanced related regularity results when control
constraints are involved. If the boundary is smooth, e.g. of class C? then g € HY(Qr)NC[0, T; H(Q)]N
L2[0,T; WLP(Q)] when yo € V(Q) and f € L2[0,T;L*(Q)]. In particular , (2.5.16) and (2.5.17),
take the following form: For allv € L2[0, T; H{ ()] N H'[0, T; H-1(Q)], and ¢ € L[0,T; LE()],

T T

(T, v(T)) + / (=5, 0e) + a(@,v) + b(v, §)) dt = (o, v(0)) + / ((F.0) + (3. v)) dt,
T 0 0 (2.3.20)
/ b(y,q)dt =0,
0

/ (s ve) + av, i) + b(v, )) dt = —(7(0), v(0)) + / (7 — ya, ),

0, 0 (2.3.21)

b(i1, q)dt = 0.

0

Thus, p,¢ € L2[0,T; H'(Q) N L3(Q)]. When control constraints are not present then a bootstrap
argument can be applied in order to improve the reqularity of g, fi, y in a straightforward manner.



APPROXIMATION AND NUMERICAL
ANALYSIS

In this chapter we introduce the fully discrete optimization system and the error estimates for each of

the problems that we described aboves.

Contents

3.1 The discrete optimal control problem . . ... ... .............. 160
3.1.1 Preliminaries and mesh properties . . . . . .. ... ... ... .. 160
3.1.2  The fully-discrete optimal control problem . . . .. ... ... ... ...... 163
3.1.3 The discrete optimality system . . . . . . ... .. L oo 170
3.2 Errorestimates. . .. ... ... ... i e e e e 174
3.2.1 Robin boundary control problem. . . . . . ... ..o 174
3.2.1.1 The fully-discrete projection . . . .. ... ... ... ... ...... 174
3.2.2  Unconstrained Controls: Preliminary estimates for the optimality system . . . 181

3.2.2.1 Unconstrained Controls: Symmetric error estimates - estimates for
rough initial data . . . . .. ... oL oL Lo 185
3.2.2.2  Control Constraints: The variational discretization approach . . . . . 186
3.2.3 Semilinear distributed optimal control problem. . . . . . . ... ... ... ... 187
3.2.3.1 The fully-discrete optimality system . . . . ... ... ... ... ... 187
3.2.3.2  Error estimates for the optimality system . . . . ... ... ... ... 187
3.2.3.3  An auxiliary optimality system . . . . . .. ... 0oL 188
3.2.4  Stokes distributed optimal control problem. . . . . . ... ..o 201
3.2.4.1 The fully-discrete projection . . . .. ... ... ... ... ... .. 202
3.2.4.2 Symmetric estimates for the optimality system . . . ... ... ... 207

3.2.4.3 Control Constraints: The variational discretization approach . . . . . 210




160 3. Approximation and Numerical Analysis

The discrete optimal control problem

Here we will study the construction of finite element spaces suitable for the above problems, the fully
discrete optimal control problem and stability estimates.

3.1.1| Preliminaries and mesh properties

Robin boundary control problem. We consider a family of triangulations (say
{Th}n>0) of Q, defined in the standard way, ([34]). To every element T' € Ty, we associate two
parameters hp and pr, denoting the diameter of the set T', and the diameter of the largest ball
contained in T respectively. The size of the mesh is denoted by h = maxycr, hr. The following
standard properties of the mesh will be assumed:

(7) There exist two positive constants p7 and d7 such that % < p7 and % <7 VT € T, and Vh >
0.

(#7) Given h, let {T} };V:"l denote the family of triangles belonging to 7;, and having one side included
on the boundary I'. Thus, if the vertices of 7; N I" are denoted by x;r, «;j11,r then the straight line
[jr,2zj41,r] = T; NT. Here, we also assume that z1,r = 2y, +1,r-

On the mesh 7, we consider finite dimensional spaces U, C H'(Q) constructed by piecewise
polynomials in 2. Standard approximation theory assumptions are assumed on these spaces. In
particular, for any v € H'*'(Q), there exists an integer £ > 1, and a constant C' > 0 (independent of
h) such that:

lIGIIfJ ”U - ’U}L”Hs(g) < Ch/l+175|"l}‘|Hl+1(Q)., for 0 < l < ¢ and s = 71,0, 1.
Vh h

We also use inverse inequalities on quasi-uniform triangulations, i.e., there exist constants C' > 0,
such that ||’UhHH1<Q) < C/hH’Uh”Lz(Q), and thHL2(SZ) < C/hHUh||H1(Q)*7 etc.

Approximations will be constructed on a (quasi-uniform) partition 0 = t® < t' < ... <tV = T of [0, T,
i.e., there exists a constant 0 < 6 < 1 such that min,—1 _n(t" —t"71) > O max,—1 . n(t" — "7 1).
We also use the notation 7 = t" — "~ 7 = max,—;__n 7" and we denote by Py[t"~1,¢"; U] the
space of polynomials of degree k or less having values in U. We seek approximate solutions who
belong to the space

Uy, = {yn € L*0,T; HY(Q)] : yn

(tn—1,n] € Pr [t"il, t"; Uy}

n —

By convention, the functions of U, are left continuous with right limits and hence will write y; = yj_
for yn(t") = yn(t™), and yp, for yu(t}), while the jump at ¢, is denoted by [y;] = yj, — yj. In the
above definitions, we have used the following notational abbreviation, ys » = yn, Un,» = Up, etc. For
the time-discretization, our main focus will be the lowest order scheme (k = 0) which corresponds to
the discontinuous Galerkin variant of the implicit Euler. We emphasize that other schemes (including
schemes of arbitrary order in time and space) can be included in our proofs. However, the limited
regularity will be acting as a barrier in terms of developing estimates of higher order.

For the control variable, we have two separate choices for the constrained and the unconstrained case
respectively. In both cases our discretization is motivated by the optimality condition see also [30].
Case 1: Unconstrained Controls : We employ a discretization which allows the presence of
discontinuities (in time), i.e., we define,

Gn ={gn € L?[0,T; L*(T)] : gn|(en—1,4) € Pe[t"™ ", ¢"; Gil}-
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Here, a conforming subspace G, C L?(T) is specified at each time interval (t"~', "], which satisfy
standard approximation properties. Even though various choices of Gy, are possible, here we focus
our attention to the natural choice, Gy, = Up|r and we refer the reader to [52, 57]. (see also references
within) for a detailed analysis. Only L2[0,T; L*(T")] regularity will be needed in the error estimates.
To summarize, for the choice of piecewise linears (in space), we choose:

Up ={vn € C(Q) : vp|T € P1, forall T € Ty},
G = {un € C(T') : ual| | € Py, fori=1,.., Ny}

Zi,[%i+1,T

Case 2: Constrained Controls: Analogously to the previous case, we employ the variational
discretization concept (see e.g. [65]) which allows the natural discretization of the controls via
the adjoint variable. In this case, we do not explicitly discretize the control variable, i.e., G, =
L?[0,T; L*(T)].

Semilinear distributed optimal control problem. Similarly with the boundary control problem,
the fully-discrete approximations are constructed on a partition 0 = t° < ¢ < ... <tV =T
of [0,T]. On each time interval (t"~1,¢"], of length 7, = t" — t"~1, a subspace U} of H} (), is
specified, and it is assumed that each U} satisfies the classical approximation theory results (see e.g.
([34]). We also assume that the time-steps are quasi-uniform, i.e., there exists 0 < 6 < 1, such that
min,—1,.. N T > 0max,—1,.. N Tn. Now, we seek approximate solutions who belong to the space

U = {yn € L? [0,T; H(} Q)] : yh'(tn—l’tn] € Py [tnil,tn; U}

Here Py [t" 1, t"; U] denotes the space of polynomials of degree k or less having values in U}’. We
also use the following notational abbreviation, yn » = yn, Un,» = Uy, etc. The discretization of the
control can be effectively achieved through the discretization of the adjoint variable p. However, we
point out that the only regularity assumption on the discrete control is g, € L?[0,T; L?(2)].

By convention, the functions of U}, are left continuous with right limits and hence will subsequently
write (abusing the notation) y™ for y, (t") = yn(t"), and y* for yn(t"). The above notation will also be
used for the error e = y—y, function. Due to a well known embedding result Wp (0,7) C C[0, T; L%(2))
(see e.g. [43, Chapter 5]), the exact solution y is in C[0,T; L%(€)], so that the jump in the error at
t", denoted by [e"], is [e"] = [y"] =y} — y™.

Evolutionary Stokes problem with distributed control. Similarly a family of triangulations ([34])
denoted by {7Tp}r>0) of Q is defined in the standard way. We assume that to every element T' € Ty,
two parameters hy and pr denoting the diameter of the set T, and the diameter of the largest
ball contained in T respectively are assigned, and the associated size of the mesh is denoted by
h = maxrer, hr. The following standard properties of the mesh will be assumed:

(i) There exist two positive constants p7 and é7 such that ];—: < p7 and % < 7, VT € T}, and
Yh > 0.

(i4) Define Qj, = Upe7;, T and denote by Qy, and T, its interior and boundary respectively. We also
assume that the boundary vertices of 7, are points of T'.

On the mesh 7;, we consider two finite dimensional spaces Y, C H§(Q) and Q) C LZ(Q2) constructed
by piecewise polynomials in €2, and vanishing in 2 — ;. We note that under the above structural
assumptions, if  is convex, then Qj, is convex, and |Q — Q| < Ch%. The above assumptions are
enough in order to obtain an estimate for the cases, where the initial data belong to W(Q2) or V().

The assumption on the domain to be convex and polygonal (or polyhedral in R?) is necessary since it
is not known if convexity is enough to guarantee the H? elliptic regularity of the stationary Stokes
equations in R3. Furthermore, more regularity on the boundary I (C?), implies H? regularity of the
stationary Stokes, but typically demands much more complicated elements. When dealing with higher
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order schemes, we emphasize that additional smoothness on I' should be assumed see for instance
[35, 102], together with compatibility conditions in order to guarantee the appropriate regularity of
the solutions.

Standard approximation theory assumptions are assumed on these spaces. In particular, for any
v € H*H(Q) N H{(Q), there exists an integer £ > 1, and a constant C' > 0 (independent of h) such
that:

U}ig‘f{' v — vn a0y < CR 7 v]lgmsi(qy, for 0 <1< fands=-1,0,1. (3.1.1)

Also for any ¢ € H'(Q) N L3(Q), then

inf g = gnllz2(0) < Ch'llgll i), for 0 <1<L. (3.12)
qhE€QR

In addition, the spaces Y} and @ must satisfy the inf-sup condition, i.e., there exists C' > 0
(independent of h) such that

. b(vn, qn)
inf sup
€Qn v,eYy [onllE (@) lanllz2 @)

(3.1.3)

We also consider the discrete divergence free analog of Y}, denoted by
Uy, = {vh € Y : b(vn,qn) =0 Vg € Qn}.

We will also use inverse inequalities on quasi-uniform triangulations, i.e., there exist constants C, ¢ > 0,
such that |Jvp |l g1q) < C/hllvnllz2(0), and |Jvpllz2@) < ¢/hl|lvallgr )+, etc. Approximations will be
constructed on a (quasi-uniform) partition 0 = t° < t! < ... <tV = T of [0, 7], i.e., there exists
a constant 0 < < 1 such that min,—1  n(t" —t"71) > O max,—1 . n(t" — t""1). We denote by
T =" — "L 7 = max,—1,. n 7" and by P[t" L, t7 Y], Pe[t" L, 17 Uy, and Pe[t" Lt Qu)
the spaces of polynomials of degree k or less having values in Y}, U, and @Qp, respectively. We seek
approximate solutions for the velocity and the pressure who belong to the space

Vi = {yn € L*[0, T; HE(Q)] : ynl(pn-1,m € Prlt™ 1" Y]},

U, = {yh S LZ[O,T; H(l)(Q)} : yh|(tn—l)tn] € P [tnil,tn; U;,,]},

On = {yn € L*[0,T; L§(Q)] : yn|(pn-1,n) € Pr[t™ ", 1" Qnl}-
The following remark highlights why the use of same degree of polynomials with respect to time is
the natural choice for the discretization (in time) of the pressure.

Remark 3.1.1. [t is obvious that the analogue of the discrete divergence free subspace of P[t"~1,t";Y})
is, ZP = {vp € P[t" 1, " Y] fttn,l b(vn,qn) =0, Vaqn € Py[t" 1,t";Qnl}. Then, [32, Lemma
2.9] states that Z;' = Py[t"~1,¢";Uy). Therefore, we may write that

Zp

T
{vh €Vn: / b(vh,qn) =0, Vaqn € Qn}
0

{’Uh €V : ’Uhl(tnfhzn] S Z;LL}
{vh ISR Uh'(tn—17t7l] € Pk[tnil,tn;Uh}} = Up,.

We refer the reader to [32, Section 2] for more details.

In the above notations, by convention, the functions of U}, are left continuous with right limits. Thus,
we will write y™ for y(t") = y(t"), yiA for y(tiﬁl)7 ypy for yp(t") = yn(t™ ), and yj, for y(t%), while
the jump at ¢, is denoted by [y'] = y}! + — Y, In the above definitions, we have also used the
following notational abbreviation, yn r = yn, Yh,r = Vb, Un,» = Uy, etc. This is due to the fact that
the time-discretization parameter 7 can be chosen independent of h.
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We emphasize that other schemes (including schemes of arbitrary order in time and space) will
be inclued in our proofs. However, the limited regularity will be acting as a barrier in terms of
developing estimates of high order, at least in presence of control constraints. The case of the lowest
order scheme, in time and space, has been treated in detail in the recent works of [13, 14] for the
velocity tracking problem of Navier-Stokes flows, with control constraints, when data yo € V(Q2),
f € L?[0,T;L2(Q)).

For the control variable, we have two separate choices for the constrained and the unconstrained case
respectively. In both cases our discretization is motivated by the optimality condition.

Case 1: The Unconstrained Controls: = We employ the natural space-time discretization
which allows the presence of discontinuities (in time). In particular, we define by G, = ). Only
L?0,T;L2(Q)] regularity will be needed in the error estimates.

Case 2: Constrained Controls : Analogously to the previous case, we employ the variational
discretization concept see e.g. [65] which allows the natural discretization of the controls via the adjoint
variable. In this case, we do not explicitly discretize the control variable, i.e., G, = L2?[0, T; L2(Q)].

3.1.2| The fully-discrete optimal control problem

Robin boundary control problem. The discontinuous time-stepping fully-discrete scheme for the
control to state mapping Gy, : L%[0,T; L*(T')] — Uy, which associates to each control g its state
Gr(g) = yg.n = yn(g) is defined as follows: For any boundary data g € L2[0,T; L*(T')], for given
data y° € L%(Q), f € L2[0, T; H'(Q)*], and target yq € L2[0, T; L*(Q)] we seek yj, € Uy, such that for
n=1,..,N, and for all v, € Py[t""1,t"; U],

+n

Gt +
t

n—1

( — (Yns vne) + a(yn, vn) + Myn, Uh)r)dt

n

= (yZ’lyvﬁllH/tM ((fyvh>+)\<g7vh>r)dt. (3.1.4)

We note that in the above definition only g € L2[0,T; L*(T)] regularity is needed to validate the
fully-discrete formulation. Stability estimates at partition time-points as well as in L2[0, T; H ()] and
L2[0,T; L*(T)] norms easily follow by setting vj, = yj, into (3.1.4). For the estimate at arbitrary time-
points, we may apply the techniques which were developed in [31, Section 2] for general linear parabolic
PDEs, (see also [23, Section 3] for stability estimate for semilinear parabolic PDEs with Robin data).
Similar to the continuous case, the control to fully-discrete state mapping Gy, : L2[0, T; L*(T")] — Uy,
is well defined, and continuous. The definition of the discrete Robin boundary control problem, now
follows:

Definition 3.1.2. Let f € L?[0,T; H'(Q)*], yo € L*(Q), ya € L?[0,T;L*(Q)] be given data.
Suppose that the set of discrete admissible controls is denoted by Afzid =GN Aad, and let Jy(yn, gn) =
%fOT Jo lyn — yal?dadt + & fOT Jilgn|?dzdt. Here the pair (yn,gn) € Un x A, satisfy (5.1.4). Then,
the pair (Yn, gn) € Up x Agd, is said to be an optimal solution if Jy(gn,gn) < Jn(wp,up), V(wn,up) €
Z/{h X Agd'

The existence the discrete optimal control problem can be proved by standard techniques while
uniqueness follows from the structure of the functional, and the linearity of the equation. The
basic stability estimates in terms of the optimal pair (i,gn) € Wg(0,T) x L%[0,T; L*(T)] can
be easily obtained. We close this subsection by quoting the estimate at arbitrary time-points,
for schemes of arbitrary order under minimal regularity assumptions, adapted to our case from
[23, Section 3]. The estimate highlights the fact that the natural choice of the discrete energy
norm for the state variable associated to discontinuous time-stepping schemes is ||.||wy 0,1 =

-l 20,7581 ) + 1l oo, 72201 + - 22j0,7:02 (0 -
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Lemma 3.1.3. Let yo € L2(2), f € L2[0,T; HY(Q)*]. If (yn,gn) € Up x A%, denotes the solution
pair of the discrete optimal control problem. Then,
AN /2 .
Il < Cmax (1, (3) U aiay + 1 s )

Here, C' > 0 depends on 1/Cpmin{n, A\}, Cj and Q but not on a, 7, h.

Proof. We will sketch the proof:
Step 1. Since (g3, 0) is an admissible pair for the discrete problem it is
_ 1T 2 2 2
J(Yns gn) < J(Gn,0) = 5 9n = yallz2) < C (Nrll 220,020 + 1¥allz207,22(0)
2 Jo

<cC (Hf”LZ[(LT;Hl(Q)*] + lyoll 2y + ||de2L2(Q)) .

Step 2. Setting vy, = yp, to relation

" t"
(ynzvn) + /t (<7yh7vht> + a(yhyvh) + A <Z/}L7Uh,>r) = (yn717 ’Ui_l) + \/t (<fa Uh> + A <gh7vh>r)

n—1 n—1

we have

1 nn2 1 n—11112 1 n—1112 & . 2 A
5 1" a0 + 5 ™) — 3 9" ooy + - Cp min{n, Ayl @) + 7 lynll 2y ) dt

m
1 . 2 2
S A IR A A
" 2 .
Next we use the bound for [, , lgnll2(ry dt from the relation J(yn,gn) < o AN 20,7000 (2
2
+ 1Yol 20y + Hyd”L?(ﬂ)) and we have

n—1

A

ni2 2 . 2 2

157 sy + 2 N5y + [ (Crmin{nd } sy + Mlonlqry) < G max{1, 23,
i=1

Step 3. For the bound in arbitrary time points we use the exponential interpolation 670@7,5”71)%
denoted by ¥,

e i
/ (Ynes yp)dt - = / (Yne, yn)e™PE" Dat
¢ ¢

n—1 n—1

1, . (4 g 1 peioy2 1y 12
= 5”9 Hi%g)@ Pt 1)+5H[y I}HLZ(Q)*iHy 1||L2(Q)

o

p _ _yn—1

+§/ lynll () € P gt
$n—1

/fti (‘a(ym %)‘ +A ’<yh7 @hm + ‘<f @h>

From projection theorem ¥, is bounded from yj, also it is

IN

+>\‘<gh’@h>rb dt.

" t"
2
/t \a(yh,yh)\dt < Ck/ . HyhHL2[tn—l’t1:,;H1(Q)] dt,

n—1 tn
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" " "
~ Cr . .
/ <f7 Uh>’ dt < 7Ck min{7, )\}/ . Hfoql(Q)* dt + Crp min{n, )\}/ ) Hyhllipm) dt,
t tn— tn—

n—1 F

. . A
/ A\<gh,yh> \+A1<yh,yh> ]dts/ ||gh||iamdt+ck<A+—>/ lynll72r dt.
tn—1 N T n—1 a n—1

So
1 9 T T 1y iz o [ 9 A
5 18" 17200y € o I Moy = 3 N ey + 5 [ Iy et

-
1 . .
<Gk / (—CF min{n, A} |5 - + (1 + Crmin{n, A lunllzs o) + e lgnl 72
t

+(A+ ;) YLz (ry)dt
and finally for p = i we take

1 — 1 n— 1 n— — "
5 Hyn“i?(ﬂ) € ! + 5 H[y 1]”?2(9) - 5 ||y 1Hi2<g> + (e 1/27—71) /tn—l Hyh“iz(ﬂ) dt

" (min{p, A} .
<O [ (A1 + -+ Coming AD ol oy +  lon
tn—

A2 9
+(A+ E) lynllzzy)dt )

also from the inverse estimate Hyh”iz(m < % f:,:l,l Hyh”il’(ﬂ) dt we have

n

ne1||2 .
Hyh‘|L°°[t"*1,t",C2(Q)] < Ck(Hy 1||L2(Q) + / ) ((1/CF) min{n, A} HinIl(Q)*

Jin—
. 2 2 2
+ (- Cpmin(n, ) 911y + @ lonlaey + A+ 3/0) ey ) )
then the term ||gh||iQ(F) is bounded like before and we have the desired estimate.

We note that the above estimate is valid even if the control constraints are present assuming that
0€ Ad,. |

Semilinear distributed optimal control problem. The discrete state equation can be defined as
follows: Under the assumptions of Definition 2.2.5, we seek state y, € Uy, such that for any
gn € L2[0,T; L* ()],

o)+ [ (= o)+ o)+ o))t = )

n—1

n—1

o
b [ () o) Vo e P e O (3.1.5)
t
for n = 1,..., N. The discrete admissible set A%, and the discrete (local) optimal control problem is
now defined analogously to the continuous problem.
Definition 3.1.4. Suppose that the assumptions of the previous Chapter hold.
1. A, = {(yn, gn) € Up x L20,T; U] such that (3.1.5) holds }.

2. Discrete (local) Optimal Pair: We seck pair (yn, gn) € A%, such that J(yn, gn) < J(wy,up) for
all (wy,,up) € AL, when
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lyn — wallzz0,75m2 @) + yn — wallLoso,rs2 )] + 190 — unllL2o,7;22(0)) < 6" for &' > 0 appro-
priately chosen.

Let g, be the solution of (3.1.5) without control. Without loss of generality, it is understood that the
pair (§s,0) € A%, and ¢’ are chosen in a way to guarantee that J(yn, gn) < J(Jr,0). The proof of
existence of optimal solution of the discrete problem and its corresponding discrete optimality system
of equations (first order necessary conditions) require stability estimates for the solution of (3.1.5),
under minimal regularity assumptions (see e.g. [22, Section 3]). These stability estimates are also
needed for the derivation of error estimates. The [lyn|lx = |ynllLo[0, 72 + 1Yl L2(0,7;11 ()] nOrm
is used as the natural energy norm associated to the DG formulation, since the discrete time-derivative

does not possesses any meaningful regularity due to the presence of discontinuities.

Now we are ready to state stability estimates for the discrete optimal control problem. Under an
additional assumption on the semi-linear term, we derive a stability bound, which improves the
dependence of T upon the penalty parameter o compared to the result of [22, Lemma 3.6].

Assumption 3.1.5. Suppose that {t"})_, denotes a quasi-uniform partition of [0,T]. In addition
to Assumption 2.1.1, we assume that ¢ satisfies the following assumption: For alln =1,....N and
81,89 € L2[t" 1,7 L2(Q)], with |51 — s2llp2pn—14m,02() < €, for some € > 0, there exists Cp, > 0
(algebraic constant) such that

H(}S(Sl) - ¢(82)HL2[tn—17tn;L2(Q)] < CL||81 - SQ"LZ[tn—17t71;L2(Q)].

Remark 3.1.6. In the remaining of this paper, we will denote by Cp, constants that depend only
upon Lipschitz constants of Assumptions 2.1.1 and 3.1.5, and by C}, constants that depend upon k.
Both constants can be different in different appearances.

Lemma 3.1.7. Suppose that yo € L*(Q), ya € L*[0,T;L3(Q)], f € L%[0,T; H-Y(Q)] are given
functions, and let ¢ satisfy Assumptions 2.1.1, and 3.1.5. If (yn, gn) € Up, x L2[0,T; U] denotes a
solution pair of the discrete (local) optimal control problem, then

T T
/0 i — yall 2 gt + (@/2) / g l12 gyt

T T
< O (I ey + (/) / 1% -1 gyt + / a2 oy tt) = Ci

where C' is a constant depending only on 2. In addition, for alln=1,....N

n—1 "
™17 () + Z Iy 1720 +/0 nllynllFr ydt < Dyst,
i=0
with Dy = Cstmax{171/a1/2}. Let 7 = max;—1, .7, with i, = ¢ — =L If 7 <

min{Ck/8(),;6’;/27 Cral/? /8, then the following estimate holds:
||th2Lac[o,T;L2(Q)] < CDyst,

where C' depends on (C¢/n),Cx and Q but not on o, T, h.

Proof. For the first two estimates we simply note that J(yn,g9n) < J(gn,0) =

(1/2) fOT lgn — UHQLz(mdt, where g, corresponds to the solution of (3.1.5) without control. The
estimate on gy, follows from [31, Section 2]. For the second estimate, we set v, = yj into (3.1.5), and
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use Young’s inequality to obtain

g

1/2My" 1220 + WUz +n/ » llynl1Z (gt

tn

ng n

t
< (/D sy + W00 [ ol + a2 [ gl aayt
tn— tn—

The estimate now follows by adding the above inequalities and using the first estimate. For the
estimate at arbitrary points, the proof uses ideas of ([32]). For completeness, we sketch the proof. Set
vp = §p into (3.1.5), where §, is the exponential interpolant of e=#(=t" "y, of y, (for some p > 0)
and defined as in Appendix A’2. Then, the definition of g allows to obtain

t"™ "
_ g1 m_n1
/ (yimyh)dt:/ (Ynesyn)e 0V dt = (1/2) |y 72 e ")
pn—1 1

.
/D5 e+ (0/2) [ lon @) ape et (316)

Hence, integrate by parts with respect to time in (3.1.5), and using (3.1.6), we obtain

n—1

/2" 72 @e "+ /2" M) — A/2)y" Iz

/D) [ e+ [ (o)

tn gn—1

" " tm
< / \ayn, Gn)|dt + / gt + / (g )\t
t

n—1 tn—1 tn—1
Using Lemma A.2.2, we may bound g, in terms of yp in various norms. In particular, using Young’s
inequalities, we obtain

n _ _yn—1 _ -
(1/2)lly" e ") + /2" 20 — /2" 20

" ot"
Ho/2) [ @B e " s [ (o). e
tn—

tn—1

9
<l [ s+ (Coot )l s o)
t

A
+/ ) (al/lethi?(m+(1/a1/2)||th2m<n>)dt>~ (3.1.7)
tn—

It remains to bound the semi-linear term. For this purpose, using Assumption 2.1.1, we obtain,

o, o
[ omamde = [ @) - o).t
- n—
Moving the last integral on the right hand side of (3.1.7) we obtain a bound as follows: Lemma A.2.2,
implies that the difference y; — y5, remains small. In particular, using the previously derived estimate

_ 1/2
on [|ynll L2(0,7;22 () we may bound |[yn—n || 2pem—1,em;2200)) < CrepTallynllp2pm—1 4m;02 Q) < CrpCyf ™.
Therefore, we deduce from Assumption 3.1.5, and Holder’s inequality

A

-
/ (p(yn) — d(Fn), gnydt < CLlyn — Ynll2fen—1em;02 @) 10l L2en -1 em:02(02))

tn—1

IN

34T
CkCLPTnCslt/Q/t B lynl? () dt.
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Collecting the above inequalities into (3.1.7), we obtain

7 —p(t—t"~1 n— n—
/2" 1Z2pe ") + (/2" 2@ — 1/2My" iz
ot

_(pqn—1
Ho/2) [ @I D
tn—
i
< Ck/ (Hf”?rl(n) + (Ce + Myl o) + 041/2||9h||%2(9))dt
t*ﬂ,fl
2y 1
+ ((1/a1/2) + CrCrLpmCyf )/ : Yl 2 () dt
tn—
i
< Ck/ <Hf||§rl(n) + (Ce+0)llynllF ) + a1/2||9h||%2(sz))dt
tnfl

70 ((1/02) + CeCLpraCl?) Nl s 13(a0)-

Hence, selecting p = 1/7,, and using the inverse estimate ||yh|\2Loc[t,,_1Atn.L2(Q)] < Cx/Tn fft,n,l Hyh(t)H%g(Q),
we observe that the last term on the left hand side can be bounded from below by,

vV

t" t"
/) [ IOyt = 2 [ 0o
tn— tn-

> CrllynllFoopn-1,m:12())-

\%

It remains to bound the last term at the right hand side. Choosing 7,, > 0 in a way hide this term on
the left hand side, at the right hand side, i.e., Cslt/2CkCLTn < Cy/8 and (1,,/a'/?) < Cy/8, i.e., for
7 < min{ (Cy/8CLCL7, (a/2Cy,/8)} we obtain,

(U Dynll7 e n-1,em. 220y < 1" 720

™

40 [ (1Bis + (ot il + a2l ).
tn-

The estimate now follows by using the previously derived estimates at the energy norm and at

partition points. O

Remark 3.1.8. The Assumption 3.1.5 is also helpful in order to minimize technicalities in the
subsequent derivation of symmetric error estimates. However, we note that if the growth condition
is satisfied with exponent 1 < p < 2, it can be easily shown that ||¢(yn) — ¢(Fn)llL2pm—1m;02 () <
C(Cst, Ci)llyn — gnllL2pn—1,m;02 () -

Similar to the case of [22, Theorem 3.8], (where ¢ satisfies growth and monotonicity conditions) the
following convergence result can be established when the same subspaces are being used at every
time interval, i.e., U = U, C H§(Q), for n = 1,..., N. under minimal regularity assumptions.

Theorem 3.1.9. Given fived h and partition 0 = t° < t* < ... <tV = T of [0,T], with 7 =
max;—i,.. N T, satisfying the assumptions of Lemma 3.1.7, and let the Assumption 2.1.1 hold. Suppose
also that f € L2[0,T; H-1(Q)], yo € L*(Q), ya € L?[0,T;L?()] and let « > 0. Then, for Uy =
Up C H}(Q) and for quasi-uniform time-steps, we obtain,

o There exist yp, € Uy, and g, € L2[0,T; L3(Q)] such that the pair (yn, gn) satisfies the discrete
equation (3.1.5) and the functional J(yp, gn) is minimized.

o The discrete pair (yn,gn) converges as 7,h — 0 to solution (y,g) of the continuous optimal
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control problem, in the following sense:

yp —y  weakly in L*[0,T; HE(Q)],
yh —y  weakly-* in L0, T; L*(Q)],
yn —y  strongly in L2[0,T; L2(Q)],
gn — g  weakly in L*[0,T; L*(Q)].

Remark 3.1.10. The stability estimates under minimal regularity assumptions are valid even when
different subspaces are being used at every time interval. The convergence result of [22, Theorem 3.8]
is based on a discrete compactness argument of Walkington (see [110, Theorem 3.1]) for discontinuous
time-stepping schemes which is established when U]l = Uy. However it is possible to extend the main
result even in case of different subspaces. We note also that the proof of Theorem 3.1.9 requires only

the growth and monotonicity assumptions of Assumption 2.1.1.

Evolutionary Stokes problem with distributed control. The discontinuous time-stepping fully-
discrete scheme for the control to state mapping G, : L?[0,T;L?(2)] — U, associates to each
control g the corresponding state Gp(g) = yg.n = yn(g): For any data g € L2[0,T;L%(Q2)], for given
data y° € W(Q), f € L?[0,T;V(Q)*], we seek y, € Uy, such that for n = 1,...,N, and for all
Vp € Pk[t"fl,t"; U'h]7

+n n

o)+ [ (= v+ atunon))at = 6o+ [ (o o) at. (318)

tn—l
Stability estimates at partition points as well as in L2[0, T; H ()] norm easily follow by setting vy, = y,
into (3.1.8). For the estimate at arbitrary time-points, we refer the reader to [32, Appendix A]. Thus,
the stability estimates imply that the control to fully-discrete state mapping Gy, : L2[0, T; L2(Q)] — Uy,
is well defined, and continuous. Similar to the continuous case, when more regularity is available to
data, i.e., yo € V(Q), f € L2[0,T;L%(Q)], then we seek (yn,pn) € U, x Oy, such that the following
formulation is satisfied : For n = 1,..., N, and for all v, € P[t" 1, t";Y}], gn € L2[0,T; L3(R),

t" "
o)+ [ (= o+ alamyon) + b))t = o+ [ (1) + (g0m))
gn—1

gn—1 n

-
/ b(yn, qn)dt = 0. (3.1.9)
t

n—1

The fully-discrete optimal control problem can be defined as follows :

Definition 3.1.11. Let f € L*0,T;V(Q*, w € W({Q), wy €
L2[0,T; W(Q)] be given data. Suppose that the set of discrete admissible controls is denoted by
Al =GN Agg , and let J,(yn, gn) = %fOT Ja, lun — yal?dadt + § fOT Jo, lon|?dzdt. Here the pair
(Yn, gn) € U, x AL, satisfy (3.1.8). Then, the pair (Jn,gn) € Uy x A%, is said to be an optimal
solution if J},,(gh,gh) < J;L(wh,u;,,) V(w;,,, U}L) € Uy X 'Agd-

The existence and uniqueness of the discrete optimal control problem can be proved by standard
techniques. We close this subsection by quoting the estimate at arbitrary time-points, for schemes of
arbitrary order under minimal regularity assumptions, adapted to our case from [32, Section 4]. The
estimate highlights the fact that the natural discrete energy norm for the state variable associated to
discontinuous time-stepping schemes is ||.|[wg 0,7y = |- 20,7311 ()] + |-l oo 0,712 ()]

Lemma 3.1.12. Suppose that yo € W(Q), f € L2[0,T; V(Q)*]. If (g, gn)E€ Un x A%, denotes the
solution pair of the discrete optimal control problem, then there exists constant C > 0 depending on
1/v, Cy and Q but not on «, T, h, such that,

_ 2
15817 < 072201 < CAU/ (19l + 11 20, mv 001 )-
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3.1.3| The discrete optimality system

Robin boundary control problem. Using well known techniques and the stability estimates in
Wr(0,T), it is easy to show the differentiability of the relation g — yx(g), for any g € L]0, T; L*(T)].
Hence, the discrete analogue of Lemma 2.3.2; takes the following form:

Lemma 3.1.13. The cost functional Jy, : L*[0,T; L*(T')] — R is well defined, differentiable, and for
every g,u € L?[0,T; L*(T")],

‘]Ilz(g)u = /0 /F(}J/;L(g) + ag)udzdt,

where pp(9) = pgn € Wr(0,T) is the unique solution of following problem: For alln =1,...,N, and
for all vy, € Py[t" 1, t": U],

n

—(pg pyrvp)  + / <<,U«g,h,77}ht> + a(vp, pig,n) + A(Hg,h,,vh>r> dt

tn—1

-
ot + [ = e, (31.10)
e
where ;Lé\fh+ = 0. Here, yn,g = yn(g) is the solution of (3.1.4).

Thus, the fully-discrete optimality system takes the following form.

Lemma 3.1.14. Let (J1(gn), Gn) = (Fn, Gn) € Un x A2, denote the unique optimal pair of Definition

3.1.2. Then, there exists an adjoint i, € Uy, satisfying, iy = 0 such that for allvy, € Py[t" =1, t";Uy)},
and for alln=1,..,N

e

@)+ / (= (s ome) + G 0n) + MG v dt
t

n—1

.
_ (gz,_l,vZfH/ ((fyon) + Agn, vn)r) dt, (3.1.11)
tn—
.
et [ G on) + 0 )+ M o))
tn—
—(ﬁ;;;l,v,’;;l)Jr/ (Tn — ya, vp) dt, (3.1.12)
tn—l

and the following optimality condition holds: For all uj, € A%,

T
1) Unconstrained Controls: / (agn + Afin, up)rdt = 0, (3.1.13)
0

T
2) Constrained Controls: / / (agn + Aan) (up, — gn) dzdt > 0. (3.1.14)
o Jr

Estimates for the adjoint variable at partition points and in L2[0,T; H!(Q2)] can be derived easily,
while for an estimate in L>°[0, T; L(2)] we refer the reader to [23]. The following estimate highlights
the fact that the discrete solutions produced by discontinuous time-stepping schemes posses the same
regularity properties of the continuous problem.

Lemma 3.1.15. Let (yn,gn) denote the discrete optimal solution and (gp, fin, gn) satisfy the system
(3.1.11)-(3.1.12)-(3.1.13) or (3.1.14). Then,

6l o< o,z g + A 2Nl oo po.7iz2ry) < CllGn — all 20,7222 ()
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where C' does not depend on «, T, h but only on 1/n, C, Q.

Proof. The proof follows based on the techniques of [32, Theorem 4.10], modified in order to handle
the Robin boundary data, and the backward in time nature of our pde. First, we note that u(T") = 0,
and y, — yq € L°°[0,T; L?()]. Hence, at each time t € (t"~1,¢"] let a,(.) € U denote the following
discrete approximation of the Laplacian (with Robin boundary data),

(ap,vn) = (1/n)a(pn, vn) + (A/0)(En,vn)r, Vup € Up.

Thus, a, € Pi[t" !, U], and hence setting vp,(.) = jin(.) € Uy, and vp,(.) = a,(.) € Uy, we obtain

d _ _ _
(1/2)E(||VuhH2Lz<n) + (A MlinllLzay) = (ap, fine),
and
a(ﬂha ap) + /\<ﬂh7 ap>F = T](apv ap)-
Integrating by parts in time (3.1.11), setting vj, = a, into the resulting equality, using the last two

equalities, the definition of a, (t"), i.e., (ap(t"), ity . —fy) = (Viaq, V(@ —ip)+N ) (@5, By —ip)r,
and standard algebra, we obtain,

ng

A/ oy + V2O oy +1 [ el
Jgn—1
< (1/2)IVaRy 2@ + A20)lEr | e +/ 1(’!3;1 — Yd, ap)dt.
tn—

The above inequality implies bounds at the partition points, and hence bounds in
L®°[0,T; HY ()], when k = 0,1 after inserting the stability bound on g;,. For high-order (in time)
schemes, we directly follow the approach of [32, Theorem 4.10]. O

Semilinear problem with distributed optimal control. The fully-discrete optimality system is
defined as follows: We seek yp,, ju5, € Uy, such that for n = 1, ..., N and for every vj, € Py[t" 1,7 uprl,

")+ / (= (oo ne) + alyn,on) + (D(n), ) ) de

= (y"‘17vi’1)+/tt” (<f,vh>+(gh7vh))dt, (3.1.15)

n—1

g

) [ (b + alonm) + (6 o))t
.

o
= —(uﬁ_ﬁl, 1}_7_71) +/ (Yyn — Ya, vn)dt, (3.1.16)
t

n—1

T
/ (agn + pn,up)dt =0 Yuy, € L20,T;U7). (3.1.17)
0

Here, 3° = yno, uf =0, f, yq are given data, and ypo denotes an approximation of yq.

Remark 3.1.16. For low order schemes (k = 0, or k = 1) the proof of existence of the discrete
optimality system can be derived by standard techniques. For high order schemes, we refer the reader
to [23, Section 4].
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Remark 3.1.17. Note that testing the optimality condition (3.1.17) with functions of polynomial
in time structure, we may easily see that (3.1.17) is equivalent to ftt,,,,l (agn + pn,vn) = 0 for all
v, € Plt" 1, ¢ 0P, andn=1,...,N.

The remaining of this section is devoted to stability estimates on the adjoint variable pp. These
estimates will play a crucial role in the subsequent analysis of error estimates for the fully-discrete
optimality system.

Lemma 3.1.18. Suppose that yo € L?(Q), yq € L*[0,T; L*(Q)], f € L?[0,T; H1 ()] are given
functions, let ¢ satisfy Assumptions 2.1.1-3.1.5. If (yn, pn) satisfy (3.1.15)-(3.1.16)-(3.1.17) then

T
/ Hl%”%z(g)dt < Cqa,
0

N

T
11220 + 3 M2 + 7 / a3 gyt < Cra/?
=1

and forn =1,...,N, ”“171”%2(3) < Cg0’?, where Cyy is defined in Lemma 3.1.7. Suppose that
in addition to the assumptions of Lemma 8.1.7, T = max;—1,.n7;, satisfies ((DysiCECE/4n) +
(Cr/4a?))T < (1/4). Then, we obtain,

ll1nl|7 s 0,7:22 ()] < CCs@™? = Dyt

where C' does not depend on o, 7, h, but only on C./n,Cy and Q, and Dy denotes the stability
constant of Lemma 3.1.7.

Proof. The first two estimates are identical to [22, Lemma 3.8]. For the estimate at arbitrary time, we
proceed as follows. Similar to [22, Section 4], we set v, = i, where fip, is the exponential interpolant
e~ P =Yy of py, (for some p > 0) and defined as in Appendix A’2 (suitably modified to handle the
backwards in time problem). Then, the analog of (3.1.7), takes the form

n— —p(t—t"1t ) n
/215 N Zaye ™) + (/2" Z2 ) — /285120

" n—1 ¢ B
+(P/2)/ . [l (B3 2y~ >dt+/ (9" (yn) s fin)dt
tn— t

n—1

i
<Ci [ (Innlip oy + o/ ey + 02l = walliae )t (3119
n—
It remains to treat the semi-linear term. Note that adding and subtracting uy,, the semi-linear term
takes the form,

g

t" "
/ <¢’(yh)umﬂh>dt=/ <¢'(yh)uh,ﬁhﬂtn)dt+/ (&' (yn) o, pan )t
t

n—1 tn—1 gn—1
Hence, we may drop the last term due to the monotonicity of ¢, and move the first term at the

right hand side. Then, using the Lipschitz continuity of ¢, the interpolation inequality H'Hi‘l(n) <
Cll- 2 ll-ll 21 (), Holder’s inequality, and Appendix A’2, we obtain,

+n

o
/ (&' (yn ) e, i — o) |dt < CL/ llynllzo llenll el En — pnll L )dt
¢ —1

n—1 tn
1/2 " 1/2 1/2 _ /2 - 1/2
< CCLDYG | Nl ety il ey i — bl 2t i = pan 377y
tn—

1/2
< CkCLDyétanH/UL||L2[t"*1,t”;L2(Q)]”,uhHLz[t”*Rt";Hl(S))}
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Therefore, using Young’s inequality with § > 0, we deduce that
" o
/ &' (yn)ian, iin = pn)|dt < (CRCE Dysep® i [40) | 1|72 (im -1 m. 120y + 77/ 1 [l 1371 oyt
. -

n—1 Jn

Then, combining the last three relations into (3.1.18) and selecting p = 1/7,, we obtain the desired
estimate working identical to Lemma 3.1.7. O

Remark 3.1.19. We close this section by noting that the discrete stability bounds for the adjoint
variable scale better in terms of the parameter o compared to stability constant of the state variable,
as exrpected.

Stokes distributed optimal control problem. Using well known techniques and the stability es-
timates in Wg(0,T), it is easy to show the differentiability of the relation g — yn(g), for any
g € L?[0,T; L2(Q)].

Lemma 3.1.20. The cost functional Jy : L2[0,T;L2(Q)] — R is well defined, differentiable, and
for every g,u € L?[0,T;L%(Q)],

Tn(g)u = /0 /Q (1n(g) + ag)udzdt,

where (1, (g) = pg,n € Ws(0,T) is the unique solution of following problem: For alln =1,...,N and
for all vy, € Py[t"1,t™; Uy,

s [ (s one) + o)) = G i)+ [ (g — v onde,
tn— tn-
(3.1.19)

where ,uf]\{+ = 0. Here, ygn = yn(g) is the solution of (3.1.8).

Thus, the fully-discrete optimality system takes the following form.

Lemma 3.1.21. Let (gn(gn),gn) = (Un,gn) € Un x Agd denote the unique optimal pair of
Definition 3.1.11. Then, there exists an adjoint fip, € Uy satisfying, ﬂf = 0 such that for all
vy € PRt 1, t7; U}, and for aliln=1,...,N

@)+ / (=) + i o)) de = G+ [ (oon) + @)

n—1 tn—1
t" "
) 4 [ o)+ an ) de =~ o) + [ - )

and the following optimality condition holds: For all u, € Agd,

T
1) Unconstrained Controls: / (agn + fin, up)dt = 0, (3.1.20)
0

T
2) Constrained Controls: / (agn + fin) (up, — gn) dzdt > 0. (3.1.21)
o Jo,

Remark 3.1.22. Similar to Remark 2.3.7, if p € L?[0,T; L%(Q)], then equations (5.1.20), (3.1.20)
can be rewritten in the following equivalent form: For all vy, € Pr[t" ;Y 4]}, qn € L2[0,T;Q4),



174 3. Approximation and Numerical Analysis

and for alln=1,..,N

. .
(me+/ (%%wm+a@MM+Mwﬁth4%“WKU+/ (o) + s on)
t

tn—1 n—1

o
/ b(Jn, qn)dt = 0, (3.1.22)
t

n—1 t n t n

—mmwm+/ UMWM+MMWM+W%%DMZ%WfWHU+/ (5 — o on) dt

tn—1 tn—1

.
/ b(jin, qn)dt = 0. (3.1.23)
tn—1

Estimates at partition points and in L2[0, T; H!(2)] can be derived easily, while for an estimate in
L>[0,T;L?(2)] we refer the reader to [32]. The following estimate clearly highlights the fact that
the discrete solutions produced by discontinuous time-stepping schemes posses the same regularity
properties of the continuous problem.

Lemma 3.1.23. Let (yn,gn) denote the discrete optimal solution and (gp, fin, gn) satisfy the system
(5.1.20)-(3.1.20)~(3.1.20) or (3.1.21). Then,

||ﬂhHL<>c[o,T;H1(sz)] < Cllgn = yallpz,miez @)

where C does not depend on o, 7, h but only on 1/v, Cy, Q. If in addition , yo € V(R), f €
L2[0,T; L2(2)] then the solution iy, of (3.1.21) also satisfies

1gn | Loopo, im0 < C.

Proof. The proof is given for the forward in time evolutionary Stokes equations in [32, Theorem 4.10].
For the backwards in time problem, we simply note that g, — yq € L?[0,T; W(£)], and hence by a
simple modification of the technique, we obtain the desired result. O

Error estimates

Next we will study the rates of convergence in appropriate norms for the problems under consideration,
and we will introduce some results.

3.2.1 Robin boundary control problem.

The key ingredient of the proof is the definition of a suitable generalized space-time dG projection
capable of handling the low regularity of y; € L2[0,T; H*(2)*], and an auxiliary optimality system
which plays the role of a global space-time projection and exhibits best approximation properties.

3.2.1.1 | The fully-discrete projection

Let wp, z, € U, be defined as the solutions of the following system. Given data f, yo, and initial
conditions wl) = y, where y) = P,yo denote the initial approximation of ypo, zf = 0, we seek
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Wh, 2, € Uy, such that for n = 1,..., N and for all v;, € Pi[t" L, t"; Uy],

n—1

i
(wy,vp) + / ( — (wn, vre) + alwp, vy) + /\<wh7vh>r>dt
¢

;
(o) [ (o) + MG (3.2.24)
t 1

n—1

Gl [ ((onon) + alen )+ Ao o)
t

o

—(z o)+ / ) (wp, — yq, v )dt. (3.2.25)
tn—

The solutions wy, 2, € Uy, exist due to the regularity of g, i € Wg(0,T). The solutions of the auxiliary

optimality system play the role of “global projections” onto U,. The basic estimate on the energy

norm of §j — wy, fi — 2, will be derived in terms of local L? projections associated to discontinuous

time-stepping methods see e.g. [104].

Definition  3.2.1. (1) The projection P'°¢ : C[t"1 " L2(Q)] — Pplt" 1t Uy] satisfies
(Pv)" = Pyo(t"), and

o
/ (U - P,l,fcv,vh) =0, Yo, € 'Pkfl[tnfl,t"; Uh]. (3226)
t'n—l

Here we have used the convention (P°)™ = (P%)(t") and Py : L2(Q) — Uy, is the orthogonal
projection operator onto Uy C H'(Q).
(2) The projection PY°° : C[0,T; L2(Q)] — Uy, satisfies

Plh(/)cl) €Uy, and (Plhoc’l))‘(tn—l,tn,] = Pifc(’u|[tn—17tn]).

Due to the lack of regularity, and in particular the fact that § € L2[0,T; H(Q)] N H[0,T; H*(Q)*],
we construct a space-time generalized L? projection which combines the standard dG time stepping
projection, and the spacial generalized L? projection Qy, : H(Q)* — Uj. Recall that the definition of
Qp, states that (v — Qpv,vy) = 0, for all v € HY(Q)* and vy, € Uy, (see for instance [26, Section 2]).

Definition  3.2.2. (1) The projection Q¢ : C[t"~ 1" HL(Q)*] — Py[t" 1, t"; Uy satisfies
(@v)" = Quo(t™), and

o
/ (1) — Qifc117’l)h> =0, Yoy € 'Pkfl[tn_lﬂi"; Uh].
Jn—1

Here we also use the convention (Q%)™ = (QYv)(t") and Qp, : HY(Q)* — Uy, is the generalized
orthagonal projection operator onto Uy, C H'(Q).

(2) The projection Q\°¢ : C[0,T; H (Q)*] — U, satisfies

Ihocv €Uy and (Q’}'{)cv)‘(t“*%t"] = Qlfrfc(v‘[t”*l’t"])'

For k = 0, the projection Q¢ : C[0,T; HY(Q)*] — Uy reduces to Q¥°v(t) = Quu(t™) for all
te (@ ,t"],n=1,..,N.

The key feature of Q¢ is that it coincides to P, when v € L2[0,T; L2(Q)] i.e. , Pi°v = Q%
when v € L2[0,T; L?(Q2)], and hence exhibits best approximation properties, but is also applicable
for v = §, € L?[0,T; H(Q)*]. For the backwards in time problem a modification of the above
projections (still denoted by P'¢, Q¢ respectively ) will be needed. For example, in addition to
relation (3.2.26), we need to impose the “matching condition” on the left, i.e., (PX°)" "' = Py (¢ 1)



176 3. Approximation and Numerical Analysis

instead of imposing the condition on the right. In the following Lemma, we collect several results
regarding (optimal) rates of convergence for the above projection. Here, the emphasis is placed on the
approximation properties of the generalized projection Q;{’C, under minimal regularity assumptions,
i.e., for v € L2[0,T; HY(Q)] N H'Y[0,T; H*(Q)*] for the lowest order scheme.

Lemma 3.2.3. Let U, ¢ H'(Q), and P, Q¢ defined in Definitions 3.2.1 and 3.2.2 respectively.
Then, for all v € L?[0,T; H'TY(Q)] N H*1[0,T; L*(Q)] there exists constant C > 0 independent of
h, T such that

o ey

o = Pyl p2po.miz20)) < C(h ol 20,z oy + 7 0.1;22(5)])-

If in addition, k = 0,1 =1, and v € L%[0,T; HY(Q)] N H[0,T; H1(Q)*] then there exists a constant
C > 0 independent of h, T such that

v — Q¥ 20,7120 < C (hl|v]| L2070 ) + T2Vl 220,711 () + 0t L2071 (2)))

HU - QZOCU”LQ[O,T;H’(Q)] < C(HU”L?[O,T;H'(Q)] + (T/hz)HUt||L2[o,T;H1(Q)*])~

Let k = 0,1 =1, and v € L*[0,T; H*(Q)] N H'[0,T; L?>(Q)]. Then there exists constant C > 0
independent of h, T such that,

v — Q| 20 m1 () < C (Aol r2po,7 200 + T2 (Jvell 20,7 p20)] + 1Vl 2207 m2(62)))) -

Proof. See Appendix A’l. O

Remark 3.2.4. The stability estimate in L2[0, T; H(Q)] requires the time-step restriction of T < Ch?
due to the lack of regularity with respect to time. If v € L2[0,T; H*1(Q)] N H*1[0,T; L2(Q)] then
the first estimate of Lemma 3.2.3 implies that,

lv = PRvl| 2o mm @) < C (R0l 2o, ramer oy + 75 /R0 * D 20 12 ) -
Indeed, using [32, Theorem 4.3, Corollary 4.8], we obtain the following (local in time) estimates :

||v - P,l'fcvHL2[tn—l,t1:,;H1(Q)] < C(”U - thHLZ[tn—lA’tn;Hl(Q” + Tk+l||Ph1)(k+1> HL2[tn—l’tn,;H1(Q)])
<

C (R [vl p2gen—1 emsmrrer ) + /) [0 L2 n 2@y -

where at the last estimate we have used an inverse estimate. We note that if more regqularity is
available, the inverse estimate is not necessary. In particular if v+ ¢ L2 [0,T; HY(2)], then the
improved rate of O(h! 4+ 7F1) holds in -l 210,751 ()] morm. However, we note that for our boundary
optimal control problem the increased regularity v, € L*[0,T; H*(Q)] 4s not available. Hence, we
emphasize that the lack of regularity acts as a barrier for developing a true higher order scheme.
Working similarly we also obtain an estimate at arbitrary time-points, i.e.,

v — Pivl| e po,riz2()) < C (R HIwl| oo o.rsmri ) + 77 /RIETD | oo 0,702 (0)) -

Below, we state the main result for related to the auxiliary problem, which acts as the global
space-time dG projection. Our goal is to state that the projection error is as good as the local dg
projection error allows it to be, and hence it is optimal in the sense of the available regularity.

Theorem 3.2.5. Let f € L2?[0,T; H'(Q)*] and yo € L?(R) be given, and y,ju € Wgr(0,T) be the
solutions of (2.3.7)-(2.3.8)-(2.3.9) or (2.3.10), and wy, z, € Uy, be the solutions of (5.2.24)-(3.2.25).
Denote by e1 =y —wp, 11 = i — 25, and let e, =y — Qlocy, Ty = — P°ni, where PY° Q¢ are

defined in Definitions 3.2.1 and 3.2.2. Then, there exists an algebraic constant C > 0 depending only
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on Q such that,

N—1
Crmin{n, \}Hle1|1Z210. 7,11 (0 + Z leillZ2(ay + AlerlZzi0.722ary

i=0
< C(‘|€(1)H%2(Q) + (1/CF min{n, )\})(HEpHQL?[o,T;Hl(Q)] + )‘||6PH%2[O,T;L2(F)])7

N

Crmin{n, A}[r: H2L2[0,T;H1(Q)] + Z [ Hi%n) + Allr HiQ[O,T;LQ(I‘)]
i=1

< C((l/CF min{n, \}) (le1lZ 20722y + 7ol 210,081 c2))) + /\HTp|\2Lz[o,T;L2(F>})7

lewll 2o,z < C(llepll 2o r2) + 72 lepll L2po,r:m @) + lepllzzio.rr2ry)),

71l z20.7 220y < C(nllexllzzio 2y + Ipllzpo 2y + 72 (Irpll L2jo,m; i o)

+7pll L20,7:L2(0)) -

Here, wg = yg, where y}i denotes an approzimation of yo, and C' a constant depending upon on the
domain Q.

Proof. Step 1: Preliminary estimates. Throughout this proof, we denote by e; = § — wp, 11 = [t — 2,
and we split e1, 71 to ey = eyptep, = (Qizoclj—wh)'f‘@_Q;loc@), rL=T1ptTy = (Plhocﬂ—zh)'*‘(ﬁ_Pilocﬁ),
where Pi°¢, Q1°° are defined in Definitions 3.2.1 and 3.2.2. Subtracting (3.2.24) from (2.3.8),
and (3.2.25) from (2.3.9) we obtain the orthogonality condition: For n = 1,...,N, and for all
v € Pk[t"_l,tn; Uh]7

i

(€7, v7) +/ 1 (7 (e, vne) + aler, vn) +)\<el,vh>p)dt = (er Y0P, (3.2.27)
tn—

~Tee)+ [ (o) +atra o)+ Menor)dt =~ )+ [ (o
tn—1 tn—1
(3.2.28)

Note that the orthogonality condition (3.2.27) is essentially uncoupled and identical to the orthogo-
nality condition of [31, Relation (2.6)]. Hence applying [31, Theorem 2.2], we derive the first estimate.
In a similar way, the orthogonality condition (3.2.28) is equivalent to: For n =1,..., N, and for all
Vp € 'Pk[tn717 t"; Uh]7

.
=Tl [ ({rameom) + alrin ) + Mran, o))
pn—1
,
— (it [ ((enon) = alrn ) = Aol . (3.2.29)
-

Here, we have used the Definition 3.2.1 of the projection Pﬁfc, which implies that
ftil,1<rp,vht>dt =0, (rp4,vp) = 0, and (rg_zl,vﬁll) = 0. Setting vy, = 715 into (3.2.29), using

the Friedrichs’ inequality to bound the second and the third term on the left,

n

i
A
/t (a(r1h,T1n) + Mr1p, T1n)T)dt > / (g“VTUL”%?(Q) + §H7‘1hHZL?(r)

n—1 tn—1

Cr .
+5- min{ A, 0} [rin ) dt



178 3. Approximation and Numerical Analysis

Young’s inequality to bound the terms on the right,

t" t"
[ Newrmlar< [ ((Cominfanb /)l e + (€/Crmin{im) el )de
t —1

n—1 tn
i

t" t"
[ latrmlat < Comin{m/8) [ lranlrsgaydt + (C/(Comin{hnd) [yl ey,

n—1

and standard algebra, we obtain

1 1 1 A
Sl Za ) + 5 rnllZ2 () + 5l IZa@) + */ )72yt
2 2 2 4 s
Cpmin{,n} [ n [
Tl T e e R
. -

g

<c [ (a/Crminthmplenla + (1/Crmin{h Dl o + Aol )dt.
tn—

The second estimate now follows upon summation.

Step 2: Duality arguments. We turn our attention to the last two estimates. In order to obtain the
improved rate for the L2[0, T; L2(€2)] norm we employ a duality argument to derive a better bound
for the quantity ||e1p, HQLQ[O,T; L2(ay- For this purpose, we define a backwards in time parabolic problem
with right hand side e1, € L2[0,T; L?(£2)], and zero Robin and terminal data, i.e. )\qb-i-nad) |[r =0, and
¢(T) =0. For n =1,..., N and for all v € L2[0,T; H}(Q)] N H[0, T; H*(Q)*], we seek ¢ € Wg(0,T)
such that

/ﬁ;fl (6, ve) + alv, ) + AX($,v)r)dt + (p(t"H w(t" ™)) = /t;l (e1n, v)dt. (3.2.30)

Note that since ey;, € L=[0,T; L*(2)], then ¢ € L2[0,T; H2(Q)]N H'[0, T; L*(Q)] (see Theorem 2.2.1).
In particular, the following estimate hold:

oIl L2j0,7; 12 ) + 1 Dell 20,5220 + Ml L2j0, 020y < ClleanllLzpo,mszz)- (3.2.31)

The lack of regularity of the right hand side of (3.2.30) due to the presence of discontinuities,
implies that we can not improve regularity of ¢ in [0,7]. The associated discontinuous time-stepping
scheme can be defined as follows: Given, terminal data qb,{LV . = 0, we seek ¢, € Uy, such that for all
vp € PRt Lt Uy,

o i
— (s vp_) + / ((¢ns vae) + al(én, vi) + A{¢n, va)r)dt + (dnr 7”24-1) = /t”il(emwh)dt-
(3.2.32)

Hence using Lemma 3.1.15, the following stability estimate holds.

lénll oo, s ()] + Al DnllLooto, 2y < Crlleirllz2jo,r;r2 @) (3.2.33)

It is now clear that we have the following estimate for ¢ — ¢, which is a straightforward application of
the previous estimates in L2[0, T; H*(Q)], the approximation properties of Lemma 3.2.3, of projections
P¢ Qlo¢ and the boundary Sobolev inequality,

C(h+ 72 (18l L2po.rsm2 (0 + |6t L2(0,7:22(02)))
C(h+ 7 |lewn | 20,7120 - (3.2.34)

|6 — dnll2j0,m;m1 @) + Mb = nllL20,mi2) <
<

We note that the lack of regularity on the right hand side, restricts the rate of convergence to the
rate given by the lowest order scheme | = 1, k = 0, even if high order schemes (in time) are chosen.
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Setting v, = e1p, into (3.2.32), we obtain,
t" g
—(Shtrern-) +/t B (Ons€1nt) + alern, o) + Mon, exn)rdt + (o7 el ) = /t _1 leinlZ2(qdt-

Integrating by parts in time, we deduce,
o

—(Shprein) + (Ph_retp) + / (= (dntse1n) + a(Pn, e1n) + X¢n, e1n)r)di

Jin—1

-
:/ ewla@dt.  (3:2.35)
tn—

Setting vy, = ¢p, into (3.2.27) and using e; = e, + ey, and the definition of projection Qﬁl"c of
Definition 3.2.2 we obtain,

ot
(€Th—s ¥h-) +/ (= (e1n, Pne) + alern, on) + Aewn, én)r)dt
tn—1
m
=—(efptonit) - / (alep, dn) + Mep, dn))dt. (3.2.36)
gn—1

Here, we have used the fact that the definition of projection thoc of Definition 3.2.2, implies that
(epsdh_) =0, f:n,l(cp,vht)dt =0 and (eZ:l,qV,f;l) = 0. Using (3.2.35) to replace the first three
terms of (3.2.36) we arrive to

ng n

et = @ i)+ [ ewladt = = [ (alepe o)+ ey o))t

tn—1

i
= 7/ (a(epa ¢h, - ¢) + a(epa ¢) + A<€;1)7 ¢h - ¢>F + /\<€p7 ¢>1")dt
¢n—1

o
=- (a(e,” h — @) + Mep, dn — d)r — n(ep, Ag) +niep, aﬁh‘ + ey, ¢>F)dt
t on

m
= */ (a(em on — d)) + )‘<6p7 oOn — ¢)>F - 77(61)7 A¢)>dt’
gn—1

where at the last two equalities we have used integration by parts (in space), and the definition of ¢
as a dual problem with zero Robin boundary data respectively. Therefore,

.
[ eyt + et — (it )

-
< / nllén — ol ) llepll o dt + / (nllepll 2@ 1Al L2 @) + AllepllL2@ylldn — ¢ll2(ry ) dt.
tn—l

gn—1

Then summing the above inequalities and using the fact that ¢f =0 and e(l)h_ =0 (by definition)
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and rearranging terms, we obtain
T
2
A/2)lernllz2p0,m;020)) < 077/0 lepllz2 (o) @1l 2 () dt

T
+C/O (nllén — ollmro llepll ar) + Mepllz@y |én = @llza(ry ) dt
< 0(77\|€p||L2[0,T;L2<Q>] 19l 210,712 ()] + Nl dn — Il L2j0,7501 ()
lepll 2o, mr ) + Allepllzzoriz2oyllén — ¢HL2[O,T;L2(F)])
< C<77H6p||L2[o,T-,L2(n>] llenll 2o, 22 )
+(h+ ) lewnl 20,702 ) (lepll 2o ) + )\|\€pHL2[0,T;L2(r)]))~

Here, we have used the Cauchy-Schwarz inequality, the stability bounds of dual equation (3.2.31),
i.e., and the error estimates (3.2.34) on ¢, — ¢. Finally, the estimate on 71| z2(0,1;12(0)) follows by
using a similar duality argument.

Since, an estimate on the L2[0,T; H'(Q)], norm is already obtained, and the auxiliary optimality
system is now essentially uncoupled, the techniques of [31, Section 2] can be applied directly to derive
an estimate in L>°[0,T; L?(2)] see also Proposition 3.2.10).

Theorem 3.2.6. Let wp,zn, € Uy, be the solutions of (3.2.24)-(3.2.25). Denote by e1 = § — wp,
r1 = i — 2z, and suppose that the assumptions of Theorem 3.2.5 hold. Then there exists a constant C
depending on Cy, Q0 such that

lexllzeto,rsr2) < Cleplloeo.rsz2 ) + 1Sl 2y + lepll 2o, m ) + AlepllLzio.rsz2(ry) s

71l zoeto,ric2cy) < C(Irpllzeiorizy + lexll2io, iz + rpll 2o @) + Allrpllz2fo.riz2oy) -

Here e, =y — Qloey, Tp = [l — Ploc,

Proof. Splitting the error as in the previous theorem, i.e., e; = ey, + e, it suffices to bound the term
elh(t)||2L2<Q). This is done in [31, Theorem 2.5] (note that the orthogonality condition

SUPgn—1 <t<tn
is uncoupled).The estimate for the adjoint variable can be derived similarly. O

Remark 3.2.7. The combination of the last two Theorems implies the “symmetric, reqularity free”

structure of our estimate. In particular, suppose that the initial data yo € L*(Q), and the forcing
term f € L2[0,T; H'(Q)*]. Then, define the natural energy norm ||(.,.)|x endowed by the weak
formulation under minimal reqularity assumptions as follows:

(e, r)lIx = leallwno,r) + 171 lwro.m)-

Then, using Theorems 3.2.39, 3.2.6 we obtain an estimate of the form

llerror ||x < C(||m data error || 2 (o)

+||best approz. error ||X)

The above estimate indicates that the error is as good as the approzimation properties enables it to be,
under the natural parabolic reqularity assumptions, and it can be viewed as the fully-discrete analogue of
Céa Lemma see e.g. ([34]). Hence, the rates of convergence for ey, ry depend only on the approzimation
and regularity results, via the projection error e,,r, as indicated in Lemma 3.2.8 and Remark 3.2.4.
Ifyo € L3(Q), i.e, j € L2[0,T; HY(Q)| N H[0,T; HY(Q)*], and i € L?[0,T; H2(Q)] N H'[0, T; L()]
then for l =1,k =0, and for 7 < Ch? we obtain that
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1. lepllz2orsm ) < €,
2. \lrpllzpo.msmr 0y < CONEN L2012 () + 72 el L2j0,7:22(0)s
3. Nlepllzzpo sz < Chll L2, rmm @y + 72 15ell 2207501 (02)41)

4+ Mrpllzepo. iz < COP Nl L2po,mm2 ) + Tl L2po,mc2))

v

1/2 1/2
Mepllzzp.rizawy < Cllepl ot oz e oo o oy < C A+ TY2)12.

Therefore, the above estimates, and Theorem 3.2.5, imply for T < Ch? the following rates :
Hell‘Lz[O,T;L%Q)] ~ O(h), and HT’lHLz[O,T;Lz(F)] ~ O(h)

The estimate is applicable even in case more regular solutions. For example, if in addition both
y, € L2[0,T; H2(Q)] N HY0,T; L2(Q)] (herel =1, and k =0),

1. lepll2pom ) < C(RllYl 20, m200)) + 721yl 20,752 0))-
2. Hep||L2[o,T;L2(Q)] < C(thZ/”LZ[o,T;H?(Q)] + THytHL2[0,T;L2(Q)])~
3. Nlepll2jo,rsr2ry < C(h? + 7)Y2(h+ 71/2)1/2,

For the boundary norm we have used Sobolev’s boundary inequality. Same rates hold also the
related norms of r,. Therefore, from Theorem 3.2.5, we obtain that |le1||r2(0,m:m1 () = O(h),
HTIHLQ[O,T;Hl(Q)] ~ O(h), HelHL2[O.T;L2(Q)] ~ O(h3/2) and H""1HL2[07T:L2(Q)] ~ O(h3/2) when T S Chz.

3.2.2| Unconstrained Controls: Preliminary estimates for the optimality system

It remains to compare the discrete optimality system (3.1.11)-(3.1.12)-(3.1.13) to the auxiliary system
(3.2.24)-(3.2.25).

Lemma 3.2.8. Let yp, fin, Wh, zn, € Uy be the solutions the discrete optimality system (3.1.11)-
(8.1.12)-(3.1.13) and of the auziliary system (3.2.24)-(3.2.25) respectively. Denote by ey =y — wp,
= [ — 2p, and let esp, = wp, — Yn, Ton = 2n — - LThen there exists algebraic constant C > 0 such
that:

1/2‘

lleanllL2po.rsz2 () + N D[ranll 20, p2y) < CNa 2 ril| L2o7p2(ry) -

Proof. Subtracting (3.1.12) from (3.2.25) we obtain the equation: For n =1,..., N,

-
B0+ [ ((ransons) + alran,00) + Mran,vnir )
¢n—1
o
= —(r;‘;;}mﬁ;l) +/ (ean,vp)dt Yop € Pk[t"_l,t";Uh]. (3.2.37)
tn,fl

Subtracting (3.1.11) from (3.2.24) and using (2.3.10)-(3.1.13), we obtain: For n =1, ..., N,

o
( — (e2n, Une) + alean, vp) + /\<€2h77)h>r‘) dt = (e, Uﬁll)

(6721h7 ’UZ) + /

tn—1

ot
+ / SO/ - o )rdt Vun € Pt U, (3.2.38)
t

n—1
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We set vy, = egy, into (3.2.37) to obtain

e

—(rony,e5n) + / ((sz eant) + a(ran, ean) + A(ran, €2h>r>dt + (T;L;#, 6;;;})
t"r—l

.
_ / leanlBooydt.  (3.2.39)

tn—1
Similarly, setting vy, = rop, into (3.2.38) we deduce,
m

(€3, T3h) +/

- ( — (ean, rant) + alean, rap) + /\<€2h,77'2h,>1">dt — (et )

- /t (* (N2/a)(r1, rap)T — ()\2/a)||r2h\|%2(r))dt, (3.2.40)

gn—1

Integrating by parts with respect to time in (3.2.40), and subtracting the resulting equation from
(3.2.39), we arrive to

OBnrch) = @)+ [ (leanliia + O /)lranlaqy) de = ~(03/) [ (rranhect
tn—1 n—
(3.2.41)

Using Young’s inequality to bound the right hand side,

tm t" "
O/a) [ (rrandedt) < 02/a0) [ ranliayde + 02/a) [ i Baqds,
t tn— tn—

n—1

adding  the resulting  inequalities  from 1 to N, and  noting  that

Zﬁle ((r5pr€5) — (enit r;‘h]rl)) =0 (since €3, =0, 73}, = 0) we obtain the desired estimate. [J

Estimates easily follow by the previous Lemma and the estimates on the projections e; and r; together
with a classical “boot-strap” argument.

Proposition 3.2.9. Let yp, fin,wn,zn € Uy, be the solutions the optimality system (3.1.11)-(3.1.12)-
(8.1.13) and of the auziliary system (3.2.24)-(3.2.25) respectively. Denote by e = §—wp,, 11 = i — 2,
and let esp, = wp, — Yp, ron = 2n — fn- Then, the following estimate holds :

N-1

T
b 2oy + 3 | ean 2yt + A / leanl22oydt
=0

"

< (C/20?) / 22 0y ),

n—1

T
febl 2y + Crmin{, A} /

N T T
1% 2oy + S NIy + Crming, A} / a2t + A/ / a2 oyt
=1

T
< (CX*/aCpmin{n, A}) / a2y,
JO

where C' is constant depending only upon €.

Proof. Step 1: Estimates for the state : Setting v, = eap, into (3.2.38) and noting that p—pup = r1+72p
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we obtain
m
n n—1 n—1
(1/2)llesnl1Z2(0) + (1/2) €5, 1720 — (1/2)lle5s H2L2(Q)+77/t 3 [Vean|Z2()dt
" tn "
H/ leanl72r) +/ (DY) — d(yn), ean)dt < 7(/\2/a)/ (r1 + Tan, ean)rdt. (3.2.42)
tn—l t -1 tﬂ,fl

Using Young’s inequality for the first term on the right hand side,

1 t" t" t"
‘5/ (T1,62h)rdt‘ < ()\/2)/ |€2h||%2(p)dt+ (1/)\0&2)/ HTl”%z(F)dt.
tn—1 tn—1 tn—1

Therefore collecting the above bounds (3.2.42) gives,

o
(1/2)ll€8nl1Z2(0) + (1/2)llles Wiz @) — (1/2)llez, 120y + 77/  IVeanllZa oyt

tn

n—1

+(\/2) / leanZay < (1/A0?) / (ril2aey + IranlZaq)dt. (3.2.43)
tn,—l f

Using Friedrichs’ inequality, and standard algebra we obtain the estimate upon summation by using
the estimate on ||rap|z2j0,7,02(r) of Lemma 3.2.8.

Step 2: Estimates for the adjoint : Setting vy, = 795 into (3.2.37), and using Friedrichs’ and Young’s
inequalities, and Lemma 3.2.8 to bound the norm of |ezp || p2[0,7;2()] We obtain the desired estimate.

i
=125 1220 + /23172 @) + (/275 1 Z20) + Cr min{ﬂ/Qv)\/‘l)}/t . ol oy dt

t t"

n e
IVealaodt+ 5 [ Iralfagt < [ (canran
1 tn—1

o
+/ <¢/(y)u - (ZS/(yh)llh, T2h>dt -+ g /
tn—1 -1
(3.2.44)

n— tn

and since

ot™ t" ot
A om A
/ (egh,m)dtg(2/0me{g,1})/ 1||62h,|\iz(mdt+(cme{g,Zm)/ el oyt
t tn— tn—

n—1

substituting the last inequality into 3.2.44, we obtain

n n ne LA "
—(1/2)||72;L+H2L2(Q) + (1/2)H[7'2h”|i2(n) + (1/2)”7'2“1‘@2(9) +Cr mm{z, 5}/2/ ) ||7'2h“§11(9)dt
tn—
o i

A
Iranlfaeit < (2/Crming3, 3) [

gn—1

-
+n/4/ ||V7“2h,||%2(mdt+)\/2/

) ) llean 1720y dt;
tn— tn—

which implies the desired estimate after summation by using Lemma 3.2.8. (]

An estimate at arbitrary time points for the forward in time equation can be derived by applying the
approximation of the discrete characteristic technique of [31] into the Robin boundary linear case.
Here, the stability estimate at arbitrary time-points will be also needed.

Proposition 3.2.10. Suppose that the assumptions of Theorem 3.2.5, and Proposition 3.2.9 hold.
Then there ezists a constant C depending only upon constant Cy, and the domain such that,

lleanll o< (o, 7sr2()) < C(nlleanllzzio.rsm 9y + Aleznll 2o p2y + (N2 /a)|r1ll 2o, 75220y

l72nll Lo o020y < C(llrenll 20, m @) + (N2 Ir1ll 20, p2 ) ) -

Proof. The proof closely follows the techniques of [31, Section 2], adjusted to the Robin boundary
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data case. For completeness, we state the proof for the first estimate, while the second one can be
treated similarly. First, we briefly recall the main tool of approximations of the discrete characteristic
function. For any polynomial s € Py (t"~1,#"), and we denote the discrete approximation of X[tn—1,t)S
by the polynomial 3 € {§ € Py (t"~1,t"),5(t" ') = s(t"!)} which satisfies

- .
/ 8q = / sq Vg€ Ppy(t"71 1),
.

tn—1 n—1

The motiyation for the above construction stems from the elementary observation that for ¢ = s’ we
obtain fttn,l '8 = fttn,l ss' = 2(s?(t)—s?(t""1)). The construction can be extended to approximations
of X[gn—1,4yv for v € Py [t"~1,#"; V] where V is a linear space. The discrete approximation of Xjgn—1,4)V
in Py[t""1,t"; V] is defined by ¢ = Zf:o 3;(t)v; and if V is a semi-inner product space then,
Yw € Py [t 17 V]

a(t"1) = o™, and / (6, )y = / (v, w)y.

n—1 n—1

Then, [31, Lemma 2.4] states various continuity properties, and in particular that
”{)HLHM*‘ 7t71;v] S CkH/UHLZ[tn—l 7”;‘/],

1o — X[tn—l,tWHL2[tn—1,zn;v] < Ck““”L?[tn—l,zn;V],

where C}, is a constant depending on k. We begin by integrating by parts with respect to time in
(3.2.38), and substituting v, = éap, where éy;, denotes the approximation of the discrete characteristic
function xpgn-1 4)en (for any fixed t € [t"~1,¢")), as constructed above. The definition of the éa, and

the fact that egpy € Pr_1[t" 1, ¢"; Uy implies that j::,l(eghh éop)dt = ftf;t,l(e%h ean)dt and hence,

g

1 1 _ . 1
§||62h(t)\|%2(9) + 5 llean 122 +/ alezn, ézn)dt = Zleg;, Uiz

tn—1

t" t"
7)\/ (62/.,,, égh)rdt — / (/\2/(1)(7'1 + 7op, égh)rdt. (3245)
pn—1 tn—1

Recall also that the continuity property on a(.,.), imply

| / a(ean, @2n) + Mean,an)rdt| < Ci / (Mllezn 2 (qy + Alleznl 2 oy)dt,
tn—1 tn—1

while the coupling term can be bounded as:

i

S o
‘%/ﬁm(m + 7on, Ean)rdt| < (C'k-)\P’/oﬁ)/tni1 (||’f’2h“iz(r> + Hr1\|i2(r))dt+ Ck)\/tw1 Hezh”%?(r)dt
Here we have used Young’s inequality with appropriate § > 0, and in various instances of the
continuity property of the approximation of the discrete characteristic. Hence, substituting the
above estimates into (3.2.45), we obtain an inequality of the form, (1 — C7)a™ < a®~! + ™, where
a™ = SUPge(n-1 4n] ||62h(s)\|2L2(Q). Indeed, let t € (t"~1,¢"] to be chosen as a™ = ||62h(t)H2Lz(Q) and
note that [|e5; |2, @ < a™~ ! Hence the desired estimate follows by summation and by Lemma
3.2.8. O
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3.2.2.1| Unconstrained Controls: Symmetric error estimates - estimates for rough initial data

Various estimates can be derived, using results of previous subsections and standard approximation
theory results. We begin by stating symmetric error estimates which can be viewed as the analogue
of the classical Céa’s Lemma.

Theorem 3.2.11. Let yp, in, € U, and (y, ) € Wgr(0,T) denote the approzimate solutions of the
discrete and continuous optimality systems (3.1.11)-(3.1.12)-(3.1.13) and (2.3.8)-(2.5.9)-(2.5.10)
respectively . Let e, = y — Qloey, rp = [L— Pl denote the projection error, where PY¢, Q¢
defined in Definition of 3.2.1, and 3.2.2 respectively. Then, the following estimate holds for the error

e=y—ypandr = — fp:
(e, m)llx < C(1/a)ll(ep,7p)llx

where C depends upon constants of Theorems 3.2.5, 3.2.6, and Proposition 3.2.9, 3.2.10, and is
independent of T, h, «.

Proof. The first estimate follows by using triangle inequality and previous estimates of Theorem 3.2.5
and 3.2.6 and Propositions 3.2.9 and 3.2.10. O

An improved estimate for the L2[0, T'; L?(£2)] norm for the state, and in L2[0, T’; L?(T')] for the adjoint
follow by combining the estimates of Theorem 3.2.5, and Lemma 3.2.8.

Theorem 3.2.12. Suppose that yo € L*(Q), f € L?[0,T; H'(Q)*], and the assumptions of Theorem

3.2.5 and Lemma 3.2.8 hold. Let e, =y — Qlocy, rp=[— Pl denote the projection error, where

Ploc Q¢ defined in Definition of 3.2.1, and 8.2.2 respectively. Then, there exists a constant C

independent of h, T, such that,

llell 2o,y < C<HEPHL2[O,T:L2(Q)] + Tl/z(HepHm[o,T;Hl(m]
Hlepll o rszaen) + (Ao Al o ey,
1/2 1/2
IFlzeporzay < Clirtll Fatorne @y Im oo o oy

where 11 is estimated in terms of projection errors ey, rp by Theorem 3.2.5.

Proof. The first estimate follows by using triangle inequality and previous estimates of Theorem 3.2.5,
Lemma 3.2.8. The second estimate follows by triangle inequality, the estimate of Lemma 3.2.8 to
bound 795, and Sobolev’s boundary inequality. O

Using now standard regularity and approximation theory results we obtain convergence rates. Below,
we state convergence rates in two distinct cases, depending on the available regularity.

Proposition 3.2.13. Suppose that the assumptions of Theorem 3.2.5 and Lemma 3.2.8, hold, and
let yo € L*(Q), f € L2[0,T; H(Q)*]. Assume that piecewise linear polynomials are being used to
construct the subspaces U, C H() in each time step, and piecewise constants polynomials k = 0 for
the temporal discretization. Then, for 7 < Ch? we obtain,

H€||L2[01T;L2(Q)] < Ch and HTHLZ[O,T;L2(F)] < Ch.
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If in addition, y, n € L?[0,T; H*(Q)] N H'[0,T; L*(Q)] then,

l[(e,r)llx < C(1/a)(h+7'2),
reorre()) < C(L/a?) (B2 + 7+ (h% + 1)Y2 (h+ /)2 4 (h 4 71/2)?),
7l z2o.72(my < C(R* + Y2 (h+ 722,

lle]

which imply for T = h?, the rates

[(e,r)lx =~ O(h),
||6”L2[U,T;L2(Q)] ~ (9(h3/2)7
7/l 2o,y = O(iz3/2),

Proof. The rates directly follow from Theorem 3.2.11, Theorem 3.2.12, Lemma 3.2.3 and Remark
3.2.7. O

3.2.2.2| Control Constraints: The variational discretization approach

It is worth noting that our estimates are also applicable in case of point-wise control constraints, when
using the variational discretization approach of Hinze ([65]). The variational discretization approach
implies that A?; = Aqq, ,i-e., the control is not discretized explicitly, but only implicitly via the
adjoint variable. Thus, our discrete optimal control problem now coincides to: Minimize functional
Tn(un(9).9) = fy lun(9) — vall2sqydt + [y [|gl|%arydt subject to (3.1.4), where y(g) € Uy, denotes
the solution of (3.1.4) with right hand side given control g € L%[0,T; L*(T')]. Then, the optimal
control (abusing the notation, denoted again by gj) satisfies the following first order optimality
condition,
T (Gn)(u — gn) > 0, for all u € L2[0, T; L*(T")),

where gp, can take the form g, = Proj[gmgb](—%ﬂh(gjh)), similar to continuous case. We note that
the g, is not in general a finite element function corresponding to our finite element mesh, hence its
algorithmic construction requires extra care see e.g. [65]. However, in most practical situations, the
main goal is to minimize and compute the state variable and not necessary the control that is used to
achieve our goal. For the second derivative we easily obtain an estimate independent of g, gy, and in
particular,

T (W)@, @) > ol|il|3a0 g.p2qry,  for all @ € L2[0,T; L2(D)).

Theorem 3.2.14. Let yo € L3(Q), f € L*[0,T; HY(Q)*], and yq € L?[0,T; L?*(2)]. Suppose that
A, = Aqgq and let G, gn denote the solutions of the corresponding continuous and discrete optimal
control problems. Then, the following estimate hold:

lg = gnllzzj0,7;22 0y < C(/)|I1(g) — pa (@) || 2j0,7:L2 () -
where pp(g) and p(g) denote the solutions of (3.1.10) and (2.3.7) respectively. Furthermore, if

T < Ch?,
lg — gnllz2j0,7;22 ) = O(h).

Proof. We note that A%, = A4, and hence the optimality conditions imply that

’

I@)G—a) >0 and  J(@)G—n) <O. (3.2.46)

Therefore, using the second order condition and the mean value theorem, we obtain for any u €
L2[0,T; L*(T")], (and hence for the one resulting from the mean value theorem) and inequalities
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(3.2.46),
allg = gnltzorzey < Jn (@G = Gn g —Gn) = Jn(@)(G — Gr) = Tn(G1)(G — gn)
< Ih@G-a0) - T @G- ) / [ (@) = (@)@~ g o
< Cl(9) = pn(@)lz2j0,7:220nllg — Gnllz20,1;02 ()5

which clearly implies the first estimate. Now, a rate of convergence can be obtained using similar
arguments to Theorem 3.2.5. Indeed, note that subtracting (3.1.10) from (2.3.7) and setting 7 =
1r(g) — 11(g), and € = yn(g) — y(g), we obtain the analog of orthogonality condition (3.2.27)-(3.2.28),
ie., for alln = 1,..., N and for all v, € Pi[t" 1, t"; Uy],

@)+ [ (= o) + aler, )+ Mer, me)de = @ o),
tn—1

+n

o
—(f17v2)+/ ((ﬁvht)+a(f,vh)+/\<f,uh>r>dt_ (Pt opt )+/ (€, vp)dt,
t t

n—1 n—1

Using Sobolev’s boundary inequality, the estimates of Theorem 3.2.5, and the rates of Proposition
3.2.13, we obtain the desired estimate, after noting the reduced regularity of e. O

3.2.3| Semilinear distributed optimal control problem.

Next we expand the above theory in the case we have a semilinear term in the state equation and
distributed control in Q. As expected technical difficulties appear to the proof of theorems due to
semilinear term, we also use an auxiliary system for decoupling the system and make things easier to
handle.

3.2.3.1 The fully-discrete optimality system

The rest of the paper is devoted in proving that the dG approximations of the optimality system
exhibit the same rate of convergence to the related (uncontrolled) linear parabolic pde, for appropriate
data f, yo, yq and the parameter a.

3.2.3.2| Error estimates for the optimality system

In the case of semilinear distributed optimal control problem ,he key ingredient of the proof will
be the stability estimate at arbitrary time-points, along with estimates for an auxiliary optimality
system (based on suitable L? projection techniques), and a “duality argument” in order to treat the
nonlinear terms. In order to obtain an actual rate of convergence more regularity is needed.

Assumption 3.2.15. Let (y,g) be an optimal pair in the sense of Definition 2.2.5. In addition, let
yo € HE(Q), f € L?[0,T; L?()] and assume that ozl/zHyH%oo[U 7140y < Ca, where Cq is constant
depending only upon data f,yq,yo, the constants C.,n and the domain Q.
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Remark 3.2.16. The above assumption implies a mild restriction on the size of y, in terms of
the penalty parameter o and the given data. We refer the reader to [115] for a detailed analysis of
regularity results for semi-linear parabolic pdes. Analogous L*°[0,T; H*(Q)] stability results for the
discrete optimal control problem, and for the optimality system (3.1.15)-(3.1.16)-(3.1.17) will be
studied in detail elsewhere.

3.2.3.3| An auxiliary optimality system

First, we define an auxiliary optimality system which will help uncoupling the discrete optimality
system. Let wy, 2z, € U}, be defined as the solutions of the following system. Given data f,yq, yo,
and initial conditions wpo = Yro, where ypo denote the initial approximation of yq, zf =0, we seek
wp, 2, € Uy, such that for n = 1,..., N and for all v, € Py [t"~ 1, ¢ U,

W)+ [ (= s vne) + aluwn, vn) + (6(y), vn) )t

— () 4 /z " << Foom) — (1 /a)(u,vh)>dt, (3.2.47)

n—1

) [ (e + e + @ o)

n—1

n—

o
= 7(21—1?1;1—1) + / 1(wh — Yd, vp)dt. (3.2.48)
t

The solutions wy, 2z, € Uy exist since ¢(y),d'(y)p belong at least to L2[0,T; H~1(Q)], due to
Assumptions 2.1.1-3.1.5 and the regularity of y,p € Wp(0,T). The solutions of the auxiliary
optimality system play the role of “global projections” onto Uy,. The basic estimate on the energy
norm of y — wp, u — 2, will be derived in terms of local L? projections using techniques of [31, Section
2] into the auxiliary system (2.3.12)-(2.3.13),(3.2.47)-(3.2.48).

Similarly with the Robin boundary control problem, important for these estimates is to be valid
under low regularity assumptions. Therefore, we define the classical projection that can apply to
semilinear term too, (extra care is needed in the case of distributed control in a semilinear problem
because of working in different spaces than those reported in previous problems). So we need the
following, regarding the method dG projections, see e.g. [104].

Definition 3.2.17. (1) The projection P : C[t"=', " L2(Q)] — Px[t" ', t"; U] satisfies
(Pyo)" = Pyo(t"), and

-
/ (v — Pl%y,vp,) =0, Yo € Py [t" Lt U (3.2.49)
t’n.—l

Here we have used the convention (PY°v)" = (PY%v)(t") and P, : L*(Q) — U} is the orthogonal
projection operator onto U C HA(S).

(2) The projection P : C[0,T; L%(Q)] — Uy, satisfies

Pﬁluc’l) € Uy, and (Pﬁlocv)ktn,—l’tn] = Pif(:(v‘[tn—l,tn,]).

For the backwards in time problem a modification of the above projection still denoted by Pl,fc). will
be needed. In particular, in addition to relation (3.2.49), we need to impose the “matching condition”
on the left, i.e., (PI°)"t"! = P,u(t"}"") instead of imposing the condition on the right. Note that
the projection of Definition 3.2.17 can be viewed as the one step DG approximation of v; = f on the
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interval (¢"~1,#"] with exact initial data v(t"~!) and f = vy, specified, while the modified projection
for the backwards in time stems from the one step DG approximation of the backwards in time ODE,
with given terminal data. Recall that due to [104, Theorem 12.1] or [33] these projections satisfy the
expected approximation properties. Below, we state the main result for the auxiliary problem.

Theorem 3.2.18. Let f € L2[0,T; H-1(Q)],y0 € L*(Q2), and yq € L?[0,T; L%(Q)], be given, and let
Assumption 2.1.1 hold. Let y,pn € Wp(0,T) be the solutions of (2.3.12)-(2.3.13) and wp, zp, € Uy, be
the solutions of (3.2.47)-(3.2.48) computed using the DG scheme. Denote by ey =y —wp, 11 = p— 2n,
and let e, =y — Pﬁfcy, rp = — Pifcu, where PY° is defined in Definition 3.2.17. Then, there exists
an algebraic constant C > 0 depending only on § such that,

N-1
nlles a0,y + D Nty < C (1683 + (C2/mlepl3ap.rmman)
1=0
N-1
+) 2min (H(I = P)y(t) 1 72(qy» 1/ (Faprm)) | Pia (1 — H)y(tl)”?tlfl(ﬂ)»
i=0
N .
nllrill 0,700 + Z i1l Z2 () < C((l/U)H@l||%2[0,T;L2(s2)] + (03/77)Hrp”%?[U,T;Hl(Q)])
=1
N . .
+Y 2min (H(I = P ) ()2 (g (1/ (rem) | Pi(T — R‘H)M(tl)ﬂfrl(g))-
i=1

Here, won, = yon, where yon, denotes an approzimation of yo, 7; = t' — t'~1, P, denotes the L>
projection on U}’ and we have used the convention Py = P, Pyi1 = Pn.

Proof. Throughout this proof, we denote by e; = y — wp, 11 = p — 25 and we split e;,r; to
e1 = e +ep = (P —wp) + (y — Pi%y), 1 = r1p +1rp = (P — 23) + (u — PY°u), where Pio°
is defined in Definition 3.2.17. Using the above notation, and subtracting (3.2.47) from (2.3.12), and
(3.2.48) from (2.3.13) we obtain the orthogonality condition: for n =1,..., N

ot
(ef,v") +/ ) ( —{e1,vne) + 0(61,%))(# = (e} h o), (3.2.50)
tn—
" -
= (rf,v") +/ <<T1,vm) + a(m,vh))dt =—(righ o h +/ 1(el,vh)dt7 (3.2.51)
z’n.fl tn—

for all v, € Pg[t"~1,¢"; U]. Note that the orthogonality condition (3.2.50) is essentially uncoupled
and identical to the orthogonality condition of [31, Relation (2.6)]. Hence applying [31, Theorem 2.2,
we derive the first estimate. In a similar way, the orthogonality condition (3.2.51) is equivalent to:

o~
B <<7'1h,yvht> + a(rip, Uh,))dt = —(7‘?;;17’111_1)

—(rfpev") + /

tn

n—

-
+/ ((el,vh) - a(rp,vh)>dt + (rpg,0™), Yo € Pp[t" 1t UR).
t 1

Here, we have used the definition of the projection. Setting v, = r1; into (3.2.52), using the bounds,

" t"
[ Newrndes [ (@llnaline + C/mllalie)d,
tn—

tn—

t " "
/ la(rin,rp)|dt < (77/4)/ : 711301 ()t + (052/77)/ ) 7171 eyt
t tn— tn—

n—1
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and standard algebra, we obtain

e

1 n 1 n 1 n— 77
—§||Tm+\|i2(n) + §‘|[T1}L]|‘iz(ﬂ) + 5“7'1;1,4:\@2(9) + 5/ B ||7‘1h\|§11(9)dt

4n
m
<c [ (CHmlin s + 1/mlelae )+ (T - Puaa(E). ). (3:252)
tn-
Finally for the last term, observe that 7}, € U, ;L“Ll and hence,

(I = Pay)p(), 1) = ((I = Pag)p(ty)s r1 — 1)
< U = Pag) () 20y + /DIy = rinllZzo)-

An alternative bound can be obtained by using the inverse estimate
o )
I8l ) < (C/Tn) fin-s Irinll3 ) dt, and noting that 17, € U,

(I = Pog)pu),r1y) = (Pull = Pogn) (1), 713) < [P(l = Poy) (D) [ 2@ IrThll 1 (2
i

(CR/ T | Pa(I — Pn+1)ﬂ(t1)||%1—1(9) +(n/4) /tni1 ||7"1h||§~11(§2)dt)

IN

where at the last step we have also used Young’s inequality. Collecting the last two estimates and
equation (3.2.52) we obtain the desired estimate upon summation and standard O

Remark 3.2.19. If the same subspaces are being used every time step, i.e., Uy = Up, C H}(Q) then we
observe that there is no contribution from the summation term in Theorem 3.2.18. Indeed, inspecting
the above proof, we note that fori =1,..., N the local L*>(Q2) projection P; = Piyq = Pp2 : L?(Q) — Uy,
is the same at each time step. Therefore, vy, € Uy, implies that

(( = Pa)u(),183) = (1 = Pro)a(t1), %) = 0.
Hence, (3.2.52) takes the form

e

=(1/2)IrTn 122 + /2N Z2 @) + /2 ) + (W/Q)/t 1l oy dt

n—1
<c [ (Cmln i@+ Wnlalie)d:
tn—l

Working similarly for the forward (in time) problem, we obtain the following estimates:

N-1
n"eleL?[O,T;Hl(Q)] + Z ”[EHH%Z(Q) < C(HE(I)H%Q(Q) + (03/77)||ep|‘%2[o,T;Hl(Q)])v
i=0
N .
77H7"1||%2[0,T;H1(Q)] + Z HHH‘%?(Q) < C((l/n)nelH%Q[O,T;U(Q)] + (062/”7)||TPH%Q[O,T;H1(SZ>])'
i=1

Subsequently, an estimate on the L>[0, T; L?(Q2)] norm is derived, using the approximation of the
discrete characteristic see Appendix A’3, and the subsequent Theorem 3.2.28. Since, an estimate on
the L2[0,T; H(£2)] norm is already obtained, and the auxiliary optimality system is now essentially
uncoupled, the techniques of [31, Section 2] can be applied directly.

Theorem 3.2.20. Let wy, zn, € Uy, be the solutions of (3.2.47)-(3.2.48) computed using the DG
scheme. Denote by e; =y — wp, ™1 = i — 2z, and suppose that the assumptions of Theorem 3.2.18
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hold. Then there exists a constant C depending on Cy,$2 such that

||61‘|%°°[04,T;L2(Q)] < C[HEPHQLW[O,T;LZ(Q)] + ”6(1)H2L2(Q) + (02/71)H€p||%2[o,T;H1(Q)]
N-1 _ '
+ > 2min (|7 = PYy(t) 320y 1/ (rsam)l| P (= Py(E) 3100y )|
i=0
HTIHiW[O«,T;LZ(Q)] < C[H%“%w[o,nmm)] + (1/77)||61Hi2[0,T;L2(m] + (Cf-/n)”TPH%Q[O,T;Hl(Q)]

+ > 2min (17 = Pt 3z e (/) 1P = Pr )ity )|

=1

Proof. Splitting the error as in the previous theorem, i.e., e; = ey, + ¢, it suffices to bound the term
SUDgn—1ct<tn Helh(t)”%Q(m. This is done in [31, Theorem 2.5] (note that the orthogonality condition is
uncoupled). The estimate for the adjoint variable can be derived similarly starting from orthogonality
condition (3.2.51), and using a suitable approximation for the discrete characteristic for the backwards
in time problem. O

Remark 3.2.21. Similar to Remark 3.2.19 an improved bound holds when U] = Uy, n=1,...,N.
In particular,

IN

H61H2Loc[o,T;L2(Q)] O(H%H%w[om;m(m] + ||@(1)||%2(Q) + (02/77)”617”%2[O,T;Hl(ﬂ)]>7

A

Irileorze@y < C(Imole o rzay + (U/mllesliepzie@y + (C2mlrliepzim @ )-

Remark 3.2.22. The combination of the last two Theorems implies the “symmetric” structure of
our estimate. In particular, let ||(.,.)|lx, ||(-, )] x, be defined by

I(er, )% = llealk +lrlx = leulZeozim @y + IrillZep.rm @)
+||el||%°<’[0,T;L2(Q)] + H”lHim[o,T;L?(Q)]v
and
(e, )%, = lell, + I,
N-1 _ _
= 3" 2min (I~ Pyt a0y, (1/ (x| Pria (T = Pyl -+ o
i=0
N .
+ 3 2min (7 = Pl ey, (/)P = P10 )-
i=1
Then, using Theorems 3.2.18, 3.2.20 we obtain an estimate of the form
[lerror || x < C<||m data error || 2(q) + ||best approx. error || x
+||subsp. errorHXl).

The above estimate indicates that the error is as good as the approrimation properties enables it to
be, and it is applicable for higher order elements under the natural parabolic regularity assumptions.
If U = Uy, forn=1,...,N then the subspace error can be dropped, and thus we obtain symmetric
estimate of the form

error ||x < in. data error ||p2(q) + ||best approx. error || x |,
< C|||lin. dat () best

(3.2.53)

which can be viewed as the fully-discrete analogue of Céa’s Lemma see e.g. ([34]).
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It remains to compare the discrete optimality system (3.1.15)-(3.1.16) to the auxiliary system (3.2.47)-
(3.2.48). In the remaining of this work, we denote by esp, = wy, — yp, and by rop = 2z, — pp. We
begin by establishing an auxiliary bound for ||e2hH2LZ[0,T;L2(Q)] and (l/a)”TQh”%?[O,T;L?(Q)] in terms
of (11/2H62h|‘i2[07T;H1(Q)] and projection terms e1, 1. Here, we note that without loss of generality
we assume « < 1, which corresponds to the physical case.

Lemma 3.2.23. Suppose that Assumptions 2.1.1-8.1.5-3.2.15 hold. Let yp, pip,wp,zn € Uy, be
the solutions the optimality system (3.1.15)-(3.1.16) and of the auziliary system (3.2.47)-(3.2.48)
respectively, computed using the discontinuous Galerkin scheme. Denote by e1 =y — wp, 11 = b — zp,
and let eap, = Wi, — Yp, Ton = 2n — tn- Lhen, there exists constant C depending on n,Cr, C. and the
constants Cyq, Cs¢ of Assumption 3.2.15 and Lemma 3.1.7 respectively such that for T satisfying the
Assumptions of Lemmas 3.1.7, and 3.1.18, and for o < CCp, the following estimate holds:

T T
| ean eyt 1/0) [ lranliect
T T
< [ (/allerlipiay + Iy ) i+ ot [ e .

Proof. Subtracting (3.1.16) from (3.2.48) we obtain the equation,

e

_(Tgh+v o) + / <<7"2h71)ht> + a(ran,vn) + (¢’ (y)p — Qf’,(yh)uh,vh))dt

tn—1

"
= *(T;lhll’ vi_l) +/ (ean,vp)dt Yoy, € Pp[t" ™1t UR). (3.2.54)
t

n—1

Subtracting (3.1.15) from (3.2.47) we obtain the equation:

o
(0™ + [ (= eansone) + alean,vn) + (6(0) = 9un). n) )t
gn—1
o,
= (efi oY +/ —(1/a)(p — prnyvp)dt Yoy, € PRt UR). (3.2.55)
t"71

We will obtain an auxiliary bound for |\62;L\|2L2[07T;L2(Q)] and (l/a)Hrthig[O’T;Lz(Q)] in terms of
a1/2||62h|\2“[0 7.111 (e and projection terms. For this purpose we set vy = egp, into (3.2.54) to obtain

o

1

<<7"2h7 eant) + a(ran, ean) + (¢ (Y — &' (yn) pns €2h>>dt + (ot e )

(g eln) + /

t'n—l
o
:/Wl lleanll7z(ydt.  (3.2.56)

and vp, = 79, into (3.2.55),

ng

(€3, 731) Jr/

tn—

s ( - <€2}L7 TQ}z,t> + (1(62}” TZ}L) + <¢(y) - (/)(yh)7 Uh>)dt - (63}717 7’3}#)

n—1

:/t —(1/a)(r1,ran) = (1/@)||ranll72(q)dt.  (3.2.57)

Integrating by parts with respect to time in (3.2.57), and subtracting the resulting equation from
(3.2.56), we arrive to

OBherehi) = BB + [ (leanlian + (1/llranl o) de
.

:/t. (<¢’(y)u—¢’(yh)uh,62h>—<¢(y)—¢(yh),rzh>)dt—(1/a)/ (r1, o )dt. (3.2.58)

n—1 tn—1
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We need to bound the three terms of the right hand side. We begin by estimating the last two terms.
For this purpose, note that,

" " "
(1/e) [ trurani] < 1/40) [ raliadt+ (1) [ st
tn— tn— tn—

while Assumption 3.1.5 (note that there exists ¢ > 0 such that [|yn, — yllp2(m-1 ¢n,02(0)) < €) and
Young’s inequality imply that

o L n
[ 0t = otm)ranlde < Co [ (leanlBaqoy + lerliiaey) i (1/40) [ st

v
n—1 tn—1

Furthermore, for the final term, we may bound

L, = / & W) — & (o )ans ean)|

. o
< / (6 () — o). ean) dit + / (& (4) — & (gn)ans ean) | dt = Ly + 2.
$n—1 tn—1

1
nl?

For integral I, adding and subtracting ¢'(0),

L= [ 00— m)eal i
< /t ({(@"(y) = ¢ (0)) (1 = pn), €2n)] + [(&"(0) (1 = p1n), e2n)|) dt.

Hence, using the Lipschitz continuity of ¢, the uniform bound on ¢'(0), the embedding H* () C L*(),
and Young’s inequality with suitable § > 0, we obtain

I, < CCL/ lyll 2o lm2n + r1ll L2 (o) lleznll L) dt
t‘rL—‘l
tn
4C [ ran o lean 2oyt
-
< Wa) [ Inladt+ (1/40) [ Tl
Jin-1 tn—1
t" t"
+aCCOI e [ ool +Ca [ llean ooyt
< Wa) [ Inlsadt+ (1/d) [ Il
Jgn—1 Jn—1

i

na
+C¥1/ZC(CL,Cd)/ . ||62hH%{1(Q)dt+Ca/ ) HCQ};,H%Q(Q)dt,
tn— tn—

where at the last inequality we have used Assumption 3.2.15. Here C(CL,Cy) denote constant
depending upon Cyp, the data f, o, ya, 7 and Q. In addition, the Lipschitz continuity of ¢’ and the
generalized Holder’s inequality, imply that

Bi= [ @0 = S el i

o -
< CL/ H@l||L4(Q)HMhHL?(Q)H62h||L4<Q>dt+/ lleanllzacyllienll L2 (o) lleznll La oy dt.

tn—1 gn—1
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The first part of 12, can be bounded by using the embedding H'(Q) C L*(Q) and Young’s inequality,

nl

t" t" t"
[ Neallms oyl iz lean i ayde < €Dt/ ) [ Nealpnit + 7 [ eanl ot

tn— tn— tn—
where here we denote by D, the stability constant of Lemma 3.1.18. Finally, observe that interpo-

lation inequality ||.||%4(Q) < Cll Nz @ll- Iz (@), the stability inequality of uy, of Lemma 3.1.18 and
Young’s inequality with appropriate §, imply that

t" tn
/ ) llezn ll o) lleanllLe o) ln ll 2y dt < ”/‘hHLm[t“*,t";L?(Q)]/ ) lleanllL2(o)llean | o) dt
Jin— tn—

<am [

" "
< (1/4)/ |‘62h‘|%2(9)dt+costal/2/ lleanllz ) dt-
tn,—l tn—l

o~
eanF2(q)dt + CHMh”%x[tn—l,zn;m(sz)]/ . llezn 7 () dt
n—

Substituting the above bounds into (3.2.58) and adding the resulting inequalities from 1 to N, noting
that 25:1 ((r3, . e5,) — (e;‘;l,r;';ﬁ)) = 0 (since €3, =0, r3},, = 0), and choosing a < C(Cy) to

hide fttnn,l H€2hH2Lz(Q)dt7 we obtain the desired estimate. O

Remark 3.2.24. In the above proof we have use the Lipschitz continuity of ¢' to avoid any additional
technicalities. The assumption that y € L>=[0,T; L*(Q)], will require to impose additional regularity
assumptions on the data, in particular, yo € H3(Q), f € L2[0,T; L*(Q)], but not additional reqularity
on the control and the target.

Estimates follow using projection techniques of Theorem 3.2.18 which allow to treat the forward and
backward (in time) coupled PDE’s together with a “boot-strap” argument.

Theorem 3.2.25. Let Assumptions 2.1.1-3.1.5-8.2.15 hold. Let yn, pin, wn,zn € Uy, be the solutions
of the optimality system (3.1.15)-(3.1.16) and of the auziliary system (3.2.47)-(3.2.48) respectively,
computed using the discontinuous Galerkin scheme. Denote by ey =y — wp, r1 = — zp, and let
€an = Wh — Y, Ton = 2n — P Then, there exists constant D, depending on ||yl oo, r;2(0)) /1, the

> 9 _ _ccin+BC ; o
constant C of Lemma 3.2.23, and p = W <1 (for B > 0) such that for T satisfying the

assumptions of Lemmas 3.1.7, and 3.1.18, the following estimate holds:

T N-1
||5§VhH%2(Q) +TI/O H€2h||%11(n)dt+ Z H[eéhm%%m
i=0
T N )
+(n/a) /0 ||7“2h||311(n)dt + (1/04)“7’3}1+||%2(Q) + (1/a) Z H[T%h]HiZ(Q)
. i=1

T
<D(1/02) [ (le1 i + I s )

Here the constant D is independent of T, h, c.

Remark 3.2.26. We note that we are interested in the case where the values of o are small, and
possibly comparable to h, which guarantee fast convergence to the target yq. Hence, great care is
exercised to avoid the use of Gronwall’s type arguments which typically lead to constants of the form

exp(l/a).

Proof. Step 1: Preliminary estimates for the state: Setting v, = eg, into (3.2.55) and noting that
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[ — pp, = 71 + T2 We obtain

1 n 1 n— t"

§||e2h”i2(ﬂ) + 5“[6% 220 — ||32h, YEeg) + ﬁ/tTH llean |7 (o dt
o~ s

+/ <¢(y) - ¢(y)L)7 62h>dt < 75 / (Tl + ron, th)dtv (3259)
tn—l tn—1

For the first term on the right hand side, note that
t " t
@a) [ reamae] < (o) [ leanlip oyt + (©/na) [ il
tn— tn— tn—
Next we focus on the nonlinear terms. Notice that the monotonicity of ¢ implies that
t" t"
Li= [ (0) = dlm)canit = [ (o) = oluwn).canit
t

n— tn—1

and hence we moving the above term on the right hand side, we may bound the term by using
Assumption 3.1.5, Poincaré inequality , and Young’s inequality, as follows:

n

-
<Cu [ lelvmleanlzad < o) [
tn— n—

Inl

.
leanlEdt + €Ly [ lealls oyt
tn—

Therefore collecting the above bounds into (3.2.59) and multiplying by a'/? we obtain:

o
041/2(H€3h||2y(9) + 1lesn M Z2 ) — lebn 2 ) + (77/4)/ B H€2h||%11(n)dt>

ot" ot
< [ (€™l + (€CLa P n)lealey ) dt = (10 [ (et
tn—1 n—1
(3.2.60)

Step 2: Preliminary estimates for the adjoint: Setting vy, = rqp, into (3.2.54), we obtain

i
*(1/2)‘|7"gh+”%2(n) + (1/2)||[7’EIJ|‘L2(Q) + (1/2)||7";;:+1HL2(Q) JFTI/HH1 HTZhH?Jl(sz)dt
o~

o

+/ (&' () — &' (yn) pan, Ton)dt < / (ean,ran)dt.  (3.2.61)
tn—1 tn—1

Using the monotonicity of ¢, and noting that u — up = 11 + 72, the nonlinearity of the adjoint

equation can be written as:

g

(&' (y)u — &' (W), ron)dt + / (&' (W) pn — &' (Yn) tan, T2n)dt

tn—1

n

/:n (¢ () — & (yn) i, ran)dt :[

n—1 gn—1

t" t"
> / (& (g1, ron Yt + / (& (Wi — & (yn )i, ran) .
+ 1

n—1 tn—

Moving the last two integrals on the right hand side, we derive appropriate bounds. For the first
integral, using the Lipschitz continuity of ¢, the uniform bound on ¢’(0), the generalized Holder’s
inequality and the embedding H'(2) C L*(f2), we easily obtain

)/ Y)T1,T2n dt‘ ’/ )71, Ton dt‘ + )/ (0)r1,mon)dt
pn— 1 $n—1 tn 1

+n

(0/1) / R M
tn— tn—

IN

IN
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A

‘/t::<¢/(y)7”177'2h>dt‘ < ‘/ @' (0))r1, man dt‘Jr‘/w 1 (071,795 )dt

g
(0/4) / Iran st + (o) [l e

IN

where C), depends only on ||y||1=[0,7;22(0)) and the domain. Similarly, for the second integral, the
Lipschitz continuity of ¢, the generalized Holder inequality and the fact that y — y, = e; + eap, imply,

o
‘ / &' (yn)) ttns r2n dt‘ < CL/ lnllz2 () ller + eanllzac IranllLe@ydt < IT,, +1T5,.
tn— 1 n—

It remains to bound the last two integrals. Starting from IInl7 using the interpolation inequality
-1y < Cll-lzz@) -l m1 (@) and stability estimates on 5, we obtain:

I, < CL/ ) lnll L2 ) llezn |l Lo lIranll La o) dt
tn—
By
<o/t [ il ol leanlmayd:

.
Hecw [ ezl
tn—
" t"
</t [ ranlrscandt + Dl gons onsyn/16 | lean s oyt
tn—1 tn—1

n

t
+(CCr/m) / (@2 leanl By + (1@t liranlFaqey ) dt
tn—

<o/t [ el it +(CC2an/16) | lea oyt

n

+(CCr/n) / (a2 lleanlfzqa + (1/a®)lirznllf ey ) dt,
tn—l

where we have used the stability bound of Lemma 3.1.18. For IInl, using the Holder’s inequality and
the embedding H'(Q) C L*(£2), we obtain,

.
I, < C/ eenll 22y lleall zr o lran |z oy dt
tn—1
t" .
<) [ Il it + (©CLCua ) [ lealfy it
tn— -

Inserting the bounds on II%,, IT2; into (3.2.61), and multiplying by (1/a'/?), we obtain

—(1/2" )15 7200 + (1/20"2) 1[50 + (1/20Y2) g5 720

"
H0/202) [ lranlode
tn—

n

.
<D [ (lealiniey + /)l )+ (1/a?) [ eansran)at
tn—l tn—
.

.
+CCHay [ NeanlBisiarde + CCun [ (leanloqay + (1)l )b, (3:262)
tn— tn—

where D depends upon CCLCy/n, and Cy /7.
Step 3: Combination of (3.2.60)-(5.2.62): Next we will form the convex combination of (3.2.60)-
(3.2.62) by multiplying 1 — p equation (3.2.62) and by p equation (3.2.60), 0 < p < 1, (p to be
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determined later ), and we add the resulting equations:

n

t
pal/’? <||83h,”2u(ﬂ) + Ilesn 72 — Heg}:1|‘ZL?(Q)) + (/”7041/2/4)/ llean |7 (e dt
t’f!—l

(- p)/2a1/2) <*||7°5Lh+H%2(Q) + H[T;h]”%%m + HT;};:'l%Z(Q))

+((1 - p)n/4a”2)/ l[ran 70 oy dt
t'n—l

n

.
<D/ [ (Il + leal) de+ (1 = )CCR 2y [ fleanlp ot
tm o tm
H1=pCCufn) [ (leanlae + 1/llranlae)
" " "
+(1—p)/al/? /tnil(e%,rgh)dt — (p/at’?) /,5%1(82}“ rop)dt. (3.2.63)

There are two distinct cases. If 0 < p < (1/2), then p < (1 — p) and we may bound the last two
terms, by 2(1 — p)/al/? fttn,l |(e2n, 21 )|dt, and hence using Young’s inequality,

o
2(1 = P)/QI/Q/ ) (a1/2”52h“2m(n) + (1/@1/2)H7"2hH2L2(Q)) dt.
tn—

Substituting the last inequality into (3.2.63), and summing from 1 to N we deduce

N T
pa2je 22 oy + 902 S lebi 2y + (oma/2/4) / e 3 oyt
i=1
N

T
+(1 = p)/20" 2 i)l 720y + (1= p)/20"2) 95 (1720 + (1 — p)ﬁ/4a1/2)/0 l[72n 7 () dt
i=1

T T
<D/ [ (Il + lealfen) de+ (1= 9)OCHa 2 [ leanlFp it
0 . 0
+(1 = p)CCL/ / (lezliZ @) + (1/a)lIranlFaqey ) dt
T
201=9) [ (lean oo + 1/l ) . (3:2.64)

where D depends only upon the stability constant Cy, 1, CL. Note that we may use Lemma 3.2.23
to replace, the last two integrals, by projection terms e, r; and a1/2Hezh||%2[0.T‘H1(Q)]. Thus,

N T
pa 2l by |17 + pa/? Z esn 72y + (pma/?/4) /0 llean |7 (o dt
i=1 .
N ) T
+((1 = p)/20"2) Y sl 720y + (1= p)/20" ) |IrG 4172 () + (1 — P)ﬂ/4al/2)/0 l[72n 1 21 eyt

=1

T
<D/ [ (Il + ler o) d
T T
H1=pOC%a 2 [ eanlis ayde + (1= p13CaY [ leanlf it (3.265)
0 0

Here, C denotes the constant of Lemma 3.2.23. Then, choosing p in order to hide the term
HEQ;L”LQ[QT;HI(Q)] on the left, i.e.,

2
CCin+3C

1—p)(CC%n+3C)al’? = pna'/?/4 = sl ToY
( p)( st77+ )Oé /”705 / ’ p 77/4+CC§tT]+3C )
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(noting that p is independent of «) we arrive at the desired estimate. We also note that so far we
have treated the case 0 < p < 1/2, which implies an assumption on the size of data, and in particular,
CC?n+ 3C < n/4. Tt remains to treat the case where 1/2 < p < 1. Again, we are interested in
treating the last two terms of (3.2.63). For this purpose, note that

e g g

(ean, ran)dt < |(1—2p)|/a1/2/ |(e2n,72n)]dt.

tn—1

(1= pat [

tn—1

n—

(ean, ron)dt — (p/at/?) /t

Since, 1/2 < p < 1, we deduce |(1 —2p)| = (2p — 1) < B(1 — p), for some B > 0. Indeed, we note
that if 8 > 0 big enough, then p =< 1 since p < (14 )/(2 + B) ~< 1. The remaining of the proof
remains the same. The analog of (3.2.65) takes the form,

N T
,0041/2“€é\;||%2(9) +pal/? Z H[elz#m%?(n) + (/”7@1/2/4)/0 llean | oy dt
i=1
N .
(1= p)/207) Y llrballlZe (@) + (1 = p)/20 ) 7844120

i=1

T
(1= pn/aa’?) [ s oyt
TO
<D/ [ (Iralisioy + lealBrscn) e
0 T T
L= 9CCEa 2 [ lealf e + 50— Ca’? [ feanlBeyet.

Then, choosing p (independent of ) in order to hide the last two terms on the left hand side, i.e, for

CC%n+ pC
1— ) (CC? C)al’? = pnal’?/4 =~ st P2 <
(1= p)(CCn + BC)a /A e 7/A+CChn+ BC =

we obtain the desired estimate. O

Remark 3.2.27. In most practical situations, such as short time-setting or not very large data Cly,
we note that the values of the parameters p or 1 — p are not comparable to al/? << 1, hence the
dependence of the estimate upon « does not deteriorate further.

Based on the estimates at the energy norms, we proceed to derive estimates at arbitrary times.
Since, an estimate on the energy norm |71 || p2[0, ;11 ()] is already obtained in Theorem 3.2.25, the
optimality system is now essentially uncoupled. An estimate at arbitrary time points for the forward
in time equation can be derived by applying the approximation of the discrete characteristic technique
of [31] into the semi-linear case. Here, the stability estimate at arbitrary time-points will be also
needed.

Theorem 3.2.28. Let yp,up € Uy be the solutions of (3.1.15)-(5.1.16). If in addition to the
assumptions of Theorems 3.2.18, 3.2.25, T satisfies T < Cy/n, then there exists a constant D
depending on the ratios (Cy /1), (Ce/n), €T/ and the constant D of Theorem 3.2.25, such that

T
||€2hH2Loo[o,T;L2(s2)] < D(l/@z)/0 (Helnip(sz) + HﬁH%{l(Q))dt
Here, D s also independent of T, h, .

Proof. We begin by integrating by parts with respect to time in (3.2.55), and substituting v, = éap,
where &g, denotes the approximation of the discrete characteristic function x(gn-1 ¢)eap (for any fixed
t € [t"71,#")), as constructed in Appendix A’3. The definition of the é3;, (see Appendix A’3) and the
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fact that egps € Pr_1[t" L, 7 U}'] implies that fttn_] (e2nt, éap)dt = f:n_] (e2nt, €cn)dt which implies,

(12l + (/201 Wi + [ (aeans )+ (000) = oun) 0 )
= (/215 W = [ (/0o +raan)i.

Recall also that the continuity property on af(.,.), and Proposition A.3.1, imply

i i
‘/ . a(€2h7é2h)dt’ < C(Cmcc)/ ) H€2h|‘%11(52)dtv
tn— e

while the coupling term can be bounded as:

L A o, o
‘E/ [ +7'2h7€2h)dt‘ < (Ck/fXQ)/ ) (||7“2h||%2(9) + ||7“1H%2(n))dt+ck/ . lle2n |20y dt.
tn— tn— tn—
Here we have used Young’s inequality with appropriate 6 > 0 and Proposition A.3.1. For the
semilinear term, recall that the growth condition, and generalized Holder, inequality, the embedding
HY(Q) c L4(Q) imply

o
My =wnllz @]

ézh”Hl(Q)dt.

/ttnl (0(y) — dyn), éan)dt < CL/

n— in
Using Young’s inequality, we finally arrive at:

¢

/t (o(y) — d(yn), éan)dt < Cr(Cy + CL)/t

n—1 n—1

(Hex s gy + llean sy ) s

where C,; depends only upon ||y|| zjo,7;z2(q)- Hence, substituting the above estimates into (3.2.66),
we obtain an inequality of the form, (1—C7,)a™ < a™~! + 7, where a™ = supyg(gn-1 4a] Hcgh(s)H%z(Q).
Indeed, let t € (t"1,"] to be chosen as a" = ||egh(t)||2L2(Q) and note that C ftf,l |\€2h\|%2(g)dt <
Crmpa™, for 7, satisfying 7,,Cj, < 1/4 the desired estimate follows by the discrete Gronwall, Lemma,
upon using the previous bounds of Lemma 3.2.23, Theorems 3.2.18, 3.2.25, and standard algebra. [

Estimate on the adjoint variable pu, follow using similar techniques and the previously derived estimates
on the primal variable. Below, we state the relevant estimate.

Theorem 3.2.29. Let yp,, un € Uy, be the solutions of (3.1.15)-(3.1.16). Suppose that the Assumptions
of Theorems 3.2.25-3.2.28 hold. Then there exists a constant D > 0 (similar to Theorem 3.2.28) such
that

T
Iran oo <D [ (ler By + Il o)

Various estimates can be derived, using results of the previous Section, and standard approximation
theory results. We begin by stating symmetric error estimates.

Theorem 3.2.30. Suppose that Assumptions 2.1.1-3.1.5-3.2.15. hold. Let yn, un € Uy, denote the
approzimate solutions of the optimality system (3.1.15)-(3.1.16) computed using the discontinuous
Galerkin scheme. Suppose that T = max;—y .., Tn, h, satisfy the conditions of Lemmas 3.1.7, 3.1.18
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and Theorem 3.2.28. Then, the following estimate holds:

el + (/)% < E(1/0?)(lleolaay + lleplik + 1)

N—-1

+ 3 2min (17 = Py sy, (/7 )1 Poa (T = Pyt -+ o))
=0

+ 3" 2min (0 = P )ult) By (/I P = Pt By )
i=1

where C depends upon the stability constants of Lemmas 3.1.7, 3.1.18, and the constants C, D, D of
Lemma 3.2.23 and Theorems 3.2.25, 3.2.28 respectively, but is independent of T,h, . In addition,
suppose that the same subspaces are being used, i.e., U}l = Uy,. Then,

lell% + (1/a)lIrlk < €(1/a?)(lleol3za) + lepl% + )% )-

Proof. The first estimate follows by using triangle inequality and previous estimates of Theorems
3.2.18-3.2.25. The second estimate follows by Remark 3.2.19. O

Using now standard regularity and approximation theory results we obtain convergence rates. Below,
we state convergence rates in two distinct cases, depending on the available regularity.

Proposition 3.2.31. Suppose that the assumptions of Theorems 3.2.18-3.2.25 hold. Suppose also
that y, i satisfy,

(y, ) € L®[0, T; HF N HE(Q)] (Y, u*+Dy e L0, T; H()].

Assume that piecewise polynomials of degree | are being used to construct the subspaces U}’ C HY(Q)
in each time step, where h denotes the spacial discretization parameter. Then the following estimate
holds:

lel% + (/a)lirl < €(1/a?) (B + 72D 4 k2 mindht/(r2n), h?/7}).

Here the constant C denotes the constant of Theorem 3.2.30. In case that U™ = Uy, then the following
estimate is valid

lelk + (1/a)lirlk < €(1/a?)(h¥ + r20+D),

Proof. It remains to estimate e,,r,. Using [33, Corollary 4.8], and the standard approximation
properties of P,,, we obtain,

(k+1)HL2[

ly = Pyl opn-rmmy) < C(ly = Payllopn—remim ) + 75 Pay =L tn; 1 (9)])
<

C (WYl pappn—1 g mer gy + 7Y ED | p2pen1 o1 ) -

Therefore, [ly — Pi°yl 20,72 @) < C (Wl 20,1041 @) + TFF YD | L2070 ) -
Working similarly, we also obtain that

Tk+1 Hy(kJrl) HLDQ

ly = Piylle<po, ez < C (R Iyl Lo, rom oy + (0,751 () -

Similar estimates also hold for r,. It remains to bound the error terms due to the change of subspaces.
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For that purpose, it is easy to see that

N-1
S 2min (17 = P)y(t) 3y, (/T )| Posa (T = Py(E)3-1c)
=0

9 h2l+4 h2+2l
< Cllylleo,rm o) mm{TTn’ —

while a similar estimates also holds for the terms involving the adjoint variable. |

Our last result concerns error estimates under more restrictive regularity assumptions on the solution,
and in particular on the time-derivative.

Proposition 3.2.32. Suppose that the assumptions of Theorems 3.2.18-3.2.25 hold. Suppose also
that y, u satisfy,

(y, ) € L0, T H T 0 H(Q)],  (y*HY, D) € 1[0, T3 L*(Q)],

Assume that the same subspaces are being used in every time-step U = Uy, and piecewise polynomials
of degree 1 are being used to construct the subspace U, C H'(Q), where h denotes the spacial
discretization parameter. Suppose that the assumptions of Theorem 3.2.30 hold. Then, we obtain,

lel% + (1/e)lirl% < €0/a®) (R + (7242 /n2)),
where C denote the constant of Theorem 3.2.30.
Proof. Working similar to the previous theorem, and an inverse estimate lead to

!
ly — P:Cy”%?[t"*l,t";Hl(Q)] <Cly- PrLZ/"%,Q[t"*l,t";Hl(Q)] + Gyt HPny(kH) ||%2[t"*1,t";H1(Q)]

<C (Hy - PnyH%ﬂt"*l,tn;Hl(sz)] + T2(k+1)/h2”Pny(k+1)”%2[t"*1,t";L2(52>]) '

The projection error in L [t" 1 ¢"; L2(Q)] can be treated similarly. The adjoint variable can be
treated similarly. Thus, using the stability of the orthogonal projection, we obtain the desired
estimate. |

Remark 3.2.33. It is clear from the proofs of Propositions 3.2.31 and 3.2.32 that the enhanced
reqularity assumptions on (y, p) is only needed to obtain (optimal) rates with respect to ||.|| oo, 7;02()]
part of the corresponding ||.|x norm. Indeed, if we choose the same subspaces in each time step
U}l = Uy, then there is no contribution from the jump-terms, and hence we may combine the results
or Remark 3.2.19, and Theorem 3.2.25, to relate the errors || p2j0,m;m1 ) and (7]l L2(0,1;m1 ()]
with projection errors y — Py and pu — Py at the same norms. As a consequence, the rates
of convergence of Proposition 3.2.32, with respect to ||.||p2j0,1;m1 () norms only require (y,u) €
L2[0, T; HHY(Q)] N H*1[0,T; L?(Q)] regularity.

Remark 3.2.34. Due to the absence of control constraints, an estimate on the controls g — gy
follow directly from the estimate on the adjoint ||u — pp||x using the optimality condition. However,
as it is indicated in the subsequent numerical experiments, an improved rate of convergence in the
L2[0,T; L2(Q)] norm is expected for the controls. This issue will be investigated elsewhere.

3.2.4| Stokes distributed optimal control problem.

Suchlike we extend our study to Stokes evolutionary problems and to spaces we mentioned before.
First, an auxiliary system which plays the role of a global space-time dG projection is defined.
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Throughout the remaining of our paper, we will work with weak formulations that assume the
existence of a pressure p € L2[0,T; L3(Q)] (and hence of g € L2[0, T; H~1(£2)]). Hence, the continuity
of optimality system consists of equations (2.3.20)-(2.3.21) and (2.3.18) or (2.3.19), and the discrete
optimality system by (3.1.22)-(3.1.23) and (3.1.20) or (3.1.21).

3.2.4.1 | The fully-discrete projection

Given data f,¥o, and initial conditions w9 =y, where y) = P,yo denote the initial approximation
of yo, 2y = 0, we seek (wp, p1n),(2n, d11) € Up x Qp such that for n = 1,..., N and for all v, €
PRlt"™ 1t Y], qn € Prlt" 1t Q)

+n

(wp,vp) — /tti ((wh,vht> —a(wp,vp) — b(vh,plh))dt = (wZﬁl,v,’ﬁl) +/t ((f7 vp) + (ﬁ,vh) dt

n—1 e
/ b(w]'u (]h)dt = 07
$n—1
(3.2.66)
o)+ [ ((onone) + aCon,on) + blon,dun))dt =~ o7+ [ (o = )t
tn— fn—
/ b(zh,qh)dt =0.
t’rl—l
(3.2.67)

The solutions wy, 2z, € Uy, exist for any given data f € L2[0,T; V(Q)*], yo € W(Q), and y,4 €
L2[0,T; L2(Q)]. In particular, the stability estimates imply that wy, 2, € Ws(0,T). In addition, due
to the enhanced regularity of wy, — y4, we also obtain that 2z, € L=[0,T; HY(Q)].

The solutions of the auxiliary optimality system play the role of “global projections” onto Uy,. The
basic estimate on the energy norm of § — wp, ji — z, will be derived in terms of local L? projection
techniques into the auxiliary system. The following standard projection associated to discontinuous
time-stepping methods for the Navier-Stokes equations (see e.g. [32, Definitions 4.1, 4.2]) is needed.

Definition 3.2.35. (1) The projection PI°¢ : C[t"1, 1" L2(Q)] — Pilt" 1, " Uy satisfies
(Plocv) = Pyo(t), and

-
/ (1} — Pl,fcv,’l)h) =0, Yo, € 'Pkfl[tn_l,t";Uh]. (3268)
t’rl—l

Here we have used the convention (PY°v)" = (Pl°°v)(t") and Py : L2(Q) — Uy, is the orthogonal

projection operator onto discrete divergence free subspace Uy,.
(2) The projection P : C[0, T; L2(Q)] — Uy, satisfies

Pﬁlo(:’l} € Uy, and (Pﬁ.:)cv)ktn—l’tn] = Pi,:)(:(v‘[in—l,tn]).

Due to the lack of regularity and the coupling between the time-derivative and the pressure, we will
also need the following generalized dG projection, which will be applicable when p € L2[0, T; L3(Q)],
7 € L20,T;H~Y(Q)]. In particular, we construct a space-time generalized L? divergence free
projection (see also e.g. [30]) which combines the standard dG time stepping projection, and the
generalized L2 projection Qp : H~Y(Q) — Uy,. For various properties of @y, see for instance [69,
Section 2]. Recall that the definition of Q) states that (v — Quv,vs) = 0, for all v € H71(2) and
v, € Uy, The projection is well defined in H=1(£2), and coincides to Py, for v € L2(1).

Definition 3.2.36. (1) The projection Q¢ : C[t" 1, t";H ()] — Pp[t" 1, t*; U] satisfies
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(Qlecv)™ = Qpu(t"), and

-
/ <’U — Qifcv, ’Uh> = 0, VU;L S ,Pkfl[tn_l, t"; Uh}.
tn—l

Here we also use the convention (Q!°v)™ = (Q'°°v)(t") and Qy : H™1(Q) — Uy, is the generalized

orthogonal projection operator onto Uy,.
(2) The projection Q¢ : C[0, T; H™1(Q)] — Uy, satisfies

thocv € L{h and (QZOCU)‘(t71—17tn] = QIT'Z)C(U‘[yl—l,tn]).

For k = 0, the projection Q¢ : C[0,T;H (Q)] — Uy reduces to QY°v(t) = Quu(t™) for all
te (@ 1,t"],n=1,..,N.

In the same way as Robin, by definition, Q¥ coincides to P, when v € L2[0,T;L3(Q)] i.e.,
Plocy = Ql°°y when v € L2[0, T; L2(Q)], and hence exhibits best approximation properties. However,
we emphasize that is also applicable for v = y; € L2[0,T;H~!(Q)]. For the backwards in time
problem a modification of the above projections (still denoted by P'°¢, Q'°¢ respectively) is defined
in a similar manner. For example, in addition to relation (3.2.68), we need to impose the “matching
condition” on the left, i.e., (Pl,fcv)i_l = P;Lv(ti_l) instead of imposing the condition on the right.

In the following Lemma, we collect several results regarding (optimal) rates of convergence for the
above projection. Here, the emphasis is placed on the approximation properties of the generalized
projection Q'°°, under minimal regularity assumptions, i.e., for v € L2[0, T; V(Q)]N H'[0, T; H~1(Q)]
for the lowest order scheme.

Lemma 3.2.37. Let U, € HY(Q), and P°, Q' defined in Definitions 3.2.35 and 3.2.36 respectively.

Then, for allv € L2[0, T; H'TY(Q) N V(Q)] N H*1[0, T; L2(Q)]. there exists constant C independent
of h, T such that

A

4D

v — Pivllpeporazy < C(R ol popormsy + 7 0.7:L2(2)])

llv— P;LOC'UHLz[O,T;Hl(Q)] < C(th'UHLQ[O,T;HHI(Q)] + Tk+1/}L“U<k+1)HL2[O,T;L2(Q)])~

Let k =0,1>1, and v € L*[0,T; H?(Q) N V(Q)] N H'[0,T;L2(Q)]. Then, there exists constant c
independent of h, T such that,

(

o = Pivll 2o ran ) < C(Blloll oo,z + 72 (lvell 2o 72 ) + vl 2o rme ) -

Letk=0,1>1, and v € L?[0,T; V()] N H[0,T; H-1(Q)]. Then, there exists a constant C > 0
independent of h, T such that

v = Q¥vl 2oz () < C(hlvll o, ) + 72 1vel L2jorm-1(0))) s
v — Q| L2051 )] < C (Il 2081 () + (T2 /R) (el 20,781 () + 0] L2 g0, 781 (0))) -

Proof. See Appendix A’l. O

Remark 3.2.38. The stability estimate in L?[0, T; HQ)] requires the time-step restriction of T < Ch?
due to the lack of reqularity with respect to time. For the second estimate, we also note that if more
regularity is available, the inverse estimate is not necessary. In particular if v*+1) ¢ L20,T; HY(Q)],
then the improved rate of O(h! + 7%+1) holds in I-l 210,781 ()] morm. However, we note that for
the lowest order scheme k =1 < 1, the increased reqularity v; € L?[0,T; H(Q)] is not available at
least in presence of control constraints. Hence, we emphasize that the lack of reqularity acts as a
barrier for developing a true higher order scheme. Working similarly we also obtain an estimate at
arbitrary time-points, (see for instance [32]). Finally, it is worth noting that approzimation properties
of Q¢ in -l 210,711 (@) norm (see for instance [69, Proposition 2.12]) hold only on the divergence
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free subspace, V™1 = {v € H™Y(Q) : divv = 0} endowed with the norm ||.||v-1 = ||.|[g-1. Here, the
divergence free condition is understood as follows:

(0, Vo) =0 Vo in H§(Q) = {¢ € H*(Q) N Hy(Q) : (Vo)|r = 0},

where (.,.) = <.,.>H—1,H(1). We refer the reader to [69, Section 2.3] for a detailed analysis of the
projection and its properties, but we point out that in the subsequent analysis the use of ||. HLQ[O,T;H* Q)]
projection estimates is not needed.

The next result states that the error related to the auxiliary projection is as good as the local dG
projection error allows it to be, and hence it is optimal in the sense of the available regularity.

Theorem 3.2.39. Let f € L2[0, T; H~(Q)] and yo € W(RQ) be given, and (3, D), (i, ) € Ws(0,T) x
L2[0,T; L3(2)] be the solutions of (2.3.20)-(2.3.21)-(2.3.19) or (2.5.20), and wy,z, € Uy, be the
solutions of (3.2.66)-(3.2.67). Denote by e =y—wyp, 7 = ji—2zp, and let e, = g—Qi{’“g, rp= ﬂ—Pi{’cﬂ,
where P, Q¢ are defined in Definitions 3.2.35 and 3.2.86. Then, there exists an algebraic constant
C > 0 depending only on Q such that, for any qp € L*[0,T; L3(Q)],

N-1

D elfon + Y IENR 2@ < CUE 2@ + A/v) (leplliy o + 1D — arllizp.r:02 )
=0
N .

2) Nl + Z 1Rz < C/V)(Nellizio ey Hrollivor + 16 = arllizjorc2y)
i=1

3) el z2p.rirecay < CA/) (Viepllep.rinz ) + /2 (lepll 2.z @) + 18 — anll 2o rizz@))
4) |17l 2,2 < C(vlel Loz + Irpll 2o, ez @)

+Tl/2(”TPHLQ[O,T;Hl(Q)] + HJ’ - CIhHLz[o,T;Lg(Q)]))~

Here, w9 = 49, where y) denotes an approzimation of yo, and C a constant depending upon on the
domain ).

Proof. Estimates (1)-(2): Throughout this proof, we denote by é = § — wp,7 = 1 — 2z, and we split
g, 7to €= ente, = (QYT—wn)+(T—QXG), 7= rin+rp = (PYh—2)+ (A— Pi°°R), where Po¢,

loc are defined in Definitions 3.2.35 and 3.2.36. Subtracting (3.2.66) from (2.3.20), and (3.2.67) from
(2.3.21) we obtain the orthogonality condition: For n = 1,..., N, and for all v, € Px[t""1,t"; Y],
an € Prlt" 1" Qn)

o~
(€, vk) + / (= @ vne) + 0@ vn) + b(vn, B — pun) )t = (@1 v ),
Jan=t (3.2.69)

o
/ b(g — Wh, Qh)dt =0,
t’n,fl

- ) -
—(fz,v;z)+/ (<f,vht>+a(f,vh)+b(vh,¢—¢1h))dt:—(fiﬂvz;lw[ (& vn)dt,

tn—1

o
/ b(u — zn, qp)dt = 0.
tn—1

(3.2.70)
Note that the orthogonality condition (3.2.69) is essentially uncoupled and identical to the orthogo-
nality condition of [32, Equation (4.4)]. Hence applying [32, Theorems 4.6 and 4.7], we derive the
first estimate. For the second estimate, we note that the orthogonality condition (3.2.70) is equivalent
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to: For n = 1,..., N, and for all v, € Pi[t" "1, t": Y], qn € Pr[t" 1, ¢ Qul,

n

—(rTher k) +/ ((Tlhﬂ)ht) + a(rin,vn) + b(on, ¢ — ¢1h))dt
t‘n,—]
i
= 7(7"?};:7 U;zlll) + / <(é» vp) — a('ﬁ)z”b))‘itv (3:2.71)
t

tn nt
/ b(ﬂ — zh,qh)dt =0.
tn—l

Here, we have used the Definition 3.2.35 of the projection Pﬁfc, which implies that ft":,l (rp,vpe)dt =0
and (rp,,v™) = 0. Setting v, = r15 € Uy, into (3.2.71), using the incompressibility constraint to write,

Jon s 0(r1nd — $10) = [1u s b(r1n. & — qn) we obtain,

o~
—(1/2) it 20y + /2Nl @) + /2t 2 ) + (V/4)/t B 7 1nlf0 oy dt

.
<c [ (e + Al + 16 - alie)d. (6272
tn—

Summing inequalities (3.2.72), we obtain the estimate at partition points and at the L2[0, T; H'(Q)]
using triangle inequality. Once the estimate for ||7]|z2(0,r;e1(@), is obtained, the estimate at
L>[0,T;L?(2)] follows using the arguments of Theorem [32, Theorem 4.7], modified to handle
the backwards in time Stokes equation.

Estimates (3) and (4): We turn our attention to the last two estimates. In order to obtain the
improved rate for the L2[0, T;L?(Q)], norm we employ a duality argument to derive a better bound
for the quantity Hel,LLHZLQ[O,T;L2 (q)- For this purpose, we generalize the duality argument of the
proof of [14, Section 3] or [30, Lemma 4.3] in order to handle arbitrary order schemes, and the
discrete incompressibility constraint. We define a backwards in time evolutionary problem with
right hand side ey, € L%[0,T;L2(Q2)], and zero terminal data, i.e., for n = 1,..., N and for all
v € L2[0, T; HY(Q)] N HY0, T; H-1(Q)], we seek (z,1) € W(0,T) x L2[0,T; L3(£2)] such that

T T
/ ({z,ve) + a(v, 2) + (v, 9))dt + ((t" 1), 0(t" 1)) = / (e1n, v)dt,
0 0

T (3.2.73)
/ b(z,q)dt =0 VYqe L[0,T; Li(Q)].
0

Note that since ey, € L>[0,T; W(Q)], then Remark 2.2.8 implies that the following estimate hold:

21l z20, 7122 () + |26l 20,7512 + (¥l L2j0,7:m1 () < Clleanll Lz, r12 (o) (3.2.74)

The lack of regularity of the right hand side of (3.2.73) due to the presence of discontinuities, implies
that we can not improve regularity of z in [0,T]. The associated discontinuous time-stepping scheme
can be defined as follows: Given, terminal data Z{LV " =0, we seek (zn,%n) € U, x Qp, such that for all
o € Pt " Y], qn € Pr[t" 18" Qul,

t" g
7(ZZ+7UZ‘) * / N ((Zh,’l}},,t) +G(Z}L,U}L) +b(whyvh))dt+ (Zzzlzvzll) = / l(el}L,U}L)dt7
t

tn— n—

i
/ b(z;“ qh)dt = 0.

t"_l
(3.2.75)
Hence using Lemma 3.1.23, we obtain ||z (0,711 ()] < Cklle1nllL2(0,mL2(0)). It is now clear that
we have the following estimate for z — z,, which is a straightforward application of the previous

loc loc

estimates in L2[0,T; H!(£2)], the approximation properties of Lemma 3.2.37, of projections P;°°, Q}°°,
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(see for instance [32, Theorem 4.6]),

IN

€ (n772) (sl 2o, rameqen + 1zl xt0,rineca) + [l ato s o)
C(hr+7—1/2)‘|€1}LHL2[01T;L2(Q)]. (3276)

vz — ZhHL?[O,T;H‘(Q)]

IN

We note that the lack of regularity on the right hand side, restricts the rate of convergence to the
rate given by the lowest order scheme [ > 1, k = 0, even if high order schemes (in time) are chosen.
Setting vy, = ey, into (3.2.75), and using the fact that f:n_l b(e1n, ¥n)dt = 0 we obtain,

g

o,
—(2zy.emh) +/ (2n, €1nt) + alern, zp)dt + (ZZ+1’5?}J) / ) ||eth%2(Q)dt.
tn—

tn—1
Integrating by parts in time, we deduce,

g

.
() + (s €l) + / (= (znsern) + alen, exn))dt = / lewnlZodt:  (3:277)
tn—1

fn—1
Setting v, = 2, into (3.2. 69) and using € = e, + €ins the definition of projection Q'°° of Definition
3.2.36, and the fact that ftn 1 b(zh, P — p1p)dt = fzn 1 b(zn, D — gp)dt we obtain,

" o

(efn,2n) + / ) ( — (€1, znt) + alern, zh))dt —(en L Zl’zLJrl) _ ,/ ) (a(el77 zn) + b(zn, p — qn))dt,
en— i

(3.2.78)

Here, we have also used the fact that the definition of projection Ql“ of Definition 3.2.36, implies

that (e}, 2}) =0, fm 1 (ep,vpe)dt = 0 and (el ™1, zp7 1) = 0. Using (3.2.77) to replace the first three
terms of (3.2.78) we arrive to

(Rt =)+ [ ~ [ (alen )+ ben5 - i)t

o
= — / (alep, zn — 2) + alep, 2) + b(zn — 2,0 — qn))dt
t

Jign—1

"t
— _/ (a(ep, zp — 2) +v(ep, Az) +b(zp — 2,p — qh))dt,
t

n—1

where at the last two equalities we have used integration by parts (in space), and the incompressibility

constraint which implies that ff:;l b(z,p — qn)dt = 0. Therefore,

[ leunlede + Gyt = (o < [ llon = sl o lepln oyt
tn— tn—
+/ ) (llep Lz 1A2Z]2 @) + 12 = znller @ 1P — gnll2 () dt.

Then summing the above inequalities and using the fact that ¢& = 0 and €9,_ = 0 (by definition )
and rearranging terms, we obtain
W/2DllenlFego rizay) < € (VlepllLoporas@llzl e o
+vllzn — Z||L2[0,T H1(Q)] (H%”L?[o T;H(Q)] +1/v)|lp - (IhHLZ[O,T;H(Q)])
< C<V||@p”L2[o,T;L2(Q)] leinll 2o, 7512 o)

+(1/w)(h+ ')l

Il 221075220 (Ile

+(A/)llp = anll o) )-

Here, we have used the Cauchy-Schwarz, inequality, the stability bounds of dual equation (3.2.74), i.e
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and the error estimates (3.2.76) on z, — = Finally, the estimate on
1711 2210, 7512 (02)) follows by using a similar duality argument. d
Remark 3.2.40. The combination of the last two Theorems implies the “symmetric, reqularity free”
structure of our estimate. In particular, suppose that the initial data yo € W(Q), and the forcing term
f € L2[0,T; H~1(Q)], and we  define  the natural energy  morm
Il[(v1, v2)lllws o,y = lvillwso,ry + llvallwso,r) endowed by the weak formulation. Then, the es-
timate under minimal reqularity assumptions can be written as follows:

(& P)lwso.r) < CUlep, rp)lllwso,r) + 17 = anll 20,7522 001 + 1€ — anll 2p0,73020)))-

The above estimate indicates that the error is as good as the approximation properties enables
it to be, under the natural parabolic reqularity assumptions; and it can be viewed as the fully-
discrete analogue of Céa’s Lemma Céa, see e.g. [34]. Hence, the rates of convergence for e,r
depend only on the approximation and regularity results, via the projection error e, as indicated
in Lemma 3.2.37 and Remark 3.2.38. For example, if the Taylor-Hood element is being used, and
y € L2[0,T; V(Q)] N HYO, T; H1(Q)], p € L[0,T; L3(Y)], then for 7 < Ch? we obtain that

1. HeP”LZ[OyT;Hl(ﬂ)] <C, lp - qhHL2[07T;L2(Q)] <C,

2. \lepllr2po.re) < Chllyllrep,rm @) + 72l L2071 (9] -

Therefore, the above estimates, and Theorem 3.2.39, imply ||| 1201200 = O(R), for T < Ch%.
Obviously the estimate of Theorem 3.2.39 is applicable even in case more reqular solutions. For
example, for smooth solutions, the Taylor-Hood element combined with the dG time-stepping scheme
of order k will allow the following rates,

1. |lepllz2jorm @y < C(h? + TF+H1),
2. llepllreo,razo) < C(h3+ Tk+1).
Thus, Theorem 3.2.39, implies that for 7 < Ch?
||éHL2[O,T;H1(Q)] ~ (Q(h2 + 7_Ic+1)7

HFHLZ[O,T;H‘ (Q)] ~ 0(’72 + Tk+1),
|

7Nl 20,7512 ()

e

[L2(0,1512 Q)] & O(h® + 7F 1),
R O(h3 + Tk+1).

3.2.4.2 Symmetric estimates for the optimality system

It remains to compare the discrete optimality system (3.1.22)-(3.1.23)-(3.1.20) to the auxiliary system
(3.2.66)-(3.2.67).

Lemma 3.2.41. Let (Gn,pn), (in, 1), (Wi, p1n), (2, d11) € Un x Qp be the solutions the discrete
optimality system (3.1.22)-(3.1.23)-(5.1.20) and of the auziliary system (3.2.66)-(3.2.67) respectively.
Denote by e =y — wyp, T = 1 — 23, and let eap, = wp, — Yn, Ton = 21 — fn- Lhen there exists algebraic
constant C > 0 such that:

lleanll 20, mm2@) + (1/a'?)ranl| 20, 1w ) < C(1/ )7l 2p0. 702 ()
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In addition, the following estimates holds: Then, the following estimate holds:

N-1 T o
b 2oy + 3 NeballZaoy + v /0 leanll2gs gt < (C/a¥?) / 17220 )t
=0 . tn—1

N T T
1S 2 + 3 N2y + v /0 a2 e < (C/a¥/?) /0 1712 gyt
=1

where C' is constant depending only upon €.

Proof. Subtracting (3.1.23) from (3.2.67) we obtain the equation: Forn = 1,..., N, vs, € Pg[t""1,t",Y}],
qn € Prlt"™ 1,1 Qnl

t" t"

) ((T2h-, Vne) + a(ran, vn) + b(vn, p1n — éh))dt = / (e2n, v )dt,

tn—1

(") + 3kt +
t

tn "
/ b(’r'gh, qh)dt = O
t

n—1

(3.2.79)
Subtracting (3.1.22) from (3.2.66) and using (2.3.18)-(3.1.20), we obtain: For n = 1,..., N, for all
v, € Pelt" 1,8, Y], an € Pelt" 1,17 Qul,

o,
(ezp,, ™) +/ . ( — (e2n; Vnt) + alezn, vn) + b(vp, p1n *ﬁh))dt
tn—

"

— (en ) + / (1) (i — fin, v )dt, (3.2.80)

tn—1

.
b(@g}“ qh)dt = 0.

gn—1

We set vy, = egp, into (3.2.79) and note that fttn,l b(ean, d1n — ér)dt = 0, to obtain

o ”
—(r5hy . ehp) + / (<T‘2}L, eant) + a(ran, ezh))dt + (T;thrl, eghll) = / ) ‘|€2}L||%2(Q>dt. (3.2.81)
- e

gn—1

Setting vj, = 7o, into (3.2.80), and noting f::,l b(ran, p1h — pr)dt = 0 we deduce,

i
(€3, T3n) + /

tn—1

- /t (= (/a)Eran) = (1/a)llranllEae) )t (3.2.82)

n—1

< - <€2}La TZ}Lt) + a(€2h7 T2h)>dt - (63}717 Tghjrl

Integrating by parts with respect to time in (3.2.82), and subtracting the resulting equation from
(3.2.81), we arrive to

n

-
(i) = (@) + [ (leanliomy + (Vdlran o) dt = =(1/0) [ (oranat.
tn—1 tn—1
(3.2.83)

Using Young’s inequality to bound the right hand side, adding the resulting inequalities from 1 to IV,
and noting that >N ((r5, . em,) — (et ri ) = 0 (since €3, =0, Y, = 0) we obtain the first
estimate. For the second estimate, we simply set v, = eap, into (3.2.80) and use the previous estimate
on 7g5. Finally, the third estimate easily follows by setting v, = rap, into (3.2.79), the estimate on

lle2n ll 210,752 (q2)) and standard algebra. O

Various estimates can be derived, using results of Theorem 3.2.39 and Lemma 3.2.41 and standard
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approximation theory results. We begin by stating an almost symmetric error estimates which can
be viewed as the analogue of the classical Céa’s Lemma.

Theorem 3.2.42. Let (§n,Pn), (fin, &) € Un x Qi and (3,D), (i, ¢) € Ws(0,T) x L2[0,T; LE()]
denote the approzimate solutions of the discrete and continuous optimality systems (3.1.22)-(3.1.23)-
(8.1.20) and (2.3.16)-(2.3.17)-(2.3.18) respectively. Let e, = § — Q'°°F, r, = i — PY°[i denote the
projection error, where PY¢, Q¢ defined in Definition of 3.2.35, and 3.2.36 respectively. Then, the
following estimate holds for the error e =y — yp and r = ji — jip:

(e, ) llwso,r) < CA/a®2)(ll(ep, rp)llws o) + 15 — aullzziorzecoy + 116 — anll2po,r522()),

where C depends upon constants of Theorem 3.2.39, and Lemma 3.2.41, 1/v%, and is independent of
T, h7 «, and qn € Qh arbitmTy,

Proof. First, we observe that an estimate for |lean || oo, 7:12(2)) and [|72n | Loojo,7;12(q2)) can be derived
identical to [32, Theorem 4.6] since the (3.2.78)-(3.2.79) are uncoupled due to the estimate of Lemma
3.2.41. Therefore, the estimate follows by using triangle inequality and previous estimates of Theorem
3.2.39 and Lemma 3.2.41. O

An improved estimate for the L2[0, T; L?(Q)] norm for the state, and adjoint follow by combining the
estimates of Theorem 3.2.39, and the first estimate of Lemma 3.2.41.

Theorem 3.2.43. Suppose that yo € W(Q), f € L2[0, T; H~(Q)], and the assumptions of Theorem
3.2.39 and Lemma 3.2.41 hold. Let e, = § — Q¥°g, rp = it — Pi°i denote the projection error, where
Ploc Qle¢ defined in Definition of 3.2.35, and 3.2.36 respectively. Then, there exists a constant C
depending upon Q, 1/v such that,

llell 20,2 @) < 0(1/041/2)(H%HH[O,T;L?(Q)] +lrpll 20,712 ()]
+72(|lepll 2o, (0)) + 1P — anllz2j0,m:22()))
+7 2 (Irpll 2o, m ) + 16— Qh,\|L2[0,T;L2<Q)]))>

Irllzepo,rzy < C(Hep||L2[o,T-,L2(Q)] + Impll 210,712 ()

+72(|lepll 2o ra @) + 1P — anll2po.riz2())

+72(|lrpll 20,780 (@) + |6 — QhHLz[O,T;LQ(Q)]))-

Proof. The first estimate follows by using triangle inequality and previous estimates of Theorem
3.2.39 and Lemma 3.2.41. O

We close this subsection by stating convergence rates in two cases for the Taylor-Hood element,
depending on the available regularity. Obviously a variety of other estimates can be derived, depending
on the chosen elements.

Proposition 3.2.44. Suppose that the assumptions of Theorem 3.2.39 and Lemma 3.2.41 hold.
1) Let yo € W(Q), f € L?[0,T;H1(Q2)], and there exists p € L*[0,T; L3(Q)], such that the weak
formulation (2.3.20) is valid. Assume that the Taylor-Hood element are being used to construct
the subspaces and piecewise constants polynomials k =0 for the temporal discretization. Then, for
T < Ch? we obtain,

”6HL2[O,T;L2(Q)] S Ch and H".HLZ[O,T;LQ(Q)] S Ch

2) Let 5, i € L0, T; H*(Q) N V(Q)] N H*1[0, T; HY(Q)], 5, ¢ € L0, T; H>(Q) N LE(Q). Suppose
that the Taylor-Hood element combined with piecewise polynomials of degree k for the temporal
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discretization are being used, then the following rates hold:
(e m)llw o,y < C(1/a®/)(h* +75F1),

20,7512 ()] < C(l/al/Z)(hS +7_1€+1 +T1/2(h2 +,[_k+1))7
Irll 2o iy < C (R + 78+ 712 (02 4 75H1)).

le|

Proof. The rates directly follow from Theorem 3.2.39, Theorem 3.2.43, Lemma 3.2.37 and Remark
3.2.40. 0

3.2.4.3 | Control Constraints: The variational discretization approach

We demonstrate that the variational discretization approach of Hinze ([65]) can be used within our
framework. In the variational discretization approach the control is not discretized explicitly, and
in particular we define Agd = Auq- Thus, our discrete optimal control problem now coincides to:
Minimize functional

T T
Tu(un(g). 9) = / o (9) — valZ eyt + a / g2 gyt

subject to (3.1.2), where y,(g) € Uy, denotes the solution of (3.1.2) with right hand side given control
g € L?[0,T;L%(Q)]. The optimal control (abusing the notation, denoted again by g) satisfies the
following first order optimality condition,

T (Gn)(u— gn) >0, for all u € L2[0, T; L2(Q)),

where g, takes the form g, = Proj[gmgb](f%ﬂh(gh)), similar to continuous case. We note that the
gn is not in general a finite element function corresponding to our finite element mesh. Thus its
algorithmic construction requires extra care (see e.g. [65]). However, in most cases the quantity
of interest is the state variable, and not the control. For the second derivative we easily obtain an
estimate independent of g, gj,, and in particular,

Ty (W)@, @) > ol|il|}a0 a2y for all @ € L2[0, T;L2(Q)).

Theorem 3.2.45. Let yo € W(Q), f € L?[0,T; H 1(Q)], and yq € L2[0,T;L2(2)], and the there
exists an associated pressure p € L2[0,T; L3()]. Suppose that AL, = A.q and let g, gn denote the
solutions of the corresponding continuous and discrete optimal control problems. Then, the following
estimate hold:

IN

C1/a)lp(g) = 1n(@)l L2j0,7512(0))
C(llepl

+72(llepl 20,80 @) + 1D — anllL2jo.7:22(0)))

lg — gnllz2j0,7:L2 ()

IN

r2.riL2@) + 7ol L2, rre @)

+Tl/2(H’"p||L2[oA,T-,Hl(Q)] + (16 = qnllr20,m502()))

where (un(9), n(g)) and (u(g), ) denote the solutions of (3.1.19) and (2.3.15) respectively, and
ep = y(9) ~ QiY(9), 7 = 1(9) -
T < Ch?,

Plh“#(g) the corresponding projection errors. Furthermore, if

g — gnll 20,712y < Ch.
Proof. We note that AZ 4 = Aqd, and hence the first order necessary conditions imply that

Jn@)@—g) >0  and  J(g)(G—gn) <0. (3.2.84)
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Therefore, using the second order condition and the mean value theorem, we obtain for any u €
L%[0,T;L2(Q2)], (and hence for the one resulting from the mean value theorem) and inequalities
(3.2.84),

allg = nll2epracy < In (@@= 3nd—3n) = Jn@ G —Gn) — Jn(G)G — n)
T
< T@G -3 - T @G- ) = /0 /Q (@) — (@)@ — gn)dudt
< Cll(g) — 1 (@) le2o,mre@ 19 — gnllepo,re2@)

which clearly implies the first estimate. Now, a rate of convergence can be obtained using similar
arguments to Theorem 3.2.39. Indeed, note that subtracting (3.1.19) from (2.3.15) and setting
7 = up(g) — u(g), and € = yn(g) — y(g). Using the estimates of Theorem 3.2.39, and the rates of
Proposition 3.2.44, we obtain the desired estimate, after noting the reduced regularity of e. O

After studying the convergence rates in the relevant norms for each of the studied problems in the
following chapters we describe the corresponding experimental results and verify the corresponding
theoretical results.






RoOBIN BOUNDARY CONTROL
EXPERIMENT IN LINEAR PARABOLIC
PDES

This chapter presents the theoretical principles and the experimental results for a boundary control
problem for linear parabolic partial differential equations with Robin boundary conditions.
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214 4. Robin Boundary Control Experiment in Linear Parabolic Pdes

Robin boundary conditions, setting the model

According to the theory in previous chapters related to Robin boundary control problem we want to
minimize the functional

1 T ) a [T
H09) =5 [ Ty =villsadt+5 [ lalacri
with constraints,

yt_Ay - f? in (07T) XQ:

y—i—)fl% = g, in (0,7) x T, (4.1.1)
y(0,2) = yo,  InQ

We consider numerical examples for the model problem in space Q@ x I = Q x [0, 7] = [0, 1] x [0,0.1]
in cases of:

a) Smooth initial data for the state variable (with known analytical solution) using constant polyno-
mials in time, and linear polynomials in space,

b) Discontinuous initial data yo € L?(f2) - in this case we mention that we have not known analytical
solution, and we consider exact solution the solution to space - time mesh dt = 2.71267¢ — 05,
h =5.20833¢ — 03 (3687 and 37249 degrees of freedom, respectively), and

c) Smooth initial data for the state variable (with known analytical solution) using linear polynomials
in time and space.

Note that the boundary control function does not have continuous first derivatives at certain points.
We stabilize the regularization parameter of the functional with & = 7%, The boundary optimal

control problem is solved with the software package FreeFem ++, see e.g. [64] using a gradient
algorithm to a 4 Six-Core AMD Opteron (tm) Processor 8431, 96 GB RAM computer.

4.1.1 Smooth initial data

Let a = —/5. We choose force
flt,zy,20) = ﬂze”zt(?(x% — @9 + 2}) cos(mxyz2) cos(mxy (v2 — 1))
— (223 — 2wy + 222 + a + 1)sin(rz122) sin(rzy (2o — 1))),
initial data yo(z1, x2) = sin(n(1 + z122))sin(rzy(z2 — 1)), with optimal pair (g, g), and
§(t, 1, 22) = exp(an?t)sin(n(1 + x12))sin(rzy (o — 1)),

while g has been calculated using the Robin boundary condition in each component of the square I';,
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i =1,...4 (starting from the bottom) side of the boundary with

0 in I'y,
g sin(raxe — m) + w(1 — x2) sin(7zs)
glt, o1, 22) = e cos(m (z2 — 1)) in [y,
0 in I3,
0 in Iy,

For this data option and target function y4 (¢, z1,x2) = 0.5, the corresponding errors for the state
variable and the control function for different meshes are shown in Table 4.1.

Table 4.1: Rates of Convergence for the two-dimensional solution with k = 0, tau = h?/2 smooth initial
data and yq = 0.5.

Descritization Errors

h = 0.2357022 0.018310605 0.070340370 0.002395820

h =0.1178511 0.004085497 0.031958661 0.001857961

h = 0.0589255 0.001335615 0.016375314 0.001738954

h = 0.0294627 0.000766443 0.008819160 0.001711876

h = 0.0147313 0.000676697 0.005626214 0.001705198
Rates 1.526118558 0.998546583 -

The convergence rates we can see above is according to the theory and equal to 1.5 for L2[0, T; L?(9)]
norm and 1 for L2[0,T; H*(Q)] norm (O(r 4 h3/2) and O(r + h) respectively, in accordance with
theoretical results of Proposition 3.2.13). In particular, the convergence rate 1.5 for L2[0,T; L?(£2)]
norm is the best we can get with these boundary data, since from the projection definition is the
L2[0,T; L*(T)] norm that limits the size of the convergence rate on the boundary. So instead of having
convergence rate 2 as we have in the distributed control with zero Dirichlet boundary conditions, the
convergence rate decreases in value 1.5.

Similar results have been obtained for target functions 0, and 0.5 cos(mz1) cos(mzs). More specifically
observing the results shown in Tables 4.1, 4.2, 4.3 for different target functions, we can see almost
the same convergence rates for the state variable errors in spaces L?[0, T; L%(Q2)] and L2[0,T; H'(Q)]
and similar values for the functional.

Table 4.2: Convergence rates for the 2d solution with k = 0, 7 = h?/2 smooth initial data and y4 = 0.

Discretization Error

h = 0.2357022 0.018437187 0.070206813 0.003505277

h =0.1178511 0.004163875 0.036356131 0.002718328

h = 0.0589255 0.001477032 0.017039099 0.002520912

h = 0.0294627 0.000961147 0.010077840 0.002473947

h =0.0147313 0.000883837 0.007476681 0.002462163
Rate 1.420572191 0.875175799 -

A 3d Figure 4.1 shows from a different view how the errors vary in spaces L2[0,T; H'(Q)] and
L2[0,T;L?(9)] as 7, h change. In particular starting with h = 0.2350722, and 7 = 0.05555449,
we have relatively large errors for the L?[0,T; H'(2)] norm error, and enough smaller for the
L2[0,T; L?(Q)], 0.070 and 0.018 respectively.

As the experiment progresses the errors are reduced until they become 0.0056 and 0.00067 respectively
where at this point they begin to stabilize because of the very dense spatial and temporal discretization,
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Table 4.3: Convergence rates for the 2d solution with k = 0, 7 = h?/2 smooth initial data and yq =
0.5 cos(mz1) cos(mz2).

Discretization Error

h = 0.2357022 0.018033381 0.070977749 0.004957926

h =0.1178511 0.003666894 0.032317405 0.004953116

h = 0.0589255 0.001015930 0.016629768  0.004905743

h = 0.0294627 0.000821597 0.009086474 0.004909695

h =0.0147313 0.000879346 0.005954120 0.004907448
Rates 1.485364815 0.988524738 -

Error L2[0,THY Q)] —e—
Control Errer L2[0T;L7(0Q)] —=—
Error L2[0,T;L.4(2Q)] —?

0.07 ¢

0.06 + _

005
0.04

h{space discretization) 0.15 02 il

Figure 4.1: Errors for the state and control variable for 7 = h?/2.

and therefore the integration and rounding errors. In the above graph it is clear also that the errors
for the control function stabilized faster since the gradient algorithm “work” more in the early steps
to have a desired control. A 2d Figure 4.2, shows how [|g(t)||12(q) norm for the control function
varies as time passes in 7, h different meshes. The left Figure of 4.3, shows how the distance from the
target ||y(t) — ya(t)l|12(q), varies as time passes in different meshes, and more particularly the more
dense mesh we use the smaller distance from the target we get.

\ mesh (12x12) ——

0.03 \ mesh (24x24) ——
\ mesh (48x48)

mesh (96x96) ——

0.025

0.02

0.015

001 002 003 004 005 006 007 008 009 0.1
t (time)

Figure 4.2: Norm for the control function [|g(t)||12(q)-
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0.0008 mesh (12x12)

mesh (24x24)

mesh (12x12

)
0.18 mesh (24x24) —

0.0007 mesh (48x48) 0.16 : mesh (48x48)

mesh (96x96) — -0 mesh (96x96)
0.0006 \ 014 X mesh (192x192) ——
0.0005 0.12

0.1

[y-yal

0.0004

0.08
0.0003
0.06

0.0002
* 0.04
0.0001 + 0.02

001 002 003 004 005 006 007 008 009 0.1 0 0.01 002 003 004 005 006 007 008 009 0.1

t (time) € (time)

Figure 4.3: Distance from target ||y(t) — ya(t)| 12(n)- a) Smooth data. b) Nonsmooth data - disconti-
nuity.

0.0012 )

0.001
0.0008
0.0006
0.0004

0.0002

001 002 003 004 005 006 007 008 0.09

t (time)

Figure 4.4: Effects to the control ||g(t)||.2(q) as regularization parameter a varies with fixed mesh
48 x 48.

Effects to the functional as regularization parameter o changes. Figure 4.4 shows that for small
values of «, gradient method uses big control values, and vise versa small control for big values for a.
We also noted that it’s better to take 107! < o < 1075,

Distance between numerical solution and target function. An important observation is that we
didn’t notice change in the progress of the distance of the numerical solution from the target for the
different values of alpha as shown in Figure 4.5.

The algorithm for piecewise constant polynomials in time. For the above results we used the
following code after we initialized n = 0, ¢ = 1, tolerance tol and initial control ¢°|r. We note that
e.g. y" is a sequence of piecewise linear polynomials in time (and every term of this sequence is
another sequence piecewise in space) in nth iteration of the gradient method.

e Step 0 (Initial state) For g|r := ¢°|r, y =: 3° solve the system

yt_Ay = f7
4,0
Ylr + A 18% = glr,

y(0>1) = Yo,
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%=0.01
x=0.05
x=0.01 ——
000005 \ ¥=0.005
a=0,0005 ——
2=0.00005 ——
0.00004 \ 2=0.000005

- 0.00003

¥¥da

0.00002 N

0.00001 e

t (tme)

Figure 4.5: Effects to the numerical solution and target function distance ||y(t) — ya(t)l|12() as a
varies.

e Step 1 (Conjugate equation) Solve for u =: u™,

e+ Ap =y —ya,
4 0u
At = 0
/L‘F+ on )
w(T,z) = 0.

e Step 2 (New descent direction) Choose as descent direction the negative gradient of the cost
functional

—J'(gIr) = —(aglr + plr)

e Step 3 (Checking step €,,): Find optimal size of e,:

J(y"lr + en(aglr + u\r)) = min J(y”lr + e(aglr + u\r))

Step 4 (New control function): Set

9" e = g"[r + en(ag” e + 1" [r)}

o Step 5 (New state): Check if J* < J"7! and set € = 1.5¢. If J* > J"~! set ¢ = 0.5¢. Go to
Step 0 with g|r := g"*!|r for y =: y™ and n = n + 1. Stop if |J* — J*~1|/J" < tol.

Please note that for the solution of the state equation you need to write the basic equation in suitable
discontinuous in time Galerkin form. Specifically, the approximation functions are piecewise constant
polynomials in time so the method turns to the modified backward Euler (method dGO) :

tit1
(I 4+ dtA)yir1 + yir1lr = yi + ginalr +/ fds.
t;
Similarly for the solution of the conjugate equation we need to write the backward in time equation
in the form

tit1
(I + dtA)p; + pilr = pis1 + / (yi — ya)ds.
t

Li

Where operator A corresponds to the Laplace operator.
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4.1.2 Nonsmooth initial data

This experiment has the same 2, T, as in the first example, e.g., @ = [0,1] x [0,1], T = 0.1. The
difference is that the initial data yg is a discontinuous function defined by

y { sin(m(l 4+ z1ze))sin(mzy (2 — 1)) if 1,29 > 0.5,
0 =

10 + sin(m(1 + z122))sin(rxi (2 — 1)) else.

For this experiment the error results are shown in the Table 4.4, where the rate of O(h) when 7 < Ch?,
for the L2[0, T; L?()] norm is verified for the state and adjoint variable. Comparing the convergence
rate results and the expected convergence rate we see better rates because of the way of the “exact
solution” construction. Comparing also this example, with the smooth data example we observe that
the functional has bigger values and the error e.g. in h = 0.014 is also larger. The results give a little

Table 4.4: Convergence rates for the 2-d solution with k = 0, 7 = h?/2 and nonsmooth initial data.

Discretization Errors

h = 0.2357022 0.4093275092 0.008552165422 | 0.9411555956

h =0.1178511 0.1555909764 0.005056762072 | 0.8225865966

h = 0.0589255 0.0714820269 0.002440981965 | 0.7424795375

h = 0.0294627 0.0302970740 0.001179518135 | 0.7066657202

h =0.01473139 0.0100448501 0.001097951813 | 0.6883517113
Rate 1.2520017243 0.952697386266 -

bit better rate of convergence due to the constructive way of the state variable. Obviously the error
norm L2[0,T; H(Q)] doesn’t give a rate, since the data yo € L?(£2) and the initial discontinuity is
disseminated through characteristics in the whole exact solution. Finally the right graph in Figure
4.3, shows how the distance from target function reduces as time evolves, and as we expected it is
more difficult the state variable to reach the target (under the control function effect).

4.1.3| Experiment using linear polynomials in space and time

To illustrate the potential applicability of higher order time stepping schemes, we consider a coarse
time-stepping approach based on the & = 1 time stepping scheme. Here, we return to the Example 4.1.1,
with the known smooth solution y given by 4(t, z1, 7o) = exp(an?t)sin(r(1 + z132))sin(rzi (z2 — 1)),
for k =1, 1 = 1. Note that despite the fact that we have chosen smooth state variable, the presence of
a Robin boundary control limits the regularity at least near by the boundary for the time derivative
of the adjoint and control variables. However overall, we expect that the parabolic regularity will
appear as time progresses. Our best approximation type estimates for “smooth” state, adjoint and
control variables yield a convergence rate with respect to L2[0,T; H'(Q)] norm of order O(72 + h),
when piecewise linears are considered for both time and space i.e., k =1,1=1.

In the following experiments we present the rate based on a coarse time stepping approach. In
particular, for 7 = h'/2, and 7 = h*/* which corresponds to very few time steps compared to the
standard approaches, the Tables 4.5, 4.6, clearly indicate that we still obtain a rate, of almost O(h).
Of course, it is expected that the rate is suboptimal due to the lack of smoothness near the boundary.

Please note that for the solution of the state equation you need to write the state equation in suitable
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Table 4.5: Convergence rates for the 2-d solution with k =1, [ = 1, 7 = O(h*/*), smooth initial data and

ya = 0.

Discretization Error

h = 0.2357022 0.007064919 0.071348872 0.002392313
h =0.1178511 0.002639725 0.031653985 0.002355530
h = 0.0589255 0.001462584 0.017397858 0.002305098
h = 0.0294627 0.000873854 0.009497292 0.002258746
h =0.0147313 0.000566631 0.005500319 0.002230101
h = 0.0073656 0.000410072 0.003614028 0.002214837

Rate 0.910047586 0.924325857 -

Table 4.6: Convergence rates for the 2-d solution with k =1,1=1,7 = O(hl/z), smooth initial data and

deO.

Discretization Error

h = 0.2357022 0.008385394 0.068070558 0.002676642
h =0.1178511 0.004769310 0.040332082 0.002579619
h = 0.0589255 0.002736129 0.019010050 0.002468955
h = 0.0294627 0.001954915 0.012117836 0.002384007
h =0.0147313 0.001398719 0.008222888 0.002322462
h = 0.0073656 0.001003904 0.005980212 0.002276926

Rate 0.645943041 0.762328463 -

discontinuous in time Galerkin form dG1. Specifically, the approximation functions are piecewise
linear polynomials in time and space so the method turns to

—1 —1
Wny svny )

yO

+

n—1

o
/ ( — (Ynt, vn) + alyn,vn) + A(ym%)r) dt
t

i
(yZ_I»UZIl) +\/t . <<fa Uh) + )‘<g7 Uh>1“>dt7VUh € rpk[tn717tn; UhL 1<n< Na

Yo-

So if k = 1, e.g. linear polynomial in time ¢, we can write yp,(t) = Yg* + Y{* (¢t — t,—1)/7 in ("1, 7]
with 7 = t" — "~ and for test function v, = 77! (s —t,,_1)! for | = 0,1 after integration and denoting

Yy = Yo, Y{" = Y7 we take the appropriate system, (see the following algorithm) with y; = Yy + Y3.

Similarly for the solution of the conjugate equation we need to write the backward in time equation
with Hi = MO + Ml.

The algorithm for piecewise linear polynomial in time.

Working similarly with the previous

algorithm for the above results we used the following code, after initializing n = 0, ¢ = 1, tolerance

tol and the control function ¢°|r. We note that e.g. y™ is a sequence of piecewise linear polynomials

in time (and every term of this sequence is another sequence piecewise in space) in nth iteration of
the gradient method:
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e Step 0 (Initial state) For g|r := ¢°|r solve the system y =: y°

1 1 tit1
(I +dtA)Yy+ (I + 5altA)Yl + (Yo + 5Y1)|p = ginlr+uvy+ / fds
ti
1 1 1 1 1 1 1 [li+r
FdHAY + (51 + gdzsA)Y1 + (§Y0 + §Y1)|r = §Qi+1\r +o /t (s —ti)fds

withy=Yy+ 11

e Step 1 (Conjugate equation) Solve for pu =: u™,

1 1 tiva
([ -+ th)]\/[o + (I + §de)M1 -+ (]V[O -+ iﬂfl)lr = +/ (y, - yd)ds
ti
1 1 1 1 1 1 [lin
5thMO + (51 + gth)Ml + (EMO + ng)|F = = (yi — ya)(s — t;)ds
ti

with = My + M,

e Step 2 (New descent direction) Choose as descent direction the negative gradient of the cost
functional
—J'(glr) = —(aglr + plr)

e Step 3 (Checking step e, ): Find optimal size of e,:

I (g1 + enlagle + plr) ) = min J (g7 + =(agl + plr) )

e Step 4 (New control): Set

" = g"r + enlag™|r + ")}

e Step 5 (New state): Check if J* < J"~! and set ¢ = 1.5e. If J" > J"~1 set ¢ = 0.5¢. Go to
Step 0 with g|r := g"*!|r for y = y™ and n = n + 1. Stop if |J* — J*~L|/J" < tol.

Remark 4.1.1. This gradient method is based on the steepest-descent/projected gradient method.
Its convergence is slow but it is easy to implement and so suitable for numerical exams. Also
because evolutionary problems require great computational effort because of the time change, gradient
methods are very useful alternatives methods with them with higher convergence order, requiring less
computational resources. The projection step e, is necessary since the term ¢;" + en(vigi + pi) it
may not be advisable. In particular, the reduced negative slope is used as search direction and then
we calculate the step in this direction. The step €, is derived from a suitable linear search strategy
(line search strategy). A typical gradient method has good prospect to lead to the solution in the first
iterations, while decreasing their effectiveness in subsequent iterations. However in the next section
(distributed control case in a semilinear parabolic problem) we will improve the code by using Strong
Wolfe-Powel conditions and instead of negative derivative directions we will use the Fletcher-Reeves
direction.

Remark 4.1.2. In Figures 4.6, 4.7 we present some instances for the state and conjugate variable.

Remark 4.1.3. It is reasonable to compare these results to that with smooth data in case of k =0
and k = 1. Specifically, let us compare for example the results of Tables 4.3 and 4.5. We note that
although the convergence order is much smaller for the case k =1 errors e.g. for h = 0.014 although
remain the same for the L?[0,T; H'(Q)] and approzimately equal to 0.005, they are smaller for the
L2[0,T; L?(9)] norm and equal to 0.008 for k = 0 and 0.005 for k = 1, i.e. we have better results.
It is also noteworthy that in the case k = 1 due to coarse - time stepping although we use the same
PC memory we can continue to more dense partitioning. This is possible since we have used less
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Figure 4.7: Instance of the conjugate variable.
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data storage memory size, since time points is much less, and it plays a crucial role in computer
memory allocation. So we can continue into more dense partitioning which allows us to take even
better results for the error norm L2[0,T; H*(Q)], from 0.005 for k =0 to 0.0036 for k = 1, and for
the L2[0,T; L%(Q)] norm from 0.008 if k = 0 to 0.0004 if k = 1. Finally note that for the minimized
functional J from 0.0049 (in the case of k = 0) we achieve much lower value of the functional in the
case k =1 and equal to 0.0022.

Next we report that the degrees of freedom in the case of coarse time stepping example k = 1,
T =0O(h34), (see Table 4.5) for every variable of the 5 system variables - 2 for the state, 2 for the

conjugate problem and 1 for the control is

o for the spatial part the degrees of freedom we use successively in each mesh are 49, 169, 625,
2401, 9409, 37249, (148225),

e for the time part the degrees of freedom we use successively in each mesh are 5, 8, 14, 23, 38,
64, (108),

while in the case of k = 0, 7 = O(h?), for every variable of the 3 system variables

e for the spatial part the degrees of freedom we use successively in each mesh are 49, 169, 625,
2401, 9409, (37249),

e for the time part the degrees of freedom we use successively in each mesh are 4, 15, 58, 231,
922, (3687).






DISTRIBUTED CONTROL EXPERIMENT
IN SEMILINEAR PARABOLIC PDES

This chapter presents the basic concepts and the numerical results for a semilinear parabolic equation

with distributed control and zero Dirichlet boundary.
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Distributed control - Description of the model

We described in previous chapters the theory for semilinear problems with distributed control. Now
we will verify numerically the posteriori error estimates for k = 0, = 1, in the cases of 7 = h? and
7 = h for the error control, state and conjugate variable, and we will introduce the strong Wolfe-Powel
conditions.

We construct the following numerical example for the model problem with known exact solution in
Q% (0,7) = (0,1)% x (0,0.1) and homogenous Dirichlet boundary condition, similar with this in the
work [94]. Specifically we minimize the functional

1/t 9 a [T 2
H09) =5 [ =l + 5 [ ol

subject to,
yr— Ay+(1/3)y =f+g  in(0,T)xQ,
y =0 on (0,7) x T,
y(0,2) =yo in Q.

We choose regularization parameter o = 7%, force

1 -1
flt,zy,20) = *71'46_\/5W2T8in(ﬂ'£61)Sin(ﬂl‘g) + g(mﬂ%_\/EWQtsin(ﬂxl)sin(ﬂmg))3,
target function
- 4 . 2
ya(t, z1,22) = (271' e~ Vo' _ (2_777[5)2 (e*‘/gﬂztsin(wm)sin(ﬂwz))

(e = e V5T) ) sin(ra)sin(ra),

2_\/57r25in(7rx1)sin(7r1'2), with a way that the optimal solution (y, 4, g)

and initial data yo(x1,z2) =
to be

-1 s
y(t77317732) = 9_ \/571—26 Vantt

sin(mry)sin(rs),

w(t,x1, ) = (e*‘/g"% — e*‘/5”2T)sin(7rxl)sin(7r:c2),

g(t,z1,20) = —7r4(e*‘/57’2t — e*‘/g”%)sm(mvl)sz’n(rxg).

5.1.1 Constant polynomials in time, and linear in space

We used the following code, after initializing n = 0, € = 1, tolerance tol and control ¢°|r. We note
that e.g. y™ is a sequence of piecewise linear polynomials in time (and every term of this sequence is
another sequence piecewise in space) in nth iteration of the gradient method.

e Step 0 (Initial state) For g := ¢° solve y =: 3/°
L3
ye—Bytgy=g+/

yr =0,
y(ovx) = Yo,
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Step 1 (Conjugate equation) Find p =: u",

pe + Ap 4y =y — ya,
pr =0,
w(T,z) =0.

Step 2 (New descent direction) Choose as descent direction the negative gradient of the cost
functional

—J'(g) = —(ag+p)

Step 3 (Checking step €, ): Find optimal size of €,,:

J(gn +en(ag + u)) = IEII>11(;1 J(g” +e(ag + u))

Step 4 (New control function): Set

9" = g" +enlag” + p")}

Step 5 (New state): Check if J® < J*~! then set ¢ = 1.5¢. If J" > J" "1 set ¢ = 0.5¢. Go to
Step 0 with g := g"*!| for y =: y™ and n = n+ 1. Stop if |J* — J*71|/J" < tol.

Please note similarly with the previous chapter that for the solution of the state equation we need to
write the basic equation in suitable discontinuous in time Galerkin form:

1 tit1
(I + th)yi+1 + gyi+13 =Y +/ (f + g)d57
t;

and for the solution of the conjugate equation we need to write the backward in time equation in the
form

tit1
(I +dtA)p; +y2pi = piv1 + / (yi — ya)ds.
ti

The semilinear term was handled with linerization and with fixed point method too and we saw
similar results.

Table 5.1: Convergence Rates for the 2-d solution in the case of k =0,1=1 (h =7).

Discretization Error

h = 0.02946280 3.631050 0.05551130 0.02498330

h =0.01473140 1.508560 0.02618430 0.01082740

h = 0.00736570 0.772711 0.01454260 0.00561528

h = 0.00368285 0.391391 0.00758848 0.00281426
Rate 1.071233 0.95696566 1.05004366

5.1.2| Strong Wolfe-Powel conditions

As in previous chapter we use an algorithm based on steepest - descent / projected gradient method .
The projection step, €, is necessary since the direction term, it might not be advisable.
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Table 5.2: Convergence Rates for the 2-d solution in the case of k =0, 1 =1 (h* = 7).

Discretization Error

h =0.1178510 2.254550 0.04141390 0.07661170

h = 0.0589256 1.003230 0.01943350 0.02208320

h = 0.0294628 0.470049 0.00914215 0.00546600

h =0.0147314 0.229416 0.00445367 0.00135706
Rate 1.051790 1.06430666 1.89617666

‘We used the Fletcher-Reeves conjugate direction as search direction and then we computed the step
for this direction. The step ¢, derived from a suitable linear search (line search strategy). Note
that the experiments in this paragraph (see Table 5.3) and specifically when k = 0 although we

Table 5.3: Convergence rate for the 2-d problem with k=0, [ =1 (h* = 7).

Discretization Error

h =0.1178510 2.195070 0.0411142 0.348617

h = 0.0589256 0.989756 0.0192208 0.098052

h = 0.0294628 0.467749 0.0091017 0.027175

h =0.0147314 0.229123 0.0044466 0.008308
Rate 1.086690 1.0695966 1.796943

wasted more computational resources in memory, we were able to reduce significantly the number of
iterations of the double iteration loop of the gradient method from an average of 31 iterations to
23, (keeping almost the same convergence classes and similar effects) using the strong Wolfe - Powel
conditions:

1. J(Yka1, gks1) < J(Yk, gr) + oex'T 1dy, (Armijo rule)
2. | J kyrdi| < —pJ'kdy;

with 0 < p <0 < 1 and dp11 = —Jj | + Brrad, do = —J;, and choosing the Fletcher-Reeves
1T g1

conjugate directions: Sy = Hj’fi’ﬁ;,

k—1
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This chapter presents the basic concepts and the related test results for a distributed control problem

in evolutionary Stokes equations with zero Dirichlet boundary conditions.
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Distributed control in Stokes - description of the model

In this paragraph we examine the mathematical model and the theoretical rates of convergence which
examined in previous chapters related to evolutionary Stokes with distributed control.

The examples are based on [60, Section 3]. The pressure and the velocity need to discretized in
suitable finite element spaces with the necessary inf-sup conditions. Such spaces include e.g. Taylor
Hood P2/P1 elements for the space approximation of velocity/pressure. For the time approximation
we will use dG time stepping schemes k = 0, k = 1 e.g., piecewise constants and piecewise linears
respectively. Our example, focus on the unconstrained and constrained control case, where a classical
boot-strap argument implies smooth solutions for the state and adjoint variables, for smooth and non
smooth data.

We consider numerical tests in the case k = 0, and some examples for the more difficult to compute
but with better rates of convergence case of k =1 for the model problem. Our space is Q x [0,T] =
[0,2]% x [0,0.1], choosing %|r = 0 with known exact solution:

(71, 72) = ((cos(2kz) — 1) sin(2my), sin(2ma) (1 — cos(2ky)))e /2
e ((sin(kx)? sin(my)?)/k? 4 (cos(2kx) — 1)? sin(2my)?
+sin(2ma)?(1 — cos(2ky))?)/2,

(91:G2)s

"<
| I

QI
I

@i = (((kvsin(kx)? — kv cos(kz)? + kv) cos(my) sin(my) + ((—8km? — 8k*) sin(kx)?
+(8km? + 8k®) cos(kx)? — 8km?) cos(my) sin(my)))/ke /2,

G = ((K’vsin(2mz) cos(2ky) — k?vsin(2mz)) + (=8k*m? — 8k*) sin(2ma) cos(2ky)
+8k%m? sin(2mz)))/ (2k?))e /2,

initial velocity go = ((cos(2kz) — 1) sin(2my), sin(2mz)(1 — cos(2ky))) and target function yq =
(Y1, yaz) = (0.5,0.5).

The force term f = (f1, f2) can easily computed from the state equation if we substitute the above
exact solution to the equation, and particularly

fi = (((cos(kx)sin(kx) sin(my)? + (16k? cos(kx) sin(kx)® + (16k2 cos(kx)
—16k? cos(kx)3) sin(kz)) cos(my)? sin(my)? + ((16km cos(ma) sin(mzx)3
—16km cos(ma)?® sin(max)) cos(ky)? — 8km cos(ma) sin(mx)*
+8km cos(ma)? sin(ma)) sin(ky)? + (8km cos(mz) sin(mzx)?
—8km cos(mx)? sin(ma)) cos(ky)? — 8km cos(maz) sin(mz)>
+8km cos(mz)® sin(mx))) /k)e ™,

fo = ((2msin(kz)? cos(my) sin(my) + (74k2m sin(2kxz)? — 8k%m cos(2kx)
+8k*m) cos(2my) sin(2my) + (4k> sin(2ma)? — 4k> sin(2max)? cos(2ky)) sin(2ky)))

/(2h2))e ",

For the velocity we expect O(h® + 751) and O(h? + 7%+1) rates of convergence in L2[0,T;L2(Q)]
and L2[0, T; H'(2)] norms respectively.

We choose constant regularisation parameter in the functional o = 107%, and the free parameters
similar to [32], v = 1, k = m, m = m, and A = 1. The optimal control problem is solved with the
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finite elements software package FreeFem++, see e.g. [64], using a gradient algorithm for the control
function.

6.1.1 Smooth data

In this section we study the case of smooth initial data and we know the (exact) optimal solution.
We choose a larger step h = 0.47 comparing to the previous examples because of the bigger Q (square
with edge 2), so it is allowed to take such big step. In the end of this chapter we will show the related
degrees of freedom.

All the examples present the expected -due to theory- rates of convergence. In general it is difficult

to solve numerically the system, and specially for k = 1 where we have a system of 4 equations e.g.
only for the velocity vector (similar to each other variable).

6.1.1.1 Time k = 0 and Taylor/Hood space discretization

Example 1 (k=0 for 7 = h?/8) Let 7 = h%/8. We expect
lell 20,20y = O(h®) and [le]| L2(0 71 (0y) = O(h?).

For this mesh choise the related errors are in Table 6.1.

Table 6.1: Convergence rates with k = 0 and 7 = h?/8.

Discretization Errors

h = 0.4714050 0.110215 1.81853 5.33150

h = 0.2357022 0.011512 0.43118 0.63211

h =0.1178511 0.002031 0.11109 0.11369

h = 0.0589255 0.001255 0.02922 0.07081
Rate 2.152143 1.98600 2.07596

6.1.1.2| Time k =1, and Taylor/Hood space discretization

Example 2 (k=1 for 7 = h/16) Let 7 = h/16. We expect

le L2, o)) = O(R?).

|L2[0,T;L2(Q)] = O(hQ) s lef

For this mesh choise the related errors are in Table 6.2. We emphasize that the coarse time stepping
7 & h still gives the expected theoretical rates, which highlights the implicit nature of dG time
stepping schemes. Here, we also note that the penalty parameter satisfies a << h, in all mesh-size
choices.
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Table 6.2: Convergence rates with k = 1 and 7 = h/16.

Discretization Errors

h = 0.4714050 0.108866 2.315120 5.470750

h = 0.2357022 0.010535 0.453111 0.607322

h =0.1178511 0.001838 0.113375 0.083115

h = 0.0589255 0.000832 0.028927 0.020270
Rate 2.343953 2.107000 2.686666

Example 3 (k =1 for 7 = h3/2/10) Let 7 = h3/2/10. We expect
lell 2o 72y = O®) 5 llellzgo, v ) = O(R?).

For this mesh choise the errors are in Table 6.3. Here, we take the errors in L2[0, T; L2(£2)] norm,
with an almost coarse choice of time-stepping.

Table 6.3: Convergence rates with k = 1 and 7 = h%/2/10.

Discretization Error

h = 0.4714050 0.1138780 2.420150 5.718610

h = 0.2357022 0.0104282 0.455479 0.610602

h =0.1178511 0.0014891 0.112681 0.082763

h = 0.0589255 0.0004965 0.028212 0.020051
Rate 2.6137833 2.140366 2.718333

Example 4 (k=1 and 7 = h?/8) Let 7 = h?/8. We expect
lell 2o w2y = O®) 5 llellzzgo. o ) = O(R?).

For this mesh choice we take the results as shown in Table 6.4.

Table 6.4: Convergence rate with & = 1 and 7 = h?/8.

Discretization FError

h = 0.4714050 0.105817 2.251280 5.320290

h = 0.2357022 0.010357 0.461360 0.618637

h =0.1178511 0.001298 0.112730 0.082865

h = 0.0589255 0.000355 0.028156 0.020091
Rate 2.739333 2.106666 2.671000

Remark 6.1.1. We can notice that comparing the cases of k =0 and k = 1, see e.g. Tables 6.1, 6.4,
we have almost the same errors in L2[0, T; HY ()] norm and almost equal with 0.02922 for k = 0 and
0.028156 for k = 1. We also see smaller errors for the L2[0, T; L2(Q)] norm equal to 0.001 if k =0
to 0.0003 for k = 1. The minimizing functional is better minimized when k =1 and particularly has
value 0.07 if k = 0, while if k =1 it is 0.02.
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6.1.2 | Rough initial data (discontinuity of yo, ya, g)

Finally, we close this section by presenting a computational example with rough (discontinuous) data y0,
a4, and unknown true solution. Once again, the model problem is posed in 2 x [0, 7] = [0, 2]2 x [0,0.1].
Here, the obvious choice for the discretization in time is piecewise constants (in time) & = 0 combined
with the standard Taylor/Hood element in space.

We consider as solution the solution computed in the most advanced partitioned grid of the square

(namely 96 x 96), comparing it with our computations in each one of the previous meshes using
interpolation between different Up,’s.

6.1.2.1 Discretization without control constraints

We apply discontinuity on initial data and on target function y4 too:

Example 5 (k = 0 for 7 = h?/8 and discontinuity) The predicted convergence rates in this example
is

”8HL2[U,T;L2(Q)] =O(h) , lIrllL2jo,rL2 ) = O(h).
We have force f = (f1, f2) like before but with discontinuity on target function, control and state
variable y and on conjugate u as below:

Ya(r1,v2) = (Yar (21, 22), Yaz (21, 22))

where
(01, 22) = ya (a1, 5) = 4 02+ Oy 205andz =05
Ya1(T1,22) = Ya2(T1,T2) = 05,y < 05 and = < 0.5 7
yo(x1,2) = (yo1(x1,22), yo2 (21, 22)),
and

6 + (cos(2kx) — 1)sin(2my), y > 0.5 and z > 0.5
(cos(2kx) — 1)sin(2my), y <0.5and z < 0.5

Yo (z1,72) = { )
6 + sin(2ma)(1 — cos(2ky)), y >0.5and z > 0.5

yoa(w1, w2) = { sin(2mz)(1 — cos(2ky)), y <0.5and z < 0.5

In order to start the gradient algorithm method we used initial control :

90(171>i172) = (901(3317332),902(I1~,$2))7

with
6 + ((((kvsin(kz)? — kveos(kz)? + kv)cos(my)sin(my)
—((8km? + 8k3)sin(kx)? + (8km? + 8k3)cos(kz)? — 8km?)
cos(my)sin(my)))/k),

for y > 0.5 and x > 0.5,
((((kvsin(kx)? — kveos(kx)? + kv)cos(my)sin(my)
—((8km? + 8k3)sin(kx)? + (8km? + 8k3)cos(kz)? — 8km?)
cos(my)sin(my)))/k),

go1(z1,x2) =

for y < 0.5 and x < 0.5,



234 6. Experiment for Stokes Equations with Distributed control

6 + ((((kK*vsin(2maz)cos(2ky) — k*vsin(2ma)) + (—8k?*m?
—8k*)sin(2mx)cos(2ky) + 8k*m?sin(2maz))/(2k?)),

y > 0.5 and = > 0.5,
((((K2vsin(2mx)cos(2ky) — k?vsin(2mx)) + (—8k2m?
—8k*)sin(2ma)cos(2ky) + 8k2m?2sin(2mx))/(2k?)),

y < 0.5 and z < 0.5.

902($1,$2) =

Table 6.5: Convergence rates with k = 0 and 7 = h?/8 with discontinuity on initial data and on target
function too.

Discretization Error

h = 0.4714050 0.126828 0.0079597 14.80282

h = 0.235702 0.036255 0.0015081 9.742095

h =0.117851 0.014052 0.0004364 9.608375

h = 0.058925 0.004472 0.0000703 9.619787

h = 0.029462 - - 9.612306
Rate 1.608596 2.2742714 -

6.1.2.2 Discretization with control constraints

In this subsection we study the case of rough initial data and rough target function and the exact
solution is unknown. In Examples 6, 7 we also examine the case of control constraints into two cases:
relaxed constraints —85 < g; < 85 and more restricted constraints —0.5 < g; < 0.5. In both cases we
apply discontinuity on data and on target y; as before.

Example 6 (k = 0 and 7 = h?/8 with discontinuity and relaxed control constraints) The predicted
convergence rates from the theory are

lellrzo. 72y = OW) 5 ITllp20,75m2 (0 = O(R).

We choose f = (f1, f2) like Example 5 with discontinuity on target, control, state y and conjugate
variable p (the results are in Table 6.6).

For the gradient algorithm starting we used control:

go(z1,2) = (go1(®1,22), go2(x1,22)) = (0,0).

Example 7 (k = 0 for 7 = h?/8 and discontinuity and strict control constraints) We also expect
convergence rates

lellrzo, 720y = OW) 5 Il L2071 (0)) = O(R).

We choose f = (f1, f2) like before applying discontinuity on control, state y but not on target function
(the results are in Table 6.7).

We started the gradient method using initial control:

go(z1,z2) = (go1 (1, 22), goo (w1, 2)) = (6,6).



6.1. Distributed control in Stokes - description of the model 235

Table 6.6: Convergence rates with £ = 0 and 7 = h?/8 with discontinuity on initial data and on target
function, and weak control constraints.

Discretization Error

h = 0.471405 0.125484 14.35750

h = 0.235702 0.038590 9.417572

h =0.117851 0.014412 9.289013

h = 0.058925 0.004503 9.299375

h = 0.029462 - 9.291695
Rate 1.600097 -

Table 6.7: Convergence rate with k = 0 and 7 = h?/8, and discontinuity on initial data and strict control
constraints.

Discretization Error

h = 0.471405 0.125664 22.65422

h = 0.235702 0.038621 14.78615

h =0.117851 0.014417 14.55425

h = 0.058925 0.004504 14.55310

h = 0.029462 - 14.53629
Rate 1.600733 -

Remark 6.1.2. Concerning the examples with unconstrained controls and the examples with strict
control constraints for rough initial data, as we can see in Tables 6.5 and 6.7 we notice similar values
for the L2[0,T; L2(2)] error norm, and the same convergence rate, as it was predicted from the theory,
while the minimizing functional has bigger values in the case of strict control constraints.

Remark 6.1.3. About Figures 6.1, 6.2 we can see some snapshots of the state variable for example
with smooth data in two different meshes. We note that on the bases of the Figures are shown the
respective velocity vectors, while the three-dimensional imaging above the basis of figure represents the
pressure.  About Figures 6.3, 6.4, 6.5 we can see some snapshots of the state variable for the example
with rough data for the state and adjoint variable, at the beginning as the algorithm starts and after
some time while the state variable is close to the target.

Remark 6.1.4. We mention that the degrees of freedom of the above examples, for each partition
developed as follows

o Ifr = O(h?)/8, is [Uh.ndof, Ph.ndof, Time.ndof)] = [169,49, 72], [625, 169, 288], [2401, 625, 1152],
[9409, 2401, 4608], ([37249,9409, 18432]) for each mesh,

o Ifr = O(h)/16, is [Uh.ndof, Ph.ndof, Time.ndof)] = [169, 49, 68], [625, 169, 136], [2401, 625, 272],
[9409, 2401, 544], ([37249,9409, 1087]),

o Ifr = O(h*/2)/10, is [Uh.ndof, Ph.ndof, Time.ndof)] = [169,49, 43], [625, 169, 85], [2401, 625, 170],
[9409, 2401, 340], ([37249,9409, 679]),

we also note thato if k = 0 we have to solve the system and find 8 variables - 3 for the state, 3 for
the adjoint and 2 for the control, while for k =1 we have to solve the system and find 14 variables -
6 for the state, 6 for the adjoint and 2 for the control. We recall that each variable is sequence of
polynomials in space (values at each grid point).
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Figure 6.1: State variable snapshot on mesh 12212 and smooth initial data.

o 0 59756, et 575, RAI=E 06, 975, ONULSEOGA, =-S5, =L 085S e

Figure 6.2: State variable snapshot on mesh 24224 and smooth initial data.
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k=2GLoop2=6,i=108, 1=0.0117188, rainggl=-0.05, maxggi=0.05, tingg?=-0.0456486, raxgzi=005, minui=-3 13545, maxul=2.7100, minu=-2 98744, maxul=151008, minp .[siniVSéliz

139338

20233

Figure 6.3: State variable snapshot for rough initial data as the algorithm starts.

k=2GLoop2=0 =904, t=0.0960903, minggl=0 0487044, rmaxgzl=0.05, mingg2=0 0487619, maxgg2=0.05, ainul=-0.243151, maxul=0 24379, moinui=-0319434, maxuz=0132397 .lszn\ligélétl

WP .0T00425
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| EET

Figure 6.4: State variable snapshot for rough initial data as the algorithm finishes.
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Figure 6.5: Conjugate variable snapshot for rough initial data.

Remark 6.1.5. Finally we recall that in the last ezamples (nonsmooth case) we considered as solution
the solution in advanced grid, and the degrees of freedom in that grid is the numbers enclosed in
parentheses as the above remark indicates.
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In this chapter we present the basic theoretical concepts and the experimental results for a distributed
control problem with zero Dirichlet boundary condition for a FitzHugh-Nagumo system (parabolic
equations).
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Distributed control subject to FitzHugh-Nagumo systems

7.1.1 Introduction - Related results

The optimal control theory has a lot of useful applications in many scientific fields such as biology,
medicine, engineering and sociology. Here we present an application related to biology that shows us
how important and directly applicable is the optimal control theory to real problems.

One of the most important discoveries of the 20th century in biophysics is the understanding of
the way that nerves carry information. The basic invention is related to transportation of sodium
and potassium ions (also sodium and calcium) along the outer membrane of a cell of the nerve to
electrical signals which may propagate along the membrane after appropriate stimulation. The Alan
Hodgkin and Andrew Huxley (working early in 1950) described the theory of ion transport, they
created a mathematical model, and interpreted the experimental data for electrical signals stimulated
in squid giant axons and they were awarded the Nobel Prize in Physiology or Medicine in 1963. The
original Hodgkin-Huxley model consists of a system with four odes. Simplifications of the basic model,
modifications adaptable to other excitable media (e.g. muscle cells) and spatial dependence on space
have been studied extensively.

One of the most significant simplifications of the Hodgkin-Huxley model presented by Richard
Fitzhugh, from the side of the mathematical and numerical analysis. An electrical circuit for this
model built by Jin-Ichi Nagumo. This model of two states, which is still used extensively describes
the qualitative electrical behavior of stimulated nerve cells. We will study this model. However we
are far from fully understanding the biological excitable media. Many modern studies are focusing on
ion transport. Live membranes containing various ion channels (along the membrane) and is selective
in specific ions. The transfers and switches that open and close ion channels are fundamental to
the functioning of many biological processes. Also, nerve cell networks and other excitable media
are ubiquitous in biology. The study of such networks can lead to understand how the brain works.
Mathematics are playing an increasing important role in this interdisciplinary research area.

The variable state y; represents the voltage and also called, action or membrane potential and
y2 called recovery variable (a voltage variable exhibits a cubic nonlinearity allowing regenerative
self-stimulation through positive feedback, and the recovery variable has a linear dynamics that
provides a slower negative feedback).

The Fitzhugh-Nagumo model is not constructed to make prediction but to capture quality character-
istics of the electrical activity along a neuron.

The most important provision of the model (which agrees with experimental data) is the existence of
a limit pulse stimulus that produces travelling electrical voltage (and recovery) waves that propagate
away from the spatial location of the stimulus. The traveling wave membrane potential travels and it
is the mechanism responsible for the transferring of information along the neuron.

The Hodgkin-Huxley circuit supposedly models the electrical activity at a point of a nerve. The
process of opening and closing ion channels is modeled by diffusion of the voltage (which corresponds
to the dimensionless state y1). The spatial dependence is modeled as diffusion whered is the diffusivity.
Adding this term in the right-hand side of the circuit model and also by changing the spatial variable,
we obtain the dimensionless form of Fitzhugh-Nagumo equations. The Fitzhugh-Nagumo diffusion
equations models the spatial coupling between ion channels along the nerve.

It is noteworthy that for § << 1 our system is similar to that described in recent work [78].
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7.1.2 | Description of the model

In this section we present a mathematical model that relates to the above description, and particularly
we want to minimize the functional

1 (T 2 w7 2
J(y,9) = 5/0 Hyl—yldHLz(Q)dt‘*‘?/o 91172 (q) dt
1 (T 2 o [T 2
b3 [ el 2 [l (7.0.1)

subject to

a .

%fA%er%*% =—yo+g1+ f1in (0,7] xQ, 3 =0on (0,7] x T,

0

% —0Ays +earys =ey1 + g2 + foin (0,7] x Q, y2=0o0n (0,7] x T, (7.1.2)

y1(0,2) =910 ¥2(0,2) = y20 in Q,
and the control constraints

Gia < gi(t,x) < gip for a.e. (t,z) € (0,T) x Q, where giq, 90 €ER, i=1,2.

7.1.3 Weak form

We begin by stating the weak formulation of the state equation. Given fi, fo € L? [07 T, 11*1(52)]7
controls g1,g2 € L?[0,T; L*(Q)], and states y10, y20 € L*(2) we seek y1,y2 € L2[0,T; Hj ()] N
H0,T; H-1(Q)] such that for a.e. t € (0,T), and for all v € H()

(y1e,v) + alyr,v) + (¥ —y1,v) = (fr,0) + (g1,0)  and  (1(0),v) = (y10,v)
(y2t,v) + 0a(y2,v) = e(y1 — a1y2,v) + (g2,v) + {f2,v) and  (y2(0),v) (y20, ) -
(7.1.3)

An equivalent weak formulation which is more suitable for the analysis of dG schemes is to seek
unique optimal pairs (yq,,9i) = (¥i,9i) € W(0,T) X Aqq,i = 1,2. Then, there exists an adjoint
w1, p2 € W(0,T) = L2[0, T; HY ()] N HL[0, T; H~1(Q)] satisfying, u1(T) = pa2(T) = 0 such that for
all v € L2[0,T; HY(Q)] N H[0,T; H-Y(Q)],

T
(1(T), v(T)) +/0 (= (g1 o) +a(yr,0) + (¥ — v, v))dt
T

T
:(ylo,v(()))-i-/o ((fl—yz,v>)dt+/0 (g1, v))dt, (7.1.4)

T
(5a(T), 0(T)) + /0 (= (g vn) + 8ox (g2, )t

= (y20,0(0)) + /0 (1 — ar1y2),0) + (fo, 0))dt + /0 (go))dt,  (1.15)



7. An Application In Biology, Experiment With Distributed Control in Semilinear
242 Parabolic Systems Of Pdes

/0 ((Mh ve) + a (p,v) + <(3y% - 1)#1"”» di

= =m0 50) + [ (1 =) (7.1.6)
/0 ({2, ve) + a (p2,v) — (€a1 iy, v)) dt
T
= —(p2(0),v(0)) +/ ((y2 — yaa, v)) dt, (7.1.7)
0
with control constraints:
/O /Q ((a91 + ) (ur — g1) , (g2 + p2) (uz — gg))drdt >0 Yui,up € Aga- (7.1.8)

In addition, ys, i € L*[0,T; H~1(2)], and note that (7.1.8), is equivalent to

. 1
gi(t9x) = Proj[gmyyib] (_a“i(t)x))

for a.e. (t,z) € (0,7] x Q. In addition, u;; € L2[0,T; H*(Q)] N L2[0,T; L2(Q)], i=1,2.

7.1.4 | The full discretized system

Let (yn(gin), 9in) = (Yin, gin) € Un x L?[0,T;U),i = 1,2, denote the unique optimal pairs.Then,
there exists an adjoint u1, us € Uy, satisfying, ,u{\;H = ,u%w = 0 such that for all vy, € Py[t" ™1, ¢,; U],
and for alln=1,..N

o~
(y1,v") +/ (= Wins vnt) + @ (Yin, o) + (Y3n — Yin, vn) )dt
t

- -
= (" o) +/ ({f1 — yan, vn))dt +/ ({g1, vn))dt (7.1.9)
t‘nf‘l tnf‘l
o
03,0 + [ (= (anyone) + 30 (o))l
tn—
o -
"ot [ (e = g vn) + (oot + [ (g n)at(7.1.10)
Jin—1 pn—1
-
(M?+7 ,Un) —+ / ) ((Lﬁh,’l}}n) + (,ul}u Uh) + <(3y%h - 1):ulh7 U>) dt
-
-
- _(M?J:l,vffl) +/ ((y1n — Y14, v)) dt (7.1.11)
tn—l
m
(3, v™) + / ) ({pe2n, vnt) + a (pion, vn) — (€aiigy, vp)) dt
tn—
-
= —('u34:17 vifl) + / ((ygh — Y2d, U)) dt, (7.1.12)
Jn—1
with control constraints:
T
/ / ((aglh + pan) (Uih — gin) s (g2 + pan) (u2n — g2n) )da:dt >0 (7.1.13)
o Ja

d
Yuip, Uz, € Asg.
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In addition, (7.1.13), is equivalent to

. 1 )
gin(t, ©) = Projig.. g.] (fa,uih(t,:(:)> ,i=1,2,

for a.e. (t,z) € (0,T] x Q.

Due to the limits g;q, gip for the control variable, a projection to the set of admissible controls is
needed, which is given by the cutoff function:

Plg;nig0] (9) = max{gia, min{giy, g}}.

7.1.5| Numerical Experiments

In this section, we are going to validate numerically a priori error estimates for k = 0, [ = 1 (constant
in time and linear in space polynomials), in the cases 7 = O(h?) and 7 = O(h) for the state and
conjugate variable in L2[0, T'; H}(©2)] norm, and the control in L2[0,T; L?(£2)] norm.

We use an algorithm based in a steepest - descend (projected gradient) method, after we initialized
n=0,¢e=1,tol, g1° and g2°. We note that e.g. y? is a sequence of piecewise linear polynomials in
time (and every term of this sequence is another sequence piecewise in space) in nth iteration of the
gradient method.

In the case of unconstrained control we assume that g;, = —00, g — 00. Specifically, we use the
code

e Step 0 (Initial state) For g; := g1°, g2 := g2° solve the system y; =: y1°, y2 =: y2°

Y= Ay +y — v =~y + g1+ fr,
Yot — 6AYs + earys = ey1 + g2 + [,
yir = Yor =0,

y1(0,2) = y10  ¥2(0,2) = yao,

e Step 1 (Conjugate equation) Find py =: p1™, ps =: pe™, after solving the system

e+ A+ Byi — D = y1 — yua,
tar + 0A s + €ar iy = Y2 — Y2d,

pap = por =0,

w1 (T, x) = pa(T,x) = 0.

e Step 2 (New descent direction) Choose as descent direction the negative gradient of the cost
functional

—J'(91,92) = —(m91 + p11, 7292 + p2),
e Step 3 (Checking step e, ): Find optimal size of &,
J(]P)[gla«,glb]{gln + 5n(71g1 + /“1)}7P[g2a,ggb]{92" + 571(72.‘]1 + NZ)})) =

= min J(P[glu {91 + (g1 + 1)}, Pgs, 21 {92" + £(r291 + ua)})7



7. An Application In Biology, Experiment With Distributed Control in Semilinear

244

Parabolic Systems Of Pdes

e Step 4 (New control): Set

n+1 .
1 :

g =Pl g 10" Fen(ng” + ")},

92" = Plg, g0 92" + En (202" + 12™)},

e Step 5 (New state): Check if J* < J"~! then set € = 1.5e. If J® > J"~! then set ¢ = 0.5¢.
Go to Step 0 with g1 := g1" ", g2 := ¢!, y1 = 11", yo =: ¥2™ and do n = n + 1. Stop if

‘J'”‘ _ J"71|/Jn

< tol.

We consider the following numerical examples for the model problem with known analytical exact
solution on Q x (0,7) = (0,0.01)2 x (0,0.01) and homogeneous Dirichlet boundary conditions, similarly
with Chapter 5 and the one presented in [27].

We will chose parameters § = 4,a; = 2, L = 0.01, H = 0.01,e = 0.0001 due to the example in [24],

and for the size of the

control regularization parameters in functional we choose y; = v, = 1074

Example 1. We assume target function

ya(t, x1,22) =

+ +

y2d(t, x1,22) =

+ + +

and initial conditions

in a way to guarantee
is given by

92(t, 1, 22)

—(e~(esin(ry/H)H?sin(rz/L)L? — sin(ny/H)H? sin(nx/ L) L*

72 sin(ry/H) sin(rx/L)L* — sin(ry/H)H?sin(rz/L)L?

72 sin(my/H)H?sin(nx /L)) + 3sin(my/H)>H? sin(rx/L)3 L7 e3¢
3e=¢T % sin(my/H)* H? sin(rz/L)3L* + 7T (sin(ny/H)H? sin(nx/L)L?
72 sin(my/H) sin(waz/L)L* — 72 sin(my/H)H? sin(mz/L))))/(H>L?)
((((((2a1€% = 1) sin(wy/ H)H? — 20en’sin(wy/H)) sin(rx/L)
2esin(my/H)H? sin(rz/L))L? — 28ensin(my/H)H? sin(rx)/L)e’/ (22
(26em2et @) sin(my/H) — 2a,e%e/?) sin((wy)/H)H?)sin(rz/L)L?
26em2et! %) sin(ry/H)H? sin(rz/L))e ™1/ )7t/ (29) /(2e H2 [2),

y1o0(21,x2) sin(wzy /L)) sin(rze/H),
yoo(z1,22) = sin(wzy/L)sin(rze/H),

that the optimal solution triples (y1, t1, 1), (Y2, 12, g2) of the above problem

e “'sin(rxy /L) sin(nxe/H),

et/ (sin(ray /L)) (sin(rzo/H)),

= (ef — e D) sin(may /L) sin(nxy/H)

= (&) — T/ gin(mray /L) sin(ras/H),

= Pg.. ((6_35t_t/(25) sin(my/H) sin((wz) /L) (" ®®) sin(ny/H)?
sin((wa)/L)? — ec /) )

= PQus (alse_‘/(%“) sin((my)/H) sin(mb/L)).

We emphasize that we have limitations in control and specifically g; € [gia, gin]-
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Table 7.1: Convergence Rates for the 2-d solution, with control constraints in the case of k = 0,1 =1
(7 = O(h)) for the control, state and conjugate variable.

Discretization Errors
h = 0.002357022 0.0439518 88.6349 4.25156e-005
h =0.001178511 0.0214931 31.4208 1.20440e-005
h = 0.000589255 0.0108039 12.0744 4.41810e-006
h = 0.000294627 0.0054238 5.55306 3.26909e-006
h = 0.000147313 0.0027193 2.82740 3.07129e-006
Rate 1.0036512 1.24257 0.947767750

Table 7.2: Convergence Rates for the 2-d solution with control constraints in the case of k = 0,1 =1
(1 = O(h?)) for the control and conjugate variable.

Discretization Error

h = 0.00235702 0.0448696 96.2116 4.3365e-005

h = 0.00138889 0.0216560 25.3040 1.2195e-005

h = 0.00058925 0.0109022 11.1981 4.4012e-006

h = 0.00029462 0.0054459 5.71635 3.1558e-006
Rate 1.0141566 1.35768 1.26015110

Example 2. Here we concern unconstrained control function with forces

(e™ 3t/ ) gin(ry /H) sin(ma/ L) (—e25t T/ ) H2[2 4 e3¢t
+7r2628t+t/(25)/H2 + 7r2€28t+t/(26) /LZ))

folt,z1,20) = (e~ gin(ny/H) sin(rz/L)(—e — 2%t/ (29
+2n20eet JH? + 2n20eet /L2)) [ (2¢),

fi(t,z1,w2)

target functions

y1a(t,z1,22) = 2. —cos(mz/L)sin(ry/H),
y2a(t,x1,22) = 2. —sin(mz/L)cos(my/H),
and initial conditions
yio(x1,22) = sin(mzq/L))sin(rze/H),
yoo(x1,22) = sin(mazy/L)sin(rxe/H),

in a way to guarantee that the optimal solution triples (y1,91), (y2,,92) are:

yi(t, w1, 2) = e “sin(mzy/L)sin(rz/H),

ya(t, 1, 20) = eV (sin(may /L)) (sin(rzs/H)),

gz, 00) = e 3D gin(ray/H) sin(may /L) (et ) sin((ray) /H)? sin((ra1) /L)?
76625t+t/(25))7

g2(t,x1,20) = aree” P sin(ray/H) sin(nzy /L).

This optimal control problem has solved as the examples in previous chapters with package software
FreeFem++ too, see e.g. [64].
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Table 7.3: Functional values and convergence Rates for the 2-d solution, without control constraints in the
case of k=0,1 =1 (7 = O(h)) for the control and state variable.

Discretization Error
h = 0.002357022 0.0544954 4.74548e-005 5.65672e-006
h =0.001178511 0.0219039 1.02414e-005 3.64340e-006
h = 0.000589255 0.0107374 2.60774e-006 3.49583e-006
h = 0.000294627 0.0054011 7.16507e-007 3.52582¢-006
h = 0.000147313 0.0027120 2.46111e-007 3.53950e-006
Rate 1.0815777 1.8972500000 -

Table 7.4: Functional values and convergence Rates for the 2-d solution, without control constraints in the
case of k= 0,1 =1 (1 = O(h?)) for the control and state variable.

Discretization Error
h = 0.002357022 6.28133e-005 0.0544269 4.73965e-005 5.64252¢e-006
h = 0.001388890 1.30951e-005 0.0218849 1.02321e-005 3.63497e-006
h = 0.000589250 3.27452¢-006 0.0108686 2.63420e-006 3.55844¢e-006
h = 0.000294627 8.19355e-007 0.0054478 7.20667e-007 3.55338e-006
Rate 2.0868133333 1.1068586 2.0131000000 -

Example 3. In this example we have constrained control function in the interval [gq, g5] and with

forces:
filt,zy,x0) = (e_?’“_t/(zg)(et/(%) sin(my/H)3H? sin(raz/L)3L* — ge2ettt/(2e)

sin(my/ H)H?sin(ma/L)L? — €229 sin(ry/H) H? sin(ra/ L) L*
et sin(ry/H)H? sin(ma/L)L? + w221+ (29 sin(ry / H) sin(ra/ L) L?
~PQ.a (67361& sin(my/H) sin(rz/ L) (sin(ry/H)? sin(nx/L)? — eezst)>
I G2 L2 4 1220 29 sin (my ) H) H? sin(ra/L))) /(H?L?),

et=t/(2€) (2q, 2% sin(ry/H)H? sin(rz/L)L? — ¢ sin(ry/H
( y y
H?sin(nz/L)L? — 26%et/?9) sin(ry/H)H? sin(rx /L) L? 4 2r26cet
sin(ry/H) sin(rz/L)L? — 2¢Pg,, (alae*t/(%) sin(my/H) Sil’l(ﬂ'I/L))
eSO H2 12 4 972 5eet sin(my/ H)H? sin(nz/L)))/(2e H2L?),

fg(t, Z1, ZL‘Q)

the same target function and initial conditions as Example 2 in a way to guarantee that the optimal
solution pairs (y1,91), (y2,g2) of the above problem is given by

yi(t,z1,22) = e sin(rxy/L)sin(ras/H),

Yo (t,z1,20) = e Y@ (sin(ray /L)) (sin(rzo/H)),

gi(t,z1,22) = P, (e‘sgt_t/(zs) sin(maq/H) sin(nz, /L) (et @ sin(ray/ H)?
sin(mz, /L)% — 6626t+t/(25))) ,

g2(t,x1,22) = P, (alee_t/(25> sin(mzy/H) sin(mcl/L)>.
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For this choice of data the corresponding errors for the state and the control variable for different
meshes are shown in Tables 7.5 and 7.6.

Table 7.5: Rates of convergence for the 2d solution with £k = 0,1 =17 = O(h)).

Discretization Error
h = 0.002357022 0.0544956 5.26533e-005 5.65673e-006
h =0.001178511 0.0219040 1.20416e-005 3.64340e-006
h = 0.000589255 0.0107375 3.21396e-006 3.49583e-006
h = 0.000294620 0.0054011 1.06383e-006 3.52583e-006
h = 0.000147310 0.0027120 3.96590e-007 3.53950e-006
Rate 1.0821677 1.7631825000 -

Table 7.6: Rates of convergence for the 2d solution with k =0, [ = 1 (7 = O(h?)).

Discretization Error
h = 0.002357022 6.28160e-005 0.0544271 5.25886e-005 5.64252¢e-006
h = 0.001388890 1.30974e-005 0.0218850 1.20306e-005 3.63497e-006
h = 0.000589250 3.27688e-006 0.0108686 3.24638e-006 3.55844e-006
h = 0.000294627 8.21734e-007 0.0054478 1.06902¢-006 3.55339¢-006
Rate 2.0854400000 1.1068586 1.8734666666 -

Example 4. In this example the target function has very high values and “away” from the values
of the state variable. We note that in this example the control is unconstrained. The forces on the
right-hand side are:

fit,xy,20) = —(—(x2e"D sin(maq/H) sin(ray /L)) H?) + e sin(zxy /H)? sin(ray /L)°
—ee™ ' sin(mwa/H) sin(rz1 /L) — e sin(wao/H) sin(rx1 /L)

+e7 ) sin(rway /H) sin(mxy/ L),

(w2612 sin(rao/H) sin(nz, /L)) /H? — ce™' sin(nzy/H) sin(rz, /L)
+aee™ ) sin(ray /H) sin(nx, /L) — (7Y% sin(raq /H) sin(nx1 /L)) / (2€),

fg(t,lL’l,lEQ)

target functions

gralt, o1, 20) = —sin(mao/H)sin(ma /L)e— T3 (e H2L2eST+2t _ 92 2peT+2et 4 p2[ 2 eT+2et
+m2H2efTH2et 4 Ssin(may/H)? H? sin(mx, /L)2L%efT
=3¢t sin(rwe/H)? H? sin(rx1 /L) L? + 3 H2L? — n2e3°' L2 — 123 H?)) /(H2L?),
yoa(t, w1, w0) = e T/ 19 H2I2) (20162 + 26 + 1) sin(maq)/H)H?
—2n%e sin(wae/H)) sin(may /L) L? — 2n2de sin(mao/H)H? sin(ray /L))e’/ ()
+(2n%8ee!/ %) sin(nxy /H) — 2a16%e!/ ?9) sin(nzy/ H)H?) sin(mz, /L) L?
+2125¢e exp(t/(2¢)) sin(wxo /H) H? sin(wz1 /L)),
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and he same initial conditions as Example 2 in a way to guarantee that the optimal solution triples
(y1,p1,91), (Y2, 2, g2) of the above problem is given by

( ) e “'sin(rxy /L) sin(nxe/H),
(t,21,22) /G sin(ra1 /L)) (sin(rza/ H)),
wt ey, xe) = (57 — e Tt sin(nay/H) sin(nrzy /L),
( Y = (1) ot/ 2o~ T/(2) =t/ (%) i (o /H) sin(may /L),
( ) = mle sin(nwy/H)sin(rz/L)/L?,
( Y = w26e ) sin(ray/H) sin(way /L)) L.

For this choice of data the corresponding errors for the state and the control variable for different
meshes are shown in Tables 7.7 and 7.8.

Table 7.7: Rates of convergence for the 2d solution with k =0, 1 =1 (7 = O(h)).

Descritization Error

h = 0.0023570 0.07174 0.0457565 1.64568e-006 0.017634 9.29315

h = 0.0013888 0.02924 0.0192318 6.74248e-007 0.007384 1.96774

h = 0.0005892 0.01438 0.0096866 3.32127e-007 0.003687 0.50788

h = 0.0002946 0.00723 0.0048361 1.62793e-007 0.001809 0.14044

h = 0.0001473 0.00362 0.0024077 8.07215e-008 0.000890 0.04936
Rate 1.07636 1.0620475 1.086875 1.07702 -

Table 7.8: Rates of convergence for the 2d solution with & = 0, [ = 1 (1 = O(h?)).

Discretization Error

h = 0.0023570 0.071655 0.044594 1.97478e-006 0.0225159 9.087240

h = 0.0013888 0.029221 0.019430 6.69304e-007 0.0074020 1.985270

h = 0.0005892 0.014532 0.009640 3.21201e-007 0.0035714 0.506377

h = 0.0002946 0.007271 0.004792 1.58142e-007 0.0017506 0.139421

h = 0.0001473 0.003634 0.002391 7.92880e-008 0.0008706 | 0.049084
Rate 1.075285 1.0552 1.15961 1.173165 -

Remark 7.1.1. It should be noted that in all examples in this chapter, the values for h are smaller
than those of the examples in the previous chapters. This is because the experiment occurs in a more
microscopic level, and particularly to the square with edge length 0.01. The time step values T is
smaller too since we perform experiments with the choices T = O(h), and 7 = O(h?). This does not
affect the number of space-time degrees of freedom in each grid, which is similar to previous chapters
and also similar to the size of tables which is need to be stored in computer memory.

Nevertheless, the expected convergence rates for errors that are observed in L2[0,T; H'(Q)] are the
same as those in the semilinear optimal control problem in Chapter 6. That’s because this problem
is also an equation system with semilinear term, see also the same rates in the work [24] (Fitzugh-
Nagumo system without control). However in the last example, using more extreme target, extreme
values for control and making a more detailed study on each variable, we observe much larger errors
for control but it is noteworthy that we have again the expected convergence rates as shown in Tables
7.8 and 7.7.

Remark 7.1.2. Finally, note that, as expected, comparing the problems with control constraints with
the corresponding unconstrained control problems we have similar error rates of convergence for state
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and conjugate variables but higher values for the control errors, as well as the minimization functional
(see similar phenomena and examples in evolutionary Stokes problems with constrained control in
Chapter 7).
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Projections

Lemma A.1.1. Let U, C HY(Q), and Pi¢,Q'° defined in Definitions 3.2.1 and 3.2.2 respectively.
Then, for all v € L2[0,T; H*+1(Q)] N HF10,T; L2(Q)]. there exists constant C' > 0 independent of
h,T such that

([

v = Pivll 20,20y < C (R0l Lo mes o) + S 2 omiz2@))-

If in addition, k = 0,1 =1, and v € L%[0,T; H*(Q)] N H[0,T; HX(Q)*] then there exists a constant
C > 0 independent of h, T such that

Y

v — Q|| 2071200 < C (Rl 20,701 ()T vl 20,1 @) + el 20,7501 (0)41))

||U - Ql}:)CUHLZ[O,T;Hl(Q)] < C(HUHL?[O,T;HI(Q)] + (T/hz)HUt”L?[o,T;Hl(Q)*])-

Let k= 0,1 =1, and v € L*[0,T; H3(Q)] N H[0,T; L?()]. Then there exists constant C' > 0
independent of h, T such that,

v = Qv 2o, () < C (Rl L2,z + 72 (vell 2o, rsL2 () + [0l z2p0, 712 0) -

Proof. The first estimate is given in [32, Theorem 4.3, and Corollary 4.8]. For the second one, using
[32, Theorem 4.3, Corollary 4.8], and the standard approximation properties of Pj,, we obtain for every
v e L2t ¢ HH(Q)], with (k4 1) derivative with respect to time v*+1 € L2[t"~1 ¢7; L2(Q)],
the following estimates:

C(HU - PnU”Lz[t"*l,t";Hl(Q)] + HPnU(kH) HLQ[t"*l,t";Hl(Q)])

C(hl||UHL2[t"*l,t";HHl(Q)] + (TkH/h)”U(k“)HL?[t"—l,tn;LZ(Q)])-

flv— Pl:CUHLﬂt"*l,t";Hl(Q)]

INIA

where at the last estimate we have used an inverse estimate. Therefore,

k+1
T ;.
[+ llz2g

h QTYLQ(QH)~

loc l
v = Pl 20,1 0y < C (W10l 2o rsmiy) +
which completes the second estimate. For the second estimate, for any ¢ € (t"~1,¢"], adding and
subtracting appropriate terms, and using the definition of Qﬁf", we obtain,

N i
lv = @0l Z2p0 71200 < Z/ (lo(t) = o) Z2 @) + (") = QuoE™)II72(q))dt-
tn—1

n=1
For the first term,

ot

.
1) = o) e < 07 |

n—1 tn—1

(loellZ oy + 10017 (@) dt-

The second term can be approximated by triangle inequality, the approximation property ||v(t) —
Qurv(t)ll2() < Chlv(®)|lm1(e), and the bound on |[v(t) — v(t")|L2(q). Wwe define e(t) = v(t") —
v(t), and note that (1/2)%\\6@)\\%2(9) = (er,e) = —(ve(t),v(t") — v(t)). Hence, integrating with
respect to time in (s, t"], we obtain (1/2)(He(t")||%2(9) - ||e(s)\|%2(ﬂ)) = [‘n — (v (t), v(t"™) — v(t))dt.

s

Note that e(t") = 0, and hence we obtain after integration by parts in time, (1/2)He(s)||%2(9) =
—(v(s),v(t") —v(s)) — ffn (ve(t),v(t))dt. Thus, dropping positive terms, and using Young’s inequality,

1/ DlleN ) <T@+ f; llvelmi@-llv]mi(@)dt. Using the embedding L*[s, ¢ H'(Q)] N
H[s,t" HY(Q)*] € L>=[s,t"; L?(Q)], Hoélder’s inequality, and integrating in time from ¢"~! to t", we
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finally arrive to

(1/4) / le(s)][2 oyt < O / (loels - + 10201 s
tnfl tn—l

For the third estimate, we first note that the generalized orthogonal projection Qy, : HY(Q)* — Uy, is
stable in .|| g1 (q)-. norm. Indeed, for all v € H*(Q)*, w € H(Q), by the definition of projections
Qn and Py,

HQhUHHl(Q)* = sup 7‘<Qh%w>‘ < sup (KQW*U’WH + (v, w)l )
weH(Q) HwHHl(Q) weH () HwHHl(sz) HwHHl(Q)
Qv —v,w— Pyw
< sup I ) + ol g1 (@)->
weH () llwll 2 (@)

where at the last inequality we have used the fact that (Qnv — v, Pyw) = 0. Note also that by the
definition of projection P, we deduce that (Qnv — v,w — Pyw) = (—v,w — P,w). Hence, the H(Q)
stability of the P}, projection implies,

0]l 1 (@)= [lw — Prawl| 1 (a)

v, w — Prw
1Qrvll 1) < sup v, w = Pruw)]|
weH () Hw”Hl(Q)

IN

+ vl 10+ c + [[oll gy

HwHHl(Q)

CH'U”HI(Q)*.

IN

Thus, the definition of Q!¢ for k = 0, [ = 1, the inverse estimate 1Qnv]| L2y < C/hl|Qnvll a1 ()~
and the stability of Q, in H*(Q)* norm, imply

1/2
v — QI 20,711 () = (Z/ th(t"ﬂm(mdt)
N " 1/2
= (Z/ [v(t) th(t)ﬁ{l(mdt) (Z /t l@nv(?) th(t”)ﬁ,l(mdt)

-1
n=17t"

1/2
< Cllvllzzo @) + 73 (Z/ 1Qno(t) th(t")llzl(m*dt)
i 1/2
< Clvllp2po,mm1 ) + 73 (Z/ )|H1(Q)*d2‘>

o 1/2
Z/ . / |1)t|§_11(9)*d8dt>
n— tn—

n=1

< Clvllzepo,rsmr @) + 73 (
< Clwllzzom:m (2] + CﬁHthm[o,T;me*]

for all v € L2[0,T; HY(Q)] N H[0,T; H'(2)*], which completes the proof of the fourth estimate. The
last estimate is standard, and can be derived similar to the second one, after noting that Ql"C = Ploc
and 4[| V(¢ )HLQ(Q) = 2(Vu, V) and

4
d

LIV iy + MOy = 5 (Telt), Telt) + Ae(t), e(t)r).

Hence, integrating with respect to time in (s,¢"], using the product rule, and standard algebra we
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obtain,
~(1/2)(IVe()l1Z2 () + lle()lZ2r)) :/ —(Vout), V(u(t) — v(t)) + (er, e)p dt

=/ ((Vvt(t),Vv(t))+<vt,v)r)dt+/ —(Vor(8), Vo(t™) — (vg, o(t"))p dt.

Note that we have used the fact that e(¢"™) = 0. Therefore, integrating by parts (in space) the first
integral on the right hand side, using the zero Robin condition, Holder’s inequality, and standard
algebra, imply

o,
v n
/DT ey + ) = [ (0 d0) = (o0 50} = ool )+ 90l
s r
—(Vo(s), Vo(t™) + (v(s), v(t"))p = [0(t") |72y
< Cllvell 21 amsz2 @0l 21 an 29y + [VO($) 2@ V) | 20) + Cllv(s)l1 22
+Olo ()72 ()
< CloelZapn-1em, 220 + 11221 e, a2 (2 + V0l poeen—1 amsp2 ()] + [[0l| e o, min2 () -
Using a trace theorem to bound |[[v||pecpn—14n;z2r)) < Cllvl|peepn—1 4110y the embedding
L2[tn=1 ¢ H2(Q)] N HY0,T; L?(Q)] € L*[0,T; H'(Q)] and integrating once more from "' to
t", we finally arrive to

1 Ve + e e < Cr [ (onlago + ol
which implies the desired estimate upon summation. O

Lemma A.1.2. Let U, C H'(Q), and Pi°°, Q¢ defined in Definitions 3.2.35 and 3.2.36 respectively.
Then, for all v € L2[0, T; H*FH(Q) N V(Q)] N H*10, T; L2(Q)]. there exists constant C independent
of h, T such that

B ED oo iy

flv— PZ)CUHLZ[O,T;Hl(Q)] < C(thUHLZ[o,T;HW(Q)] + Tk+1/h||v(k+l)|\L2[0,T;L2(ﬂ)])v

flv— PlhOCUHm[O,T;LZ(Q)] < C(hl+1””HL2[O,T:HH1(Q)] +T

Let k= 0,1 > 1, and v € L*[0,T; H2(Q) N V(Q)] N H[0,T;L?(Q)]. Then, there exists constant c
independent of h,T such that,

l[v = Peoll 20, mm oy < C(Pllvll p2po mmzcy + 72 (loell 2o more ) + 10l 20 7o @))) -

Let k=0,1>1, and v € L?[0,T; V()] N H[0,T; H~1(Q)]. Then, there exists a constant C > 0
independent of h, T such that

v = Q¥vl 22y < C (Aol ) + 72 vel 20, mm-1(2)1) s

v = Q| Lapo.rien (o) < C(I[vll 20,z + (F/2/B) ([vel L2jorm-1 (o)) + 10l 2o, riem o)) -

Proof. The first estimate is given in [32, Theorem 4.3, and Corollary 4.8]. For the second one, using
[32, Theorem 4.3, Corollary 4.8], and the standard approximation properties of Py, we obtain for every
v e L2t~ ¢ HIFH(Q)], with (k4 1)™ derivative with respect to time v**1 € L2[t"~1 t"; L2(Q)],
the following estimates:

C(HU — PhU”LQ[tn—] AnHL(Q)] T rhtt Hth(k+1) HLZ[tn—l’tn;Hl(Q)])

C (R[]l pappn—1 gnm+r(y) + (T /D) [0F T || 2pn1 g2 (ay))-

Hl} — PifCU||L2[tn—1 4 HL(Q)]

INIA
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where at the last estimate we have used an inverse estimate. Thus the second estimate is proved:

oc Tk+1 :
v — P 20,7110y < C (WMl 20, mree1 ey + 5 o ® D 2p0,7:22(0))) -

The third estimate is standard, and we omit the proof. The fourth estimate, follows by well known
arguments after simple modifications to handle the divergence free nature of the projection. For
completeness, we state the main arguments. For any ¢ € (t"~1,¢"], adding and subtracting appropriate
terms, and using the definition of Qﬁl"c, we obtain,

N i
lv = QWvl 20,72 < Z/ (lv(t) = () E2 0y + 0(E") = Quo(")IIE2(q))dt-

n=1 -t
For the first term, we define e(t) = v(t") — v(¢), and note that (1/2)%”6@)“%2(9) = (e, e) =
—(v4(t),v(t™)—wv(t)). Hence, integrating with respect to time in (s, t"], we obtain (1/2)(||e(t”)|\%‘2(m -
||e(s)Hi2(Q)) = f: — (v (t),v(t™) —v(t))dt. Note that e(t") = 0, and hence we obtain after integration
by parts in time, (1/2)e(s)[Z 0 = —(0(5), 0(t") —v(s)) — [ (uu(2), o(8))dt. Thus, dropping positive
terms, and using Young’s inequality, (1/4)He(s)||%2<m < Hv(t")”%zm% + f; Hvt”Hfl(Q)H'U”HI(Q)dt.
Using the embedding L?[s,t"; V(Q)] N H'[s,t"; H™1(Q)] € L>[s,t"; L?(Q)], Holder’s inequality, and

integrating in time from ¢"~! to ¢, we finally arrive to

+n

"
2 2 2
1/0) [ et <Cr [ (oo + ol ds,
Jen— -
which implies the desired estimate for the first term. The second term, can be proven similarly using
triangle inequality, and the approximation property

N +n N +n
S [ 0 = Qo) et < 32 [ (1) = 0Oy + Io(®) ~ Quo (0ot
n=1 n=1

where the last term can be bounded by [[v(t) — Qnv(t)llL2) < Chllvllai(q), (note that v €
L2[0,T;V(Q)]). For the last estimate, we will use the previous estimate. We first note that the
generalized orthogonal Qp, : H™'(Q) — Uy, is stable ||.|[z1-1(0) norm, see e.g. [69], for all v € V™1(Q)
. Indeed, for all v € V™1(Q), w € HA(), by the definition of projections Q;, and Py,

v, w U — U, W v, W
@uilvy = sup KLy (1G], fluil )
wenl(@) lwlla @) weni@ \  lwlla ) llwlle (@)
Qv —v,w — Pyw
< ap U R
weHE (Q) ||wHH‘<Q)

where at the last inequality we have used the fact that (Qnv — v, P,w) = 0. Note also that by the
definition of projection Pj,, we deduce that (Qnv — v, w — Pyw) = (—v,w — P,w). Hence, the H(£2)
stability of the P, projection in H!(Q) norm for any v € V(£2), implies,

vl (o) llw — Prw||a @
HwHHl(sz)

CHU||H*1(Q)~

v, w — Phw
IQrvllH-1(0) £ sup I !

)
BT TE— + [vlla-1(0
weH(Q) Hw”Hl(Q) @

+vllg-1 £ C

IN

Thus, the definition of Q}° for k = 0, I > 1, the inverse estimate ||Qxv|m1(0) < C/hl|Qnv|L2(a),
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imply

N 1/2
v = @i“oll o ram oy = (Z IR Qw(t”ﬂﬁwdt)
n—1 tn—1

N 1/2 N 1/2
= <Z /tni] llv(t) —th(t)”%{l(n)dt> + (Z /t N@nv(®) —th(tn)“%p(mdt)
n=1 o

n=1

N 1/2
C n
< Cllollzzpo.rien @y + 5 (Z / ll@uo(t) — Quolt )||i2<n>dt>
n=1 e
o/ 1/2
< Ol o7 + n (Z / l[o(t) — U(tn)”i?(mdt)
— f,"71
I8, N 4 1/2
< Olvllzepo,rme) + 7 <ZT/ ) [vellfz-1 0y + ||U|%{1(Q)dt)
n=1 e
,7_1 2
< Cllvllp2qo,rm1 )] + C—h (lvell 2o, -1 ) + vl L2j0,7581 (2)])-

for all v € L2[0,T; V(Q)] N H[0, T; H~1(£2)], which completes the proof of the fourth estimate. [

The exponential interpolant

The polynomial interpolant of functions e‘f’(t_t7]7l)v, where v € P [t"1,#" V] and V is any linear
space, is needed in the proof of the main stability estimate. Here, we quote the definition and the
main results from [32].

Definition A.2.1. Let V be a linear space, and p > 0 be given. Ifv = ZLU ri(t)v; € PRt Lt V],
with 7; € Pe[t" "1, t"] and v; € V, we define the exponential interpolant of v by

k
o= it

i=0

where 7; € Py[t"~1,1"] is the approzimation of r;(t)e=Pt=t""") satisfying r;(t"~1) = 7 (") and

" t"
/ F()a(t)dt = / (g Na, g e Pt e,
t

n—1 tn—1

The following Lemma (see [32, Lemma 3.4]) asserts that the difference v — v remains small in various
norms.

Lemma A.2.2. LetV and Q be linear spaces and v — v be the map constructed in Definition A.2.1,
for given p > 0. If L(.,.) : V x Q — R denotes a bilinear mapping and v € Py[t"~1,"; V] then

g

[ 0.t = [ Lo.ame i v e Pl

tn—1

If (.,.)v is a (semi) inner product on V', then there exists a constant Cy, independent of p > 0, such
that
||U - ,DHLQ[t“*l,t"';V] S Ckp(tn - tn_l)”UHLz[tn—L,tn;V].
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AWl The discrete characteristic function

Note that the computation of the error at arbitrary times ¢ € [t"~1,¢") can be facilitated by
substituting vy, = X[¢n-14)yn into the discrete equations. However, this choice is not available since
X[¢n-1,4)Yn is not a member of U}, unless ¢ is actually a partition point. Therefore approximations of
such functions need to be constructed. This is done in [31, Section 2.3]. For completeness we state
the main results. The approximations are constructed on the interval [0, 7), where 7 = ¢" — "~ and
they are invariant under translations.

Let t € (0,7). We consider polynomials s € Py(0,7), and we denote the discrete approximation of
X[0,5)s by the polynomial 5 € {3 € Py(0,7), 5(0) = s(0)} which satisfies

T t
/ 8q = / sq Vq € Pr-1(0,7).
0 Jo

The motivation for the above construction stems from the elementary observation that for ¢ = s’ we
obtain [ §'8 = fg ss' = 1(s%(t) — s%(0)).
The construction can be extended to approximations of xo syv for v € P[0, 7; V] where V is a linear

space. The discrete approximation of xjo v in P[0, 7; V] is defined by & = Zf:() 5i(t)v; and if V' is
a semi-inner product space then,

9(0) =v(0), and /OT(f), w)y = /0 (v,w)y Vw € Pr_1[0,7;V].

Finally, we quote the main result from [31].

Proposition A.3.1. Suppose that V is a (semi) inner product space. Then the mapping Zf:o si(t)v;
— Z?:o 3i(t)v; on P[0, 7; V] is continuous in ||.|| r2p0,7;v]- In particular,

ollz20,7v) < Crllvllzziorvys 19 = X000l 2200,mv) < CrllvllL2(0,73v75
where Cy, is a constant depending on k.

Proof. See [31, Lemma 2.4]. O

Remark A.3.2. Combining the above estimate with standard scaling arguments and the finite
dimensionality of P[0, 7] we also obtain an estimate of the form

91| 2o 0,722 ()] < CkllvllLooo,7,22(2)-
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