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SAMPLED-DATA STABILIZATION OF NONLINEAR DELAY
SYSTEMS WITH A COMPACT ABSORBING SET∗

IASSON KARAFYLLIS† AND MIROSLAV KRSTIC‡

Abstract. We present a methodology for the global sampled-data stabilization of systems
with a compact absorbing set and input/measurement delays. The methodology is based on the
inter-sample-predictor, observer, predictor, delay-free controller (ISP-O-P-DFC) scheme, and the
stabilization is robust to perturbations of the sampling schedule. The obtained results are novel even
for the delay-free case.
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1. Introduction. Achieving stabilization by sampled-data output feedback and
ensuring robustness to perturbations in the sampling schedule are central challenges
in nonlinear control over networks, where the simultaneous presence of asynchrony
and (measurement or input) delays creates important problems (see [7, 8, 9, 25, 26,
32, 33, 34, 36]). Almost all available results rely on delay-dependent conditions for
the existence of stabilizing feedback and in most cases the stability domain depends
on the sampling interval/delay. Predictive feedback seems to be the only possible
choice for handling large delays (see [3, 4, 5, 11, 13, 14, 15, 16, 19, 20, 27, 31]).
Global stabilization of control systems with large delays by means of sampled-data
output feedback remains a challenging problem. There are few results on the global
stabilization of systems with input applied with zero-order-hold (ZOH) and sampled
measurements which do not coincide with the state vector (output measurement) even
in the delay-free case; see [13, 2, 31, 6, 21]. The existing results either exploit the
linear structure or a global Lipschitz property. In general, global results for sampled-
data output feedback control of delayed systems are limited; see also [23] for results
with sufficiently small delays.

The present work provides global stabilization results for a class of nonlinear sys-
tems: systems with a compact absorbing set. More specifically, we consider nonlinear
systems of the form

(1.1) ẋ(t) = f(x(t), u(t− τ)) , x ∈ R
n, u ∈ U,

where U ⊆ R
m is a nonempty compact set with 0 ∈ U , τ ≥ 0 is the input delay, and

f : Rn × R
m → R

n is a smooth vector field with f(0, 0) = 0. The measurements are
sampled and the output is given by

(1.2) y(τi) = h(x(τi − r)) + ξ(τi),

∗Received by the editors February 2, 2015; accepted for publication (in revised form) December 22,
2015; published electronically March 29, 2016.

http://www.siam.org/journals/sicon/54-2/M100660.html
†Department of Mathematics, National Technical University of Athens, 15780, Athens, Greece

(iasonkar@central.ntua.gr).
‡Department of Mechanical and Aerospace Engineering, University of California, San Diego, La

Jolla, CA 92093-0411 (krstic@ucsd.edu).

790

http://www.siam.org/journals/sicon/54-2/M100660.html
mailto:iasonkar@central.ntua.gr
mailto:krstic@ucsd.edu


S-D STABILIZATION OF SYSTEMS WITH ABSORBING SET 791

where h : Rn → R
k is a smooth mapping with h(0) = 0, τi , i = 0, 1, 2, . . . are the

sampling times, ξ ∈ R
k is the measurement noise, and r ≥ 0 is the measurement delay.

The class of nonlinear systems of the form (1.1), (1.2) with a compact absorbing set has
been studied in [1, 10, 14]. Here, we extend the ideas in [14] to the case where the input
is applied with ZOH and we use the inter-sample-predictor, observer, predictor, delay-
free controller (ISP-O-P-DFC) control scheme. The ISP-O-P-DFC control scheme
has long been in use for linear systems [22, 24, 35, 37]. The main idea of the control
scheme is the use of an intersample predictor of the (not available) continuous output
signal. The observer uses the approximation of the continuous output signal and
provides an estimate of the delayed state vector, which is subsequently fed to an
approximate predictor: the predictor provides an estimation of the future value of the
state vector. Finally, the estimation of the future value of the state is used by the
delay-free controller and the control action is applied with ZOH. A major difference
with [14] (except of the fact that [14] considered continuously applied input) is the
predictor: the approximate predictor used in the present work is the repeated explicit
Euler numerical scheme for the control system (1.1). The prediction scheme was used
in [15, 16] and can be easily implemented in computer software (since in the present
work the applied time step is constant).

Our main result (Theorem 2.2) provides explicit formulas for global stabilizers,
which are robust with respect to perturbations of the sampling schedule. More-
over, Theorem 2.2 can be also applied to the case where the sampling times do
not necessarily coincide with the times that the input changes. This feature is
important for network systems and is rare in the sampled-data control literature.
(Usually the sample-and-hold case is studied.) The state is driven to the equi-
librium at an exponential rate in the absence of measurement noise. The result
of Theorem 2.2 is novel even for the delay-free case r = τ = 0. Corollary 2.3
presents a specialization of the result to the delay-free case. See also [18] for semi-
global results in the delay-free case based on sampled-data dynamic output feed-
back.

Therefore, the novelty of the present paper with respect to existing results for
systems with compact absorbing set is justified by the following:

1. The fact that the input is applied with ZOH and the sampling times do not
necessarily coincide with the times that the input changes,

2. The fact that the prediction scheme proposed in [15, 16] is being used with
a constant grid size. The implementation of the predictor is much easier
than the implementation of the predictor in [14], which is more demanding
because a large number of additional state variables must be introduced and
their evolution is described by delay differential equations. Furthermore, the
implementation of the predictor is much easier than the implementation of
the predictor in [15, 16], because a constant (and not state-dependent) grid
size is used.

3. The fact that the proposed control scheme gives a novel result even in the
delay-free case.

The structure of the present work is as follows: section 2 is devoted to the presentation
of the basic assumptions for nonlinear systems with a compact absorbing set and the
statement of the main results. The proof of the main result is provided in section 3,
where additional lemmas are stated and utilized. An illustrative example is shown
in section 4, where the proposed control scheme is applied. The concluding remarks
are provided in section 5. Finally, the appendix contains the proofs of all auxiliary
lemmas used in section 3.
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Notation. Throughout this paper, we adopt the following notation:
(i) R+ := [0,+∞). A partition of R+ is an increasing sequence {τi}∞i=0 with

τ0 = 0 and limi→∞ τi = +∞.
(ii) Let I ⊆ R+ := [0,+∞) be an interval. By B(I;U), we denote the space

of locally bounded functions u( · ) defined on I and taking values in U ⊆ R
m. By

L∞(I;U), we denote the space of measurable and essentially bounded functions u( · )
defined on I and taking values in U ⊆ R

m. Let A ⊆ R
n be an open set. By C0(A ; Ω),

we denote the class of continuous functions on A, which take values in Ω ⊆ R
m. By

Ck(A ; Ω), where k ≥ 1 is an integer, we denote the class of functions on A ⊆ R
n

with continuous derivatives of order k, which take values in Ω ⊆ R
m. For a function

V = (V1, . . . , Vk)
′ ∈ C1(A ; R

k), the gradient of V at x ∈ A ⊆ R
n, denoted by

∇V (x), is a matrix with k rows; its ith row is the row vector
[

∂Vi
∂x1

(x) ...
∂Vi
∂xn

(x)
]
for

i = 1, . . . , k.
(iii) For a vector x ∈ R

n, we denote by x′ its transpose and by |x| its Euclidean
norm. A′ ∈ R

n×m denotes the transpose of the matrix A ∈ R
m×n and |A| denotes

the induced norm of the matrix A ∈ R
m×n, i.e., |A| = sup{ |Ax| : x ∈ R

m , |x| = 1 }.
I ∈ R

n×n denotes the unit matrix.
(iv) A function V : Rn → R+ is called positive definite if V (0) = 0 and V (x) > 0

for all x �= 0. A function V : Rn → R+ is called radially unbounded if the sets
{x ∈ R

n : V (x) ≤M} are either empty or bounded for all M ≥ 0.
(v) The class of functions K∞ is the class of strictly increasing, continuous

functions a : R+ → R+ with a(0) = 0 and lims→+∞ a(s) = +∞. For x ∈ R, [x]
denotes the integer part of x ∈ R.

(vi) For u : [a− r, b) → U , where U ⊆ R
m, b > a, and r > 0, ut : [−r, 0] → U for

t ∈ [a, b) denotes the r-“history” of u, i.e., the function defined by (ut)(θ) = u(t+ θ)
for θ ∈ [−r, 0] and ŭt : [−r, 0) → U for t ∈ [a, b] denotes the r-“open history” of u,
i.e., the function defined by (ut)(θ) = u(t+ θ) for θ ∈ [−r, 0). For a bounded function
u : [−r, 0] → U (or u : [−r, 0) → U), ‖u‖ denotes the norm ‖u‖ = sup−r≤θ≤0(|u(θ)|)
(or ‖u‖ = sup−r≤θ<0(|u(θ)|)).

2. Problem description and main result. Our first assumption for system
(1.1) guarantees that there exists a compact set which is robustly globally asymptoti-
cally stable. We call the compact set “absorbing” because the solution “is absorbed”
in the set after an initial transient period.

(H1) There exist a radially unbounded (but not necessarily positive definite) func-
tion V ∈ C2(Rn;R+), a positive definite function W ∈ C1(Rn;R+), and a constant
R > 0 such that the following inequality holds for all (x, u) ∈ R

n × U with V (x) ≥ R

(2.1) ∇V (x)f(x, u) ≤ −W (x).

Moreover, the set

(2.2) S1 = {x ∈ R
n : V (x) ≤ R}

contains a neighborhood of 0 ∈ R
n.

Indeed, assumption (H1) guarantees that for every initial condition x(0) ∈ R
n

and for every measurable and essentially bounded input u : R+ → U the solution x(t)
of (1.1) enters the compact set S1 = {x ∈ R

n : V (x) ≤ R} after a finite transient
period, i.e., there exists T ∈ C0(Rn;R+) such that x(t) ∈ S1, for all t ≥ T (x(0)).
Moreover, notice that the compact set S1 = {x ∈ R

n : V (x) ≤ R} is positively
invariant. This fact is guaranteed by the following lemma which is an extension of
[17, Theorem 5.1, p. 211]. The proof of the following lemma can be found in [10].
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Lemma 2.1. Consider system (1.1) under assumption (H1). There exists T ∈
C0(Rn;R+) such that for every x0 ∈ R

n and for every measurable and essentially
bounded input u : [−τ,+∞) → U the solution x(t) ∈ R

n of (1.1) with initial con-
dition x(0) = x0 and corresponding to input u : [−τ,+∞) → U satisfies V (x(t)) ≤
max(V (x0), R) for all t ≥ 0 and V (x(t)) ≤ R for all t ≥ T (x0).

Our second assumption guarantees that we are in a position to construct an
appropriate local exponential stabilizer for the delay-free version system (1.1), i.e.,
system (1.1) with τ = 0.

(H2) There exist a positive definite function P ∈ C2(Rn;R+), constants μ,K1 > 0
with K1|x|2 ≤ P (x) for all x ∈ S1, and a locally Lipschitz mapping k : Rn → U with
k(0) = 0 such that the following inequality holds :

(2.3) ∇P (x)f(x, k(x)) ≤ −2μ |x|2 for all x ∈ S1.

Our third assumption guarantees that we are in a position to construct an appro-
priate local exponential observer for the delay-free system (1.1), (1.2) with r = τ = 0.

(H3) There exist a symmetric and positive definite matrix Q ∈ R
n×n, constants

ω > 0, b > R, and a matrix L ∈ R
n×k such that the following inequality holds :

(2.4)
(z − x)′Q (f(z, u) + L(h(z)− h(x)) − f(x, u)) ≤ −ω |z − x|2

for all u ∈ U, z, x ∈ R
n with V (z) ≤ b and V (x) ≤ R

Assumption (H3) guarantees the existence of a regional Luenberger-type observer
with a constant gain matrix L ∈ R

n×k. Inequality (2.4) guarantees that a quadratic
Lyapunov-like function for the observer error exists and that the observer error would
have exponential dynamics, provided that x(t) ∈ S1 after an initial transient period
(this is guaranteed by Assumption (H1) and Lemma 2.1) and that the observer states
z(t) ∈ R

n evolve in the set S2 := {x ∈ R
n : V (x) ≤ b} after an initial transient period.

Our final assumption is a technical assumption that enables us to construct a
dynamic feedback stabilizer for system (1.1), (1.2). Similar assumptions have been
used in [1, 10, 14].

(H4) There exist constants c ∈ (0, 1), R ≤ a < b such that the following inequality
holds:

(2.5)

[
∇V (z)(f(z, u) + L(h(z)− h(x))) ≤ −W (z)

+ (1− c) |∇V (z)|2 (z − x)′Q (f(z, u) + L(h(z)− h(x)) − f(x, u))

∇V (z)Q(z − x)

]
for all u ∈ U, z, x ∈ R

n with a < V (z) ≤ b,

∇V (z)Q(z − x) < 0 and V (x) ≤ R.

Assumption (H4) implies restrictions on the dynamics of the local observer, which
was introduced by assumption by (H3). Notice that the left-hand side of inequality
(2.5) is the time derivative of the function V (z(t)) along the trajectories of the local
observer ż = f(z, u) + L(h(z) − h(x)) with input x ∈ R

n. Therefore, assumption
(H4) imposes an upper bound on the time derivative of the function V (z(t)) along
the trajectories of the local observer ż = f(z, u) + L(h(z)− h(x)) with input x ∈ R

n

for certain regions of the state space: the solution of the local observer is not allowed
to “grow too fast.”
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Assumption (H4) is needed for a specific reason. Lemma 2.1 implies that the
states of any successful observer for system (1.1), (1.2) with r = τ = 0 must be driven
in a compact set after a transient period. Therefore, the design of an observer with
a compact absorbing set is desired. Assumption (H4) is a sufficient condition that
allows us to design a global observer with a compact absorbing set (expressed by the
sublevel sets of V ) which coincides with the local observer ż = f(z, u)+L(h(z)−h(x))
on an appropriate neighborhood of the equilibrium. In order to achieve the design of
such an observer, we need to impose bounds on the “growth” of the trajectories of the
local observer ż = f(z, u)+L(h(z)−h(x)) with input x ∈ R

n for certain regions of the
state space. However, it should be noticed that (2.5) does not exclude the possibility
of having a positive time derivative of the function V (z(t)) along the trajectories of
the local observer ż = f(z, u) + L(h(z)− h(x)).

We are now in a position to state the main result of the present work.

Theorem 2.2. Consider system (1.1), (1.2) under assumptions (H1)–(H4). De-
fine

k̂(z, y, u) := L(h(z)− y)

for all (z, y, u) ∈ R
n × R

k × U with V (z) ≤ R,(2.6)

k̂(z, y, u) := L(h(z)− y)− ϕ(z, y, u)

|∇V (z)|2 (∇V (z))
′

for all (z, y, u) ∈ R
n × R

k × U with V (z) > R,(2.7)

where ϕ : Rn × R
k × R

m → R+ is defined by

(2.8) ϕ(z, y, u) := max ( 0 , ∇V (z)f(z, u) +W (z) + p (V (z))∇V (z)L(h(z)− y) )

and p : R+ → [0, 1] is an arbitrary locally Lipschitz function that satisfies p(s) = 1 for
all s ≥ b and p(s) = 0 for all s ≤ a. Let N > 0 be an integer and define the mapping

(2.9) ΦN : Rn × L∞ ([−r − τ, 0);U) → R
n,

which maps (x0, u) ∈ R
n × L∞([−r − τ, 0);U) to the vector ΦN (x0, u) := xN ∈ R

n,
where xi ∈ R

n (i = 1, . . . , N) are vectors given by the recursive formula:

(2.10) xi+1 = xi +

∫ (i+1)h

ih

f(xi, u(s− r − τ))ds, fori = 0, . . . , N − 1,

where h := (τ + r)/N . Then for sufficiently small constants Ts > 0, TH > 0 and for
sufficiently large integer N > 0 there exist a locally Lipschitz function C ∈ K∞ and
constants σ, γ > 0 such that for every partition {τi}∞i=0 of R+ with supi≥0(τi+1−τi) ≤
Ts, z0 ∈ R

n, x0 ∈ C0([−r, 0];Rn), ŭ0 ∈ L∞([−r − τ, 0);U), ξ ∈ B(R+;R
k), the

solution of (1.1), (1.2) with

ż(t) = f(z(t), u(t− r − τ)) + k̂(z(t), w(t), u(t− r − τ)) for t ≥ 0 a.e.,(2.11)

ẇ(t) = ∇h(z(t))f(z(t), u(t− r − τ))
for t ∈ [τi, τi+1) a.e. and for all integers i ≥ 0,

(2.12)

w(τi) = y(τi) for all integers i ≥ 0,(2.13)

u(t) = k (ΦN (z(jTH), ŭjTH ))
for all t ∈ [jTH , (j + 1)TH) and for all integers j ≥ 0,

(2.14)
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initial condition z(0) = z0, x(θ) = x0(θ) for θ ∈ [−r, 0], u(θ) = ŭ0(θ) for θ ∈ [−r−τ, 0)
corresponding to input ξ ∈ B(R+;R

k), exists and satisfies the following estimate for
all t ≥ 0:

(2.15)

‖xt‖+ |z(t)|+ ‖ŭt‖
≤ exp(−σ t)C

(
‖x0‖+ |z0|+ ‖ŭ0‖+ sup

0≤s≤t
(|ξ (s)|)

)
+ γ sup

0≤s≤t
(|ξ (s)|).

The result of Theorem 2.2 is novel even for the delay-free case r = τ = 0. Indeed,
one can repeat the proof of Theorem 2.2 and obtain the following corollary. (Its proof
is omitted due to the similarity with the proof of Theorem 2.2.)

Corollary 2.3. Consider system (1.1), (1.2) under assumptions (H1)–(H4) with
r = τ = 0. Let ϕ : Rn × R

k × R
m → R+ be defined by (2.8) for an arbitrary locally

Lipschitz function p : R+ → [0, 1] that satisfies p(s) = 1 for all s ≥ b and p(s) = 0 for

all s ≤ a and let k̂(z, y, u) be defined for all (z, y, u) ∈ R
n × R

k × U by (2.6), (2.7).
Then for sufficiently small constants Ts > 0, TH > 0 there exist a locally Lipschitz
function C ∈ K∞ and constants σ, γ > 0 such that for every partition {τi}∞i=0 of R+

with supi≥0(τi+1 − τi) ≤ Ts, z0 ∈ R
n, x0 ∈ R

n, ξ ∈ B(R+;R
k), the solution of (1.1),

(1.2) with

ż(t) = f(z(t), u(t)) + k̂(z(t), w(t), u(t)) for t ≥ 0 a.e.,(2.16)

ẇ(t) = ∇h(z(t))f(z(t), u(t)) for t ∈ [τi, τi+1) a.e. and for all integers i ≥ 0,(2.17)

w(τi) = y(τi) for all integers i ≥ 0,(2.18)

u(t) = k (z(jTH)) for all t ∈ [jTH , (j + 1)TH) and for all integers j ≥ 0,(2.19)

initial condition z(0) = z0, x(0) = x0 corresponding to input ξ ∈ B(R+;R
k), exists

and satisfies the following estimate for all t ≥ 0:

(2.20) |x(t)| + |z(t)| ≤ exp(−σ t)C
(
|x0|+ |z0|+ sup

0≤s≤t
(|ξ (s)|)

)
+ γ sup

0≤s≤t
(|ξ (s)|) .

Remark 2.4. (a) It should be emphasized that in the absence of measurement
noise, estimate (2.15) guarantees (i) local exponential stabilization (since C ∈ K∞ is
locally Lipschitz) and (ii) global asymptotic stabilization. Indeed, since C ∈ K∞ is lo-
cally Lipschitz, there exist constants G, δ > 0 such that C(s) = C(s)−C(0) = |C(s)−
C(0)| ≤ Gs for all s ∈ [0, δ]. Consequently, estimate (2.15) in the absence of measure-
ment noise (i.e., ξ ≡ 0) implies that ‖xt‖+ |z(t)|+ ‖ŭt‖ ≤ exp(−σ t)G(‖x0‖ + |z0|+
‖ŭ0‖) for all initial conditions with ‖x0‖+|z0|+‖ŭ0‖ ≤ δ: this is exactly local exponen-
tial stability. Furthermore, estimate (2.15) guarantees global exponential convergence
in the absence of measurement error: the quantity exp(σ t)(‖xt‖ + |z(t)| + ‖ŭt‖) is
bounded for all initial conditions.

(b) The approximate predictor mapping given (2.9), (2.10) is the repeated explicit
Euler numerical scheme for the control system (1.1). It can be easily implemented
in computer software. The integer N > 0 is the grid size of the numerical scheme
and in contrast to the results in [15, 16] (where the grid size was state-dependent),
Theorem 2.2 guarantees that the grid size can be selected to be constant. This is
an important feature of Theorem 2.2, because the implementation of the prediction
scheme is simplified considerably.

(c) The proof of Theorem 2.2 is constructive. Therefore, estimates of the size of
the constants Ts > 0, TH > 0, N > 0, and σ > 0 are provided. However, the estimates
are conservative.
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(d) The construction of the controller (2.11), (2.12), (2.13), (2.14) (or (2.16),
(2.17), (2.18), (2.19)) is based on the local controller provided by assumption (H2)
and the regional observer provided by assumption (H3). However, the results of
Theorem 2.2 and Corollary 2.3 are global.

(e) The construction of the controller (2.11), (2.12), (2.13), (2.14) is based on
the ISP-O-P-DFC control scheme. Namely, (2.12), (2.13) is the intersample predictor
of the continuous output signal and is fed to the conventional observer (2.11). The
observer estimate z(t) is fed to the approximate predictor mapping given by (2.9),
(2.10), which provides the estimation ΦN (z(jTH), ŭjTH ) of the future value of the
state vector. Finally, the estimation ΦN (z(jTH), ŭjTH ) of the future value of the
state is fed to the controller (2.14) and the control action is applied with ZOH.

(f) It is important to notice that if measurement delay is present (i.e., if r > 0),
then the sampled-data observer (2.11), (2.12), (2.13) provides an estimate z(t) of the
delayed state vector x(t− r). Indeed, this is the reason that the delayed value of the
input u(t− r − τ) appears in the right-hand sides of (2.11), (2.12): the delayed state
vector x(t− r) satisfies the equation ẋ(t− r) = f(x(t− r), u(t− r− τ)) for t ≥ r. The
estimation of the future value x(jTH + τ) of the state vector is then performed for all
integers j = 0, 1, . . . by means of the approximate predictor ΦN (z(jTH), ŭjTH ).

(g) Estimate (2.15) guarantees robustness with respect to measurement noise.
Indeed, using estimate (2.15), we are in a position to prove an input-to-state sta-
bility (ISS) estimate with respect to the measurement noise ξ ∈ R

k; here we are
referring to a direct extension of the well-known ISS notions introduced by Sontag
for systems described by ODEs (see [28, 29, 30]). However, estimate (2.15) shows an
additional property: the fact that for every initial condition and for every bounded
input ξ ∈ B(R+;R

k) the corresponding solution of the closed-loop system (1.1), (1.2)
with (2.11), (2.12), (2.13), (2.14) satisfies the estimate

lim sup
t→+∞

( ‖xt‖+ |z(t)|+ ‖ŭt‖ ) ≤ γ sup
0≤s

(|ξ (s)|) .

The above inequality shows that the asymptotic gain property holds for the closed-loop
system (1.1), (1.2) with (2.11), (2.12), (2.13), (2.14) with linear gain. The asymptotic
gain property was first introduced in [29] for systems described by ODEs, where it
was shown that a system is ISS if and only if it is GAS for the input-free system and
satisfies the asymptotic gain property (see also [30]).

3. Proof of main result. Define the set:

(3.1) S2 := {x ∈ R
n : V (x) ≤ b} .

Notice that since V ∈ C2(Rn;R+) is radially unbounded, it follows that the sets
defined in (2.2) and (3.1) are compact sets.

The proof of the main result requires a number of technical lemmas. The first
technical lemma provides an estimate for the observation error.

Lemma 3.1. Let σ > 0, Ts > 0 be sufficiently small constants. Then there exist
constants M1, γ1 > 0 such that for every partition {τi}∞i=0 of R+ with supi≥0(τi+1 −
τi) ≤ Ts, every solution of (1.1), (1.2), (2.11), (2.12), (2.13), corresponding to (arbi-
trary) inputs u ∈ L∞([−r − τ,+∞);U), ξ ∈ B(R+;R

k) and satisfying x(t− r) ∈ S1,
z(t) ∈ S2 for all t ≥ τl, where l > 0 is an integer with τl ≥ r, also satisfies the
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following inequality for all t ≥ τl:

(3.2)

sup
τl≤s≤t

(exp (σs) |z(s)− x(s− r)|)

≤M1 |z(τl)− x(τl − r)| exp (στl) + γ1 exp (σ t) sup
τl≤s≤t

(|ξ(s)|).

The second technical lemma provides an estimate for the state.

Lemma 3.2. Let σ > 0, TH > 0 be sufficiently small constants. Then there exist
constants M2,M3 > 0 such that every solution of (1.1) corresponding to (arbitrary)
input u ∈ L∞([−τ,+∞);U) and satisfying x(t) ∈ S1 for all t ≥ τ + jTH , where j ≥ 0
is an integer, also satisfies the following inequality for all t ≥ jTH :

(3.3)

sup
jTH≤s≤t

(|x(s+ τ)| exp(σs))

≤M2 exp (σjTH) |x(jTH + τ)|

+M3 sup
jTH≤s≤t

(∣∣∣∣u(s)− k

(
x

(
τ +

[
s

TH

]
TH

))∣∣∣∣ exp(σs)
)
.

The third technical lemma provides an estimate for the prediction error.

Lemma 3.3. There exists an integer N∗ > 0 and a constant M4 > 0 such that for
every N ≥ N∗ for every x0 ∈ S2 and for every measurable and essentially bounded
input u ∈ L∞([−r−τ, 0);U) the following estimates hold for the solution x(t) of (1.1)
with initial condition x(−r) = x0, corresponding to (arbitrary) input u ∈ L∞([−r −
τ, 0);U):

|x(τ) − ΦN(x0, u)| ≤ M4

N
(|x0|+ ‖u‖) ,(3.4)

xi ∈ S2 for all i = 0, 1, . . . , N,(3.5)

where ‖u‖ = sup−r−τ≤s<0(|u(s)|) and xi ∈ R
n (i = 1, . . . , N) are vectors given by the

recursive formula (2.10).

The fourth technical lemma uses the three previous lemmas and provides an
estimate for the norm of the solution of the closed-loop system (1.1), (1.2), (2.11),
(2.12), (2.13), (2.14).

Lemma 3.4. Let σ > 0, Ts > 0, TH > 0 be sufficiently small constants and let
N ≥ 1 be a sufficiently large integer. Then there exist constants G, γ2 > 0 such that
for every partition {τi}∞i=0 of R+ with supi≥0(τi+1−τi) ≤ Ts, for every ξ ∈ B(R+;R

k),
every solution of (1.1), (1.2), (2.11), (2.12), (2.13), (2.14) satisfying x(t−r−TH) ∈ S1,
z(t) ∈ S2 for all t ≥ jTH , where j ≥ 0 is an integer with jTH ≥ TH + r, also satisfies
the following inequality for all t ≥ 0:

(3.6)

(‖ŭt‖+ ‖xt‖+ |z(t)|) exp(σt)

≤ G exp(σjTH)

(
sup

−r−τ≤s≤jTH

(|u(s)|) + sup
0≤s≤jTH+Ts

(|z (s)|)

+ sup
−r≤s≤jTH+Ts+τ

(|x(s)|)
)

+ γ2 exp(σt) sup
0≤s≤t

(|ξ(s)|) .



798 IASSON KARAFYLLIS AND MIROSLAV KRSTIC

We are now ready to provide the proof of Theorem 2.2.

Proof of Theorem 2.2. We first notice that the following inequality holds for all
(z, w, u) ∈ R

n × R
k × U with V (z) ≥ b:

(3.7) ∇V (z)(f(z, u) + k̂(z, w, u)) ≤ −W (z).

Definition (2.7) implies ∇V (z)(f(z, u)+ k̂(z, w, u)) = ∇V (z)(f(z, u)+L(h(z)−w))−
ϕ(z, w, u). By distinguishing the cases ∇V (z)f(z, u)+W (z)+∇V (z)L(h(z)−w) ≤ 0
and ∇V (z)f(z, u)+W (z)+∇V (z)L(h(z)−w) > 0, using definition (2.8), and noticing
that p(V (z)) = 1 we conclude that (3.7) holds.

Let σ > 0, Ts > 0, TH > 0 be sufficiently small constants and let N ≥ 1
be a sufficiently large integer so that Lemma 3.4 holds. Let {τi}∞i=0 be a partition
of R+ with supi≥0(τi+1 − τi) ≤ Ts and let x0 ∈ C0([−r, 0];Rn), z0 ∈ R

n, ŭ0 ∈
L∞([−r − τ, 0);U), ξ ∈ B(R+;R

k) be given. We will show first that the solution of
(1.1), (1.2), (2.11), (2.12), (2.13), (2.14) with initial condition z(0) = z0, x(θ) = x0(θ)
for θ ∈ [−r, 0], u(θ) = ŭ0(θ) for θ ∈ [−r− τ, 0) corresponding to input ξ ∈ B(R+;R

k)
exists for all t ≥ 0 and is unique.

We first make the following claim.

Claim 1. Suppose that x(t) is defined on [−r, τ i+1], u(t) is defined on [−r −
τ, τ i+1) and that z(t) is defined on [0, τ i]. Then z(t) is defined on [0, τ i+1].

Standard results in ODEs guarantee that the system

(3.8)
ż(t) = f(z(t), u(t− r − τ)) + k̂(z(t), w(t), u(t − r − τ)),

ẇ(t) = ∇h(z(t))f(z(t), u(t− r − τ))

has a local solution defined on [τi, t̃) for some t̃ ∈ (τi, τi+1]. By virtue of (3.7) and
Lemma 2.1, it follows that the solution of (3.8) satisfies the following estimate:

(3.9) V (z(t)) ≤ max (V (z0), b)

for all t ≥ 0 for which the solution of (3.8) exists. Define the nondecreasing function

(3.10)
Ω(s) := max { |∇h(z)f(z, u)| : (z, u) ∈ R

n × U , V (z) ≤ s}
for all s ≥ min (V (z) : z ∈ R

n) ,

which is well-defined by virtue of the facts that U ⊆ R
m is compact and V ∈

C2(Rn;R+) is a radially unbounded function. It follows from definition (3.10) and in-
equality (3.9) that the solution of (3.8) satisfies the following estimate for all t ∈ [τi, t̃):

(3.11) |w(t)| ≤ |w(τi)|+ TsΩ (max (V (z0), b)) .

A standard contradiction argument shows that z(t) is defined on [0, τ i+1].

The second claim guarantees existence/uniqueness of solutions for all t ≥ 0. It is
an application of the method of steps.

Claim 2. ŭt, xt, z(t) are uniquely determined for all t ∈ [0, jTH], where j ∈ Z+.

The claim is proved by induction. First we notice that the claim holds for j = 0.
Next, we show that if the claim holds for some j ∈ Z+ then the claim holds for j +1.
Indeed, (2.14) guarantees that ŭt is uniquely determined for all t ∈ (jTH , (j + 1)TH ].
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It follows from Lemma 2.1 that xt is uniquely determined for all t ∈ (jTH , (j+1)TH ].
Since the set (jTH , (j+1)TH ]

⋂{τi}∞i=0 is either empty or finite, Claim 1 implies that
we are in a position to determine uniquely z(t) for all t ∈ (jTH , (j + 1)TH ]. Thus ŭt,
xt, z(t) are uniquely determined for all t ∈ [0, (j + 1)TH ], where j ∈ Z+.

Lemma 2.1 in conjunction with (2.1) and (3.7) implies there exists T ∈ C0(Rn;R+)
such that the inequalities V (x(t)) ≤ max(V (x0(0)), R) and (3.9) hold for all t ≥ 0
and

(3.12) V (x(t)) ≤ R for all t ≥ T (x0(0)) and V (z(t)) ≤ b for all t ≥ T (z0) .

Indeed, the above conclusions for V (x(t)) are direct consequences of Lemma 2.1. The
above conclusions for V (z(t)) are consequences of Lemma 2.1 applied to system (2.11)
with (w, u) as inputs. Inequalities (3.12) and definitions (2.2), (3.1) show that

(3.13) x(t) ∈ S1, z(t) ∈ S2 for all t ≥ max (T (x0(0)) , T (z0)) .

Let j ≥ 0 be the smallest integer so that jTH ≥ r+TH +max(T (x0(0)), T (z0)). Then
(3.13) in conjunction with Lemma 3.4 implies the existence of constants G, γ2 > 0
such that (3.6) holds.

Since f : Rn × R
m → R

n, k : Rn → U , h : Rn → R
k ∇h : Rn → R

k×n are
locally Lipschitz mappings with f(0, 0) = 0, k(0) = 0, h(0) = 0 and since U ⊂ R

m is
compact, there exists a continuous, nondecreasing function L : R+ → [1,+∞) such
that

(3.14)

|f(x, u)|+ |∇h(x)f(x, u)| ≤ L(|x|) (|x|+ |u|) ,
|h(x)| + |k(x)| ≤ L(|x|) |x|

for all x ∈ R
n, u ∈ U.

Moreover, taking into account definitions (2.6), (2.7), (2.8) and inequalities (3.14), we
are in a position to conclude that there exists a continuous, nondecreasing function
L̂ : R+ → [1,+∞) such that

(3.15)
∣∣∣f(z, u) + k̂(z, w, u)

∣∣∣ ≤ L̂(|z|) (|z|+ |u|+ |w|) for all z ∈ R
n, w ∈ R

k, u ∈ U.

Furthermore, using induction, (3.14), definitions (2.9), (2.10), and the fact that U ⊂
R
m is compact, we are in a position to guarantee that there exists a continuous,

nondecreasing function L̃ : R+ → [1,+∞) such that

(3.16) |ΦN (x, u)| ≤ L̃(|x|) (|x|+ ‖u‖) for all (x, u) ∈ R
n × L∞ ([−r − τ, 0);U) .

Using inequalities (3.14), (3.15), (3.16), we show that the following claim holds.

Claim 3. There exists a sequence of nondecreasing functions Γi : R+ → R+ with
Γi(s) ≤ Γi+1(s) for all s ≥ 0 and for all integers i ≥ 0 such that the following
inequality holds for every integer i ≥ 0:
(3.17)

sup
0≤t≤iTH

(‖ŭt‖+ ‖xt‖+ |z(t)|)

≤
(
‖ŭ0‖+ ‖x0‖+ |z0|+ sup

0≤t≤iTH

(|ξ(t)|)
)

Γi

(
‖x0‖+ |z0| sup

0≤t≤iTH

(|ξ(t)|)
)
.

We construct the sequence inductively. Inequality (3.17) holds for i = 0 with the
function Γ0(s) ≡ 1. In order to show the claim, we assume that there exists an
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integer i ≥ 0 and a nondecreasing function Γi : R+ → R+ such that (3.17) holds.
We next show that there exists a nondecreasing function Γi+1 : R+ → R+ with
Γi(s) ≤ Γi+1(s) for all s ≥ 0 such that (3.17) holds with i ≥ 0 replaced by i + 1.

Using (2.14), (3.16), and (3.17), we get for t ∈ [iTH , (i+ 1)TH)

|u(t)| ≤ |ΦN (z(iTH), ŭiTH )| ≤ L̃(|z(iTH)|) (|z(iTH)|+ ‖ŭiTH‖)
≤ L̃ ((‖ŭ0‖+R) Γi (R)) Γi (R) (‖ŭ0‖+R) ,

where R := ‖x0‖ + |z0|+ sup0≤t≤iTH
(|ξ(t)|). Using (3.17), the above inequality, and

the fact that U ⊂ R
m is compact, we obtain the existence of a nondecreasing function

Zi : R+ → R+ such that

(3.18)

sup
0≤t≤(i+1)TH

(‖ŭt‖)

≤
(
‖ŭ0‖+ ‖x0‖+ |z0|+ sup

0≤t≤(i+1)TH

(|ξ(t)|)
)

Zi

(
‖x0‖+ |z0|+ sup

0≤t≤(i+1)TH

(|ξ(t)|)
)
.

Next, define the following family of sets for all p ≥ 0:

(3.19) S(p) := {x ∈ R
n : V (x) ≤ b+max {V (ξ) : ξ ∈ R

n , |ξ| ≤ p }} .
Notice that by virtue of assumption (H1) the above sets are compact for each p ≥ 0
and that S(p1) ⊆ S(p2) for every p1, p2 ≥ 0 with p1 ≤ p2. Define the nondecreasing
function for all p ≥ 0:

(3.20) ϕ(p) := max
x∈S(p)

(|x|) .

Applying the inequality |x(t)| ≤ |x(iTH)|+ ∫ t
iTH

|f(x(s), u(s − τ))|ds for the solution

x(t) of (1.1) with t ∈ [iTH , (i + 1)TH ] and using (3.14), (3.19), (3.20) in conjunction
with Lemma 2.1 and the Gronwall–Bellman lemma, we obtain

|x(t)| ≤ exp (L(ϕ(|x(0)|))TH)

(
|x(iTH)|+ sup

0≤s≤(i+1)TH

(‖ŭs‖)
)

for all t ∈ [iTH , (i+ 1)TH ].

Using (3.17), (3.18), and the above inequality, we obtain the existence of a nonde-
creasing function Z̃i : R+ → R+ such that

(3.21)

sup
0≤t≤(i+1)TH

(‖ŭt‖+ ‖xt‖)

≤
(
‖ŭ0‖+ ‖x0‖+ |z0|+ sup

0≤t≤(i+1)TH

(|ξ(t)|)
)

Z̃i

(
‖x0‖+ |z0|+ sup

0≤t≤(i+1)TH

(|ξ(t)|)
)
.

Let ti ∈ {τj}∞j=0 be the largest sampling time with ti ≤ iTH . Using (2.12), (2.13),
(3.14), (3.9), and definitions (3.19), (3.20), we get for all t ∈ [ti, (i + 1)TH ]

(3.22) |w(t)| ≤ A+ L (ϕ (|z(0)|))
∫ t

ti

|z(s)| ds+ L (ϕ (|z(0)|))
∫ t

ti

|u(s)| ds,
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where A := L(sup0≤t≤(i+1)TH
(‖xt‖)) sup0≤t≤(i+1)TH

(‖xt‖) + sup0≤t≤(i+1)TH
(|ξ(t)|).

Using (2.11), (3.15), (3.9), and definitions (3.19), (3.20), we get for all t ∈ [ti, (i+1)TH]

(3.23)

|z(t)| ≤ |z(ti)|+ L̂ (ϕ (|z(0)|))
∫ t

ti

|z(s)| ds

+ L̂ (ϕ (|z(0)|))
∫ t

ti

|u(s)| ds+ L̂ (ϕ (|z(0)|))
∫ t

ti

|w(s)| ds

≤ |z(ti)|+ L̂ (ϕ (|z(0)|)) (t− ti)A

+ L̂ (ϕ (|z(0)|)) (1 + L (ϕ (|z(0)|)) (t− ti))

∫ t

ti

|z(s)| ds

+ L̂ (ϕ (|z(0)|)) (1 + L (ϕ (|z(0)|)) (t− ti))

∫ t

ti

|u(s)| ds.

Using the fact that ti ∈ {τj}∞j=0 is the largest sampling time with ti ≤ iTH , in
conjunction with supi≥0(τi+1 − τi) ≤ Ts, we obtain that ti ≥ iTH −Ts. Therefore, we
obtain from (3.23) for all t ∈ [ti, (i+ 1)TH ]

(3.24) |z(t)| ≤ B + ϕ̃ (|z(0)|)
∫ t

ti

|z(s)| ds,

where

(3.25)

ϕ̃(s) := L̂ (ϕ (s)) (1 + L (ϕ (s)) (TH + Ts)) ,

B := |z(ti)|+ L̂ (ϕ (|z(0)|)) (TH + Ts)A

+ (TH + Ts)ϕ̃ (|z(0)|) sup
0≤s≤(i+1)TH

(‖ŭs‖) .

Using the Gronwall–Bellman lemma in conjunction with (3.24) and the fact that
ti ≥ iTH − Ts, we get for all t ∈ [ti, (i+ 1)TH ]

(3.26) |z(t)| ≤ exp (ϕ̃ (|z(0)|) (TH + Ts))B.

Using A := L(sup0≤t≤(i+1)TH
(‖xt‖)) sup0≤t≤(i+1)TH

(‖xt‖) + sup0≤t≤(i+1)TH
(|ξ(t)|)

and (3.17), (3.21), (3.25), (3.26), we are in a position to conclude that there ex-
ists a nondecreasing function Γi+1 : R+ → R+ such that (3.17) holds with i ≥ 0
replaced by i+ 1.

Since T ∈ C0(Rn;R+) is continuous, there exists a constant Ω and a function
κ ∈ K∞ such that T (x) ≤ Ω+κ(|x|) for all x ∈ R

n. Since j ≥ 0 is the smallest integer
so that jTH ≥ r+TH +max(T (x0(0)), T (z0)), it follows that iTH ≥ r+ jTH + τ +Ts
for i = ψ(‖x0‖+ |z0|) = 3 + [ 2r+τ+Ts+2Ω+2κ(‖x0‖+|z0|)

TH
]. Combining (3.6) with (3.17)

and using a standard causality argument, we obtain the following estimate for all
t ≥ 0:

(3.27)

‖xt‖+ |z(t)|+ ‖ŭt‖

≤ exp(−σ t)
(
‖x0‖+ |z0|+ ‖ŭ0‖+ sup

0≤s≤t
(|ξ(s)|)

)

C̃

(
‖x0‖+ |z0|+ sup

0≤s≤t
(|ξ(s)|)

)
+ γ2 sup

0≤s≤t
(|ξ(s)|) ,
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where C̃(s) = GΓψ(s)(s) exp(σTHψ(s)) for all s ≥ 0. Since C̃ : R+ → R+ is a

nondecreasing function, there exists a C1 nondecreasing function Ĉ : R+ → R+ such
that Ĉ(s) ≥ C̃(s) for all s ≥ 0. Inequality (2.15) is a direct consequence of (3.27) and
the definition C(s) := sĈ(s) for all s ≥ 0. The proof is complete.

4. Illustrative example. Consider the following planar nonlinear system:

(4.1) ẋ1 = ζ x1 − 10x31 + x2 , ẋ2 = −13

4
x2 + u ; x = (x1, x2)

′ ∈ R
2 , u ∈ R,

where ζ > 0 is a constant that satisfies the inequality

(4.2) 25001 ζ2 + 2ζ ≤ 4

with output

(4.3) y = h(x) = x1.

We show next that system (4.1) satisfies assumptions (H1), (H2), (H3), and (H4) with

(4.4) U =
[
−50 ζ

√
2 , 50 ζ

√
2
]
.

Therefore, Theorem 2.2 can be applied to (4.1) and the system can be stabilized for
arbitrary input and measurement delays by bounded feedback applied with ZOH.
The reader (who is used in continuous feedback stabilization for delay-free nonlinear
systems) may be surprised by the existence of an upper bound for the constant ζ > 0
(see (4.2)), i.e., the linear part of system (4.1) is only weakly destabilizing. Two things
must be noted at this point:

(a) The upper bound for ζ > 0 in (4.2) is restrictive and can be improved con-
siderably. However, we have given this restrictive bound for simplicity (the algebraic
manipulations become easier).

(b) We intend to design a feedback law for system (4.1) that (i) is bounded, (ii) is
applied with ZOH (even though the system is not linear or globally Lipschitz), (iii) uses
sampled and delayed measurements with uncertain sampling schedule, (iv) guarantees
global stabilization in the presence of (arbitrary) input and measurement delays and
in absence of measurement noise, (v) guarantees local exponential stabilization and a
global exponential convergence rate in absence of measurement noise, (vi) guarantees
robustness with respect to measurement noise, and (vii) can handle sampling times
which do not necessarily coincide with the times that the input changes value (i.e.,
it is not necessarily a sample-and-hold feedback). However, the price to pay in order
to achieve all the above features is an upper bound for ζ > 0. More specifically, the
requirement of the existence of a compact absorbing set (i.e., assumption (H1)) implies
that the input u of system (4.1) takes values in a compact set U . The simultaneous
requirement of having a local exponential stabilizer for (4.1) (i.e., assumption (H2))
leads to the fact that the size of U , the size of the set where the local exponential
stabilizer works, and the constant ζ > 0 are related and an upper bound for ζ > 0 is
needed.

Assumption (H1) holds with V (x) = (x21 + x22)/2, R = 1 and W (x) = V (x)/4.
Indeed, we get

∇V (x)f(x, u) = ζ x21 − 10x41 + x1x2 − 13

4
x22 + x2u.
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Using the inequalities x1x2 ≤ (x21 + x22)/2, ux2 ≤ (u2+ x22)/2 and (4.4), we obtain for
all (x, u) ∈ R

2 × U

(4.5) ∇V (x)f(x, u) ≤ −W (x) +

(
ζ +

5

8
− 10x21

)
x21 −

17

8
x22 + 2500 ζ2.

If 10x21 > ζ+1, then (4.5) implies∇V (x)f(x, u) ≤ −W (x)− 3
4V (x)+2500 ζ2. By virtue

of (4.2), the previous inequality directly implies (2.1) for the case 10x21 > ζ + 1. If
10x21 ≤ ζ+1, then (4.5) implies∇V (x)f(x, u) ≤ −W (x)+ 1

10 (ζ+1)2− 3
4V (x)+2500 ζ2.

By virtue of (4.2), the previous inequality directly implies (2.1) for the case 10x21 ≤
ζ + 1. Therefore, we conclude that (2.1) holds in every case.

Assumption (H2) holds with

P (x) =
1

2
x21 +

2

ζ (13− 4ζ)
(x2 + 2 ζ x1)

2
,

k̃(x) = −3ζ

4
(13− 4ζ)x1 + 20ζ x31,

k(x) = min
(
50ζ

√
2 , max

(
−50ζ

√
2 , k̃(x)

))

and appropriate constants μ,K1 > 0. Notice that the fact that P (x) = 1
2x

2
1 +

2
ζ(13−4ζ) (x2 +2 ζ x1)

2 is a quadratic positive definite function implies the existence of

a constant K1 > 0 with K1|x|2 ≤ P (x) for all x ∈ R
2. Moreover, by virtue of (4.2),

we get for all x ∈ R
2 with V (x) = (x21 + x22)/2 ≤ 1 = R:

(4.6)
∣∣∣k̃(x)∣∣∣ ≤ 3ζ

4
(13− 4ζ)

√
2 + 40ζ

√
2 ≤ 50ζ

√
2.

Therefore, the equality k(x) = k̃(x) = − 3ζ
4 (13 − 4ζ)x1 + 20ζ x31 holds for all x ∈ R

2

with V (x) = (x21 + x22)/2 ≤ 1 = R. Notice that, by virtue of (4.2), the following
inequality holds for all x ∈ R

2 with V (x) = (x21 + x22)/2 ≤ 1 = R:

(4.7)

∇P (x)f(x, k(x)) = ∇P (x)f(x, k̃(x))
= −ζ x21 − 10x41 −

13− 8ζ

a (13− 4ζ)
(x2 + 2ζ x1)

2 ≤ −2ζ P (x).

Inequality (4.7) in conjunction with the fact that P (x) = 1
2x

2
1 +

2
ζ(13−4ζ) (x2 +2 ζ x1)

2

is a quadratic positive definite function implies the existence of a constant μ > 0 such
that (2.3) holds.

Next we show that assumption (H3) holds with Q = I ∈ R
2×2, L = −(2 ζ, 1)

′
,

ω = ζ > 0 and arbitrary constant b > 1 = R. Indeed, we have by virtue of (4.2), for
all (x, z, u) ∈ R

2 × R
2 × U ,

(z − x)′Q (f(z, u) + L(h(z)− h(x)) − f(x, u))

= −ζ (z1 − x1)
2 − 10

(
z21 + z1x1 + x21

)
(z1 − x1)

2 − 13

4
(z2 − x2)

2

≤ −ζ |z − x|2 ,

which holds because z21 + z1x1 + x21 ≥ 0 for all (x1, z1) ∈ R
2 and because ζ ≤ 13/4.



804 IASSON KARAFYLLIS AND MIROSLAV KRSTIC

Finally, we show that assumption (H4) holds. More specifically, we show that the
more demanding inequality

(4.8)

∇V (z)(f(z, u) + L(h(z)− h(x)))

= ζ z21 − 10z41 + (z1 + u)z2 − (2ζ z1 + z2) (z1 − x1)− 13

4
z22

≤ −1

8

(
z21 + z22

)
= −W (z)

holds for all u ∈ U , z, x ∈ R
2 with a < V (z) and V (x) ≤ 1 = R for sufficiently large

a ≥ 1. Therefore, (2.5) holds with arbitrary constants c ∈ (0, 1) and a < b. Inequality
(4.8) is equivalent to the inequality u z2 + 2ζ z1x1 + x1z2 ≤ (ζ + 10z21 − 1

8 )z
2
1 +

25
8 z

2
2 ,

which, by virtue of (4.4) and the fact that V (x) ≤ 1 = R, is directly implied by the
inequality

(4.9) 2500 ζ2 + 2ζ
√
2 |z1|+ |z2|

√
2 ≤

(
ζ + 10z21 −

1

8

)
z21 +

21

8
z22 .

Similarly using the inequalities |z2|
√
2 ≤ 1 + z22/2 and 2ζ

√
2 |z1| ≤ z21 + 2 ζ2, we

conclude that (4.9) holds provided that the following inequality holds:

(4.10) 2502 ζ2 ≤
(
ζ + 10z21 −

9

8

)
z21 +

17

8
z22 .

If 10z21 > 26/8, then (4.10) holds for 20016ζ2/17 ≤ z21 + z22 . On the other hand, if
10z21 ≤ 26/8, then (4.10) is implied by the inequality 2502 ζ2 + 17

8 z
2
1 ≤ z21 + z22 , which

follows from the inequality 2502 ζ2+ 221
320 ≤ z21 + z

2
2 . We conclude that (4.10) holds for

all u ∈ U , z, x ∈ R
2 provided that V (z) = 1

2z
2
1+

1
2z

2
2 ≥ a = max( 1 , 10008

17 ζ2 , 1251 ζ2+
221
640 ).

Let b > a be an arbitrary constant and let p : R+ → [0, 1] be an arbitrary locally
Lipschitz function that satisfies p(s) = 1 for all s ≥ b and p(s) = 0 for all s ≤ a.
Define

k̂(z, y, u) := −
[

2ζ
1

]
(z1 − y)

for all (z, y, u) ∈ R
2 × R× U with z21 + z22 ≤ 2,(4.11)

k̂(z, y, u) := −
[

2ζ
1

]
(z1 − y)− ϕ(z, y, u)

z21 + z22

[
z1
z2

]
for all (z, y, u) ∈ R

2 × R× U with z21 + z22 > 2,(4.12)

where ϕ : R2 × R× R → R+ is defined by

(4.13)

ϕ(z, y, u) := max

(
0 ,

(
ζ +

1

8
− 10z21

)
z21 + (z1 + u)z2

− 25

8
z22 − p

(
z21 + z22

2

)
(2ζ z1 + z2) (z1 − y)

)
.

Let τ, r ≥ 0 be arbitrary constants. Theorem 2.2 guarantees that for sufficiently
small constants Ts > 0, TH > 0 and for sufficiently large integer N > 0 there exist
a locally Lipschitz function C ∈ K∞ and constants σ, γ > 0 such that for every
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partition {τi}∞i=0 of R+ with supi≥0(τi+1 − τi) ≤ Ts, z0 ∈ R
2, x0 ∈ C0([−r, 0];R2),

ŭ0 ∈ L∞([−r − τ, 0);U), ξ ∈ B(R+;R), the solution of

ẋ1(t) = ζ x1(t)− 10x31(t) + x2(t) ; ẋ2(t) = −13

4
x2(t) + u(t− τ),(4.14)

ż(t) =

[
ζ z1(t)− 10z31(t) + z2(t)
− 13

4 z2(t) + u(t− r − τ)

]
+ k̂(z(t), w(t), u(t− r − τ)),

for t ≥ 0 a.e.(4.15)

ẇ(t) = ζ z1(t)− 10z31(t) + z2(t),

for t ∈ [τi, τi+1) a.e. and for all integers i ≥ 0,(4.16)

w(τi) = x1(τi − r) + ξ(τi) for all integers i ≥ 0(4.17)

u(t) = min

(
50ζ

√
2 , max

(
−50ζ

√
2 , −3ζ

4
(13− 4ζ)q

(1)
N (jTH)

+ 20ζ
(
q
(1)
N (jTH)

)3
))

,

for all t ∈ [jTH , (j + 1)TH) and for all integers j ≥ 0(4.18)[
q
(1)
0 (jTH)

q
(2)
0 (jTH)

]
= z(jTH),

[
q
(1)
i+1(jTH)

q
(2)
i+1(jTH)

]
=

⎡
⎣ (1 + ζ h) q

(1)
i (jTH)− 10h

(
q
(1)
i (jTH)

)3

+ h q
(2)
i (jTH)(

1− 13h
4

)
q
(2)
i (jTH) +

∫ (i+1)h

ih
u(jTH + s− r − τ)ds

⎤
⎦

for i = 0, . . . , N − 1,(4.19)

where h := (r + τ)/N , initial condition z(0) = z0, x(θ) = x0(θ) for θ ∈ [−r, 0],
u(θ) = ŭ0(θ) for θ ∈ [−r − τ, 0), exists and satisfies estimate (2.15) for all t ≥ 0.

This example shows that even if the delay-free system can be globally stabilized
by a static output feedback, still an observer must be used when delays are present.
The reason that forces the use of the observer is the prediction: in order to make
an accurate prediction for the future value of the output, accurate estimates of the
state vector are needed. Indeed, system (4.1) can be globally stabilized by the static
output feedback k(x) = min(50ζ

√
2 , max(−50ζ

√
2 , k̃(x) )) with k̃(x) = − 3ζ

4 (13 −
4ζ)x1 + 20ζ x31. However, the dynamic feedback stabilizer given by (4.15), (4.16),
(4.17), (4.18), and (4.19) uses the hybrid sampled-data observer (4.15), (4.16), (4.17):
the observer state is used in the prediction scheme given by (4.19).

5. Concluding remarks. The present work provides a methodology for the
global sampled-data stabilization of systems with a compact absorbing set and in-
put/measurement delays. The methodology is based on the ISP-O-P-DFC scheme
and the stabilization is robust to perturbations of the sampling schedule. The ob-
tained results are novel even for the delay-free case.

More remains to be done. The results can be extended (under appropriate as-
sumptions) to the case where the absorbing set is not necessarily compact: the ab-
sorbing set can be a set where a Lipschitz inequality holds. Moreover, the robustness
issue with respect to perturbations of the delay needs to be studied using tools like
those used in [5, 12, 27]. Finally, the possible generalization of assumptions (H3)
and (H4) to include the case of regional observers with observer-state dependent gain
matrix L(z) (instead of a constant gain matrix L ∈ R

n×k) can be studied. All these
will be the topics of future research.
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Appendix A.

Proof of Lemma 3.1. First we establish the following inequality:

(A.1)
(z − x)′Q

(
f(z, u) + k̂(z, h(x), u)− f(x, u)

)
≤ −cω |z − x|2 for all (x, z, u) ∈ S1 × S2 × U.

Notice that inequalities (2.1), (2.4) and definitions (2.6), (2.7), (2.8) imply that (A.1)
holds for the case V (z) ≤ a. Therefore, we focus on the case a < V (z) ≤ b. Definition
(2.7) gives

(A.2)

(z − x)′Q
(
f(z, u) + k̂(z, h(x), u)− f(x, u)

)
≤ (z − x)′Q (f(z, u) + L(h(z)− h(x)) − f(x, u))

− ϕ(z, h(x), u)

|∇V (z)|2 ∇V (z)Q(z − x).

Inequalities (2.4), (A.2) and the fact that ϕ(z, h(x), u) ≥ 0 implies that (A.1) holds
if ∇V (z)Q(z − x) ≥ 0. Moreover, inequalities (2.4), (A.2) show that (A.1) holds
if ϕ(z, h(x), u) = 0. It remains to consider the case ∇V (z)Q(z − x) < 0 and
ϕ(z, h(x), u) > 0. In this case, definition (2.8) implies ϕ(z, h(x), u) = ∇V (z)f(z, u)+
W (z) + p(V (z))∇V (z)L(h(z)− h(x)) > 0. Then, inequality (2.5) gives
(A.3)

ϕ(z, h(x), u))

= ∇V (z)f(z, u) + p(V (z))∇V (z)L(h(z)− h(x)) +W (z)

≤ +(1− p(V (z)))∇V (z)f(z, u) + (1− p(V (z)))W (z)

+ (1− c) |∇V (z)|2 p(V (z))
(z − x)′Q (f(z, u) + L(h(z)− h(x)) − f(x, u))

∇V (z)Q(z − x)
.

Using (A.3), (2.1), and the fact that 0 ≤ p(V (z)) ≤ 1, we obtain

− ϕ(z, h(x), u))∇V (z)Q(z − x)

|∇V (z)|2

≤ −1− p(V (z))

|∇V (z)|2 ∇V (z)Q(z − x) (∇V (z)f(z, u) +W (z))

− (1− c) p(V (z))(z − x)′Q (f(z, u) + L(h(z)− h(x)) − f(x, u))

≤ − (1− c) (z − x)′Q (f(z, u) + L(h(z)− h(x))− f(x, u)) .

Combining (2.4), (A.2), and the above inequality, we conclude that (A.1) holds.
Consider a solution of (1.1), (1.2), (2.11), (2.12), (2.13), corresponding to (arbi-

trary) input u ∈ L∞([−r − τ,+∞);U), ξ ∈ B(R+;R
k) and satisfying x(t − r) ∈ S1,

z(t) ∈ S2 for all t ≥ τl, where l > 0 is an integer with τl ≥ r. Next consider the
evolution of the mapping t → (z(t) − x(t − r))

′
Q(z(t) − x(t − r)). Inequality (A.1)

and (1.1), (2.11) imply that the following inequality holds for t ≥ τl a.e.:

(A.4)

d

dt

(
(z(t)− x(t− r))

′
Q (z(t)− x(t− r))

)
≤ −2cω |z(t)− x(t− r)|2
+ 2G2 |Q| |z(t)− x(t− r)| |w(t)− h(x(t − r))| ,
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where G2 := sup{ |k̂(z,y,u)−k̂(z,w,u)|
|y−w| : y, w ∈ R

k, z ∈ S2, u ∈ U, y �= w}. By virtue

of definitions (2.6), (2.7), (2.8), it follows that the constant G2 is well-defined. Since
Q ∈ R

n×n is a positive definite matrix there exists a constant 0 < K2 ≤ |Q| with
K2|x|2 ≤ x′Qx for all x ∈ R

n. Completing the squares and integrating (A.4), we
obtain the following estimate for t ≥ τl:

(A.5)

|z(t)− x(t − r)|

≤ exp

(
− cω

2 |Q|(t− τl)

)√
|Q|
K2

|z(τl)− x(τl − r)|

+

√
2 |Q|
K2

G2 |Q|
cω

sup
τl≤s≤t

(
exp

(
− cω

4 |Q| (t− s)

)
|w(s)− h(x(s − r))|

)
.

Selecting σ > 0 so that σ ≤ cω/(4|Q|), we obtain from (A.5) for t ≥ τl

(A.6)

sup
τl≤s≤t

(exp(σs) |z(s)− x(s− r)|)

≤
√

|Q|
K2

|z(t0)− x(t0 − r)| exp(στl)

+

√
2 |Q|
K2

G2 |Q|
cω

sup
τl≤s≤t

(exp(σs) |w(s)− h(x(s − r))|) .

Finally, notice that since supi≥0(τi+1 − τi) ≤ Ts, it follows from (1.2), (2.12), (2.13)
that the following estimate holds for every t ∈ [τi, τi+1) with i ≥ l:

(A.7) |w(t) − h(x(t− r))| ≤ TsG1 sup
τi≤s≤t

|z(s)− x(s− r)| + sup
τi≤s≤t

|ξ(s)| ,

where G1 := sup{ |∇h(x)f(x,u)−∇h(z)f(z,u)|
|x−z| : x ∈ S1, z ∈ S2, u ∈ U, x �= z}. Using the

inequality t ≤ τi + Ts and (A.7) we obtain for all t ≥ τl

(A.8)

sup
τl≤s≤t

(exp(σs) |w(s)− h(x(s− r))|)

≤ TsG1 exp (σTs) sup
τl≤s≤t

(exp (σ s) |z(s)− x(s− r)|)

+ exp (σ t) sup
τl≤s≤t

(|ξ(s)|) .

Combining (A.6) and (A.8) we get for all t ≥ τl

(A.9)

sup
τl≤s≤t

(exp(σs) |z(s)− x(s − r)|)

≤
√

|Q|
K2

exp (στl) |z(τl)− x(τl − r)|

+ TsG1 exp (σTs)

√
2 |Q|
K2

G2 |Q|
cω

sup
τl≤s≤t

(exp(σs) |z(s)− x(s− r)|)

+ exp (σ t)

√
2 |Q|
K2

G2 |Q|
cω

sup
τl≤s≤t

(|ξ(s)|) .
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Selecting Ts > 0 so that TsG1 exp(σTs)
√

2|Q|
K2

G2|Q|
cω < 1, we conclude from (A.9) that

the following estimate holds for all t ≥ τl:

(A.10)

sup
τl≤s≤t

(exp (σs) |z(s)− x(s− r)|)

≤ cω
√|Q| exp (στl)

cω
√
K2 − TsG1G2 |Q| exp (σTs)

√
2 |Q| |z(τl)− x(τl − r)|

+
G2 |Q|√2 |Q| exp (σt)

cω
√
K2 − TsG1G2 |Q| exp (σTs)

√
2 |Q| sup

τl≤s≤t
(|ξ(s)|) .

Inequality (3.2) is a direct consequence of (A.10). The proof is complete.

Proof of Lemma 3.2. Define

LX := sup

{ |f(x, u)− f(z, u)|
|x− z| : x, z ∈ S2 , x �= z , u ∈ U

}
,(A.11)

LU := sup

{ |f(x, u)− f(x, v)|
|u− v| : u, v ∈ U , u �= v , x ∈ S2

}
,(A.12)

C := sup

{ |∇P (x)|
|x| : x ∈ S1\{0}

}
,(A.13)

K := sup

{ |k(x)− k(z)|
|x− z| : x, z ∈ S2 , x �= z

}
.(A.14)

Using (2.3) and definitions (2.2), (A.12), (A.13), (A.14), we obtain for all (x, x0, u) ∈
S1 × S1 × U

(A.15) ∇P (x)f(x, u) ≤ −2μ |x|2 + |x|CLU |u− k(x0)|+ |x|CLUK |x− x0| .
Consider a solution of (1.1), (1.2), corresponding to input u ∈ L∞([−τ,+∞);U) and
satisfying x(t) ∈ S1 for all t ≥ τ + jTH , where j ≥ 0 is an integer. Using (1.1) and
definitions (2.2), (A.11), (A.12), (A.14), we obtain for all i ≥ j and t ∈ [iTH , (i+1)TH)
(A.16)
|x(t+ τ) − x(iTH + τ)|

≤
∫ t

iTH

|f(x(s+ τ), u(s))| ds

≤
∫ t

iTH

|f(x(s+ τ), k(x(iTH + τ)))| ds+ THLU sup
iTH≤s≤t

(|u(s)− k(x(iTH + τ))|)

≤ TH (LX + LUK) |x(iTH + τ)|+ THLX max
iTH≤s≤t

(|x(s + τ)− x(iTH + τ)|)
+ THLU sup

iTH≤s≤t
(|u(s)− k(x(iTH + τ))|) .

Using (A.16), we obtain for all i ≥ j for sufficiently small TH > 0 (so that THLX < 1):

(A.17)

max
iTH≤s≤(i+1)TH

(|x(s+ τ)− x(iTH + τ)|)

≤ (LX + LUK)TH
1− THLX

|x(iTH + τ)|

+
LUTH

1− THLX
sup

iTH≤s≤(i+1)TH

(|u(s)− k(x(iTH + τ))|) .
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Using (A.17), the triangle inequality and a standard causality argument, we obtain for

all i ≥ j and t ∈ [iTH , (i+1)TH) for sufficiently small TH > 0 (so that (LX+LUK)TH

1−THLX
<

1)

(A.18)

|x(t+ τ) − x(iTH + τ)|

≤ (LX + LUK)TH
1− THLX

|x(t + τ)− x(iTH + τ)| + (LX + LUK)TH
1− THLX

|x(t+ τ)|

+
LUTH

1− THLX
sup

iTH≤s≤t
(|u(s)− k(x(iTH + τ))|) ,

which directly implies the following estimate for all σ > 0:

(A.19)

|x(t+ τ) − x(iTH + τ)| exp(σt)

≤ (LX + LUK)TH exp(σt)

1− (2LX + LUK)TH
|x(t+ τ)|

+
LUTH exp(σTH)

1− (2LX + LUK)TH
sup

iTH≤s≤t
(|u(s)− k(x(iTH + τ))| exp(σs)) .

Next consider the evolution of the mapping t → P (x(t + τ)). Inequalities (A.15),
(A.19), and (1.1) imply that the following differential inequality holds for all i ≥ j
and t ∈ [iTH , (i+ 1)TH) a.e.:

(A.20)

d

dt
P (x(t+ τ))

≤ −
(
2μ− CLUK (LX + LUK)TH

1− (2LX + LUK)TH

)
|x(t + τ)|2

+Θ |x(t+ τ)| exp(−σt) sup
iTH≤s≤t

(|u(s)− k(x(iTH + τ))| exp(σs)) ,

where Θ := CLU (
KLUTH exp(σTH )
1−(2LX+LUK)TH

+1). Completing the squares in (A.20), we get for

t ≥ jTH a.e.
(A.21)

d

dt
P (x(t+ τ))

≤ −
(
μ− CLUK (LX + LUK)TH

1− (2LX + LUK)TH

)
|x(t+ τ)|2

+
Θ2

4μ
exp(−2σt) sup

jTH≤s≤t

(∣∣∣∣u(s)− k

(
x

(
τ +

[
s

TH

]
TH

))∣∣∣∣
2

exp(2σs)

)
.

Since P ∈ C2(Rn;R+) and since S1 ⊂ R
n is compact, it follows that there exists P̃ > 0

such that P (x) ≤ P̃ |x|2 for all x ∈ S1. Selecting σ > 0, TH > 0 to be sufficiently

small (so that μ ≥ CLUK(LX+LUK)TH

1−(2LX+LUK)TH
+ 4σP̃ ) and integrating (A.21) we get for all

t ≥ jTH
(A.22)

P (x(t+ τ))

≤ exp (−4σ(t− jTH)) P̃ |x(jTH + τ)|2

+
Θ2

8μσ
exp (−2σt) sup

jTH≤s≤t

(∣∣∣∣u(s)− k

(
x

(
τ +

[
s

TH

]
TH

))∣∣∣∣
2

exp(2σs)

)
.
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Using the fact that there exists a constant K1 > 0 with K1|x|2 ≤ P (x) for all x ∈ S1

in conjunction with (A.22), we obtain for all t ≥ jTH

(A.23)

|x(t+ τ)| exp (σt)

≤
√

P̃

K1
exp (σjTH) |x(jTH + τ)|

+
Θ

2
√
2μσK1

sup
jTH≤s≤t

(∣∣∣∣u(s)− k

(
x

(
τ +

[
s

TH

]
TH

))∣∣∣∣ exp(σs)
)
.

Inequality (3.3) is a direct consequence of estimate (A.23). The proof is complete.

Proof of Lemma 3.3. Lemma 2.1 in conjunction with the fact that x(−r) =
x0 ∈ S2 and definition (3.1) implies that x(t) ∈ S2 for all t ∈ [−r, τ ]. Applying the

inequality |x(t)| ≤ |x0| +
∫ t
−r |f(x(s), u(s − τ))|ds for the solution x(t) of (1.1) with

initial condition x(−r) = x0, corresponding to (arbitrary) input u ∈ L∞([−r−τ, 0);U)
and using (A.11), (A.12), and the Gronwall–Bellman lemma, we obtain

(A.24) |x(t)| ≤ exp (L(t+ r)) (|x0|+ ‖u‖) for all t ∈ [−r, τ ],
where ‖u‖ = sup−r−τ≤s<0(|u(s)|) and L := max(LX , LU ). Next define

ā := max {|f(x, u)| : (x, u) ∈ S2 × U} ,(A.25)

Ω := { ξ ∈ R
n : |ξ − x| ≤ ā(r + τ) , V (x) ≤ R } .(A.26)

Notice that by virtue of assumption (H1) the set Ω is compact. We select h̄ > 0 so
that

(A.27) R+ h̄āmax {|∇V (x)| : x ∈ Ω} ≤ b,

and we select P̄ > 0 so that

(A.28) P̄ ≥ max
{ ∣∣∇2V (ξ)

∣∣ : |ξ − x| ≤ āmin(r + τ, h̄) , x ∈ S2

}
.

We next make the following claim.

Claim 4. If R ≤ V (xi) ≤ b and h ≤ min(r + τ, h̄ , 2
ā2P̄

min{W (x) : R ≤ V (x) ≤
b}), then
(A.29) V (xi+1) ≤ V (xi).

Proof of Claim 4. Define the function

(A.30) g(λ) = V (xi + λ(xi+1 − xi))

for λ ∈ [0, 1]. The following equalities hold for all λ ∈ [0, 1]

(A.31)

dg

dλ
(λ) = ∇V (xi + λ(xi+1 − xi)) (xi+1 − xi),

d2g

dλ2
(λ) = (xi+1 − xi)

′∇2V (xi + λ(xi+1 − xi)) (xi+1 − xi).

Moreover, notice that by virtue of (3.1), (A.25), and (2.10), it holds that |xi+1−xi| ≤
āh . The previous inequality in conjunction with (A.28), (A.31), and the fact that
h ≤ min(r + τ, h̄) gives

(A.32)

∣∣∣∣ d2gdλ2
(λ)

∣∣∣∣ ≤ ā2P̄ h2 for all λ ∈ [0, 1].
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Furthermore, inequality (2.1) in conjunction with (2.10) and (A.31) gives

(A.33)
dg

dλ
(0) = ∇V (xi)

∫ (i+1)h

ih

f(xi, u(s))ds ≤ −hW (xi) .

Combining (A.29), (A.31), and (A.32), we get

(A.34) V (xi+1) = g(1) ≤ V (xi)− hW (xi) + ā2h2P̄ /2.

The fact that h ≤ 2
ā2P̄

min{W (x) : R ≤ V (x) ≤ b} and (A.34) implies inequality
(A.29).

If h ≤ min(r + τ, h̄ , 2
ā2P̄

min{W (x) : R ≤ V (x) ≤ b}), then Claim 4 implies that
(3.5) holds. Indeed, if R ≤ V (xi) ≤ b for certain i = 0, . . . , N − 1, then the fact that
xi+1 ∈ S2 follows from Claim 4 and (3.1). If V (xi) ≤ R for certain i = 0, . . . , N − 1,
then

V (xi+1) = V (xi) +

∫ 1

0

∇V (xi + λ(xi+1 − xi))(xi+1 − xi)dλ,

which combined with the fact that |xi+1 − xi| ≤ āh , the fact that h ≤ min(r + τ, h̄),
and (A.25) gives

|V (xi+1)| ≤ R+ āh̄max { |∇V (x)| : x ∈ Ω } .
The above inequality in conjunction with (A.27) and definition (3.1) implies that
xi+1 ∈ S2.

We next make the following claim.

Claim 5. Define ei := xi − x(ih− r), i ∈ {0, . . . , N}, where x(t) is the solution of
(1.1) with initial condition x(−r) = x0 corresponding to input u ∈ L∞([−r− τ, 0);U)
and suppose that h ≤ min(r + τ, h̄ , 2

ā2P̄
min{W (x) : R ≤ V (x) ≤ b}). Then

(A.35)
|ei| ≤ h2

2
LXL (1 + exp (L(r + τ))) (|x0|+ ‖u‖) exp(ihLX)− 1

exp(hLX)− 1

for all i ∈ {1, . . . , N},
where LX ≥ 0 is the Lispchitz constant defined in (A.11).

Proof of Claim 5. Notice that, by virtue of (2.10), the following equation holds
for all i ∈ {0, . . . , N − 1}:

(A.36) ei+1 = ei +

∫ (i+1)h

ih

(f(xi, u(s− r − τ)) − f(x(s− r), u(s− r − τ))) ds.

Notice that Lemma 2.1 in conjunction with the fact that x0 ∈ S2 implies that x(t) ∈ S2

for all t ∈ [−r, τ ]. Hence, definition (A.10) in conjunction with (3.5) implies the
following inequality for all i ∈ {0, . . . , N − 1} and s ∈ [ih, (i+ 1)h]:

(A.37) |f(xi, u(s− r − τ)) − f(x(s− r), u(s− r − τ))| ≤ LX |xi − x(s− r)| .
Using the definition ei := xi − x(ih − r), definitions (A.11), (A.12), and inequality
(A.24), in conjunction with x(t) ∈ S2 for all t ∈ [−r, τ ], we get for all i ∈ {0, . . . , N−1}
and s ∈ [ih, (i+ 1)h]:

(A.38)

|xi − x(s − r)| ≤ |ei|+ |x(s− r) − x(ih− r)|
≤ |ei|+ L(s− ih) max

s∈[ih,(i+1)h]
(|x(s− r)|) + L(s− ih) ‖u‖

≤ |ei|+ L(s− ih) (1 + exp (L(r + τ))) (|x0|+ ‖u‖) ,
where L := max(LX , LU ). Exploiting (A.36), (A.37), (A.38), we obtain for all i ∈
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{0, . . . , N − 1}

(A.39)
|ei+1| ≤ (1 + hLX) |ei|+ h2

2 LXL (1 + exp (L(r + τ))) (|x0|+ ‖u‖) ≤
exp(hLX) |ei|+ h2

2 LXL (1 + exp (L(r + τ))) (|x0|+ ‖u‖).
Using the fact e0 = 0 in conjunction with inequality (A.39), gives the desired inequal-
ity (A.35).

Definitions

(A.40)

M4 :=
r + τ

2
L (1 + exp (L(r + τ))) (exp((r + τ)LX)− 1) ,

N∗ = 1 +

[
r + τ

min
(
r + τ, h̄ , 2

ā2P̄
min {W (x) : R ≤ V (x) ≤ b})

]

in conjunction with estimate (A.35) with i = N and the facts that h := (τ + r)/N ,
exp(hLX)− 1 ≥ hLX , imply the desired inequality (3.4).

Proof of Lemma 3.4. Let σ > 0, Ts > 0, TH > 0 be sufficiently small constants
so that Lemmas 3.1 and 3.2 hold. Let N ≥ N∗ be an integer, where N∗ is the
integer constant in Lemma 3.3. Since z(t) ∈ S2 for all t ≥ jTH , it follows from
Lemma 3.3 and (3.5) that ΦN (z(q(s)), ŭq(s)) ∈ S2 for all s ≥ jTH and N ≥ N∗, where
q(s) := [s/TH ]TH . Using (A.14) and (2.14) we obtain for all t ≥ jTH

(A.41)

sup
jTH≤s≤t

(|u(s)− k (x (τ + q(s)))| exp(σs))

≤ K sup
jTH≤s≤t

(∣∣ΦN (
z (q(s)) , ŭq(s)

)− x (τ + q(s))
∣∣ exp(σs)) .

Let φ(x0, u) denote the solution of (1.1) at t = τ with initial condition x(−r) = x0,
corresponding to (arbitrary) input u ∈ L∞([−r−τ, 0);U). It follows that x(τ+q(s)) =
φ(x(q(s) − r), ŭq(s)) for all s ≥ jTH . Moreover, using (A.11), Gronwall’s lemma,
the fact that all solutions of (1.1) starting from S2 remain in S2 for all times (a
consequence of Lemma 2.1), and the fact that x(t− r − TH) ∈ S1 for all t ≥ jTH , we
get

(A.42)

∣∣φ(z(q(s)), ŭq(s))− φ(x(q(s) − r), ŭq(s))
∣∣

≤ exp (LX(r + τ)) |z(q(s))− x(q(s) − r)| .
Furthermore, Lemma 3.3 implies that there exists M4 > 0 such that for N ≥ N∗ and
s ≥ jTH it holds that

(A.43)
∣∣φ(z(q(s)), ŭq(s))− ΦN (z(q(s)), ŭq(s))

∣∣ ≤M4

(|z(q(s))|+ ∥∥ŭq(s)∥∥) /N.
Combining (A.41), (A.42), (A.43) we obtain for all t ≥ jTH
(A.44)

sup
jTH≤s≤t

(|u(s)− k (x (τ + q(s)))| exp(σs))

≤ K

(
exp (LX(r + τ)) +

M4

N

)
sup

jTH≤s≤t
(|z (q(s))− x (q(s)− r)| exp(σs))

+K
M4

N
sup

jTH≤s≤t
(|x (q(s)− r)| exp(σs)) +K

M4

N
sup

jTH≤s≤t

(∥∥ŭq(s)∥∥ exp(σs)) .
Moreover, using (A.14), the fact that k(0) = 0, the fact that 0 ≤ s− q(s) ≤ TH , and
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the fact that x(t− r − TH) ∈ S1 for all t ≥ jTH , we obtain for all s ≥ jTH

(A.45)

∥∥ŭq(s)∥∥ exp(σs)
= exp(σs) sup

−r−τ≤θ<0
(|u(q(s) + θ)|)

≤ exp(σ(s− q(s) + τ + r)) sup
−r−τ≤θ<0

(|u(q(s) + θ)− k (x(τ + q (q(s) + θ)))| exp(σ(q(s) + θ))

+K exp(σ(s− q(q(s) − r − τ))) sup
−r−τ≤θ<0

(|x(τ + q (q(s) + θ))| exp(σq(q(s) + θ)) .

Using the fact that 0 ≤ s− q(s) ≤ TH in conjunction with (A.44), (A.45), we get for
all t ≥ jTH
(A.46)

sup
jTH≤s≤t

(|u(s)− k (x (τ + q(s)))| exp(σs))

≤ K

(
exp (LX(r + τ)) +

M4

N

)
exp (σTH) sup

jTH≤s≤t
(|z (s)− x (s− r)| exp(σs))

+K
M4

N
exp (σ(TH + r + τ)) sup

jTH≤s≤t
(|x (τ + q(s)− r − τ)| exp(σ(q(s) − r − τ)))

+K
M4

N
exp (σ(2TH + r + τ)) sup

jTH−r−τ≤s≤t
(|u(s)− k (x (τ + q(s)))| exp(σs))

+K3M4

N
exp (σ(2TH + r + τ)) sup

(j−1)TH−r−τ≤s≤t
(|x(τ + s)| exp(σs)) ,

which directly implies for all t ≥ jTH
(A.47)

sup
jTH≤s≤t

(|u(s)− k (x (τ + q(s)))| exp(σs))

≤ K

(
exp (LX(r + τ)) +

M4

N

)
exp (σTH) sup

jTH≤s≤t
(|z (s)− x (s− r)| exp(σs))

+K
M4

N
exp (σ(2TH + r + τ)) sup

jTH−r−τ≤s≤t
(|u(s)− k (x (τ + q(s)))| exp(σs))

+K (1 +K)
M4

N
exp (σ(2TH + r + τ)) sup

(j−1)TH−r−τ≤s≤t
(|x(τ + s)| exp(σs)) .

Selecting N ≥ N∗ so that N > KM4 exp (σ(2TH + r + τ)), we get from (A.47) for all
t ≥ jTH
(A.48)

sup
jTH≤s≤t

(|u(s)− k (x (τ + q(s)))| exp(σs))

≤ K (N exp (LX(r + τ)) +M4) exp (2σTH)

N −KM4 exp (σ(2TH + r + τ))
sup

jTH≤s≤t
(|z (s)− x (s− r)| exp(σs))

+
KM4 exp (σ(2TH + r + τ))

N −KM4 exp (σ(2TH + r + τ))
sup

jTH−r−τ≤s≤jTH

(|u(s)− k (x (τ + q(s)))| exp(σs))
+
K (1 +K)M4 exp (σ(2TH + r + τ))

N −KM4 exp (σ(2TH + r + τ))
sup

(j−1)TH−r−τ≤s≤t
(|x(τ + s)| exp(σs)) .
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Let l > 0 is an integer with τl ≥ jTH . Notice that τl ≤ jTH + Ts. It follows from
Lemma 3.1 that there exist constants γ1 > 0, M1 ≥ 1 so that the following inequality
holds for all t ≥ jTH :

(A.49)

sup
jTH≤s≤t

(exp (σs) |z(s)− x(s− r)|)

≤M1 sup
jTH≤s≤jTH+Ts

(exp (σs) |z(s)− x(s− r)|)

+ γ1 exp (σt) sup
jTH≤s≤t

(|ξ(s)|) .

Combining (A.48) and (A.49) we get for all t ≥ jTH
(A.50)

sup
jTH≤s≤t

(|u(s)− k (x (τ + q(s)))| exp(σs))

≤ K (N exp (LX(r + τ)) +M4) exp (2σTH)

N −KM4 exp (σ(2TH + r + τ))
γ1 exp(σ t) sup

jTH≤s≤t
(|ξ (s)|)

+
KM4 exp (σ(2TH + r + τ))

N −KM4 exp (σ(2TH + r + τ))
sup

jTH−r−τ≤s≤jTH

(|u(s)− k (x (τ + q(s)))| exp(σs))

+
KM4 exp (σ(2TH + r + τ))

N −KM4 exp (σ(2TH + r + τ))
(1 +K) sup

(j−1)TH−r−τ≤s≤t
(|x(τ + s)| exp(σs))

+
K (N exp (LX(r + τ)) +M4) exp (2σTH)

N −KM4 exp (σ(2TH + r + τ))
M1 sup

jTH≤s≤jTH+Ts

(|z (s)− x (s− r)| exp(σs)) .
By virtue of Lemma 3.2, there exist constants M2,M3 > 0 such that (3.3) holds.
Combining (3.3) and (A.50) we get for all t ≥ jTH
(A.51)

sup
jTH≤s≤t

(|x (τ + s)| exp(σs))

≤M2 |x(τ + jTH)| exp(σjTH)

+
K (N exp (LX(r + τ)) +M4) exp (2σTH)

N −KM4 exp (σ(2TH + r + τ))
M1M3 sup

jTH≤s≤jTH+Ts

(|z (s)− x (s− r)| exp(σs))

+
KM3M4 exp (σ(2TH + r + τ))

N −KM4 exp (σ(2TH + r + τ))
sup

jTH−r−τ≤s≤jTH

(|u(s)− k (x (τ + q(s)))| exp(σs))

+M3
K (1 +K)M4 exp (σ(2TH + r + τ))

N −KM4 exp (σ(2TH + r + τ))
sup

(j−1)TH−r−τ≤s≤t
(|x(τ + s)| exp(σs))

+
K (N exp (LX(r + τ)) +M4) exp (2σTH)

N −KM4 exp (σ(2TH + r + τ))
γ1M3 exp(σ t) sup

jTH≤s≤t
(|ξ (s)|) .

Selecting N ≥ N∗ sufficiently large so that M3
K(1+K)M4 exp(σ(2TH+r+τ))
N−KM4 exp(σ(2TH+r+τ)) < 1, we

obtain from (A.51) the existence of a constant Λ1 ≥ 1 (independent of j) for which
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the following inequality holds for all t ≥ 0:

(A.52)

sup
−r−τ≤s≤t

(|x (τ + s)| exp(σs))

≤ Λ1 sup
jTH≤s≤jTH+Ts

(|z (s)− x (s− r)| exp(σs))

+ Λ1 sup
jTH−r−τ≤s≤jTH

(|u(s)− k (x (τ + q(s)))| exp(σs))

+ Λ1 sup
−r−τ≤s≤jTH

(|x(τ + s)| exp(σs)) + Λ1 exp(σ t) sup
jTH≤s≤t

(|ξ (s)|) .

The definition of the norms ‖xt‖ and ‖ŭt‖ give for all t ≥ 0

sup
0≤s≤t

(‖xs‖ exp(σs)) ≤ exp (σ(r + τ)) sup
−r−τ≤s≤t

(|x (τ + s)| exp(σs)) ,(A.53)

sup
0≤s≤t

(‖ŭs‖ exp(σs)) ≤ exp (σ(r + τ)) sup
−r−τ≤s≤t

(|u(s)| exp(σs)) .(A.54)

Inequality sup0≤s≤t(‖ŭs‖ exp(σs)) ≤ exp(σ(r+τ)) sup−r−τ≤s≤jTH
(|u(s)| exp(σs)) fol-

lows from (A.54) when t ≤ jTH . When t ≥ jTH , we obtain from (A.50), (A.52),
(A.14), the fact that k(0) = 0, the fact that 0 ≤ s − q(s) ≤ TH , and the fact that
x(t− r−TH) ∈ S1 for all t ≥ jTH the existence of a constant Λ2 ≥ 1 (independent of
j) for which the following inequality holds for all t ≥ jTH

sup
0≤s≤t

(‖ŭs‖ exp(σs)) ≤ exp (σ(r + τ)) sup
−r−τ≤s≤t

(|u(s)| exp(σs))

≤ exp (σ(r + τ)) sup
−r−τ≤s≤jTH

(|u(s)| exp(σs))

+ exp (σ(r + τ)) sup
jTH≤s≤t

(|u(s)− k (x (τ + q(s)))| exp(σs))

+K exp (σ(r + τ + TH)) sup
jTH≤s≤t

(|x (τ + s)| exp(σs))

≤ exp (σ(r + τ)) sup
−r−τ≤s≤jTH

(|u(s)| exp(σs))

+ Λ2 sup
jTH≤s≤jTH+Ts

(|z (s)− x (s− r)| exp(σs))

+ Λ2 sup
jTH−r−τ≤s≤jTH

(|u(s)− k (x (τ + q(s)))| exp(σs))

+ Λ2 sup
−r−τ≤s≤jTH

(|x(τ + s)| exp(σs))

+ Λ2 exp(σ t) sup
0≤s≤t

(|ξ (s)|) .

Combining the two cases (t ≤ jTH and t ≥ jTH) and using (A.52), (A.53), we obtain
the existence of a constant Λ3 ≥ 1 (independent of j) for which the following inequality
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holds for all t ≥ 0

(A.55)

sup
0≤s≤t

(‖ŭs‖ exp(σs)) + sup
0≤s≤t

(‖xs‖ exp(σs))

≤ Λ3 sup
−r−τ≤s≤jTH

(|u(s)| exp(σs))

+ Λ3 sup
jTH−r−τ≤s≤jTH

(|u(s)− k (x (τ + q(s)))| exp(σs))

+ Λ3 sup
jTH≤s≤jTH+Ts

(|z (s)− x (s− r)| exp(σs))

+ Λ3 exp(σ t) sup
0≤s≤t

(|ξ(s)|) + Λ3 sup
−r−τ≤s≤jTH

(|x(τ + s)| exp(σs)) .

When t ≤ jTH we have that sup0≤s≤t(|z(s)| exp(σs)) ≤ sup0≤s≤jTH
(|z(s) − x(s −

r)| exp(σs)) + exp(σ(r + τ)) sup−τ−r≤s≤jTH
(|x(τ + s)| exp(σs)). When t ≥ jTH , we

obtain from (A.49)

sup
0≤s≤t

(|z(s)| exp(σs))

≤ sup
0≤s≤jTH

(|z(s)− x(s− r)| exp(σs))

+ exp(σ(r + τ)) sup
−τ−r≤s≤t

(|x(τ + s)| exp(σs))

+ sup
jTH≤s≤t

(|z(s)− x(s − r)| exp(σs))

≤ (1 +M1) sup
0≤s≤jTH+Ts

(|z(s)− x(s− r)| exp(σs))

+ exp(σ(r + τ)) sup
−τ−r≤s≤t

(|x(τ + s)| exp(σs))

+ γ1 exp(σ t) sup
0≤s≤t

(|ξ(s)|) .

Combining the two cases (t ≤ jTH and t ≥ jTH) and using (A.52), (A.55), we obtain
the existence of a constant Λ4 ≥ 1 (independent of j) for which the following inequality
holds for all t ≥ 0:
(A.56)

sup
0≤s≤t

(‖ŭs‖ exp(σs)) + sup
0≤s≤t

(‖xs‖ exp(σs)) + sup
0≤s≤t

(|z(s)| exp(σs))

≤ Λ4 sup
−r−τ≤s≤jTH

(|u(s)| exp(σs)) + Λ4 sup
0≤s≤jTH+Ts

(|z (s)− x (s− r)| exp(σs))

+ Λ4 sup
jTH−r−τ≤s≤jTH

(|u(s)− k (x (τ + q(s)))| exp(σs))

+ Λ4 sup
−r−τ≤s≤jTH

(|x(τ + s)| exp(σs)) + Λ4 exp(σ t) sup
0≤s≤t

(|ξ(s)|) .

Moreover, using (A.14), the fact that k(0) = 0, the fact that 0 ≤ s − q(s) ≤ TH ,
and the fact that x(t − r − TH) ∈ S1 for all t ≥ jTH , we obtain from (A.52) for all
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t ≥ 0

sup
jTH−r−τ≤s≤jTH

(|u(s)− k (x (τ + q(s)))| exp(σs))

≤ sup
jTH−r−τ≤s≤jTH

(|u(s)| exp(σs))

+ sup
jTH−r−τ≤s≤jTH

(|k (x (τ + q(s)))| exp(σs))

≤ sup
−r−τ≤s≤jTH

(|u(s)| exp(σs)) +K sup
jTH−r−τ≤s≤jTH

(|x (τ + q(s))| exp(σs))

≤ sup
−r−τ≤s≤jTH

(|u(s)| exp(σs)) +K exp(σTH) sup
−r−τ≤s≤jTH

(|x (τ + s)| exp(σs)) .

The above inequality in conjunction with (A.56) implies the desired inequality (3.6).
The proof is complete.
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Boston, 2009.

[20] M. Krstic, Input delay compensation for forward complete and strict-feedforward nonlinear
systems, IEEE Trans. Automat. Control, 55 (2010), pp. 287–303.

[21] R. Lozano, P. Castillo, P. Garcia, and A. Dzul, Robust prediction-based control for un-
stable delay systems: Application to the Yaw control of a mini-helicopter, Automatica, 40
(2004), pp. 603–612.

[22] R. Lozano, A. Sanchez, S. Salazar-Cruz, and I. Fantoni, Discrete-time stabilization of
integrators in cascade: Real-time stabilization of a mini-rotorcraft, Internat. J. Control,
81 (2008), pp. 894–904.

[23] F. Mazenc, M. Malisoff, and T. Dinh, Robustness of nonlinear systems with respect to delay
and sampling of the controls, Automatica, 49 (2013), pp. 1925–1931.

[24] A. Medvedev and H. Toivonen, Continuous-time deadbeat observation problem with ap-
plication to predictive control of systems with delay, Kybernetika (Prague), 30 (1994),
pp. 669–688.
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