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Global Stabilization of Nonlinear Systems Based
on Vector Control Lyapunov Functions

lasson Karafyllis and Zhong-Ping Jiang, Fellow, IEEE

Abstract—This paper studies the use of vector Lyapunov func-
tions for the design of globally stabilizing feedback laws for
nonlinear systems. Recent results on vector Lyapunov functions
are utilized. The main result of the paper shows that the existence
of a vector control Lyapunov function is a necessary and sufficient
condition for the existence of a smooth globally stabilizing feedback.
Applications to nonlinear systems are provided: practically check-
able sufficient conditions are proposed to guarantee the existence of
a smooth globally stabilizing feedback law. The obtained results are
applied to the problem of the stabilization of an equilibrium point of
areaction network taking place in a continuous stirred tank reactor.

Index Terms—Feedback stabilization, Lyapunov functions, non-
linear systems.

I. INTRODUCTION

ECTOR Lyapunov functions have been used for a long

time in stability theory for nonlinear systems (see [3],
[71, [8], [13]-[16], [18], [19], [23]-[26], [32] and the references
therein). Vector Lyapunov functions were first introduced by
Bellman in [3] and have been acknowledged to be a more flexible
tool for proving stability than the usual single Lyapunov func-
tion. In view of emerging control applications related to complex
large-scale dynamic systems, recently we have initiated an al-
ternative approach to stability theory based on vector Lyapunov
functions. More specifically, we have established vector Lya-
punov theorems in [ 13]-[16] by means of small-gain analysis, as
compared with the differential inequality approach proposed in
classical vector Lyapunov results as in [3],[8],[18],[19], [23]. A
fundamentally novel feature of the small-gain approach is that
the differential inequalities in question are no longer required
to hold simultaneously at every point of the state space.

The use of vector Lyapunov functions in control theory is not
frequent. Exceptions are the works [24], [25], [26]. However, it
seems reasonable to think that the flexibility shown by vector
Lyapunov functions in stability theory can be utilized to our ad-
vantage for feedback control design in complex systems. The
purpose of the present work is to show that this is indeed the case.

The main result of the present work (Theorem 3.4) is a direct
extension of the well-known Artstein-Sontag theorem (see [2],
[6], [29], [30]) to the case of vector Lyapunov functions. There-
fore, the term Vector Control Lyapunov Function (VCLF) is ap-
propriate. The term “Vector Control Lyapunov Function” was
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firstused in [24], where the idea of using a vector Lyapunov func-

tion for feedback design purposes was first used. Theorem 3.4

extends the Artstein-Sontag theorem so that vector Lyapunov

functions are used and without requiring that all differential in-
equalities hold at every point of the state space. Therefore, The-
orem 3.4 can allow large flexibility for its application. This fea-
ture can be crucial for feedback design in large scale systems. Re-

cently, large-scale systems have been studied intensely (see [7],

[9],[12],[27]). Section IV of the present work shows that VCLFs

can be exploited for the stabilization of large scale systems. Par-

ticularly, Corollaries 4.1 and 4.2 provide simple algebraic criteria
that allow us to guarantee that a nonlinear system can be globally
asymptotically stabilized by means of smooth feedback laws.

The results of the paper are applied to the global stabiliza-
tion of equilibrium points of (bio)chemical reaction networks
taking place in continuous stirred tank reactors (chemostats).
Reaction networks have been studied in the past (see the ref-
erences in [31]) and recent results have provided new insights
for their properties (see [1], [4], [31]). Theorem 5.2 provides
sufficient conditions for the existence of a smooth stabilizing
feedback law for the case that the dilution rate is considered
as the control input (the most frequent case in the literature).
Our main assumptions on the reaction network hold for biolog-
ical networks as well. For example, all chemostat models (see
[28]) satisfy assumptions (R1), (R2), and (R3) in Section V of
this paper. The assumptions are mathematical expressions of the
mass balance equations and hold generically for every system
which describes the evolution of mass components.

The structure of the present work is as follows. Section II pro-
vides the background on vector Lyapunov functions and reviews
the recent results in [14], [15]. Section III of the present work
contains the definition of the VCLF and the main result of the
present work (Theorem 3.4). Section IV is devoted to the deriva-
tion of simple sufficient conditions that guarantee the existence
of smooth global stabilizers for nonlinear systems (Corollaries
4.1 and 4.2). Finally, the obtained results are applied to reaction
networks in Section V. The Appendix contains the proofs of cer-
tain auxiliary lemmas needed for the proof of Theorem 3.4.

Notation: Throughout the paper we adopt the following
notation:

e Let/ C R, := [0,400) be an interval. By £>°(I;U)
(resp. £32.(I; U)) we denote the space of measurable and

(resp. locally) essentially bounded functions u(-) defined

on [ and taking values in U C R™. Foraset A C R",

int(A) denotes the interior of A C R™.

* We say that a non-decreasing continuous function
v ¢ Ry — R, is of class N if v(0) = 0. We say
that function y : Ry — R is positive definite if v(0) = 0
and (s) > 0 for all s > 0. We say that an increasing
continuous function -~y Ry — RNy is of class K if
~v(0) = 0. We say that an increasing continuous func-
tion v : Ry — Ry is of class Ko if v(0) = 0 and
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31141_ v(s) = 4o00. By KL we denote the set of all

functions o = o(s,t) : Rt x RT —
ties: (i) for each £ > 0 the mappmg a(-,
(ii) for each s > 0, the mapping o (s,
with \ —h‘rI{il-ﬁo o(s, t) =0.

* For every positive integer 7 and an open, non-empty set
A CR", CI(A) (CV(A ; Q)) denotes the class of func-
tions (taking values in 2 C R™) that have continuous
derivatives of order j on A and C°(A ; Q) denotes the
class of continuous functions on A, which take values in §2.

» For a vector z € R", we denote by ' its transpose and
by |z| its Euclidean norm. A" € R™*™ denotes the trans-
pose of the matrix A € R™*™. 1, denotes the vector
(1,...,1)" € int(R%}). For a vector z € R", we define
exp(r) = (exp(z1), ..., exp(z,)) € int(R}).

» For every scalar continuously differentiable function V' :
R™ — R, VV(z) denotes the gradient of V atz € ", i.e.,
VV(x) = (0V/0x1(x),..., OV /dr,(x)). We saythata
function V' : R™ — R™T is positive definite if V(z) > 0
for all z # 0 and V(0) = 0. For a vector field [ :
R —R", LyV(x) = VV(x)f(z) denotes the Lie deriva-
tive of V along f. For a function ¢ : A — R, where
A C R™, supp(¢) denotes the support of ¢ : A — R, i.e.,
supp(¢) = {z € A: ¢(x) # 0}.

R* with the proper-
t) is of class K ;
<) is non- 1ncreasmg

II. BACKGROUND ON VECTOR LYAPUNOV FUNCTIONS

We consider systems described by Ordinary Differential
Equations (ODEs) of the form:

#(t) = f(d(t), x(t)),- d(t) € D (M

where D C R is a non-empty set and f : D x R* —R" is a
continuous mapping with f(d, 0) = 0 foralld € D that satisfies
the following assumptions:
(A1) There exists a symmetric positive definite matrix P €
R™*" such that for every bounded S C R", there exists
a constant L > 0 satisfying the following inequality:

(x —y) P (f(d,x) ~ [(d,y)) < Llz — y[*
ViES,VyeS, vdeD.

w(t) € R,

(A2) There exists a € K, such that |f(d, )| < a(]z|) for
all (z,d) € R x D.

There exist functions & € CY(R™;R) with h(0) <
0, Vi € C'R"Ry) (i = 1,....m), W €
C1(R";R,) being radially unbounded, a func-
tion § € CO(?R+;(O,+OO)), a non-decreasing
function K € C°(R_;R.), a0 € Koo,
'y”E./\/'l,LJ—l ,m with v;;(s) = 0 for
i = 1,...,m and a famﬂy of positive definite func-
tions p; E C (Ry;®Ry) (6 = 1,...,m) such that the
following inequalities hold:

(A3)

ar (jal) < wax Vi) <ap (Jol)
for all z € R™ satisfying h(zx) <0 2)
sup Vh(z) f(d,z) < — é8(h(x))
deD
for all z € R” satisfying h(z) >0 3)
sup VW (2) f(d, z) < K(h{x))W(x),
deD
for all z € R satisfying  h(z) > 0. 4)

2551

Moreover, for every i = 1,...,m and z € R™ with h(z) <0,
the following implication holds:

“If max i (Vi(z)) < Vi),
<

7j=1,...,m
then sup VVi(x)f(d,z) < —p; (Vi(2))”. ®)

deD

Theorem 2.7 in [15]: Consider system (1) under assumptions
(A1-3). If the following set of small-gain conditions holds for
eachr = 2,....m:

(Yigsia © Vigsiz © 7+ 0 %i,iy) (8) < 8,V >0 (6)

forall i; € {1,...,m},i; # & if § # I, then system (1)
is Robustly Globally Asymptotically Stable (RGAS). That is,
there exists o € K L such that foreveryd € £{° (Ry; D),z €
R” the solution z(£) € R™ of (1) with z(0) = To corresponding
tod € L2 .(Ry; D) satisfies |« (t)] < o (|zo|, t), forallt > 0.

1) Discussion and Explanations: (a) If implications (5)
hold for all ¢ = 1,...,m and z € RN”, then one simply
takes h(r) = —1 and arbitrary functions W € C(R";R,),
6 € CURy;(0,+0)), K € CO(Ry;Ry). In this way we
obtain Corollary 4.2 in [14]. Therefore the difference between
Theorem 2.7 in [15] and Corollary 4.2 in [14] is that Theorem
2.7 assumes that the Lyapunov differential inequalities (5) hold
only for a certain region of the state space (at the cost of the
additional inequalities (3), (4)). However, Corollary 4.2 in [14]
allows the study of time-varying systems as well. (b) Notice
that W € C1(R"; R, ) is not necessarily positive definite. (c)
Theorem 2.7 in [15] is remarkably different from other vector
Lyapunov results (see [3], [8], [18], [19], [23]). The vector
Lyapunov results in [3], [8], [18], [19], [23] assume that the
Lyapunov differential inequalities are valid on the whole state
space while assumption (A3) requires that each one of the
differential inequalities (5) is valid only for a limited region
of the state space (described by the inequalities h(z) < 0
and [ nax i (Vi(z)) < Vi(x)). Moreover, the form of

inequalities (5) is extremely simple and very similar to the
differential inequality used for the single Lyapunov function.
All these features of Theorem 2.7 in [15] are exploited in the
following section.

III. VECTOR ROBUST CONTROL LYAPUNOV FUNCTIONS

Consider the feedback stabilization problem for the system:

£(t) = f(d(t), z(t)) + g(x(t))u(t)
z()eR™, uw(t) e UCR, d(t)e D @)

where D C R is compactand f : DxR" - R", g : R — R"
are continuous mappings with f(d,0) = 0 for all d € D that
satisfy the following assumption:

(H) There exists a symmetric positive definite matrix P &
R™*™ such that for every bounded S C R™ x R, there exists a
constant L > 0 satisfying the following inequality:

(z —y) P(f(d. )+ g(z)u— f(d,y) — g(y)u)
< Llz —y[?
Y(z,u,y,u) € S xS, VdeD.
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For the control set U C R we consider the following three
cases:

P U =R

(P2) There exists a constant ¢ > 0 such that
U= [-a,+).

(P3) There exist two constants a,b > 0 such that U =
[—a,b].

We next proceed to the definition of the Vector Robust Con-
trol Lyapunov Function (VRCLF) for system (7).

Definition 3.1: Consider system (7) under assumptions (H),
(P1). Suppose that there exist functions n € C(R";R)
with 7(0) < 0, V; € CYR“Ry) (i = 1,...,m),
W € CY®"™[1,+0c)) being radially unbounded, a func-
tion § € CY(R4;(0,+oc)), a non- decreasmg function
K € 'Ry, +oo)), vij € Ni,4,7 = 1,...,m, with
vii(s) = 0fori = 1,....m, a positive deﬁnlte function
p € C°(R, ;R ) and a constant ¢ > 0 such that the following
properties hold:

(i) There exist functions ay,as € K such that the fol-

lowing inequality holds for all = € R":

o (el < wax Vi) < ao (). ®)
(i) The following implications hold for all z € R™ with
n(z) < e:
“If max % (Vi(z)) < Vi(z) and L,V,(z) =0,
thulF( ) <07 9)
U pax e (V) < Vilo),
x5, (V) < Vi)
and L,V ()L, V;(x) < 0,then Fi(z) < #EZ))F (2)
(10)
where F;(z) := max (VVile) f(d,z)) + p(Vi(z)), i =
€
1,...,m.
(iii) The following implications hold for all z € R" satisfying
n(z) > 0:
“If Lyn(x) = 0, then H(z) <07 (1)
“Tf L, W (z) = 0, then R(x) <0.” (12)
Lyn(z) .
If Lyn(e)L,W(x)<0, then H(x)< LyW/(Ja)R(’L.)'v
(13)
where H (x) := wax (Vn(x) f(d, 2))+6(n(z)), R(z) ==
wax (VW () (d, ) K (nfa))W (2).
€

(iv) The following implications hold for all z € R™ with 0 <
n(z) < e:

“Tf Jmax vis (Va(z)) <Vj(z) and Lyn(x)L,Vi(z) <0,

.....

then H(z) < LLg;Z(( ))F (). (14)
“f Jnax (Vi(2)) <Vj(z)andL,W(z)L,V;(z) < 0,
then R(z) < %)(}:J)m’ (15)

(v) The small-gain conditions (6) hold.
(vi) There exist an open set A C R™ with 0 € A and a
locally Lipschitz function £ € C¥(A;U), where v €
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{0,1,2,...} U {oo}, with £(0) = 0, such that the fol-
10w1ng 1rnp11cat10n holds forallz = 1,...,m:

Vi(z)) <Vi(z)and z € 4,
thenF( )+L Vi(z)k(x) <07. (16)

Then, the family of functions V; € CY(R%Ry) (i =
1,...,m) is called a Vector Robust Control Lyapunov
Function (VRCLF) for system (7) under assumptions (H),
(P1) or we say that system (7) under assumptions (H), (P1)
admits the VRCLF V; € C’l(SR“ R @G =1,...,m)
with gains v, ; € N (3,5 = 1,....m) and aux1hary
functions 77, W.

Definition 3.2: Consider system (7) under assumptions (H),
(P2). Suppose that there exist functions € C(R";R)
with 7(0) < 0, V, € CY{R™MRy) (i = 1,...,m),
W € CYR™;[l1,+oc)) being radially unbounded, a func-
tion 5 € CO(%+ (0,40oc)), a non- decreasmg function
K € C'(Ry: 1, +oo)) Yij € Ni,ij = 1,..., m, with
vii(s) = 0 fori = 1,...,m, a positive definite function
p € CO(RyL;Ry) and a constant € > 0 such that properties
(i)-(vi) hold. Moreover, assume that the following property
holds:

(vii)The following implications hold:

If max i (Ve()) <Vi(w).n(w)<e and Ly Vi(2)>0,

“If jdnax o, S

then Fy(z) — aL,Vi(x) < 0.7 (17)

“If 5(z) > 0,Lyn(x) > 0, then H(z) — aLyn(z) < 0.7
(18)

“U n(z) > 0,L,W(z) > 0, then R(z) — aL,W(z) < 07
(19)

Then, the family of functions V; € CY(R™Ry) (i =
1,...,m) is called a VRCLF for system (7) or we say
that system (7) under assumptions (H), (P2) admits the
VRCLF V; € CY{®R“Ry) (i = 1,...,m) with gains
Yi; ENT (1.7 =1,..., m) and aux111ary functlons n, W.

Definition 3.3: Consider system (7) under assumptions (H),
(P3). Suppose that there exist functions € C1(R™;R)
with 7(0) < 0, V; € CY{R™MRy) (i = 1,...,m),
W € CYR™;[1,+0oc)) being radially unbounded, a func-
tion 5 € CO(%+ (0,40oc)), a non- decreasmg function
K € C'(Ry: 1, +oo)) Yij € Ni,ij = 1,..., m, with
vii(s) = 0 fori = 1,...,m, a positive definite function
p € CO(Ry;R,) and a constant € > 0 such that properties
(i)-(vii) hold. Moreover, assume that the following property
holds:

(viii) The following implications hold:

“If S:nllaxmfy, s (Vis(2)) <Vi(x),n(2)<e and L, V;(2)<0

then F(z) + bL,Vi(x) < 0.7 (20)

“If n{x) > 0, Lyn{z) < 0, then H(x) + bLyn(x) < 07.
1)

‘I n(x) > 0, LW (z) < 0, then R(z) + bL,W(zx) < 0”.
(22)

Then, the family of functions V; € C*(R";R.) (i = 1,...,m)
is called a VRCLF for system (7) or we say that system
(7) under assumptions (H), (P3) admits the VRCLF
V, € C'(R™Ry) (1 = 1,...,m) with gains v;; € N}
and auxiliary functions n, W.
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We are now ready to state the main result of the section. Its
proof is given in the Appendix.

Theorem 3.4: Consider system (7) under assumption (H)
and under one of the assumptions (P1), (P2), (P3). Suppose
that system (7) admits the VRCLF V; € CY(R™R,) (i =
1,...,m) with gains v;;, € ANi (4,45 = 1,...,m) and
auxiliary functions 7, W. Then, there exists a locally Lips-
chitz function & € CY(R™;U) N C*(R"\{0};U), where
v € {0,1,2,...} U {oc} is the number involved in property
(vi) of the definition of the VRCLF, with k(0) = 0, such that
the closed-loop system (7) with u = k(z) is RGAS.

Here, it should be noted that the existence of a VRCLF is a
necessary condition as well for the existence of a smooth glob-
ally stabilizing feedback if the vector fields f : D x R™ — R",
g : ®" — R™ are locally Lipschitz. More specifically, if there
exists a locally Lipschitz function k& € C¥(A;U), where v €
{0,1,2,...} U {oc}, with £(0) = 0, such that the closed-loop
system (7) with u = k(x) is RGAS and if the vector fields
f:DxR"—=R", g R*—R" are locally Lipschitz, then
the converse Lyapunov theorem in [20] guarantees the existence
of a positive definite and radially unbounded function V; €
C°>°(R™; Ry ) and a positive definite function p € C*(Ry; R, )
with max (VWVi(z)f(d,z)) + LyVi(a)k(z) + p(Vi(z)) < 0

for all z € R™. All properties of Definitions 3.1, 3.2 or 3.3 with
m, = 1 are direct consequences of the above fact

The proofs of Theorem 3.4 and Theorem 2.7 in [15] show
that the solution of the closed-loop system (7) with u = k(x)
reaches the set {z € R™ : 5n(z) < 2z} infinite time. Therefore,
the set { € R™ : 5y(x) < 2¢} is important: the solution of the
closed-loop system evolves in this set after an initial transient
period and consequently the controller performance is affected
by the choice of both n(x) and £ > 0. A trade-off can arise: a
good performance of the controller can be achieved by making
the set {x € ®" : 5n(x) < 2e} sufficienly “small”. However,
a “small” set {x € R : 5n(x) < 2} means a large transient
period during which we have no guarantee of performance.

For the proof of Theorem 3.4 we need two technical lemmas.
Their proofs are given in the Appendix. The first lemma deals
with a set of inequalities.

Lemma 3.5: Leta,b > O witha+b > 0, fi,g; € R(i =
1,...,m) be given constants. There exists u € R such that
fi+giu <0, foralli = 1,...,m if and only if the following
implications hold:

(I) If g; = O for certainé € {1,...,m}, then f; <0,
(D) If gig; < O for certain pair (3,7) € {1,... ,m} X
{1,....m}, then f; < gif;/9;.

Moreover, there exists u € (—a, +00) such that f; +g;u < 0,
forall: = 1,...,m if and only if implications (I), (IT) hold and
the following implication holds as well:

(1D If g; > 0 for certainé € {1,...,m}, then f; — ag; < 0.

Finally, there exists « € (—a,b) such that f; + g;u < 0, for
allz = 1,...,m if and only if implications (I), (II), (III) hold
and the following implication holds as well:

(IV) If g; < 0 for certain¢ € {1,...,m}, then f; + bg; < 0.

The second technical lemma guarantees that we may assume
that all requirements (i)—(vi) for a VRCLF hold for functions
7i /N1, which are positive definite for ¢ # j.

Lemma 3.6: Suppose that system (7) admits the VRCLF V; €
CYR™Ry) (i = 1,....m) with gains v, ; € A (4. =
1,...,m) and aux1llary functlons 1, W. Then all properties of
the deﬁm‘uon of the VRCLF hold with functions «; ; € M,
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5,7=1,..., m, which are positive definite for 7 # j and satisfy
lim L ]( i) = +oo foralli,j =1,...,m withi # j .

8§ —

It should be noted that the proof of Theorem 3.4 is based on
partition of unity arguments. A different way of proving The-
orem 3.4 is by using Michael’s theorem. However, the use of
Michael’s theorem results in a continuous feedback (instead of
a smooth feedback law).

IV. APPLICATION TO FEEDBACK STABILIZER DESIGN

A natural question of practical importance is how to con-
struct a VRCLF which satisfies the (involved) assumptions of
the VRCLF. The purpose of this section is to provide condi-
tions that allow us to use simple VRCLFs (namely, the functions
Vi(x) = 22/2 fori = 1,...,n ). More specifically, this section
is devoted to the feedback stabilization problem for nonlinear
systems of the form:

B(t) = o (0) + g@(®)ult),  i=1,.m  (23)
where #(t) = (z1(f), ..., z.(t)) € R, u(t) € U C Rand the
mappings f; : R — R, g; : R™ — R are locally Lipschitz with
1:(0) = 0fori = 1, .., n. More specifically, we use the results of
the previous section in order to derive sufficient conditions for
the existence of a globally stabilizing feedback. Interestingly,
the developed sufficient conditions are easily checkable even for
large n (large scale systems). Our main results are the following
corollaries.

Corollary 4.1: Consider system (23) under assumption (P1)
and suppose that there exist functions n € C(R";R) with
n(0) < 0, W € CL(R™;[1, +oc)) being radially unbounded,
a function 6 € CO(R,;(0,400)), a non-decreasing function
K ¢ C(](§R+; [1,+OO)), :Yi,j S ./\/1, L] = 1, ceeg with
Fi.i(s) = 0 fori = 1,...,n which satisfy the small-gain con-
ditions (6), a function @ € CO(R;R.) with Q(x) > 0 for all
x # 0 and a constant € > 0 such that the following implications
hold for all i, 5 € {1,...,n}:

“If Hlldx Yios (los]) < i,

Jmax Fis (Jzs]) < n(x) < e and

zizjgi{2)gi(x) <0, then
fi(z)g;(z) — fi(w)gi(x) < _17.

wiQ(wi)g;(w) — 2 Qz;)gi(x) ~

W) = 0.na) < cand_max 5o, (o) < ol

then @; f;(z;) + 27Q(z;) < 07.

“If max Yis (l2e]) < 2], 0 < n{z) < e and

.....

(24

(25)

> ol (fzcr) - q()M)

— g;(z)

< s i)
“If nllax Y5 (|

1

Zd?

= Gt )(ﬁ( )~ )

< K(W( D)W ()"

(26)
s|) < |xj],0 < n(z) < £ and

) < 0, then

fi(z) + :EjQ(Ij))
g;(x)

x;9;(z

@7
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Moreover, suppose that there exists a vector £ € R”
such that x;fi(x) + zgi(x)k'x <  —2?2Q(w;) for all
z = (£1,....2,) € R" in a neighborhood of 0 € R"
with Jmax 'y”(\'rb|) < Ja[{(¢ = 1,...,n). Finally, sup-

pose that there exists a function k € C° (R™;R) such that
Doy OW [0wi(w) (fi(e) + gi(2)k(z)) < K (n(z)) W(x)
and 2710”/8‘“( ) (filw) + gi(@)k(w)) < 8 (n(x)) for
all z € R™ with 5(z) > 0. Then there exists £ € C°°(R"; R),
with £(0) = 0, such that 0 € R" is GAS for the closed-loop
system & (t) = fi(x(t)) + gi(w(t))k(x(t)), i =1,..,n
Corollary 4.2: Consider system (23) under assumption
(P3) with a,6 > 0 and suppose that there exist functions
n € CYR™R) with n(0) < 0, W € CHR™;[1,4+0))
being radially unbounded, a function § € C°(R,; (0, +00)),
a non-decreasing function K € CO(R.;[1, +00)), % ; € N1,
t,j=1,...,n,with, ;(s)=0fori =1,..., . n which satisfy
the small- -gain conditions (6), a function Q@ € CO(R;R,)
with Q(z) > 0 for all # # 0 and a constant & > 0
such that implications (24), (25), (26) and (27) hold for

all 4,7 € {1,...,n}. Moreover, suppose that there exists a
vector k € R" such that @i fi(z) + ’ELgL( k' < —22Q(x;)
for all v = (z1,...,2,) € W®R" in a neighborhood of

0 € R with

suppose that there exists a function k € C°(R™;U) such that
S OW 0w (x) (f( )+ qu(n:)) < K (n(x) W(x)
and 3.7, On/0z(x) (fi(z) + gi(x)k(z)) < —6(n(x)) for
all z € R™ with n(z ) > 0. Finally, suppose that the following
implications hold:

JJnax VH(\:L'SD < agl@ = 1,...,n) and

“If nllax Fis |Té| < i), n{z) <eand z;9:(z) > 0,

then a; f;(x) +

)

Q () — (L=L7Jz( (28)
“If (Dax Fi s |:Lg|) |z

(x

) <
(r) <e dndl igi(z) <0,

.....

then ; fi(x) + 22Q (x;) + bx;g:(x) < 07. (29)
Then there exists & € C°°(R"; U), with k(0) = 0, such that
0 € R™ is GAS for the closed-loop system ;(¢) = fi(«(t)) +

G (E)R((), 7 = 1,
Proofs of Corollary 4.1 and Corollary 4.2: A direct ap-

plication of Theorem 3.4 with m = n, Vi(x) = z7/2
for i = 1,...,n, y;(s) = ('S’iu( )) /2 for
,7=1,...,nand p(s) := 2,smin( (\/25) \ ( \/25)),
ai(s) = s%/(2n), aa(s) = s2/2 for all s > 0. No-

tice that implications (9), (10) are directly implied by
implications (25), (24), respectively and the above defini-
tions. Implications (11), (12), (13) are direct consequences
of the existence of a function & € C°(R";U) such that
2oy OW [0wi(w) (fi(e) + gi(2)k(z)) < K (n(z)) W(x)
and Y7, 00w (x) (fi(w) = gi(0)k()) < —6 (n(w) for
all z € R™ with n(z) > 0

For Corollary 4.2, we notice that (17), (20) are equiva-
lent to implications (28), (29) and that implications (18),
(19) 21, (22) are directly implied by the inequalities
S OWJ0n () (1) 4 alk) < K o) W)
and Zl L On/04() (fi(w) + g:(0)k()) < —6 (n(x)) for
all z € R™ with n(x) > 0 (possibly by replacing K (7n(x)) and
8 (n(x)) by 2K (n(x)) and 6 (n(x)) /2, respectively) and the
fact that k(z) € U for all z € R". Notice that since a,b > 0,
property (vi) of Definition 3.2 holds with the linear feedback
law u = K’z (possibly by replacing the initial neighborhood by
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another neighborhood with |k||z| < min(a,b)). The proof is
complete. N

A direct application of Corollary 4.1 and Corollary 4.2
is obtained by selecting n{(z) = —1, & = 1: in this case
implications (26), (27) are automatically satisfied for ar-
bitrary functions W, 6, K. Moreover, the assumption of
the existence of a function & € C°(R™;U) such that
icy IW [0wi(w) (fi(w) + gi(w)k(x)) < K (n(a)) W(x)
and Y7, dn/0w(x) (i) + gi(0)k(2)) < 6 (n(x)) for
allz € bR” with 5(z) > 0 is automatically satisfied for arbitrary
k € C°(R™,U). The reader should notice that implications
(24), (25) are easily checkable: the gain functions ; ; € A,
1,7 = 1....,n are selected so that implications (24), (25) hold.
The followmg example shows how to use Corollary 4.1 with
n(z) = =1, = 1 for a nonlinear system.

Example 4.3: Consider the nonlinear system

i‘l(*) = —x1(t) + 32(2)

<> — (1) + g (H)ult)
() = 23(t) + u(t)
o) ({0 et ra0)) € B, ) € R G0)

where g : R® — R is a locally Lipschitz function. The problem
that we study in this example is:

(Q) “For what functions g : R — R ,
stabilized globally by a smooth feedback?”

Using the function V(z) = (2% + pa3 + ¢=3) /2 as a CLF
candidate, where p, ¢ > 0, we conclude that this function is a
CLF (in the sense explained in [29]) for system (30) provided
that the following condition holds:

system (30) can be

—pirag(x)
it holds that =% — z120 4 pz3 > gzias.

For each x € R*\ {0} satisfying ga3 =
(31

Therefore, using the results in [29], we are in a position to
guarantee that there exists an “almost smooth” feedback law
that globally stabilizes (30), provided that (31) holds and the
“small-control” property holds. Here, we obtain different con-
ditions for the function ¢ : #* — R, which allow smooth stabi-
lizability of system (30). We show that system (30) can be sta-
bilized globally by smooth feedback provided that there exist
constants A € (0,1), o € (0, 1), functions y € K., N CL(R,)
with dy/ds(0) > o |g(0)|/1 — 0, Q € CO(F;R,) with 0 <
Q(z) < o forall z # 0, such that the locally Lipschitz function
g : B3 — N satisfies the following implication:

AL = o) o] <y (Js]) o A lze| < v (lzs]) < Jzaf,
zaw3g(z) < 0= 23 + zoxig()
> |wowsg(a)| Qas) + ZL'%Q(.’I?Q).

In order to show the qualitative difference of conditions (31)
and (32) notice that the locally Lipschitz function g(x) :=
xoxy (Jwo| — v (Jus])) (v (Jos|) — A|xz2|) satisfies condition
(32) for arbitrary selection of A € (0,1) andy € K..NCH(R.)
with dv/ds(0) > 0. On the other hand, the function
g(x) := xoms (|r2] — v (|z3])) (v (Jz3]) — A|z2|) does not sat-
isfy condition (31) for any choice of p, g > 0. To see this, notice
that the equation gz3 = —pxag(x) holds for 5 # 0 and x5 =

v (4 D2 el 4270 /(A - 1)2a3 2

However, the inequality T% — x1T2 + p"r% > qm%xg cannot
be satisfied for arbitrary 1 = 1, 29 # 0 and 23 =

(32)

+ 4dqp~lxy
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A+ 127 ]+ 278 \/()\ —1)%z3 + 4qp x5 )

(notice that if 7y — 0 then wg = v 1 (A +1)27 ! |za| + 271

V-1

In order to obtain condition (32), we apply Corollary 4.1 with
n(z) = —1,e =—1,Q € C°(R; R, ) satistying 0 < Q(z) < &
forall zz # 0, where o € (0, 1). We first notice that implications
(25) and the small-gain conditions (6) hold for arbitrary v &

23+ 4dgp lzy? ) — +00).

K., A € (0,1) and the selections:
’712()2—%5():0 (33)
F2.1(8) == A (1 —0)8,%2.3(8) = v(s) (34)
Y3.1(8) i =7 (A1 = 0)s) . Fz2(s) ;=7 (As). (35)

Since v € Ko, N CY(R,) with dy/ds(0) > 0 there exist
constants such that

718 < y(s) < v28, Vs €[0,7] (36)
for r > 0 sufficiently small. We notice that there exist
p,r > 0 such that the vector k = (0,0,—p) € R> achieves
—a3 — prowsg(w) < —ow? for all = € R3 W1th lz] < 7,

mz%}g%’s (lzs]) < |w2| and 2322 — pal < —oa? forallz € R
s=1,

with |z| < r, max As.s (Jzs]) < |xs|. More specifically, the
s=1,

constant p > () must satisfy
A1 -o) rpt+o<p<n(l-—o)
(Lr +1g(0)])

where L. > 0 is the Lipschitz constant that satisfies
lg(x) — g(0)] < L|z|, for all z € R with |z| < r. Since
dv/ds(0) > ag(0)|/1 — o, it follows from (36) that a selec-
tion of p > 0 according to (37) is possible provided thatr > 0 is
selected to be sufficiently small. Finally, we check implication
(24). Indeed, using definitions (33), (34), (35), we conclude that
implication (24) is equivalent to implication (32). The reader
should notice that it might be possible to obtain a single CLF for
system (30) of the form V' (x) = 1 (21) + @2 (22) + @3 (x3),
or V(z) = [, i (x;), where p; € CL(R; Ry )6 = 1,2,3)
are positive definite, radially unbounded functions (using the
methodologies for the construction of Lyapunov functions in
[5], [10], [11], [21], [22]). However, it should be noted how
easily condition (32) was obtained from Corollary 4.1. <

However, it should be noted that the use of auxiliary functions
7, W can give less demanding conditions for the existence of
a stabilizing feedback. The following example illustrates this
point.

Example 4.4: Again, we study problem (Q) for system (30).
Here, we assume that ¢ : R® — R is independent of x3, i.e.,
g(z) = g(x1,z2). In this example, we show that system (30)
can be stabilized globally by smooth feedback provided that
there exist constants A € (0,1), R > 0, ¢ € (0,1), func-
tions v € Ko N CYR,) with dy/ds(0) > o]g(0)]/1 — o,
q € CO(R; M) with 0 < g(x) < o forall z # 0, such that the
locally Lipschitz function g : 8% — R satisfies the following
implication:

Al =) |z <y (|lzs]), Az < v (|zs]) <
22 + 22 < R, japwsg(x) <0
= 25 (1 - g(22)) + w2079(2) > |w2539(2)| q(23)-

(37

(3%)
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Implication (38) is less demanding than implication
(32) since the inequality 3 (1 — Q(z2)) + zoxig(z) >
|zox3g{x)| Q(x3) is assumed to hold only for points that
belong to the set

A1 = 0a) || < (Jzs])

A fw2| < 7 (Jas]) < ool
zox3g(x) <0, 23 +25 <R

Sy = $€§R3'

Notice that implication (32) requires that the inequality
13 (1 — Q(x2)) + waxig(z) > |r2m39(x)| Q(23) holds for

points that belong to the set

A1 = o) |z < v (|zs]) . zazsg(x) <0 }
Sy =3z eR: ’
? {1 A o] <y (lzs]) < |l
and S§; C S,. For example, any function ¢ : R* — R with
g(z)xa > 0 for all z € R? in the compact set
ML=o) |z < v(|z3]) , 23+ 23 <R

S:=<zxecR: L 2

{ Alza| <y (fws]) < [

satisfies implication (38) for appropriate ¢ € CY(%;R_,) but
does not necessarily satisfies implication (32).

In order to obtain condition (38), we apply Corollary 4.1 with
n(z) = —a+ (af +23)/2, W(z) == 1 + (a7 + 23 + 23)/2,
k(z) =0,8(n) = ¢, K(n) :==2(n+a)+cta>ec>0,
e > 0 sufficiently small constants and an appropriate function
Q € CO(R; Ry ) satisfying 0 < Q(z) < o forall z # 0, where

€ (0,1). By virtue of (38), we notice that implications (24),
(25) and the small-gain conditions (6) hold for the selections
given by (33), (34) and (35), provided that:

2(a+¢) < Rand Q(y) < q(y), for all y € R. (39)

We notice that there exist p, » > 0 such that the vector & =
(0,0,—p) € R3 achieves —23 — prawag(xr) < —oxi for
all z € R?* with |z] < r with max o, 5 (lzs]) < |az| and

zax? — pri < —oa? for all z € R with |2| < r with
max T35 (l.L |) < |x3|. Furthermore, we obtain for all z € R3

satlsfymg n(z) > 0

() (fie) + gi()h(e)) = —a3 + wamy — 13+ g}
2(n() + a) W(a) < K (n(a)) W(a)

: Z (x) (fi(2) + gi(2)k(z)) = —aF + w129 — 23

INgE
S
H%

@
Il
-

A
)
w
5
[l ™
IN

(40)

Mo

I
-

IN

=~ (nx)+a) < —a < —c=-6(nx)).
(41)

Finally, we check implications (26), (27). Implications (26)
are equivalent to the implication:

(a4
2

A= o) ] <yl + A foa] < 7 (Jrs])
20 < 72 4+ 122 < 2(a+ ¢) and z3229(z) < 0
wy — w2g(x) (47 + 23Q(a3))

then — 11 + 149 —

< 8 (n(a))” (42)
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and implications (27) are equivalent to the following:

“IEA(L = o) o] < |ae]

v ([23]) < |wa], 20 <2t + a3 < 2(a+¢)
and zog(x) (x29(x) + 23) < 0 then

— IL‘% + xqw9 — :L-§ + ZL‘31L'% <

K () W () + 2202290 :f; (Q2) — 1)

A = o) far| <y (lasl) o A lwa] < v (Jesl),
20 < 23 4+ 23 < 2(a + ¢) and x3 (z2g(z) + 23) < 0 then

(43)

2 2 2
— ] + 2122 — 25 — xag{x)r] <

K (n(x)) W(x) + (wogla) + xs) 23Q(x3)”. (44)

Since g : ®* — R is independent of 3, it follows from (39),
(42)—(44) that if a.e,c¢ > 0 are sufficiently small then all re-
quirements of Corollary 4.1 hold with 6(n) = ¢, K(n) =
2(n+a) + ¢ ! and appropriate @ € CY(R; R.). 4

V. STABILIZATION OF REACTION NETWORKS

Reaction networks taking place in Continuous Stirred Tank
Reactors are described by ordinary differential equations of the
form

(1) = D(1) (¢f — o{t)) + Sv(e(t)) (45)
where ¢(t) € int(R?}) is the vector of concentrations of all n
species, v : R — R is the continuously differentiable vector
field of the m reaction rates, S € R™*™ is the stoichiometric
matrix, ¢; € R7 is the constant vector of the concentrations
of the species at the reactor inlet (feed) and D(¢) € [0, Diax],
where Dy,.x > 0, is the dilution rate and is the ratio of the
volumetric feed rate over the volume of the tank reactor. The
dilution rate is used as input in many cases for the achievement
of certain control objectives. The vector field v(c) satisfies the
condition
“If ; = 0and S;; < 0, then v;(c) =07 (46)
which expresses the (logical) requirement that a reaction cannot
occur if one of its reactants is absent. The equilibrium points of
(45) for D = D* € (0, Dyyax) satisfy the following equation:
cp=c" — (D*) " Su(er). (47)

Notice that without loss of generality we may assume that
D* =1 € (0, Dyyax ) (time scaling). This section is devoted to
the global stabilization problem of one of the equilibrium points
of the reactor. More specifically, we study the reaction network
(45) under the following assumptions:

(R1) There exist V pairs of vectors ¢; € R, p € R"(l =
1,..., N) such that:

S’ =aq (48)
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(R2) There exist constants b, R > 0 such that

~
(e;) < b+ RZIH&X (pjcy — pie, 0),forallc € R

=1
(49)

(R3) There exists g € K, such that forall 5 € {1,...,m},
ie{l,...,n} with S; ; < 0 it holds that

max ((’J)) ci, forallce R . (50)

0o <9
J=1....,

The reader should notice that assumption (R3) is a conse-
quence of (46) and the fact that v(c) is a C'! vector field. As-
sumptions (R1) and (R2) usually hold for reaction networks. In-
deed, the total mass conservation requires the existence p € R”
such that S’p = 0, provided that all species are accounted
in the model. Assumptions (R1) and (R2) can allow the case
where some of the species are not accounted (because they are
inert). Chemostat models (see [28]) satisfy assumptions (R1),
(R2), and (R3).

The control problem of the global stabilization of one of the
equilibrium points of (45) is a meaningful problem because
many times there are multiple equilibrium points, indicating ab-
sence of global stability. The following example illustrates that
multiple equilibrium points can occur even for simple reaction
networks.

Example 5.1: Consider the simple reaction network 1 — 2
taking place in a CSTR

é(t) = D(t) (cp — c(t)) + (—1,1) ker (£)c3(t) (51)

where ¢(t) = (c1(£), c2(£))" € int(R%), k > 0is aconstant and
cf = (c1.5.c25) € R2 with ¢y y > 0. The equilibrium points
of (51) satisfy the equations

c1p =] + kel (03)2 , Cag=cy— kel (63)2 ) (52)

The above system of equations has a unique solution if
k(ci,5 +ca¢) < 3. On the other hand, if k (¢1. 5 +ca5) > 3
then (52) admits three different solutions. It is clear that the
global stabilization problem for one of the equilibrium points of
(51) is particularly meaningful for the case & (c1. 5 + ¢2 ) > 3.
The reader should notice that assumption (R1) holds with
p1 = (—=1,-1)" and ¢; = [0] € R. Inequality (49) with R = 1
and b := ¢y + c2. 7 is a consequence of the inequality for all
ce R

max (¢;) < e1 + 2 < e1p + € 5 + max (pies — phe, 0).
’ (53)

Finally, assumption (R3) holds with g(s) := ks>. <

Without loss of generality, if there exists an equilibrium point
c* € int(R7) satisfying (47) with D* = 1 € (0, Dyyux) then
we may assume that ¢* = 1,,. The following theorem provides
sufficient conditions for the existence of a smooth stabilizing
feedback. Its proof is given in the Appendix.
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Theorem 5.2: Consider system (45) under (R1), (R2), and
(R3). Assume that ¢* = 1,, € int(R?} ) satisfies (47) with D* =
1. Moreover, suppose that there exist¥; ; € N1,i,7 = 1,...,n,
with 4; ;(s) = 0 fori = 1,...,n which satisfy the small-gain
conditions (6), Q@ € C°((0,4o0c); Ry) with Q(x) > 0 for all
2 € (0,1) U (1,+0c) and constants ,w > 0 such that the
following implications hold for i, j € {1. NN

“If nllax Fis (IIn (eo)]) < In(es)]

.....

Z (max (pjes — pie, 0))° < 2 and one of the
=1
statements (D1), (D2), (D3) and (D4) holds, then

(e5,0 — ¢5) >opy Sigvle) — (ciy — c,)~zl";1 S; ()
¢iln (e) Q(e) (¢ip — ) — ¢ () Qley) ey — i)
<17 (54)
N ‘
ey =cip >0, Z (max (pjcs — pjc, 0))° < 2 and
=1

n}ax Fis (In(es)]) < n{e;)],

T’

ZSHUI

(In(cif))* Qleiy) <07

(55)

then In ( c7 +ciy

“If nllax Fis (In(cs)]) <€ In(e:)],

.....

<3

min (¢; ;, 1) < ¢; < max{¢; 5, 1),

max (pjcy — pjc, 0)) < 2e and

T

ciln () Q(ei) + ) Sijusle) | 7

=1

then w < — 2
Ci,f —C
(56)
“If max Fis (In(cs)]) <€ In(e:)],

.....

N

Z (max (pjcs — pjc, ()))2 < 2¢ and
1=1

min {(¢; 7, 1) < ¢; <max (¢ 5, 1),

) + e (In (e)? Qes) < 0.7

ZSLZUI

“If JJnax Fi s (|ln (es)]) < |In{e)|,

.....

then ln (¢

(57

ﬁ: (max (pjcy — phe, 0))° < 2

;;cll ¢; > max (¢, 1) or min{c¢; 5, 1) > ¢;, then

) D Suavi(e) +: On )* Q(c)

+ DmalX (lcirf —¢)n(e) <07 (58)

where the logical statements (D1), (D2), (D3), and (D4) are
expressed by
(D1) min (¢; 5,1) <¢; <max (¢ 5, 1) and ¢; > max (¢; 5, 1)
(D2) min (¢; r,1) <¢;<max (¢; s, 1) and min (¢ 7, 1) > ¢;
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(D3) ¢; >max (¢ g, 1) and min (¢; 5, 1) < ¢; <max (¢; 7,

(D4) min (¢; 7,1)>¢; and min (¢, 7, 1) <e¢; < max (¢ g,

Moreover, suppose that there exists k = (k:l, o ky) €
such that

T Ty

—¢)+In(e ZS,]UJ

< - (111(c7;))2c7;cg(c.,;)

int(R7) in a neighborhood of 1, with
Mn(e)] (¢ = 1,...,n). Then

there exists & € C(int(W}); [0, Dinax]), with k(1,) = 1,
such that 1,, € int(R” ) is GAS for system (45) with D = k(c).

The proof of Theorem 5.2 is based on Corollary 4.2 and the
following methodology:

+ First, we exploit the “mass balance” assumption (R1) in
order to show that the solution of (45) necessarily enters
to a certain region of the state space. This is accomplished
by constructing appropriate functions r, W, K’ which sat-
isfy the properties assumed in Corollary 4.2. The solution
of (45) remains in a compact subset of int(R’ ) during
the transient period needed in order to enter the aforemen-
tioned region of the state space: this is guaranteed by as-
sumptions (R2) and (R3).

* After the transient perlod we utilize the vector Lyapunov
function V;(¢) = (In(¢;))* /2,i=1,....n,i=1,....n
and show that the assumptions of Corollary 4.2 hold.

The following example illustrates how Theorem 5.2 can be
applied to reaction networks. Theorem 5.2 guarantees the exis-
tence of a globally stabilizing bounded feedback.

Example 5.1(continued): We turn to the global stabilization
problem of one of the equilibrium points ¢* € int(R%) of
system (51) by means of smooth bounded feedback. In order
to apply Theorem 5.2 we first apply a coordinate change that
“brings” the equilibrium point to 1, € int(!R% ). Then system
(51) takes the form

i(t) = D(t) ([11299} - c(t)) 4 L}] Bey (DA (1)

for all ¢ €
IIlldX %;(HH(E)D <

e(t) = (cr(t), e2(t)) € int(RY), D(t) € [0, Dnax]  (59)
where # > 0 and € (0,0 '] are constant parameters
(k(c3)> =60, = c/c3). For system (59), 1, € int(R2)

is the equilibrium point to be globally stabilized. Assump-
tions (R1)-(R3) hold with N = 1, ¢ = [0] € RL,
p1 = (—p,—1) € R2. We further assume that p < 671,
i.e., ca s > 0 for (51). The problem that we study here is:

“How large must D, > 0 be so that 15 € int(éﬁi) can be
globally stabilized by a smooth feedback law D = k(¢) with
k(12) = 1 and k(c) € [0, Dy forall ¢ € int(?Ri)?”

We next show that all conditions of Theorem 5.2 hold pro-
vided that

(1+ ) (B(1 + p)? +1)

Dinax 1 % dDmax
ax > (1 + p) an > Y,

(60)
We first check conditions Equations (54)— (58) of Theorem 5.2.
Let ¢ > 0 be an arbitrary constant, vy € K. be an arbitrary
function and select 71 2(s) := y(s), ¥2.1(s) := v~ 1(\s) where
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A € (0,1) is to be selected (notice that the small-gain conditions
are automatically satisfied). Implication (54) holds provided that
the inequality

In(c1) (146 —cq)
In(e2) (1 — pb — o)

1—peg—c
< feiedln(er) prl-pa—o
—ub — o

holds for all ¢ € int(R2) with v (|In (c2)|) IIn (1)),
Ma(e))] < v(ln(e)), per + 2 < 1 4+ p + V2
which satisfy one of the logical statements (D1), (D2), (D3)
and (D4). It is clear that the preV10us inequality holds pro-
vided that the inequalities (In (¢1))” Q(c1) < 6/2¢21n (¢1)
p41—pes —cafl —pf —cy and  (In(c2))” Q(c2) <
8/2¢cieaIn (eo)puer +ca —pu—1/14+8 —¢; hold for all
¢ € int(R%) with v (In(c2)|) [In(e1)], Alln(er)] £
v (|In (e2)]), per + e2 < 14 p + v/2¢ which satisfy one of
the logical statements (D1), (D2), (D3), and (D4). The above
requirements imply that:

1 (In(e1))* Qer) — ¢ (In(e2))” Q(ez)

I D) holds 1 < ¢ < 1+6,1 < ¢ <
exp (! (In (1)), then we must have Qci) <
¢ —1/2In(e¢1) and Q(c2) < ¢2 —1/2In{(ea)es .

o If (D2) holds, ie, 1 < ¢ < 1 4+ 6 and

1 — pf, then we

exp (—”y’{(ln(cﬂ)) < o <
(In(c1))) and

must have Q(c1) < 6/21n (c1) exp (=271
Q) <1 —co/2|ln(eo)|ea .

o If(D3)holdsc; > 1+6,1 - pb <cz2 < 1 then we must
have Q(cy) < ¢1 —1/2In(c1) (1 — p#)” and Q(cz) <
(1+0)1 —ca/2|In(c2)|e2

o If (D4) holds, ie, 1 — puff < ¢ < 1 and
exp (—A 'y (|In(e2)])) £ e < 1, then we must
have Q(c1) < 1—e/2[n(e)|(1—pd)® and
Q(e2) €1 —ea/2In (e2)]e2 exp (—A 1y (In (e2)])).

Consequently, implication (54) automatically holds, if Q €

C°((0, +00); Ry ) is selected to be

O(1) = M (61)

Q(c) ::AW min (¢, (1 — p8)*) Z(c)

Z(c) := exp (f max (/\717 (In (c)]) , 2y~ * (\ln(c)|))) ,
for ¢ € (0,1) U (1, +00) (62)

where A € (0,1] is a constant (yet to be selected). Condi-
tions (55) with i = 1,2 give the inequalities Q(1 + §) <
§/In(1+8)exp (=27 ' (In(1+6))) and Q1 — pf) <
p8 (1= pf)/|In (1 — pb)|exp (=A~1y (|In(1 — p#)[)), which
hold automatically for ¢} defined by (61), (62). Conditions (56)
with¢ = 1,2 and w > 0 hold provided that

A< 2(11—+9) exp (=27 (In(1 + 6)))

efl
< — -1
w< 1_}_Hexp( 2y ' (In(1 +6)))

and A < exp (A" "y (IIn(1 — b))

w<e(l- /1,6)2 exp (—)\‘lfy (In(1 — /L9)|)) (63)
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and conditions (57) hold automatically for the above selections.
Finally, we check condition (58). Conditions (58) hold provided
that Dyax > ¢3 and Doy > pfeicl + e lii(c:Q)Q(czz)/;Lb’
for all ¢ € int(R%) with per + c2 < (L + p) + V/2e. Since
£ > 0 is arbitrary, we conclude (by virtue of (60)) that the above
inequalities hold.

The existence of a vector k = (ki, k2)’ € R with

2
1+ Z k;iln (¢;)
j=1

m

)+ In (¢ ZS’JUJ

< —(In ((’L)) i Q(c;)

for all ¢ in a neighborhood of 15 with e Fis (JIn (es)]) <

In (¢;) (e,

.....

[ln(¢;)| (¢ = 1,2) is guaranteed by the observation that the
unbounded smooth feedback law D = ¢ guarantees the
inequalities Din(ei)(cip — i) + Ine) 2070, Sijvie)<

— (In(¢;))” ¢;Q(c;) for appropriate F1.2,%21 € Ko and for
all ¢ in a neighborhood of 1, with ,nax Fis (In(ecs)]) <

n(ei=12.

VI. CONCLUDING REMARKS

This paper has shown how recent results on vector Lyapunov
functions can be used for smooth globally stabilizing feedback
design for nonlinear systems. In particular, Theorem 3.4 pro-
vides necessary and sufficient conditions based on vector con-
trol Lyapunov functions for the existence of a smooth global
stabilizer for affine in the control uncertain nonlinear systems.

The flexibility of vector Lyapunov functions is a feature that
can be exploited for feedback design in large scale systems.
Corollaries 4.1 and 4.2 provide practically checkable sufficient
conditions for the existence of a stabilizer for nonlinear systems.
Corollaries 4.1 and 4.2 are direct applications of Theorem 3.4
and show how vector Lyapunov functions can lead to results
which are not easily obtained by the classical single Lyapunov
analysis. The obtained results are exploited for the derivation of
sufficient conditions which guarantee stabilizability of the equi-
librium point of a reaction network taking place in a continuous
stirred tank reactor. Future research may include:

i) the extension of the present results to the multiple-input
case,

i) the development of explicit formulas for the feedback sta-

bilizers which are designed based on VRCLFs,

iii) the development of “adding an integrator”-like results

based on VRCLFs, which can allow important modifica-
tions to the backstepping methodology (see [17]).

It should be noted that the extension of the results to the
multiple-input case is not straightforward. The reason is that a
system of linear inequalities must be verified and if more than
one inputs are present then one cannot use Lemma 3.5. How-
ever, other tools (Farkas’ lemma) might be helpful.

APPENDIX
Proof of Lemma 3.5: Define  BY =
fie{l,...om}:g;,=0} BT :={ie{l,....m}: gl>0}
and B~ = {ie{l,...,m}:g; <0} . Notice that

implication (I) gives:

“If BY # (), then max (fi) <02 (64)
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and implication (IT) gives:

“If BY # (land B~ # ), then max(f >< min <f1> ",
gi 9i

i€B~
(65)
Consider all possible cases:

(a) BT = () = DB~. In this case (64) implies that we can
select arbitrary v € R so that f; + g;u < 0 forallz =
1,...,m.

(b) BY = @ # B~. In this case, we can select
u > max( fi/gi). The previous inequality in con-

Juncnon w1th (64) implies that f; + ¢g;u < 0 for all

1 =1,.
@ 75 BT, In this case, we can select

(c) B- =
u < mm (—fi/9i). The previous inequality in con-

Juncnon w1th (64) implies that f; + g;u < 0 for all
1=1,.

(d) BT 75 (ZJ ;é B
min (f/g:). Therefore, the inequality min (-
i€eB- icB
—max (fi/g;)> — min (fi/g;) =

max (f /q ) Juin (fi/g:)
holds. In this case, we can select u E ?R so that
mln( fi/gi) > w > max(—fi/g;). The pre-
i€B-

VlOuS inequality in conjunction with (64) implies that
“max  (fi + giu) < 0.

i=1,...,m
Notice that the above selections in each case guarantee
that there exists u € (—a,+00) so that f; + g;u < 0 for all
i = 1,...,m, provided that either B* = {) or B+ # {) and
mm (- f, / g7) > —a. Implication (IIT) guarantees that one

. In this case (65) implies max (fi/gi) <
1€

filgi) =

max (—[i/gi)

of the previously mentioned cases holds. Finally, notice that
the above selections in each case guarantee that there exists
w € (—a,b) sothat f; + g;u < 0 foralli = 1,...,m, pro-
vided that the following implications hold: (i) if BT # @ then
mln (=fi/g:) > —a, (i) if B~ # @ then max (—=fifgi) < b.
Imphcatlons (IIT) and (IV) guarantee that tEhe previous impli-
cations hold.
The converse statements are proved in the same way by dis-
tinguishing the above cases. The proof is complete. N
Proof of Lemma 3.6: The methodology of the proof is to
show that every v;; € N1(4,7 = 1,...,m,i # j) can be
replaced by a function %; ; € Nq which is positive definite and
satisfies 1111_|1_ 4:,(8) = +oc in such a way that the “new”

set of functions Yog € Ni(p.qg = 1,...,m) with~; ; € My
replaced by 7, ; € N satisfies all properties of the VRCLF.

A key observation is that all inequalities (9), (10), (14), (15),
(16), (17) and (20) hold automatically if v, ; € A is replaced
by a function 4, ; € N7 satisfying:

~ii(8) <7 ;(s), for all s > 0. (66)

The only thing that remains to be checked is the set of small-
gain inequalities (6). The inequalities (6) which are affected by
the replacement of ; ; € N with the function 4; ; € N can
be expressed by the following inequality:

75 (a(s)) <s, foralls >0 (67)
where ¢ € N is defined as follows:

‘a(s) for a given s > 0 is the maximum of vy, ;(s) and the
maximum of all (Vi 2, 0¥z 2, © <+ 0 Vs, 2 05,5 (5) over
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the set of all indices {z1,....2:} C {1,...,m}\{7,J}, with
2 # 2 1D # @7

To see this, notice that each inequality (6) which is affected
by the replacement of y; ; € A1 with the function %; ; € A is

guaranteed by (67) and the following fact:

Iy (v2(s)) <
v1,v2 € N1 then 7o (71(s)) < s for all s > 0”.

s for all s > 0 for a given pair of

Notice that since inequalities (6) hold with the original y; ; €
N7 , it holds that:

vij(a(s)) < s, for all s > 0. (68)

Define next:
1
¥i () :== max <fyi7j(s),§f1,1(s)) Jorall s >0 (69)

where a(s) := a(s) + s. Definition (69) and inequality (68)
guarantee that inequalities (66) and (67) hold. Moreover,
since a1 € K, it follows that Vi € N7 and satisfies

lim 4, ,(s) = +o0. The proof is complete. <
5 — +00 ;

Proof of Theorem 3.4: Without loss of generality and
since n(0) < 0 we may assume that the neighborhood A
involved in property (vi) satisfies A C {z € R : () < 0}.
Letr > 0 with { € R" : |z| < 2r } C A. Moreover, by virtue
of Lemma 3.6, without loss of generality we may assume
that all functions v, ; € N1, 4.5 = 1,..., m, are positive
definite for + # 7. Using properties (ii), (iii), (iv), convexity
of U C R and partition of unity arguments, we next construct

smooth feedback laws #kq {reR” in(z) >0} =T,
ko : {z eR”y(z)<e,2#0}—=U and
ks  {zeRN":0< y(r)<e}—U such that the fol-

lowing hold:
2H(x) + 2k1(x)Lyn(x) — 6(n(2)) <0,

forallz e {x € R" 1 n(w) >0} (70)
R(w) + k() LgW () — K (n(2))W (2) <0,

forallz e {fx € R" :n(w) >0} (71)
It jmax i (Vi(z)) < Vi(z), 2 #0and n(z) < ¢

then 2F;(z) 4 2ka ()L, Vi(z) — p(Vi(z)) < 0. (72)
2H(x) + 2ks(x)Lyn(x) — 6(n(x)) <0,

forallze {x e R": 0 < nlz) <e} (73)
R() + ko)L, W) — K(n(z))W(z) <0
forallze {x e R": 0 < nlz) <e} (74)
If [ max (Vi(z)) < Vi(z), x # 0and 0 < n(x)

then 2F;(x) + 2k3(z)L,Vi(z) — p(Vi(z)) < 0. (75)

Let p : R —[0,1] be a smooth non-decreasing function with
p(s) =0 forall s <0 and p(s) =1 forall s > 1. Define:

k(x) == ky(z) for allz € {& € R™ : 5y(x) > 4e } (76)

k(@) = ks (o)

forallz e {z e R" :on(z) <e}lnN{z e R : |z > 2r}
(17)

k(z) = ks(z) for allz € {z € R™ : 26 < 5y(z) < 3e } (78)
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o) i= (1= (22 ) kato) +0 (22 - ) o

forallz € {x € R" : 3e <o) < 4e} (79)

)= (19 (P2 = 1) o) 40 (P22 1) (o

forallz € {z e R" : e < 5p(z) <2} (80)
k(x) = k(x) for alle € {x e R" : |z < r} (81)

k(x) = (1 —p (%)) k(z)+p (%) ka(z)

forallz € {x e R" :r < |z| < 20 } (82)

where & € C¥(A;U) is the locally Lipschitz mapping
involved in property (vi). It follows directly from as-
sumption (H), compactness of D) C R! and the fact
that the mapping & R™ — U defined above is locally
Lipschitz with k(0) = 0, that the closed-loop system
(7) with w = k{z) satisfies assumptions (A1-3) with
W) = n(@) - 2¢/5, pi(s) = p(s)/20i = L,...,m)
and 6(s) := 6 (s + 2¢/5) /2K (s) := 2K (s + 2¢/5) in place
of § € C°'(Ry;(0,+00)), K € C°Ry;[1,+00)). Con-
sequently, we conclude from Theorem 2.7 in [15] that the
closed-loop system (7) with is RGAS.

Therefore, we are left with the task of constructing smooth
feedback laws k1, ko and k3 so that (70)—(75) hold.

Construction of k1 : {z € R" : n(x) > 0} — U. By virtue
of (11), (12), (13), (18), (19), (21), (22), and Lemma 3.5, it
follows that for every z € R™ with n(x) > 0 there exists
uy € U with 4H(x) + 4u, Lyn(z) — 6§ (n(z)) < 0 and
2R(z) + 2u,L,W(z) < K( () W(z). Contmulty of

H(w), Lyn(),8 (n(w),  R(w), LyW (@), K (n()), W ()
implies that there exists 6, > 0 such that n(y) > O,
2H(y) + 2u,Lyn(y) — 6 (n(y)) < 0, R(y) + u L, W(y) —
K (n(y)) W(y) <0 forally € R" with |y — z| < §,.

Therefore, the sets {yeR":|ly—=x| <.} for
all x € R with n(2) > 0 form an open covering
of the open set {xz € R":n(x)>0}. By partition
of unity, there exists a family of smooth functions
di {z e R :n(x) >0} —[0,1],¢ = 1,2,... such that:

a) Foreveryi=1,2,... there exists z; € R" with n(xz;) >

0 and supp (¢;) C {y € R" : |y — | < b, }.

b) The sum ), ¢;(x) is locally finite and satisfies
Yo, ¢i(w) =1 forallw € R” with n(x) > 0.
We define for all € R™ with n(x) > 0:

(83)

)= Z g, i ().

We first notice that (by local finiteness) the mapping %; de-
fined by (83) is smooth and satisfies k1 (z) € U for all z € R
with 7(«) > 0. For arbitrary © € ™ with n(x) > 0 we define
the finite set J, C {1,2,...} of indices such that ¢;(z) > 0.
It follows that = € {7/ e Ry — x| <0, /} for all j €
J... Therefore, we get 2H () + 2u,, Lyn(x) — 6 (n(x)) <0,
R(z) + tn, LW (z) — K (n(z)) W(z) < 0 forall j € J,.
Using the previous inequalities, the fact that 3. ; ¢;(z) =1
and definition (83) we obtain (70) and (71).

Construction of ko : {z € R" : p(z) < e, 2 # 0} —U. Let
z € ™ withn(z) < &,z # 0 be arbitrary. Let JT(x) be the set

Jj e J (x), 2F;(y) + 2u, «LgVi(y) —
jeJt(z)and forally € R" with |y — x| < §,.. Notice that the
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ofall j € {1,..

Since all +;, J./\f 1,47 = 1,...,m are positive definite, we have
V;(z) > 0 for a111 € J+( ) By virtue of (9), (10), (17), (20)
and Lemma 3.5, there exists u, € U with

.,m} such that ax (Vi(x)) < Vi(2).

.....

4F;(x) + du, L,V (x) — p (Vi(2)) <0, for all j € JT(z).

(84)

Define J () to be the set of all j € {1,..., k} such that
nllax v;.5 (Vs(z)) > V;(z). Notice that J* (= ) J () =

{1,....7n} for all z € R™ with n{z) < e, z # 0. Conti-
nultyofmappmgsF( ). L Vi), p (Vi) (§ = 1,...,m)
vi;N1, 4,5 = 1,...,m implies that there exists 6, > 0 such
that n(y) < e,y # 0, max Y55 (Vs()) > V(,)forall

""" p(Vi(y)) < 0 for all

previous inequality imply that J*(y) C JT(x) forall y € R"
with |y — x| < 8,. Therefore, we have

2F;(y) + 2ua Ly Vi(y) — p (Vi(y)) <0,
for all j € J¥(y) and y € R” with |y — x| < &,. (85)
Therefore, the sets {ye®R":|y—=z|<é,} for all
z € R with n(xz) < e, # 0 form an open covering
of the open set {x € R" :n(z)<e,z#0}. By parti-
tion of unity, there exists a family of smooth functions
¢ {reR plx)<e, z#0}—[0,1],4 = 1,2,... such
that:
a) Foreveryi=1,2,... there exists z; € " with n(z;) <
g,4; 7 0and supp (¢;) C {y € N @ |y — @;] < b, }
b) The sum ). ¢;(z) is locally finite and satisfies
S ¢i(xr) = 1 foralxz € R with n(z) < e,
x # 0.
We define for all z € R™ with n(z) < &,z # 0:

oC

Z Uy, i (2).

i=1

ka(x) := (86)

We first notice that (by local finiteness) the mapping %5 de-
fined by (86) is smooth and satisfies k() € U for all z € R
withn(z) < &,x # 0. For arbitrary z € R” withn(z) < e,z #
0 we define the finite set {, C {1,2,...} of indices such that
¢i(x) > 0.Itfollows thatz € {y € R : |y — ;| < bs, } forall
i € I,,. Therefore, by virtue of (85), the fact that >, ., #;(x) =
1, the fact that J*(x) is the set of all j € {1,..., 7} such that

 ax ;. (Vs(2)) < V;(z) and definition (86), we obtain

(72).
The construction of k3 : {x e R": 0 < n(z) <e}—Uis

similar to the constructions of k1 and k. <
Proof of Theorem 5.2: The proof utilizes Corollary 4.2 for

the system obtained by the following change of coordinates and

the input transformation:

D=1+wu

¢ =expx), 87)

namely, the system:

m

) frzng v (e"®)

(83)

£3() = (1u(t) (e pe O
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fori = 1,...,n. It follows from (87) that u(t) € U :=
[-1, Dimax — 1] and consequently assumption (P3) holds for
system (88). Moreover, D, — 1 > 0. Define

PGy:={je{l,...,m}:8;; <0}
and o 1= I:nliaxn Z [Si ;] (89)

JEP(3)

We apply Corollary 4.2 with fi(z) = ¢ e ™ — 1 +
em iy Sigui(et), gile) = ¢ pem™ — 1fori=1,...,n
and

N

n(z) =Y (max (pjcs — pie*, 0)* — ¢ (90)
=1
W(r):=14¢+nz +Z 1)
k(x) =0,6(n) = min (5,w), Q(z) == Q(e”) (92
K1) = Dy + TN FORT D) o)

2

All functions defined above satisfy the requirements im-
posed by Corollary 4.2. More specifically, using (47) and (48)
we get pjcy — pjl, = —qu(l,) forl = 1,...,N. Since
¢ € R} and 1)( n) € R, it follows that gju(1,) > 0
and pjey < pjl,. Consequently, definition (90) implies
n(0) = —e < 0. Next notice that definitions (90), (91)
imply that W(z) > 1, ,nax (—x;) < In(W(x)) for

all x € R Inequality (49) implies _max (e*)y <

b + NR/2+R/2 Z;:l (max (pjey — pje”, 0))*> for all
x € R™, which combined with definition (90) gives:

) < 2h+ NR + R(n(z) + ¢).

2 e’
nlmx (

.....

4)

The above inequalities in conjunction with definition (91),
allow us to conclude that the following inequalities hold
lax (—z;) < In(W(x)), nax (x;)

<In (b + Ng + gWU)) 95)

for all =z € R™. Inequality (95) shows that
W € CYR"[1,400)) as defined by (91) is radially
unbounded. Using (48) and definitions (90), (91) we obtain by
differentiating n, W forall (z,u) € R" X [=1, Diax — 1]:

15”( ) (i) + i)

= —2(1 +u)(e +n(x))

-2 Z (max (pjcy — pie” ., 0)) qru(e®)
=1

(96)

I o) (i) + e

_(1+u)( (e + n(x —l—Ze i (e — " ))

N

-2 Z (max (pjcy — pje® ., 0)) qru(e®)
=1

_Z 729rlZSlJ By

i=1

0
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Since ¢ € RY and v(e”) € NP, it follows that
(max (pjey — pe®, 0)) qu(e®) > 0 for I = 1,...,N.
Therefore, we obtain from (96) and (97) for all (z,u) €
R x [-1, Dyax — 1]

Zn: 3

i=1

+g1( Ju )

S ( +u)(e +n(x)) 98)
Z dT ) + gi(w)u)
max Z e — Z e 2T Z Sivi(e). (99)
i=1 i=1 j=1

Using (50) and (89) we get — >/, ¢ 2% 377° | S, ju;(e”)
Juax (e™)

<Y e T Y ier >|ST7J< forallz € R".

Hence, we obtain from (89), (91) (93), (94) and (99) for all
x € R*andu € [-1, Dyux —

) + gi(w)u)

< (2Dpax + 09 (2b+ (N + )R + Bn(x

Ze -
Diax + 09 (2b+ (N + )R + R(x )))W( )
()W (2).

Using (92), (98) and (100) we conclude that the
function k& € C°(R";U) defined by (92) satisfies
iy OW [0wi() (file) + giw)k(a)) < K (n(a)) W(x)
and Z LOn/0xi(z) (file) + gi(a)k(z)) < —6(n(x)) for
all z € 5R” with n(xz) > 0. We next notice that by virtue
of the change of coordinates (87), definition (90) and the
definition of @ in (92), it follows that implications (24), (25),
(28), and (29) are equivalent to implications Equations (54),
(55), (57), and (58), respectively. Moreover, implication
(56) implies implication (26). Indeed, first notice that (96)
implies >0, On/dzi(z)gi(z) = —2(¢ + n(z)) < 0 for
all z € R with n(2z) > 0 and consequently the condition
zj9i(x) Y[, On/oxi(z)g:(x) < O implies z;g,(z) > 0, or
equivalently, min (¢if, 1) < ¢; < max(¢ s, 1). Implication

(26) requires Zz 1 O/ 0ni() ([i(w) + ai(w)u) < = (n(x))

< (2
< 2K (x (100)

for u *fa( )+~L7Q( )/Ji( ) =
—1—e % 3L, Sju(e”) + Q(TJ)/(’JJP “ -1

Notice that (56) implies that  w/2e <
—cjln(e;) Qe) + 305, Sjauvle)/ejp — ¢ and

inequality (98) combined with definition (92) gives
S 00/ 0mi(w) (Fi(e) + gi(a)w) < —w < —b (na)) for
all z € R™ with 0 < 75(x) < e. Consequently, implication
(26) holds.

We next show that implication (27) holds. By virtue of (100)
it suffices to show that for all z € 1" with IIlldX s (lzs]) <

lz;],0 < p(x) < e:
o —filz )+$J (z;)/9;(z) < X—lfora;jgj(x) <0
and Y, ()I/V/du( iz )
* _fj( )+$J (x;)/gi(x) > — for z;g9;(x) > 0 and
1= OW [0z (z ) 1(z) <0
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The above conditions are implied by the following conditions

for all ¢ € int (R7) with HlldX Fis (IIn(es)]) < (e,
Zl\:l (max (pjey — pie, O)) < 2e:
_Z;nlsj l,”’( ) +CJ (Cj)ln )/CJ f— ¢ S Dmax

(c
for ¢; > max(c¢; s, 1) or IIllllg(, 1) > ¢,
<0 < =20 Sjule) + ¢Q(c ) n(e;)/cjp = ¢
min {e; 5, 1) < ¢; < max{c; s, 1)
The above conditions are direct consequences of (57) and
(58). Thus we conclude that implication (27) holds. <

for
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