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Novel criteria for global asymptotic stability are presented. The results are obtained by a combination
of the ‘discretization approach’ and the ideas contained in the proof of the original Matrosov’s result.
The results can be used for the proof of global asymptotic stability by using continuously differentiable,
positive definite functions which do not have a negative semi-definite derivative. [llustrating examples are
provided.

Keywords: uniform robust global asymptotic stability; uniform robust global exponential stability;
Lyapunov methods.

1. Introduction

Lyapunov’s direct method has been proved to be irreplaceable for the stability analysis of non-linear
systems. However, the main difficulty in the application of Lyapunov’s direct method is to find a Lya-
punov function for a given dynamical system. Most positive definite functions will not have a negative
definite derivative for a given dynamical system and therefore cannot be used for stability analysis by

using Lyapunov’s direct method.
There are three ways to relax the requirement of a negative definite derivative:

1. By using the Krasovskii—La Salle principle (see Khalil, 1996; Malisoff & Mazenc, 2008; Mazenc &
Nesic, 2004; Malisoff & Mazenc, 2009) or by using Matrosov’s theorem (see Rouche et al., 1977).
The original result by Matrosov has been generalized recently in various directions (see Loria
et al., 2005; Malisoff & Mazenc, 2008; Mazenc & Nesic, 2007; Mazenc et al., 2009; Malisoff &
Mazenc, 2009; Rouche et al., 1977; Teel et al., 2002). However, in order to be able to apply
all available results, it is necessary to have a positive definite (Lyapunov) function with negative
semi-definite derivative or to assume uniform Lyapunov and Lagrange stability (which can be
shown by a positive definite function with negative semi-definite derivative). It should be noted
that the main idea in the proof of the original Matrosov’s result is the division of the state space
into two regions: in the first region (the ‘bad region’), the non-positive derivative of the Lyapunov
function can be arbitrarily small in absolute value, while in the second region (the ‘good region’),
the derivative of the Lyapunov function has a negative upper bound. The proof is accomplished
by showing that the solution cannot stay in the bad region forever and by estimating the time that
the solution spends in the good region. Recently, in Karafyllis ez al. (2009), a different approach
was proposed for a Lyapunov function which can have positive derivative in certain regions of
the state space: by using the derivative of auxiliary functions, the methodology guarantees that
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the solution enters the good region after a finite time and remains bounded. The idea of switching
between system modes with negative and positive derivative of a Lyapunov function has also been
used recently in the stability analysis of hybrid systems in Michel & Hou (2009) and Munoz de la
Pena & Christofides (2008). However, in hybrid systems, the time period for which the derivative
of the Lyapunov function is positive is determined by the switching signal and it is not necessary
to estimate it.

2. By using the ‘discretization approach’ (see Aeyels & Peuteman, 1988, the Appendix in Coron &
Rosier, 1994, and recent generalizations in Michel ef al., 2008, and Peuteman & Aeyels, 2002a,b,
as well as the proof of the main result in Karafyllis, 2007), which does not require a negative def-
inite derivative. Instead, the discretization approach requires that the difference of the Lyapunov
function V (x(7T")) — V(x(0)) is negative definite, where x(¢) denotes the solution of the dynam-
ical system and 7 > 0 is a fixed time. Therefore, in this approach the Lyapunov function can
even have a positive derivative in certain regions of the state space. However, the main difficulty
in the application of this approach is the estimation of the difference of the Lyapunov function
V(x(T))—V (x(0)). The application of this approach to feedback stabilization problems gave very
important results in Coron & Rosier (1994) (see also recent extensions in Karafyllis & Tsinias,
2009).

3. By using higher derivatives of the Lyapunov function (see Butz, 1969; Jiang, 2005). Again the
existence of a positive definite function with negative semi-definite derivative is required.
Although the main result by Butz (1969) does not demand the existence of a positive definite
function with negative semi-definite derivative, in Ahmadi (2008), it was recently shown that the
hypotheses of the main result in Butz (1969) imply that a linear combination of the function and
its derivatives gives a positive definite function with negative definite derivative. In this research
direction, the main results in Chow & Dunninger (1974) and Yorke (1970) have to be noted;
however, they do not lead necessarily to stability.

The purpose of the present work is to combine the above approaches and to provide global stability
criteria that use a positive definite function with a non sign-definite derivative. The results are developed
for the autonomous uncertain case

x = fd,x),

1.1
xeR", deD, (-1

where x(7) is the state and d(r) € D C R is a time-varying disturbance. However, the obtained results
can be extended to the local case or the time-varying case. The key idea is the idea used in the proof
of the original Matrosov’s result described above concerning the division of the state space into two
regions: the ‘good region’, where the derivative of the Lyapunov function has a negative upper bound,
and the ‘bad region’, where the derivative of the Lyapunov function can be positive. The first step is
to show that the solution of (1.1) cannot stay in the bad region forever. Additional technical difficulties
arise since we have to guarantee that the solution remains bounded, while it stays in the bad region. The
second step is to estimate the difference of the Lyapunov function V (x (7)) — V(x(0)), where T > 0 is
chosen appropriately so that the solution is in the good region. Finally, by extending the discretization
approach, we can guarantee robust global asymptotic stability or robust global exponential stability
(Theorem 3.1, Corollary 3.5, Theorem 3.7 and Corollaries 3.8-3.10).

The structure of the paper is as follows. Section 2 provides the definitions of the notions used in the
paper and some preliminary results that generalize the discretization approach. The results of Section 2
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are interesting since the results are necessary and sufficient conditions for robust global asymptotic
stability. In Section 3, the main results are stated and proved. Illustrative examples of the proposed
approach are provided in Section 4: the examples show how we can use very simple positive definite
functions (e.g. V(x) = |x|?), which do not have a sign-definite derivative. Finally, some concluding
remarks are provided in Section 5. The Appendix contains the proofs of some technical steps needed in
the proof of Theorem 3.1.

Notations. Throughout this paper, we adopt the following notations:
* For a vector x € R", we denote by |x| its usual Euclidean norm and by x’ its transpose.

* We say that an increasing continuous function y : R+ — R+ is of class K if y (0) = 0. We say that
an increasing continuous function y : Rt — R is of class Koo if y (0) = 0 and limy_s 4 o0 y (5) =
+00. By K L we denote the set of all continuous functions ¢ = ¢ (s, 1): R x R — R™ with the
following properties: (i) for each r > 0, the mapping o (-, t) is of class K and (ii) for each s > 0,
the mapping o (s, -) is non-increasing with lim;_, y oo o (s, 1) = 0.

+ Let D C %! be a non-empty set. By Mp we denote the class of all Lebesgue measurable and
locally essentially bounded mappings d: X — D.

* By c/ (A) (Cj (A; Q)), where j > 0 is a non-negative integer, A C R", we denote the class of
functions (taking values in 2 C R'™) that have continuous derivatives of order j on A.

x For every scalar continuously differentiable function V: R" — R, VV (x) denotes the gradient
of Vatx € R, ie. VV(x) = (%(x), e %(x)). We say that a function V: R" — Rt is
positive definite if V(x) > O for all x ¢ 0 and V(0) = 0. We say that a continuous function
V:R" — RT is radially unbounded if the following property holds: ‘for every M > 0, the set
{x € R": V(x) < M} is compact’.

2. Preliminary results
Throughout this paper, we assume that system (1.1) satisfies the following hypotheses:
(H1) D c % is compact.
(H2) The mapping D x R" 5 (d,x) = f(d,x) € R" is continuous with f(d,0) =0 foralld € D.
(H3) There exists a symmetric positive definite matrix P € R"*" such that for every compact set
S C R", it holds that sup{(x_y) PUED=E . g e D x,yeS,x# y} < +oo.

lx—y|?

Hypothesis (H2) is a standard continuity hypothesis and hypothesis (H3) is often used in the lit-
erature instead of the usual local Lipschitz hypothesis for various purposes and is a generalization of
the so-called ‘one-sided Lipschitz condition’ (see, e.g. Stuart & Humphries, 1998, p. 416 and Filippov,
1988, p. 106). Note that the one-sided Lipschitz condition is weaker than the hypothesis of local Lip-
schitz continuity of the vector field f(d, x) with respect to x € R”". It is clear that hypothesis (H3)
guarantees that for every (xg,d) € R" x Mp, there exists a unique solution x(¢) of (1.1) with initial
condition x(0) = x¢ corresponding to input d € Mp. We denote by x(z, xo; d) the unique solution of
(1.1) with initial condition x(0) = x¢ € R”" corresponding to input d € Mp. Occasionally, we will use
the following hypothesis for system (1.1):

(H4) For every compact set S C R*, it holds that sup {LED=SE@V. g e p x ye§ x £y} <
[x—=yl
+00,
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instead of hypothesis (H3). Hypothesis (H4) is more demanding than hypothesis (H3) in the sense that
the implication (H4) = (H3) holds.
We next continue by recalling the notion of uniform (robust) global asymptotic stability.

DEFINITION 2.1 We say that 0 € R" is uniformly robustly globally asymptotically stable (URGAS) for
system (1.1) under hypotheses (H1)—(H3) if the following properties hold:

e Forevery s > 0, it holds that

sup{|x(z, xo; d)|; 1 = 0, |xol <'s,d € Mp} < +00.
(Uniform robust Lagrange stability)

e Forevery ¢ > 0, there exists a 0 := d(¢) > 0 such that

sup{|x(t, xo; d)|; 1 = 0, |xo| < J,d € Mp} <e.
(Uniform robust Lyapunov stability)

e Foreverye > Oand s > 0, there exists a 7 := 7 (¢, s) > 0, such that

sup{|x(t, xo; d)|; 1 = 7, |xol <s,d € Mp} < e.
(Uniform attractivity for bounded sets of initial states)

For disturbance-free systems, we say that 0 € R” is uniformly globally asymptotically stable
(UGAS) for system (1.1).

It should be noted that the notion of uniform robust global asymptotic stability coincides with the
notion of uniform robust global asymptotic stability presented in Lin et al. (1996). We next provide the
notion of global exponential stability (see also Khalil, 1996).

DEFINITION 2.2 We say that 0 € R" is uniformly robustly globally exponentially stable (URGES)
for (1.1) under hypotheses (H1)-(H3) if there exist constants M > 1,6 > 0 such that the following
inequality holds for all > 0, (xg,d) € R" x Mp:

|x(t, xo; d)| < M exp(—ot)|xol.
The following result is a generalization of the discretization approach for the autonomous case (1.1).

PROPOSITION 2.3 Consider system (1.1) under hypotheses (H1)-(H3) and suppose that there
exist a positive definite and radially unbounded V e C°(®R"; %), a positive definite function ¢ €
CO(%t; ®1), a function @ € Ko and a locally bounded function 7': %"\ {0} — (0, +-00) such that for
each xo € R"\{0},d € Mp, the solution of (1.1) x(z, xo; d) with initial condition x (0, xo; d) = xo
corresponding to d € Mp exists on [0, T (xo)] and satisfies the following inequalities:

V(x(t, x0;d)) < a(V(xo)), Vi e€l0,T(xo)l, 2.1)

min V(x(z, xo; d)) < V(x0) — g(V(x0)). (2.2)
1€[0,T (x0)]
Then 0 € R" is URGAS for (1.1). Moreover, if T(x) = r > 0,a(s) := Ms,q(s) := gs, where
M,r > 0,q € (0, 1), and there exist constants 0 < K| < K» with K1|x|> < V(x) < Ka|x|? for all
x € R", then 0 € R" is robustly globally exponentially stable for (1.1).
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Proof. Let o € KL be the function with the following property.
Property (P): If {V; > 0}7° is a sequence with V; | < V; —¢q(V;), then V; < a(Vp, i) foralli > 0.

The existence of ¢ € K L which satisfies property (P) is guaranteed by Lemma 4.3 in Jiang & Wang
(2002).
Define 7(0) = 1. Let xo € R", d € Mp, arbitrary and define the following sequences:

Xiy1 = x(ti, xi, Pryd), T, =T(x), tiy1=t+t, Vi=V), i=0, (2.32)
with 79 = 0, where P,d € Mp is defined by (P,d)(t) = d(t + 7) fort > 0 and 1; € [0, T;] satisfies

V(x(ti, xi; Prd)) = te%il;] V(x(, xi; Prd)) (2.3b)

for the case x; # 0 and t; = T; = 1 for the case x; = 0. Note that by virtue of the semigroup property,
we obtain that x; = x(z;, xo; d).
Inequality (2.2) and definitions (2.3a) imply that

Vis1 < Vi —q(Vy) 24

for the case x; # 0. For the case x; = 0, by uniqueness of solution of (1.1) we have x;+; = 0 and
consequently inequality (2.4) holds as well in this case. Therefore, property (P) guarantees that

Vi <o(Vy,i) foralli >0, (2.5)

where ¢ € K L is the function involved in property (P).

Inequality (2.1), definitions (2.3a) and the semigroup property guarantee that V (x(t, xo; d)) =
V(x(t — v, xi; Pr,d)) < a(V;) forall t € [7;, 7;41] for the case x; # 0. By uniqueness of solution
of (1.1), it follows that V (x(z, xo; d)) = V(x(t — 7, xi; P;;d)) < a(V;) for all t € [1;, 7i41] for the
case x; = 0 as well. Since {V; > 0} is non-increasing (a consequence of (2.4)), we obtain

V(x(t, x0; d)) < a(V(xg)) forallz e [0,supr;). (2.6)

Next we show that

V(x(t,x0;d)) <a(V(xg)) forallt > 0. 2.7

It should be noted that Robust Lyapunov and Lagrange stability follows directly from inequality (2.7).

For the proof of inequality (2.7), we distinguish two cases:

Case 1. supt; < 4o00. By virtue of inequality (2.5), we obtain that lim V; = 0 and consequently
limy _, (qup ;- V (x (¢, x0; d)) = 0. This implies that lim,_, up+,)- X (¢, Xo; d) = 0, which implies that
x(t, x0; d) = 0 for all + > sup 7;. Therefore, inequality (2.7) is a consequence of (2.6) and the fact that
V(x(t, x0; d)) = 0 for all t > sup ;.

Case 2. sup 1; = +00. In this case, inequality (2.7) is a direct consequence of inequality (2.6).

We next show robust attractivity. Exploiting the fact that V e C(®%"; R™) is a continuous, positive
definite and radially unbounded function, it suffices to show that for every ¢ > 0, R > 0, there exists
f"(s, R) > 0 such that V (x(¢, xo; d)) < ¢ forall t > f"(s, R), xo € R" with [xg] < Randd € Mp.

Lete > 0, R > 0, x9g € R" with |[xg| < R and d € Mp be arbitrary. By virtue of (2.7) and the
semigroup property follows that if V; < a~!(¢) for some i > 0 then we have V (x(z, xo; d)) < & for
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all t > 7;. Define J := min{i > 0: V; <a~'(¢)} and B(R) := max{V (x): |x| < R}. Let N,(R) € Z*
such that ¢ (B(R), N¢(R)) < a~!(¢) and note that inequality (2.5) and the fact that V (xg) < B(R)
implies J < N, (R).

Next suppose that J > 1. Since V; > a_l(s) for all i < J — 1 (a consequence of definition
J:=min{i > 0:V; <a"'(e)}), we get from (2.3a) and the facts that {V; > 0}72 is non-increasing (a
consequence of (2.4)) and V (x9) < B(R):

Tit1 =ri+ti<ri+7}<ri+f(R) foralli < J —1,

where T, (R) := sup{T (x): a~'(¢) < V(x) < a~'(e) + B(R)}. Therefore, 7;1 < iT,(R), forall i <
J — 1, and therefore, inequality J < N, (R) implies 7; < N,(R)T,(R). It follows that V (x(z, xo; d)) <
e forallt > N.(R)T,(R).

The above conclusion holds as well in the case J = 0, namely we have V (x (¢, xo; d)) < ¢ for all
1> N.(R)T,(R).

Thus, for every ¢ > 0, R > 0, there exists T (e, R) = N,(R)T;(R) > Osuch that V (x(z, xo; d)) < &
forall > T(g, R), xo € R" with |xo| < Randd € Mp.

Finally, for the case T(x) = r > 0, a(s) := Ms, q(s) := ¢s and K{|x|> < V(x) < Ka|x|* for
all x € R", where M,r > 0,q € (0,1) and 0 < K; < K», we note that inequality (2.4) implies
Vi < (1 —¢q)'Vp for all i > 0. Therefore, using the inequality V (x(t, xo; d)) < a(V;) for all t €
[7i, 7ix1], in conjunction with definition a(s) = Ms gives V(x(t, x0; d)) < (1 — g)' MV, for all
t € [1;, 7i4+1]. The previous inequality combined with the inequalities K|x|*> < V(x) < K|x|?* for
KI%:VI
by the equation exp(—20) = 1 — ¢. Using the fact that r < 7;41 < (i + 1)r, we obtain the inequality
exp(—oi) < exp(o)exp (—%t), foralli > Oandt € [7j, 7i4+1]. Consequently, by distinguishing again

all x € R" gives |x(t, xo; d)| < exp(—oi) |xo|, for all # € [7;, 7j41], where ¢ > 0 is defined

the cases sup 7; < +00 and sup 7; = 400, we have |x(t, xo; d)| < exp (—%t) exp(o) K[%ZIVI |xo], for all
t > 0, which implies that 0 € R”" is robustly globally exponentially stable for (1.1).
The proof is complete. 0

REMARK 2.4 The reader should note that the converse of Proposition 2.3 holds, i.e. if 0 € R” is
URGAS for (1.1), then for every positive definite and radially unbounded function V e CO(%"; ®T),
there exist a function ¢ € K and a locally bounded function 7: R"\{0} — (0, +00) such that for
each xo € R"\{0}, d € Mp, the solution of (1.1) x(¢, xo; d) with initial condition x(0, xo; d) = xo
corresponding to d € Mp exists on [0, T (xo)] and satisfies the inequalities (2.1) and (2.2). Indeed, if
0 € R" is URGAS for (1.1), then there exists ¢ € K L such that for each xg € R", d € Mp, the solution
of (1.1) x(z, xo; d) with initial condition x (0, xo; d) = x¢ corresponding to d € M satisfies

lx(z, x0; d)| < o (lxol, 1), Vi =0. (2.8)
Without loss of generality, we may assume that for each s > 0 the mapping t — o (s, t) is strictly
decreasing (if not replace o (s, 1) by o (s, 1) + s exp(—t)). Since V e CO(%R"; R*) is positive definite
and radially unbounded, there exist functions aj, ay € Ko such that
ai(Ix]) < V(x) < aa(lx]), Ve R". (2.9)
Combining (2.8) and (2.9), we obtain

V(x(t, x0;d)) < az(o (a; ' (V(x0)), 1)), V1= 0. (2.10)
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Let g € (0,1) and let #(s) > O be the solution of the equation a>(c (al_] (s),1(s))) = (1 — q)s, for
each s > 0. It can be shown by contradiction that the mapping (0, +00)s — #(s) is bounded on every
compact set S C (0, +00). Therefore, by virtue of (2.10), we conclude that inequalities (2.1) and (2.2)
hold with a(s) := ax (o (al_l(s), 0)),g(s) :=gsand T (x) :=1(V(x)) + 1. |

The following proposition is less demanding in terms of the inequalities that guarantee URGAS.
However, in contrast to Proposition 2.3, we have to assume that system (1.1) is forward complete and
that hypothesis (H4) holds. We say that system (1.1) is forward complete if for every xg € R"*,d € Mp
the solution of (1.1) x (¢, xo; d) with initial condition x (0, xo; d) = xo corresponding to d € Mp is
defined for all ¢+ > 0.

PROPOSITION 2.5 Consider system (1.1) under hypotheses (H1), (H2) and (H4) and assume that sys-
tem (1.1) is forward complete. Furthermore, suppose that there exist a positive definite and radially
unbounded V e C%(R"; ®1), a positive definite function ¢ € C®(R*; R+) and a locally bounded func-
tion 7: R" — (0, +00) such that for each xo € R"\{0}, d € Mp, the solution of (1.1) x(z, xo; d) with
initial condition x (0, xo; d) = x¢ corresponding to d € Mp exists on [0, T (x¢)] and satisfies inequality
(2.2). Then 0 € R" is URGAS for (1.1).

The reader should note that an additional difference between Propositions 2.5 and 2.3 is the fact
that Proposition 2.3 demands the function 7: *"\{0} — (0, +00) to be locally bounded, while Proposi-
tion 2.5 demands the function 7: ®" — (0, 4+00) to be locally bounded. Since the value 7'(0) plays no
role, it is clear that the extra assumption required for Proposition 2.5 can be replaced by the condition
limsup,_,o 7' (x) < +o0.

Proof of Proposition 2.5. The key idea of the proof is to show that forward completeness + hypothesis
(H4) + limsup,_,5 T (x) < 4oo imply the existence of a function a € K such that inequality (2.1)
holds as well. Then Proposition 2.3 guarantees that 0 € R" is URGAS for (1.1).

Indeed, since (1.1) is forward complete and since hypothesis (H4) holds, Proposition 5.1 in
Karafyllis (2005) guarantees that system (1.1) is robustly forward complete (see Karafyllis 2005).
Lemma 2.3 in Karafyllis (2005) guarantees the existence of functions ¢ € Koo, u € CO(RY; (0, +00))
such that the following inequality holds for all xo € R",d € Mp andt > 0:

x (2, x05 d)| < p(1)¢ (Ix0l). (2.11)

Without loss of generality, we may assume that x € C%(%i*; (0, +00)) is non-decreasing. Since V e
CO(%R"; RF) is positive definite and radially unbounded, there exist functions aj, a» € Koo such that
inequality (2.9) holds. Combining (2.9) and (2.11), we obtain that for each xg € R"\{0}, d € Mp, the
solution x (¢, xq; d) of (1.1) satisfies the following inequality:

V(x(, x0; d)) < ax(u(T (x0))¢(Ixol)), V1 € [0, T (xo)]. (2.12)

Define p(s) := az(u(supjy < T (x))¢ (s)) forall s > 0. Since 7: R" — (0, +00) is locally bounded, it
follows that p(s) is well defined for all s > 0 and is a non-decreasing function. Moreover, it holds that
limg_;o+ p(s) = p(0) = 0. Define a(s) := s + % Lzs p(&)dE for s > 0 and a(0) := 0. The function a is
of class K and satisfies a(s) > p(s) for all s > 0. Consequently, using (2.12) we obtain that for each
xo € R'\{0}, d € Mp, the solution x (¢, xo; d) of (1.1) satisfies the following inequality:

V(x(t, x0;d)) < allxol), Vi el0,T(xo)l (2.13)
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Using (2.9) and (2.13), it follows that inequality (2.1) holds with a(s) := a(a; 1(s)). The proof is
complete. 0

3. Main results
Next, the main result of the present work is stated.

THEOREM 3.1 Consider system (1.1) under hypotheses (H1), (H2) and (H4) and suppose that there
exist a positive definite and radially unbounded function V e C'(%"; %*), a family of functions W; €
CH®R"; R) with W;(0) = 0,b; € CORT;RY) (. = 0,...,k),p,c1,¢2,8,7 € Koo, with p(s) >
c1(s) = ca(s) forall s > 0,4 € K with A(s) < s for all s > 0, a locally bounded function r: R —
(0, +00) and a C! function x: R — R with 1 (0) = 0 for which the function x (s) := c1(s) + u(s) is
non-decreasing such that the following inequalities hold:

max VVx)f(d,x) < —p(V(x))+ Wo(x), forallx e R", 3.1)

finag VW;(x)f(d,x) < Wir1(x), foralli =0,...,k—1andforall x € R"
€
with Wo(x) = c2(V(x)), (3.2)

Wi(x) < b;j(V(x)), foralli =0,...,kand forall x € R" with Wy(x) > c2(V (x)), 3.3)
max VWi(x)f(d, x) < —g(V(x)), forallx € R" with Wy(x) > c2(V (x)), (3.4)
€

max V Wo(x)f(d, ) + max # (VE)VV () f(d,x) <0

for all x € R" with ¢1(V (x)) = Wo(x) > c2(V (x)), (3.5)

c1(A(s)) + u(A(s)) > ca(y (s)) + u(y (s)), foralls > 0, (3.6)
Pkl ki

e2(2(5)) + g(A(5)) = i . (1))! > é; Vl_(!s)b,- (s), foralls >0, 3.7)

ki k41
y (s) > max {s p l(rergai(s) |:Z 1 —b;i(s) — g(A(s)) @ ++1)':|)} ,forall s > 0, (3.8)

=0

7 (5) dr
limsup/ —— < +00. 3.9)
50t Jas) pT) —ci(r)

Then 0 € R" is URGAS for (1.1).

REMARK 3.2 A sufficient condition for the existence of a locally bounded function r: Rt — (0, +00)

that satisfies (3.7) is the set of inequalities lim sup_, o+ g%(% < +oo,fori =1,..., k, and limsup,_,,+

%ﬁ < +00. More specifically, if the previous set of inequalities holds, then the map defined by
N (2057 L

r(s) == 1+ max {((k +1)! (k+1)(b§8)(x)c)2(i(é))))k+1 , Max;—p,._. (g%,ll%éu))ﬂ)k“ 7} for s > 0 and

r(0) := 1 is a locally bounded function r: R — (0, +00) that satisfies (3.7).
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REMARK 3.3 A sufficient condition for (3.9) is the existence of a constant K € (0, 1) such that

p(s) >ci(s)+ Ks and y(s) < K~ 'A(s), fors > O sufficiently small.

7 (s)

T ) fors > 0

However, the above condition is not necessary (e.g. if p(s) > c1(s) + Ks? and A(s) >
sufficiently small, then (3.9) holds).

The proof of Theorem 3.1 is heavily based on the following lemma. Its proof can be found in the
Appendix.

LEMMA 3.4 Consider system (1.1) under hypotheses (H1), (H2) and (H4) and suppose that there exist
a positive definite and radially unbounded function V e C!(®"; %*), a family of functions W; €
Cl(R"; R) with W;(0) = 0,b; € CORT; RN = 0,...,k),p,c1,¢2,8,7 € Koo, with p(s) >
c1(s) = ca(s) forall s > 0,1 € K with A(s) < s for all s > 0, a locally bounded function r: R+ —
(0, +00) and a C! function u: R — R with (0) = 0 for which the function x(s) := ¢ (s) + u(s) is
non-decreasing such that inequalities (3.1-3.8) hold. Then system (1.1) is forward complete.

We are now ready to provide the proof of Theorem 3.1.

Proof of Theorem 3.1. By virtue of Proposition 2.5 and Lemma 3.4, it suffices to show that inequalities
(2.1) and (2.2) hold for each xg € R"\{0}, d € Mp, for the function V € C'(R"; ®t) with

T(x):= p(V(x)), (3.10)
7 (5) dr
p(s) :=r(s) +/ ———, fors > 0Oand p(0) :=1, (3.11)
is) p(r) —ci(r)
q(s) :=s — A(s). (3.12)

The reader should note that condition (3.9) and the fact that r: R — (0, +-00) is a locally bounded
function guarantee that the function p: X — (0, +00) as defined by (3.11) is locally bounded.

Let xo € R"\{0}, d € Mp (arbitrary). We next show by contradiction that there exists r € [0, T (xg)]
such that V(x(t, xo; d)) < A(V(xp)). Then definition (3.12) automatically guarantees that inequality
(2.2) holds.

Assume next that V (x (¢, xo; d)) > A(V(xp)) forall ¢ € [0, T (xo)]. We show that this cannot happen.

We first start by stating the following fact. Its proof can be found in the Appendix.

FACT I: There exists ¢ € [0, r(V (xp))] with Wo(x(t, xo; d)) < c2(V (x(t, x0; d)))-

Define

t1 :=inf{t € [0, r(V(x0))]: Wo(x(t, x0; d)) < c2(V (x(t, x0; d)))}. (3.13)

We next continue with the following fact. Its proof can be found in the Appendix.
FACT II: The following inequality holds:

V(x (11, x0; d)) < 7 (V(x0)). (3.14)

We next distinguish the following cases:

Case 1. Wo(x(t, x0; d)) < c1(V(x(t, x0; d))) forall t € [t1, T (x0)].

Define c(s) := p(s) — ci1(s), which is a positive definite, continuous function. In this case,
inequality (3.1) implies that V (r) < —c(V (7)), for t € [t1, T (x0)], a.e., where V (¢) := V (x(z, xo; d)).
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Consequently, we obtain || \Y ((ZIT)(XO)) % = tlT(XO) %dt < —(T (x0) — t1). Combining the previous

inequality with the fact that ; € [0, r(V (xo))] and definition (3.11), we get |, ‘Y ((;l(lo)) C‘z—‘;)> f(i,v(if)gg) c‘é—;)

Since (3.14) holds, the previous inequality gives V(7T (xg)) < 4(V (xp)), a contradiction.

Case 2. There exists ¢t € [t1, T (xo)] with Wo(x (¢, xo; d)) > c1(V(x(¢, x0; d))).

In this case, continuity of mappings t — Wy(x(¢, xo; d)), t = V(x(¢, xo; d)) guarantees the exis-
tence of times 1, < f3 with 1] < #p < t3 < T'(x0) and such that

Wo(x(t, x0; d)) < c1(V(x(t, x0; d))), forallt e [1,13], (3.15)
Wo(x (22, x0; d)) = c2(V (x (22, x0; d))),  Wo(x(13, x0; d)) = c1(V (x(23, x0; d))), (3.16)
Wo(x(t, x0; d)) = c2(V(x(t, x9; d))), forallz € [r, 13]. (3.17)

Inequality (3.15) in conjunction with inequality (3.1) guarantees that

t

V() < Vi) — / (P(V(@)) = er(V(e))dr, foralls e [1a, 3], (3.18)
[5)

V() < V), forallsen,n]. (3.19)

Inequalities (3.15), (3.17) and (3.5) imply that

Wo(t3) + u(V(t3)) < Wo(r2) + u(V(t2)). (3.20)
It follows from (3.16) and (3.20) that
c1(V(13)) + u(V(13)) < ca(V(12)) + p(V(12)). (3.21)

If V(t3) < A(y “1(V(12))), then using (3.14) and (3.19), we obtain V (13) < A(V (x0)), a contradiction.
Thus, we are left with the case V (t3) > A(y ~!(V(12))). In this case, inequality (3.21) and the fact
that the function x (s) := c¢1(s) + «(s) is non-decreasing give

a7 V@E)))) + u(h "NV (1) < (V) + u(V ().

The above inequality contradicts inequality (3.6) for s = y ~1(V (1)).
The proof is complete. 0

COROLLARY 3.5 Consider system (1.1) under hypotheses (H1), (H2) and (H4) and suppose that there
exist a positive definite and radially unbounded function V e C'(®%"; ®™), a locally Lipschitz function
¢: K" — (0, 4+00), a family of functions W; € C'(R"; R) with W;(0) = 0,b; € CORT; RN =
0,....k),p,c1,¢c2,8,7 € Koo, with p(s) > c1(s) = ca(s) forall s > 0,4 € K with A(s) < s for all
s > 0, a locally bounded function r: %t — (0, +00) and a C! function x: Rt — R with x(0) = 0
for which the function x(s) := c{(s) + u(s) is non-decreasing such that inequalities (3.3), (3.5), (3.6),
(3.7), (3.8) and (3.9) hold as well as the following inequalities:

glag VV(x)fd,x) < —p@)p(V(x)) + ¢(x)Wo(x), forallx e R”", (3.22)
max VW;(x) f(d, x) < ¢ () Wit1 (x),

foralli =0,...,k — 1andforall x € R" with Wy(x) > c2(V (x)), (3.23)
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glag VWi(x)f(d,x) < —p(x)g(V(x)), forall x € R" with Wy(x) > c2(V (x)). (3.24)
(S
Then 0 € R" is URGAS for (1.1).

Proof. Simply consider the dynamical system

i = g f(d ),
xeR", deD.

(3.25)

Since ¢: K" — (0, +00) is locally Lipschitz, it follows that system (3.25) satisfies hypotheses (H1),
(H2) and (H4). Moreover, all requirements of Theorem 3.1 are fulfilled and consequently 0 € R” is
URGAS for (3.25). Classical Lyapunov theory implies that 0 € R" is URGAS for (1.1). The proof is
complete. ]

REMARK 3.6 Here it should be noticed that Lyapunov’s direct method is a special case of Corollary 3.5.
Indeed, if there exists a positive definite continuous function g: R" — R such that maxgep VV (x)
f(d,x) < —g(x) forall x € R", then one can construct a locally Lipschitz function ¢: ®" — (0, +00)
and a function p € Ko such that maxgep VV (x) f(d, x) < —¢(x)p(V(x)) for all x € R". Con-
sequently, inequality (3.22) holds with Wy(x) = 0. Therefore, all requirements of Corollary 3.5 are
satisfied with k = 0. The reader should note that since k = 0, inequalities (3.23) do not apply and since
Wo(x) = 0, the set of all x € R” with Wy(x) > c2(V (x)) is reduced to the singleton {0} for every
c2 € K. Hence, inequality (3.24) holds with arbitrary g € K. Moreover, inequality (3.3) holds with
bo(s) = 0, inequality (3.5) holds with u(s) = 0 and inequalities (3.6), (3.7), (3.8) and (3.9) hold with
r@s) =1,y() :=s,c1(s) := %p(s), c(s) == %p(%) and arbitrary 4 € K with A(s) < s forall s > 0,
which satisfies A(s) > max {§, s — %p(%)} for s > O sufficiently small.

The following theorem provides stability criteria under minimal regularity requirements for system
(1.1). Here we do not assume the local Lipschitz assumption (H4).

THEOREM 3.7 Consider system (1.1) under hypotheses (H1), (H2) and (H3) and suppose that there
exist a positive definite and radially unbounded function V e C!'(%"; %), a family of functions W;
Cl(%R"; R) with W;(0) = 0, constants b; > 0 (i =0, ..., k) withby > p, p,c1,c2, 8, 7,7 > 0, with
p>cr=c>0,4€(0,1)and 4 > —cy such that the following inequalities hold:

r;lag VV(x)fld,x) < —pV(x) + Wy(x), forallx e R", (3.26)
€

max VW;(x) f(d, x) < Wiq1(x),
deD

foralli =0,...,k — 1and forall x € R" with Wy(x) > 2V (x), (3.27)
W;(x) < b;V(x), foralli=0,...,kandforall x € R" with Wy(x) > 2V (x), (3.28)
Einag)( VWi (x)f(d,x) < —gV(x), forallx e R" with Wy(x) > 2V (x), (3.29)

€

max VWy(x) f(d, x) + max uVV (x)f(d,x) <0,
deD deD

for all x € R" with ¢V (x) > Wy(x) = 2V (x), (3.30)
(c1 + A > (c2+ )y, (3.3
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et ki
P Z_b' 3.32
1 k i ‘L'k+1
- . : 1 LN LA i 3.33
y = min 1 exp((bo — p)r) rre%l,)i]p ; niTs (k + 1)! 439

Then 0 € R" is URGAS for (1.1). Moreover, if there exist constants 0 < K| < Kj with K |x|2 <
V(x) < K»|x|? for all x € R", then 0 € R” is robustly globally exponentially stable for (1.1).

Proof. Let xo € R"\{0} and d € Mp (arbitrary). Inequalities (3.26), (3.28) (for i = 0) and the fact
bo = p imply that

V(x(t, xo; d)) <exp((bg — p)t)V(xp), forallt>O0. (3.34)

Indeed, inequality (3.26) implies maxzep VV (x) f(d, x) < 0, when Wy(x) < ¢V (x). Moreover,
inequalities (3.26) and (3.28) (for i = 0) imply that maxzep VV (x) f(d, x) < (bg — p)V (x), when
Wo(x) > ¢V (x). Since by > p, we conclude that maxgep VV (x) f(d, x) < (bg — p)V (x) for all
x € R". Inequality (3.34) follows directly from the previous differential inequality.

The proof is exactly the same with the proof of Theorem 3.1 with p(s) := ps, c1(s) := cys,
ca(s) :=cps, g(s) :==gs, y(s) :==ys, A(s) := As, r(s) = r, u(s) := wus, with two major differences.

1. Instead of working with Proposition 2.5, we are working with Proposition 2.3. Indeed, inequality
(3.34) guarantees that inequality (2.1) holds with a(s) := sexp((bo — p)T), where T := r +
In(y)—In(4)

(p—c1)

2. Inequality (3.14) is obtained by a combined use of the proof of Fact II in the Appendix and

inequality (3.34).

Details are left to the reader. U

COROLLARY 3.8 Consider system (1.1) under hypotheses (H1), (H2) and (H3) and suppose that there
exist a positive definite and radially unbounded function V e C'(®%"; ®T), a locally Lipschitz function
¢: R" — (0, +00), a family of functions W; € C'(%"; R) with W;(0) = 0, constants b; > 0(i =
0,...,k)withbg = p,p,c1,c2,8,7,r >0, withp > ¢y =2 ¢, > 0,1 € (0,1)and 4 > —c; such that
inequalities (3.28), (3.30), (3.31), (3.32) and (3.33) as well as the following inequalities hold:

1}135( VV(x)f(d,x) < —ppx)V(x) + p(x)Wp(x), forallx e R", (3.35)
€
max VW, () (d, ) < ¢ () Wi (1),

foralli =0,...,k — 1 and for all x € R" with Wy(x) = 2V (x), (3.36)

r;lag VWi(x)f(d,x) < —gp(x)V(x), forall x € R" with Wy(x) = 2V (x). (3.37)

Then 0 € K" is URGAS for (1.1). Moreover, if there exist constants 0 < K| < K, with K;|x|> <
V(x) < Ka|x|?and ¢(x) > K, for all x € R”, then 0 € R” is robustly globally exponentially stable
for (1.1).
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Proof. Again the proof of Corollary 3.8 is made with the help of Theorem 3.7 and system (3.25).
Exponential stability follows directly from the fact that for every (,xo,d) € RT x R" x Mp, the
unique solution x (¢, xo; d) of (1.1) is related to the unique solution y(z) of (3.25) with initial condition
y(0) = x¢ corresponding to the same d € Mp by the equation x(z, xo; d) = y(fot ¢ (x(z, x0; d))dz). O

Since the estimation of the function y € K is crucial for the verification of inequalities (3.6), (3.8)
and (3.9) of Theorem 3.1 and Corollary 3.5, less conservative estimates of the solution of system (1.1)
can be useful. The following theorem uses an additional differential inequality, which can be used to
replace inequality (3.8) by a less demanding inequality.

COROLLARY 3.9 Consider system (1.1) under hypotheses (H1), (H2) and (H4) and suppose that there
exist a positive definite and radially unbounded function V e C'(%"; %), a locally Lipschitz function
¢ R" = (0, 4+00), a family of functions W; € CH(R"; R) with W;(0) = 0,b; € CORT; R =
0,...,k),p,c1,¢2,8 € Koo, With p(s) > c1(s) = cp(s) foralls > 0,1 € K with A(s) < s for all
s > 0, a locally bounded function r: ®* — (0, 400) and a C! function u: Rt — R with x(0) = 0 for
which the function x (s) := ¢1(s) + u(s) is non-decreasing such that inequalities (3.22), (3.23), (3.24),
(3.3) and (3.7) hold. Moreover, suppose that there exist functions g, y € K such that inequalities (3.6)
and (3.9) hold as well as the following inequalities:

max VWi (x) f(d, x) < =¢(x)g(V(x)),

for all x € R" with Wo(x) > c2(V(x)) and nllaxk Wi(x) >0 (3.38)
i=l,...,
] Zk: i okl
y(s) > min s, p~ max —Wix) — g(A(s)———— , foralls > 0. (3.39)
t e[0,r(9)], L=y i (k+ 1)!
Vix)=s

Then 0 € R" is URGAS for (1.1).

The reader should note that in general the function g € K involved in (3.38) will be greater than
the function g € K involved in (3.24). Therefore, (3.39) is a less demanding inequality than (3.8).
Proof. 1t suffices to show that the result holds for the special case ¢ (x) = 1. Then a similar argument
to the one used in the proof of Corollary 3.5 can show the validity of the result to the general case.
Therefore, we assume that inequalities (3.1), (3.2), (3.4) and (3.38) with ¢ (x) = 1 hold.

The reader should note that inequality (3.8) in the proofs of Theorem 3.1 and Lemma 3.4 is used
only for the derivation of inequality V (¢1) < y (V (tp)), where #y < t; are times with

t — 1o <r(Vit)), (3.40)
Wo(x(t, x0; d)) = c2(V(x(¢, x05 d))), forallt € [, 1], (3.41)
V(t) > A(V(ty)), forallt e [t,11]. (3.42)

Particularly, for Theorem 3.1 we have fy = 0. Using inequalities (3.2), (3.4), (3.41) and (3.42), we obtain
that inequalities (A8) and (A9) hold for ¢ € [#g, 1] a.e. Moreover, inequalities (A8) and (A9) show that
if there exists T' € [fg, t1] such that max;—;___x W;(T) < 0, then we have max;—i . W;(t) < 0 and
Wo(t) < Wo(T) forallt € [T, 1].

..........
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We next distinguish the following cases.

Case 1. max;=1, x Wi(t) > Oforallt € [y, t1]. In this case, inequality (3.38) implies that inequal-
ities (A9) and (A10) hold with g € K replaced by g € Ko, for all ¢ € [19, t1] (inequality (A9) holds
fort € [19, 1] a.e.). Consequently, by virtue of (3.40), we get

k k+1
max Wo(x(t,xo;d) < max [Z Wito) = §(V () H),} (3.43)

Case 2. There exists T € (to, t1] such that max;—1,__x W;(T) < 0. In this case, we must have
,,,,, ¥ Wi(t) = Oforallt € [tg, T]. Therefore, inequality (3.38) implies that inequalities (A9) and
(AlO) hold with g € K replaced by ¢ € K for all ¢t € [ty, T] (inequality (A9) holds for ¢ € [y, T]
a.e.). Moreover, since Wo(t) < Wo(T) for all 1 € [T, 1], it follows that max;efs,,,] Wo(x (¢, x0; d)) =
max;e[z, 71 Wo(x (¢, x0; d)). We conclude that (3.43) holds in this case as well.

Case 3. max;—1, x W;(to) < 0. In this case, we have Wy(t) < Wy(to) for all 1 € [tp, 1] and we
conclude that inequality (3.43) holds in this case as well.
By virtue of (3.1) and (3.43), we obtain for ¢ € [1y, #1] a.e.

k k+1
V() < — V() + _ max — W (t MV (1 3.44
O <—p(VE)+ _ max. m[z (1) = 2(A( <o>)>(k+1),} (3:44)
Differential inequality (3.44) directly implies that
ki k+1
V(r) < max{V (1), p~" max Z T—Wi(to) - g'(/l(V(to)))T— , forallt e [tg, t1].
rel0r (V)] | = 1! (k+ 1)!

The above inequality in conjunction with inequality (3.39) implies that inequality V (1) < y (V (¢o))

holds. It should be noted that inequality V(¢;) < y (V(fp)) holds as well for the case t; = f( (since

(3.39) implies that V (f9) < y (V (t9))). The proof is complete. O
Similarly with Corollary 3.9, we obtain the following result.

COROLLARY 3.10 Consider system (1.1) under hypotheses (H1), (H2) and (H3) and suppose that there
exist a positive definite and radially unbounded function V e C'(®%"; ®™), a locally Lipschitz function
¢: R" = (0, +00), a family of functions W; € C!(R"; R) with W;(0) = 0, constants b; > 0 (i =

., k) with bg > p,p,c1,c2,8,7r > 0, withp > ¢; > ¢ > 0,1 € (0,1) and ¢ > —cy such
that inequalities (3.35), (3.36), (3.37), (3.28), (3.30) and (3.32) hold. Moreover, suppose that there exist
constants g, y > 0 such that inequality (3.31) holds as well as the following inequalities:

max VW (x)f(d, x) < =8¢ (x)V (x),

for all x € R" with Wy(x) > 2V (x) and nllax W;(x) > (3.45)
k i k+1
1 LW
y = min 4 exp((bg — p)r), sup — T— i) — gif— . (3.46)
7€[0,r],xeRn P i—o il Vix) (k + 1)!

Then 0 € R” is URGAS for (1.1). Moreover, if there exist constants 0 < K| < K, with K |)c|2 <
V(x) < Ka|x|*> and ¢(x) > K for all x € R”", then 0 € R” is robustly globally exponentially stable
for (1.1).

Finally, we end this section with a remark on the disturbance-free case.
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REMARK 3.11 Consider the disturbance-free smooth dynamical system:
x=fx), xeR", (3.47)

where f(0) = 0 and suppose that there exists a positive definite and radially unbounded function
V:R* — R, constants ay,...,ar = 0, p > ¢ > ¢ > 0 a non-negative integer k and a function
g € K such that

k
L?C”)V(x) +(p+ al)L(;H)V(x) +D (aicilp—c) + ai)LgﬁLz_l)V(X) +ar(p —e2)LyV(x)
i=2
—g(V(x)) forall x € R with LV (x) + (p — c2)V(x) > 0, (3.48)

where L ¢V (x) denotes the Lie derivative of V (x) along the vector field f (x) and Lt )V(x) Ly L(' b
V(x) with i > 2 denotes the repeated Lie derivative of V (x) along the vector field f (x). Then mequal—
ities (3.1), (3.2) and (3.4) hold with p(s) := ps, c2(s) := cas and

Wolx) :=LyV(x)+pV(x), (3.49)
W) == LYVE) + (0 +anL V@) +ai(p — )V (@), (3.50)

Wix) = LYV @) + (o +aL PV ()

1
+ > @j-1p =) +apLiTTIVE) fai(p —e)V(x), i=2...k (351
j=2
Inequality (3.48) for £ = 2 can be compared with the main result in Butz (1969): in Butz (1969), the

inequality is assumed to hold everywhere, which directly leads to the existence of a positive definite
function with a negative definite derivative (see Ahmadi, 2008).

4. Examples

This section is devoted to the presentation of two illustrative examples. Both examples can be handled
easily by classical Lyapunov analysis (i.e. it is easy to find a continuously differentiable, positive definite
and radially unbounded function with negative definite derivative). However, here the issue is to show
how we can prove robust global asymptotic (or exponential) stability by using a positive definite function
with non sign-definite derivative. In both examples, the simplest continuously differentiable, positive
definite function V(x) = |x|* is used; this function fails to satisfy the requirements of Lyapunov’s
direct method.

EXAMPLE 4.1 Consider the planar system
X1 = —xi,

X = dp(x1) — x2, 4.1)
x = (x1,x) € R%,d € [—p, pl,

where p > 0 is a constant parameter, f: ® — R is a locally Lipschitz mapping with £(0) = 0 and the
Lyapunov function

V(x) =xj +x3. (4.2)
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The reader should note that the derivative of the Lyapunov function defined by (4.2) is not necessarily
sign definite and classical Lyapunov analysis does not help. Of course, there are Lyapunov functions

2
that can be used directly for classical Lyapunov analysis (e g Vx)= x% + x% +p? f o AW) (y ) dy) Here,

for illustration purposes, we apply the result of Theorem 3.1 and we show that for every p >0,0 e R?
is URGAS for system (4.1).
We have

V(x) = =2V(x) +2dB(x))x < =V (x) + p?f2(x1), VxeRe (4.3)

Let f: ® — % be an odd C! mapping such that its restriction on R+ is a convex K function and
satisfies |f(x1)| < A(|x1]) forall x; € R. Inequality (4.3) shows that inequality (3.1) holds with p(s) :=
s and Wo(x) := p?f2(x1).

Let 0 < ¢; < 1 and define ¢ (s) := cs. Moreover, note that since §: ® — R is a locally Lipschitz
function with £(0) = 0, there exists by € Koo N C'(RT; RF) such that inequality (3.3) for i = 0 holds
for all x € RZ. Without loss of generality, we may assume that by(s) > s for all s > 0. Furthermore,
since f: ® — R is a C! mapping, we have

Wo(x) = =2p*Bx)f (x1)x1, Vx e K2 (4.4)

If x1 = 0, then since the restriction of ﬁ: R — R on RT is a convex Ko function, we get ﬁ(xl) <
S’ (x1)x1. Therefore, (4.4) implies for all x; > 0:

Wo(x) < —2Wp(x). 4.5)

Since f: % — %R is an odd mapping, we have [’ (x1) = f(—x) for all x; < 0. Therefore, if x; < 0, by
virtue of convexity we get —f(x1) < —B’(x1)x1. Thus, (4.5) holds for x; < 0 as well.

Inequality (4.5) shows that inequalities (3.4) and (3.5) hold with k = 0, u(s) = 0 and g(s) :=
2co(s), where ¢y € K is an arbitrary function (yet to be selected) that satisfies c3(s) < c1s for all
s = 0. Consequently, since k = 0, inequality (3.2) does not apply in this case. Furthermore, since
k = 0, it follows that inequality (3.8) holds with y (s) := bg(s) for every locally bounded mapping
i RT — (0, +00).

Deﬁne A(s) := As, where 1 € (O 1). Inequallty (3.9) holds since lim sup,_, o+ f;(s) /W <
< Rsforalls > 0

1—C1
sufﬁciently small (there exists such a constant since by € Koo N CH(RT; RT)).
Finally, note that inequality (3.6) holds with c2(s) := ¢ /lzbg ! (s). Note that since bo(s) > s for all
> 0, we indeed obtain that ¢»(s) < A%¢; (s) < c¢1(s) for all s > 0. Moreover, since by(s) < Rs for all
s > 0 sufficiently small, we obtain s S 20 (s) for all s > O sufficiently small.
Thus, we are left with inequality (3.7). By virtue of Remark 3.2 and since bo(s) < Rs < R—236‘2 (As)
L‘])»
for all s > O sufficiently small, we get limsup,_, + % < +o00. Consequently, the locally
bounded mapping defined by r(s) := % + zc}z"és()s)) for s > 0 and r(0) := 1 satisfies inequality (3.7).

Therefore, all requirements of Theorem 3.1 hold. We conclude that for every p > 0,0 € R is
URGAS for system (4.1).

If we further assume that |5 (x;)| < K|x;|, where K > 0, then the reader can verify that all require-
ments of Theorem 3.7 hold. Particularly, all the above hold with bo(s) := (1 + K?)s. Indeed, in this case
we may conclude that for every p > 0, 0 € R? is URGES for system (4.1). U
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EXAMPLE 4.2 Consider the linear uncertain system
X1 = x2,
X = —(1+d)x; —2x2, (4.6)
x=(x1,1) € R*.d e D=0, p],
where p > 0 1is a constant parameter. Our goal is to determine the maximum allowable value of p > 0
for which 0 € %2 is robustly globally exponentially stable. To this purpose, we will use the Lyapunov
function defined by (4.2) and Corollary 3.10 with ¢(x) = 1. It should be noted that the derivative of V

is not negative definite (it is only negative semi-definite only for the case d = 0). Indeed, we have by
completing the squares

max VV(x)f(d,x) = max( 2dx1xp — 4x2) p x1 — 3x2 =-3Vx)+GB+p )xl, 4.7)

where f(d,x) := (x2, —(1 + d)x; — 2x;)’. Inequality (4.7) shows that inequality (3.26) holds with
p:=3and Wy(x) := 3+ pz)xlz. We also have

max VWo(x) f(d, x) =2(3 + p2)x1x2. (4.8)

Equation (4.8) shows that inequality (3.27) for i = 0 holds for arbitrary ¢, > 0 with Wi(x) :=
2(3 + p?)x1x7. In addition, we get

max VWix)f(d,x)=2@B+p )max(x2 -1+ d)xl —2x1x0) <23+ p )(x2 - xl — 2x1x2).

(4.9)
Inequality (4.9) shows that inequality (3.29) for k = 1 holds for arbitrary ¢, > 0 provided that
34 p?
—— <0 (4.10)
4-2V2

In order to determine the constant g > 0 that satisfies (3.45) with ¢(x) = 1, we note that inequality
(4.9) in conjunction with the constraint Wi (x) > 0 and (4.10) give

2y — 2 3 2

Y gy 2R T2l oyt @l

g =203 HYmin { ————:0<
g =23+ p*)min 12 -

The reader should note that inequalities (3.28) hold with by = b; = 3 + p%. Moreover, inequality (3.32)

holds with r = 1 + 2,/ 3?—52 max {1, 2 %} (see Remark 3.2) for every A € (0, 1).
We next determine constants ¢ > 0 and ¢ € [c¢2, 3) so that inequality (3.30) holds. We have

max VWo(x) f (d, x) + umax V'V (x) f (d, x) < 23 + pHx1xy + upx? = 3ux3. (4.12)

[S] S

The right-hand side of inequality (4.12) is non-positive for all x € R with ¢,V (x) < Wo(x) < 1V (x),
2

where 43_+21j/§ < 2 < c¢1 < 3, provided that the following inequality holds:

2 3 2 _
P Ve @B+p Cl). @.13)
3—¢;
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Thus, we are left with the verification of inequalities (3.31) and (3.46). By virtue of (4.11) and previous
definitions, the following inequalities hold for every 4 € (0, 1),

k i 2
1 i Wix) .. 7kl 2| x 2X1x2
sup  — E m Vl - g PR < sup P v L+ i) At?
r€[0,r],xeR? P it V(x) (k+ 1! 7€[0,r],xeR? (x) (x)

i=0
2 2.2
< sup 3+ p 2 xlzxz
o 3 | V) a2
3+p? o
= su 14+ 2 —
3 [( Ve T VI
< L+ 12
27 A+1)

Consequently, inequality (3.46) will hold with y := %(i + 1)2. On the other hand, previous defini-

tions imply that inequality (3.31) holds provided that the maximum allowable value of p > 0 satisfies
the following inequality:

3(c1 —2)(3 —c1) 2

>p
(3 —c1)+ 213+ p?—cy)

< ¢p < c¢1 < 3. Numerical calculations show that the maximum value of

(4.14)

34+p?
4-22

p = 01is greater than %\@ ~ (0.236643; inequalities (4.10) and (4.14) hold with p = %\/g, cr = 2.6094
and c; = 2.8594.
It should be noted that the result is very conservative. Indeed, by following classical Lyapunov

analysis, the reader can verify that much higher values for p > 0 than %\/g ~ 0.236643 can be

for certain constants

allowed. For example, the quadratic Lyapunov function V (x) = %x% + %(xz +ox1)? withe =1+ ‘/TE
has negative definite derivative for p < 1. However, here we have used a completely inappropriate
Lyapunov function, which has positive derivative in certain regions of the state space. The example
simply shows that stability analysis is possible even with completely inappropriate Lyapunov functions.

5. Concluding remarks

Novel criteria for global asymptotic stability are presented. The results (Theorem 3.1, Corollary 3.5,
Theorem 3.7 and Corollaries 3.8, 3.9 and 3.10) are developed for the autonomous uncertain case and
are obtained by a combination of

e suitable generalizations of the discretization approach (Propositions 2.3 and 2.5), which are nec-
essary and sufficient conditions for URGAS,

e the idea contained in the proof of the original Matrosov’s result concerning the division of the
state space into two regions: the good region, where the derivative of the Lyapunov function has
a negative upper bound, and the bad region, where the derivative of the Lyapunov function can be
positive.

The results can be used for the proof of global asymptotic stability by using continuously differentiable,
positive definite functions which do not have a negative semi-definite derivative. Illustrating examples
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are provided, which show how we can use very simple positive definite functions (e.g. V(x) = |x|?),
which do not have a sign-definite derivative.

Future work can address the issue of the extension of the obtained results to the local case or the
time-varying case.
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Appendix A

Proof of FACT I in the proof of Theorem 3.1. Suppose on the contrary that Wy (x (¢, xo; d)) = c2(V (x (¢,
x0;d))) for all t € [0, r(V(xp))]. Using inequalities (3.2), (3.4) and the fact that V (x(¢, xo; d)) >
A(V (x0)) for all t € [0, r(V (x0))], we obtain for ¢ € [0, r(V (xg))] a.e.

Wi(t) < Wip1(1), fori=0,...,k—1, (A.1)
Wi (1) < —g(A(V (x0))), (A.2)

where W; (1) := W;(x(t,x9;d)) (i =0,...,k). Inequalities (A.1) and (A.2) imply that the following
inequality holds for all ¢ € [0, r(V (x0))]

ki k+1
t t

Wo(t Wi AV A3
0(0) < ZO i0x0) = g AV (0 G- (A3)
Our assumption that Wy (x (¢, xo; d)) = c2(V (x(t, xo; d))) for all t € [0, r(V (x9))] in conjunction with

the fact that V (x(z, xo; d)) > A(V(xg)) for all ¢ € [0, r(V (x0))] and inequality (A.3) give

ki (k1
e2(2(V (x0))) < go Wi(xo) = g AV o)) gy forallr € 10.r(VGoDl (A
Inequality (A.4) (for t = r(V(xg))) in conjunction with inequalities (3.3) (which give W;(xg) <
bi(V(xp)) fori =0,...,k) implies that the following inequality must hold:

Z r (V(XO)) rH(V (x0))

c2(4(V(x0))) < 2 bi(V(x0)) — g(A(V (x 0)))(k+—1)!’

which contradicts inequality (3.7) with s = V (xg). The proof is complete. O
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Proof of FACT Il in the proof of Theorem 3.1. Suppose first that #; > 0. By virtue of definition (3.13),
it follows that Wy (x (¢, xo; d)) = c2(V (x(¢, x0; d))) for all ¢t € [0, #1]. Using inequalities (3.2), (3.4) and
the fact that V (x (¢, xo; d)) > A(V(xp)) for all t € [0, r(V (x0))], it follows that inequalities (A.1) and
(A.2) hold for # € [0, #1] a.e. Consequently, inequality (A.3) holds for all ¢ € [0, #1]. Using inequality
(3.3) (which give W;(xg) < b (V(xp)) fori =0, ..., k), we get from (A.3)

ki k+l

Wo(r) < Zf BilV (20) = £V o)) Gy (A5)

i=

Inequality (A.5) and the fact that ¢; € [0, r(V (xp))] imply that

ko k+1
t t
nax, Wo(x(t, xo; d)) < S o™ [,Z; ﬁbi(V(xo)) — g(4(V(x0))) 7 1)!]. (A.6)

By virtue of (3.1) and (A.6), we obtain for ¢ € [0, 1] a.e.

‘ s
VO < —p(V@)+ _ max Om[z O e H),} (A7)

where V(1) := V (x(t, xo; d)). Differential inequality (A.7) directly implies that
V() < max’V(XO),p_l(TE[OI?(%XO)) [Z ,yb (V(xo0)) — g(l(V(XO)))(kH).])], forallz € [0, 11].
The above inequality in conjunction with inequality (3.8) implies that inequality (3.14) holds. It
should be noted that inequality (3.14) holds as well for the case 1 = 0 (since (3.8) implies that V (x¢) <
y (V(xp))). The proof is complete. 0
Proof of Lemma 3.4. We will prove that system (1.1) is forward complete by contradiction. Suppose
that there exists xg € R"\{0}, d € Mp, the solution x(¢, xo; d) of (1.1) is defined on [0, fax), Where
I'max € (0, +00), and cannot be further continued. Standard results on the continuation of the solutions
of ordinary differential equations imply that lim,_, - 'V (r) = 400, where V(¢) := V(x(z, x0; d)).
We next prove the following claims.

Claim 1: There exists g € [0, fmax) such that V() > 1(V (¢p)), for all ¢ € [t, tmax)-

Proof of Claim 1. If Claim 1 were not true, then for every #; € [0, fmax), there would exist ;4] €
(t;, tmax) With V(#;+1) < A(V(#;)). Consequently, we can construct an increasing sequence {¢; }°°O with
V(tig1) < A(V()) and V() < 2DV (1)), where AD(s) := (Lodo...0A)(s) fori > 1 and

i times
2O (s) := s. A standard contradiction argument shows that t; — T := supt; < fmax and V(#;) — 0.

If T = tmax, then we obtain liminf, N V(t) = 0, a contradiction with the fact that lim,_ -
V(t) = +o0.

If T < tmax, then we must have liminf,_, 7— V (¢) = 0. Since the mapping + — V(¢) is continuous,
we must have liminf;_,7- V(t) = lim;—,7 V() = V(T) and this implies V(T') = 0. Consequently, we
must have x (7', xo; d) = 0. Uniqueness of solutions for system () implies that x (¢, xo; d) = 0, for all
t > T, which contradicts the fact that lim, St V(t) = +o0.

Claim 2: There exists ¢ € [fg, tmax) With Wo(x (¢, xo; d)) < c2(V (x(t, x0; d))).
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Proof of Claim 2. Suppose on the contrary that Wy(x (¢, xo; d)) = c2(V(x(¢, x0; d))) for all ¢ €
[0, tmax)- Using inequalities (3.2) and (3.4) and the fact that V (x (¢, xo; d)) > A(V(tp)) for all t €
[0, tmax ), We obtain for ¢ € [fg, fmax) a.e.

Wi(t) < Wigi(t), fori=0,....k—1, (A.8)
Wi () < =g(A(V (10))), (A.9)
where W; (1) := W;(x(t, x0; d)) (i = 0,...,k). Inequalities (A.8) and (A.9) imply that the following

inequality holds for all # € [#y, fmax):

Wo(t) <

Wi(10) — g(A(V (10)) ———— (A.10)

k i k+1
(t o) (t - tO)
Z i! (k+ 1)!

i=0

Our assumption that Wy (x (¢, xo; d)) = c2(V(x(t, xo; d))) for all t € [tg, tmax) in conjunction with
inequality (A.10) gives

i _ k+1
V) <& (Z C= ) g(i(V(to)))%), forall 1 € [10, tmas),
=0

which contradicts the fact that lim,_, - V(1) = +o0.
Define

= inf{r € [10, fmax): Wo(x (¢, x0; d)) < c2(V (x(z, x0; d)))}. (A.11)

Claim 3: r; — 19 < r(V(tp))

Proof of Claim 3. Suppose on the contrary that 1; — g > r(V (f9)). Then definition (A11) implies
that Wo(x (¢, xo; d)) = c2(V(x(z, xo; d))) for all ¢ € [z, 1;]. Using inequalities (3.2) and (3.4) and the
fact that V (x (¢, xo; d)) > A(V(ty)) for all ¢ € [tg, tmax ), We obtain that inequalities (A.8) and (A.9) hold
for t € [tp, 1] a.e. Inequalities (A.8) and (A.9) imply that inequality (A.10) holds for all ¢ € [tg, t1].
Since Wy (x(z, xo; d)) > c2(V(x(z, x0; d))) for all ¢ € [tg, 1] and V (x(z, xo; d)) > A(V(ty)) for all
t € [y, tmax), We get from (A.10)

c2(4(V(10))) <

forall t € [tg, t1].

k i ket
(t — to) (t = fo)
>  Wilto) — g(i(V(to)))(le)!=

i=0
Using inequalities (3.3) (which give W;(t9) < b;(V(tp)) fori = 0, ..., k), we get from the above
inequality:

k

o)’ (t — 1o)*!
2(A(V(1))) < E bi (V(t0)) — g(i(V(fO)))(le),, forallz € [to, 11].
P ! !

The above inequality for s = V (¢9) and t = 19 + r(V (¢9)) contradicts inequality (3.7).
Claim 4: The following inequality holds:

V() <y (V). (A.12)
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Proof of Claim 4. Suppose first that t; > fy. By virtue of definition (A.11), it follows that Wy (x (z,
x0;d)) = c2(V(x(t, x9; d))) for all t € [tg, t1]. Using inequalities (3.2), (3.4) and the fact that V (x(r,
x0;d)) > A(V(ty)) for all t € [ty, tmax ), We obtain that inequalities (A.8) and (A.9) hold for ¢ € [19, 1]
a.e. Inequalities (A.8) and (A.9) imply that inequality (A.10) holds for all 7 € [#g, #1]. Using inequalities
(3.3) (which give W;(79) < b; (V(tp)) fori =0, ..., k), we get from (A.10):

Wolt) < ZO o - v S (A1)
Inequality (A.13) and Claim 3 imply that
rh+l
max Wolx(t,xo;d) < max [Z iV @) = g GV () l),} (A.14)
By virtue of (3.1) and (A.14), we obtain for ¢ € [19, 11] a.e.
) okl
VO < —p(Vo)+ _ max [Z iV ) = g GV D) g 1),] (A.15)

Differential inequality (A.15) directly implies that

okt
v<r><max[vao),p—l( Orgg;(m))][z iV (0) =8 GV @0 Gy H),D],foraure[ro,n].

The above inequality in conjunction with inequality (3.8) implies that inequality (A.12) holds. It
should be noted that inequality (A.12) holds as well for the case #1; = #¢ (since (3.8) implies that
V(1) <y (V(1)))-

Claim 5: There exists ¢ € [t1, tmax) With Wo(x (¢, x0; d)) > c1(V (x(t, x0; d))).

Proof of Claim 5. Suppose the contrary that Wy(x(z, xo; d)) < c1(V (x(t, xo; d))) for all ¢t €
[71, tmax)- Then inequality (3.1) and the fact that p(s) > ci(s) for all s > O imply that V(t) <0
for t € [t1, tmax) a.e. Thus, we obtain V() < V(¢1) for all ¢ € [t{, tmax), @ contradiction with the fact
that lim,_, - V(1) = +oo0.

We are now ready to finish the proof. Continuity of mappings t— Wy(x (¢, xo; d)), t — V(x(t,
xo; d)) guarantees the existence of times f, < #3 with f; < 1 < 13 < fipax and such that

Wo(x(t, x0; d)) < c1(V(x(t, x0; d))), forallr e [z, 13], (A.16)
Wo(x (72, x0; d)) = c2(V (x(22, x0; d))),  Wo(x (23, x0; d)) = c1(V (x(13, x0; d))), (A.17)
Wo(x(t, x0; d)) = c2(V(x(t, x0; d))), forallt e [t,13]. (A.18)

Inequality (A.16) in conjunction with inequality (3.1) guarantees that
1
VO V@) - [ (V@) -V @)ds, forallr e o, nl (A19)
15}

V() < V(y), forallre[t,t]. (A.20)
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Inequalities (A.16), (A.18) and (3.5) imply that
Wo(t3) + 1 (V(13)) < Wo(r2) + u(V (22)). (A21)

It follows from (A.17) and (A.21) that
cr(V(3)) + n(V(13)) < c2(V(2)) + u(V(12)). (A22)

If V(13) < A(y ~'(V(12))), then using (A.12) and (A.20), we obtain V (13) < A(V (1)), a contradiction
with Claim 1.

Thus, we are left with the case V(13) > A(y “1(V(12))). In this case, inequality (A.22) and the fact
that the function x (s) := ¢1(s) + (s) is non-decreasing give

1 G T V@) + uGO T (V) < ea(V() + u(V ()

The above inequality contradicts inequality (3.6) for s = y =1 (V (12)). The proof is complete. g
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