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1. Introduction

Dynamical game-theoretical models have inherent uncertainty in many aspects. The uncertainty is related strongly to a
number of open questions which cannot be answered a priori:

1. Should the models be formulated in continuous time or discrete time?

The answer to the above question is crucial: models in discrete time will be described by difference equations (see
[1-9]) while models in continuous time are generally described by differential equations (with or without delays; see
[10,11]). The answer to the above question has significant consequences: the perception of time for each player in a
dynamic game-theoretical model affects their behavior.

2. What are the expectation rules that a player has for the other players?

Again the answer to the above question is crucial: the behavior of a player will heavily rely on expectations for the
actions of the other players. There is a large economic literature on the effect of expectation rules (e.g., naive, backward-
looking, rational expectations, see [3,4,12,6] and references therein). Moreover, if expectation rules are using delay terms
then the consequences on stability can be important (see [10,13]).

3. What are the values of the various constants involved in a dynamic game-theoretical model?

In many dynamic games, the rate of change of the action of one player is assumed to be proportional to either the devia-
tion of the action from the best reply (see for example [5,6]) or the gradient of the payoff function (see for example [5,11]).
The value of the proportionality constant cannot be known a priori.
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Therefore, the answers to important questions such as the existence of a Nash equilibrium point, the uniqueness of a Nash
equilibrium point and its stability properties are usually related to the specific assumptions made in order to cope with the
uncertainty. Consequently, the following question arises:

“Can we extract robust information from an uncertain nonlinear economic model, which will hold no matter what
the uncertainty is?”

The present work answers it affirmatively. In some cases, we can even show the existence of a Nash equilibrium point, its
uniqueness and its global asymptotic stability properties for all possible uncertainties. In order to be able to do this we
propose the following methodology:

e First, we formulate our models in continuous time by means of Functional Difference Equations (see [14-20]). By doing
so we convert a finite-dimensional problem to an infinite-dimensional problem, which seems to be a clear disadvantage
at first sight. However, in this way we can obtain all the features of continuous time and discrete time models. Indeed,
we will show that many models that appear in the literature can be considered as special cases of our proposed model.

e Second, we do not assume a specific expectation rule: instead, we will only assume that the expectation is consistent
with the history of the game (consistent backward looking expectation; see Definition 2.1 below).

e Inorder to be able to extract important information from the uncertain model we use advanced stability methods. Indeed,
by applying small-gain analysis (see [17-19]), we can guarantee that the Nash equilibrium point is unique and globally
asymptotically stable (see Theorems 3.1 and 4.2 below).

To our knowledge, this is the first time that such results are presented for dynamical game-theoretical nonlinear models.
The only other work which we have found and can address such questions, is [7]: our results generalize the results in [7].
Moreover, the results of [7] are applied in a discrete-time framework and cannot be used for the analysis of models in contin-
uous time. As a byproduct of our work, we will also give conditions for uniqueness of a fixed point (see Corollaries 3.2 and 3.3
below), which can be used in conjunction with classical fixed-point theorems and are different from other uniqueness con-
ditions in the literature (see [21]).

It should be noticed that the stability/uniqueness conditions obtained by the proposed methodology will be more de-
manding than the ones which can be obtained from the study of a specific model (with specific expectation rules, specific
values for the constants involved in the model and with a specific perception of time). However, this is expected since the sta-
bility/uniqueness conditions obtained by the proposed methodology are sufficient conditions for global asymptotic stability
for an uncertain model, which contains many other models as special cases. To this end stability analysis by means of non-
linear small-gain theorems is utilized. Small-gain results have been used frequently in stability studies (see [22-25,17-19])
and are based on variations of the Input-to-State Stability property introduced by Sontag in [26] and the Input-to-Output
Stability property (see [25,16,27,28]).

The structure of the paper is as follows: in Section 2, we apply the above described methodology to the Cournot dynamic
oligopoly problem. There is a vast literature on this well-studied problem (see for instance [1,3,10,4-6,11,29,8,9]). For this
specific problem, we describe in detail our proposed methodology and we show how we can obtain results on the stability
properties of the Cournot equilibrium, which do not depend on the form of the uncertainty. The presentation of the special
case of the Cournot game before the general case was preferred for tutorial purposes: all issues arising in the general case are
present in the Cournot game. In Section 3, we proceed to the more general case of dynamic strategic games and in Section 4
we discuss the problem of accommodating the rational expectations. Our concluding remarks are given in Section 5. Finally,
in the Appendix, we give the proofs of certain results of this work.

Notations. Throughout this paper we adopt the following notations:

* For a vector x € )" we denote by |x| its usual Euclidean norm.

* M denotes the set of non-negative real numbers. For every t € R, [t] denotes the integer part of ¢, i.e., the largest
integer being less than or equal to t.

We say that a non-decreasing continuous function y : Rt — R* is of class N if y (0) = 0.
Letx : I — " with [a, b] € I and sup,; [x(7)| < +00. We denote by ||X||(q ; = SUPg<,<p [X(T)|.
Let U C N" be a closed convex set. By Pry (x) we denote the projection of x € " on U C N".

The norm of a normed linear space X will be denoted by ||||x. More specifically, in the present work X will denote the
normed linear space of bounded functions x : [T, 0] — R" with norm ||x||x = sup_r., <o |X(7)|, for given T > 0.
Ifx: [T, a]l — R", where a > 0, is a bounded mapping then x, € X with t € [0, a] is defined by x; = {x(¢) : t = T <
T < t} as usual in systems with delays (see [14]).

* Foravectorq = (qq,...,qn) € S1 X --- X S, we will use the notation (see [30])

* ¥ % X

q-i = (q1,.--,9i-1,qit+1,.--,qn) forl <i<nandn>3
Q—l = (q27~~-»qn)a qfn == (qlﬁ""qﬂfl) forn Z 2

i.e,, q_; is the vector of order n — 1 after deleting the ith component g; € S; of the vectorq = (q1,...,qn) € St X -+ X S;.
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2. Dynamic Cournot oligopoly
We consider the case of Cournot oligopoly where n players produce quantities of a single homogeneous product. The

reader should notice that the dynamics of the dynamic Cournot oligopoly game have been studied by many researchers (see
for instance [1,3,10,4-6,11,29,8,9]). We assume that the payoff function for each player is expressed by:

1 .
m=v,~+pqi—ciql~—51<iq?, i=1,...,n (2.1)
where Kj, ¢;, v;,i = 1, ..., nare constants, g; € [0, Q;],i = 1, ..., nis the quantity of the commodity produced by the ith

player, Q; > 0 is the maximum level of production of the product for the ith player and p > 0 is the price of the commodity.
Assuming a linear demand function:

p=bh (a - qu) (2.2)
i=1

where a, b > 0 are constants satisfying a > Z?:l Q;and b > —% min;—q
one of the players:

2 Ki, we obtain the best reply mapping for each

yeees

fi@ =min]Q, max o, 29 _ by~ =1 (23)
i = Jild—i) ‘= min i, MaX U, — i , 1=1,...,n. .
@ =Jia b+ K 2b+K & 4
We define:
S:=1[0,Q] x [0,Q] x --- x [0,Q,] C N" (2.4)
q=(q1,....qn) €S (2.5)
[ ab — c; b ]
min { Q;, max {0, — ;
(XTI ! 2b+K, 2b+ K ; q’}
F(g) = : = : (2.6)
fa(q=n) ab —c b
i ) Oa ! - i
_mm Q,, max b+ K, b+ K, ; g |

and we notice that the set S C " as defined by (2.4) is compact and convex and that the map F : S — S as defined by
(2.6) is continuous. Consequently, Brouwer's fixed point theorem guarantees the existence of at least one Nash equilibrium

. . b—c; .
q* € Swithq’ = fi(g*;) = min {Q,-, max {O, ngC(i - ZbLJrK, Z#iqf}} fori=1,...,n.
Next we assume that the dynamics of the game are described in continuous time as follows:

e every player forms an expectation for the behavior of all other players at each time t > 0: the expectation of the ith
player for the production level of the jth player at time t > 0 will be denoted by ql.ejp ) e[0,Ql(#ii,j=1,...,n),

e every player determines her production level as a convex combination of a past production level and the best reply
response based on the expectations for the behavior of all other players at each time t > 0, i.e.,

qi(t) = 6;(t) min {Q;, max {0, qi(t — 7;(t)}} + (1 — 6;(1))

. ab — ¢ b ex
x min { Q;, max {0, - P (¢ , i=1,...,n 2.7
where 6; : R — [0, ], 7 : W™ — [r,T],i = 1, ..., nare in general unknown functions,0 < ® < 1,0 < r < T are

constants (in general unknown).

The reader should notice that (2.7) is a model that evolves in continuous time, i.e., t € )™, If the expectation rules qi;fp(t)
(j #1i,i,j=1,...,n), and the functions 6; : R* — [0, @], t; : RT — [r,T](i = 1, ..., n) were known, we would have
an accurate description of the dynamics of the Cournot oligopoly game. However, we will not assume exact knowledge of
the expectation rules but a specific consistency condition. First we give the definition for a Consistent Backward-looking
expectation with respect to the Nash equilibrium point g* € S.

Definition 2.1. An expectation rule qup(t) (where j # i,i,j = 1,...,n)is called a Consistent Backward-looking

expectation with respect to the Nash equilibrium point g* € S if there exist constants 0 < r < T such that:

7P () — qf| < s ) —q| = lg—a, ., foralt=o0. (2.8)
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In other words the consistency condition (2.8) recognizes that it is not logical for the ith player to expect that the
production level of the jth manufacturer will deviate from its equilibrium level more than the highest deviation they have
experienced in the past. Next we present some examples of Consistent Backward-looking expectation rules:

(1) qup(t) = az](t) Zl 1wljl(t)%(t - Tl]l(t)) + (1 - al](t))qjv where al](t) € [0,1, T > ful(t) >r >0,
w;ij(t) > 0with 1 = Z, Jwiji(t) forallt > 0and ! = 1,..., m.In discrete-time models the case 7;;;(t) =t + 1 — [t],
a;j(t) = 1, wij(t) = wij; > 0with 1 = Z, 1 Wijiis the usual backward-looking expectation, which gives qleXp(t) =
S wijgitk — 1) fort € [k k+1).

(2) q,jp(t) = al](t)f hij(s)g;(t + s)ds + (1 — a;;(t))q;, where 0 < r < T, a;;(t) € [0,1]forallt > O, hy; :

[T, —r] — 3 is a Lebesgue integrable function with h; j(s) > 0 for almostalls € [-T, —r]and 1 = f—r h; j(s)ds. Of
course, in this case it is required that g;(t) must be Lebesgue integrable and essentially bounded.
We notice the following important fact for consistent backward-looking expectations:

Fact 1. lep(t) (wherej #1i,i,j =1, ..., n)is a Consistent Backward-looking expectation with respect to the Nash equilibrium
point q* € S if and only if there exist constants 0 < r < T and a function d;j : ®* — [—1, 1] such that:

q;P(t) = min {Qj, max {o, qf +dij(t) | — qf | [t_“_r]}} , Vt>0. (2.9)

Proof of Fact 1. Assume first that qexP(t) (wherej # i,i,j = 1, n) is a Consistent Backward-looking expectation with
respect to the Nash equilibrium pomt q* €S,i.e., that (2.8) holds. We distinguish the following cases.

Case 1: If qexP(t) = 0, then (2.8) implies that qf < qu — q;‘ || [—T.t—r) In this case we define d; ;(t) = —1 and equality (2.9)
holds. ’

Case 2: If q; () = Q;, then (2.8) implies that Q; — q;‘ < qu — q;‘ || (Tt In this case we define d; j(t) = 1 and equality
(2.9) holds. ’

exp «
CaseB:Ifqﬁ;fp(t) €(0,Q)and|q; — qF ) H |q1; O—g;
4=

q | i_r.c_r > Othenequality (2.9) holds withd; () = sgn (g7 () —

[t—T,t—r]

Inequality (2.8) implies that ]di,j(t)| <1
Case 4: If ¢;;* (t) € (0, Q) and la; — q; [ T
(2.9) holds for arbitrary d; j(t) € [-1, 1].

On the other hand, if (2.9) holds then qf;p(t) € [0, Q;] for all t > 0. Moreover, the reader can verify that inequality (2.8)
holds. The proof is complete. O

= 0 then inequality (2.8) implies that q; () = q* In this case equality

For the dynamical system (2.7) we make the following assumption:
(H). All expectation rules q; ;‘p(t)(] #1i,i,j = 1, ..., n) are Consistent Backward-looking expectations with respect to the Nash
equilibrium point g* € S.

The previous fact shows that hypothesis (H) is equivalent to the existence of constants 0 < r < T and functions
dij: Rt — [—-1,1]1( #1i,i,j = 1,...,n)such that the following equalities hold foralli =1, ..., n

qi(t) = 6;(t) min {Q;, max {0, gi(t — wi()}} + (1 — 6;(1))

X min 4§ Q;, max 3 0, ab — ¢ me{QJ max {O q; + dij(t) ||q] q; || }} . (2.10)
2b + K; 2b+1< P J ST =]
In general the functions 6; : — [0,0], 5 : X" — [r, Tl dij : R — [-1,1]1( # i,i,j = 1, n) as well as the

constants0 < ® < 1,0 <r 5 T are unknown. Therefore, the dynamical system (2.10) is an uncertam dynamlcal system
described by Functional Difference Equations (FDEs) (see [14-20]). In order to study the behavior of the solutions of (2.10)

we define the dimensionless deviation variables x;(t) = WT—% (i=1,...,n)and we obtain from (2.10) fori =1, ..., n:

x;i(t) = 6;(t) min {1 — L;, max {—L;, x;(t — 7;(t))}} + (1 — 6;(t))

X min {1 — Lj, max {—Li, M; — L — R; Zgi’j min {1, max {0, L + di’j(t) “X]” [t=T.t—r] } } } } (2.11)
J#i
where L; = g € [0,1],M; = (253—7(3@'& = 2b-bH<,- > 0,8, = % > 0forj #i,i = 1,...,n are constants which satisfy

Li = min{],maX{O, Mi _Ri Z];élgls]l‘]}} foralli = l, R (B
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Remarks and examples about systems (2.10), (2.11):

(a) The reader should notice that system (2.11) is an infinite-dimensional dynamical system with state space X being the
normed linear space of bounded functions x : [T, 0] — 9" with norm ||x|[y = sup_ 1570 |x(7)|. Indeed, by using the
method of steps, given an initial condition x, € X and functions 6; : i — [0, O], 7 : KT — [r, T, dij : KT — [—1,1]

(j # i,i,j = 1,...,n) then one can in principle determine from (2.11) the solution x(t) = (x;(t), ..., x,(t)) € R"
fort € (0,r] with x(z) = (X1(1),...,%,(t)) = xo(r) forall ¢ € [-T,0]. Then we can determine from (2.11) the
solution x(t) = (x1(t), ..., x,(t)) € R"fort € (r, 2r]. Continuing this way, we can determine from (2.11) the solution

x(t) = (x1(t),...,x:(t)) € R"fort € (kr, (k + 1)r], where k is a positive integer. The solution is indeed bounded and
exists forall t > 0, since (2.11) guarantees that x;(t) € [—L;, 1 — L;] forallt > 0,i = 1, ..., n. The state of system (2.11)
will be denoted by x; = {x(t) : t — T < t <t} € X as usual in systems with delays (see [14]) and the components of the
statebyxjr = {xi(v) : t =T <t <t}fori=1,...,n

(b) The reader should also notice that 0 € X is an equilibrium point for system (2.11). Indeed, for every function 8; : Rt —

0,0, : Rt — [, Tl dij : R — [-1,11( # i, i,j=1,...,n),x, = 0 € Ximpliesx, = 0 € X forall t > t,.
This equilibrium point corresponds to the Nash equilibrium p01nt q € S (the deviation variables have been defined by
xi(t) = L0 fori=1,....n).

(c) All discrete-time models of the form:
qi(k + 1) = 6i(k)qi(k) + (1 — 6;(k))

ab —

i i 0, SPk+1D g, i=1,..., 2.12
xnnn{Q,,max{ 2b+I< 2b+K Zq (k + )” i n ( )

with

Xp
g (k+1) —au(k)zwul(k)q](k—l)+(1 aij (k) (2.13)
1=0

where k, m are non-negative integers, a; (k) € [0, 1] (i,j = 1, n), 6;(k) € [0,0] (i = n) with ® € [0, 1),
wiji(k) > 0with 1 = Z;n:o w;ji(k) forallk > 0and! =0, . (z i=1, n), are 1nc1uded 1n the uncertain model

(2.10) and its equivalent expression (2.11) in the sense that for every model of the form (2.12),(2.13) one can give functions
O : Rt = [0,0], 1 : Rt — [r,Tl, dij : KT — [-1,1]( #i,i,j =1, ..., n) and initial conditions g;(s) for s € [T, 0],
i=1,...,nsuch that the solution of (2.10) coincides with the solution obtained by the discrete-time model (2.12), (2.13),
in the sense that for every non-negative integer k > Oandi = 1, ..., n, the solution g;(t) of (2.10) for t € [k, k+ 1) is equal
to the solution g;(k) of (2.12), (2.13).

(d) All continuous-time models of the form:

. ) ab — ¢ b exp ,
gi(t) = i min {Qi, max {0, b1 K, T K Zqi’j (t)” — uiqi(t), i=1,...,n (2.14)

where p; > 0 are constants and g; ;‘p(t) G#ii,j=1, n) are Consistent Backward-looking expectations with respect
to the Nash equilibrium point g* € S, are included in the uncertain model (2.10). Indeed, for t > r > 0 the solution of (2.14)
implies the following integral equations:

qi(t) = exp(—pir)qi(t —r) +/ exp (—ui(t — 1))
t—r

ab — ¢
i i 0 P i=1,...
X mrn{Q,,max{ ’2b—|—K 2b+K Zq (r)}} i s

, 1.
J#
From the above expression under the assumption that the mappings t — g; jp(t) g # ii,j=1, n) are continuous, we
can conclude that forallt > randi =1, ..., n, thereexists g;(t) e [t —r,t],i=1,...,nsuch that

qi(t) = exp(—pir)qi(t —r) + (1 — exp(—uir))
. ab — ¢ b exp )
X min {Q,-, max {O, b1 K, ~ % e ;qu (g,-(t))” , i=1,...,n.

The reader may verify that for Consistent Backward-looking expectations with respect to the Nash equilibrium point g* € S,
the above model can be described by the uncertain model (2.10) with 6;(t) = exp(—u;r), ti(t) = r,i = 1,...,nand
® = maxj=1, pexp(—uir) < 1.

The crucial question that can be posed is the question of robust asymptotic stability of the Nash equilibrium g* € S
for system (2.10) or equivalently the question of robust asymptotic stability of 0 € X for system (2.11). The reader can
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obtain rigorous definitions for robust global asymptotic stability in [15-19]. The following theorem is the main result of
the present section and shows that for certain values of the parameters involved, the Nash equilibrium g* € S is robustly
globally asymptotically stable for system (2.10) in the sense that for every initial condition and for every set of functions
0, : Rt - [0,01, 7 : R — [r, T dij : KT — [—1,1]( #1i,i,j=1,...,n), thesolutionq(t) = (q1(t), ..., qn(t)) € R"
of system (2.10) satisfies lim;_, 1, q(t) = q*.

Theorem 2.2. 0 € X is Robustly Globally Asymptotically Stable for system (2.11), if the following set of conditions holds for each
p=2,...,n

Ri...R,(n—1" <1 (2.15)
foralli; e {1,...,n},i; #Zixif j # k.

In other words, if conditions (2.15) hold then the Nash equilibrium point g* € S is robustly Globally Asymptotically
Stable with respect to all possible Consistent Backward-looking expectation rules with respect to the Nash equilibrium
point g* € S, qf,}(p(t), i,j=1,...,n,i# j. It should be noticed that conditions (2.15) are more demanding inequalities than
other stability conditions in the literature. However, this is expected since conditions (2.15) are sufficient conditions for
global asymptotic stability for the uncertain model (2.10) which contains many models studied in the literature as special
cases.

Conditions (2.15) are termed as small-gain conditions in Mathematical Control Theory (see [31,19]). For n = 2 conditions
(2.15) are equivalent to the inequality:

RiRy, < 1.
For n = 3, conditions (2.15) are equivalent to the following four inequalities:

4R1R, < 1, 4R1R; < 1, 4RyR; < 1, 8R1RyR3 < 1. (2.16)
For n = 4, conditions (2.15) are equivalent to the following eleven inequalities:

9R1R2 < 1, 9R1R3 < 1, 9R]R4 < 1, 9R2R3 < 1, 9R2R4 < 1, 9R3R4 <1
27R1R2R3 < 1, 27R1R2R4 < 1, 27R1R3R4 < 1, 27R2R3R4 <1
81R1R2R3R4 < 1.

The coefficients R; = ﬁ > 0(i = 1,...,n)appearing in the small-gain conditions (2.15), are dimensionless constants
1

which have special physical meaning: they show how much the production level g; of the ith player will decrease if the
production level of her competitors Zj 2 0 is increased by one unit. In other words, the coefficients R; = %LJFKI > 0
(i = 1,...,n) quantify the effect of changes of the actions of the rest of the players to the response of each player. The
products of the coefficients R; show how much the production level g; of the ith player will decrease (in the future) if her
production level is increased (now) by one unit. For example, a unit increase of the production level of player 1, will result
in a decrease of the production level of player 2 by R, units and this will cause an increase of the production level of player
1 by R1R; units.

The proof of Theorem 2.2 relies heavily on recent results on dynamical systems (see [19]) and techniques developed for
delay systems (see [18,19]) and is provided at the Appendix. An interesting corollary for the Cournot oligopoly game is given
next.

Corollary 2.3. If conditions (2.15) hold for eachp = 2,...,nand for alli; € {1,...,n},ij # ixif j # k then the Nash
equilibrium point q* € S is unique for the game described by (2.3)-(2.5).

The reader should notice that Brouwer’s fixed point theorem guarantees the existence of the Nash equilibrium g* € S but
does not guarantee uniqueness.

Proof of Corollary 2.3. Suppose that there exists ¢** € S with ¢/* = min { Q;, max { 0, gsfrf(‘l - %LJFKI D iz qj“*} } for

i=1,...,nand ¢** # g*. This implies that y; := q‘**fq? = min { 1—1L;, max{ —Li,Mi — L — Ri 3 8ij(L +yj)] } for
i = 1,...,n. Using the previous equalities, the reader can verify that the solution of (2.11) with initial condition xq = Py,
wherePy ={y: -T <1 <0}eX,y= (y1,...,Yn), corresponding to the constant inputs
1 lfy] >0
Qi(t)EO, d,"j(t) = sgn(yj) =10 lfy]=0, _]751, l,]: 1,...,n
-1 lfyj <0
satisfies X, = Py forallt > 0(y; : X" — [r,T],i = 1,...,n are irrelevant) and consequently we cannot have

lim;_, - x(t) = 0. This is impossible according to Theorem 2.2. The proof is complete. O
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3. Extension to the general case of dynamic games

The approach described in the previous section for the Cournot oligopoly game can be extended to any strategic game.

Consider a strategic game with n playersand S; € %k (i = 1, ..., n) being the action space for each one of the players.
We assume that the best reply mapping for each one of the players is a function f; : Sy X -+ X S;_1 X Sjz1 X --- X S5, — §;
forl<i<nn=>3andf; :S x--- xS, = S1,fn : S1 X .-+ x S_1 = S, satisfying the following inequalities:

(g, 9-1) < mi(fi(q—), q—), forallg; € S;withq; # fi(q—), i=1,...,n (3.1)

where 7;(q;, q—;) is the payoff function of the ith player.
We assume the existence of a Nash equilibrium g* € S for the game, where S := S; x --- x §; is the outcome space for
the game, i.e., there exists ¢* = (q7, ..., q;) € S such that

G =fi@y, i=1....n (32)

The existence of a Nash equilibrium can be guaranteed by Brouwer’s fixed point theorem when all action spaces S; C Rk
(i=1,...,n)are compact and convex and when all the best reply mappings f; : Sy x -+ X Si_1 X Sjyq1 X --- x §; — §; for
1<i<n, n >3andf; : Sy x -+ XS5, > S1,fy: <X S,_1 — S, are contmuous mappings.

Next we assume that$; € %k (i=1,...,n) are closed convex sets and that the dynamics of the game are described in
continuous time as follows:

e every player forms an expectation for the behavior of all other players at each time t > 0: the expectation of the ith
player for the production level of the jth player at time t > 0 will be denoted by g, (t) € S; (i # i,i,j = 1, n),

e every player determines her action as a convex combination of a past action and the best reply response based on the
expectations for the behavior of all other players at each time t > 0, i.e.,

q1(6) = 61(8) Prs, (g1 (t — 71 (£) + (1 = 61 (ENfi(q75(0), -, g7 (1))
qi(t) = 6;(t) Prs; (qi(t — wi(0)) + (1 = G(ONi(@ T (O, - Gioq (0, Grioq (65 -, Gy (©)) (3.3)

qn(t) = 6a(0) Prs, (qu(t — T (D)) + (1 = 6u(O)fa (1 (O); -+, G (D))

where 6; : Rt — [0, ©], 7 : W™ — [r,T],i = 1, ..., nare in general unknown functions,0 < ® < 1,0 < r < T are
constants (in general unknown)
e all expectation rules ql () e Sj(j #1i,i=1,...,n), are Consistent Backward-looking expectations with respect to the

Nash equilibrium point g* € S, i.e., there exist constants 0 < r < T such that:

6P () —qf| < e 4 -4 =491, foralt=o0. (3.4)

We notice the following fact for consistent backward-looking expectations:

Fact 2. Suppose that S; 9 is a closed convex set. q;;*(t) (j # i,i,j = 1,...,n) is a Consistent Backward-looking

expectation with respect to the Nash equilibrium point q¢* € S if and only if there exist constants 0 < r < T and a function
dij: R — {d € W9 : |d] < 1} such that:

a5 =Prs (qf +d© o — 7| ). VEZO. (35)

Proof of Fact 2. Indeed, using the fact that |Pry (x) — Pry(y)| < |x — y| foreveryx, y € ", where U C N"is a closed convex
set, one can verify that for every d;; : Wt — {d eMhi: |d| < 1} the function q;; P (t) defined by (3.5) satisfies (3.4) and

exp(t) € S;forall t > 0. Hence it is a Consistent Backward-looking expectation with respect to the Nash equilibrium point

q* € S.On the other hand, if q;; Pt e S;j is a Consistent Backward-looking expectation with respect to the Nash equilibrium
point g* € S satisfying (3.4) for all t > 0 then the function defined by:

d;j(t) =

NGRS if g — qf 0
e A L L LT

dij(t) =0, if |g; — a4 | -t = 0

satisfies d;(t) € {d € %% : |d| < 1}. Moreover, (3.5) holds for all t > 0. The proof is complete. [
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Fact 2 shows that if all action spaces S; C Mk (j=1,...,n)are closed convex sets then there exist constants 0 < r < T,
0 < ® < 1and functions 6; : R — [0, 0], 7 : R — [r, Tl dij : Rt — {de R : |d| <1} (G #iij=1,...,n)such
that:

qi1(t) = 61(0) Prs, (q1(t — 7i(0)) + (1 — 1 (O)fy (Prsz (q; +di2(0) a2 — a3 [H,H]) e
prs, (07 +dia(®) an = 3l r )
(3.6)
G(®) = 6,(6) Prs, @n(¢ = (©) + (1 = 6O (Prs, (05 + o1 © g = a3}y ) oo

Prs,_, <Q:_1 + dpn—1(0) ||Qn—l - q:—l H [t—T,t—r])) :

In general, the constants 0 < r < T,0 < ® < 1 and the functions §; : W™ — [0,©], 1; : """ — [r,T],
dij: Rt — {d efh: |dl <1 } (G #1i,i,j =1, ..., n)are unknown. Therefore, the dynamical system (3.6) is an uncertain
dynamical system described by Functional Difference Equations (FDEs) (see [14-20]). In order to study the behavior of the
solutions of (3.6) we define the deviation variables x;(t) = q;(t) — g; (i =1, ..., n) and we obtain from (3.6):

x1(t) = 601(t) (Prs, (x1(t — (D) + q3) — q})
+ (1= 61(0) (fi (Prs, (a5 + d1.206) X2 llge—1.02r1) » - - - » Prs, (@ + d1n () [Xalli—r.cr1)) — GF) »
(3.7)

Xn(6) = 0n(0) (Prs, (xa(t — (D) + @) — )
+ (1 - en(t)) ( n (Pr51 (QT + dn,l(t) ”Xl “[th.tfr]) LR PrSn_1 (qz_1 + dn,nfl(t) ”an1 ”[th,[fr])) - qz) .

Finally, we assume that there exist functions y;; € N (j # i,i,j = 1, ..., n) such that the following inequalities hold for all
qes:

fitg-) — qf| < rgl;Xf/i,j(|qj —q). i=1....n (3.8)

Using again the fact that |Pry(x) — Pry(y)| < |x —y| for every x,y € N", where U C 9" is a closed convex set and
inequalities (3.8), we obtain from (3.7) forallt > 0Oand u > ©:

|x; ()| < max § u |1x]] max M Vii <||x|| ) i=1 n (3.9)
i = ill[t—=T,t—r] » ferhl— Vi 0l (e—T t—r] s R [ .
Remarks and examples about systems (3.7), (3.8):
(a) The reader should notice that system (3.7) is an infinite-dimensional dynamical system with state space X being the
normed linear space of bounded functions x : [T, 0] — RN, where N = k; +- - - +k, with norm ||x||x = SUP_1<; <o [X(T)I.
Indeed, by using the method of steps, given an initial condition x, € X and functions 6; : it — [0, @], ; : T — [r, T},
dij : W — {de®4:|d <1} ( # iij = 1,...,n) then one can in principle determine from (3.8) the solution
x(t) = (x1(t), ..., x, (1)) € R fort € (0, r] withx(t) = (x1(7), ..., X:(7)) = xo(7) forall T € [T, 0]. Then we can
determine from (3.8) the solution x(t) = (x1(t), ..., x,(t)) € RN fort € (r, 2r]. Continuing this way, we can determine
from (3.8) the solution x(t) = (x1(t), ..., xa,(t)) € RN fort € (kr, (k + 1)r], where k is a positive integer. The state of
system (3.8) will be denoted by x; = {x(t) : t — T < t < t} € X as usually in systems with delays (see [14]) and the
components of the state by x;; = {x;(r) : t — T <t < t}fori = 1,...,n. The solution exists for all t > 0 and satisfies
Xx ={x(r): t —T <t <t} e Xforallt > 0. To see this, notice that (3.9) implies the existence of a function G € N such
that:
sup [X(H)] = Xl < G(”X”[J,O])- (3.10)
te(0,r]
Without loss of generality we may assume that G(s) > s for all s > 0. Inequality (3.10) implies that

Ixllje—r.qg <G ( ”X”[—T,O]) , forallt € [0,r]and |x|[_1, <G (||X||[7T,O]) . (3.11)
Working in this way and using induction we may establish that for every positive integer k > 0 it holds that
xlle—r.c) < G (IXllj—1.07) , forallt € [0, kr] (3.12)

where G®¥(s) := G o - - - o G(s). Therefore (3.12) implies that

k times
Ixellx = IXlle—r.c0 < G (Ixll_r.07) = GV (lIxolly),  forallt >0 (3.13)
where [t /r] denotes the integer part of t/r.
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(b) The reader should also notice that 0 € X is an equilibrium point for system (3.7). Indeed, for any functions ; : K™ —
0,0, 1 : R — [, Tl dyj : "T —> {deR: [d <1} #iij=1,...,n),x =0¢€Ximpliesx, = 0 € X forall
t > to. This equilibrium point corresponds to the Nash equilibrium point g¢* € S (noting that the deviation variables have
been defined by x;(t) = q;(t) —qf fori=1,...,n).

(c) Similarly, as shown in previous section, many discrete-time and continuous-time dynamic models describing the
evolution of the corresponding strategic game are included in the uncertain model (3.6) and its equivalent expression (3.7).

(d) The reader should notice that no continuity assumption is made for the best reply mappings of the players f;
S{ X+ XS 4 XSy x---x8§ — Siforl <i<nn=>3andf; :S x--- xS, — S1,fn :S1 x--xS5_-1—> S,
Moreover, we have not assumed that the action spaces S; C Mk (j =1, ..., n)are compact sets: we simply require that the
action spaces are closed, convex sets. However, we have assumed the existence of a Nash equilibrium point ¢* € S and the
existence of functions 7; € N (j # i,i = 1, ..., n) satisfying (3.8).

The crucial question that can be posed is the question of robust asymptotic stability of the Nash equilibrium g* € S for
system (3.6) or equivalently the question of robust asymptotic stability 0 € X for system (3.7). The following theorem is
the main result of this section and shows that robust global stability can be determined by the functions y;; € N (j # i,
i=1,...,n)satisfying (3.8).

Theorem 3.1. 0 € X is Robustly Globally Asymptotically Stable for system (3.7), if there exists w > 1 such that the following set
of conditions holds foreachp =2, ..., n:

(Virsip © Vinsiz ©*+* 0 Vip.iy) (§) <, Vs >0 (3.14)
forallij e {1, ..., n}, ij # ix if j # k, where y;j(s) == wy; j(ws).

In other words, if conditions (3.14) hold then the Nash equilibrium point g* € S is robustly Globally Asymptotically
Stable with respect to all possible Consistent Backward-looking expectation rules with respect to the Nash equilibrium
pointg* € S, q;; (t), i,j =1,...,n,i #].

Conditions (3.14) are termed as cyclic small-gain conditions in Mathematical Control Theory (see [31,19]). Forn = 2
conditions (3.14) are equivalent to the inequalities:

y12 (02109) <s and yy1(y12(5) <s, Vs> 0.

For n = 3, conditions (3.14) are equivalent to the following twelve inequalities for all s > 0:

Y2.1(9) <, va1 (v1209) <
¥3.1(9) <s, yi1 (11309) <s
V2,3 V3,2(5)) <S5, V3.2 (J/z,3(5)) <S
1.2 (v23 (13109)) <. ya1 (Y12 (12309)) <, V23 (131 (11209)) <5
V2.1 (V1,3 (V3,2(5))) <S5, V1.3 ()/3,2 (Vz,l(s))) <Ss, V3,2 (Vz,l (V1,3(5))) <S.

V1,2
V1,3

o~~~

The reader should notice that many of the above inequalities are equivalent. For example, for n = 2 the inequality
V1,2 (V2,1(S)) < s,foralls > Oimplies the inequality y; 1 (7/1,2(5)) < sforalls > 0.Similarly, for the case n = 3 the following
five inequalities y1 5 (12,1(5)) < s, ¥1,3 (¥3.1(5)) < 8123 (13.2(9)) < 5,112 (123 (13.1(9))) < 5. 121 (V1.3 (13.2(5))) < s for
all s > 0, imply all twelve inequalities which express conditions (3.14) in this case.

It should be noticed that for the Cournot oligopoly game studied in the previous section, the best reply mappings f;
(i=1,...,n)are defined by (2.3). Consequently, using the convexity of the sets S; = [0, Q;] (i = 1, ..., n), we obtain the
following inequalities fori = 1, ..., n:

b b
(a4 — a*| < —ql < n—1l)ymax|q —q;|.
fitg—) — qf| < T j; g —q| < 2b+1<,~( ) ma; g — q|
The above inequalities imply that inequalities (3.8) hold with y;j(s) := Ri(n — 1) s, where R; = ZbLJrKI Theorem 3.1 and

the above definitions guarantee robust global asymptotic stability of the Nash equilibrium provided that there exists w > 1
such that the following set of conditions holds foreachp = 2, ..., n:

RiRi, ...R,(n— 1Y0” < 1

foralli; € {1,...,n},i; # i ifj # k. Conditions (2.15) are necessary and sufficient conditions for the existence of a
(sufficiently small) constant w > 1 satisfying the above inequalities foreachp = 2, ..., nandforalli; € {1, ..., n},i; # i
if j # k. Therefore, we conclude that Theorem 2.2 is a special case of Theorem 3.1. A more careful analysis similar to the
above analysis reveals that the Nash equilibrium for the Cournot oligopoly game described in Section 2 will be asymptotically
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stable provided that there exist n sets of positive real numbers A; = {a;;,j # i} (i=1,...,n) with ), LX) < MaXjy (aijx;)
forallx = (x1,..., %) € MM)"andi = 1,..., nsuch that the following set of conditions holds foreachp =2, ..., n:

ahjzahJ3...a%J1Rth...R% <1

foralli; € {1,...,n},i; # iy if j # k. The above conditions are less restrictive than conditions (2.15); indeed, conditions
(2.15) are implied by the above conditions for the special case a;; = n — 1foralli,j =1, ..., n withj # i. For example, for
n = 3, the above small-gain conditions are equivalent to the existence of ¢4, €3, &3 > 0 such that:

RiR;(1+e)(14+6) <1

RiRs(1+ &7 (14e3) < 1
RiRs(1+e;H(1+e3") < 1v
RiRR3(1+ 1) (1465 ) (14 63) < 1
RiRRs(1+e7N(1+e)(1+e5") < 1.

For the above inequalities we have used a;, = 14 ¢1,a13 = 1+ ef], a1 =14+¢e,a3 =1+ 551, a1 =14 e3and
az, =1+ 83_1. By selecting ¢ = ¢, = €3 = 1, we obtain inequalities (2.16).

It should be emphasized that the parameters T > r > 0 which are involved in the definition of the Consistent Backward-
looking expectation (Definition 2.1), play no role in the small-gain conditions. Consequently, the small-gain conditions can
help us to decide whether the Nash equilibrium point is robustly stable without any knowledge of the expectation rules.
The small-gain conditions (3.14) demand knowledge of the Nash equilibrium point ¢* € S and the best reply mappings
fiiS1x - xS 1 xSy x--x§ — Siforl<i<nn>3andf; :S X+ xS — S1,fn : 51 X+ xS,_1 — Sy for
which inequalities (3.8) hold.

The proof of Theorem 3.1 relies heavily on recent results of dynamical systems (see [19]) and techniques developed for
time-delay systems (see [18,19]) and is provided in the Appendix. An interesting corollary is given next.

Corollary 3.2. If there exists w > 1 such that conditions (3.14) hold foreachp = 2, ..., nand foralli; € {1, ..., n},i; # iy if
j # k then the Nash equilibrium point g* € S is unique.

The proof of Corollary 3.2 is exactly the same with the proof of Corollary 2.3: we show that the existence of an additional
Nash equilibrium g** € S contradicts robust global asymptotic stability of 0 € X for system (3.7). Details are left to the
reader.

Using Corollary 3.2 we may obtain conditions for uniqueness for a fixed point. Indeed, we have:

Corollary 3.3. Let S; € %iki (i = 1, ..., n) be closed, convex sets and let functions f; : S; X -+ X Si_1 X Siz1 X --+ X Sp —
Siforl <i<n,n>3andf; : Sy X -+ XSy = S1,fn 1 S1 X ... X Sy—1 — Sy for which there exists ¢* = (q3, ..., q};) €S,
where S 1= S; x -+ x S, satisfying (3.3). Furthermore, suppose that there exist functions y;; € N j # i,i,j =1, ..., n) such

that inequalities (3.8) hold for all ¢ € S and that there exists &« > 1 such that conditions (3.14) hold foreachp = 2,...,n
and forall i € {1,...,n},i; # i if j # k Thenq* = (q7,...,q;) € S is the unique fixed point of the mapping
Sq — F(q) = (fi(@-1), ..., fu(@-n)) € S.

The reader should notice that Corollary 3.3 does not guarantee the existence of a fixed point for the mapping S >
qg — F(q) = (fi(g-1), ..., fa(q_n)) € S. Corollary 3.3 can be used in conjunction with classical fixed-point theorems
(e.g., Brouwer’s fixed point theorem when all action spaces S; € %k (i = 1, ..., n) are compact and convex and when the
mapping S > ¢ — F(q) := (fi(g-1), ..., fa(q—n)) € S is continuous) in order to guarantee uniqueness of the fixed point.

4. Remarks on the rational expectation case

It is clear from Definition 2.1 that rational expectations qi}‘p(t) = ¢;(t) are not necessarily consistent backward-looking

expectations with respect to the Nash equilibrium point g* € S. Therefore, the case of rational expectations is not necessarily
covered by the results of the previous sections. This point motivates the following definition for the strategic game described
in the previous section.

Definition 4.1. An expectation rule qi}fp(t) G # 1i,i,j = 1,...,n) is called a Rational-Consistent Backward-looking
expectation with respect to the Nash equilibrium point g* € S if there exists a constant 0 < T such that:

PO -gl< sw 6@ -¢|=s-q], ., oraiczo (4.1)
t—T<t<t ’
Clearly, rational expectations are Rational-Consistent Backward-looking expectations with respect to the Nash

equilibrium point g* € S. Moreover, a Consistent Backward-looking expectation (in the sense of Definition 2.1) is a Rational-
Consistent Backward-looking expectation with respect to the Nash equilibrium point g* € S.
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Can we consider system (3.3) where all expectation rules qﬁ}‘p(t) € S # i,1,j = 1,...,n), are Rational-Consistent
Backward-looking expectations with respect to the Nash equilibrium point g* € S? The key mathematical problem that
arises in this case is whether we can obtain a well-defined dynamical system: Remark (a) in the previous section does not
apply. However, we can extend the analysis of the previous section under the following hypothesis:

(H'). There exist mindexsets]y C {1,...,n},1=1,...,mwith]iNJy = @ for | # kand Ui_1,._mJi = {1, ..., n} such that:
All players with i € ], are using Consistent Backward-looking expectations with respect to the Nash equilibrium point g* € S.
Moreover, forevery k = 1, ..., m — 1, the following statement holds:

All players with i € Ji are using Rational-Consistent Backward-looking expectations, qi}‘p (t) € Sjifj € Jwithl > kand

Consistent Backward-looking expectations, q; ;" (t) € S; if otherwise.
Indeed, if hypothesis (H’) holds then system (3.3) is expressed in deviation variables x;(t) = q;(t) —q; (i=1,...,n)by

the following equations:

x1(t) = 61(t) (Prs, (x1(t — 71 (1) + q}) — q7)
+ (1= 61(0) (fi (Prs, (g5 + d12(D)s12(1)) , . ..., Prs, (g5 + di.a(D)s1.0(D))) — q7) ,

Xn(t) = On(t) (Prs, (xa(t — a(®)) + @) — q3) (4.2)
+ (1= 60n(6)) (fa (Prs, (q} + dn1(Osn1(8)) ..., Prs, , (G5_y + dnne1(D)Snn1(0))) — @),
sij(6) = | x| ,_;,, ifi€Jkandjejiwithl>k

5 (6) = x2 7. ifi € Jcandj € Jywithl <k

where 6; : R — [0, 0], 1; : R — [, Tl dij : RT —> {de®hi: |d <1} (G#iij=1,...,n)

Let us explain next why system (4.2) is an infinite-dimensional dynamical system with state space X being the normed
linear space of bounded functions x : [T, 0] — RN, where N = k; + - - - + k, with norm [|x||x = sup_;—, o |x(7)|. Indeed,
by using the method of steps, given an initial condition x, € X and functions 6, : "t — [0,0], ; : ®t — [r, T],
dij : W — {de®b:|d <1} ( # iij = 1,...,n) then one can in principle determine from (4.2) the solution
x(t) = x(t),...,x,(t)) € R fort € (0, r] with x(t) = (x1(z),...,x,(t)) = xo(7) for all T € [T, 0] using the
following procedure:

Step 1:

First determine the solution x;(t) for t € (0, r] and for all players with i € J,, who are using Consistent Backward-
looking expectations with respect to the Nash equilibrium point g* € S. In this case, we are in a position to determine the
components of the solution x;(t) forj € ], and t € (0, r] by means of (4.2). Furthermore, in this case inequality (3.9) holds
fort € (0, r],i € Jm and consequently there exists function G,;, € N such that:

sup. %(O)] < G (IXllj-1.0)), fori € Jm. (4.3)

tel0,r

Step 2: Next determine the solution x;(t) for t € (0, r] and for all players with i € J,,_; who are using Rational-Consistent
Backward-looking expectations, q;; (t) € S; if j € Jn and Consistent Backward-looking expectations, q;;"(t) € S; if
otherwise. In this case, (3.8) implies that the following inequality holds for all t € (0, r]:

Ixi(t)] < n}jix Yij (ij ” [th,tfr]) + n;gx Vij (”xj”[th,t]) . (4.4)
J#Im Jj€lm

However, the components of the solution x;(t) forj € J, and t € (0, r] have been determined by Step 1. Therefore, we
are in a position to determine the components of the solution x;(t) for j € J,—; and t € (0, r] by means of (4.2). Using (4.3)
and (4.4) we obtain the existence of a function G,;_1 € N such that:

SUP] 1X:(O)] < Gm—1 (||X||[—T,0]) , fori€ JmUJm-1. (4.5)

tel0,r

Step k(3 < k < m): We determine the solution x;(t) for t € (0, r] and for all players withi € J;,,;1—, who are using Rational-
Consistent Backward-looking expectations, q,.ej.(p(t) € §jifj € Jwithl > m + 1 — k and Consistent Backward-looking

expectations, qi}fp(t) € §; if otherwise. In this case, (3.8) implies that the following inequality holds for all t € (0, r]:

1= max iy ([gllr,n) + max 7 (Pl eer)- (46)
i€l jel

I=m+1—k I>m+1-k
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However, the components of the solution x;(t) forj € Jywithl > m+1—kandt € (0, r] have been determined by previous
steps. Therefore, we are in a position to determine the components of the solution x;(t) forj € J,y1—xand t € (0, r] by
means of (4.2). Moreover, by virtue of previous steps there exists a function G, 1>, € N such that:

sup [x(0)] < Gy (IXll_1.0), forie [ J I (4.7)
tel0,r] I=m+2—k,....m

Using (4.6) and (4.7) we obtain the existence of a function G, 1_; € N such that:

sup [x(0)] < Gy (IXll_1.0), forie [ J I (48)
tel0,r] I=m+1—k,....m
After the completion of the m steps we have determined all components of the solution x;(t) forj =1,...,nandt € (0, r].
Moreover, we have also constructed a function G € N such that:
sup [x(t)] =G (”X”[—T,OJ) . (4.9)
tel0,r]

Without loss of generality we may assume that G(s) > s for all s > 0. Moreover, by using (4.9) we may conclude exactly as
in the previous section that estimates (3.11)-(3.13) hold.
The proof of the following theorem is exactly the same with the proof of the Theorem 3.1 and therefore is omitted.

Theorem 4.2. 0 € X is Robustly Globally Asymptotically Stable for system (4.2) under hypothesis (H/), if there exists w > 1such
that the set of conditions (3.14) holds foreachp = 2, ..., nandforalli; € {1, ..., n}, ij # iif j # k, where y; j(s) := wyij(ws).

It should be emphasized that the parameters T > r > 0, which are involved in the definition of the Consistent Backward-
looking expectation (Definition 2.1), play no role in the small-gain conditions. Moreover, the number m of the index sets J;
{1, ..., n} involved in hypothesis (H') or the particular members of each index set play absolutely no role in the small-gain
conditions (3.14). Furthermore, all these parameters are allowed to change with time: there is no need to assume that these
parameters remain constant. Consequently, the small-gain conditions can help us to decide whether the Nash equilibrium
point is robustly stable without any knowledge of the expectation rules. Again, the small-gain conditions (3.14) demand
knowledge of the Nash equilibrium point g* € S and the best reply mappings f; : S; X - - - X S;_1 X Sj11 X --- X §;; — §; for
l<i<nn>3andf;:S, x--- xS, = S1,fn : S1 X --- x 5,1 — §, for which inequalities (3.8) hold.

Finally, it should be noted that for a specific strategic game, even less demanding hypotheses than hypothesis (H') can be
used in order to guarantee that system (3.3) gives an infinite-dimensional dynamical system with state space X being the
normed linear space of bounded functions x : [T, 0] — RN, where N = k; +- - - +k, with norm ||x| x = sup_;-, o [x(7)]|.
This can be done by exploiting special properties of the best reply mappings f; : S; X - -+ X Si_1 X Siyq X -+ x S; — S; for
l<i<nn>3andf;:Sy x--- xS, = S1,fn :S1 x--- xS,_1 = S, (e.g., if some of the functions are independent of
certain arguments).

5. Conclusions

In this work, advanced stability methods have been used in order to provide sufficient conditions, called cyclic small gain
conditions, which guarantee robust global asymptotic stability of the Nash equilibrium in dynamic games. The obtained
results are powerful because they can be applied to uncertain models for which the players form consistent expectations
based on the history of the game. In addition, by formulating dynamic game-theoretical models by means of Functional
Difference Equations, it is possible to obtain all features of continuous-time and discrete-time models. A Cournot oligopoly
game has been used in order to illustrate the theoretical results.

Future research can address the economic meaning of small-gain conditions to other games used in economic research
(e.g., the study of the stability properties of the Walrasian equilibrium of an abstract economy). A step towards this research
direction is the fact that the results presented in this work can be directly extended to the case where the best reply mappings
are set-valued maps instead of functions, i.e., f;(q_;) < S;. However, in this case inequalities (3.8) must be modified in the
following way:

lp—qf| < max vii(lgj—qf|). forallp € fi(g_)andi=1,....n. (3.8)

The above set of inequalities directly implies that the Nash equilibrium point satisfies fi(q* ;) = {g{'} foralli=1,...,n.
With this modification, Theorem 3.1, Corollaries 3.2, 3.3 and Theorem 4.2 hold in this case as well. Future research can also
address the issue of studying dynamic game-theoretical models by means of recent results in hybrid systems theory (see [32,
33]) or the issue of stabilization of Nash equilibria for dynamic game-theoretical models by means of nonlinear feedback
laws, using recently proposed methodologies (see for example [34,35]).
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Appendix

Proof of Theorem 2.2. Notice that (2.10) implies that the followings equations hold for all t > 0:

ab — exp
ai(0) = 610 Prioy (@(t = () + (1 = 0O Prioas | 5355 ~ 357k dgrto)
J# » 1

=1,...,n. (A.1)
4P = Progy (4 +du® o~ 5. )

Using the fact that |Pry(x) — Pry(y)| < |x — y| for every x,y € R", where U C %" is a closed convex set, in conjunction
with gi" = Pro,q; (ﬁ — Zj#i qj*> and 6;(t) € [0, @] with, we obtain from (A.1)fori=1,...,n

2b+K; ~ 2b+K;
ab — ¢ b &
Prio o — Pt
[0.a1 <2b T K  2b+K JZ ®

|ai(t) — qf| < 6:(t) |qi(t — (1)) — qf| + (1 — 6;(1))

ab — ¢; b
— Prjg.0; — *
[0.a1 <2b TK  2b+K ; 9 )

(1 —6:(0)b exp
< 6i(0) |ailt — () — qf| + 2b+K Z( () —a))
(1 —6i(t)b exp
< 6i(0) |qi(t — w() — af| + 2b+K Z| OETHE (A2)
Combining (A.2) with (2.8) and using definitions R; = 32 > 0,x(t) = %0 U g = so0(#ii=1....n),we
conclude that for every x, € X and for every set of functions §; : it — [0, ©],7; : KT — [r, Tl dij: RT — [-1,11(G # i,
i,j=1,...,n) the solution x, € X of (2.11) with initial condition x,, = X, € X corresponding to inputs §; : #* — [0, O],
Rt = [, TlLdij : Rt — [-1,1]1( #i,i,j=1,..., n)satisfies:
()] < 6:(6) xillge—r.c—r) + (1= GODR: Y &y %]y ,yy forallt > to. (A3)
i#

We notice that system (2.11) is an autonomous uncertain dynamical system in the sense described in [15-17]. Next we show
that 0 € X is a robust equilibrium point for system (2.11) in the sense described in [15-17], i.e., for every e > 0, T > 0
there exists § := 8(e, T) > 0 such that if | xo|lx < & then for every set of functions ; : R* — [0, ©], 1; : KT — [r, T],

dij : Wt — [-1,1]( # i,i,j = 1,...,n), the solution x; € X of (2.11) with initial condition X, € X corresponding to
inputs 6; : Rt — [0, O], i : KT — [, T, dij : R — [-1,11 G #i,i,j=1,...,n) satisfies |x[lx = |Xll_r.q < & for
all t € [0, T]. To see this, notice that (A.3) implies the existence of a constant G > 0 such that:
sup [x(t)] = [Ixlljo,q =< G llxIl[— (A4)
tef0,r]

Without loss of generality we may assume that G > 1. Inequality (A.4) implies that

IXlle—,0 < GlIXll—1,0;, forallt e [O,r]. (A5)
Working in this way and using induction we may establish that for every positive integer k > 0 it holds that

Xlle—r.0) < G IXll—1.0p, forallt € [0, kr]. (A6)
Therefore (A.6) implies that

I llx = Ixll;—r.; < G xll_r.0p = G/ ixoll , forallt >0 (A7)

where [t/r] denotes the integer part of t/r. Consequently, (A.7) implies that for every ¢ > 0, T > 0 there exists
8 :=8(e, T) = e G '7IT/"1 > 0 such that if ||xo||y < & then for every set of functions 6; : T — [0, ©], 7; : ¥t — [r, T],
dij : Wt — [-1,1]1( # i,i,j = 1,...,n), the solution x; € X of (2.11) with initial condition x, € X corresponding to
inputs 6; : Kt — [0, 0], 5 : R — [r, T, dij : " — [-1,1]1( #i,i,j = 1,..., n)satisfies || x;[|x = [xll;_r., < & for
all t € [0, T]. Therefore 0 € X is a robust equilibrium point for system (2.11) in the sense described in [15-17].

The reader should notice that inequality (A.3) implies the following inequality foralli=1,...,nand u > ©®:
()] < max | Il KO oS g forall t > t (AS)
(O = HWillie=re=n > = g 2B 1%l pe-r,e-n) = fo- :

J#



I. Karafyllis et al. | Computers and Mathematics with Applications 60 (2010) 2936-2952 2949

Let o > 0 and consider the family of functionals V; : X — %i*,i =1, ..., ndefined by:
Vi(x) = sup Qi|xi(z)|exp(o7). (A.9)
—T<t<0

Leth € (0, r) and t > 0 be arbitrary. Definition (A.9) and inequality (A.8) imply that:
Vi(xern) = sup OQi [xi(t +h+ 7)lexp (07T)

= sup  Qlxi(s)lexp (o (s—t—h))
t+h—T<s<t+h

IA

max sup  Q;[xi(s)|exp (o (s —t —h)), sup Qile(S)Iexp(o(s—t—h))}

t+h—T<s<t t<s<t+h

exp (_Uh) V,‘(Xf), /’LQI sup “Xi”[sz,sfr] exp (0 (S —t— h)) >

O t<s<t+h

max 4 4 — ue

—R; sup E Qigii ||x ) €XPp (c(s—t—h))
M_@ 't<s<t+ i 1]“ ]HS T.s—r]

IA

Using definition (A.9) and the facts that g;; = % >0 #ii,j=1,...,n)and HXJH

SUP_t<y<—r |Xj

[s—T,s—r] SUPs—T<r<s—r ’Xj(t)| =

, We obtain from the above inequality:

exp (—oh) Vi(x), 0 sup  sup Qi [xi(s + w)|exp (cw)exp (—ow)exp (o (s —t —h)),
t<s<t+h —-T<w<-r

i — o

Vilkesn) = maxy p— 1 R; sup Z Q; sup |xj(s =+ w)| exp (cw)exp (—ow)exp(c(s—t — h))

m — t<s<t-+h [ —T<w=<-r
nw—ue
< max { exp (—oh) Vi(x¢), wexp(cT) sup Vi(x), —R exp(oT) sup Z Vi(xs)
t<s<t+h n—0 tss<t+h
nw—ue
< max yexp (—oh) Vi(x;), wexp(cT) sup V;(xs), —R (n—1)exp(cT)max sup Vj(xs)¢ .
t<s<t+h u—0 J# t<s<t+h
Consequently, foreveryi=1,...,n,u > ®,0 > 0,h € (0,r) and t > 0 it holds that:
Vi(X¢1n) < max {exp (—oh) Vi(x), pexp(aT) sup Vi(x), _—Rz(n — 1exp(oT) max sup V](Xs)}
t<s<t+h n—0 J# t<s<t+h
(A.10)
Using induction and (A.10), we can show that for everyi = 1,...,n,u > ®,0 > 0,h € (0,r),t > 0 and for every
non-negative integer k > 0, it holds that:
w— pne
Vi(Xe+kn) < max jexp (—okh) Vi(x), wexp(oT) sup Vi(x;), ———Ri(n — 1)exp(cT)max sup Vj(xs) ¢ .
t<s<t-+kh u—6e J# t<s<t+kh
(A.11)
Therefore, (A.11) implies that foreveryi =1,...,n,u > ®,0 > 0and t > 0 the following inequality holds:
Vi(x;) < max !exp (—ot) Vi(xg), wexp(aT) sup Vi(xy), —R (n—1)exp(oT) max sup V(xs)} (A12)
0<s=<t n—0 I 0<s<t

Next, we assume that ¢ < T~ 'In(2). The reader should notice that definition (A.8) implies that 2 o Vi(xt) > sup_r<;<o
|x;(t + 7)| for o < T~'In(2) and consequently:

Iellx = Ixlle—r,q < Z sup |xi(t + 1) < = va) (A13)
—T<t<0
where ¢ := min;—;,__, Q;. It follows from (A.12), (A.13) and definition (A.9) (which implies Vi(x;) < Q |lx;||x for Q =
max;—;..._, Q) that the following inequalities hold for everyi=1,...,n,u > ®,0 > 0andt > Owitho < T~'In(2):
Vi(x;) < max :Q exp (—ot)L(xg), nexp(aT) sup Vi(xs), %R (n — 1) exp(oT) max sup V(xs)} (A.14)
o<s<t 124 J#i o<s<t

—q O=s=<t

4nQ
L(x;) < max {T lxollx , — (R(n —D+1 Z sup V(xs)} (A.15)
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where L(x) := [x||x and R := max;—1. ., R;. It follows from (A.13)-(A.15) and Theorem 3.1 in [19] that 0 € X is Robustly
Globally Asymptotically Stable for system (2.11), provided that the following set of conditions holds foreachp =2, ..., n:

m— pne

p
9 ) exp(poT) < 1 (A.16)
M p—

Ri] ...R,‘p(n— 1)p<
foralli; e {1,...,n},ij # iy ifj # k and

nexp(oT) < 1. (A17)

Notice that if conditions (2.15) hold for eachp = 2,...,nand forallj; € {1,...,n}, i; # iy ifj # k then the conditions
(A.16), (A.17) hold foreachp = 2,...,nand forall i; € {1,...,n},i; # iy if j # k for sufficiently small o > 0 and for
€ (O, 1) sufficiently close to 1. The proof is complete. O

Proof of Theorem 3.1. We first notice that system (3.7) is an autonomous dynamical system in the sense described in
[15-17]. Next we show that 0 € X is a robust equilibrium point for system (3.7) in the sense described in [15-17], i.e., for
every & > 0, T > 0 there exists § := 8(¢, T) > 0 such that if ||xy]|y < & then for every set of functions §; : R — [0, ®],
T WY > [ Tldy : WY — {denh:|dl <1} (G # i.i,j = 1,...,n) the solution x, € X of (3.7) with initial
condition xo € X corresponding to inputs 6; : T — [0,0], 7 : KT — [r, Tl di; : BT — {de R : |d| <1} (G # i,
i,j = 1,...,n)satisfies [|x;|lx = |Xll;_rq < ¢ forallt € [0, T]. Without loss of generality we may assume that the
function G € N involved in (3.13) is a strictly increasing function. Define « (s) := G*1T/™D (s) for every T > 0, which is
a strictly increasing, continuous function with «(0) = 0 and lim_, ;o k(s) = +oo (recall that G(s) > s for alls > 0)
and define k' : T — N to be the inverse function of ¥ on R*. Indeed, (3.13) implies that for every ¢ > 0,T > 0
there exists § := 8(¢,T) = k~'(¢) > 0 such that if ||[xo]lx < & then for every set of functions §; : W™ — [0, O],
TR > [Tl dij: Rt — {defhi:|d <1} (G #iij=1,...,n) thesolutionx € X of (3.7) with initial condition
Xo € X corresponding to inputs 6; : R — [0, O], 1 : WT — [r, Tl dij : R —> {d e : [d <1} (#iij=1,...,n)
satisfies ||x¢[[x = [|x[[;_r ¢ =< € forallt € [0, T]. Therefore O € X is a robust equilibrium point for system (3.7) in the sense
described in [15-17].

Let o > 0 and consider the family of functionals V; : X — %™, i =1, ..., ndefined by:
Vi(x) = sup [xi(t)|exp(oT). (A.18)
—T<t<0

Using definition (A.18) and (3.9) we obtain foreveryh € (0,T),i=1,...,n,u > ® and t > 0:

ViXe4n) = sup . xi(t +h+ 1)l exp (07)
—T<t<
= sup |x(s)|exp(o (s—t—h))
t+h—T<s<t+h

IA

max { sup |xj(s)|exp(o(s—t—h)), sup |xi(s)|exp(o(s—t— h))}

t+h—T<s<t t<s<t+h

IA

max {EXP (—oh) Vi(x;), sup wllXills—rsexp(o(s—t—h)),

t<s<t+h

sup max wf/” (HXJH ) exp (o (s —t —h))
t<s<t+h J# H—6O "7 [s=T.s]
exp (—oh) Vi(x;), sup pu sup [xi(w +s)|exp(ow)exp(—ow)exp(o(s—t—h),
t<s<t+h —-T<w=<0
= max w— M@ 5
sup max ———vV;j| sup \xj(w + s)| exp (cw)exp(—ow) Jexp(o(s —t — h))
t<s<t+h J# ®— 6O —T<w=<0

— uo
< max jexp (—oh) Vi(x;), sup pexp(aT)Vi(xs), sup maxu?i.j (EXP(UT)V]‘(XS))}
t<s<t+h t<s<t+h J#A @ —06O "7

e
< max |exp (—oh) Vi(x;), wexp(cT) sup Vf(xs),mix%%,j <exp(0T) sup Vj(xs)>}.
#iopu— 6

t<s<t+h t<s<t+h

Consequently, foreveryi=1,...,n,0 >0,h € (0,T),u > ® and t > 0 it holds that:

n—pue _
Vi(xf+h)Smax{exp(—ah)vf(xt),uexp(ﬂ) sup Vi(xs), max ————; (exp(aT) sup Vj(xs)>}- (A.19)
t<s<t+h #Foop =6 t<s<t+h
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Using induction and (A.19), we can show that for everyi = 1,...,n,06 > 0,h € (0,T),x > ©,t > 0 and for every
non-negative integer k > 0, it holds that:

@)
Vi(xt+kh)5maX{exp(—okh)Vi(xt),uexp(oT) sup  Vi(xs), ij%%,j (exp(oT) sup ‘/j(Xs)>}-
M_

t<s<t+kh t<s<t+kh
(A.20)
Therefore, (A.20) implies that foreveryi =1,...,n,u > ©®,0 > 0andt > 0 the following inequality holds:
mw—pno
Vi(x;) < max {exp (—ot) Vi(xg), uexp(aT) sup Vi(xs), mjx —@Vi,j exp(aT) sup Vi(xs) | ¢ . (A.21)
0<s<t "= 0<s<t

The reader should notice that definition (A.18) implies that 2V;(x;) > sup 7, Xt +1)| for o < T~'In(2) and
consequently:

xcllx = Ixlle—r.q < Z sup [xi(t + 7)) <2ZV<xt> (A22)
—1 —TI'=t=<0
Without loss of generality we may assume ® > 0. Define u = “’1—O+O and let the constant 0 > O satisfy the

inequalities: 0 < T7'In(2),0 < T 'ln(w)ando < T~ 'ln (‘”QJOJFO) where @ > 1 is the constant involved in the

hypotheses of the theorem. Notice that the hypothesis ® < 1 and previous definitions imply that u exp(cT) < 1, u > O,
exp(oT) < wand *;:_—"(f) < . It follows from (A.21), (A.22) and definition (A.18) (which implies V;(x;) < ||x;||x) that the
following inequalities hold for everyi =1,...,nand t > O:

Vi(x;) < max :exp( ot)L(xg), B sup Vi(x;), m;zlxwy,] (w sup V(xs)>} (A.23)
0<s<t 0<s<t
L(x;) < max §2n|xollyx , 2 Zmaxa)y,j (a) sup V(xs)) + ZBZ sup Vi(xs) (A.24)
0<s<t i1 0<s<t

where L(x) := ||x||xy and B := pwexp(oT) < 1.1t follows from (A.22)-(A.24) and Theorem 3.1 in [19] that O € X is Robustly
Globally Asymptotically Stable for system (3.7), provided that the set of conditions (3.14) holds for eachp = 2, ..., nand
foralli; € {1, ..., n},ij # ik ifj # k. The proof is complete. O
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