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Notations

Throughout this paper we adopt the following notations:

For a vector x € fR" we denote by |x| its usual Euclidean norm and by x’ its transpose. For a bounded function
x : [-1,0] — R" we define ||x||, := supge[_, o) [X(8)]. For a matrix A € ™" by |A| we denote the induced norm
of the matrix, i.e., |A| := sup {|Ax| ; x € R", |x| = 1}.1 € R™*" denotes the identity matrix.

LetI C 9 be an interval. By C°(I; £2), we denote the class of continuous functions on I, which take values in £2 C R".
By C'(I; £2), we denote the class of functions on I with continuous first order derivative, which take values in 2 € R".
By £ (I; 2) (L5 (I; £2)), we denote the class of measurable and (locally) bounded functions on I, which take values
in 2 C R If 2 C R"is a subspace of R", L= (I; 2) (L. (I; £2)) is a normed linear space with norm sup,; [x(t)|, for
xe LCOU; 2).

MT denotes the set of non-negative real numbers.

We denote by K* the class of positive C° functions defined on $t*. We say that a function p : "% — %™ is positive
definite if p(0) = 0 and p(s) > 0 forall s > 0. We say that a function p : "™ — R™ is of class W, if p is non-decreasing
with p(0) = 0. By K we denote the set of positive definite, increasing and continuous functions. We say that a positive
definite, increasing and continuous function p : "™ — %M is of class K, if lim,_, ;o p(s) = +00. By KL we denote the
set of all continuous functions ¢ = o (s, t) : ®T x "™ — NRT with the properties: (i) for each t > 0 the mapping
o(-,t)isofclass K; (ii) for each s > 0, the mapping o (s, -) is non-increasing with lim;_, , , o (s, t) = 0.
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*Lletx : [a—r,b) > MW" withb > a > —ooandr > 0. By T,(t)x we denote the “r-history” of x at time t € [a, b),
ie, T, (t)x =x(t+0);60 € [—r,0].
* By |||ly, we denote the norm of the normed linear space Y.

2. Introduction

In this work we consider control systems described by coupled Retarded Functional Differential Equations (RFDEs) and
Functional Difference Equations (FDEs). Let D € %' be a non-empty set, U € R™ be a non-empty set with 0 € U and
consider the system described by the following equations:

kl (t) :fl (t7 d(t)v TH (t)X], Trzf‘[([) (t - ‘E(t))XZV u(t)) (2'1a)
x(t) = fo(t, d(0), Ty (OX1, Try—e vy (£ — T())X2, u(t)) (2.1b)

Y(t) = H(t’ TT] (t)X]7 Trz (t)x27 u(t)) € y

X1(0) € KM, xo(t) € W2, d(t) € D.u(t) € U, t > 0 (2.1¢)

where r; > 0,1, > 0, f; : Upoft} x D x C®([—ry, 0]; ®’") x £LX([—1rp +T(1),0; A™) x U — R", i = 1,2,
H : " xCO ([—rq, 0]; R™M) x L® ([—T13, 0]; R™) x U — Y (Y is a normed linear space) are locally bounded mappings with
fi(t,d,0,0,0) =0 i=1,2,H(t0,0,0) = 0forall (t,d) € "™ x D. Specifically, we consider systems of the form (2.1)
with initial conditions x; (to +6) = x10(6); 6 € [—r1, 0] and x5 (tg+0) = x20(0); 0 € [—r5, 0] withx19 € C° ([—r7, O]; R™),
X20 € L ([—13, 0]; ®"2), under the following hypotheses:

(P1) The function 7 : & — (0, +-00) is continuous with SUP;so T(t) < 17

(P2) There exist functions a € Ky, 8 € K% such that |ﬁ(t, d, xl,Tr2_1<t)(—r(t))x2,u)| < a(ﬁ(t) ||x1||r1) +
a(’g(t) HTrz—r(r)(—f(f))Xz||rrr<r>) + aB®)ul),i = 1,2, for all (t,d,x;,x,u) € R" x D x C°([—ry,0]; R") X
L ([—1p, 0]; ®’"2) x U.

(P3) For every x; € C°([—ry,+00); R™), d € L2 (R";D),u € L2 (R U) and x, € L ([—12, +00); R™)
the mappings t — fi(t, d(t), Ty, ()x1, Try—r () (t — T(t))X2, u(t)), i = 1,2 are measurable. Moreover, for each fixed
(t,d, Xy, u) € R x D x L ([—12, 0]; ®"2) x U the mapping fi(t, d, x1, Tr,_z () (—T (t))x2, u) is continuous with respect
tox; € C° ([—rq, O]; ®™).

(P4) For every pair of bounded sets I C 9" and 2 C C°([—ry, 0]; R™) X £* ([—r2, 0]; ;R™) x U, there exists
L :=L(, £2) > 0such that

(Xl (0) -0 (0)), (f] (tv dv X1, Trsz(t)(_r(t))XZ! u) _f1 (t7 d! Y1, Ti”zf‘((t)(_r(t))X27 u)) = L ”Xl _y1||3]
V(t,d) €I x D,V(xy,x3,u) € 2,V(yq, X2, U) € 2. (2.2)

(P5) The mapping H : RT x C° ([—ry, 0]; R™) x £ ([—13, 0]; A"2) x U — Y is continuous with H(t, 0, 0, 0) = Oforallt >
0. Moreover, the image set H(£2) is bounded for each bounded set 2 C R x C° ([—ry, 0]; R™) x L*® ([—1, 0]; R"2) x U.

The reader should notice that hypothesis (P1) and the fact that 7(t) > 0 for all t > 0, guarantee that Eq. (2.1b) is a
functional difference equation. It should be pointed out that hypotheses (P1), (P2), (P3) are satisfied if D C %! is compact
and there exist continuous functions 7; : R* — (0, +00) (i=1,...,p), T : BT — (0, +00) with T(t) < 71(t) < 1o () <

- < 1,(t) < ryforallt > 0, continuous mappings g : ®™ x D x CO ([—ry, 0]; ;R™) x WP x KK x U — 9,0 = 1,2,
h: T x [—ry, 0] x R — R with g;(t, d, 0,0, 0,0) = 0, h(t, 8, 0) = Oforall (t, 0, d) € R x [—-r —T, 0] x D, such that
—t(t)

fl(t! d! X1, Trz—r(t)(_t(t))xz, u) =8 (tr d? X1, XZ(_'L'] (t))! XZ(_fZ(t))s e XZ(_Tp(t)), h(t’ 97 XZ(G))dQ» u) )

—
i=1,2 forall(t,d,x1,x,u) € R x D x C°([—r, 0; ®R") x L ([—r, 0]; ™) x U.

The reason for allowing the output to take values in abstract normed linear spaces is that the case (2.1) allows the study of:

e outputs with no delays, e.g. Y (t) = h(t, x;(t), x2(t)) with Y = R¥,

e outputs with discrete or distributed delay, e.g. % (t) = h(x1(t), X1 (t—11), X2(t), X2 (t—13)) or Y (t) = ftir] h(t, 0, x,1(6))do
with ¥ = Rk,

e functional outputs with memory, e.g. Y(t) = h(t,0,x(t + 0));0 € [—rq, 0] or the identity output Y(t) =
fiae 00 S Bl with Y = € ([, 01 97) x £ (13, 0] )

2.1. Motivation for the study of system (2.1)

Systems of the form (2.1) arise in many problems in Mathematical Control Theory and Mathematical Systems Theory.
Feedback stabilization problems for time-delay systems may result in systems of the form (2.1) (see for instance [1-4] and
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references therein). For example, consider the stabilization problem for the scalar system:

x(t) = f(x(t)) + u(t) + au(t —r)

x(t) € R, u(t) eR (2.3)

where f : & — R is a continuous function with f(0) = Oandr > 0, a € %R are constants. Notice the way that the input
u(t) appears in Eq. (2.3). If the designer selects to apply the feedback linearization approach for system (2.3), then we have:

u(t) = —Kx(t) — f(x(t)) — au(t —r) (2.4)
where K > 0. Consequently, if a # 0 the closed-loop system (2.3) with (2.4) is described by the following system of coupled
RFDEs and FDEs:

x(t) = —Kx(t)

u(t) = —Kx(t) — f(x(t)) — au(t —r) (2.5)

x(t) € R, u(t) € R.

Notice that system (2.5) has the form of system (2.1) with u(t) in place of x,(t) and x(t) in place of x;(t). Moreover,
hypotheses (P1-4) are satisfied for system (2.5).
However, the strongest motive for the study of systems of the form (2.1) is that systems of the form (2.1) allow the

consideration of discontinuous solutions to systems described by Neutral Functional Differential Equations. For example,
consider the scalar system described by a Neutral Functional Differential Equation:

d
i@ x(t) —x(t —2r)) =x(t —r1), x(t) €eR (2.6)
with initial condition Ty, (tg)x = X € C° ([—2r, 0]; ). The solution of (2.6) for t € [tg, to + r] is given by:
t—r
x(t) = x(t — 2r) + x(tg) — x(tg — 2r) + / x(s)ds. (2.7)
to—r

It is clear from (2.7) that the solution of (2.6) can be defined even if the initial condition is discontinuous, i.e., T>, (to)x = Xo €
L> ([—2r, 0]; RR). How to obtain such a (weak) solution?
The following idea was proposed in [5] for linear systems (though it was expressed in a different way): first define

x1(t) = x(t) — x(t — 2r)
Xo(t) = x(t).
Then Eq. (2.6) is transformed to the following system of coupled RFDEs and FDEs of the form (2.1):

x1(t) =x(t —1)
X2(t) = x1(t) + x2(t — 2r) (2.8)
x1(t) € R, x,(t) € R.

Notice that hypotheses (P1-4) are satisfied for system (2.8) (hypothesis (P5) is irrelevant since there is no output). The
solution of (2.8) for t € (to, top + ] is given by:

t—r t—r

x©)ds; X = x(t — 20) + x1(to) + / x2(s)ds. (29)

to—r

x1(t) = x1(to) + /
to—r
Notice that x,(t) = x(t) does not coincide with the solution of (2.6) given by (2.7) unless x (tg) = x2(to) —x2(to—2r), the so-
called “matching condition”. It should be emphasized that if the “matching condition” does not hold then the solution of (2.8)
(given by (2.9)) is discontinuous, even if the initial condition is smooth. Consequently, system (2.8) provides a generalized
framework for the study of the Neutral Functional Differential Equation (2.6).
The idea described for the simple example (2.6) can be generalized for nonlinear control systems described by Neutral
Functional Differential Equations of the following form (the so-called Hale’s form, see [6,7]):

d

@ (x(0) = g(t. Ty—r ) (t — T(O)X)) = f(¢, d(D), T ()x, u(t)), x(t) € R". (2.10)
Without loss of generality we may assume that the continuous function T : /% — (0, +00) with SUpgso T(t) < r,is
non-increasing. If we define x; (t) = x(t) — g(t, Tr—(» (t — T(£))X), xo(t) = x(t) and the operator:

RE % CO([—r, 0]; W™ x £ ([—2r, O]; B™2) 5 (£, X1, X2) — G(t, X1, Tor—e(0) (—T(£))X2)

)X (9)7 0 € [_r7 _T(t)]
Gt 21, Tor—ey (CTO)) = {xf(@ + 8+ 6. Trrr0) (6 — T +0)x). 6 € (—(0),0]
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then system (2.10) is associated with the following system described by coupled RFDEs and FDEs:

x1(8) = f (¢, d(0), G (£, T (O)x1, Tor—r (0 (t — T(O)x2) , u(t))

X2(t) = x1(t) + g, Tr—r(r) (t — T(£))X2).
Notice that system (2.11) is a system of the form (2.1). The component x, of the solution of (2.11) coincides with
the solution x of (2.10) if and only if the initial data are continuous functions which satisfy the “matching condition”:
G (to, T; (t0)X1, Tor—z () (to — r(to))xz) = T, (to)x,. However, notice that even if the matching condition holds the solution of
(2.11) can be defined for discontinuous initial data. Consequently, if the matching condition holds and the initial data are
discontinuous then the component x, of the solution of (2.11) is a discontinuous mapping which satisfies the differential
equation % (xz(t) — g, Tr—r(rn (t — r(t))xz)) = f(t,d(t), T, (t)xz, u(t)), almost everywhere for t > ty. Thus, if the
matching condition holds, then system (2.11) provides “weak” solutions to the Neutral Functional Differential Equation
(2.10). Other concepts of weak solutions for linear neutral functional differential equations were given in [5,8]. In recent
works control-theoretic aspects for linear neutral functional differential equations are studied (see [9-11]). It should be
noted that the converse transformation of a system described by coupled RFDEs and FDEs of the form (2.11) to a neutral
functional differential system of the form (2.10) was exploited in [12].

The approach described above is not restricted to Neutral Functional Differential Equations of the form (2.10). We can

also consider Neutral Functional Differential Equations of the form (Bellman’s form, see [13]):

x(t) = f(t, d(©), Tr(O)x, Tr—r 0y (t — T(E)X, u(t)), x(t) € R". (2.12)
In this case the corresponding system of coupled RFDEs and FDEs is:

x1(t) = f (£, d(6), To (X1, Tr—r o) (t — T(£))X2, u(?))

Xa(t) = f (£, d(6), To(0)X1, Tr—r o) (t — T(£))X2, u(?)) (2.13)

x1(t) € R", x,(t) € ®*, d(t) e D,u(t) e U,t > 0.
Notice that if T, (to)x, = T, (tp)x and T, (tg)x; = T, (tp)x then the component x; of the solution of (2.13) coincides with the
solution x of (2.12) for all t > t,.

Consequently, it should be emphasized that the study of coupled RFDEs and FDEs offers a great advantage: Neutral

Functional Differential Equations of the form (2.10) and Neutral Functional Differential Equations of the form (2.12) can
be studied in the same way and in the same framework.

Another field which motivates the study of systems of the form (2.1) is the field of control (or dynamical) systems
described by hyperbolic partial differential equations of the form:

(2.11)

%(t z)+ai%(t z) =fi(t,vi(t, 2),EX), i=1,...,p
ot 6z SR e (2.142)
vit, z) € R, &(t) e R,z € [0, 1]
whereag; > 0(i = 1, ..., p) are constants, along with boundary conditions of the form:
vi(t, 0) = F; (t, d(t), £E(b), u(t), v(t,z);z € [t(t),1]), i=1,...,p (2.14b)
where v(t, z) = (v1(t, 2), ..., vp(t,z))" and
E() =g (t,d(0), E(D), u(t), v(t,2); z € [(t), 1]). (2.14c)

The problem (2.14) is accompanied by initial conditions v;(ty, z) = voi(z) and £(ty) = & € K. Initial value problems
of the form (2.14) arise in electrical, thermal and hydraulic engineering (see for instance the model of combined heat and
electricity generation in [ 14] and other models reported in [ 15] concerning lossless transmission lines with electrical circuits
and turbines under waterhammer conditions).

If we define x1(t) = &(t) and x;(t) = (v1(t,0), ..., vp(t, 0))’, then it can be shown that the state variables x;(t),

X, (t) satisfy a system of coupled RFDEs and FDEs for t > tp + maXi—1,_pa; ! Consequently, the asymptotic behaviour of

system (2.14) is determined by the associated system of coupled RFDEs and FDEs. The discontinuous solutions generated
by the associated system of coupled RFDEs and FDEs are important, since such solutions correspond to mild solutions of
the problem (2.14). The following example shows that it is possible to achieve the transformation of a control problem
described by partial differential equations to a control problem described by coupled RFDEs and FDEs for systems with
more complicated boundary conditions than (2.14b).

2.2. Motivating example: Control of the linearized St. Venant equations

We consider the following system of partial differential equations:

oh ov ov oh

—(t,z —(t,z) = 0; —(t,z —(t,z) = —u(t 2.15a

at( )+az( ) Bt( )+Bz( ) (®) ( )
where z € [0, 1] and u(t) € R.The above system of partial differential equations is the linearization of the nonlinear system

of partial differential equations describing the height h(t, z) and the horizontal velocity v(t, z) of an inviscid incompressible
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fluid contained in a tank at time t > 0 and position within the tank z € [0, 1]. The tank is constrained to move only in the
horizontal direction and the position and the velocity of the tank are denoted by D(t) and s(t), respectively. Since u(t) € R
is the horizontal acceleration of the tank (i.e., the force acting on the tank) we have in addition the following ordinary
differential equations:

D@t) =s(t);  §(t) = u(t). (2.15b)
Finally, the system is accompanied by the “no-flow” boundary conditions:
v(t,0) = v(t, 1) =0. (2.15¢)

The reader should notice that the controllability and stabilizability problem of system (2.15) has attracted attention
(see [16], page 212 as well as [17]), since it is known that system (2.15) is uncontrollable (see [18]). By defining A(t, z) :=
h(t,z) + v(t, z), B(t,z) = h(t,z) — v(t, 2), X3,1(t) := A(t, 0) and x, »(t) := B(t, 1), we obtain by direct integration on the
characteristic lines:

t
ho(z —t) + vo(z — t) — / u(t)dr, fort <z
A(t,z) = ¢ 0 ,
X21(t —2) —/ u(t)dr, fort >z
t—z .
ho(z +t) —vo(z +t) +/ u(t)dr, fort<1-z
B(f,Z) = t 0
Xp2(t+2z—-1) +/ u(r)dr, fort>1-—z
t+z—1

where hy(z) := h(0, z) and vo(z) := v(0, z). By defining x, 1 (—w) := ho(w)+vo(w) and x; ,(—w) := hp(1—w) —vo(1—w)
for w € [0, 1], and using the relations h(t,z) = % (A(t,z) + B(t,z)) and v(t, z) = % (A(t, z) — B(t, z)), we obtain for all
t>0:

1 1 max(0,t—z)

h(t,z) = =x1(t —2) + =x2(t+2z2—-1) + f‘/ u(t)dr (2.16a)
2 2 2 max(0,t+z—1)
1 1 1 [t 1 [t

v(t,z) = =x1(t—2) — =x2(t+2—-1) — = / u(t)dr — f/ u(r)dr. (2.16b)
2 2 max(0,t+z—1) 2 max(0,t—z)

It should be noticed that the above equations give discontinuous solutions for system (2.15) if the initial conditions
ho(z) = h(0,z) and vy(z) = v(0, z) are discontinuous functions. Finally, we exploit the boundary conditions (2.15c).
Using (2.15c) and (2.16b) we obtain for all t > 0:

t t

u(r)dr; Xp2(t) =%1(t — 1) — / u(r)dr.

max(0,t—1)

X2,1(t) = X2(t — 1) +/

max(0,t—1)

Consequently, we are led to the study of the following linear autonomous control system of coupled RFDEs and FDEs:

x1,1(t) = x12(t)
X12(t) = u(t)
X2,1() = X22(t — 1) +x12() —x12(t = 1) (2.17)
Xo2(t) = X21(t — 1) —x12(t) +x12(t — 1)
x1(t) = (x1,1(t), X1.2(t)) € R, X2(t) = (x2,1 (1), X22(t)) € R*, u(t) € R
where x 1(t) is the position of the tank D(t) and x »(t) is the horizontal velocity of the tank s(t). Notice that system (2.17)

gives weak solutions for the original system (2.15) if x5 1 (—w) := h(0, w) +v(0, w), X2 2(—w) := h(0, 1 —w) —v(0, 1 —w)
and x; ,(—w) = x12(0) for w € [0, 1] by means of the formulae:

1 1 1 1
h(t,z) = ixz,l(f -2)+ Exz,z(f +z-1+ Exl,z(t —-2z)— Exl,Z(t +z-1)

1 1 1 1
U(t, Z) = 5X2’1(t — Z) — 5X2’2(t +z— 1) —Xl,z(f) + 5X1.2(t +z— 1) + EXLz(t — Z).

Questions of controllability and stabilizability for system (2.15) can be addressed by studying system (2.17). <

Finally, it should be noticed that recent contributions in the literature study systems of coupled RFDEs and FDEs of the
form (2.1) per se (see [1,19,15,20-24,14]).

In this work we present sufficient Lyapunov-like conditions for (Uniform) Robust Global Asymptotic Output Stability
(RGAOS) and (Uniform) Weighted Input-to-Output Stability (WIOS) for systems of the form (2.1). Our results are based
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on the decomposition of system (2.1) as the feedback interconnection of a system described by RFDEs and a system
described by FDEs. This particular viewpoint allows us to study the stability properties of (2.1) in great generality as well
as to obtain a unified framework for a wide class of stability notions, including the notion of Input-to-State Stability (ISS).
It should be emphasized that the introduction of the notion of ISS by Sontag in [25-27], for finite-dimensional systems
described by ordinary differential equations, led to an exceptionally rich period of progress in mathematical systems and
control theory. The notion of ISS was extended to the notion of Input-to-Output Stability (I0S) in [28-30] and to non-uniform
in time notions of ISS and 10S, which extended the applicability of I0S to time-varying systems (see [31,32] and references
therein; see also [33,34] for time-delay systems). It is our belief that the notions of ISS and I0S have become one of the
most important conceptual tools for the development of nonlinear robust stability and control theory for a wide class of
dynamical systems and consequently, one of the novelties of the present work is the study of ISS/IOS for system (2.1).

The present work is structured as follows. In Section 2, we provide some preliminary results on existence and uniqueness
of solutions of (2.1), which allow us to consider system (2.1) as a control system with a robust equilibrium point, in the sense
described in [35]. In Section 3, we present a stability result, which is based on the small-gain theorem given in [32]. The result
relies on the notion of (Uniform) Weighted Input-to-Output Stability for control systems with outputs. Sufficient Lyapunov-
like and Razumikhin-like conditions are also presented. In Section 4, examples are presented where the stability results of
Section 3 are utilized. Finally, in Section 5 we provide the concluding remarks of this work.

3. Preliminary results for control systems described by coupled RFDEs and FDEs

In this section we provide some fundamental results that allow us to consider system (2.1) under hypotheses (P1-5) as
a control system with a robust equilibrium point in the sense described in [35]. We start with an existence-uniqueness-
continuation theorem for the solution of (2.1). We say that a mapping x : [a,b) — R" with —0co < a < b < 400 is
absolutely continuous on [a, b) if for every ¢ € (a, b) the mapping x : [a, b) — R" is absolutely continuous on [a, c].

Theorem 3.1. Consider system (2.1) under hypotheses (P1-4). Then for every ty > 0, (10, X20) € C°([—ry, 0]; R™) X

L ([—12, 01, ®2) ,d € Li2 (RT;D), u € Lig (BT U) there exist tmax € (to, +00] and a unique pair of mappings x; €

loc loc

CO ([to — 1, tmax); R™M) , X € LL2 ([to — T2, tmax); R™2) With Ty, (to)X1 = X10, Tr, (f0)X2 = X20, X1 € C° ([to — 1, tmax); R™)

being absolutely continuous on [tg, tmax) Such that (2.1a) holds a.e. for t € [tg, tmax) and (2.1b) holds for all t € (tg, tmax). In
addition, if tmax < 00 then for every M > 0 there exists t € [tg, tmax) With HTr1 (t)xq Hrl > M.

Theorem 3.1 guarantees that t,.x € (to, +00] is the maximal existence time for the solution of (2.1). The idea behind the
proof of Theorem 3.1 is the method of steps, used already in [15].

Proof of Theorem 3.1. Let to > 0, (x10, X20) € C° ([—r1, 0]; R™) x L ([—12, 0]; :}’™),d € L2 (RT; D), u € L2 (RT; U)
(arbitrary). Define h := min (1; min{t(t; +5) : s € [0, 1]} ). Notice that by virtue of definition of h > 0, it holds that
t —t(t) < toforallt € [tg, ty + h]. By virtue of Theorem 2.1 in [6] (and its extension for Caratheodory conditions in
page 58 of the same book) there exist § € (0, h] and x; € C° ([ty — 1y, to + &); B") with T, (to)X1 = X0, being absolutely
continuous on [ty, tp+8) such that the differential equation x; (t) = fi (¢, d(t), T, (©)X1, Try—r(r) (t — T(£))X2, u(t)) is satisfied
ae. fort e [to, to + 8). Moreover, hypothesis (P4) guarantees that the mapping x; € C° ([to — 11, to + 8); |®™) is unique
(see [33,42]). There exist two cases for the mapping x; € C° ([t — 11, to + 8); R™):

(a) for every M > 0 there exists t € [tg, tg + 8) with H T;, (0)x; ||r1 > M.

(b) if H T, (£)x; Hrl is bounded for all t € [tg, ty + &) then the mapping x; € C°([ty — 11, to + 8); ") can be extended
continuously in a unique way on [ty — 11, to + h].

Next we consider the FDE x,(t) = fo(t, d(t), Ty, (£)x1, Try—z ey (t — T(£))X2, u(t)). By virtue of hypotheses (P2), (P3)
there exists a unique mapping x, € £Lp% ([fo — 12, to + 8); R™) with T,,(t)x, = X0 such that the FDE x,(t) =
fo(t, d(t), Tr, (X1, Try—r 0y (t — T(D)x2, u(t)) is satisfied for all t € (o, to + 8). Moreover, if |, (¢)x; ||r1 is bounded for

all t € [to, to + 8) and the mapping x; € C° ([to — 11, tp + 8); ™) can be extended continuously in a unique way on
[to — 11, to + h] then similarly x, € £ ([ty — 12, tg + 8); R™) can be extended on [ty — 12, tg + h] (notice that hypothesis
(P2) implies that x, is bounded as long as x; is bounded).

If case (a) holds then define t,.x = to + & and the proof is complete. If case (b) holds all arguments can be repeated
with ty + h in place of t; (next step). We continue the same procedure of construction of the solution step by step.
The procedure may be stopped after some steps (if case (a) is encountered) or may be continued indefinitely (if case
(a) is never encountered). In the latter case for each step i we obtain a pair of mappings x; € C° ([ty — 1y, tiy1]; R™),
Xy € L%([tg — 1o, tizq]; W) with T, (to)x1 = X190, Tr,(f0)X2 = X0, X1 € CO ([to — 11, tiy1]; |™) being absolutely
continuous on [ty, ti+1], such that (2.1a) holds a.e. for t € [ty, ti+1] and (2.1b) holds for all t € (to, ti1+1], where the sequence
{ti}=, satisfies t; .1 = t; + min (1; min{z(t; +5) : s € [0, 1]}) for alli = 0, 1, 2, .. .. Notice that the sequence {t;}72, is
increasing and consequently limt; = supt;. The assumption that L = limt; = supt; < +oo implies that t;;; > t; + u,
where 1 = min (1; min{z(s) : s € [0,L+ 1]}) foralli = 0, 1, 2, ..., which gives the contradiction t; > ty + (i — 1)u for
alli=1,2,....It follows that lim t; = sup t; = 4+-0c0. The proof is complete. <
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Remark 3.2. According to Theorem 3.1 above, Definitions 2.1 and 2.4 in [35], system (2.1) under hypotheses (P1-5) is
a control system ¥ = (X,Y, My, Mp, ¢, w, H) with outputs that satisfies the “Boundedness Implies Continuation”
property (BIC property—see [35]) with state space X = C° ([—ry, 0]; ") x £ ([—13, 0]; %1™2), output space ¥, set of
allowable control inputs My = £ (%™; U), set of allowable disturbances Mp = £ (%™; D) and set of sampling times
7 (to, Xo, U, d) = [to, tmax), Where tn.x > to is the maximal existence time of the solution. Moreover, if a finite escape time
occurs then the component x; of the solution of (2.1) must be unbounded (but x, may or may not be unbounded).

The following theorem guarantees that (0, 0) € C° ([—r;, 0]; R™) x £ ([—r3, 0]; 8™) is a robust equilibrium point
from the input u (in the sense of definition 2.6 in [35]) for system (2.1) under hypotheses (P1-4).

Theorem 3.3. Consider system (2.1) under hypotheses (P1-4). Then foreverye > 0, T, h € R™ thereexists § :== §(¢, T, h) > 0
such that for all (to, X10, X20) € [0,T] x CO([—rq, 0]; ’™) x L ([—12, 0]; R™2), (u,d) € L2 (RT;U) x Lo (RF; D)
with |[xio0ll;, + lIX20lly, + supesq [u(t)] < & there exist tmax € (fo + h, +00] and a unique pair of mappings x; €
CO([to — 11, tmax): ™M) , X2 € L2 ([to — T2, tmax); R"™) With Ty, (to)x1 = X10, Tr, (to)X2 = X0, X1 € CO ([to — 1, tmax); R™)
being absolutely continuous on [tg, tmax), Such that (2.1a) holds a.e. for t € [to, tmax), (2.1b) holds for all t € (tg, tmax) and

sup { |5, @i, + [T @], st € [t to + 1] <ce. (3.1)

Proof. The proof of Theorem 3.3 relies on the following fact, which is proved in the Appendix.

Fact 1. Forevery e > 0,T € W+ there exists = 8(e, T) > 0 such that for all (to, X10, X20) € [0, T] x C° ([—r7, O]; ®™) x
L2 ([—12,01; ®™), (u,d) € L2 (RT3 U) x L (R D) with |lxioll,, + llxaoll,, + supso lu(t)] < & there exist
tmax € (to + h, +o0] where h := h(T) = min(1; min{t(s):s €[0,T + 1]}) and a unique pair of mappings x; €
CO ([to — 1, tmax); R™) , Xy € L ([to — 12, tmax); R™) with T, (fo)X1 = X10, Tr, (fo)X2 = Xp9 such that (2.1a) holds a.e.
for t € [to, tmax), (2.1b) holds for all t € (ty, tmax) and (3.1) holds.

Next consider the sequence {T;};°, which is generated by the recursive relation:
Tiy1 =T+ min(1; min{z(s) :s€ [0, T;+1]}), i=0,1,2,... withTp =T > 0. (3.2)

As in the proof of Theorem 3.1 it can be shown (by contradiction) that lim T; = sup T; = 400 for all Ty > 0. Consequently,
given arbitrary T, h € ™, there exists a non-negative integer I(T, h) such that the sequence {T;}3°, defined by (3.2) with
initial condition Ty = T, satisfies T; > T + h for all i > I(T, h). The following fact exploits the properties of the sequence
{T;}, defined by (3.2).

Fact 2. Foreverye > 0, T € R, i non-negative integer, there exists §; := 8;(¢, T) > 0 such that for all (ty, X109, X20) € [0, T] x
CO([—r1, 0]; R™) x L2 ([—r3, O; R™) , (u, d) € L% (RT; U) x L2 (RF: D) with [[x10]l,, + X20ll,, 4+ Supso [u()] < §;
there exists tmax € (to + h, +00], where h := h(T) = Ty — T, {T;}2, is the sequence that satisfies (3.2), and a unique pair of
mappings x; € C° ([ty — 11, tmax); R™) , X € L ([to — T2, tmax); R"2) with Ty, (tg)x1 = X10, Tr, (to)X2 = X0 such that (2.1a)
holds a.e. for t € [ty, tmax), (2.1b) holds for all t € (to, tmax) and (3.1) holds.

The proof of Fact 2 will be made by induction. By virtue of Fact 1 it is clear that Fact 2 holds for i = 0. Suppose that Fact 2
holds for a certain non-negative integer i. Let ¢ > 0, T € %" and define:

1~ 1-
Siv1(e, T) := min {&»(s, T); 6 (58(8, Tivn), T) = T,»H)} > 0. (3.3)

Next consider the solution x; € C°([ty — 1, tmax); R™), X2 € L ([tg — T2, tmax); R™) of (2.1) with T, (to)x1 = X0,

loc

Ty, (to)x; = Xao corresponding to inputs (u, d) € L. (R U) x £ (RT; D) with || X0, + lIX20ll,, + SuPeg [u(t)| < Sip1.

loc loc
Since ;11 < §;, it follows from the assumption that Fact 2 holds for the non-negative integer i:

sup { |5, 1|, + [Tyl s € 0.t + Tovy = T1) <o (34)

Moreover, since §i11(e,T) < §; (%3 (e, Tit1), T), it follows from the assumption that Fact 2 holds for the non-negative
integer i:

1.
|Tr, (t0 + Tip1 — T)xy ||,1 + || Tr, (t0 + Tip1 — Tx, Hrz < 55(8, Tit1). (3.5)

Furthermore, since [|x1oll;, + lX20lly, + SUPesq [U(E)| < ixq1 and 8i41(e, T) < 56(e, Tir1), we obtain that sup,- |u(t)| <

%3(5, Ti+1). Combining (3.5) and the previous inequality we get:

1
2

[Tra o + T = D, + [Tyt + Tosr = Thxe |, + suplu(®)] < 3. Tiv)- (3.6)
[2=4
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Notice that since t; e [0, T], we obtain that ty + T4y — T € [0, Tiy1]. The solution x; € C° ([tg — 11, tmax); R™),
Xy € L ([to — 12, tmax); R’™2) of (2.1) with T, (to)x; = X0, Tr,(to)X2 = Xy corresponding to inputs (u,d) €

p (R U) x L2 (R D) with [Ixioll;, + [X20ll,, + SUPe=g lu(t)| < 841 coincides for t > to + Ty — T with the
solution x; € CO ([tg + Tig1 — T — 11, tmax); R™M), X, € Lo ([to + Tix1 — T — 12, tmax); R™) of (2.1) with initial condition
(Ty, (to + Tis1 — T)x1, Ty, (to + Tiy1 — T)x,) corresponding to same inputs (u, d) € L2 (RT; U) x Li2 (RT; D) satisfying
(3.6). Using Fact 1, in conjunction with (3.6), Remark 3.2 and the fact that ty 4+ T;;1 — T € [0, Ti+1], we obtain:

loc

sup { ”Trl (t)X1 ||r] + ”Trz (f)XZ ”r2 s te g+ TH—l —T,tg+ Ti+2 — T]} < €. (37)

Combining (3.4) with (3.7), we may conclude that Fact 2 holds fori + 1.

By virtue of Fact 2, it follows that Theorem 3.3 holds with 8(¢, T, h) := 8yt (e, T) > 0, where I(T, h) is the non-negative
integer with the property that the sequence {T;}°, defined by (3.2) with initial condition Ty = T, satisfies T; > T + h for all
i > I(T, h). The proof is complete. <«

Remark 3.4. It should be emphasized that Theorems 3.1 and 3.3 guarantee that all stability results obtained in [31,35] for
general control systems with the “Boundedness Implies Continuation” property (BIC property, see [35]) hold as well for
system (2.1) under hypotheses (P1-5). This implication enables us to obtain the stability results of the following section.

Remark 3.5. It is important to notice that Theorems 3.1 and 3.3 can be applied to systems described by FDEs of the form:

x(t) = f (¢, d(t), Tr—r () (¢ — T(O)X, u(t))

x(t) e ®", d(t) e D,u(t) e U,t >0 (38)

where D C $%!isanon-empty set, U € ™ isanon-empty setwith0 € U,r > 0,f : Uy=o{t} x Dx £>® ([—T + 7(t), 0]; R") x
U — R", under the following hypotheses:
(Q1) The function T : & — (0, 4+00) is continuous with SUPgso T(t) <.

(Q2) There exist functions a € K, B € K* such that [f (¢, d, T,_r ) (—T(0)x, u)| < a(ﬂ(t) ||T,,T(t)(—t(t))x”rﬁf(t)) +
a(B(t) |u)), forall (t,d, x,u) € AT x D x £L®° ([—r, 0]; ®") x U.
(Q3) Forevery d € L2 (R D), u € £Li2 (RF;U) andx € L% ([—r, +00); ") the mapping t — f(t, d(t), Tr—r ) (t —

R loc loc loc
T(t))x, u(t)) is measurable.

Indeed, system (3.8) can be embedded into the following system described by coupled RFDEs and FDEs:

E)=0
x(t) = f(t,d(), Tr—r oy (€ — T(E))x, u(t)) (3.9)
E(t) € ®,x(t) e ®", d(t) eD,u(t) eU,t >0

which is a system of the form (2.1) that satisfies hypotheses (P1-4). Consequently, Theorems 3.1 and 3.3 can be applied to
system (3.9) and we obtain:

Corollary 3.6. Consider system (3.8) under hypotheses (Q1-3). Then for every ty > 0,%y € L% ([—r,0];R"), (u,d) €
L2 (BT U) x L2 (R D) there exists a unique mapping X € L% ([t — r, +00); R") with T, (tg)x = xo, such that
(3.8) holds for all t > t,. Moreover, for every ¢ > 0,T,h € W' there exists § := &(¢,T,h) > 0 such that for all
(to,Xo) € [0,T] x L ([—r,01; A", (u,d) € L2 (RT;U) x Lo (RT; D) with [[Xoll, + supe=o lu(t)| < 8 the solution

x(t) of (3.8) with initial condition T;(to)x = Xo, corresponding to inputs (u,d) € £Lis (RF;U) x Lo (RT; D) satisfies
sup { |IT,(O)xll,; t € [to, to +h]} < e&.

4. Stability results
In this section we present stability results for a wide class of systems described by coupled RFDEs and FDEs. Particularly,
we consider the following class of systems described by coupled RFDEs and FDEs:
x1(t) = fi(t, d(©), Ty, (O)X1, u(t), Ha(t, Try—r () (€ — T(£))X2)) (4.1a)

Xz(t) :fz(t7 d(t)v Trzf‘l.'(t) (t - T(t))X27 u(t)’ H] (t7 Tr1 (t)X‘l))
x1(t) € B™ x,(t) € R, u(t) e U,d(t) e D,t >0

Y(t) = H(t’ Tr1 (t)X], Tr2 (t)xz) € y (4.1C)

(4.1b)

where r; > 0,1, > 0,D C R!is a non-empty set, U € ™ a non-empty set with 0 € U, ¥ is a normed linear space,
Hy @ ;T x CO([—r1, 0; BM) — Sy, Hy @ Ugsoft) x £2° ([—r2 + 7(1), 0]; W) — Sy, H : R x CO([—ry, 0]; ;™) x
£ ([—r2,0]; R™) — Y are continuous mappings, S; € %1, S, € 9%1*2 are sets with 0 € S1, 0 € S, and the mappings
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fi i /T x D x CO([—r, 01; R™) x U x S; — ®’M, fo : Upso{t} x D x Lie ([=ry — (1), 0]; R™) x U x S — K™ are
locally bounded mappings, which satisfy the following hypotheses:
(R1) The function 7 : ®T — (0, +00) is continuous with SUPso T(E) < 2.

(R2) For every v € £Liv (R1:S1),d € L2 (BT D), u € L2 (R U) andx, € L2 ([—r2, +00); R"2) the mapping

t = fo(t, d(t), Try—z ) (t — T(£))X2, u(t), v(t)) is measurable.

(R3) The output map H; : |t x C°([—ry, 0]; ™) — Sy, is a continuous mapping that maps bounded sets of Rt x
C° ([—r7, 0]; ®™) into bounded sets of R¥1 with H;(t, 0) = O forall t > 0.

(R4) The mapping Hy : Uisoft} X £ ([—r2 + 7(t), 0]; R") — S, is a continuous mapping that maps bounded subsets
of Ursoft} x £ ([—12 + t(t), 0]; ’™) into bounded sets of k2 with Ho(t,0) = 0 for all t > 0. Moreover, for every
Xy € Ly ([—T2, +00); R’™) the mapping t — H(t, Tr,—; ) (t — T(£))x,) is measurable.

(R5) There exist functions 8 € K*, a € Ky such that |, (t, d, Try—z(0) (=T ()2, u, v) | < a (B(t) SUPpe;_ry. ooy 1X2(O)]) +
a(B(t)lul) + a(Bt)[v]) for all (t,xp,u,v,d) € RT x L*([—1,0];]R") x U x S x D and [fy(t,d,x,u,v)| <
a (,B(t) ||x||r1) +a(B@) |u]) +a(B(t)|v]) forall (t, x,u, v,d) € RT x C°([—r1, 0]; R") x U x S, x D.

(R6) The mapping (x, u, v, d) — fi(t, d, x, u, v) is continuous for each fixed t > 0 and such that for every bounded I € R+
and for every bounded £2 C C%([—ry, 0]; R") x U x S,, there exists a constant L > 0 such that:

(x(0) = y(0))' (fi(t, d, x,u,v) — fi(t,d,y, u, v)) < LTEI[““}XOJ X(t) —y(0)I?
-,
Veel,V(x,u,v,y,u,v) € 2 x £2,Vd € D.

(R7) There exists a countable set A C 9™, which is either finite or A = {t;;k = 1,..., 00} with tg;; > t > O for
allk = 1,2,...and limt, = +oo, such that mapping (t, x, u,v,d) € (R \ A) x Co([—r,0;: ") x U x S, x D —
fi(t, d, x, u, v) is continuous. Moreover, for each fixed (to, x, u, v,d) € R+ x C°([—r,0]; ®R") x U x S, x D, we have
limH[0+f1 (t,d, x,u,v) = fi(to, d, x, u, v).

(R8) The mapping H : R+ x C° ([—ry, 0]; R™) x L ([—1y, 0]; R™) — Y is continuous with H(t, 0,0) = 0 for all t > 0.
Moreover, the image set H(£2) is bounded for each bounded set 2 C R+ x C° ([—ry, 0]; RM) x L ([—13, 0]; R™2).

By virtue of Lemma 3.2 in [31] and Lemma 1 (page 4) in [36], it follows that system (4.1) under hypotheses (R1-8) is a
system of the form (2.1) which satisfies hypotheses (P1-5). However, it should be emphasized that not every system of the
form (2.1) can be expressed in the form (4.1). Next, we consider the following systems:

x1(t) = fi(t, d(t), Ty, (0%, u(t), vi(t))
Yi(t) = Hi(t, Ty, (£)x1) (4.2)
x1(t) € ®"M, Y (t) € Sy, (u(t), v1(t)) e U x S,d(t) e D,t >0

which is a system described by RFDEs and the following system described by FDEs:

X2 (t) = fo(t, d(t), Tr,— oy (t — T(£))X2, u(t), v2(t))
Y2(t) = Ha(t, Try—r ey (t — T())X2) (4.3)
X2(t) € M, Y,(t) €Sy, (u(t), va(t)) € U x S1,d(t) e D, t > 0.

The following remarks can be made for systems (4.2) and (4.3):

* The theory of retarded functional differential equations guarantees that under hypotheses (R3-7), for each (to, X10) €
Rt x CO°([—ry, 0]; ™) and for each triple of measurable and locally bounded inputs v; € L. (9%*; Sz), d €

L. (SR*; D), u € £y (SR*; U) there exists a unique absolutely continuous mapping x;(t) that satisfies a.e. the

differential equation (4.2) with initial condition T, (to)x; = X0 € C%([—ry, 0]; ®™) (see [6,33]). Moreover, Theorem
3.2 in [6] (page 46) guarantees that (4.2) is a control system ¥; = (C°([—ry, 0]; ’™), Rk, Myxs,, Mp, ¢, 7, Hy) with
outputs that satisfies the Boundedness Implies Continuation property with Mys,, Mp the sets of all measurable and
locally bounded mappings (u, v) : BT — U xS,,d : "™ — D, respectively (in the sense described in [35]). Furthermore,
the classical semigroup property is satisfied for this system, i.e., we have 7 (to, Xo, U, d) = [to, tmax), Where t.x > to is
the maximal existence time of the solution. Finally, hypotheses (R3-7) guarantee that 0 € C°([—r;, 0]; /™) is a robust
equilibrium point from the input (u, v) € Myys, for 2.

Hypotheses (R1-5) guarantee that for each (ty, x50) € R x X with X = £ ([—r, 0]; ®™) and for each triple
vy € L2 (R S1),d € L5 (R D), u € Li2 (RT; U) there exists a unique measurable and locally bounded mapping
X, (t) that satisfies the difference equation (4.3) for all t > t, with initial condition x,(ty 4+ ) = x20(0); 0 € [—r13, 0].
Consequently, (4.3) describes a control system X, := (X, R*2, Myxs,, Mp, ¢, m, Hy) with outputs, Mys, being the set
of all measurable and locally bounded functions (u, v) : " — U x S; and Mp being the set of all measurable and locally
bounded functions d : A" — D (in the sense described in [35]). Furthermore, Remark 3.5 and Corollary 3.6 show that
system (4.3) is Robustly Forward Complete from the input (u, v) € Myys, and that 0 € X is a robust equilibrium point
from the input (u, v) € Myys, for system (4.3) in the sense described in [35]. Finally, notice that the classical semigroup
property is satisfied for system (4.3), i.e., we have 7 (to, X9, U, d) = [to, +00).

*



3348 L. Karafyllis et al. / Nonlinear Analysis 71 (2009) 3339-3362

u(t), d(t)

vi(t) 1
I4{>I x\(1) = fit, d(x), T, (t)x ,vy(t), u(t)) I——D' x(t)

AV
IVZ(” = Hy(1, T, (1)x,, u(1)

Vi(t)=Hyt, Ty, (1 =T (1)) X2, Va( 1), u(1))

<] xo(t) = folt, d(t), Ty, )t =7())x2,va(1), u(t)) f—-r
xa(t) Va(1)

T

Fig. 1. System (4.1) regarded as the feedback interconnection of subsystem (4.2) described by RFDEs and subsystem (4.3) described by FDEs.

u(t), dft)

Systems (4.1), (4.2) and (4.3) are related in the following way: it can be said that system (4.1) is the feedback
interconnection of subsystems (4.2) and (4.3), in the sense described in [35,32]. Fig. 1 presents schematically the
interconnection of subsystems (4.2) and (4.3) that produces the composite system (4.1).

We are now in a position to present our main result, which is a direct consequence of the small-gain theorem presented
in [32]. The definition of the (Uniform) Weighted Input-to-Output Stability ((U)WIOS) property is given in the Appendix for
the reader’s convenience (see also [32]).

Theorem 4.1. Consider system (4.1) under hypotheses (R1-8) and assume that:

(H1) Subsystem (4.2) satisfies the WIOS property from the inputs vy and u. Particularly, there exist functions o1 €
KL, B1, 1. €1, 81,81, g1 € Kt v, v}, a1, p1, P} € N, such that the following estimate holds for all (to, X190, (v1, U, d)) €
Rt x CO([—ry, O]; R™M) x ‘,CIOC(S)%+ S, x U x D) andt > to for the solution x;(t) of (4.2) with initial condition Ty, (to)x1 = X1o
corresponding to inputs (v, u, d) € £loc(%+; S, x U x D):

|Hi(t, Tp, (Dx1)| < 01 (B1(t0) lIxt0lly, + ¢ — to) +tSUP y1 (81(7) lv1 (D)) +tSUD i (85 (o) lu(r)]) (4.4)
0=T= 0=t=
Bi(®) |Try (Ox ], = max {m(t — to), c1(to), a1 (Ix1olly,) , sup pi (i@, ts<up<tp‘1‘ (gi(o) IU(r)I)} . (4.5)

(H2) Subsystem (4.3) satisfies the WIOS property from the inputs v, and u. Particularly, there exist functions o, €

KL, B2, t2, 2, 82,685,445 € K.y, vy, Ay, P2, P5 € N, such that the following estimate holds for all (to, X0, (v2, u, d)) €
SR+ X L ([—17, 0]; R"2) x (,CIOC(S)%Jr Si1xUxD)andt > tq for the solution x,(t) of (4.3) with initial condition T, (to)x, = X0
corresponding to inputs (v,, u, d) € L. (R S1 x U x D):

Ha(t, Trp—ri (¢ = T(©)%2)] < 0 (Ba(to) X0l » £ — o) + SUP 72 (52(5) [v2($)]) + sup p;' (85() [u(s)])  (4:6)

tp<s<t tp<s=<t
B2 (t) | Ty (x| ,, < Max {Mz(f —to), ¢2(to), a2 (lIxz0lly,) » SUP P (lv2()D) tsuptpﬁ (a5(s) |U(5)|)} . (4.7)
0<s< 0<s<

(H3) There exist functions p € K, a € N and a constant M > 0 such that one of the following conditions holds for all t,s > 0
and x = (x1, X3) € CO([—ry, 0]; R™M) x L ([—12, 0]; R™2):

() =M (4.8a)
(81(t)gz <max 82(0)5>) <s (4.8b)
IH(t, X1, %) lly < a(IHi(t, x0)| + 1 (81(6) [Ha(t, Try—e o (—T(D)x2)])) (4.8¢)

or

S (t) <M (4.93)
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<52(t)g1 (max 81(9)s>> <s (4.9b)

[H(t, X1, %) lly < a(|Ha(t, Try—e oy (—T(O)X2)| 4 2 (82(8) [H1(t, x1)])) (4.9¢)

where gi(s) := yi(s) + p (yi(s)) , i =1, 2.
Then there exists a function y € N such that system (4.1) satisfies the WIOS property from the input u € My withgainy € N
and weight § € K, where

8(t) = max{8(1), 83 (), g1 (1), g3 ()} (4.10)

Moreover, if B1, B2, ¢1, C2, 81, 8, € K™ are bounded then system (4.1) satisfies the UWIOS property from the input u € My with
gainy € N and weight § € K™.

Remark 4.2. (a) It should be clear that Theorem 4.1 gives sufficient conditions (but not necessary) for the WIOS property
for system (4.1). The main advantage of Theorem 4.1 is that the stability properties for system (4.1) can be verified by
studying the stability properties of subsystems (4.2) and (4.3), which are simpler systems.

(b) When y; € N or y, € N is identically zero, it follows that (4.8b) and (4.9b) are automatically satisfied. On the
other hand, if y;(s) = K;s for certain constants K; > 0 (i = 1, 2) then hypothesis (4.8b) (or (4.9b)) is satisfied if
K1Ko sup,=g (81(t) Max.ejo,¢ 82(7)) < 1(or K1K; sup,s (82(t) maxeepo,q) 81(1)) < 1).

In what follows, we present sufficient conditions so that subsystems (4.2) and (4.3) satisfy assumptions (H1) and (H2) of
Theorem 4.1. The following theorem is a direct consequence of Theorem 3.5 in [33] and gives Lyapunov-like sufficient
conditions that guarantee assumption (H1) for subsystem (4.1). Its proof can be found in the Appendix. We notice that
for a functional V : Rt x C% ([—r, 0]; R") — R, the generalized derivative in the direction v € $R" is defined by

V(t + h, Ey(x; hy) —V(t, x
W)= limsuyp LT REG V) +hy) = V(Ex) (4.11)
h—0t h
y—0,yeCO([—r,0];RM)

where Ej(x; v) with 0 < h < r, denotes the following operator:

x(0)+ @ +hv for —h<0<0

Enx; v) = {x(@ +h) for —r <6 < —h. (4.12)

Moreover, a continuous functional V : |+ x C°([—r, 0]; ") — W+ is “almost Lipschitz on bounded sets”, if there exist
non-decreasing functions M : ®t — R, P : ®t — W', G : Rt — [1, +00) such that for all R > 0, the following
properties hold:

(1) Foreveryx,y € {x € C°([—r, 0]; ®"); l|x|l, < R}, it holds that: [V(t,y) — V(t,x)| < M(R) lly — xI|,., Vt € [0, R];

(2) For every absolutely continuous function x : [—r, 0] — " with ||x||, < R and an essentially bounded derlvatlve it

holds that: |V (t + h, x) — V(t,x)| < hP(R) (1 + sup_, . |x(7)|), forallt € [0,R]and 0 < h < m

Theorem 4.3 (Lyapunov-like Sufficient Conditions for Hypothesis (H1)). Consider system (4.2) under hypotheses (R3-7) and sup-
pose that there exist a Lyapunov functional V : R x C%([—ry, 0]; ™) — R, which is almost Lipschitz on bounded sets, func-
tions ay of class K, ¢, ¢" of class N, B, 81, 8Y of class K™ and a continuous positive definite function p : "t — R\ such that:

V(e x) < a (B Ixill,), Yt x1) € R x CO([—ry, 0F; R™) (4.13)

VOt xi; fi(t, d,xq, u, v1)) < —p (V(t, X)),
forall (t, x1, u, v1,d) € R x C°([—ry, 0]; R™) x U x S, x D with

max {¢ (81(t) lv1]); ¢* (87(®) lul)} < V(t, xy). (4.14)

Moreover, suppose that there exist functions ay, p of class K, i of class K™ and a constant R > 0 such that one of the following
inequalities holds:

a (JHi(t, x)]) < V(E, x1),  V(t, x1) € R x CO([—ry, O]; ®™) (4.15a)
or
P ((®) [x1(0)]) < V(t,x1) + R, V(t,x1) € R x CO([—ry, O]; R™). (4.15b)

If
* (4.15a) holds and there exist functions i1, ¢1, ¢ € K1, g1, p1,p| € N, such that for every (to, X10, (v1, U, d)) € RT x
Co([—ry, 0]; R™) x L2 (RF; S, x U x D) the solution x1(t) of (4.2) with initial condition T}, (to)X1 = Xqo corresponding
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o0

o (M1; S, x U x D) exists for all t > to and satisfies the following estimate:

to inputs (vy, U, d) € L

B | T, (% Hrl < max {m(t — to), ¢1(to), g1 (Ix10lly,) » sup_p1 (lv1(@DD, tSUD[p'{ (8% Iu(r)l)} (4.16)
0=T= 0<t<

then there exists a function o1 € KL, such that estimate (4.4) holds with B1(t) = B(t), y1(s) = al’1 €©), vis) =
a;' (£¥(s)) for all (to, X10, (v1, u, d)) € R x CO([—ry, 0]; R™) x LX(RF; S, x U x D) and t > to for the solution x; ()

of (4.2) with initial condition T, (to)X1 = X10 corresponding to inputs (](1))(1 u,d) € L(RT; S, x U x D).

* (4.15b) holds and 81(t) = 1 then for every (to, X109, (v1, U, d)) € R x CO([—ry, 0]; R™M) x L°(R'; S, x U x D) the
solution x; (t) of (4.2) with initial condition T, (t)x1 = X1 corresponding to inputs (vq, u, d) € L2 (RF; Sy x U x D) exists
forallt > to. Furthermore, for every ¢ € K™ there exist functions j11, ¢1 € K, g1, p1, p| € N, such that (4.16) holds for all

t > to. Moreover, if ¢ € K™ is bounded and there exists constant L > 0 such that:
1
Bt)y+ —— <L, Vt>0 (4.17)
u(t)

then the function ¢; € K™ is bounded.

Remark 4.4. It should be emphasized that the main results in [33] are closely related to Theorem 4.3: more specifically
in [33], the problem of the existence of a Lyapunov functional V : SRt x CO([—ry, 0]; R™) — R satisfying the assumptions
of Theorem 4.3 under hypothesis (H1) of Theorem 4.1 is studied.

The following proposition provides Razumikhin sufficient conditions that guarantee assumption (H1) for subsystem (4.2).
Its proof can be found in the Appendix. Notice that if V : [—r;, +00) x ®R™ — R is a locally Lipschitz mapping and
(t,x1,v) € ®RT x ®M x R™M, we may define the generalized Dini derivative in the direction v € %™ by the following
relation:

V(t+h, hv) — V(t,
DTV (t, x1; v) == limsup (4 hx + o) ( xl).

u p (4.18)
h—0

Proposition 4.5 (Razumikhin-like Sufficient Conditions for Hypothesis (H1)). Consider system (4.2) under hypotheses (R3-7) and
suppose that there exist a locally Lipschitz function V : [—ry, +00) x ®R™ — R, functions a;, a, , a of class K, with a(s) < s
foralls > 0,¢, " of class N, B, 81, 8% of class K and a positive definite function p such that:

V(t—r1,x1) < @(B) Ix]),  V(t,x) € R x |®™ (4.19)

D+V(t7 X1 (O)afl (tv d? X1, U, U])) < —pP (V(t7 X1 (O))) 3
forall (t, x1, u, vy, d) € R x CO([—ry, 0]; R™) x U x S, x D with
max {é (81(0) [vrl), " (8Y(0) [ul) . a (0 ?UIJ 0]V(t +0, XI(Q)))} < V(t, x1(0)). (4.20)
€|l—ry,

Moreover, suppose that there exist functions ay, p of class K., 1 of class K™ and a constant R > 0 such that one of the following
inequalities hold:

ai (H(t, %)) < sup V(E+60,x(0)), V(t,x1) € R x CO([—rq, 0]; ®™) (4.21a)
Oe[—r1,0]
or
p(r(O) 1x:]) S V(t —r1, %) + R, V(t,x1) € R x WM. (4.21b)
If

* (4.21a) holds and there exist functions w1, c1, ¢ € K*,g1,p1.p} € N, such that for every (to, x10, (v1, u, d)) € R x
Co([—rq, 0]; ’™) x L2 (MT; Sy x U x D) the solution x1(t) of (4.2) with initial condition T}, (to)X1 = Xq9 corresponding

to inputs (vi,u,d) € OCI%QC(%““; Sy x U x D) exists for all t > to and satisfies (4.16), then there exists a function

o1 € KL, such that estimate (4.4) holds with B;(t) = MaXo<r<t4r, B(T), ¥1(s) = a;' (£(5)), yi(s) == a;' (¢“(s)) for
all (to, x10, (v1, U, d)) € R x CO([—ry, O]; ’") x LI2(RT;S; x U x D) and t > tq for the solution x;(t) of (4.2) with

initial condition Ty, (to)X1 = X1 corresponding to inputs (v, u, d) € LR S, x U x D).

(4.21b) holds and §,(t) = 1 then for every (to, x10, (v1, U, d)) € R x CO([—ry, 0]; R™M) x L2 (R'; S, x U x D) the
solution x(t) of (4.2) with initial condition T,, (ty)x1 = X1 corresponding to inputs (vq, u, d) € L2 (RF; Sy x U x D) exists
forallt > to. Furthermore, for every ¢ € K™ there exist functions w1, c; € K™, g1, p1, p} € N, such that (4.16) holds for all
t > to. Moreover, if ¢ € K™ is bounded and there exists a constant L > 0 such that (4.17) holds then the function c; € K™ is

bounded.

For the proof of Proposition 4.5 we need the following comparison lemma. Its proof can be found in [37].

*
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Lemma 4.6. For each positive definite continuous function p : 8T — R there exists a function o of class KL, with o (s, 0) = s
for all s > 0 with the following property: if y : [to, t;] — 9™ is an absolutely continuous function, u : % — R+ is a locally
bounded mapping and I C [tg, t;] a set of Lebesgue measure zero such that y(t) is defined on [to, t1]\I and such that the following
implication holds for all t € [ty, t;]\ I :

yo zu®) = yt)<-pyt) (4.22)
then the following estimate holds for all t € [to, t1]:

y(t) < max {o y(to), t — tg), sup o (u(s),t — s)} . (4.23)

to<s<t

Next sufficient Lyapunov-like conditions for hypothesis (H2) of Theorem 4.1 are presented. The proof of the following
theorem can be found in the Appendix.

Theorem 4.7 (Lyapunov-like Sufficient Conditions for Hypothesis (H2)). Consider system (4.3) under hypotheses (R1-5) and
suppose that there exist a Lyapunov functional V : R x £L2([—r3, 0]; ®™) — R, functions a, of class K, £, ¢V of class
N, B, 82, 84 of class K™ and a continuous positive definite function p : 8™ — R such that:

V(t,x) < az (B I%2l,) . V(t,X2) € RT x £2([—12, 0]; R™2) (4.24)
V(t + h, Gu(t, x5 d, U, v2)) < max {o (V(t, %), h), sup h( (62(7) lv2(T)]) s  sup hé” (85() Iu(r)l)} ;
t<r<t+ r<T<t+
forall (t,x;, u, v, d) € RY x LX([—12, 0]; R™) x My x Ms, x Mp and h € (0, g(t)] (4.25)
where
. _ Xz(h + 9), 0 e [—r2, —h]
Cnlt, 27,1t va) = {fz<s, 4S). Tryer (~TEX2. U(S), 02 = L +h+0, 6 (~h.0] (4.26)
g(t) = min il, min t(S)} (4.27)
t<s<t+1
and o € KL is the function that satisfies
a
ﬁa(s, t)y=—p(o(s,t)) foralt,s>0 (4.28a)
0(s,0) =s foralls > 0. (4.28Db)

Moreover, suppose that there exist functions ay, p of class Ky, w of class K™ and a constant R > 0 such that one of the following
inequalities holds:

a1 (|Ha (6, Try—e o (—T(0)X2)]) S V(E, %), Y(t,x2) € RT x LX([—12, 0]; R"™2) (4.29a)

or
P (u(t) [%2(0)) < V(t, X)) + R, V(t, %)) € R x LX([—12, 0]; R™). (4.29b)

If
* (4.29a) holds then there exists a function oo € KL, such that estimate (4.6) holds with B,(t) = B(t), y2(s) =

a;' (2(s), YE(s) = a; ! (£¥(s)) forall (to, Xa0, (v2, U, d)) € RY x LX([—T12, 0]; R™) x L (RY; S; x U xD)andt > to

loc
for the solution x, (t) of (4.3) with initial condition Ty, (to)X, = Xz corresponding to inputs (v, u, d) € L5, (RT; Sy xUxD).

(]

* (4.29Db) holds and 8, (t) = 1then for every ¢ € K™ there exist functions ., c; € K, g, p2, py € N, such that the following
estimate holds for all t > tg

o) [T, (D%, < max {Mz(f — to), c2(to). & (IIx20lly,) - sup pz (1029 ts<ugtp§ (85(5) IU(S)I)} (4.30)

for all (to, X209, (v2, u, d)) € BT x LX([—1y, 0]; ®™) x £f’(f’c(9%+; S1 x U x D) and t > ty for the solution x,(t) of (4.3)
with initial condition T, (tg)X, = Xyo corresponding to inputs (v, u, d) € °Ci’o"c(i)ﬁﬁ; S1 x U x D). Moreover, if ¢ € K+ is

bounded and there exists a constant L > 0 such that (4.17) holds then the function ¢, € K is bounded.

The following corollary shows how a Lyapunov functional satisfying the assumptions of Theorem 4.7 for system (4.3) can
be constructed. Its proof is simple and is omitted.

Corollary 4.8 (Lyapunov-like Sufficient Conditions for Hypothesis (H2)). Consider system (4.3) under hypotheses (~ R1-5) and
suppose that there exist a function W : [—r,, +00) x ®™ — W™, functions @y, @y, b of class Ko, ¢, " of class NV, B, 82, 8% of
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class K+ and a constant A € [0, 1) such that:

Wt —r200) <@ (BO Bal) . V(E x0) € R x ™ (431)
W(t9f2(t7 d7 Trz—l(t)(_t(t))X27 u, Uz)) < max {)" sup W(t + 9’ Xz(g))’ ; (az(t) |U2|) ) {U (alzi(t) |u|)
—1<0=<—1(t)
forall (t, x5, u, vz, d) € RT x L2([—ry, 0]; R™2) x U x S; x D. (4.32)
Let constant (1 > 0 such that X exp(ur;) < 1. Define for all (t, x,) € R x L°([—1,, 0]; R") the functional:
V(t,x;) = sup exp(ud)W(t+6,x,(0)). (4.33)
—17<6<0

Then the functional V. : R x L£2¥([—rp, 0]; W) — RT satisfies inequalities (4.24) and (4.25) with B(t) =
MaX;<s<t+r, B(S), A2(S) 1= G2(5), 0 (s, t) = sexp(—pu t) and consequently o € KL is a function satisfying (4.28a) and (4.28b)
with p(s) := us. Moreover,

* if there exists a function a; of class K., such that the following inequality holds

@ (ot T (CT@R)]) = 5P W(EH 0,350, V(e x) €T X L (=12, 01 ) (4.34)

€[—r2,

then inequality (4.29a) holds with a;(s) = exp(—ur3)a; (s) .
* if there exist functions p of class Koo, it € K™ and a constant R > 0 such that the following inequality holds

p(u(t) %)) S W(t,x) + R, V(t, x) € R x ®™ (4.35)
then inequality (4.29b) holds.

5. Illustrative examples

The following example shows the applicability of the results of the previous section to nonlinear Neutral Functional
Differential Equations.

Example 5.1. Consider the following system:

X(t) = —ax(t) + d(t)e (t, x(t — 2r))

5.1

x(t) e R, d(t) e D=[-1,1] (>-1)
where a > 0,r > 0 are constants and ¢ : 8T x | — R is a continuous function that satisfies

lo(t,x)| <c 'xl, V(t,x)eR" xR (5.2)

for a certain constant ¢ > 1. Clearly, system (5.1) is a system described by a Neutral Functional Differential Equation of the
form (2.12). However, it should be noted that system (5.1) cannot be written in Hale’s form (2.10). Consequently, the stability
properties of the zero solution of system (5.1) cannot be studied using the results contained in [6]. On the other hand, an
extension of Theorem 1.6 in [38] can be used with a Lyapunov functional of the form V(t) = %xz ®+M f[in x%(0)d6, for an
appropriate M > 0 (since Theorem 1.6 in [38] is not concerned with systems with disturbances). Indeed, by using Theorem
1.6 in [38], it is possible to derive sufficient conditions that guarantee lim;_, 1 |X(t)| = 0, but further study is required to
conclude that lim;_, ; o, [X(t)| = 0. Here, we will apply Theorem 4.1 to system (5.1) and we will be able to derive sufficient
conditions for Robust Global Asymptotic Stability of x(t) as well as of x(t).

We have already remarked (in the Introduction) that system (5.1) is associated with the following system described by
coupled RFDEs and FDEs:

x1(t) = —ax; () + d(O)e (t, x2(t — 2r))
x2(t) = —ax;(t) + d(t)g (¢, x(t — 2r)) (5.3)
x1(t) € R, x(t) € R, d(t) e D=[-1,1].

Specifically, if T, (tg)x, = T (fo)x and x4 (tp) = x(to) then the solution of (5.1) corresponding to input d € £}, (i)‘i*; D) is

related with the solution of (5.3) corresponding to the same input d € Lf. (ER*; D) by the following equations:

x1(t) = x(t), x(t) = x(t), fort > tya.e.

Thus, in order to study the stability properties of the zero solution of system (5.1) we are led to study the stability properties
of the zero solution of system (5.3). If we definer, = 2r,r; = 2r,t(t) = r,Hy(t, X3) = x2(—1),H{(t, X1) = x1(0),51 =S, =
R, H(t, X1, X2) = (%1(0), x2(—13))" € Y := R forall (t, x1, xp) € RT x CO([—2r, 0]; R) x L>® ([—2r, 0]; R), then system
(5.3) is of the form (4.1). Furthermore, hypotheses (R1-8) are satisfied. Notice that no external input is present (U = {0}).
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In order to apply Theorem 4.1, we have to study the stability properties of the zero solution for the two independent
subsystems:

x1(t) = —axq () + d(D)e(t, vi())

x1(t) € R, v1(t) € R, d(t) e D=[-1,1] (54)
and
X (t) = —avy(t) + d(t)p(t, X2(t — 12)) (55)
x(t) € R, 1,(t) € R, d(t) e D=[-1,1]. ’
Study of system (5.5)
We define the function
W(t, x2) = |x2] . (5.6)

It should be noted that W satisfies all hypotheses of Corollary 4.8. Particularly, (4.31) holds with &, (s) := s and B(t) = 1.
Moreover, elementary calculations in conjunction with inequality (5.2) and definition (5.6) give for all (¢, d, v5, x;) €
RT X [—1,1] x R X LX([—12,0]; %) and &; € (0,¢c — 1):

W (t, —avy 4 do(t, X(=12))) = |=avy 4 de(t, x2(=12))| =< alva| + [@(t, X2(=12))]

—r=0=—1(t)

1
<alvy|+c xa(—r)| < maX{<1 + 7) alvl; (14e)c' sup  W(t +9,Xz(0))} :
)

It follows that W satisfies inequality (4.32) with A = (1 + &)c™! < 1,¢(s) = (1 + é) as, 8,(t) = 1,¢%(s) = 0and
84%(t) = 1. Inequalities (4.34) and (4.35) hold as well with a@;(s) = p(s) :==s,R=0and p(t) = 1.

By virtue of Theorem 4.7 it follows that there exists a function oy € KL, uy,c; € KT, ay, ps, py € N, such that es-
timates (4.6) and (4.7) hold with B,(t) = 1, y»(s) = caaz_l, ya(s) = 0,8,(t) = 1,8/() = qy(t) = 1, for all
(to, X20, (v2, u, d)) € KT x LX([—12, 0]; R"2) x LI2(RT;S1 x U x D) and t > t; for the solution x,(t) of (5.4) with
initial condition T, (tg)X, = X;o corresponding to inputs (v, u, d) € Ly (MT; S1 x U x D). Moreover, ¢; € K™ is bounded.

loc
Study of system (5.4)
We define the functional for all (¢, x;) € Rt x C°([—2r, 0]; R):

1 2
V(t,x) = 5x1(0). (5.7)

It should be noted that V satisfies inequalities (4.13), (4.15a) and (4.15b) with a;(s) = ax(s) = p(s) = %sz, R = 0and
B(t) = u(t) = 1. Moreover, we have for all (¢, x1, d, v1) € Rt x CO([=2r, 0]; R) x [—1, 1] x Rt
VO(t, %13 —ax; (0) 4 do(t, v1)) = —ax;(0) + dx; (0)g (¢, v1).
Taking into account (5.2) and completing the squares, we find the following implication which holds for all (¢, x;, d, v1) €
Rt x CO([—2r,0]; R) x [—1,1] x Rand &; > 1:
£7
2a?c?

1
lvi]> < V(t, 1) = VO(t, x15 —ax1(0) + do(t, v1)) < —2a (1 - —) V(t, x1).
&1

2
Consequently, inequality (4.14) holds with ¢ (s) := lfzﬁsz, p(s) = 2a (1 — i) s,24%(s) = 0,6:1(t) = 1and 8{(t) = 1. By

virtue of Theorem 4.3, it follows that there exist functions oy € KL, i1, ¢; € KT, ay, p1, pj € N, such that estimates (4.4) and
(4.5) hold with y(s) := Ls, y{'(s) := 0,q}(t) = 1forall (to, X10, (v1, U, d)) € RT x CO([—ry, O]; R™") x L72(RT; Sy x U x D)
and t > to for the solution x;(t) of (5.4) with initial condition T, (to)x; = x;jo corresponding to inputs (vi, u,d) €

© (Wt S, x U x D). Moreover, ¢; € K™ is bounded.

Study of system (5.3)

The previous analysis shows that hypotheses (H1) and (H2) of Theorem 4.1 are satisfied. Inequality (4.8c) holds with
ais) =s+ gs. Using Theorem 4.1 and Remark 4.2(b), we conclude that system (5.3) is Uniformly Robustly Globally Asymp-
totically Output Stable with output H(t, X1, X;) := (x1(0), X,(—13))’ € Y = %? if the following condition holds:

il < 1.
&
Since &; > 1and &, € (0, c — 1) are arbitrary, the condition above holds if

c>2. (5.8)
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Hence, due to the nature of the output map H(t, X1, X2) = (%1(0), Xo(—12))’ € Y := 9?, we are in a position to establish
that if (5.8) holds then system (5.3) is Uniformly Robustly Globally Asymptotically Stable. <

The following example considers linear-time-varying systems described by coupled RFDEs and FDEs.

Example 5.2. Consider the linear-time-varying system:

x1(t) = A(O)x1(t) + B(O)x2(t — 1) + Gr(H)u(t)

X2(t) = C(O)x1(t) + D(O)x2(t — 1) + G (H)u(t) (5.9)

x1(t) € R, x(t) e X2, u(t) e ™, t>0
where r > 0 and the matrices A(t), B(t), C(t), D(t), G1(t), Go(t) have continuous elements. The stability properties of
the zero solution for linear systems of the form (5.9) without external inputs (i.e., u(t) = 0) have been studied for the
autonomous case in [1,12,15,21,23]. Here, we study the more general problem of the output stability of system (5.9) with
output Y(t) = x1(t).

Let ¢ € K+ a non-decreasing function and 5 € (0, 1) such that

max {|D(t)|,n} <c(t), forallt> 0. (5.10)
Define ¢ : [—r, +00) — (0, +00) by the equation:

t
é(t) = exp (—r’l / log (n'c(s + 1)) ds) ) (5.11)
—r
Notice that ¢ : [—r, +00) — (0, +00) is non-increasing and that definition (5.11) implies:
$(0) < ——p(t—1), forallt = 0. (5.12)
c(t)

We assume that:

(S1) 0 € ™ is globally asymptotically stable for the system x;(t) = A(t)x;(t). Particularly, there exist a continuously
differentiable symmetric positive definite matrix P(t) € 58" *™ and a function i € K™ with f0+°° w(t)dt = 400 such that:

P(t) + P(HA(t) + A/ (H)P(t) < —2u(t)P(t), forallt > 0 (5.13a)
I <P(t), forallt > 0. (5.13b)

The reader should notice that hypothesis (S1) does not imply that 0 € R is uniformly globally asymptotically stable for
the system x; (t) = A(t)x,(t). Furthermore, we assume that:

(S2) There exists a constant M > 0 such that the following inequalities hold:

BOIVIPOT _

5.14
igop ut)pt —r) — (5.14a)
IB(O)| VIP(D)]
P (u(twt—r) bitRat |C(r)|> <1=n (5.14b)

We will next show that system (5.9) with output Y (t) = x;(t) under hypotheses (S1) and (S2) satisfies the WIOS property
from the input u. First notice that system (5.9) satisfies hypotheses (R1-8) withr; =, =1, t(t) = r/2, Hi(t, X1) := x1(0),
Hy(t, Tr—r((—T(£))x2) = ¢p(t —)x2(t — 1), 51 = Y = R, S, = R and U = R™ (d € D is irrelevant for this system).
Next consider the system described by linear FDEs:

X (t) = C(Ov2(t) + D(O)x2(t — 1) + Ga(H)u(t)

5.15
vi(t) € RM, x,(t) € R, u(t) e X", t>0. ( )

Notice that the function:
W(t, x2) = ¢(t) |x2] (5.16)

satisfies (4.31) with a, (s) :=s, B(t) = ¢(t —r).By virtue of (5.10) and (5.12), W satisfies (4.32) withA = (1+&1)(1+&2)7,
(i) = (1 + 8;1)5, ') = 1+ e+ 8;1)5, 82(t) = ¢(t) IC(B)], 85(t) == ¢(t)|Gy(t)] and &1, &, > 0 with
(14¢e1)(14+&3)n < 1.Moreover, inequalities (4.34) and (4.35) are satisfied with @, (s) := s,p(s) := s, u(t) := ¢(t) andR = 0.
It follows from Theorem 4.7 and Corollary 4.8 that there exist functions o, € KL, u,, ¢; € K™, a3, p2, py € N, such that
estimates (4.6) and (4.7) hold with y,(s) == n7 e (1 + &2) s, £ (s) := n7le; s, Ba(t) == p(t — 1), G4(0) := p(t) |G2(D)]
for all (ty, X290, (V2, U)) € R X LO([—132, 0]; R™) x LX(RT; S; x U) and t > t, for the solution x, (t) of (5.15) with initial

loc
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condition T, (o)X, = Xy corresponding to inputs (v, u) € DCﬁfc(i)R*; S, x U). Moreover, if there exists a constant | > 0

such that ¢(t) > [for all t > 0 then the function ¢, € K™ is bounded. Next, consider the linear system described by RFDEs:

x1(t) = A(0)x1(t) +

=5 POMO +GOu© 5.17)

x1(t) € R, vi(t) e R, u(t) e ™, t>0
and define the functional for all (¢t, x;) € Rt x C°([—r, 0]; ®R™):

V(t, x1) = X1 (0)P(t)x1(0). (5.18)
It is clear that for every (o, x10) € BT x CO([—r, 0]; ®™), (vi,u) € LR R™) x LORT; ®™), the function

loc loc
V(t) = V(t, T;(t)x1) is absolutely continuous on [tg, +00), where x;(t) denotes the solution of (5.17) with initial condition
T (to)x1 = xq0 corresponding to inputs (v, u) € LiS(RT;R™2) x L (RT; R™). Using (5.13a) and completing the
squares, we can argue that the derivative of V(t) = V(t, T,(t)x,) satisfies the following inequalities a.e. on [ty, +00) for

alle; € (0, 1):

V(t)

IA

21V (t) +

2
Y X (OP(O)B(E)v1(t) 42X (OP(E)G1 (E)u(t)

—(1 = e3)u(t)V(t) +

IA

] / /
mvl(f)f} (H)P(t)B(t)v(t) + S

The above linear differential inequality implies the following estimate:

u' ()G (P ()G (H)u(t).

t
V(t) < V(to) exp (—(1 —83)/ u(S)dS>
to

t 1 t
+/t0 e E ) P <_(1_83)/1: M(S)d5> IP()] 1B() [ |v1(D)I* de

t 1 t
+ / exp (—(1—83) / u(s)ds) P Gy (D)? Ju(o)P dr
to 83:“/(77) T

to t—to
< IP(to)| lIx10ll7, exp ((1 —&3) f M(S)ds) exp <—(1 —&3) / M(S)ds>
0 0

IP(x)| B(r)|? IP(0)] |Gy (1)
+ sup s (@ + sup ——————Ju(0)|*.
to=r<t (1 —&3)u*(r)p*(r — 1) to=r=<t €3(1 — &3)*(7)
Consequently, by virtue of (5.13b), estimate (4.4) holds with B(t) := «/IP(t)Iexp(l_;3 fot ,u(s)ds), o1(s,t) =
s exp (—1_283 fotu(s)cls). Yi(s) = pyi(s) = s 8:(t) = WiEPTGr T % and 84(t) = %M' Moreover, there

VIPOI1G1 (0)]

exist functions pi,¢; € K, g1,p1,P] € N, such that estimate (4.5) holds with g4(t) := N DGR

B1(t) = /|P(t)| exp <1_283 fot u(s)ds) is bounded then the function ¢c; € K™ is bounded, too.
The previous analysis shows that hypotheses (H1) and (H2) of Theorem 4.1 are satisfied. Inequality (4.8c) holds with
a(s) = s. By virtue of (5.14a), it follows that (4.8a) holds. Using Theorem 4.1 and Remark 4.2(b), we conclude that system

(5.9) satisfies the WIOS property from the input u with output H(t, X1, X3) := x1(0) if the following condition holds:

1 sup (lB(t)l VIP()]
e1(1+e)n/1—¢3 =0 \ ()Pt —71)

Thus we conclude that the above condition holds for appropriate €1, &, > 0 and 5 € (0, 1), if (5.14b) holds. Moreover, if
there exists a constant L > 0 such that 4/[P(t)] exp (fot M(s)ds) +]C(t)|+ - < L forallt > 0, then system (5.9) satisfies

o) —
the UWIOS property from the input u with output H(t, X1, X) := x1(0). Consider for example the system:

Finally, if

max ¢(7) |C(r)|) < 1.
7€[0,t]

x1(t) = —exp(t)x1(t) + bxa(t — 1) + u(t)

X2(t) = x1(t) + 2x2(¢ — 1) + u(t) (5.19)
X](t) € R, Xz(f) € 1R, u(t) R
where b € %R with |b| < 1. System (5.19) has the form (5.9) with A(t) = —exp(t), C(t) = 1, B(t) = b, D(t) 2,

G1(t) = Gy(t) = 1. System (5.19) satisfies hypothesis (S1) with P(t) = 1 and u(t) = exp(t). The function c(t) = 2
t
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Consequently, hypothesis (S2) will be satisfied if sup,. (% M) = |b|sup; (exp (—t +trllog (%))) <1—n.

The previous inequality is satisfied for an appropriate selection of n € (0, 1) ifand only ifr > log(2) and |b| < 1—2 exp(—r)
(delay-dependent condition). Therefore, ifr > log(2) and |b| < 1—2 exp(—r) then system (5.19) satisfies the WIOS property
from the input u (the weight function is §(t) = K exp(—st) for appropriate constants K > 0 and s € (0, 1)). Notice that
for system (5.19), it can happen that lim sup,_, , , |x2(t)| = +o00. This feature does not disturb our analysis since the WIOS
property concerns the output of the system, which is Y (t) = x;(¢t).

It should be noted for system (5.9), that if all matrices A(t), B(t), C(t), D(t), G;(t), G,(t) are constant, D is Schur stable
(D] < 1isacase frequently studied in the literature), the matrix P(t) € R"1*" is constant and the function w(t) is constant
(ie., u(t) = pu > 0), then hypothesis (S2) guarantees UIOS property from the input u. Particularly, in this case hypothesis
(S2) takes the form:

ICI 1Bl /1P| < s (1—DJ).

The above condition is in complete agreement with the Linear Matrix Inequalities proposed in [15,24]. <

6. Conclusions

In this work stability results for systems described by coupled Retarded Functional Differential Equations (RFDEs) and
Functional Difference Equations (FDEs) are presented. The motivation for the study of systems described by coupled RFDEs
and FDEs is strong, since such systems can be used to study generalized solutions of systems described by neutral functional
differential equations and systems described by hyperbolic partial differential equations. The obtained stability results
are based on the observation that the composite system can be regarded as the feedback interconnection of a subsystem
described by RFDEs and a subsystem described by FDEs. Recent small-gain results and Lyapunov-like characterizations of the
Weighted Input-to-Output Stability property for systems described by RFDEs and FDEs are employed. Illustrating examples
are provided, which show the applicability of the obtained stability results.
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Appendix
Proof of Fact 1 in the proof of Theorem 3.3. Without loss of generality we may assume that the function a € K, involved

in hypothesis (P2) satisfies a(s) > s for all s > 0 and that the function 8 € K™ involved in hypothesis (P2) is non-decreasing
with B(t) > 1forallt > 0.Lete > 0, T € %" and define:

exp (—i(e, T) — 1)

~ 1 &
3, T) = a! a! (7) (A1)
BT +1) 48(T+ 1) 9
where Z(s,T) is the constant that corresponds to the bounded sets I = [0,T + 1] C 9R", 2 =

{x1 € CO([=r1, 0L ®™) = |Ix1]l,, <&} x {x2 € £2°([—12,0]; R™) : |Ixz]l,, <&} x {u € U : |u| < ¢} and satisfies (2.2).

Let (o, X10,X20) € [0, T] x CO([—ry,0]; R™) x L2 ([—12, 0]; R™), (u,d) € Lo (RT;U) x L2 (R D) with

loc

IX10lly, + %20y, + SUpg lu(®)| < s (but otherwise arbitrary). By virtue of Theorem 3.1 there exist t.x € (ty, +00] and a
unique pair of mappings x; € C% ([to — I'1, tmax); R"), X2 € L ([to — T2, tmax); R"2) With Ty, (t0)x1 = X10, Tr, (to)X2 = X0,

x1 being absolutely continuous on [ty, tmax) Such that (2.1a) holds a.e. for t € [tg, tmax) and (2.1b) holds for all t € (tg, tmax)-
In addition, if t.x < 400 then for every M > 0 there exists t € [to, tmax) With | T;, (£)x4 Hr1 > M.

Define the set:

_ . ! -1(¢
A= {r € lto,trae) [T O], > g (9)}. (A2)

We distinguish two cases:
(1) AN [to, to + h] = B;
(2) AN[ty, to + h] # @.

Case 1:
We will show that (3.1) holds in this case with § := S(s, T) > 0 as defined by (A.1). If A N [to, to + h] = @, where
h:=h(T) =min (1; min{t(s) : s € [0, T + 1]} ), then x; is bounded on [ty, to+h] and consequently we have t.x > to+h.
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Moreover, by virtue of hypothesis (P2) we have for all t € [ty, ty + h]:
%@ = a (B [T, Ox, ) +a (B0 [Ty = 2], ) +aBOED. (A3)

Since A N [to, tg + h] = @ (which implies a (,B(t) [T, (0)xq ||r1) < Eforallt € [t, to + h]; see (A2)), [Ixz0ll,, < & (which
implies a (,B(t) [ Try =0y = T(©)x2 ”rz_z(t)) < £forallt € [to, to + h]; see (A1) and sup,- [u(t)| < § (which implies
a(B) u®))) < g forallt € [tg, tog + h]; see (A.1)), we obtain from (A.3):

&

[x2(t)] < 3’ Vvt € [to, to + h]. (A4)

&
3
[T, ()% ||r1 <a (ﬂ(t) |, (%1 ||r1) < £forallt € [to, ty + h]) shows that (3.1) holds in this case.

Inequality (A.4) in conjunction with the fact that [|xxl,, < § < £ and the assumption A N [to, tp + h] = @ (which implies

Case 2:
We will show that this case cannot happen by contradiction. Assume that A N [to, to + h] # ¥ and define t; = infA. By
continuity of the map t — | T, (t)x; ||r1 and since [[xqo]l,, <8 < ﬁa‘l (£). it follows that t; > to. Hence, by continuity

of the mapt — ||Tr1 (t)xq ||r] and definition (A.2) we have H T;, (81X H "= ﬁa* (g) Evaluating the derivative of the
absolutely continuous map |x;(t)|? a.e. on [to, t;] in conjunction with hypothesis (P4) gives:
d
@ x1 (D) = 2%, (O)f1 (¢, d(£), Try (D1, Try—eey (€ — T(£))X2, u(1))
=~ 2
< 2L T x|}, + 2%, (D1 (8. d(©), 0, Try—e 0y (£ = T()x2, U(D)) (A5)

where [ is the constant that corresponds to the bounded sets I := [0, T + 1] C R, 2 = {x; € C°([—ry, 0]; ®™) : ||x; lIr,
<e}x {xz € L2 ([—r2, 0]; R™) : [Ix2l;, < & } x{u e U : |u|] < e} and satisfies (2.2). Inequality (A.5) in conjunction with

hypothesis (P2) and the facts that [[xll,, < 8 (which implies a (ﬂ(t) [Ty =0y (8 = T(©)x2 ||r271(t)) < mf‘:—%_])a*] (2)

forall t € [to, to + h]; see (A.1)) and sup,sq |u(t)| < B (which implies a (B(t) [u(t)]) < wa*1 (g) for all

4B(T+1)
t € [to, to + h]; see (A.1)), gives:
d X . , ©exXp (—2Z—2) LEV\2
— x| <2(L+1)||T, (t)x 7<a_ <7)) a.e.on [tg, t1]. A.6
gt MOF =20+ 0 [T ©x |+ e 5 [to, t1] (A.6)
Integrating both sides of (A.6) we get for all t € [to, t1]:
, , ~ t ; exp (—2i—2) L (EV\2
H° < t 2(L+1 T d 7(7(7> . A7
[} (O < o) + 20 + )/to [Ty s+ — g7 (7 (5) (A7)
The following inequality is a direct consequence of (A.7) and holds for all t € [to, t1]:
t exp (—ZZ — 2) ey 2
[Taonl? < [Tl + 20+ [ [Tl ds+ —2———> (a7 (5)) (AS)
1 1 n = ry\toJA1 r " 1 1 n 4ﬁ2(T+ 1) 9 . .

Since the map t — ”Tr1 (t)x1 ”r1 is continuous and (A.8) holds on [ty, t1], we may apply the Gronwall-Bellman lemma. We
obtain for all t € [to, t1]:

[T @], < exp ((i n 1)) 17 (], + 5) . (A9)

—qa! (
2T+ \9

exp(—-[-1) _q

Since [[x10ll,;, < & (which implies |, (to)x1 ||r1 < a~' (%)) we get from (A.9):

—  4B(T+1)

3 _1(¢& 1 _1 /(&
HTm(tl)Xl Hn = ma (g) < ma (§) . (A.10)

Inequality (A.10) contradicts the equality ||Tr1 (t1)x1 ||r1 = ﬁa” (g) Thus the case A N [ty, ty + h] # @ cannot happen.
The proof is complete. <
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Definition of the notion of Weighted Input-to-Output Stability (See Also [35,32]). Consider a control system X :=
(X%, Y, My, Mp, ¢, =, H) with outputs and the BIC property and for which 0 € X is a robust equilibrium point from the
input u € My (in the sense described in [35]). Suppose that X is Robustly Forward Complete from the input u € My (in the
sense described in [35]).

* If there exist functions o € KL, 8,8 € KT,y € N such that the following estimate holds for all u € My, (to, Xg, d) €
RT x X x Mpand t > tg:
IH(t, ¢(t, to, X0, u, d), u(®)lly <o (B(to) IXollx, t — to) + sup y (8(z) u(T)lle,) (A.11)
to<t<t
then we say that X satisfies the Weighted Input-to-Output Stability (WIOS) property from the input u € My with gain
y € N and weight § € K. Moreover, if 8(t) = 1 then we say that X satisfies the Uniform Weighted Input-to-Output
Stability (UWIOS) property from the input u € My with gain y € N and weight § € K.
* If there exist functions 0 € KL, 8 € KT,y € W such that the following estimate holds for all u € My, (ty, X9, d) €
RT x X x Mpandt > tg:
IH(t, ¢(t, to, X0, u, d), u()lly =< o (B(to) lIxollx . t — to) + sup ¥ () ll) (A12)

0=T=

then we say that ¥ satisfies the Input-to-Output Stability (I0S) property from the input u € My with gain y € N.
Moreover, if 8(t) = 1 then we say that X satisfies the Uniform Input-to-Output Stability (UIOS) property from the input
u € My withgainy € .

For the special case of the identity output mapping, i.e., H(t, x, u) = x, the (Uniform) (Weighted) Input-to-Output
Stability property from the input u € My is called (Uniform) (Weighted) Input-to-State Stability property from the input
u € My.

Finally, if no external input is present (U = {0}) then we say that X is (Uniformly) Robustly Globally Asymptotically
Output Stable ((U)RGAOS). For the special case of the identity output mapping, i.e., H(t, x, u) = x, we say that X is
(Uniformly) Robustly Globally Asymptotically Stable ((U)RGAS).

Proof of Theorem 4.3. Let arbitrary (to, X10, (v1, 4, d)) € R x C°([—rq, 0]; R™) x LZ(R; S, x U x D) and consider

loc

the solution x; (t) of (4.2) with initial condition T, (ty) = X1o corresponding to inputs (vy, u, d) € QC,"(;’C(‘,R*; S, x U x D). By
virtue of Theorem 3.5 in [33], implication (3.14) guarantees the existence of a function o € KL with o (s, 0) = sforalls > 0,

such that the following estimate holds for all t > t, for which the solution exists:

V(t, Tr, (Dx) < maX{O (a2 (B(to) lIx1olly,) » £ = o), sup o (¢ (81 () [vi (D)), t = 7),

to<t=<t

sup o (¢" (85 (o) lu()l) . t — r)}. (A.13)
top<t=t
We next distinguish the following cases:

(A) If (4.15a) holds then, by exploiting the left-hand-side inequality (4.14) and the fact 0 € KL with o (s, 0) = sforalls > 0,
we obtain from (A.13) the following estimate, which holds for all t > ty:

a (|Ha (¢, T, (DX1)])

< max {a (@2 (B Iioll,) . € = t0) . sup £ (31(D) oa(@)), sup ¢*(81(0) |u(r>|)} : (A14)
0<t< ost<
Estimate (A.14) implies that estimate (4.4) holds with 8;(t) = B(t), y1(s) := ‘11_1 (Z(s)), yi(s) = a;l €™(s)).
(B) If (4.15b) holds and 8§, (t) = 1 then Theorem 3.5 in [33] directly implies that system (4.2) is Robustly Forward Complete
from the input (u, v;) (see [31]) and consequently for all (to, X10, (v1, U, d)) € Rt xCO([—rq, 0]; R™) x L2 (R S, x U xD)
the solution x;(t) of (4.2) with initial condition T, (tp)X; = Xqo corresponding to inputs (vy, u, d) € OCﬁ;’C(SRJr; S, x U x D)
exists for all t > ty. By exploiting inequality (4.15b) and the fact 0 € KL with o (s, 0) = sforall s > 0, we obtain from (A.13)
the following estimate, which holds for all t > ty:

w(®) %1 ()] < p~'(2R) + max {p‘] (2a (B(to) lIx10lly,)) »

sup p~' (2¢ (lvi(D)])) . sup p~' (22" (8Y(r) IU(f)I))} . (A.15)
tp<t=t tp<t=t
By virtue of Corollary 10 and Remark 11 in [39] there exists k¥ € K., such that p~' (2a (rs)) < x(r)k(s) forall (r, s) € (SR*)Z.
Consequently, we obtain from (A.15):

1
w(t) X (0] < p~'(2R) + 5 e (B(t0)))?
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1
+ max {2 (k (Ix1oll,,))” tS<up<tP71 2¢ (lui(@D) tS<ulD<tlf1 (26" (510 Iu(T)I))}

which implies:

1 o 1 2\’
MO = 5o+ (p (2R) + 5 (ﬂ(to)))>
+ max {(x (Ixsoll,, )" S (' 2z (u(@)’, sup (p' (264 (3@ |u(r)|)))2] . (A.16)
<t< 0=<T=<

Estimate (A.16) shows that the following estimate holds for all t > tg:

1
no= me{u (r): Tt €[0,t]}

2
|T, (x4 (p“(zm + = (K (B(t))) >

+max{(K(nxlonn))‘#||xlo||r1,ts<up<t (™" ¢ (@), sup (P~ (26" (3%(2) |u(r>|)))2}.

top<t=t

Let ¢ € K. Multiplying the above inequality by ¢ (t) and using repeatedly the inequality ab < %az + %bz we get:

o(t)
"~ 2min{u?(z) : T € [0, t]}

+max{((K(||x10||r1))4+”XlO”r]) ,ts<ug[(p‘1 ¢ (u@IN)*, sup (P~ (2¢" (84(x) Iu(r)l)))4}.

tg<t<t

2 1 -1 1 2 4
) | T, (Ox1] . < +o' O+ 5 (p (2R) + = (k (B(t0))) )

Using the fact that a + b < max {2a, 2b} for all a, b > 0 in conjunction with the above inequality gives:

¢(0) 2
00 [y ], = max | B0 a0

2
(p-1(2R>+ (x(ﬁ(to»)) 2 (e (Ix10ll))* + laoll, )

sup 2 (p~" ¢ (lv1(0)I))*, sup 2 (p~" (2¢" (85‘(r)|u(r>|)))“}. (A.17)

fp<t=<t tp<t=t

Notice that if (4.17) holds and ¢ € K is bounded then estimate (A.17) shows that (4.16) holds for appropriate 11, ¢; € K™,
g1, p1, Py € N with¢; € KT being bounded.

¢(f) 2 e

a(T,s) := max{y(to +h) — y(ty) : h € [0,s],to € [0, T]}. (A.18)

Clearly, definition (A.18) implies that for each fixed s > 0, a(-, s) is non-decreasing and for each fixed T > 0, a(T, -) is
non-decreasing. Furthermore, continuity of y guarantees that for every T > 0, lim,_, ¢+ a(T, s) = a(T, 0) = 0. It turns out
from Lemma 3.2 in [31], that there exist functions ¢ € K., and q € K such that

a(T,s) < C(qT)s), V(T,s) € (RH)”. (A.19)

Combining definition (A.18) with inequality (A.19), we conclude that for all t, > 0 and t > ty, it holds that:

A

y () = y(to) + £ (q(to) (t — to)) < y(to) +¢ ( T (to) + (f —to) >

IA

¥ (to) + ¢ (a°(t)) + ¢ ((t — t)*) < max {2y (to) +2¢ (¢*(t0)) ; 2¢ ((t — o))} .

The above inequality in conjunction with (A.17) and definition y (t) = m + 2¢%(t) implies that (4.16) holds

for appropriate p1, ¢c; € K™, g1, p1, p}} € M. The proof is complete. <

Proof of Proposition 4.5. Let arbitrary (t, X109, (v, U, d)) € R x C°([—rq, 0]; R™) x L2 (MT; S, x U x D) and consider
the solution x; (t) of (4.2) with initial condition T, (t)X; = X0 corresponding to inputs (vy, u, d) € L%.(R; S, x U x D). Let
tmax > to be the maximal existence time of the solution. It follows from (4.20) and Lemma 4.6 that there exists a continuous
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function o of class KL, with o (s, 0) = s for all s > 0 such that for all t € [tg, tmax) We have:

o (V(to, x1(to)), t — to); Sup o (& (51() [vi®D st —3)
V(t, x1(t)) < max ( ( e
a

sup o

tp<s=<t

. (A20)
sup V(s+8,x(s+ 9))) Jt—s); sup o (£ (85(s) lu(s)l), t —s)
6e[—r1,0] tp=s<t

An immediate consequence of estimate (A.20) and the fact that o (s, 0) = s for all s > 0 is the following estimate for all
t € [to, tmax):

5( sup V(fo+9,X1(fo+9))yf—fo>§ sup ¢ (81(s) [vi(s)])

sup V(¢ +6,x(t +6)) < max oel=r1.0] fo=s=t (A21)
o

fel=1.0 sup  sup V(s+9,x1(s+9))>; sup ¢ (81(s) |u(s)])

to<s<t fe[—ry,0] to<s<t

where o (s,t) :==sfort € [0,r]and o (s, t) .= o(s,t —r) fort > r.Using the fact that a(s) < s forall s > 0 and estimate
(A.21) it may be shown that:

sup V(t+6,x(t+0))
6e[—rq1,0]

smaX{ sup V(to +6,x(to +6)); sup ¢ (81(s) [va(s)]); sup ¢" (8?(S)Iu(5)l)}, t € [to, tmax)- (A22)
0e[—r1,0] tg<s=<t to<s<t

Combining (A.21) with (A.22) we obtain for all t € [tg, tmax):

sup V(t+80,x(t+09))
6e[—rq1,0]

o < sup V(to+6,x1(to +0)),t — 5;) ;a ( sup sup V(s+0,x(s+ 6‘)))
< inf max 0el—r1,0]

< §<s<t0e[-r1,0] (A.23)
fos=t sup ¢ (81(s) lv1()) 5 sup ¢ (85(s) lu(s))
tg<s<t to<s<t
Theorem 1 in [40] in conjunction with inequality (A.23) implies the existence of & € KL such that:
o < sup V(tp+0,x1(tg +6)),t — t0>
sup V(t+0,x(t+6)) < max 0€[—r1.0] , Vt € [to, tmax)- (A.24)
oel-r1.0] sup ¢ (81(s) [v1()) 5 sup ¢ (85(s) lu(s))
fp=s=<t to<s<t

We next distinguish the following cases:

(A) If (4.21a) holds and there exist functions w1, c1, ¢ € KT, g1, p1, py € N, such that for every (to, X190, (v1, U, d)) €
R x CO([—rq, 0]; R™M) x L2 (M1 S x U x D) the solution x4 (t) of (4.2) with initial condition T, (to)X1 = X1o corresponding
to inputs (v1, u,d) € L2 (R1; S, x U x D) exists for all t > t; and satisfies (4.16), then we clearly have tm,, = +o0.
Inequalities (4.19) and (4.21a) in conjunction with estimate (A.24), guarantee that there exist a function oy € KL, such that
estimate (4.4) holds with y;(s) := a;l (€ (), yi(s) = al_1 (£%(s)), B1(t) == maXo<r<t+r, B(1), forall (to, x10, (v1,u, d)) €
RF x CO([—rq, 0]; R™M) x L2 (RT; S, x U x D) and t > to for the solution x; (t) of (4.2) with initial condition Ty, (to)x1 = X10

corresponding to inputs (v, u, d) € LEX(RT; S, x U x D).

loc

(B) If (4.21b) holds and §;(t) = 1, then using (4.19) and (4.21b), we get for all t € [to, tmax):

: 2
T ©xl, < sy + 'R’ “m[(pl (20 (e, ool )))

7 2 min u?(7)

0<t<t+r
Sup (p~' ¢ (1)) Sup (P (2¢" (81 1))’ ] : (A.25)

It follows from estimate (A.25) and a simple contradiction argument that for all (tg, X0, (v1,u,d)) € RT x
Co([—rq, 0]; R™) x Dcﬁfc(m*; Sy x U x D) the solution x4 (t) of (4.2) with initial condition T;, (to)X1 = X1o corresponding to
inputs (vy, u,d) € Jiﬁfc(%*; Sy, x U x D) exists forall t > tg, i.e., tnax = +00. From this point on, the proof continues in

exactly the same way as in Case B in the proof of Theorem 4.3. <

Proof of Theorem 4.7. By virtue of Lemma 4.4 in [41] there exists 0 € KL satisfying (4.28a) and (4.28b). Let arbitrary
(to, X20, (v2, u, d)) € RT x LP([—17, 0]; ]’™) x L2 (T, S; x U x D) and consider the solution x,(t) of (4.3) with initial
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condition Ty, (tg)Xz = Xo9 corresponding to inputs (v,, u, d) € Li2(%"; S; x U x D). Define the sequence {t;}°,:

tiy1 =t + g(t). (A.26)

Working exactly as in the proof of Theorem 3.1, it can be shown by contradiction that limt; = 4-oc0. Moreover, using
induction, (4.28b), inequality (4.25), as well as the fact that o (o (s,t),h) = o(s,t + h) foralls,t,h > 0, we get for all
i=0,1,2,...

V(ti,Trz(ti)Xz)SmaX{O"(V(to,Xzo),ti—to), sup ¢ (82(0) [va(D)), sup ¢" (85(v) Iu(f)l)}~ (A27)

fp<T<t; fp<T<t;

Using (A.27), (4.28b), inequality (4.25), as well as the fact that o (o (s, t), h) = o (s, t + h) forall s, t, h > 0, we can establish
that the following estimate holds for all t & {t;}7°,:

V(t, Ty, (t)x) < max {a (V(to, X20), t — to) , tSUD[é“ (82(7) [v2(D)D) [SUP}“ (85(x) IU(T)I)} . (A.28)
0=7= 0<t<

By virtue of (A.27) and (A.28), we conclude that (A.28) holds for all t > t,. Next we distinguish the cases:
(A) If (4.29a) holds, then by combining (A.28) with (4.24) and (4.29a), we conclude that estimate (4.6) holds with

12(8) = a; ' (§(s), 7' (8) == a; ' (¢"(5)) and 0 (5, £) = @} ' (0 (ax(5), 1))
(B) If (4.29b) holds and §,(t) = 1, then estimate (A.28) in conjunction with (4.24) and (4.29b) implies the following
estimate:

p (u(t) [X2(H)) < R+ max {az (B(to) lIx20llr,) , tSUPté“ (lv2(0)D [SUP[C" (85(0) Iu(f)l)} .

0=T= 0=T=

From this point on, the proof continues in exactly the same way as in Case B in the proof of Theorem 4.3. <
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