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1. Introduction

Feedback laws with delayed terms have recently been consid-
ered for the solution of various control problems. In particular, the
following works have showed that feedback laws, which involve
delays, present features that cannot be induced by means of ordi-
nary feedback (i.e. feedback with no delays):

e in [1], it is shown that the use of discrete-delays can allow
the design of observers that provide state estimates for linear
systems which converge to the actual state values in a pre-
specified finite settling time,

e in[7], it is shown that the use of distributed delay feedback can
allow the design of smooth feedback laws which achieve finite-
time stabilization of nonlinear systems in a pre-specified finite
settling time,

e in [3,9-12], it is shown that the use of discrete delay static
output feedback can achieve stabilization for linear systems,
which cannot be stabilized by ordinary (i.e. with no delays)
static output feedback

Specifically, in [3] it was shown that autonomous, minimum
phase, linear systems x = Ax + Bu,x € R",u € R™, y(t) =
cx(t) with relative degree 1 or 2 can be stabilized by static output
feedback with delays of the form u(t) = —ky(t) — kzy(t)*y%*h),
where h > 0. The form of the feedback is obtained by replacing
the derivative y(t) in an ordinary stabilizing feedback u(t) =
—k1y(t) — koy(t) by the numerical approximation of the derivative
of the output signal w & y(t). The same idea was used in
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[12] for the stabilization of a chain of integrators using multiple
delays.

In the present work, we generalize the idea proposed in [3] and
show that for uncertain systems of the form:

)‘(j(t):XH,](t)‘l—vj(t), i=1,...,n—1
Xn () = va(t) + a(d(t), x(t))u(t)
y(€) = x1(t) +e(t) (1.1)
x(0) = x1(0), ..., x,(t)) e R", d(t) €D,
v(t) = (1(b), ..., (1)) € R", u(t) eRr

where D C ' is compact, d = d(-),v = wv(-) are time-
varying uncertainties/disturbances (modelling errors), e : R — R
represents the output measurement errorand a : D x R" — Risa
locally Lipschitz function that satisfies the following inequality for
certain constants «, 8 > 0:

a <a(d x)<p, forall(d,x) €D xR" (1.2)

there exists a vector k € " such that for sufficiently small h > 0,
the linear static output feedback law with discrete delays:

y(®)
y(t —h
ut) =k : (1.3)
(t — (n—1h)

achieves robust global stabilization of the equilibrium point 0 €
R" of (1.1) in the sense that the solution of (1.1) with (1.3) and
arbitrary continuous initial condition xo : [—(n — 1)h, 0] — R"
corresponding to arbitrary measurable and locally bounded inputs
v:RT > R/, d: Rt — D,e: R — R, satisfies the following
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estimate for all t > 0:

[x(£)] < Qoexp(—ut) sup  [x(0)]

—(n—1)h<6<0

o<t<t

+ ) Q sup exp (—p(t — 1)) |ui(o)]
i=1

+Q  sup

—(n—1h=<t=<t

exp (—u(t — 1)) le(r)] (1.4)

for appropriate constants Qg, Q1, ..., Qu, Q. > 0(Proposition 2.3).
Inequality (1.4) is a “fading memory estimate” that guarantees the
Input-to-State Stability (ISS) property for the closed-loop system
(1.1) with (1.3) (see [14] for the definition of the ISS property
for finite-dimensional systems, [5,13] for the extension of the
ISS property to time-delay systems and [6] for a discussion of
“fading memory estimates” to a wide class of systems). The
feedback law (1.3) is constructed using a backward difference
numerical differentiator of the output signal y(t) = x;(t) + e(t),
which is corrupted by measurement noise. Moreover, we obtain
explicit estimates of the maximum allowable time step h > 0
that can be used for robust stabilization as well as of the gains
Q1,...,Qn, Q. > Oinvolved in (1.4).

The obtained results are applied to minimum phase nonlinear
systems of the form:

2(t) = f(d(t), z(t), x(1)), z(t) € R*
ki(t)_z gli(d(t), Z(t),IX(t)) + X1 (t) + vi(0),
1=1,...,n—
Xp(t) = ga(d(t), z(t), x(£)) + a(d(t), z(t), x(£))u(t) + v, (t) (1.5)
y(t) = x1(t) +e(t)
x(t) = (x1(0), ..., x,(t)) € ®", d(t) € D, u(t) e R
v(t) = (v1(t), ..., va(b)) € K", e(t) € R.

The reader should notice that system (1.5) is similar to the
Byrnes-Isidori normal form (see Chapter 4 in [4]) with the addition
of disturbance inputs d WM™ — Dand v Rt —
R" that account for modelling/actuator errors and consequently
the z—subsystem of (1.5) represents the zero dynamics of (1.5).
The stabilization problem for systems of the form (1.5) can
be addressed with a combination of the main result for the
stabilization of (1.1) (Proposition 2.3) and the well-known high
gain feedback design strategy which allows nonlinearities that
satisfy certain growth conditions (see hypotheses (A1-3) in
the statement of Theorem 2.6). Robustness of the closed-loop
system (1.5) with (1.3) is guaranteed by showing an inequality
similar to (1.4) (Theorem 2.6). Therefore, the Bounded-Input-
Bounded-State property and the Converging-Input-Converging-
State property hold for the nonlinear closed-loop system (1.5) with
(1.3). Moreover, the states x(t) converge exponentially to the origin
for the unforced case v = 0,e = 0.

It should be noted that systems of the form (1.1) or (1.5) un-
der the hypotheses imposed in the present work (see hypotheses
(A1-3) in the statement of Theorem 2.6) can be stabilized by dy-
namic (observer-based) output feedback (see [15]). Consequently,
it is clear that static output discrete-delay feedback is an alterna-
tive to dynamic output feedback and further studies need to be per-
formed, in order to show the advantages and disadvantages of each
type of feedback.

Consequently, the contribution of the paper is:

e the main result in [3] is generalized to uncertain minimum
phase nonlinear systems of the form (1.5) with arbitrary relative
degree (Theorem 2.6),

e the main result in [12] is generalized to uncertain systems of
the form (1.1) and a completely different proof is provided
(Proposition 2.3),

e robustness of the closed-loop system with respect to measure-
ment and modelling errors is guaranteed by “fading memory
estimates” of the form (1.4),

e explicit estimates of the maximum allowable time step h > 0
that can be used in (1.3) as well as of the gains of the inputs are
provided.

The structure of this article is as follows: in Section 2 the main
results are presented and proved. Section 3 contains illustrating
examples, which show the efficiency of the discrete-delay static
output feedback for the stabilization of linear and nonlinear
uncertain systems. Finally, in Section 4 we present the concluding
remarks of the present work.

Notations. Throughout this paper we adopt the following nota-
tions:

* By Z* we denote the set of non-negative integers and by R+ we
denote the set of non-negative real numbers.

x Let] C€ Mt := [0, 400) be aninterval. By L= (I; U)(£L2(I; U))
we denote the space of measurable and (locally) bounded
functions u(-) defined on I and taking values in U C k™. Notice
that functions in L% (I; U) (or £, (I; U)) are defined pointwise
and are not equivalent classes of functions. The sup operator
used for a function in L>°(I; U) (or £ (I; U)) is the actual least
upper bound of this function.

% By CO(A; £2), we denote the class of continuous functions on A,
which take values in £2.

* Letx : [a—r,b) > R"withb > a > —ooandr > 0.By
T, (t)x we denote the “r-history” of x at time t € [a,b), i.e,
T.(t)x =x(t +0);0 € [-r,0].

* For a vector x € :R" we denote by |x| its usual Euclidean norm,
by x’ its transpose and by |A| := sup {|Ax| ; x € R", |x| = 1} the
induced norm of a matrix A € R™*". For x € C°([—r, 0]; k")
we define ||x||, := maxXge[—r o7 [X(0)].

* For the definitions of the classes K and K., see [8].

* By A = diag(ly, L, ..., ;) we mean that the matrix A =
{aj;i = 1,...,n,j = 1,...,n} is diagonal with a; = I;, for
i=1,...,n

* We say that a function V e C°(R"; %) is radially unbounded
if the following property holds: “for every M > O the set
{x € ®" : V(x) < M} is compact”.

2. Main results

We start by presenting a preliminary result on the numerical
differentiation of the output signal of an uncertain linear system.
The following lemma shows that there is a family of backward
difference operators (parameterized by the time step h) that
provides state estimates for a linear uncertain observable system.

Lemma 2.1. Consider the following system:

ici=xi+1—|—u,~, i=1,...,n—1
Xn = Uy (2.1)
x=(X1,...,x) € R", u=(ug,...,u,) €R"

with n > 2. There exist constants Ko, K1, ..., K, > 0 and a family
of linear continuous operators Ay : L*°([—(n — 1)h, 0]; ®) — R"
(parameterized by h € (0, 1]), defined by

Ay = QP [y(0) y(=h) y(—2h) y(—(n—1h],
Vy € L2([—(n — 1)h, 0]; R) (2.2)

Y 1 2! (n—1)! _
where Q' = diag (1, T Tz (—h)”‘l) c MM and P =

{pi=G—1"",i,j=1,...,n} € ®™", such that for every h €
0,1, u; € LL2ART;R)(>{I = 1,...,n),x € R" the solution x(t)

loc
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of (2.1) with initial condition x(ty) = Xxo corresponding to inputs
U € LEO(RT; M) (i =1, ..., n), satisfies the following inequality:

loc

’

n
‘x(t) — AZT(H_l)h(t))q! < Zth”]’" sup |uj(r)

t—(n—1h<t<t

j=1
vVt >ty + (n— 1h. (2.3)
Moreover, for every h € (0, 1] it holds that:
WAyl <Ko osup ly(o)l,
—(n—1)h=<7=<0
Vy € £L2°([—(n — 1)h, 0]; R). (2.4)

Proof. First notice that P is a Vandermonde matrix and is
invertible. Clearly, definition (2.2) guarantees that inequality (2.4)
holds for appropriate Ky > 0 (e.g, Ko = /n|[P~'|(n — D!). In
order to show inequality (2.3),leth € (0, 1], u; € Li2(RT; R)(i =
1,...,n), Xp € K" (arbitrary) and consider the solution x(t) of
(2.1) with initial condition x(tyg) = xp corresponding to inputs
U € LW R) (I = 1,...,n).Forallt > to+ (n— Dh, it

holds that:
x(t) = exp(A(n — 1h)x(t — (n — 1)h)

t
+ / exp (A(t — 1)) u(r)dr (2.5)
t—(n—1)h
x1(t —kh) = c'exp(A(n — 1 —k)h) x(t — (n — 1h)
t—kh
+ / ¢ exp (A(t — kh — 1)) u(r)dr,
t—(n—1)h
k=0,...,n—1 (2.6)
001 0 ... 0
000 1 ... 0
whereA=|: @ L[ exp(An) = {¢(t),i.j=1,....n}
00 0 ... 1
00 0 ... 0 N
with ¢y(t) = 0 forj < i ¢y(t) = {5 forj = i

andc¢ =[1 0 0
tor form as in Box I:

0]. Eq. (2.6) can be written in vec-
It follows from the binomial theorem

that G(h) = P (Q,f)71 exp (A(n — 1)h) for all h > 0, where
Q' = diag (1, 2 —(_2’1’)2, e (Tl;,}i!l) € W™ and P =

{pi=@G—1"ij=1,...,n} € ®™" Consequently, G(h) is
invertible and we obtain:
x1(t)

x1(t —h)
x(t — (n— Dh) = exp (~A(n— HhyQrp~! | X =2)
Xt — (n— 1h)

— exp (—A(n — 1)h) QP 'B(t, u).

Substituting x(t — (n — 1)h) from the above equation in (2.5) gives:

x1(t)
x1(t —h)

X1 (t — 2h) _ Q”l:Ple(t’ Ll)

x(t) = QP!
X (t — (n— 1h)
t
+ / exp (A(t — 1)) u(v)dr,
t—(n—1)h

Vt >ty + (n — h. (2.7)

2 n—1
Since ¢’ exp(Ah) = [1 h L h

} we have for
2 (n—1)!
k=0,...,n—1:

t—kh
f c exp (A(t — kh — ©)) u(r)dr
t—(n—1)h

Tn—1—ky .
< Z(n]')hl sup ]uj(r)].
j=

t—(n—1)h<t<t

Consequently, [B(t, u)| < (n — 1) Y0, “=V W sup,_uypere
|uj(r)| and

|Q/P7'B(t, w)| < (n— D/n [P (n— 1)
X Z uﬁ“"‘ sup

=1 J! t—(n—1)h<t<t

’

|uj(1)

Vt > to+ (n — Dh. (2.8)

Moreover, since h € (0, 1], we have:

t
/ exp (A(t — 1)) u(r)dr
t

—(=1)h

<(n—1h max |exp(As)| sup
0<s<(n—1h t—(n—1h<t<t

lu(7)]

<(n-—1) max |exp(As)|
0<s<n-1

n
X Z W= sup
=

t—(n—1)h<t<t

(o).

The above inequality, in conjunction with (2.7) and (2.8) and def-
inition (2.2), guarantees that inequality (2.3) holds for appropri-
ate constants Ky, ..., K, > 0(eg, K = (n — 1)/n ]P”‘ (n—

1)!(”1_.—!1)j + (n — 1) MaXg<s<y_1 |exp(As)|,j = 1, ..., n). The proof
iscomplete. <«

The following lemma is concerned with the stabilization
properties of system (1.1) by means of state ordinary linear
feedback. Its proof is omitted.

Lemma 2.2. Consider system (1.1), where D C %! is compact and a :
D x R" — Ris alocally Lipschitz mapping that satisfies (1.2). There
exists a vector k € R" and constants Mg, M¢, ..., M, > 0, u > 0
such that for every v € Li2(RT; R"), d € Li2(RT; D), (to, Xo) €
Rt x R" the solution x(t) of the closed-loop system (1.1) withu = k'x
corresponding to inputs v € L2 (RT; W), d € Li2(R; D), with
initial condition x(ty) = xo € R" satisfies:

[x(6)] = Mo exp (—p(t — to)) [Xol

+ > Mi sup {exp (—u(t — D)) (D)},
i=1

tp<t=<t

vt > to. (2.9)

We are now in a position to state the main results of the present
work. The following proposition shows that the state estimate
provided by the backward difference operator of Lemma 2.1 can
be used for the robust exponential stabilization of system (1.1)
for sufficiently small values of the time step h. The result of the
following proposition provides explicit formulae that allow the
designer to select appropriate values for the time step h, in contrast
with Proposition 2 in [12]. Its proof is provided at the Appendix A.

Proposition 2.3. Consider system (1.1), where D C ! is compact
and a : D x R" — R is a locally Lipschitz mapping that satisfies
(1.2). Let k € ®" and My, M4, ..., M, > 0, > 0, be the vector and
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x1(t)
x1(t —h)
X1 =20 | _ Ghyx(t — (n — 1h) + B¢, u)
x1(t — (n— Dh)
where
t t—h t—(n—2)h
B'(t,u) = |:/ ¢’ exp (A(t — 7)) u(r)dr / c exp (A(t —h — 1)) u(r)dr / cexp(A(t — (n—2)h—1))u(r)dt 0 ]
t—(n—1)h t—(n—1)h t—(n—1)h
and
(m—iy~ "Wt axn
G(h) = {g,-j_ W,u_ 1,...,np € X",
Box L.
the constants for which (2.9) holds. Moreover, let Ko, Kq, ..., Ky >  where ¢ := ik exp((n—1)1) L= (1+ Koh"") exp2(n +

0, A} : £L>¥([—(n — 1)h,0]; R) — R", be the constants and the
family of linear operators (parameterized by h € (0, 1]), for which
(2.3), (2.4) hold. Then for every h € (0, 1] that satisfies

BhK, |kl exp (u(n — 1)h) < 1;
hK,M, B2 |k|? exp (u(n — 1)h)
(1 — BhK, |kl exp (u(n — 1)h))?
there exist constants Qq, Q1, . .., Qn, Q. > 0 such that for every v €
% (RT: M), e € LX(R; R) andxg € C°([—(n—1)h, 0]; ®"), the

loc loc

solution x(t) of the closed-loop system (1.1) with
u(t) = k/AZT(,,_l)h(t)y (211)
corresponding to inputs v € L (RT; M), e € LX(R;R),d €

loc loc

L2 (R D), with initial condition x(9) = x¢(0); 0 € [—(n—1)h, 0]
satisfies (1.4) forallt > 0.

(2.10)

Remark 2.4. Notice that formula (2.2) for the backward difference
operator Ay : L*([—(n — 1)h,0]; ®) — R" implies that the
feedback law (2.11) can be equivalently expressed as

y(t)
| YE=h
u(t) = k'Qpr~ .
(t—(m—1h)
where Q' := diag (1, % (_2,1!)2, ((_”,;,R!l) € R M and P =
1 0 0 0
1 1 12 11
1 2 22 21 € sjnxn
i n;l (n;l)2 (n*i)nq

Remark 2.5. The proof of Proposition 2.3 (see Appendix A) allows

an estimation of the magnitude of the constants Qg, Q, ..., Qy,
Q. > Oinvolved in (1.4):
cMopB |k| + nL
<My +MBlk| ———
Q = Mo+ Muf kI =
¢ (Kh™™ 4+ Kq B8 |k| M;) + LK,
Q < M; + Mo K| (K B IKM;) + LG N

(1 — cMaB? |kI*) Ky
Qe < Mah'""KoB |K| [eXP (u(n—1h)

¢ (Myp [kl exp (ja(n — 1)h) + 1) + Lexp (u(n — 1)h)]

+ Bk
Pl 1— cM, B2 |k|?

(1—hKn Bkl exp((n—1)h))2"
Blk|h'~"Ky + p)(n — 1)h). However, numerical examples in the
following section show that the above estimates are conservative
for the linear case a(d, x) = 1. Moreover, it should be noted that
whenh — 0then Q. — +o0: this is the well-known phenomenon
of sensitivity of high-gain feedback laws to measurement errors.
Indeed, when h — 0 then the linear feedback law (1.3) becomes a
high-gain feedback (see the formula in the previous remark).

Our next main result deals with the stabilization problem for
system (1.5).

Theorem 2.6. Consider system (1.5), where D C ! is compact, the
mappings f : D x R x ®R" — R g : D x R x R" > R =
1,....,m)and a : D x ®R¥ x ®" — R are locally Lipschitz with
f(d,0,0) =0foralld € D. Suppose the following:
(A1) There exist constants y > 0,c > 0 and functions
a € Ky, V e CO(Rk; mt) which is positive definite and
radially unbounded with V(0) = 0, such that for every x €
LERT; R, d € LR D),zg € R the solution z(t) of
the system z(t) = f(d(t), z(t), x(t)) corresponding to inputs x €
o RT; M), d € Li2(RT; D), with initial condition z(0) = zy €
RK satisfies:

V(z(t)) < exp(—ct)a(|zl)
+y sup exp(—c(t — 1)) |x(7)].

o<t<t

(2.12)

(A2) There exists a constant L > 0, such that the following
inequalities hold for all (d, z, x) € D x R* x R®" :

i=1,...,n—1 (2.13a)

(2.13b)

|g,‘(d,Z, X)' = L|(X17 R 7Xi)| B
lgn(d, 2, 0] < L(V(2) + Ix]).

(A3) There exist constants «, § > 0, such that the following
inequalities hold for all (d, z, x) € D x R* x R®" :

o <a(d,z,x) <B. (2.13¢)

Let Ko, K1, ..., Ky > 0, AP : £2°([—(n — 1)h, 0]; R) — %", be
the constants and the family of linear operators (parameterized by
h € (0, 1]), for which (2.3) and (2.4) hold and let k € R" and
Mo, My, ...,M, > 0,u > 0, be the vector and the constants for
which (2.9) holds. Then for every b € (0, 1] that satisfies

KM, % |k|* exp (1(n — 1)b)

(1 — bKy B |k| exp ((n — 1)b))?
bK, B |kl exp (u(n — 1)b) < 1 (2.14)
there exists R(b) > 1 and constants M, K, Q > O such that for
every r > R(b),d € L2 D),v € LT, M\, e €

loc
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1 0 0 0 -
11 2 y(©)
1! 2! —1! 2 1 y(t—h
u(t) =r"K'diag ( 1, , s (-1 1 2 2 2" .
(=b)’ (=b)2" " (=by1) | . . _ :
: : : : o — Dh
1 n=1 m=17% ... (n—1! CU
Box II.

LR NR), 20 € Rand xp € CO([—(n — 1)h, 0]; R"), where
h := b/r, the solution (z(t), x(t)) of the closed-loop system (1.5) with
Box II with initial condition z(0) = z, € R, x(8) = x0(0); 0 €
[—(n — 1)h, 0], corresponding to inputs d € LS(RT;D),v €

o (RT; M), e € Li2(R; R), satisfies forall t > 0 :

[x()| 4+ V(z(t)) < exp(—rt)Q (p(r) lIXoll u_nn + a (zo))
+1r7'p(NK sup exp (—ir(t — 7)) |v(v)|

o<t<t

+p(r)M sup exp (—ar(t — 1)) le(t)] (2.15)

—(n—1)h=<t=<t

where i := min (£; ) and p(r) = ﬁ.

Remark 2.7. Hypothesis (A1) is automatically satisfied if there
exist constants K,c > 0 and p > 1 a positive definite,
radially unbounded and continuously differentiable function W :
®K — MT such that for every (d,z,x) € D x R x ®" the
differential inequality VW (2)f(d,z,x) < —2cpW(z) + K |x|
holds. Particularly, in this case inequality (2.12) holds with V (z) :=

1
; 1
W@)e, y = (g)p and a € K any function that satisfies

(W(z))% < a(|z]) for all z € ®K. Particularly, if the z-subsystem
is linear z = Az + Bx, where B € )" and A € R¥*¥ is Hurwitz,
then hypothesis (A1) holds for the function W (z) = z'Pz, where
P e ®¥** is a symmetric positive definite matrix which satisfies
the property that the matrix Q = —(A’P + PA) is positive definite.

Proof of Theorem 2.6. Notice that, by virtue of Remark 2.4, for
everyd € LX(R;D), v € LR R), e € LIX(RR),
zo € ®¥and xy € CO([—(n — 1)h, 0]; ®"), the solution (z(t), x(t))
of the closed-loop system (1.5) with Box II with initial condition
2(0) = zg € RK, x(0) = x0(0); 0 € [—(n — 1)h, 0], corresponding
toinputsd € L2 (RH; D), v € LIXRT; MY, e € LX(R; N), is
related with the solution of

aé . n

o (@ =777 £(), diag(r, ... rMw (D))

%m =r g (d(r), &(v), diag(r, ..., "Mw(1))
+w,+1(z)+r*<’+”ﬁ,-(f), i=1,...,n—1 (2.16)
—(0) = r~ ™ Vg (d(1), £(7), diag(r, ..., ™w(1))
+a(d(v), (1), diag(r, ..., Mw(T))u(r) + r~ "V, (1)

with

u(t) = K ApT_1)p(7) (wq + &) (2.17)

initial condition £(0) = 2z, € K w®) = diagtr’,

r‘z, , T Mx0(0/1); 6 € [—(n—1)b, 0], corresponding to inputs

d e °C,OC(ER+ D), 7 € LXRT; MY, & € L2(R; R), where
d(t) = d(t/r), o(r) = v(zr/r), &(x) = r~'e(tr/r), by the
following formulae:

z(t) =£@t);  x(t) = diag(r, 1?,
as long as the solutions exist.

L, rMHw(rt),
(2.18)

By virtue of Proposition 2.3 and since (2.13c) and (2.14) hold,
there exist constants Qg, Q1, ..., Qu, Q. > 0 such that for every
Vo€ LEMTMY, e € LN and wy € CO([—(n —
1)b, 0]; "), the solution w(t) of the closed-loop system (2.16)
with (2.17) corresponding to inputs ¥ € L2 (R R"), e €
L (R; M), with initial condition w(@) = we();60 € [—(n —
1)b, 0] satisfies the following inequality as long as the solution
exists:

lw()| < Qo exp(—ut) lwoll -1y

+ ZQ,r D sup exp (—u(r —5)) [5i(s)]

i—1 0<s<t

4 ZQ'r (i+1) sup exp( [L(T _S)) gl(d(s) S(S)

0<s<t
diag (r, ..., r")w(s))‘
+Q. ( Sll)llljf) exp (—u(t — 9)) [e(s)] . (2.19)

By virtue of (2.13a) we obtain for all (d, £, w) € D x R x K™

. 3 L
(D) ‘gi(d, &, diag(r, ..., r")w)‘ =< ; |lw],

i=1,...,n—1. (2.20)

Moreover, it follows from (2.13b) that the following inequality
holds for all (d, &, w) € D x R* x R":

r—(n+1)

gn(d, £, diag(r, .. V(a&)

T )w)‘ < -|w| +
(2.21)

It follows from (2.19)-(2.21) and the fact i := min ($; ) <
that the following estimate holds as long as the solution of (2.16)
with (2.17) exists:

exp(it) [w()] < Qo lwolln—1)p

. ZQ’r D sup exp (j1s) |3i(s)]

i—1 0<s<t

——=Qy sup exp (is) V(§(s))

0<s<t

(Z Q) Sup exp (i) lw ()|

exp (fs) [e(s)| -

n+l

+ Q. (2.22)

sup
—(n—1)b<s<t

On the other hand, hypothesis (A1) in conjunction with (2.18)
guarantees that the following estimate holds as long as the solution
of (2.16) with (2.17) exists:

c
V(@) = exp (—=7) a(EO)D

+yr" sup exp (—7(17 - s)) lw(s)|. (2.23)

0<s<t
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It follows from (2.23) and the fact i := min($; ) < € that
the following estimate holds as long as the solution of (2.16) with
(2.17) exists:

sup exp (i1s) V(§(s)) < a(1€(0)])

0<s<t

sup exp (ixs) |lw(s)] . (2.24)

0<s<t

+yr"
Combining (2.22) with (2.24), we conclude that the following
estimate holds as long as the solution of (2.16) with (2.17) exists:
sup exp (is) [w(s)| < Qo llwoll—1)p

0<s<t

I ZQ‘r H+D sup exp (1) |0i(9)]

i—1 0<s<t

Qua (1€(0))

n-H

(w + ZQ) sup exp (jis) |w(s)|

0<s<rt
+ Q. ( 511;11)) exp (f1s) |é(s)| . (2.25)
Define:
n
R:=R(b) =1 +L<Q,,y +ZQ,»). (2.26)
i=1

Estimates (2.24), (2.25) and definition (2.26) in conjunction with
the fact r > R(b) give the following estimates holds as long as the
solution of (2.16) with (2.17) exists:

- r
sup exp (its) lw(s)| <
r—+

0<s<t 1 -

+ZQ, o

RQo lwoll n—1yb

sup exp (fis) |vi(s)]

R 0<s<t
: £
+ ana( O]
r - -
tQ ¢ W exp (is) [e(s)| (2.27)
sup exp (7is) V(§(5)) < ( 4 )a (IE©@D
0<s<t r+1-—
n+1
+ VﬁQO lwoll n—1y6
+ ZVQ TR P e () 1)
rn+l .
4+ Qy —— sup  exp ([s) |e(s)| . (2.28)

r+1—R _m-1)b<s<r

Estimates (2.27) and (2.28) in conjunction with the fact that imply
that the function V e C°(%®K; ®™) is radially unbounded, imply
that the phenomenon of finite escape time cannot happen. Thus
the solution of (2.16) with (2.17) exists for all T > 0 and satisfies
(2.27) and (2.28) for all ¢ > 0. By virtue of (2.18), it follows
that the solution of the closed-loop system (1.5) with Box II exists
for all t > 0. Exploiting (2.18) and definitions v(t) = v(z/r),
e(t) := r~'e(tr/r) in conjunction with estimates (2.27) and (2.28)
and the factsr > R(b) > 1,h := b/r, gives for all t > 0:

exp (furt) |x(t)| + exp (firt) V(z(t))

n
=+ J/) Qo 1Xo !l (r—1yn

+ (1 + (HV)_LQ”) a(|z))

r+1
n—i
+(+y) ZQ TR U X (rs) i)
rﬂ
+Q(1+y)———— sup  exp(iirs) |e(s)|. (2.29)
r+1—R —(n—1)h<s<t

Estimate (2.29) implies estimate (2.15) withQ = (1+y)Qo+ 1+
(14 9)LQu, K := (1+y) Y, Qrand M := Q,(1+ y). Notice that
the constants M, K, Q > 0 are all independent of r (but depend on
b). The proof is complete. <

3. Illustrating examples

The following example illustrates the use of Proposition 2.3 for
stabilization of linear systems.

Example 3.1. Consider the system (chain of three integrators)

?‘(] =X
Xy =X3+ vz
)'(3=U+U3 (31)

X=(X1,%,%3) €ER,UER, 1, €N, v3 €R.

The qualitative result in [12] guarantees that there exist kq, k3, k3
and sufficiently small h > 0 such that the equilibrium point 0 €
C%([—2h, 0]; :R?3) is globally asymptotically stable for the closed-
loop system (3.1) with v; = v3 = 0 and
3x1(t) — 4x1(t — h) 4+ x1(t — 2h)
2h
x1(t) — 2x1(t — h) + x1(t — 2h
ks 1(t) 1( )+ x:1( ). (32)
h2
The use of Proposition 2.3 allows us to estimate the maximum
allowable time step h > 0 that guarantees inequality (1.4) for the
closed-loop system (3.1) with (3.2). Indeed, inequalities (2.3) and
(2.4) hold for the operator

U(t) = —k1X1 (t) — k2

2h%y(0)
h (3y(0) — 4y(—h) + y(—2h)) (3.3)
2 (y(0) — 2y(—h) + y(—2h))

with Ko < 4+/3 and K3 < +/136. Clearly, inequality (1.2) holds
with @« = B = 1. Moreover, the vector k = (—kq, —ky, —k3)' =
(—3, =5, —3)’ guarantees that inequality (2.9) holds for the
solution of the closed-loop system (1.1) withn = 3 and u = k'x.
Particularly, inequality (2.9) holds with u = 1/4, My < +/190
and M3 < 2+/5. The estimation of the constants y, My and M;
is performed by making use of the quadratic Lyapunov function
V) = 3x + 1+ x0)% + 1 (x3+ 2% +2x)%. It follows
that inequalities (2.10) hold for h < 4.1 - 10~%. However, (as
noted above in Remark 2.5) it should be emphasized that this
is a conservative estimate of the maximum allowable time step.
Numerical simulations have shown that the maximum allowable
time step is approximately h = 0.21. Of course, as h — 0.21,
the rate of convergence becomes slower (u — 0 in (1.4)). In
Fig. 1 it is shown the evolution of the states of the closed-loop
system (3.1) with (3.2), h = 0.1 and v; = wv3 = 0 (initial
condition x,(0) = x3(0) = 1,x;(8) = O0for& € [—0.2, —0.1]
and x4 (6) 1060 + 1 for &6 € [—0.1,0]). Clearly, the states
converge to zero exponentially, despite the fact that the estimates
provided by the backward difference operator (3.3) are not good
approximations of the state vector during the interval [0, 0.2].
The initial transient period, where the estimates provided by the

A3 _i
W= o
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8
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74 x3(t)
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-17 4

Fig. 1. Theevolution of the states of the closed-loop system (3.1) with(3.2),h = 0.1
and v; = v3 =0.

84
3 x(h)
2 4 Xa(1) 2 x2(t) 4 6 B 1I0 1I2
7

12 4

17 4

Fig. 2. The evolution of the states of the closed-loop system (3.1) with u = k'x,
v, =v3 =0.

84
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iuj‘?T\‘.\‘"“- T — e
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7 - x3(t)
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474

Fig. 3. The evolution of the states of the closed-loop system (3.1) with(3.2),h = 0.1
and v, (t) = cos(t), v3(t) = 1.5sin(t).

backward difference operator (3.3) are not good approximations of
the state vector, deteriorates the performance (compare with Fig. 2,
which shows the evolution of the states of the closed-loop system
(3.1) with u = k'x, v, = v3 = 0 and initial condition x;(0) =
x2(0) = x3(0) = 1; as expected state feedback guarantees better
performance compared to output feedback with x; as output).

In Fig. 3 it is shown the evolution of the states of the closed-
loop system (3.1) with (3.2), h = 0.1 and v,(t) = cos(t), v3(t) =
1.5sin(t) (initial condition x,(0) = x3(0) = 1, x;(8) = 0 for
6 € [-0.2,—0.1] and x;(#) = 100 + 1 for & e [—0.1,0]).
Clearly, the states converge to a periodic solution exponentially
and estimate (1.4) holds.

Example 3.2. Consider the following nonlinear system:

i=—z-24+dix

X1 = Xo; Xy = X3; X3 =2’ +u

ZER X=(X1,%,%3) € R, uemn,
d=(dy,dy) € [-1,1] x [-1, 1].

8 .
3 x1(1)
ez~ o
T L —— T i
27 1 2x2() 3 4 5 6
7] x3(1)
.12 =
.17 J

Fig. 4. The evolution of the state x(t)of the closed-loop system (3.4) with (3.2),
h=0.1.

2.5 1

0 2 4 6 8 t 9o

Fig. 5. The evolution of the state z(t)of the closed-loop system (3.4) with (3.2),
h=0.1.

By virtue of Remark 2.7 and using the function W(z) = %z“,
it follows that hypothesis (A1) of Theorem 2.6 holds with V(z) :=
32%y == 5 and a(s) := ;s*. Hypotheses (A2), (A3) of Theorem 2.6
hold as well with L := 2, « = § = 1. Consequently, Theorem 2.6
guarantees that there exist kq, ko, k3 and sufficiently smallh > 0
such that the equilibrium point 0 € C°([—2h, 0]; }*) is robustly
globally asymptotically stable for the closed-loop system (3.4)
with (3.2). In Figs. 4 and 5, it is shown the evolution of the
states of the closed-loop system (3.4) with (3.2), h = 0.1,k =
(_kl’ _k27 _k3), = (_37 _5! _3)/1 dl(t) = Sgn(xz(t))v dz(t) =1
(initial condition z(0) = 2, x,(0) = x3(0) = 1, x;(f) = 0 for
0 € [-0.2, —0.1] and x{(#) = 106 + 1 for 6 € [—0.1, 0]).

4. Concluding remarks

In this work, sufficient conditions for robust global asymptotic
stabilization of nonlinear uncertain systems by means of discrete-
delay static output feedback are presented. The efficiency of the
proposed control strategy is illustrated with examples. It is clear
that static output discrete-delay feedback is an alternative to
dynamic output (observer-based) feedback and further studies
need to be performed, in order to show the advantages and
disadvantages of each type of feedback.

Future research will address the important open problem
of robust local stabilization of nonlinear systems by means of
discrete delay output feedback (based only on appropriate local
hypotheses). Another challenging problem that remains to be
addressed is the possibility of combining output feedback laws
with delays that exploit state estimates provided by observers
(dynamic output discrete-delay feedback).

Appendix

Proof of Proposition 2.3. For notational convenience we setr =
(n — 1)h. Following the proof of Theorem 1.1 (page 168) in [2]
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and using (2.4), we notice that the solution x(t) of the closed-
loop system (1.1) with (2.11) corresponding to arbitrary inputs
v € LIW(RT;RY), e € Lo (R; N), with initial condition x(§) =
Xo(0); 0 € [—r, 0] exists for all t > 0 and satisfies the estimate:

sup [x(7)| < exp (Mt) (n lIxoll, +Z sup [vi(7)]

t—r<t<t i—1 0=t=t

+ BlkIh'™"Ky sup |e(r)|>, vt >0 (A1)

—r<t<t
4 M = n + Blklh'""K,.
nd (2.4),wehaveforallt > r:

where (by virtue of (1.2) and (2.
Furthermore, by virtue of (1.2),(2.3)a

|x(t) — ART, (D)xq| < ZKh’“ " sup (o)

=1 t—r<t=t

+Kah sup  |vp(7) + a(d(t), x(7))

t—r<t<t

x (Kx(t) — k' (x(1)

<Zl<h’+1 " sup (o)

=1 t—r<t=<t

— ARTH(T)x1) + K AJT (1)e) |

+ BhK, |k|< sup |x(t)] + sup |x(r) AgTr(r)x1|

t—r<t<t t—r<t<

+ h'""K, sup |e(t)|>. (A2)

t—r<t<t
It follows from (A.2) that the following estimate holds for all t >
2r:

sup_exp (1) [x(1) — AT (1) |

t—r<t<t

<ZKh’“ "exp (ur) sup exp (ut) |v;(7)]

t—2r<t<t

+ BhK; |k| exp (ur) ( sup exp (ut) [x(7)]

t—2r<t<t

+ sup exp (ur) |x(T) — AT (D)X,

t—2r<t<t

+ h'""Ky sup exp (ur) |e(t)|>.

t=2r<t<t
By distinguishing the cases sup,_,, <, <, exp(u)|x(1) — AjT:(7)x1]
= Supt—ngrgtfr exp(,ur)|x(r) - AzTr(T)X” and SuPt—errgt
exp(ut)|x(v) — AT (D)x1] = supi_r<< exp(ur)|x(r) —
ART,(7)xq], it follows from (2.10) and the above inequality that the
following estimate holds for all t > 2r:

sup exp (ut) |x(t) — ApT,(T)x1|

t—r<t=t

1 KWt exp (ur)
< u ex T) |ViI(T
Zl—ﬁhKn Klexp () o S0, xR (D) [ ()

BhKy k| exp (ur)
1 — BhK, |k| exp (ur)

sup exp (ut) [x(7)]

t—2r<t<t
+ h'""Ky  sup eXP(MT)|€(T)|>
t=2r<t<t

+ BhK, |k| exp (ur)

x sup  exp(ur) ‘x(r) — AETr(r))q] . (A3)

t—=2r<t<t—r

Using estimate (A.3) and induction, it may be shown that the
following inequality holds forallm € Z*, & > 2r:

sup exp (L1) ‘x(r) — AZTr(t)x1|
E+(m—Dr<r<é+mr

L KT exp (ur) & |
< hK;, |k m=
< ; = Bk K oxp GiT) ;(ﬁ w [kl exp (ur))

X sup exp (ut) |vj(7)|

E+(I-2)r<t<&+Ir

hK,, |k -
PEs I € ar) Z (BhK, K| exp (ur)™!
1— ﬂhKn |k| exp (Hr) =0

X ( sup exp (ut) |x(v)| + h' 7K,
E+(I-2)yr<t<&+Ir

X sup
E+(I=2)r<t<é+Ir

exp (1) Ie(f)|>

+ (BhK, |k| exp (ur))™"!

X sup  exp(ut) |x(1:) — A;}Tr(r)x1| . (A4)
§—2r<t<é—r
Let arbitrary T > 2r. Using inequality (A4) with m = [T=2],

g =t —r[=2] (where [T 2] denotes the integer part of the
non-negative real number L 2’) in conjunctlon with the fact that
Z[:()(,BhKn |k| exp (Mr))m_ = W fOI‘ all m e Z+, we
obtain:

sup exp (ut) ‘x(r) — AZTr(r))q]

T—r<t<T
n RKi+1-n
< Z Kl exp (ur)
= (1 — BhK, |k| exp (ur))? o<r=
BhKy, |k| exp (ur)
(1 — BhKy |kl exp (ur))?

X (SUP exp (u7) [x(z)| + h'"Ko sup exp (ut) Ie(f)|>

0<t<T 0<t<T

sup_ exp (u7) |vi(0)]

+ exp (—o (T —2r)) sup exp (ut) [x(r) — ApT(T)x]
0<t<2r

where o := —1 log(BhK, |k|) — 1+ > 0. Clearly,

sup exp (1) [x(t) — ARTH(T)x4|

r<t<

< sup ( sup exp (ut) lx(r)—AﬁTr(r)X1|>,

2r<T<t \T—r<t<T

forall t > 2r.
Hence, the two above inequalities give for all t > 2r:

sup exp (u4T) |x(r) — AZTr(r)x1|

r<r<t

1 KRt 1" exp (ur)
<> — 7 sup exp (o) [u(7)|
(1 — BhK, |k| exp (ur))” o<es<t

BhK, k| exp (uur)
(1 — BhKy |kl exp (ur))?

X (SUP exp (1) [x(1)| +h' Ky SUP exp (ut) Ie(t)l)
o<r<t

+ sup exp(ut) |x(r) — AhTr(r)x1| . (A.5)

0<t=<2r
On the other hand, it follows from (1.2), (2.9) and (2.4), that
the solution x(t) of the closed-loop system (1.1) with (2.11)
corresponding to inputs v € L2 (RT; R"), e € L2(R; R), with
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initial condition {x(8);0 € [-r,0]} = x, € C°([—r, 0]; RY),
satisfies the following estimate for all t > 0:

exp(ut) [x()| = Mo [x(0)[ + ZM: sup {exp (u1) [vi(7)[}

i—1 o<rt<t
+ BM, |kl sup {exp (ut) |x(1) — ART:()x1]}
o<t<t
+ BM, |kl h'~"Ko exp (ur) sup &XP (1) le(T)]. (A6)
—r<t<

Combining estimates (A.5) and (A.6), we obtain for all t > 2r:

sup exp (ut) ‘x(r) — AgTr(r)x1]

r<t<t
Z hexp (ur) (K" + BK, k| M;)
T & (11— BhK, [kl exp (ur))?

x sup exp (1) |vi(7)]
o<r<t

BhKy k| exp (ur)
(1 — BhKy |kl exp (ur))?
BhK, k| exp (ur) M, K
(1 — BhK; |k| exp (ur))
x sup {exp (ut) [x(r) — ART(T)x4]}

0<r<t

+ sup exp (ut) |x(t) — ART(T)x]

0<t<2r

Mo x(0)|

Bh> Ky |k| exp (ur)
(1 — BhK, |k| exp (ur))
X sup exp(ut)le(t)]. (A7)

—Ir<t=t

5Ko (BM [kl exp (ur) + 1)

By using (2.10) and distinguishing the cases supy, . {exp(u1)
(1) — ApTr(T)X1]} = supg<. < {exp(u)|x(7) — AT, ()x]} and
SUPOSTﬁ{eXp(MT”X(T) AT (T)x1]} = SuPrsrgt{eXp(NT”X(T)_
ART,(7)x1]}, inequality (A.7) implies for all t > 2r:

sup exp (ut) ‘x(r) — AETr(r))q]

r<t=<t

—Z

¢ (KR + BKy |k| M;)

sup exp (17) |vy(0))|

(1 — cMuB? |kI*) Ky 0=r=t
cMoB |k|

Lz [x(0)]

1 — cM, B2 |k|
Lpon cKoB |kl (M |k| exp (ur) + 1)

1 — cM, B2 |k|?

X sup exp(urt)le(r)]

—r<t<t

1

+—————— sup ex 7) |x(7) — ATT, (T)X A8
Ko p(ut) |x(1) — ART(T)xq|  (A8)

,_ hKn exp(ur)
wher = ——n=uh
Cre € = GBIkl exp(r)?
(A.1) we have forall t < 2r:

Notice that by virtue of (2.4) and

sup exp (ut) }x(r) - AZTr(r)x1|

o<r<t

< (1+ Koh'™") exp (2(n + B 1kl h'~"Ko + p)r)

x n||xO||r+Z sup [vi(7)|

i—q 0<t=t

+ Blklh'™"Ky sup |e(t)|>. (A9)

—Ir<t=<t

Finally, combining estimates (A.8) and (A.9) we obtain for all
t > 0:

sup exp (ut) [x(1) — ApT (T)x1]
o<t<t

¢ (KR + BKy k| M;) + LK,
< Z sup exp (ut) |v(7)|

1 — cM, B2 |k| ) 0<r<t
cMo |I<| +nL
2 ol
1 — cM, B2 |k|
c (M,B |k| ex r 1 Lex r
18Ky K] (M B |k| exp (ur) + );L p (ur)
1 — cM, B [K|

x sup exp(ut)le(r)| (A.10)

—r<t<t

where L := (1+Koh'™)exp (2(n+ B |kl h"""Ko + )r). Esti-
mate (A.10) in conjunction with estimate (A.6) gives for all t > 0O:

cMop k| + nL
PRy lIxoll
M, B2 |k|
¢ (KR =" + K, B |k| M;) + LK,
(1 — cMaB? |k*) K
x sup exp (ut) [vi(t)| + Myh'"KoB ||

o<t<t

X [exp (ur) + B Ikl

X sup exp(ut)le(r)].

—r<t<t

exp(ut) [x(t)] < (Mo + M, B |k|

n
+> | Mi + Mo [k
i=1

¢ (MnB |kl exp (ur) + 1) + Lexp (m)]
1 — cM, 82 |k|?

The above estimate implies inequality (1.4).
complete. <

The proof is
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