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Abstract

The problem of adding an integrator is considered for time-varying control systems. Sufficient conditions for the solution
of this problem are given, which are weaker than the corresponding conditions given in the literature. To this end, the notion
of non-uniform in time robust global asymptotic output stability (RGAOS) is used. Applications to problems of partial state
feedback global stabilization are considered.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction of “adding an integrator” for the system

The problems of adding an integrator are consid- X=F(0.x.y), (1.1a)
ered in many papers (see for instance the “classical” y = f(t, 0, x, y) + g(t, 0, x, y)u,
paperg1,7,22] as well ag[17,21] and the references xeR", yeR, 120, ueR, 0cQ
therein) and the literature about this subject is vast. In
this paper we give sufficient conditions for the solu-
tion of these problems that are weaker than the corre-
sponding conditions given in the literature (Theorems
2.2 and 2.6). To this end, we use the notion of non-
uniform in time robust global asymptotic output sta-
bility (RGAOS) and its Lyapunov characterizations,
given in[10]. Particularly, we consider the problems

(1.1b)

and we assume th& c R™ is a compact set and that

the dynamics, f, g areC®on R+ x 2 x K" x R and

locally Lipschitz with respect t@x, y), uniformly in

0 € Q, with F(z,0,0,0) =0, f(¢, 6,0,0) =0 for all

(1, 0) € R x Q. There exist two different problems of

“adding an integrator”, exactly as in the time-invariant

case, which roughly speaking can be stated as follows:
1st Problem (output feedback problem): Suppose

- that there exists a stabilizing feedback law & (z, x)
*Tel.: +302109942608; fax: +302109942611. for system (1.1a). Is there a stabilizing feedback law
E-mail addressikarafil@econ.uoa.gr of the formu = k(¢ k(z, x), y) for system (1.1a,b)?
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2nd Problem (state feedback problem): Suppose that The problem of the partial state feedback stabilization

there exists a stabilizing feedback law= k(z, x) for
system (1.1a). Is there a stabilizing feedback law
k(t, x, y) for system (1.1a,b)?

of system (1.2) has attracted the interest of current re-
search (sef4-6,15,19]and the references therein).

In this paper we develop two different results that Notations. Throughout this paper we adopt the fol-
provide solutions for the above problems (Theorems lowing notations:

2.2 and 2.6, respectively). The proofs of the presented

results are constructive. However, since we consider ® By Mp we denote the set of all measurable func-

time-varying uncertain systems, the proofs are more
technical than in the autonomous case without uncer-
tainties.

Results that provide solutions to the above prob-
lems have been used as tools for the application of
backstepping procedures in triangular systems (see for
instance3]). However, there is a clear difference be-
tween the two problems, since the 1st problem re-

quires a feedback law that depends only on the val- ®

ues of the “virtual” feedback stabilizer of subsystem
(1.1a) and the state of the one-dimensional subsys-

tem (1.1b), while the 2nd problem requires a feedback ®

law that depends on the whole state of the composite
system (1.1a,b). This is exactly the reason that theo-

rems provide solutions to the 1st problem are useful ®

for the construction of “partial state” feedback stabi-
lizers, while theorems that provide solutions to the 2nd
problem lead to state feedback laws (see for instance
[1,3,7,21,22]and the references therein). Moreover, it
is clear that solvability of the 1st problem implies the
solvability of the 2nd problem, but the converse is not
true in general.
The solution of the problem of “adding an

integrator” by means of output feedback that is pre-

sented in this paper is combined with recent results ®

given in the literature concerning non-uniform in time
global asymptotic stability (sef8—14]) in order to
find sufficient conditions for the partial state feedback
global stabilization of the system

2= f(z,x),

)'ci=xi+1, i=l,...,l’l—1,

Xp =a(z, x) + b(z, X)u,

x) €N, e, uewR, (1.2)

X = (x1,.

where the mappingg, a, b are locally Lipschitz with
respect tqz, x), with (0, 0)=0 anda (0, 0)=0. Sys-
tem (1.2) is important, because under mild conditions
a general affine control system, can take the form (1.2)
after an appropriate change of coordinates (4¢e

tions from R* to D, whereD ¢ R™ is a given
compact set.

By C/(A) (C/(A;Q)), where j>0 is a non-
negative integer, we denote the class of functions
(taking values inQ2) that have continuous deriva-
tives of order;j on A.

For x € ", x’ denotes its transpose and| its
usual Euclidean norm.

Libc(A) denotes the set of all measurable functions
u: A — R" that are essentially bounded on any
non-empty compact subset Af

By B[x,r], wherex € R" andr >0, we denote
the closed sphere ifR" of radiusr, centered at
x e N

Kt denotes the class of positiv&® functions¢ :
Rt — (0, +00). K* denotes the class of non-
decreasing’ > functionse : RT — [1, +00) with
lim,— 100 [¢(2)/¢" (t)] =0 for some constant>1
(see[8]). For the definitions of classd§, K, see
[16]. By KL we denote the set of all continuous
functionse = a(s, 1) : BT x R — RTwith the
properties: (i) for eaclh>0 the mappings(-, 7) is

of classK; (ii) for eachs >0, the mapping (s, -)

is non-increasing with liny, 1o a(s, 1) = 0.

We say that the functio/ : RT x R" — R¥, is
locally Lipschitz with respect t® € R” if for every
bounded interval ¢ R and for every compact
subsetS of N", there exists a constaint>0 such
that

|H(t,x) — H(t, y)|<Llx — |
Viel V(x,y) e S xS.

We say that the mapping : R x Q@ x K" —
R* whereQ c W™ is a compact set, is locally
Lipschitz with respect tor € R", uniformly in
0 € Q, if for every bounded interval ¢ R+ and
for every compact subset of R”, there exists a
constantZ >0 such that

|f(t, H,X)_f(t, 67)’)|§L|X_Y|
Viel V(x,y)e S xS VO eQ.
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Notice that for the dynamical system —
f@ 0,x), x € R", 0 € Q, the assumption that
the dynamics off (-) are continuous everywhere
and locally Lipschitz with respect ta € R",
uniformly in 6 € Q, with f(-, 0) = 0, guarantees
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(RGAS) is given in[13] and is actually equivalent to
the notion of RGAOS given above whéf(z, x) := x

(i.e. when the output is the whole state vector). Our
first result is the following theorem, which guaran-
tees the existence of a smooth time-varying output

that the system has a unique local Caratheodory feedback stabilizer, under appropriate hypotheses.

solution (sed2]) for every0(-) € M.

2. Adding an integrator

In this section we present the solutions of the two
different problems of adding an integrator for the time-
varying case (1.1). We first give the definitions of the
notions of robust forward completeness (RFC) and
RGAQOS, introduced ifil0]. By virtue of Lemmas 2.3
and 3.3 in[10], the reader can immediately verify that
the simplified definitions given here are equivalent to
& — o0 definitions given iM10]. Consider the system

X=f(t,d,x),
Y =H(, x),

xeR, t>0, deD, (2.1)

whereH € CO(R* x R"; RY), f e CORT x D x
R"; R") is alocally Lipschitz vector field with respect
to x € ", uniformly with respect tad € D, with
f(@t,d,0)=0,H(t,0)=0 for all (r,d) € R" x D.

Definition 2.1. We say that (2.1) is Robustly Forward
Complete (RFC) if there exist functiomse K and

a € K+ such that for everyrg, xo, d) € R x R" x
Mp the solutionx(z) of (2.1) with initial condition
x(tp) = xo and corresponding to inpdte M exists
for all r >1p and satisfies

Ix(D]<q()a(|xol) Vi=10.

We say that (2.1) is non-uniformly in time Robustly
Globally Asymptotically Output Stable (RGAQOS) if
system (2.1) is RFC and there exist functigfise
KT ande € KL such that for everyro, xo,d) €
R x R" x Mp the solutionx () of (2.1) with initial
conditionx(zg) = xo and corresponding to input €
Mp exists for allr > g and satisfies

[H (2, x(1))| <o (o) |xol, t — t0) Vi>to.

2.2)

(2.3)

We remind the readers that the notion of non-
uniform in time Robust Global Asymptotic Stability

Theorem 2.2. Suppose that

(B1) There exists &'! functionk : R x R"* — N,
with k(z,0) = 0 for all +>0 a €O function y(, s) :
RT x R — R, which is locally Lipschitz with re-
spect tos, with y(z, -) € K for eachz >0, such that
the following system is non-uniformly in time RGAOS
and zero is non-uniformly in time RGAS for the fol-
lowing system with inputd, d) € D := Q x [—1, 1]

X=F(t,0,x,k(t,x)+ dy(z, |x])),

Y =k, x). (2.4)

(B2) There exists a functiop of classk*, such
that

g, 0,x,y)>21

V(r,0,x,y) € RT x Q x R" x R. (2.5)

Then for everyC? functionj(z,s) : R x Rt —
R, which is locally Lipschitz with respect tq with
7(t, ) € Koo for eachr >0, there exists &> function
k:RT xR — R, with k(z, 0) =0 for all >0, such
that zero is non-uniformly in time RGAS for the fol-
lowing system with inputt, d) € D := Q x [—1, 1]

xX=F(t,0,x,y),

y=f@0,x,y)+g 0 x,y)
+dy, |(x, Y)]).

(k(t, y — k(t,x))
(2.6)

Remark 2.3. Notice that wherk is independent of
(time-independent feedback), then RGAS for (2.1) im-
plies also RGAOS. However, this is no longer true for
the case of time-varying feedback. We also notice that
when hypothesis B1 holds with= 0 then Theorem
2.2 shows that the non-uniform in time ISS property
can be propagated through an integrator via smooth
output feedback that depends only pnwithout any
assumption concerning the dynamics or the type of
convergence (compare with the corresponding results
in [7,22] for the autonomous case).

The proof of Theorem 2.2 relies on the follow-
ing lemma, which provides minimal Lyapunov-like
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requirements for robust global asymptotic stability of
zero for a time-varying uncertain system. Its proof is

provided in the Appendix.

Lemma 2.4. Consider syster(2.1) and suppose that
there exist function®? € CL(RT x R": R, a €
Koo, p € Kt 0 CYRY) with lim;_ o0 p(r) =0,
p(@)<0 for all >0 and a constanD < ¢ <1 such
that the following properties hold

a(x)<W(,x) Y, x) e R x R (2.7)
. d
if W(,x)>cp(t) then — W(t, x)
dr 2.1

W ow .,

=3 t,x)+ rm (t,x)f(@. d, x)

<PO wi vy vaen. 2.8)

cp(t)

Then zero is non-uniformly in time RGAS f@rl).

Proof of Theorem 2.2. Let a C° function 3(z, s) :
Rt x KT — RT, which is locally Lipschitz with
respect tos, with (7, -) € Ko for eacht>0. The
proof is devoted to the construction of functiose
CIRT xR x R; RY), a € K andk € CP(RT x
R; N) with k(z, 0) = 0 for all # >0, such that the fol-
lowing properties hold:

a(|[(x, VDS W, x, y)

Y(t,x,y) € RT x R" x NR. (2.9a)
1 d
If W(t,x,y)>=p@) then — W(, x, y)
2 dt 26)
1
< - > Wiz, x,y) +exp(—r1)
V(0,d) e D:=Q x[-1,1], (2.9b)

where

p(t) = exp(—%) (11— g exp(—%)) . (2.9¢)

Clearly, it will then follow by Lemma 2.4, that zero is
non-uniformly in time RGAS for (2.6).

By virtue of Proposition 3.5 irf10], assumption
B1 guarantees the existence of a function-) <
COMRT x K" RY) and functionsi1(+), az(-) € Koo,
B(-) € K* such that

ar((x, k(t, ) <U(t, x) <az(B0)|x])

Y(r, x) € RT x R", (2.10a)

oU oU
— (t,x)+ — (. x)F(t, 0, x, k(z, x) + dy(z, |x]))
ot Ox

< —U(t,x) Y(t,x,0,d) e RT
x R x Q@ x[-1,1]. (2.10b)
By virtue of Fact V in[14], Corollary 10 and Remark
11 in [18], there exists a functiom(-) of class K
and a functiorr () of classk+ N C®(R) such that

the following inequality holds for aliz, x, z) € R x
R x R:

SUD{lg(f,Q,x,k(t,X) + 29, [(x, k(t, x) + 2)|)]
0eQ
Ok
+ ‘f(t, 0,x,k(t,x)+z2) — P (,x)
—a—k(t,X)F(l, 0, x, k(t,x) +2) }
Ox
<r(0)(a(|x)) + a(lz]))- (2.11)

Clearly, we can find a functiod(-) of classK., N
CL(M™), with dd/ds(s) being non-decreasing, such
that:

5(a1(s)) =2(s + D(a(s))? Vs>1, (2.12a)

(3(s)§g—5(s)s Vs >0, (2.12b)
s

whereas is the function involved in (2.10a) (for ex-
ample, we may seledt(s) := [2/a1(1)] OZS (al_l(é)+
1)(a(ag *(¢)))?d¢ and notice that sincedd/ds)(s) is
increasing, inequality (2.12b) is automatically satis-
fied). Letm : (0, +00) — (0, +00) be theC? non-
increasing function, defined as

(0(5))?
t) ;== ma .
= M S o
We notice that since (2.12a) holds, the right-hand side
of (2.13) never exceeds 1 fok 1. Let0; be a function
of classk T N C*>°(R) that satisfied,(r) >1, for all
t >0 as well as

B@) >> 1 1
olaz| —= ) )+ ——<-p@) V=0, (2.14a
( ? (91<t> 202y 4" (2-142)
whereay, 5 are the functions involved in (2.10a) and
p is defined by (2.9c). Lefl, be a function of class

Kt N C®(RT) that satisfies:

(2.13)

m (i> <0x(1) Vr=0. (2.14b)

01(1)
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By virtue of Fact V in[14], Corollary 10 and Remark
11 in [18], there exists a functionz(-) of classK
and a functiony (-) of classk T N C*>°(R*) such that:

sup{é’(U(r, x)) ‘aa—lj(t, O||F(, 0, x, k(t, x)+2)

—F(t,0,x,k(,x)),0 € Q,]z] <s, y(t, IXI)<S}
<q(1)as(s), (2.15a)

where §'(-) denotes the continuous derivative &f
Without loss of generality, we may also assume that

(2.15b)
(2.15c)

ag(s) =so(s) Vs=0,
qt)=r(t) Viz=0,

whereg, r are the functions involved in (2.11). Then
inequalities (2.10b), (2.12b) and (2.15a) imply the fol-
lowing inequality for all(z, x, y, 0) € RT xR x Rx

Q:

%5(U(I, x))

(1.1a)
< —0U @, x) +q)as(ly —k(t, ). (2.16)
Define
W(t,x,y) = 0U(t, x) + 5 (v —k(t,x)? (2.17)

and leta(s) := min{d(a1(3s)), 352} (obviously, is a
classK  function). Clearly, by virtue of the left-hand
side inequality (2.10a) and definition (2.17), we obtain
that

Wt x, y) = 8(ar(|(x, k(t, x)DD) + 5 (v = k(z, ))?
>a(2|(x, k(t, ) +a(ly — k(t, ©)])
>a(|(x, k(t, )| + 1y — k(t, x)))

which directly implies (2.9a). Moreover, l8§ : ‘R —

R a C*> strictly increasing function that satisfies:
zas(z) >az(|z|), for all |z] >1, zaz(z) >0 for all z €

R andaz(0) =0. Let also¢ a function of clask ™ N
C>(N) that satisfiesp(r)azt(exp(—1)/4q(1)) =1
and¢(r) > 1, for all r > 0.We next define the feedback
function

k(t,2) == — o)A+ 3 ¢%1)02(0))z
+ 391 p(1)as(p(1)z)),

whereg is the function of clas& * that satisfies (2.5).
Without loss of generality we may assume thas of

(2.18)
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classk TNC>®(RT) and consequently € C® (R x
R: N) with k(z, 0) = 0 for all 7 >0.

For the rest of proof we adopt the notatian=
y —k(t, x). Using inequalities (2.5), (2.11), (2.15b,c),
(2.16) and definitions (2.17), (2.18), we obtain for all
(t,x,9,0,d) € RT x R" x Rx Qx[-1,1]:

d
— Wi(t, x,y)

dr (2.6)

<= W(t,x, ) — 342002002
+ 29 (1) (az(Iz]) — P(1)zas(p(1)z))
+ q()(zla(1x]) — p()zaz(P(1)2)).

When ¢(r)|z| > 1 we have, by virtue of the assumed
properties foraz and (2.19), that

(2.19)

d
— Wi(t, x,y)

dr (2.6)

<= W(t,x, ) — 36200200z
+ g0 (Izla(x]) — P(1)zas(p(1)2)).

When|z| <1/¢(t), by (2.19) and due to the fact that
1/¢(1) <agz'(exp(—1)/4q (1)) it follows that:

(2.20a)

d
— Wi(t, x,y)

dr (2.6)

<= W(t,x, ) — 36200200z
+ q(0)(zla(x]) — ¢(1)zas(p(1)z))

+ 5 exp(—1). (2.20b)

It follows that (2.20b) holds for allz, x, y, 0,d) €
R x R x R x Qx [—1,1]. If |z]>|x]|, it follows
by (2.15b) that

d
— W(, x,y)

dr (2.6)

< = W(t,x,y) — 34%()02(1)]z?
+ q()(a3(lz]) — P()zaz(p(1)z2)) + 5 exp(—t)

and similarly as above (distinguishing the cases

b0zl =1 and |z] <1/¢p(r) <az (exp(—1)/4q(1))),
we obtain

d
— W, x,y)

dr 2.6)

< =Wt x,y) — 3420020z + exp(—1).
(2.20c)
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If |x|>1/01(¢) then by virtue of definition (2.13) and
inequality (2.14b) we obtain

01(r)

Using the elementary inequality (¢)|z|o(|x]) <

[1/(202(0)1(a(|x]))? + % q%(1)02(1)|z]?, the left-hand

side inequality (2.10a) and definition (2.17), we get
1

01(t)

= q()zlo(xN<F Wt x, y) + 5 42(1)02()]z)%

1
(@ (jxD)><m (—) d(ar(|x]) <O2(t)d(az(|x))).

x| =

By virtue of (2.20b) we obtain for the capg > 1/01(¢)

d
— W(t, x,y)

" < =3 W, x, y) + exp—1).

(2.6)
(2.21)

Thus we may conclude that (2.21) holds|if > |x|

or |x|>1/01(r). Finally, we consider the case:
|z| <|x|<1/01(r). Then by virtue of the right-hand
side inequality (2.10a), inequality (2.14a) and defini-
tion (2.17) it follows thatw (¢, x, y) < 3 p(t) < 3 p(1).
Clearly, this implies that ifW(z, x, y)}%p(t) then
we must havez| > |x| or |x|>1/[01(z)] and conse-
quently (2.9b) holds. The proof is completel]

Notice that Theorem 2.2 is an existence result. Al-
though the proof of Theorem 2.2 is based on a con-

structive strategy, it cannot be used for the design of the

required output feedback law, since it requires knowl-
edge of a Lyapunov function for system (2.4), which
satisfies the differential inequality (2.10b). Such a Lya-
punov function is guaranteed to exist but is, in general,
difficult to find in practice. However, as the following
example shows, Lyapunov functions that satisfy less
demanding differential inequalities can be used for de-
sign purposes.

Example 2.5. The origin of the following system:

)‘C == _-xg + Y,

y=x+u,

(x,y) € R2, ueR (2.22)
cannot be made GAS with the useaftput feedback

u=k(y) for any C* functionk(-) (since the lineariza-
tion of the closed-loop system has one eigenvalue with

|. Karafyllis / Systems & Control Letters 54 (2005) 939-951

positive real part). Notice that the following subsys-
tem is non-uniformly in time RGAOS and zero is hon-
uniformly in time RGAS for the following system with
inputd € D :=[-1, 1]:

& =—x3+dy(t, |x)),

Y =0 (2.23)

with (7, 5) := 3s°. Therefore by virtue of Theorem
2.2 there exists &> time-varying feedback of the
form k(z, y) with k(¢,0) = 0 for all >0, such that
zero for the following system:

-X.j = _x3+ya
y=x+k(, y) +d|(x,yl,

(x,y) € R?, de[-11] (2.24)

is (non-uniformly in time) RGAS. Consider the Lya-
punov function

Vt,x,y):= %xz + %yz. (2.25)

Clearly, using the elementary Young inequalities
Blxllyl<x* + FIvI¥3, FIyY3< T expBy* +

2 exp(—31), we have for alliz, x, y, d) € R x R x
R x [—1, 1]

a—v(r,x,y) L t,x, ) (=x3+y)
ot Ox

ov
ay
= —x*+ 2xy +dy|(x, y)| + yu
— x* 4 3lxlyl + y* + yu

- %x4+ %exp(Bt)y4

+ y2 + yu + 5exp—3t).

+ = . x, »)(x +u+dl(x, y)])

(@)

<
<

The latter inequality shows that the smooth output
feedback law:

u=k(t,y)=—3exp3)y>—y—3y°

guarantees that the following inequality holds for all
(t,x,y,d) € Rt x Rx Rx[-1 1]

ov ov .
E(I’x’ }’)+ g(tvxv )’)(—x +)’)

ov
+ a(t’x’ )’)(x +k(tv )’) +d|(-x7 y)')

< — V2@, x,y) + 5exp(—3r).
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The latter inequality in conjunction with Theorem 3.1
in [13] guarantees that zero is RGAS for (2.24).

We may relax assumptions B1 and B2 of Theorem
2.2, by making use of state time-varying feedback.
This possibility is further exploited by the following
theorem. Notice that the regularity requirements im-
posed for the original feedback are minimal and thus
generalize the non-smooth “adding an integrator” re-
sults given in[17,21]

Theorem 2.6. Suppose that

(B3) There exists & functionk : R x K" — R,
with k(¢,0) = 0 for all >0, such that the mapping
F(,0, x,k(t, x)) is locally Lipschitz with respect to
x € R", uniformly in 0 € Q, such that the following
system is non-uniformly in time RGAOS and zero is
non-uniformly in time RGAS for the following system
with inputf € Q:

x=F(@, 0 x,k(t,x)),

Y =k(t, x). (2.26)

(B4) There exists aC™ functiongp : R x R" x
N — N, such that

o, x,y)g(, 0,x,y) =1

V£, 0,x,y) € RT x @ x R" x R. (2.27)

Then for everyC? function(z,s) : R x Rt —
R, which is locally Lipschitz with respect tg with
2, ) € Ko for eachr >0, there exists & function
k:RE xR x R — R, with k(z,0) = 0 for all

t >0, such that zero is non-uniformly in time RGAS
for the following system with input),d) € D =
Qx[-1,1]:

X=F(t,0x,y),
y=f(@0,x,y)+ g, 0, x, y)(k(t, x,y)

+ dj(, [(x, y)D)- (2.28)

The proof of Theorem 2.6 is based on the fol-
lowing technical lemma. It shows that without loss
of generality we may assume that the function
R x R" — Rinvolved in hypothesis B3 is of class
CORT x R, N).

Lemma 2.7. Suppose that hypothe€#8 holds. Then
there exists a functioh € C®°(RT x R"; N), with
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k(z,0) = 0 for all >0, such that the following sys-
tem is non-uniformly in time RGAOS and zero is non-
uniformly in time RGAS for the following system with
input 0 € Q:

x=F(@,0,x, k@, x))
Y =k(t, x). (2.29)
Proof. By virtue of Proposition 3.5 if10], assump-
tion B3 guarantees the existence of a functiof) e
COMRT x R"; R and functionsin (), az(-) € Koo,
B(-) € KT such that

ar(I(x, k(t, x)D<U(t, x) <az(B@)|x])

V(r, x) € RT x R", (2.30a)

U ou
E (tvx) + a (t’x)F(t’ evka(tv-x))

—U(t,x), Y(t,x,0) e RT x R" x Q. (2.30b)
Following exactly the same procedure with the proof
of Lemma 2.7 in[14], we can prove that there exist
functionsas(+), as(-) of classK~ and x(-) of class
KT, such that

ou ou
—(,x)+— (t,x)F (1,0, x,k(t,x) +v)
ot Ox

—U(t, x) + exp(—21)az(|x)aa(k(t)|v])
Y(t, 0,x,v) € RT x Q x R" x R. (2.30c)
Sincek(-) is continuous withk(z, 0) = 0 for all # >0,
by virtue of Fact V in[14], there exists € K, and
p € KT such that

lk(t, x)| <L(p(n)lx]) Y, x) € RT x R

which implies that

Jk(t, 1) <{(/Ix) ¥r>0 and |x|<%.
p
x Rt - RT:

Define theC? functionw : R

1
w(t,s) ;== min <2§(\/_) K1) ag <TG3(S)>>
(2.31)
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which clearly satisfies

o(t,s) = 20(/s) ¥+=0 and

<min(1 5_1 R i

oS ’ ( <2K(t)>>

whereR :=a,* ( ——— ).
1+a3(l)

Consequently, there exists a functibre C®°(R* x
R"*: N), such that

lk(t, x) — k(t, x)| <, |x]) <2 (/|x])
Y, x) € RT x N,

(2.32a)
k(t,x)=0 Vvt>0 and

1 1 (+1( R\

Notice that by virtue of (2.32a) and the following
elementary inequalities:

ar(|Ge, k(t, ) =3 ar(Ix)) + 3 ar(k(r, x)));
S(2lk(r, x)|) + S(4L(/1x ) = d(lk(t, X)),

S(k(t, 0)) + (1x) =03 |(x, k(t, X)),

where

s = g s 3). 0 (( ))))

is a function of clas¥,, we obtain

ar(|(x, k@, x))) U, x) <az(B(0)|x]), (2.33a)

whereay(s) := 0(s/2), is a function of clasK .
Moreover, inequalities (2.30c), (2.32a) and definition
(2.31) imply that:

ou

! +aU 1, X)F(t,0, x, k(t
a—t(,x) a(,x) (1,0, x, k(1, x))
< —U(t,x) +exp(—2r)

Y(t,x,0) e RT x R" x Q. (2.33b)

The rest of proof is an immediate consequence of in-
equalities (2.33a,b) and Proposition 3.19].

We are now in a position to provide the proof of
Theorem 2.6.
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Proof of Theorem 2.6. Let a C° function 3(z, s) :
R x R — R, which is locally Lipschitz with re-
spect tos, with (7, -) € Ko for eachr >0. By virtue
of Proposition 3.5 irf10], assumption B3 guarantees
the existence of a functioti(-) € C®(RT x R*: RH)
and functionszy(+), a2(-) € Ko,(-) € KT such that
inequalities (2.304a,b) hold. By virtue of Fact V in
[14], Corollary 10 and Remark 11 ifi8], there ex-
ists a functiono(-) of classK,, and a functiornr(-)

of classk* N C*®(R™) such that (2.11) holds for all
(t,x,2) € R x R" x R. Due to the Lipschitz as-
sumption for the dynamics, it follows that there exists
aCOfunctionL : R x R™ — RT such that the map-
pings L(-, t), L(z,-) are non-decreasing for all>0
and such that

|F(t,0,x, k(t, x)+2)

U
Ox -
— F(t,0,x,k(t, x))| <|z|L(t, |x] + |z])

Y(t,x,0,2) e RT x R x Q@ x R. (2.34)
Define
W(t,x,y) = U(t,x) + 3 (y — k(t, x))? (2.35)

and let
a(s) = min{al(%s), %sz}

(obviously is a clas¥ ~, function). Clearly, by virtue
of (2.30a) we have

Wt x, y)Zar(|(x, k(t, ) + 3 (v — k(t, x))?
Za(2|(x, k@, x)) +a@ly — k(, x)|)
Za(|(x, k(t, )|+ |y — k(z, x)])

which implies

a(l(x, H<W(, x, y).

For the rest of proof we adopt the notation= y —

k(z, x). Using inequalities (2.11), (2.30b), (2.34) and

definition (2.35), we obtain for allz, x, y, 0,d) €
R x R x Rx Qx[-1 1]

(2.36)

d
— Wi(t, x,y)

dr A1), u=v+dj(t,|(x.y])

< =W, x,y)+ %Zz +2zg(t,0,x, y)v
+ [z|L(2, |x] + |z]) + r(@®)]z](a(x])
+a(|z]). (2.37)

Inequalities (2.27) and (2.37) enable us to construct,
using standard partition of unity arguments (see



I. Karafyllis / Systems & Control Letters 54 (2005) 939-951 947

[13,20), a C™ functionk : T x R x R — R, where Q C R? is a compact set, the mappings,

with (¢, 0) = O for all t >0, such that fi,gi (i=1,...,n) are continuous and locally Lips-
d chitz with respect tdz, x), uniformly in 0 € Q, with
— W(t, x,y) < — W, x, y) +exp(—r1) £:(0,0,...,00=0(G=1,...,n—1), fo(0,0)=0 and
dr (2.28) £.(0,0,0) =0 for all @ € Q. We make the following
Y, x,y,0,d) € RT x R x Rx Qx[-1,1]. assumptions:

(2.38) (H1) There exists a constamt> 0 such that for all
The proof is complete, since inequalities (2.36) and (z,x,0) € R x R" x Q it holds that
(2.38) in conjunction with Theorem 3.1 [ 3] guar-
antee that zero is RGAS for (2.28) c<gi(0,x1,....x), i=1..,n-1, (3.2a)

ngn(ea Z,%). (32b)

Remark 2.8. Conditions B1 and B2 (B3 and B4) do
not in general guarantee that the feedback stabilizer (2) 0 < 9%/ is GAS for the systeni = fo(z, 0).

k() satisfies the same property B1 (B3) imposed for (H3) The subsystet= fo(z. x) is forward complete
the original feedbaclk(-). This case arises only for with x as input

time-varying feedback and especially when the feed-
back mapk(z, x(t), y(t)) evaluated along the solution
of the closed-loop system (2.6) ((2.28)) does not con-
verge to zero ag — -+oo. This is a drawback for
the achievement of robust feedback stabilization for
higher dimensional triangular time-varying systems by
applying backstepping design. Therefore, some addi- ) , ; e
tional conditions should be imposed, concerning the Cally Lipschitz with respect tq siith j(z, ')f Koo for
dynamics of system (L.1), the rate of convergence of £aclt =0, there exists & mappingk - ‘Rn xR —
the solution of (2.4) ((2.26)) to zero and the original R, with k-, 0) =0, S‘%Ch that0 € 3" x "F s RGAS
feedback maj(-) in order to propagate B1 (B3) to the 1 the systen{3.1) with u = k(z, ) + dj(t, [(z, x)])
new feedback mag(-). This possibility is exploited ~ @nd iNPut(®, d) € D := Q@ x [~1,1].

in [8], where the notion of-robust global asymptotic . . )
stability (-RGAS) is introduced. Proof. By virtue of Theorem 2.2 it suffices to prove

that there exists € functionk : R x K"~ —

_ o R, with k(z,0) = 0 for all >0, and ac® function

3. Robust partial state feedback stabilization of (1, s) : R x R — W, which is locally Lipschitz

autonomous control systems with respect tos, with y(z,-) € Ko for eachr >0,
such that the following system is non-uniformly in

In this section we consider the problem of robust time RGAOS and zero is non-uniformly in time RGAS
partial state feedback stabilization of autonomous con- for the following system, with inputd, d) € D :=

trol systems. The notions of non-uniform in tinge Qx[-1,1]:
RGAS introduced irf8] as well as the notion of non- )
uniform in time RGAOS introduced ifl0] are used z= fo(z, x),

Under the above hypotheses we can prove the fol-
lowing theorem.

Theorem 3.1. Consider systetf8.1)and suppose that
hypothesebl1l, H2andH3 are fulfilled. Then for every
CY functiony(z, s) : R x KT — RT, which is lo-

extensively. %= fi(0, x1, ..., x) +gi(0, xa, .., xi)xi41,
Consider the system i=1,...,n—1,
2= foz, %), X =k(t,x1, .0 Xpm1) + (@, (2 X1, - X)),
Xi= fi(0,x1,...,x;)+ g0, x1,...,Xi)Xi41, Y:];(t’xl""’xn—l)' (3.3)
i=1..,n-1, For the rest of proof we denote= (x1, ..., x,_1) €
Xn = f1(0,2,x) + g,(0, z, X)u, R"~L. The proof is divided in two parts.
x=( . xm) eV, zeR, ueR 0eQ Part | : Construction of partial state feedbacRy

(3.1) virtue of Hypotheses H2 and H3 and Proposition 3.7
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in [14], the subsysterh= fo(z, x) is non-uniformly in
time ISS withx as input and there exist functionse
KL, p € Ky, ¢ € Kt such that the unique solution
of 2= fo(z, x) initiated fromzg € R’ attimero >0 and
corresponding to input(-) € Li5.([fo, +00)), satisfies
the estimate:

20| <o(zol. 1 —10)
+ sup a(p@@IX@D, 1 —1) Vi,

to<t<t
(3.4)

Lemma 2.2 in[8] guarantees the existence of a func-
tion ¢ € K* (see the Notations for the definition of
the classk*) such thatp(r) < ¢(¢), for all > 0. Fur-
thermore, Corollary 5.1 i8], asserts that for every
I' € K being locally Lipschitz, there exists @
mappingk : Rt x R~ > R, with k(-,00=0, a
functionn € K~ and a constanp >0, with

&)1k (t, O <P 1)[E])

v, 6 e RT xR r>0 (3.5)

such that 0e R"~! is ¢-RGAS for the following
system with(0, d) € D := Q x [—1, 1] as input:

xXi=fi(0,xq,..., xi)+ gi(0,x1, ..., Xi)Xit1,

X, = k(t, &) +dI(|€)). (3.6)

Part 1l : Stability analysis for the closed-loop sys-
tem By virtue of Lemma 2.4 i8] and the fact that
0 € R Lis ¢p-RGAS for (3.6), we obtain that for ev-
ery p>0, there exist functiond ¢ KL andf € K+
such that the following estimate holds for the solution
of (3.6):

1
1<) <W a(t0)I<ol, t — 10)

Vi >t V(0,d) € Mp. (3.7)

Estimation (3.7) in conjunction with (3.5) and the fact
that ¢(r) > 1 for all t >0, implies that the following
system is non-uniformly in time RGAOS and zero
is non-uniformly in time RGAS, with input, d) €

D :=Q x[-1 1]

Xi=fi(0,x1,..., xi) + gi(0,x1, ..
i=1,...,n—1,

xp = k(t, &) +dI'(I€)),

Y =) k(. O)I.

(3.8)

|. Karafyllis / Systems & Control Letters 54 (2005) 939-951

We define:f (¢, 0, &, v)=(f1(0, x1) +g(0, x1)x2, .. .,
Jn—=1(0, &) + gn—-1(0, Ok(t, &) + gn—1(0, Hv), where

v € R. Since system (3.8) is non-uniformly in time
RGAOS and zero is non-uniformly in time RGAS for
(3.8), by virtue of Proposition 3.5 if10] and the fact
that¢ () > 1 forallz >0, there exists a functioti () €
C®(RT x K™Y MT) and functionsay (-), az() €
Koo, B(-) € KT such that

ar (P&, k(t, ONHN KU1, &) <ax(B)|€])
V(t, &) e RY x WL, (3.9a)

; oUu ou
I<I'(<h) = o O+ a_g(t’ Of 0,8 v)

<—U@t & Y,0,8)eRT xQx RL
(3.9b)

Definea(t, s) := sug|(@QU/ox)(t, E)(f(t, 0, ¢, v) —
f(@,0,&0)]; [v|<s, 0 € Q, I'(|¢]) <s}. Clearly, this
function is continuous withu(r, 0) = 0 and conse-
quently, by Fact V irf14] there exist functionaz(-) €
Ko andu(-) € K+ such thata(z, s) <as(u(t)s), for
all ¢, s>0. Thus by virtue of (3.9b) (and by distin-
guishing the casep)|<I'(|€]) and I'(|E]) < v]), we
obtain

oU ou
E(t» é)+ a_é(ts é)f(l967 é» U)

< = U(t, &) + az(u)|v])

Y(t,0,E0) e RT x Qx R x R (3.9¢)

Inequalities (3.9a) and (3.9c), imply that the following
estimate holds for the solution = f (¢, 0, &, v) ini-
tiated from¢&g € R at time7>0 and correspond-
ing to input(0(-), v(-)) € Mg x Lig.([to, +00)):

POI(EWD), ke, EDNI<F(Bt0) ol £ — t0)

+ sup a;t(2as(u(@lv(mD)) Vi=10, (3.10)
STt
wherea (s, 1) := a; (2 exp—1)az(s)).
Consider the system
i= foz, & k(. ) +v),
é - .f(t’ @’ 6’ v)’
zeR, EeR veR Heq (3.11)

Using estimate (3.4) in conjunction with estimate
(3.10) forv = 0 and the factp(r) < ¢(¢) for all t >0,
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we obtain

lz(t)| < a(lzol, t — 10) )
+ sup a(p@(B@o)lol, T —10)), 1 — 1)

fp<T<t
vVt > 1. (3.12)

By virtue of Fact VI in[14], there exists & L function
R: R x RT — R such that

sup 0(p(6(S’T_[0))’t_T)gR(Svt _to)
to<T<t

Yt > 1.

The latter inequality in conjunction with estimate
(3.12) for the case = 0 implies that 0c R’ x R*~1
is RGAS for system (3.11) witv = 0. More-
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the proof by noticing that since estimates (3.10) and
(3.13) hold for the solutions of system (3.11) and 0
R x R~ is RGAS for system (3.12) with = 0, it
follows by virtue of Proposition 4.2 ifiL0] that there
exists aC? functiony(z, s) : Rt x RT — RT, which

is locally Lipschitz with respect to, with y(¢, -) € K

for eachr >0, such that system (3.3) is non-uniformly
in time RGAOS and zero is non-uniformly in time
RGAS for (3.3). The proof is complete.[]

Remark 3.2. (i) Notice that in the proof of Theorem
3.1 the result of Theorem 2.2 is explicitly used. If
Theorem 2.6 was used instead of Theorem 2.2, we
would have obtained a feedback law that depends on
the whole statdz, x) of system (3.1). This applica-

over, using estimates (3.4) and (3.10) and the fact tion clearly shows that the two different solutions of

¢(t) < p(t), for all t >0, we obtain that for alt >z
and (0(-), v(-)) € Mg x Lig.([to, +00)) the solution
of (3.11) satisfies

lz()| < a(|zol, 0)
+ sup a(pp(D)|(E(T), k(t, E(T)))I)

p<TL!
+ p2p()|v(D)]), 0)
<0 (|zol, 0)
+ sup a(2p(P(D|(E(T), k(t, (D)), 0)

t<T<!t

+ sup a(2p2H(D)|v()]), 0)

Tt

<a(lz0l, 0) + a(4p(45(B(10)|<ol, 0)), 0)

+ sup a<4p (4 sup aj*

f<TK! ST
x (2a3 (M(S)Iv(S)I))) ,0>

+ sup a(2p(2H(D)|v(D))), 0).

STt

The latter inequality combined with estimate (3.10)
and the fact that)(¢r) > 1, for all >0, implies that

[HOR{ONICRION] (3.13)
<a(f(t0)l(zo, Co)D)
+ sup LG@v())) Vi=to. (3.13)

o<t

for certain functionsz, { € K and B d e Kt and
for all (0(-), v(})) € Mg x Ly ([70. +)). We complete

the problems of “adding an integrator” given in the
previous section lead to different feedback forms, as
already remarked in the Introduction.

(i) Notice that Theorem 3.1 is an existence result.
Its proof cannot be used for the design of the required
partial state feedback law, since it involves the exis-
tence result of Theorem 2.2.

We are now in a position to address the problem
of partial state feedback stabilization for (1.2). The
proof of the following corollary is an immediate con-
sequence of Theorem 3.1 and will be omitted.

Corollary 3.3. Consider systerfl.2),where the map-
pings f a, b are locally Lipschitz with respect t@, x),
with (0, 0) =0 anda(0, 0) = 0. We make the follow-
ing assumptions

(Al) There exists aC* mappingr : R" —
(0, +00), such that for all(z, x) € R’ x R" it holds
that 1<b(z, x)r(x).

(A2) 0 € R is GAS for the systend = f(z, 0).

(A3) The subsystetn= f (z, x) is forward complete
with x as input

Then for everyc? function?(z, s) : Rt x Rt —
RT, which is locally Lipschitz with respect tq with
7(t, -) € Ko foreachr >0, there exists @°° mapping
k:RT xR — R, with k(-, 0) =0, such that system
(L.2)withu=k(z, x)+dy(¢, |(z, x)|) is (non-uniformly
in time) RGAS with input/ € [—1, 1].

System (1.2) is important because under mild con-
ditions a general affine control system, can take the
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form (1.2) after an appropriate change of coordinates

(see[4]). It should be emphasized thatdfz, 0) =0
for all z € R, then A2 is also a necessary condition
for the stabilization of (1.2) by means of a locally Lip-
schitz mapping : Rt x R" — R, with k(-, 0) =0.

4. Conclusions
We have considered two different problems of

“adding an integrator” for time-varying systems and
we have given sufficient conditions for the solution
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Let (10, x0, d) € R x R" x Mp be arbitrary and
consider the solutiom(z) of (2.1) with initial condition
x(tp) = xo corresponding to input(-) € Mp. Let also
t > g be sufficiently small such that the solution exists.
If x(¢) ¢ L;, then positive invariance df; implies that:
x(7) ¢ L, (or equivalentlyW (z, x (7)) > p(1) > cp(1))
for all T € [r9,t]. Hence, the comparison princi-
ple in conjunction with (2.8) implies for this case:
Wi, x(1) < (p(t)/p(to))l/CW(to, x0). Due to the fact
thatp(z) is decreasing andQ ¢ < 1, we may conclude
that if x(t)¢ L, then W, x(@))<[p@)/p(to)] x
W (10, x0). On the other hand, ik(r) € L,, then we

of these problems that are weaker of the correspond- gptain that:W (¢, x()) < p(¢). Thus in any case and

ing conditions given in the literature (Theorems 2.2

using (2.7) we are led to the following estimate for

and 2.6). To this end, we have used the notion of the solution of (2.1):

non-uniform in time Robust Global Asymptotic Out-
put Stability (RGAOS). Applications to problems of
partial state feedback global stabilization were given.

Appendix

Proof of Lemma 2.4. First notice that by virtue of
(2.8) we obtain the following property:

if W(t,x)>cp(t) then

d
— W(t,x)| <p@) Vd e D. (A1)
dr 2.1

Next we claim that the sef;, = {x ¢ R’

W, x)<p(t)} is positively invariant for (2.1). To

prove this suppose (the contrary) that there exists

some initial conditiorxg € L,,, some time > fo and
an inputd(-) € Mp such thatW(t1, x(r1)) > p(t1).
Let

T :=max{t; o<t <11, W, x(@) < p(®)}

and sinceW (¢, x(¢)) is continuous with respect tg
we obtainW (T, x(T))=p(T) andW (¢, x(t)) > p(t) >
cp(t) for all t € [T, t1]. Since the solution of (2.1)
x(t) is absolutely continuous with respect to it
follows that W (z, x(¢)) is also absolutely continuous
with respect ta. By virtue of (A.1), this implies:

Wity x(11)) = W(T, x(T))

11 d
+/ S W x| de<plen)
r dt

(2.1

which obviously is a contradiction.

a(lx(O) <W(, x(1))

<p@) (l + L W (1o, xo)) :
p(to)

Clearly, (A.2) implies that the solution of (2.1) exists
for all t >19 and that (2.1) is robustly forward com-
plete. Moreover, since lim, 1o p(t) =0, (A.2) im-
plies that the output attractivity property is satisfied for
(2.1) with outputH (¢, x) := x. Consequently, (A.2)
in conjunction with Lemma 3.5 ifil0] implies that
zero is non-uniformly in time RGAS for (2.1). The
proof is complete. [

(A.2)
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