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2 . Bivariate Cases

Case 2.1

Suppose the data follows a Normal distribution with unknown mean x# and unknown

variance o”: X‘ 1,o° ~ Norma( U 52). Let us consider a conjugate prior distribution
where ,u‘az follows a Normal distribution with hyperparameters ,,c°/k, with k,
some known constant: ,u‘az ~N( o,/ ko) and the prior distribution of the parameter

o’ is scaled-Inverse-X2 with hyperparameters v,,0,°: ¢° ~ Scaled-lnverse-5<(v0 Gy’

(x=p)?

e ¥ o X‘,u,az~Norma(y,az).

Data: p(x‘u,az): ~

2noc

Prior distribution:

(u-t)?

p(ﬂ‘az)—we 2o o ,u‘02~N(uo,02/kO).

Yo

Yoo, 2) i Vo) veod
p(c”) (12“(:0)(02)[2+je 2 & o’ ~scaled-Inverse-v, a,’).
2

In brief: p(,u,az) = p(,u‘az)- p(az) ~ Normal-InvX 2(/1 o’

2
Ho 'O-Ao Vo gozj-
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Likelihood function:

ﬂ,O-Z) — (27[)_“/2 (0_2)—n/2 exp{_ 21-2 g Qﬁ —u )2}

p(xm)

(n 1)s?

i(“x)z ex —zizi @—#5}

2y-n/2 (n-1)8° n(X - )’
o« (09) exp{— o } exp[——z}
E (% =X)°

oc (02)—1/26Xp{_ (i_ﬂ)z} (0-2)7% ex _w}, where SZ _l—

o (6%) " ex

n-1

Posterior distribution:

2 X(n)) o (0_2)—1/2(0_ 2)—n /2(0_ 2)( 2 = o

p(uo 34) exp{_ n(x—p)* + (n—1)82} o] el 1)’ +v00'02}

(o) ey

) exp{_ (N+Ky) % + (—2nK — kot ) +vor & + (= DS2+ ko 2+ niz}
20°

2
X X + k
Vo 2 +(N=1)S? + (K, +n) yZ—Z(iji(M] kg + R
oo 0 k,+n k,+n 0

20°?

Vo+n

o (O_z)-l/z(o_ 2)7( 2 j expl —

Vo+n

o (0_2)71/2(0 2)7[ 2

2 p—
NX + Ko 42, _(nx+k0,u0)2 +(n¥2+k0y 2)
k, + N Ko+ N °

20

Vo0,o +(N=1)S*+ (K, + n){,u -

J expl -

A new identity is formed using the two last quantities of the exponential:

("X +ky1t5)> [ Ko+N )/ s 5
) ko-kfg +(k0+nj(nx +hotte’) =
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—=(nX)? = (Ko tp)” — 2nXK e+ (Kot o) 2+ Nk g £ + Nk X 2+ (nX) 2
a k,+n

_ nko(_zxuo"'ﬂoz +X°) _ nko(y_;uo)2
k,+n ky+n

Therefore, the posterior distribution can be written in a well-known form:

Vo0 +(n—l)52+nko(i;’:0)2+ (k, + n){u_w}

p(u,0* X ) () 2)[%; ) exp & otn

20

202

o (0_2)—1/2(0_ 2)[‘/2'1+lj exp{_ Vno_n2 + kn (,Ll — :un)z} P

p(,u,az‘x(“))z p(,u‘az,x(”))- p(az‘x‘”’): Normal-InvX Z(y o u, ,0—2 V., o, 2],

K,
n
where  u, = s Mo+ X,
K, +n Ko+ N
K, =ky+n, Vo =Vot0,

nko(i_/uo)2
ky+n

v.o?=v,0,.+(N-1)S*+

Normalizing constant of the posterior distribution:

Full Conditional posterior distributions:

o)

oy P

ool
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: ns2
_(Vo+n+l+1] VoTo + Kot = p10)* + z (% — )
c(c®)" ? expl- =1

20

Vo+n+l 2 2 2
e (02)[ 2 +lj exp{_ VOGO + ko(/; _zluO) + nSﬂ }
(o}

p(a2 ‘u, x(”)) = scaled-InvX ? (02

2 2 2

v,o, +Ky(u— ) +nS

vo+n+ 50 - A
vo+n+1

o)

o) (M) [ ko)
Npe—

% '”%kom)]: NM”“ "%)

o(1lo" %)

oc p(u,az X(n))

p(,u‘az,x(“)): Norma(y

Marginal posterior distributions:

V,
_\/E (Zo-nj TN 2{%”} Vno'nz"'kn(ﬂ_,un)z 2
2
& () o e
Ak L2 ) oA el [ k() ]
N r"nj !(o) exp{ 2 {1+ Vo }}dﬁ'
2
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2 2
V.0 V. O, 1 2z
We set z=-"1= o=l o (0'2) = .
20 2z V.o,
v.o?
and do’=- ; bdz ,with the integral boundaries being reversed.
z

2

B _ 2
Additionally, we set B=|1+ M} Thus, we have:
Vno-n

F(anrlj
1 Jo(02) 2 1. L (= u)

_ 2
V.7 F(V”j v, o7
2

O'n2
Hn T Vi

x(”))z Studen{,u

p(4

(Vngnzjz (v 2 +o0 2
:\/\/g' 2 (02) [2 jexp{_vznzg }J' (02 )_1/2 exp{_kn(ﬂz;zﬂn) }dl

Yo
2 Normal- kernel
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2
Vo 0

p(c?

x™ ) = scaled-lnv-Gamrr%az

2
Y V,”i = scaled-hi;«/z-(a2
2 2

Predictive distribution:

)= [ o(y.) ol

x™ &% which remains unknown up to this point.

We must use the relation p(y X(”))doz. Therefore, we initially

have to induce the distribution of Y

Note: p(y‘,u,az,x(”)): p(y‘y,az) - conditional independence.

p{¥lo? )= [ (v x) plafe® x)u= | p{yle o) (o x")

I o

I S S O /J)2
| p{ }F
J_Iexp{ (y—#)2+kn(ﬂ—ﬂn)2}du

270? 202

—00

ke

- 2762

{ +;uz_2y/u+knzuz+kn/un2_2kn/u/un }dﬂ

J' exp o2

—00

\/E .[ exp{ (kn +1)ﬂ2 - 2:” (yz_;i(nﬂn )+ y2 + kn/un2 }dlu

~ 25 ~




E. Charitidou NTUA

:@Texp{——(k”ﬂ) T le[y+k“””j+ Y +k“ﬂ§1]}du

k +1 k.+1 k +
Jk, 7 (k, +2) Yk ) [ y+ku y° | kua
=—— | exp;—= k= ~ o+ +—=r
2707 ) p{ 27 |4 2”( k+1 k+1) k+1 k+14["

A 1 CEL VAR O [TV
_ﬁexp 57 Y2+ Ko W J'ex T o2 ﬂ—m de

00

\/E L 270” . exp{_ 1 (kny2 + y2 + knzlun2+ kn:unz_ y2_ kn 2’un2_ 2ykn:un j}

270” [k, +1 20 K +1
\/ﬁ ;{nk:l eXp{ 207 & (v ZY,U)}
@ \/\/;1 eXp{ - 'knkil(y—un)z} o

p(y

M 52\ _ o’
X", o )_Normal Yl k.
k, +1

We substitute the result to the initial formula:

)= [ o(y}".)plo”

x("))da2

p(y
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: K,
% (an Vo) oo vyl { (y ,Un) +v,0, }
% 2 2 (2) 2 [ 2 +lj ~Va +1 k 5
=(27) [k +1j % j(an ) J;(J ) P 02 v, +1 ®

n

scaled-Inv-X? kernel

v, " +1

wa| S (y_pyive?

—(272')_%( k j © 2)[Vz”jr(vn+lj( +1j 2 [k +1
kn 1 r(‘/nj n 2 2 Vi +1
2
i 22**5( k. jyz (vn)Lzn (an)(vz"jr(Vﬁlj(Vn+1)_:n{1 (vio?) Vnﬂ{ kb Y=p ”) 1} -
\/; kn+1 r V2nj 2 (Vn+1)7n2 kn+1 Vo'

Vi +1 v+l
1 F( 2 j( K, j}éo/)ggl z)fQ][ K, (y— /a) } 2

k. +1 v.0,°

v, +1
1 F( 2 j( k| ]%(02); 1 (y-m)°
V n

p(y x(“)) —Studen{y

kn _102‘/
ﬂn’kn+1 n n

Prior predictive distribution:

Usually, in order to find the a-priori predictive distribution (i.e. marginal likelihood),

we use the relation p(x)= .[ p(x|0) p(#)dé. As to the particular biparametric case, we
®

choose one of the parameters arbitrarilly and finally the distribution in question will be

determined through the relation p(x)= .[ p(x‘az) p(az) do?. Therefore, one must first
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calculate the distribution of X‘a2 (conditioning and then integrating over ). The

results are similar to those of the previous procedure for the predictive distribution.

p(x“’z) :T p(x\ﬂloz) p(4|o?)du

—00

= ew? _kolu—p)?
—1 2 —kOe 2052 d,Ll

eZo‘

:'[00\/5 a\/z

= (270 )1k01/2tfO exp{— (x—p)*+ koz(,u —1p)° } du

20

= (270°) 'k, " [ ex X rH 2”X+k§z2+k°”° ZkOWO}d/J

+0 2 ) )
= (27r02)‘1k01’2j' exp{— (Ko + )" = 2(X+ Kot )t + X°+ Kot }dy

20?2

_ 2 2
= (270?) kol/zJ' oxp Kot P X+ Koty P . Kotts »
20° i k,+1 ko+1 ko+1

+o0 2 2 ) ,
= (27[02)—1k01/2j exp’ — (ko +21) e X+ Kokt | X+ Kot N X N Kot
= 20 ko+1 kel ) kot 1 kot 1

o
-zt T

_ k01/2 (2#02)}/2 expl 1 [ =X (Kyy)? — 22Xkt + K X2+ X2+ (K ot )+ K gt 2
(275%) (k, + 1) 262 o+ 1

_(2ﬂa)%(koko j p{ = kk+1(x ﬂo)} _

kK )
”’“’(ko_ﬂj "]

Thus, after substituting to the initial formula, we get:

~ 28 ~

= (270°) exp{_ 2(172 [_ (Xlokﬁ))z HxCH koﬂoz}} J exp{_ (ké;l)

—0

p(X[o?) = Normal[x
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V, ?O ko 2 2

2| 20| il 7(X—,uo) +VOO'O}
/2 kO (Zo-oj 2_02 " 1 \{ko-i_l 2
_(2ﬂ)y[ j j(o)[ J ex S+ 1) D do?.

Inside the integral, the kernel of a scaled-Inv-X2 distribution has been formed.
Vo _2 2 votl _Votl
Ko jﬂ{z% j F( 2 j Ko (X_'UO)ZWLVOUOZ} ’

Vo+l
F(Vzoj (Vo"'ljz ko-l-l V0+1
2

Vo+l

_Votl

r ( Vot 1) U2 Vo vo+l 2
22 2 [ ks j o [m}z(vo_ﬂjz(vo+1)v°zﬂ{voao{1+ o _(x-s) H 2
k,+1 v,o,

2 2

vot+l

2
+_—
V, Oy
Ko
K, +1
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2 F(Vozﬂj[ 3
Jr r(vzoj k, +1 2

2 F(Vozﬂj[ 6

v, F(Voj k,+1
2

e 1){ k

) o) T

2
p(x) = Student x|, ,°° K Vo
k,+1

12 Yo Y
V. )2 _ }/ Vo

Vo| 20 2 2 2

j Oy [ j Vo Vo [O'o

1/2 " y Vol
] 2% 09)"[0] ?

~ 30 ~

_V0+l 1

}?

NTUA

Vo+l




E. Charitidou NTUA

Case 2.2

Suppose the data follows a Normal distribution with unknown mean x# and unknown

variance o%: X ‘,u,az ~ Norma( 1 02). Let us consider Jeffreys improper prior where

) . 1
,u‘az is proportionate to —; .

o

5 1 7(X_/1)2

Data: p(x|uy,0°)=———e 2
N 27o?

Prior: p(u|c?)c iz
c

Note: This particular prior distribution is improper but nevertheless sensible, as
indicated below.

do?

dg

1
OCO'2'—2:1
o

p(p) = p(logo?) = p(c?)

Likelihood function:

el S

p(xm)

2 -n/2 1 n _ 1 n
oc(O' ) exp{— 257 2 (x —x)z} exp[— o ; K—u 5}

; NS (Y2 2. (% =%)?
OC(O'Z) . exp _(n=1)S -HZ(X ~) , where S*=1L1
20 n-1
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Posterior distribution:

IO(/J,G2

20

X(n)) o (Gz)(ngzj exp{— n(X — ) +(n —1)82}

NTUA

o (02)_(3 exp _ (i_ ’u)Z ((72 )_(n;lj exp{_ (n—l)Sz}

2. 0'% 20°

o (02)_(2j expd — (i - ’u)Z ((72 )_(n;HJ exp{_ (n_lzsz} =
(o)

2.0‘% 2

x(”))z Normal-scaled-ln\)(z(,u g*

X U,% n- Bz)

IO(/LG2

Normalizing constant of the posterior distribution:

n-1

a7
(]

K =

2

Note: The following equation holds and can be confirmed by the results below:
.07 =Pl pler ).

Full Conditional posterior distributions:

p(u,0”x")
o)

™) o expl - & —
X ) exp{ 202()’( y)z} o

p(u|o® x)= « p(u.0°
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09 % exp { n(x_m;;(n_nsz} _ o) exp[_ n(x—m;;(n—nsZ} o

p(az‘,u,x(”))zscaled-lnv)(z(a2 n -
n

(X — 11)? +(n—1)szj

Marginal posterior distributions:

+ p(ux")= ] pluo?k?)do? =K. I %) ex p{—”(y‘”)2+(”‘1)sz}daz

2
0 20

We set A=n(X-u)*+(n-1)S?, for easier calculations.

We also set Z:%az = do? :——dz and (o°)* 2:

and substitute to the above integral (with reversed boundaries):

x<“>)= K- T A(nzz)(zz)(mzz) exp{—z} CA)(Z)?dz

+00

p(

(n J' z exp{

\__ﬁf_—J
Gammao 12,1} kernel

L) )

n Ny
7 F(Zj((n—l)s) o "
- r(”_lj [n(X—u)* +(n-1)S*]

F(;j s n(xX — u)* g
. 1 ((n—l)Sz) 2 [(n 1)82} |: W}
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r\)\»—\

r(3) sy

1 x-wr]r
( j (n—1) (n—l) S?/n

x™ ) = Studen(y‘ n— IX S%) .

p(#

p(o’ X(n)):Tp(ﬂa x®)dp =K j(a)(m) D{ n(y_ﬂ);;(n_l)sz}du

—00

% (n-1s*| ¢ n(X — 1)
=K-(a)( ]exp{— o2 }jexp{—Tf}dy

—00

x™ ) =scaled-InvX 2 (02‘ n— 182)

p(c?
_ 2

This last relation entails (n ?S ~ Yol
o

Predictive distribution:

Similar to the conjugate case, we will use the formula
p(yx)=[p(y}x®.o%) p(o?

distribution of Y |[x™, o2

X(”))daz, thus it is fundamental to primarily derive the

+00

.07} = oyl ol x| ) ol x

—00 —00

p(y
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:T ! exp{ (= 'u)z} Jn n ﬂj}dﬂ

V2ro? Jom?

jexp{ (y—u)zgar;(i—u)z}dﬂ

27[0

du

{ V2 + 12 = 2yu+ X2+ nu’- Zan}

27[0 20

i _(n+1)p® = 2u(y+nX)+ y* +nx?
.[ 252 du

i (n+1)[ , (y+ nij y* +nx?
- d
[j p{ 20° o n+1 ’ n+1 “

{ (n+1) ,uz_ 2u(y+n¥ji(y+nij2+ y2+n72}}dﬂ
n+1

27za n+1 n+1
Jn 1|, , (y+nx)? || F (n+1) y+nx |°
= ex +nX*——-"— exp — - d
207 P " g5 Y N+l [@ 7 {” n+ 1} #
Jn \/272'0' ny’+n’X*+ y*+nx -
27za \/n+1 n+1
1 +/n 1 2
= eXpi————(y—-X =
\2ro? An+1l P 20° 0 (y )
n+1

n+1

Substituting to the initial integral, we get:

)= [ oy, ) ol

p(y x(”))da2

~ 35 ~
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n-1\2

_ 3 n(z NG [ Z’Kn?l) IR LR _1g2 2
- (27) — r(”_lj () J;(a) exp{ ZGZKMJW XY+ - 18 }}da

2

1 (n_l %_l Nl 4o ,(Eﬂj {(nj(y_y)z"‘(n_l)sz}
_@r) L2 ) ()2 [ 02 exp| = n. LI do?
n+1 r(n—j . 2 n
2

scaled-Inv-X? kernel

(n_ljz (j n
o3| on 2 2% (MY [ n \(y-%X)?+(n-1)S* | 2
SR =R ) }

n

NS
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NS

o

- N \2) gy 1t XS

Jin-1z n+1r(n—1j n17
; [

n
n+1

p(y‘x(“)):Studen y|n— 1¥7n
n+1

Prior predictive distribution:

* The marginal distribution p(x) cannot be written in closed form!

~37 ~
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Case 2.3

Suppose the data follows a Normal distribution with unknown mean x# and unknown

variance o°: X‘,u,a2 ~ Norma(,u p'z). Let us consider a semi-conjugate prior
distribution where ,u‘az follows a Normal distribution with hyperparameters u,,z;:
ulo®=u ~N( Lo ,roz) and the prior distribution of the parameter o is scaled-Inverse-X2

with hyperparameters v,,0,’: o ~ scaled-Inverse-X v, a,’).

(x=p)?
e * < X|u,o® ~Nomalu o?)

Data: p(x‘u,az) =

2
2noc

Prior distribution:

v, )2 %
1 2 = (0'02)2 (Yo, 2
p(1,0%) = (27) * (ry) exp{— e }( Zj 61)%) ex;{—v“’% } e
(" j 20

p(u.0%)= p(,u‘o'z)- p(c?) ~Norma|-scaled-ln\x2(y qz‘,uo %% o qoz) .

Likelihood function:

p(x‘”)

Iu,O_Z):(Zﬂ_)fn/Z(O_Z)fn/ZeX _Zizg Qﬂ _ﬂ)z}

<o) " exp| 51 b X expl 553 -

i=1

oc (02)—n/2 exp{_

Posterior distribution:

The joint posterior distribution of the parameter vector ( /1,0'2) cannot be written in

closed form.
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Full Conditional posterior distributions:

p(u,0%x")

oc exp{—%} exp[— 222 K—u 5}

. exp{_!(u—uof . n(Y—ﬂ)T}

2 2
2 7, o

© p(uletx®)= o puo?x)

2 2 _ 72 2
mexp{_g M+ My —2ptg  N(XT+ 2@!)}}

2| 7y o’
1 n), My NX
cexpy || —St— |4 - | S+—
7, O 7, O
Hy | TX
1/ 1 n 2 t, o
cexpy—=| —5+— - —
P 2(%2 O'ZJ oo ( 1 nj
— 2t
(T§)71 | 7y (o2 |

1 nXx
o eXP ———| p® - ZU'Tnz{i%Jf?j

L‘;+127
p(,u‘az,x(“)) ~ N(,u‘ yn,rnz) where 4 = Tol O-n , T,
o ot
2 [y, (n)
- p(az‘,u,x(“))_ p(p/E:‘-xt()) )oc D(u,az‘x(“))
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o (62) ™2 expl - 12 Zn: & —uY (0_2)[2+lj ex%_ VoOo }

20 262
[
ns;
nS; +vy0,°
n+vg 2 2 N+
2 _( 2 +l} NS, +v,0, 2 "(Tﬂ} n+v,
« (o exp! — = exp —(n+v, =
(c9) P{ - @) (n+v,) 2o
: 2
Vo0, +nS,? Z(K—ﬂ)
Maﬂymw)~amb¢mw@ o?|ve+n2— | where S?="%t — .
Vo +N n

Marginal posterior distributions:

The posterior marginal distributions of x# and o cannot be written in closed form.

Predictive and Prior predictive distributions:

The same holds for the predictive and the prior predictive distributions.
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