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Generalization of Algebraic Operations via Enrichment

Christina Vasilakopoulou

SUMMARY

In this dissertation we examine enrichment relations between cat-
egories of dual structure and we sketch an abstract framework
where the theory of fibrations and enriched category theory are
appropriately united.

We initially work in the context of a monoidal category, where
we study an enrichment of the category of monoids in the category
of comonoids under certain assumptions. This is induced by the
existence of the universal measuring comonoid, a notion originally
defined by Sweedler in [Swe69] in vector spaces. We then con-
sider the fibred category of modules over arbitrary monoids, and
we establish its enrichment in the opfibred category of comodules
over arbitrary comonoids. This is now exhibited via the existence
of the universal measuring comodule, introduced by Batchelor in
[Bat00].

We then generalize these results to their ‘many-object’ ver-
sion. In the setting of the bicategory of V-enriched matrices (see
[KLO01]), we investigate an enrichment of V-categories in V-coca-
tegories as well as of V-modules in V-comodules. This part consti-
tutes the core of this treatment, and the theory of fibrations and
adjunctions between them plays a central role in the development.
The newly constructed categories are described in detail, and they
appropriately fit in a picture of duality, enrichment and fibrations
as in the previous case.

Finally, we introduce the concept of an enriched fibration, ai-
med to provide a formal description for the above examples. Re-
lated work in this direction, though from a different perspective
and with dissimilar outcomes, has been realized by Shulman in
[Shul3|. We also discuss an abstraction of this picture in the en-
vironment of double categories, concerning categories of monoids
and modules therein. Relevant ideas can be found in [FGK11].
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CHAPTER 1

Introduction

Algebras and their modules, as well as coalgebras and their comodules, are
amongst the simplest and most fundamental structures in abstract mathematics.
Formally, algebras are dual to coalgebras and modules are dual to comodules, but
in practice that point of view is very limited. The initial motivation for the material
included in the present thesis was a more striking relation between these notions:
in natural circumstances, the mere category of algebras is enriched in the category
of coalgebras, and that of modules in comodules. These enrichments encapsulate
some very rich algebraic structure, that of the so-called measuring coalgebras and
comodules.

More specifically, the notion of the universal measuring coalgebra P(A, B) was
first introduced by Sweedler in [Swe69|, and has been employed as a way of giving
sense to an idea of generalized maps between algebras. Examples of this point of
view and applications are given by Marjorie Batchelor in [Bat91] and [Bat94].
It was Gavin Wraith in the 1970’s, who first suggested that this coalgebra gives
an enrichment of the category of algebras in the category of coalgebras, however
for a long time there was no explicit treatment of Wraith’s idea in the literature.
Furthermore, this idea can be appropriately extended to give an enrichment of a
global category of modules in a global category of comodules, via the wuniversal
measuring comodule Q(M, N) introduced by Batchelor in [Bat00]. These objects
have also found applications on their own, analytically presented in the provided
references.

Independently of questions of enrichment, there is a well-known fibration of
the global category of modules over algebras in addition to an opfibration of the
comodules over coalgebras. This extra structure seems to point torwards a picture
that integrates the two classical notions, enrichment and fibration, which generally
do not go well together. One of the basic objectives of this thesis is to successfully
describe what could be called an enriched fibration.

Inspired by the above, we are led to consider the ‘many-object’ generalization
of the previous situation. Since an algebra is evidently a (linear) category with one
object, the categories of interest on this next step are naturally those of enriched
categories and enriched modules, on the one hand. For the analogues of coalgebras
and comodules, we proceed to the definitions of an enriched cocategory and enriched
comodule. After setting up the theory of these new categories and exploring some
of their more pertinent properties, we establish an enrichment of V-categories in V-

cocategories, and of V-modules in V-comodules. The similarities with the base case
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of (co)algebras and (co)modules are expressed primarily by the methodology and the
series of arguments followed. However, this generalization reveals more advanced
ideas and certain patterns of expected behaviour of the categories involved. This
newly acquired perspective urges us to develop a theoretic frame in which a general
machinery, certain aspects of which were described in detail for the two particular
cases, would always result in the speculated enriched fibration picture.

Thus, another central aim of this dissertation is to identify this abstract frame-
work which leads to instances of the enriched fibration notion, with starting point
a monoidal bicategory or even more closely related, a monoidal pseudo double cate-
gory. In fact, the longer term goal of such a development was its possible application
to different contexts, and in particular to the theory of operads. In more detail, if
we replace the bicategory of V-matrices (which is the starting point for the duality
and enrichment relations for V-categories and V-modules) with the bicategory of
V-symmetries (see also [GJ14]), there is strong evidence that we can establish an
analogous enriched fibration which merges symmetric V-operads and operad mod-
ules and their duals. Moreover, both coloured and non-coloured versions can be
included in this plan. This indicates a fruitful area for future work.

The thesis is divided in two parts: the material in Part I is mostly well-known,
serving as the background for the development that follows, while the material in
Part II is mostly new. We assume familiarity with the basic theory of categories, as
in the standard textbook [ML98] by MacLane.

In Chapter [2, we review the basic definitions and features of the theory of
bicategories and 2-categories, with particular emphasis on the concepts of mon-
ads/comonads and their modules/comodules in this abstract setting. Classic refer-
ences on the main notions are [Bén67, [Gra74, [Str80, Bor94al, [KS74]. Coher-
ence for bicategories, very briefly mentioned here, is discussed in [GPS95, MLP85,
Pow89|, and of course MacLane’s coherence theorem for monoidal categories pre-
ceded it ([IML63,, Kel64,JS93]). Monads in a 2-category have been widely studied,
with basic reference Ross Street’s [Str72]. Categories of modules, more commonly
referred to as algebras especially in the 2-category Cat, are formed as categories of
Eilenberg-Moore algebras on the hom-categories (A, B) of a bicategory K.

Chapter [3| summarizes basic concepts related to monoidal categories, following
some of the many standard references such as [ML98), [JS93, [Str07|. Categories
of monoids and modules will play a very important role for the development of
this dissertation, hence extra attention has been given to the presentation of their
properties. In particular, questions regarding the existence of the free monoid and
the cofree comonoid constructions have been of primary interest. Certain papers by
Hans Porst [Por08c, [Por08b), Por08a] have addressed this issue from a particular
point of view, in the context of locally presentable categories (see [AR94]). Specific
methods, especially the ones related to local presentability of the categories of dual
objects, are carefully exhibited here and in some cases generalized a bit further.

The main definitions and elementary features of the theory of enriched categories
are summarized in Chapter [4] with standard references [Kel05, [EK66]. Since
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enriched modules are essential for the generalization of the monoids and modules
correlation to a V-categories and V-modules one, we devote a section to some of
their aspects needed for our purposes, see [Bén73, [Law73]. In the last part, we
recall parts of the theory of actions of monoidal categories on ordinary categories,
which lead to a particular enrichment, as described also in Janelidze and Kelly’s
[JKO02]. In fact, this constitutes a special case of a more general result discussed
in [GP97], namely that there is an equivalence between the 2-category of tensored
W-categories and the 2-category of closed W-representations, for W a right-closed
bicategory.

In Chapter [5], the key material about fibred category theory is reviewed. Cen-
tral notions and results are presented, including the correspondence between cloven
fibrations and indexed categories due to Grothendieck. The notion of a fibra-
tion was first introduced in [Gro61], and suitable references on the subject are
[Gra66), Jac99, Joh02b] and Hermida’s work as can be found in, for example,
[Her93, Her94]. Finally, we move to the topic of fibred adunctions and fibre-
wise limits, where the main constructions and ideas can be found in [Her94] and
[Bor94b]. Presently, we develop the issue a bit further: we examine conditions not
only for adjunctions between fibrations over the same basis, but also for general
fibred adjunctions, i.e. between fibrations over arbitrary bases. This slightly gen-
eralizes results which exist in the literature currently. This was not done aimlessly:
Theorem [5.3.7] constitutes an extremely valuable tool for the establishment of the
pursued enrichments later in the thesis.

Chapter [6] describes in detail the enrichment of monoids and modules, which is
the motivating case for what follows. In fact, the results of this chapter in a some-
what more restricted version previously appeared in [Vas12], and have already been
of use to a certain extent, see for example [AJ13]. Explicitly, we identify the more
general categorical ideas underlying the existence of Sweedler’s measuring coalge-
bra P(A, B) of [Swe69), [Bat91] and prove its existence in a much broader context.
Its defining equation is in particular also provided in [Por0O8a] and observed in
[Bar74]. Combined with the theory of actions of monoidal categories, we show how
these P(A, B) for any two monoids A and B induce an enrichment of the category
of monoids Mon(V) in the category of comonoids Comon(V), under specific as-
sumptions on V. Subsequently, the ‘global’ categories of modules and comodules
Mod and Comod are defined, fibred and opfibred respectively over monoids and
comonoids. These categories have nice properties, and in particular, as hinted by
Wischnewsky at the end of [Wis75], Comod is comonadic over V x Comon(V), a
fact which clarifies its structure. Via the existence of an adjoint of a functor between
the global categories, the universal measuring comodule Q(M, N) is constructed, as
a variation of the notion in [Bat00] in our general setting. Again through a spe-
cific action functor, we obtain an enrichment of Mod in Comod, induced by these
Q(M, N) for any two modules M and N as the enriched hom-objects. Parts of this

work were accomplished in collaboration with Prof. Martin Hyland and Dr. Ignacio
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Lopez Franco. The diagram which roughly depicts the above is the following:

Mod - - - -——- > Comod
fibred opfibred
Mon(V) - - — — > Comon(V).

enriched

Chapter [7] moves up a level, aiming to estabish essentially the same results as in
the previous chapter but for the ‘many-object’ case of (co)monoids and (co)modules
as explained earlier. The bicategory of V-matrices is the base on which the categories
of enriched (co)categories and (co)modules are formed, following until a certain point
the development of [BCSWR83| and [KLO01]. The former in fact examines categories
enriched in bicategories via matrices enriched in bicategories, but for our purposes
we restrict to the one-object case, that of monoidal categories. This approach of em-
ploying matrices presents certain advantages: it leads to more unified results such
as existence of limits and colimits, monadicity relations, local presentability for the
categories of V-graphs, V-categories and V-modules, avoiding explicit formulas if
they are not desired. Regarding this, Wolff’s much earlier [Wol74] contains many
important explicit constructions for V-Grph and V-Cat, for a symmetric monoidal
closed category V. In the same underlying framework of V-matrices, the category
V-Cocat of enriched cocategories is described (Definition . Except from gen-
eralizing the concept of comonoids for a monoidal category, V-cocategories appear
to have important applications in their own right. In papers of Lyubashenko, Keller
and others (e.g. [Lyu03], Kel06, KMO07|) A-categories, which are natural gener-
alizations of A..-algebras arising in connection with Floer homology and related to
mirror symmetry, are defined as a special kind of differential graded cocategories.
The category of V-comodules is also accordingly defined, and the diagram which

summarizes the main results of the chapter is

enriched

V-Mod - - - = > V-Comod
fibred opfibred
V-Cat — — — — > V-Cocat.

enriched

Notice that both enrichments are established via adjoint functors to actions, making
use of the fibrational and opfibrational structure of the categories involved (though
for the bottom one, the hom-functor can be obtained directly via an adjoint functor
theorem). The same holds for the simpler case of the previous chapter, for the global
category of modules and comodules. This is precisely why general fibred adjunctions
in Part I prove to be essential for the study of the particular examples analyzed in
this thesis.
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Finally, in Chapter [8 we utilize the results and theoretical patterns of the previ-
ous two chapters in order to move ‘from special to general’: we formulate a definition
of an enriched fibration and sketch how it is possible to obtain such a formation
in the context of a bicategory or double category. The structures of importance
here are the categories of monoids and comonoids, modules and comodules of a
(pseudo) double category. We note that the enriched fibration concept, originally
mentioned in [GGT6], has been studied from an admittedly different point of view
by Mike Shulman in [Shul3| and also independently in [Bunl3]. However, the
main definitions and constructions diverge from the ones presented here. Other par-
ticular references for notions employed, such as monoidal bicategories (or monoidal
2-categories) and pseudomonoids therein, are for example [Car95, [GPS95, [Gur07]
and [DS97, Mar97|. The fundamental definition of a monoidal fibration was first
introduced in [Shu08]. Appropriate references for the theory of pseudo double cat-
egories for our purposes are [GP99, |IGP04, [Shul0, [FGK11], and the original
concept of a double category, i.e. a category (weakly) internal in Cat, is traced
back to [Ehr63]. This last part of the dissertation is not as detailed as it could
be, due to limitations of the current treatment. In the double categories section,
most definitions and proofs are only outlined, whereas enrichment in the setting of
fibrations could be the starting point of an entire enriched fibred category theory.
The principal function of this final chapter is to clarify the occurrence of the main
results of this work in an abstract environment, and serve as a guide for future

applications.
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CHAPTER 2

Bicategories

The purpose of this chapter is to provide the reader with the necessary back-
ground material regarding the theory of bicategories. In this way, the related con-
structions and results used later in the thesis can be readily referred to herein.

The original definition of a bicategory and a lax functor (‘morphism’) between
bicategories can be found in Bénabou’s [Bén67]. Other references, including the
definitions of transformations and modifications are [Str96, Bor94al. 2-categorical
notions are here presented as ‘strictified’ versions of the bicategorical ones, whereas
in later chapters the Cat-enriched view is also addressed. Due to coherence for
bicategories, we are often able to use 2-categorical machinery and operations such
as pasting and mates correspondence, directly in the weaker context. Categories of
(co)monads and (co)modules in bicategories are carefully presented in this chapter,
in order to later be employed as the appropriate formalization for specific cate-
gories of interest. Regarding 2-category theory, see the indicative [KS74, Lac10al,
whereas [Str72] presents the formal theory of monads in 2-categories.

With respect to the notation followed in this chapter, note that the multiplication
for monads is denoted by the letter “m” rather than the usual “u”, since the latter
is employed for the monad action on their modules. Similarly, we use “A” for
comultiplication of comonads and “§” for the coaction on comodules. We also prefer

the term ‘(co)module’ from the more common ‘(co)algebra’ for a (co)monad.

2.1. Basic definitions

DEFINITION 2.1.1. A bicategory K is specified by the following data:

e A collection of objects A, B, C, ..., also called 0-cells.

e For each pair of objects A, B, a category K(A, B) whose objects are called
morphisms or I-cells and whose arrows are called 2-cells. The composition is called

vertical composition of 2-cells and is denoted by

f
e >\ f
VN A" laa B.

S e o T

h

A

The identity 2-cell for this composition is
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e For each triple of objects A, B, C, a functor
o: K(B,C)x K(A,B) — K(A,C)

called horizontal composition. It maps a pair of 1-cells (g, f) to go f = gf and a
pair of 2-cells (8, a) to 8 * «, depicted by

gf
f g
A7 Ja B s SC = A B C.

VU

e For each object A € K, a 1-cell 14 : A — A called the identity 1-cell of A.
e Associativity constraint: for each quadruple of objects A, B,C,D of K, a

natural isomorphism

1xo

K(C, D) x K(B,C) x K(A, B)

K(C, D) x K(A,C)

ox1

n

K(B, D) x K(A, B) K(A, D)

o

called the assoctator, with components invertible 2-cells

ang,t(hog)of—>hol(gof).
e Identity constraints: for each pair of objects A, B in K, natural isomorphisms
1xK(A,B)2K(A,B) x1
Tax1

1><IB

K(A, A) x K(A, B)

K(A,B) x K(B, B)
called the unitors, with components invertible 2-cells
)\f:lBof%f, pf:folA%f.

Notice that the functor I4 : 1 — K(A, A) is given by 14 on objects and 1;, on
arrows.
The above are subject to the coherence conditions expressed by the following

axioms: for 1-cells A BS o pE g , the diagrams

Qk,h,g*ly

(koh)og)o f (ko(hog))of (2.1)
akh,g,fl lak,hg,f
(koh)o(gof) ko((hog)of)

M%

ko(ho(gof))
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(golp)of — 20 yo(ipof) (2.2)
gof

commute.

It follows from the functoriality of the horizontal composition that for any com-

posable 1-cells f and g we have the equality

f 9 9f
g VU

and for any 2-cells «, o, 3, 3’ as below we have the equality

AN T e
2N A N

also known as the interchange law. The above equalities can also be written

lyolf =1y,
(B"-B)x (o o) = (' =) - (Bxa).

Given a bicategory K, we may reverse the 1-cells but not the 2-cells and form
the bicategory P, with K°P(A, B) = K(B, A). We may also reverse only the 2-cells
and form the bicategory K with K°(A, B) = K(A, B)°P. Reversing both 1-cells
and 2-cells yields a bicategory (KC)%P = (ICOP)<C.

EXAMPLES 2.1.2.

(1) For any category C with chosen pullbacks, there is the bicategory of spans
Span(C). This has the same objects as C and hom-categories Span(X,Y)
with objects spans X < A — Y and arrows o : A = B commutative
diagrams

A
x o] >

with obvious (vertical) composition. The horizontal composition is given

Y
B

by pullbacks, and their universal property defines the constraints «, p, A.
(2) Suppose C is a regular category, i.e. any morphism factorizes as a strong
epimorphism followed by a monomorphism, and strong epimorphisms are
closed under pullbacks. The bicategory of relations Rel(C) is defined as
Span(C), but its 1-cells are spans X <+ R — Y with jointly monic legs, or
equivalently relations R ~— X x Y. The factorization system is required in
order to define composition X — Y — Z, since the resulting map from the

pullback to X x Z is not necessarily monic.
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(3) In the bicategory of bimodules BMod objects are rings, 1-cells from R to
S are (R, S)-bimodules (i.e. abelian groups which have a left R-action and
a right S-action that commute with each other), and 2-cells are bimodule
maps. The horizontal composition R — S — T is given by tensoring over
S, constructed as in Section [3.4 This generalizes to the bicategory V-
BMod of V-categories and V-bimodules, described in Section

(4) The bicategory of matrices Mat has sets as objects, X x Y-indexed fam-
ilies of sets as 1l-cells from X to Y and families of functions as 2-cells.
Composition is given by ‘matrix multiplication” if A = (4,,) : X = Y
and B = (By;) : Y — Z, their composite is given by the family of sets
(AB)zy = >, (Azy x By:). The enriched version of this bicategory, V-
Mat, is going to be extensively employed for the needs of this thesis.

DEFINITION 2.1.3. Given bicategories K and L, a lax functor % : K — L consists
of the following data:

e For any object A € IC, an object # A € L.

e For every pair of objects A, B € K, a functor #4 p : K(A, B) — L(F A, FB).

e For every triple of objects A, B,C € K, a natural transformation

o

K(B,C) x K(A, B) K(A,C) (2.3)
Fp.cxXFan an Fa,c
L(FB,#C) x L(FA, FB) L(FAFC)

with components d, ¢ : (Fg) o (Ff) — F(go f), for 1-cells g : B — C and
f:A— B.
e For every object A € K, a natural transformation

11— ka4 (2.4)
7 lfA,A
Iz a
L(F A, F A)

with components v4 : 14 — Z(14).
The natural transformations v and § have to satisfy the following coherence

axioms: for 1-cells A i> BLoh D, the diagrams

5}1,9*1

(Fho Fg)oFf F(hog)o Ff (2.5)
o Ong. f
Fho(FgoFf) F((hog)of)
1*(Sgyf Fa

9hoﬁ(gof)T>ﬁ(ho(gof)>,
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1*'YA

oo Ff 2 F(p)o Ff, Ffolss —2's FfoF(s) (26

A l(ﬁB,f PL 8f1 4

Ff F(1pof) Ff F(fola)

commute.

If v and § are natural isomorphisms (respectively identities), then .# is called a
pseudofunctor or homomorphism (respectively strict functor) of bicategories. Sim-
ilarly, we can define a colax functor of bicategories by reversing the direction of v
and ¢, sometimes also called oplaxz. All these kinds of functors between bicategories
can be composed, and this composition obeys strict associativity and identity laws.
Thus we obtain categories Bicat;, Bicat., Bicat,,, Bicat, with the same objects

and arrows lax, colax, pseudo and strict functors respectively.

DEFINITION 2.1.4. Consider two lax functors #,¥ : K — L between bicate-
gories. A lax natural transformation 7 : % = 4 consists of the following data:
e For each object A € K, a morphism 74 : FA — YA in L.

e For any pair of objects A, B € K, a natural transformation

FA,B
K(A, B) L(F A, FB) (2.7)
gA’Bl Tﬂ lﬁ(l,TB)
LGAGB) — L(FA,YB)

L(74,1)

with components, for any f: A — B, 2-cells

F
7421 78 (2.8)

TA l I l B

YA —9YB.
gf

These data are subject to following axioms: given any pair of arrows A i> B4 C

in K, the component 7,4, relates to the 2-cells 7¢, 7, by the equality

7(gof) ga— 79D e (2.9)
m Ta l Tgofﬂ l o
A g T g0 = @A e,
J{ 4(gof)
TA Tf/ﬂ B l 79/7{ ch \5’ /
g o Yg
@A 9B e, 9B
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expressing the compatibility of 7 with composition. Also, for any object A € K we

have the equality

Fla
. m
FA FA FA FA (2.10)
lgza
T 71 T T = T
Al Azl L A Al o L A
G4
YA YA = YA : YA
lga

expressing the compatibility of 7 with units.

REMARK.
(1) The naturality for the transformation (2.7)) can be expressed by the equality

79 Fg
FA_ \7a FB FA FB
Ff "
TA Tf B TA B
7 = 4
YA — 9B YA 9o 9B
: 77

for any 2-cell o : f = f.
(2) Using pasting operations properties (see Section [2.3]), the equality (2.9) can
be expressed by the commutativity of

G g1 a1

Ggo(@fora) —>Ggo(rpoFf) (Ggorp)o Ff

a—1\L \Lrg*ﬂf
(Ggo9f)oTa (Tco Fg)o Ff
ég’f*TA\L \La
G(gof)oTa To o (Fgo Ff)

% ATC/*M
100 F(gof)

inside the hom-category L(.F#A,9C).
(3) Similarly, the equality (2.10) can be expressed by the commutativity of

,
lyaoTa — 2~ G(14) 074
A
TA Tla
Pty
Ta0lga e A F(1a).

A lax natural transformation 7 is a pseudonatural transformation (respectively
strict) when all the 2-cells 7; as in (2.8) are isomorphisms (respectively identities).
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Also, a colax (or oplax) natural transformation is equipped with a natural trans-
formation in the opposite direction of (2.7). Note that between either lax or colax
functors .#,¥ : K — L of bicategories, we can consider both lax and colax natural

transformations.

DEFINITION 2.1.5. Consider lax functors #,¥4 : K — L between bicategories,
and 7,0 : ¥ = ¢ two lax natural transformations. A modification m : 7 = o is a
family of 2-cells

TA
FAT ma - GA
—
oA

for every object A of IC, such that

74— 78 74— 78 (2.11)

TAW:L);4 oA Ufﬂ 9B TA Tﬂ TB(T%IE oB
GA YD GA 9B.
g f @

It is not hard to define composition of natural transformations and modifica-
tions, and respective identities. Therefore, for any two bicategories KC, L there is a
functor bicategory Lax(/C, £) = Bicat;(KC, £) of lax functors, lax natural transfor-
mations and modifications, and it has a sub-bicategory Hom(/C, £) = Bicat,s(IC, £)
of pseudofunctors, pseudonatural transformations and modifications. In fact, the
tricategory Hom is a very important 3-dimensional category of bicategories (see
[GPS95, IGurl3]). Notice that Hom(KC, £) is a strict bicategory, i.e. 2-category
when L is a 2-category.

2.2. Monads and modules in bicategories

DEFINITION 2.2.1. A monad in a bicategory I consists of an object B together
with an endomorphism ¢ : B — B and 2-cells n: 1p = ¢, m : t ot = ¢ called the

unit and multiplication respectively, such that the diagrams

Qi t,t nol lon

(tot)ot ————to(tot) and lpot ———tot<——tolp
e J1om
tot tot Ar " pt
o
t

commute.

Equivalently, a monad in a bicategory K is a lax functor .% : 1 — K, where 1
is the terminal bicategory with a unique 0-cell x (one 1-cell and one 2-cell). This
amounts to an object .#(x) = B € K and a functor

Few 1(x,%) = K(B, B)
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which picks up an endoarrow t : B — B in K. The natural transformations é and ~y

of the lax functor give the multiplication and the unit of ¢
m=9d1,1,:tot—=t and n=~:1p—>t

and the axioms for .# give the monad axioms for (¢,m,n).

REMARK 2.2.2. As mentioned earlier, lax functors between bicategories compose.

Therefore if 4 : K — L is a lax functor between bicategories, the composite
1 5k S

is itself a lax functor from 1 to £, hence defines a monad. In other words, ift : B — B
is a monad in the bicategory K, then ¥t : 4B — ¢ B is a monad in the bicategory

L, i.e. lax functors preserve monads.

For an object B in the bicategory K and a monad ¢t : B — B, there is an induced
ordinary monad (i.e. in Cat) on the hom-categories, namely ‘post-composition with

t’. Explicitly, for any 0-cell A we have an endofunctor
K(A,t) : K(A,B) — K(A, B)

which is the mapping

/f\\ /fN t
A |« B—=A |« B——B
\gj \gﬂ

for objects and morphisms in (A, B). The multiplication and unit of the monad m

and 7], are natural transformations with components, for each f : A — B in K(A4, B),

f
; t/> B \tx -
m; = A——>B fm B, 7 = A Up;l/\\;B.
\/ f\)' B ‘/t4

Now, consider the Eilenberg-Moore category K(A, B)*A:4) of K(A,t)-algebras. It
has as objects 1-cells f : A — B equipped with an action u: K(A,t)(f) = f, i.e. a
2-cell

LBt (2.12)

A |7z B

~_ 7
!

compatible with the multiplication and unit of the monad IC(A,t):

B (2.13)
m TN
Bo= a_ W7 B
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1p B
%B% f/>B\1
A @E\B = A yrs B
\_/ \_/
/ !

Such an 1-cell f together with an action u is called a t-module or t-algebra. An
arrow (f,p) = (g,1') is a 2-cell 7 : f = g in K compatible with the actions, i.e.
such that

}f3~4\ })B\K (2.14)
A)%wi B = A v B

' !
\\\/// \\\K//

g g

called a morphism of t-modules.

DEFINITION 2.2.3. The category of Eilenberg-Moore algebras K (A, B)(41 for
t: B — B a monad in the bicategory I is the category of left t-modules with domain
A, denoted by #Mod.

We may similarly define the category Mod? of right s-modules with codomain
B. It is the category of Eilenberg-Moore algebras K(A, B)*5) for s : A — A a
monad in the bicategory K, where K(s, B) is the monad ‘pre-composition with s’.

Moreover, the above endofunctors combined define the monad

K(s,t): K(A,B)

ALBr——=uasaliphp

K(A, B)

on K(A, B), and the category of algebras K(A, B)*() is now called the category of
right s /left t-bimodules, ;Mods.

REMARK 2.2.4. In the classical case where K=Cat, the term left (respectively
right) ‘t-algebra’ is more commonly restricted to those with domain (respectively
codomain) the unit category 1. A left t-module with domain 1, i.e. a functor
f 1 — B, is then identified with the corresponding object X in the category B,
and the actions p : ¢((X) — X and maps 7 : X — Y are morphisms in B. The
category K(1, B)’C(l’t) is then denoted by B?.

Notice that in the above presentation, there is a certain circularity in the def-
inition of modules for a monad in an arbitrary bicategory K. More precisely, the
Eilenberg-Moore category of algebras which is used in the very definition of the cat-
egory of modules in this abstract setting (Definition , is in reality a particular
example of a category of modules for a monad in K = Cat. However, this could
be easily avoided: in Kelly-Street’s [KS74], an action of a monad ¢ in a 2-category
is defined to be a 2-cell as in satisfying the specified axioms, and maps are
defined accordingly. Hence, the fact that we now identify from the beginning this
structure with the Eilenberg-Moore category for an ordinary monad does not affect

the level of generality.

Dually to the above, we have the following definitions.
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DEFINITION 2.2.5. A comonad in a bicategory K consists of an object A together
with an endoarrow u : A — A and 2-cells A : u = uowu, € : u = 14 called the

comultiplication and counit respectively, such that the diagrams

eol loe
U laowu UOoU uoly
% K
uou UoU A
Au Pu
AOI‘L \LIOA
(uou)ou ——— = wuo (uou), U
Qo u,u
commute.

Notice that a comonad in the bicategory I is precisely a monad in the bicategory
K. Similarly to before, for an object A and a comonad u : A — A in a bicategory
KC, there is an induced comonad in Cat between hom-categories

K(u,B) : K(A, B) — K(A, B)

which precomposes objects and arrows in (A, B) with the 1-cell u: A — A. The
axioms for a comonad follow again from those of u, hence we can form the category
of coalgebras K(A, B)*(wB)  Its objects are 1-cells h : A — B equipped with a
coaction 6 : h = K(u, B)(h), i.e. a 2-cell

h

RN

A () B
S—a—
compatible with the comultiplication and counit of K(u, B), and arrows o : (h,d) —

(k,d") are 2-cells o : h = k compatible with the coactions § and §'.

DEFINITION 2.2.6. The category of Eilenberg-Moore coalgebras (A, B)<(w5)

for a comonad u : A — A in the bicategory K is the category of right u-comodules
or coalgebras with codomain B, denoted by Comodf.

Similarly, for a comonad v : B — B we can define the category 2Comod of left
v-comodules with domain A as the category (A, B)X(4%) as well as the category of
right u/left v-bicomodules ,Comod,, as the category of coalgebras of the comonad

‘pre-composition with v and post-composition with v’, K(u,v), on K(A, B).

REMARK. As mentioned in Remark for the classical case K = Cat the
term ‘v-coalgebra’ is more commonly restricted to the case that the domain of a left
v-comodule (or respectively the codomain of a right u-comodule) is the unit category
1. The coalgebra h : 1 — B is then identified with the object Z of the category
which is picked out by the functor h, and we denote K (1, B)*(1¥) for a comonad v
as B".

DEFINITION 2.2.7. A (laz) monad functor between two monads ¢ : B — B and
s: C — C in a bicategory consists of an 1-cell f : B — C between the 0-cells of the
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monads together with a 2-cell

B-l.c

t i % l s

B——C
f

satisfying compatibility conditions with multiplications and units:

\)w/c c = B c U’ c
\_/
B Jw [ 5
(ﬁm\tﬂa/f \B/
¢
f C i%;

If the 2-cell ¢ is in the opposite direction, and the diagrams are accordingly
modified, we have a colaz monad functor (or monad opfunctor) between two monads.
There are also appropriate notions of monad natural transformations for monads in
bicategories, not essential for the purposes of this thesis, which can be found in
detail in [Str72]. Because of the correspondence between monads and lax functors
from the terminal bicategory, we obtain a bicategory Mnd(K) = [1, KJ;.

In search of an induced functor between categories of modules, we will need some
well-known results related to maps of monads on ordinary categories. The following
definition is just a special case of the above definition for I = Cat.

DEFINITION 2.2.8. Let T = (T, m,n) be a monad on a category C and T’ =
(T',m',n') a monad on a category C’'. A lax map of monads (C,T) — (C',T") is a
functor F : C — C’ together with a natural transformation

making the diagrams

T T
rrE Y e Y T

F
F ! FT
TF

T'F FT,
v

commute. A strong or pseudo (respectively strict) map of monads is a lax map
(F,) in which 9 is an isomorphism (respectively the identity).
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A very important property of lax maps of monads is that they give rise to maps
between categories of algebras: a lax map (F,v) : (C,T) — (C’',T") induces a functor

F..: (C7T o1
(X,CL) — (FX,FQOIpx)

which means that if 7X % X is the action of the T-algebra X, then T'FX —1/2<—>
FTX % FX is the action which makes FX into a T’-algebra. In fact, there is a
bijection between the two structures.

LEMMA 2.2.9. Let T and T’ be monads on categories C and C'. There is a one-
to-one correspondence betweeen lax maps of monads (C,T) — (C',T") and pairs of
functors (K, F) such that the square

commutes, where U, U’ are the forgetful functors. Explicitly, a lax map (F,v) cor-
responds bijectively to the pair (Fy, F).

We can apply this lemma to obtain functors between the categories of modules
for a monad in a bicategory as described above. More specifically, by Remark [2.2.2]
lax functors between bicategories preserve monads, and this in a sense carries over

to the categories of their modules.

ProrosiTION 2.2.10. If ¥ : K — L is a lax functor between two bicategories
andt: B — B a monad in K, there is an induced functor

Mod(%a ) : IC(A7B)’C(A¢) — L(FA, LQB)E(?A,L%&)

between the category of left t-modules in IC and the category of left Ft-modules in L,
which maps a t-module f : A — B to the Ft-module Ff : FA — FB. Moreover,
the following diagram commutes:

Mod(%‘A,B)

K(A, BKAY L(F A, FB)FFATY (2.15)
U U
K(A, B) L(F A, FB)
(5'2\,473

PROOF. The endofunctor K(A,t) is an ordinary monad on the hom-category
K(A,B), and since .#t is a monad in £, the endofunctor L(.Z A, .Z#t) is also a
monad on the hom-category L(.F# A,.7 B).

In order to apply Lemma [2.2.9] we need to exhibit a map of monads as in
Definition In fact, we have a functor

Fap: K(A B) = L(FA,FB)
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and also a natural transformation

K(A,t)
K(A, B) K(A, B)

.QZA,B d)//( yA,B

L(FA,TB) L(FA,TB)

L(FA,Tt)
with components, for any 1-cell f: A — B,

7l . FB Tt
— TN
FA { o, FB
\_/

F(tof)

where .74 p and § come from the definition of a lax functor. Hence, we do have a

map of monads
(ZaB ) 1 (K(A,B),K(A, 1)) — (L(F A, FB),L(FA, Ft))
which induces a functor between the categories of algebras
(ZFa,B)x = Mod(Z4 B)

such that the diagram ([2.15)) commutes. O

In a completely dual way, we can verify that colax functors between bicategories
preserve comonads, and that they also induce functors between the corrresponding

categories of comodules.

2.3. 2-categories

A (strict) 2-category is a bicategory in which all constraints are identities, i.e.
a, p, A = 1. In this case, the horizontal composition is strictly associative and unitary
and the axioms ({2.1)), (2.2)) hold automatically. Consequently, the collection of 0-cells

and 1-cells form a category on its own.

EXAMPLES.

(1) The collection of all (small) categories, functors and natural transforma-
tions forms the 2-category Cat, which is a leading example in category
theory.

(2) Monoidal categories, (strong) monoidal functors and monoidal natural tra-
nsformations form the 2-category MonCat (see Chapter [3)).

(3) If V is a monoidal category, V-enriched categories, V-functors and V-natural
transformations form the 2-category V-Cat (see Chapter [4)).

(4) Fibrations and opfibrations over X, (op)fibred functors and (op)fibred natu-
ral transformations form the 2-categories Fib(X) and OpFib(X) (see Chap-
ter [5)).



22 2. BICATEGORIES

(5) Suppose E is a category with finite limits. There is a 2-category Cat(E)
with objects categories internal to E, which have an E-object of objects
and an E-object of morphisms. Instances of this are ordinary categories
(E = Set), double categories (E = Cat) and crossed modules (E = Grp).

A (strict) 2-functor is a strict functor between 2-categories, whereas a (strict)
2-natural transformation is a strict natural transformation between 2-functors.

Since a 2-category is a special case of a bicategory, all kinds of functors (and
natural transformations) described in Section can be defined in this context.
They now give rise to categories 2-Cat, 2-Cat,, 2-Cat;, 2-Cat.. Moreover, for
IC, L 2-categories, there are various kinds of functor 2-categories: [IC, £] with 2-
functors, 2-natural transformations and modifications, Lax (K, £)s with lax functors,
strict 2-natural transformations and modifications, [, L],s with pseudofunctors,
pseudonatural transformations and modifications etc. Evidently, this implies that all
flavours of categories with objects 2-categories are in reality 2-categories themselves,
and moreover 2-Cat is a paradigmatic example of a 3-category.

REMARK 2.3.1. We saw earlier how bicategories and lax/colax/pseudo functors
form ordinary categories, and also how structures like Lax(/C, £) or Hom(/C, £) of
appropriate functors, natural transformations and modifications are in fact bicate-
gories themselves (or functor 2-categories in the strict case like above). However bi-
categories, lax functors and (co)lax natural transformations fail to form a 2-category.
Even restricting from bicategories to 2-categories and from lax functors to 2-functors
does not suffice in order to form a 2-dimensional structure with a weaker notion of
natural transformation. This is due to problems arising regarding the vertical and
horizontal composition of 2-cells.

The above is thoroughly discussed in Lack’s [Lac10b], where icons are employed
so that bicategories and lax functors can be the objects and 1-cells of a 2-category
Bicaty. More precisely, the 2-cells 7 : . = ¢ are colax natural transformations (see
Definition whose components 74 : # A — 4 A are identities, hence the name
Idenitity Component Oplax Natural transformation. That reduces the natural
transformation in the opposite direction of to the simpler

FA,B
K(A, B) \L L(F A, ZB)

Ya,B

which satisfies accordingly simplified axioms. Icons were firstly introduced in [LP O8]
and they allow the study of bicategories in a plain 2-dimensional setting, with ap-

plications in various contexts.

In many cases, various concepts used in ordinary category theory are special
instances of abstract notions defined in an arbitrary 2-category or bicategory. For
example, the usual notion of equivalence of categories is just a special case of the

following notion of (internal) equivalence in any bicategory, applied to Cat.



2.3. 2-CATEGORIES 23

DEFINITION. A 1-cell f: A — B in a bicategory K is an equivalence when there
exist another 1-cell g : B — A and invertible 2-cells

f
f/>B\9* 9/>A\
A e A, B = B
\// \_/

14 1p
i.e. isomorphisms gf =2 14 and fg = 1p in K. We write f ~ g.

Just as the notion of equivalence of categories can be internalized in any 2-
category, the notion of equivalence for 2-categories can be internalized in any 3-
category in an appropriate way, hence we obtain the following definition for 2-Cat.

DEFINITION. A 2-functor T : K — L between two 2-categories K and L is

a (strict) 2-equivalence if there is some 2-functor S : £ — K and isomorphisms
1275, ST =1. We write £ = L.

There is a well-known proposition which gives conditions for a 2-functor to be a
2-equivalence.

PROPOSITION 2.3.2. The 2-functor T : IC — L is an equivalence if and only if T
is fully faithful, i.e. Ta a2 A(A, A") = B(T'A,TA’) is an isomorphism of categories
for every A, A" € A, and essentially surjective on objects, i.e. every object B € L 1is
isomorphic to TA for some A € A.

The appropriate weaker version for the notion of equivalence in the context of
bicategories is the following.

DEFINITION. A biequivalence between bicategories K and L consists of two
pseudofunctors % : K — £ and ¢ : £L — K and pseudonatural transformations
YF — 1, 1 —» F9 which are invertible up to isomorphism. Equivalently,
F . K — L is a biequivalence if and only if it is locally an equivalence, i.e. each
Fap:K(A B) = L(F A, ZB) is an equivalence of categories, and every B € L is
equivalent to .# A for some A.

Notice that the second statement in fact is equivalent to the first, only if the
axiom of choice is assumed. This has to do with the fact that in general, there
exist notions of strong and weak equivalence between categories, and every weak
equivalence being a strong one is equivalent to the axiom of choice.

The coherence theorems for bicategories and their homomorphisms are of great
importance, and have been fundamental for the development of higher category
theory. In particular, it is asserted that certain diagrams involving the constraint
isomorphisms of bicategories will always commute. Coherence allows us to replace
any bicategory with an appropriate strict 2-category, so that various situations are
greatly simplified. This ensures for example that the pasting diagrams, commonly
used when working with 2-categories, can also be used for bicategories.

THEOREM 2.3.3. Every bicategory is biequivalent to a 2-category.
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The proof is based on a bicategorical generalization of the Yoneda Lemma (see
Street’s [Str80]), which states that the embedding

K

Hom(K°P, Cat)
Apr—— K°P(A, —)

is locally an equivalence, hence any bicategory KC is biequivalent to a full sub-2-
category of Hom(K°P, Cat).

Using the notion of category enriched graph, which is a particular case of a V-
graph studied in detail in Section and originates from Wolff’s [Wol74], we can
actually construct a strict functor of bicategories between K and a 2-category, which
is a biequivalence. Hence the coherence theorem can be stated in the following more

conventional way.

THEOREM 2.3.4 (Coherence for Bicategories). In a bicategory, every 2-cell dia-

gram made up of expanded instances of a, A, p and their inverses must commute.

A more detailed description of coherence for bicategories and homomorphisms
and further references can be found in [MLP85, [GPS95), (Gur13]. Also, the ap-
proach of Joyal-Street in [JS93| for monoidal categories can be modified to show
the above result.

We now turn to composition of 2-cells in a general 2-category. Additionally to
the usual vertical and horizontal composition, we consider a special case of horizontal
composition which acts on a 1-cell and a 2-cell and produces a 2-cell. Explicitly, if
we identify any morphism f : A — B with its identity 2-cell 17, we can form the

composite 2-cell

g f g k
f 2N & 7N 7 N 7
A—>= B l}a C—D = A Ulf B U’O‘ C Ulk D
h f h k

called whiskering o by f and k. It is denoted by kaf : kgf = khf and really is the
horizontal composite 1y * a 1.

The various kinds of composition can be combined to give a more general oper-
ation of pasting (see [Bén67, IKST4, [Str07]). The two basic situations are

A d and ! D
Yo g P u o
h 1B |2 t
k B C s

For the first, we can first whisker o by ¢ and also 5 by h,

f gl

A% g h

B and A

lh k
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in order to obtain two vertically composed 2-cells

gf
af
m /—\
A glh B = A |Bh-ga B
{}8h \_/
kh
kh

which is called the pasted composite of the original diagram. Following a similar
procedure, we can deduce that the pasted composite of the second diagram is the

2-cell
p

T
C {Jtv-6p D.
v

ts

One can generalize the pasting operation further, in order to compute multiple

/“/jk

NG L7

It is a general fact that the result of pasting is independent of the choice of the

composites like

order in which the composites are taken, i.e. of the way it is broken down into basic
pasting operations. This is clear in simple cases, and can be proved inductively in the
general case, after an appropriate formalization in terms of polygonal decompositions
of the disk. A formal 2-categorical pasting theorem, showing that the operation is
well-defined using Graph Theory, can be found in Power’s [Pow90].

We finish this section with some classical notions in 2-categories and their prop-
erties, which are going to be of use later in the thesis.

DEFINITION 2.3.5. An adjunction in a 2-category K consists of O-cells A and B,
l-cells f: A—- Band g: B — Aand 2-cellsn: 14 =gofande: fog= 1p
subject to the usual triangle equations:

B e
1B
14 B f

A yn 9] ¢ B = A sy B
f B 1B

which can be written as (ge) - (ng) = 14 and (e f) - (fn) = 1.
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The standard notation for an adjunction is f 4 ¢ : B — A. The same definition
applies in case I is a bicategory, with the associativity and identity constraints

suppressed because of coherence.

REMARK. Suppose that f 4 g is an adjunction in a 2-category (or bicategory)
K and % : K — L is a pseudofunctor. Then .# f 4 %#¢g in L, with unit

Lpa = F(14) 25 F(gf) = Fgo Ff

and counit
FfoFg= F(fg) T F(1p) 2 158
where the isomorphisms are components of the constraints v and § of the pseudo-
functor .%#. In other words, pseudofunctors preserve adjunctions.
In particular, we can apply the representable 2-functor (X, —) : K — Cat for

any 0-cell X and obtain an adjunction in Cat

fo-

K(X,A) T ~ K(X,B)

go-
with bijections ¢ : K(X,B)(f o h,k) = K(X,A)(h,g o k) natural in h and k.
We can also apply the contravariant representable 2-functor K(—, X) : K°P — Cat

which produces an (ordinary) adjunction (- o g) 4 (- o f). This is sometimes called
the local approach to adjunctions, and of course by usual Yoneda lemma arguments
we can reobtain the global approach of Definition [2.3.5

DEFINITION 2.3.6. Suppose that f g : B — Aand f' ¢ : B — A are
two adjunctions in a 2-category K. A map of adjunctions from (f - g) to (f' 4 4’)
consists of a pair of 1-cells (h: A — A’k : B — B’) such that both squares

At g2 4
hl ik Lh
Al B Al
1 g’

commute, and hn = n’h or equivalently ke = ¢’k for the units and counits of the

adjunctions.

The equivalence of the two conditions becomes evident as a particular case of

the mate correspondence described below.

PROPOSITION 2.3.7. Let f 4g: A— B and f' 4 ¢ : B' — A’ be two adjunctions
in a 2-category (or bicategory) K, and h : A — A', k: B — B’ 1-cells. There is a

natural bijection between 2-cells

A4h>A’ and B ———A

AR

B—— D B —— A
k
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where v is given by the composite

B—L 4" oa
A/
% ’
\ if 4, l f%
1B B ’ A
k g’
and m is given by the composite
1a h ’
A A 5
NARRES
! B B B
k 1,

We call the 2-cells mates under the adjunctions f 4 g and f’ 4 ¢’. In particular,
for h = k = 1, there is a bijection between 2-cells p: f = ffand v: g = ¢’

Using pasting operation, we can deduce that the 2-cells above are explicitly given
by the composites

/h ! /k
V:hg%g/f’hg%g’kfgg:ig’k, (2.16)
"k v "k
w2 g p L proi 5 gy (2.17)

In Section [2.2] we studied monads and modules in bicategories. In the special
case when K is the 2-category 2-Cat, the monad ¢ is usually called a doctrine (or
2-monad) and consists of a 2-functor D : B — B with 2-natural transformations
n:1g — D, m: D? — D satisfying the usual axioms. A D-algebra is considered in
the strict sense, although most often the 2-functor has domain 1 so it is identified
with an object A in B, as explained in Remark For morphisms of D-algebras,
however, the lax ones are the more usual to appear in nature.

Explicitly, for D-algebras (4, p) and (A’, 1), a lax morphism (or laz D-functor)
is a pair (f, f) where f: A — A’ is a morphism in B and f is a 2-cell

DAY 4
Dfl I J{f
DA — = A’

/

I

satisfying compatibility axioms with the multiplication and unit of D. If f is an iso-
morphism, then this is a strong morphism of D-algebras, whereas if f is the identity
then we have strict morphism which coincides with the ‘D-modules morphism’ as
defined in the previous section. If we reverse the direction of f and accordingly in
the axioms, we have a colax morphism. Clearly a strong morphism of D-algebras is
both lax and colax.

With appropriate notions of D-natural transformations, we can form 2-categories
D-Alg, with lax, D-Alg, with colax, D-Alg, with strong and D-Alg = B” with
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strict morphisms. All the above can be found in detail in [KS74, BKP89|, and the
main results come from the so-called doctrinal adjunction.

THEOREM 2.3.8. Let f - g be an adjunction in a 2-category C and let D be a 2-
monad on C. There is a bijective correspondance between 2-cells g which make (g, g)

into a lax D-morphism and 2-cells f which make (f, f) into a colax D-morphism.

PROPOSITION 2.3.9. There is an adjunction (f, f) - (g,g) in the 2-category
D-Alg, if and only if f g in the 2-category C and f is invertible.

The inverse of f is in fact the mate of g, and both proofs rely solely on the

properties of the mates correspondence. More precisely, 2-cells of the form

pB—"-B  and DA —2s A
R

which are mates under the adjunctions Df 4 Dg and f - g are considered, and all
details can be found in [Kel74al.

An application of these facts is going to be exhibited in the next chapter, for the
2-monad D on Cat which gives rise to monoidal categories.



CHAPTER 3

Monoidal Categories

This chapter presents the basic theory of monoidal categories, with particular
emphasis on the categories of monoids/comonoids and modules/comodules. These
structures are of central importance for our purposes, since ultimately they form a
first example of the enriched fibration notion (see Chapter [6]). Key references are
[JS93, [Str07, Por08c|, and the monoidal category ¥V = Modpg of R-modules and
R-linear maps for a commutative ring R serves as a motivating illustration of our
results.

A recurrent process in this treatment is the establishment of the existence of
certain adjoints for various purposes, such as monoidal closed structures, free monoid
and cofree comonoid constructions, enriched hom-functors etc. This also justifies the
significance of locally presentable categories (see [AR94]) in our context, since their
properties allow the application of adjoint functor theorems in a straightforward
way. Below we quote some relevant, well-known results which will be employed
throughout the thesis, so that we do not interrupt the main progress.

The following simple adjoint functor theorem which can be found in Max Kelly’s
[Kel05l, 5.33] ensures that any cocontinuous functor with domain a locally pre-

sentable category has a right adjoint.

THEOREM 3.0.1. If the cocomplete C has a small dense subcategory, every co-
continuous S : C — B has a right adjoint.

The standard way of determining adjunctions via representing objects is con-
nected with the following ‘Adjunctions with a parameter’ theorem (see [ML98|

Theorem IV.7.3]), which defines the important notion of a parametrized adjunction.

THEOREM 3.0.2. Suppose that, for a functor of two variables F' : A x B — C,

there exists an adjunction
F(_vB)
A I C (3.1)
G(B’f)
for each object B € B, with an isomorphism C(F(A, B),C) = A(A,G(B,(C)), natural

i A and C. Then, there is a unique way to assign an arrow

G(h,1): G(B',C) — G(B,C)

for each h : B — B’ in B and C € C, so that G becomes a functor of two variables
B x C — A for which the above bijection is natural in all three variables A, B, C.

The unique choice of G(h, —) to realize the above, coming from the fact that it
is a conjugate natural transformation to F(—,h) : F(—, B) = F(—, B’), is given for

29
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example by the commutative

G(h,—)
GB,—)——— -2 -~ G(B,-) (3.2)
ﬁl TG(I,E’)
G(1,F(G(1,-),h))
G(B,F(G(B,,—),B)) G(B,F(G(B/, _)7B/))

where 7 is the unit of F(—, B) 4 G(B, —) and ¢’ the counit of F(—,B") 41 G(B’, ).
The first instance of a parametrized adjoint in this chapter is the internal hom
in a monoidal category, which will play a decisive role. In [CGR12], more advanced

ideas on multivariable adjunctions are presented.

3.1. Basic definitions

DEFINITION. A monoidal category (V,®,1,a,l,r) is a category V equipped with
a functor ® : V x V — V called the tensor product, an object I of V called the unit
object, and natural isomorphisms with components
aapc: (A®B)®C =S A® (B®0),
rAa: AT S A 4 IAS A

called the associativity constraint, the right unit constraint and the left unit co-

nstraint respectively, subject to two coherence axioms: the following diagrams
(A® B)® (C® D)

aVW\D

(A®B)®C)® (B® (C® D))

aa,B,c®1 1®ap,c,p

A ,BRC,D

(A (BeC))® D

A® (B®C)® D),

(A®I)® B s A® (I®B)
A®B

commute.

Given a monoidal category V, we can define a bicategory X with one object x by
setting K(x, %) =V, o, = ® and a, A, p given by the constraints of the monoidal
category. Conversely, any such one-object bicategory yields a monoidal category. In
fact, for any object A in a bicategory K, the hom-category K(A, A) is equipped with
a monoidal structure induced by the horizontal composition of the bicategory:

®:  K(A,A) x K(4, A) K(A, A) (3.3)

(A% A AL A) s A SBL=0T, Yy
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The unit object is the identity 1-cell I = 14 and the associativity and left /right unit
constraints come from the associator and the left /right unitors of the bicategory K.
The coherence axioms follow in a straightforward way from those of a bicategory.

Due to this correspondence, various results of the previous chapter are of rele-
vance to the theory of monoidal categories. In particular, coherence for bicategories
(Theorems and ensures that monoidal categories are also ‘coherent’. The
coherence theorem for monoidal categories first appeared in Mac Lane’s [ML63].
A formulation of it states that every diagram which consists of arrows obtained by
repeated applications of the functor ® to instances of a,r,! and their inverses (the
so-called ‘expanded instances’) and 1 commutes. This essentially allows one to work
as if a,r,l are all identities. This is derived from the fact that any monoidal cat-
egory is monoidally equivalent (via a strict monoidal functor) to a strict monoidal
category, where a,r,[ are identities.

Notice that if V is a monoidal category, then its opposite category V°P is also
monoidal with the same tensor product ®°P. Some authors call ‘opposite monoidal
category’ the reverse category V™V, which is V with A" B=B® A, ' =a™,
'V =1[and r"¥ =r.

A braiding c for a monoidal category V is a natural isomorphism

VYV xV
Swi ﬂc
Y xV ®

1%

with components invertible arrows c4 p : A® B S B Aforall A, B €V, where sw
switches the entries of the pair. These isomorphisms satisfy the coherence axioms
expressed by the commutativity of

CA,BRC

A® (B () BeC)® A

a/‘s,&/C/ %A
C

N
®
@
®
8
Q
®
=
®
o

1@$\ /5;1

A® (C® B)

—1
@a,c,B

A braided monoidal category is a monoidal category with a chosen braiding. A

symmetry s for a monoidal category V is a braiding s with components

SA7B:A®BL>B®A



32 3. MONOIDAL CATEGORIES

which also satisfies the commutativity of

A®B A® B

5A.B 5B,A

B® A,

which expresses that SZ}B = sp,A. Because of this, only the one hexagon from the
definition of the braiding is needed to define a symmetry.

A monoidal category with a chosen symmetry is called symmetric. Coher-
ence theorems for braided and symmetric monoidal categories again state that any
(braided) symmetric monoidal category is (braided) symmetric monoidally equiva-

lent to a strict (braided) symmetric monoidal category, see [JS93].

ExAMPLES. (1) A special collection of examples called cartesian monoidal cate-
gories is given by considering any category with finite products, taking ® = x and
I = 1 the terminal object. The constraints a,l,r are the canonical isomorphisms
induced by the universal property of products. Important particular cases of this
are the categories Set of (small) sets, Cat of categories, Gpd of groupoids, Top of
topological spaces etc. All these examples are in fact symmetric monoidal categories.

(2) The category Ab of abelian groups and group homomorphisms is a symmet-
ric monoidal category with the usual tensor product ® of abelian groups and the
additive group of integers Z as unit object. The associativity and unit constraints
come from the respective canonical isomorphisms for the tensor of abelian groups.
Notice that there is also a different symmetric monoidal structure on the cocomplete
Ab, namely (Ab, ®,0) where @ is the direct product.

(3) The category Modpg of modules over a commutative ring R and R-module
homomorphisms is a symmetric monoidal category with tensor the usual tensor
product ®pr of R-modules. The unit object is the ring R and the associativity
and unit constraints are the canonical ones. The symmetry s has components the
canonical isomorphisms A ® g B =2 B ®r A. Clearly the category of k-vector spaces
and k-linear maps Vect,, for a field k is again a symmetric monoidal category.

(4) For any bicategory K, the hom-categories (K(A, A),0,14) for any 0O-cell A
are monoidal categories as explained earlier, but not necessarily symmetric. As a
special case for K = Cat, the category End(C) of endofunctors on a category C is a

monoidal category with composition as the tensor product and 1¢ as the unit.

DEFINITION. If V and W are monoidal categories, a lax monoidal functor be-

tween them consists of a functor F': V — W together with natural transformations

vy wsw ad 11— 2y (3.4)
® ¢/¢ ® %0 F
Iy
V W W
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with components
¢aB: FA® FB - F(A® B)
¢po: 1 — FI
satisfying the associativity and unitality axioms: the diagrams

$a,BO1

FAQ FB®R FC
1®¢B,CJ/ \L¢A®B,C

FA® F(B®C) F(A® B (),

F(A® B)® FC (3.5)

®A,BaC

1
FA— %" pAsFI

~ - 1
¢0®1l ~ o l¢A,I

FI® FA S FA

1,4

commute, where the constraints «, [, r have been suppressed.

In the case where ¢4 B, P9 are isomorphisms, the functor F is called (strong)
monoidal, whereas if they are identities F' is called strict monoidal. Dually, F' is
a colax monoidal functor when it is equipped with with natural families in the
opposite direction, ¥4 p : F(A® B) - FA® FB and vy : FI — I. Notice how
these definitions follow from Definition for the one-object bicategory case.

A functor F : V — W between braided monoidal categories V and W is braided
monoidal if it is monoidal and also makes the diagram

CFAFB

FA® I'B FB® FA

¢A,Bi l(ﬁB,A

F(A® B) F(B® A)
F(CA’B)

commute, for all A,B € V. If ¥V and W are symmetric, then F' is a symmetric

monoidal functor with no extra conditions.

DEFINITION. If F,G : V — W are lax monoidal functors, a monoidal natural
transformation T : F' = G is an (ordinary) natural transformation such that the

following two diagrams commute:

Pa,
FA@FB —"" . F(A® B) - pr (3.6)
TA®TB lTA@B ¢6 la’[
GA®GB —— G(A® B), GI.
A,B

A braided or symmetric monoidal natural transformation is just a monoidal
natural transformation between braided or symmetric monoidal functors.
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It is not hard to verify that the different kinds of monoidal functors compose.
Depending on the monoidal structure that the functors are equipped with, we have
the 2-categories MonCats, MonCat, MonCat; and MonCat,. of monoidal cate-
gories, strict/strong/lax/colax monoidal functors and monoidal natural transforma-
tions. If the functors are moreover braided or symmetric, we have different versions

of 2-categories BrMonCat and SymmMonCat.

REMARK 3.1.1. The category MonCat is itself a cartesian monoidal category.
For V, W two monoidal categories, their product ¥V x W has the structure of a

monoidal category with tensor product the composite

Awxw)
VXWXV XxW-—-———— =V xW
Ixswx1

QY XQw
VXVxWxW

and unit the pair (Iy, Iyy). On objects, the above operation explicitly gives
((4,B),(A,B)) = (Ao A, B® B’).

Similarly F' x G is a monoidal functor when F' and G are. The terminal category 1

is the unit monoidal category, hence (MonCat, x, 1) is in fact a monoidal category.

DEFINITION. The monoidal category V is said to be (left) closed when, for each
A €V, the functor —® A : V — V has a right adjoint [4, —] : V — V with a bijection

V(C® A,B) 2 V(C,[A, B)). (3.7)
natural in C' and B. We call [A, B] the (left) internal hom of A and B.

If also every A® — has a right adjoint [A4, —]', we say that the monoidal category
V is right closed. When V is a braided monoidal category, each left internal hom
gives a right internal hom [A, B] = [4, B]'. A monoidal category is called closed (or
biclosed) when it is left and right closed.

For example, the symmetric monoidal category Modpg is a monoidal closed

category, by the well-known adjunction

—®@rM
MOdR L MOdR

HomR(M7_)

where Homp, is the linear hom functor.

By ‘adjunctions with a parameter’ theorem the definition of the internal
hom for a monoidal closed category V implies that there is a unique way of making
it into a functor of two variables

[, =] : VP XV —V

such that the bijection (3.7) is natural in all three variables. Explicitly, if f: C' — A
and g : B — D are arrows of V, there is a unique arrow [f, g] : [4, B] — [C, D] such



3.2. DOCTRINAL ADJUNCTION FOR MONOIDAL CATEGORIES 35

that the diagram

g1
A Bloc—T _cplec
1®fi levg
ABloA B D

commutes, where ev4 is the counit of the adjunction — ® A 4 [A, —] usually called
the evaluation. In other words, the internal hom bifunctor [—, —] is the parametrized
adjoint of the tensor bifunctor (— ® —).

Notice that in any parametrized adjunction as in with natural isomorphisms
C((F(A,B),C) =2 A(A,G(B,C)), the counit is a collection of components

e¥:F(G(B,A),B) — A

which is natural in A and also dinatural or extranatural in B. This is expressed by

the commutativity of

F(Lf)

F(G(B',A),B) — > F(G(B', A), B') (3.8)
F(G(f.1),1) s’
F(G(B,A),B) ~ A
€A

for any arrow f : B — B’. Dinaturality is discussed in detail in [ML98| 1X.4].
Finally, in any symmetric monoidal closed category V we also have an adjunction
[77A]Op

VT TV (3.9)
[_’A]

with a natural isomorphism VP([V, A], W) = V(V, [W, A]), explicitly given by the
following bijective correspondences:

W [V, Al in V

wev A in VY
®

1% [W, Al in V.

3.2. Doctrinal adjunction for monoidal categories

As mentioned briefly at the end of Section monoidal categories are (strict)
algebras for a specific 2-monad D on Cat, which arise from clubs. Details of these
facts and structures can be found in [Kel72, Kel74al, [Kel74bl, (Web04]. In this
context, lax morphisms of D-algebras turn out to be lax monoidal functors and
D-natural transformations are monoidal natural transformations. Therefore, by
doctrinal adjunction we can see how lax and colax monoidal structures on adjoint
functors between monoidal categories relate to each other.
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Depending on which 2-category of monoidal categories we are working in, Def-
inition [2.3.5| gives us different notions of monoidal adjunctions. For example, an
adjunction in the 2-category MonCat; is an adjunction between monoidal cate-

gories

F
C 1 D
G

where F' and G are lax monoidal functors and the unit and the counit are monoidal
natural transformations.

Now, suppose that F' 4 G is an ordinary adjunction between two monoidal
categories C and D, where the left adjoint F' has the structure of a colax monoidal
functor, i.e. it is equipped with 2-cells 1,1y in the opposite direction of .
Consider the diagram

FxF
CxC T D xD
l GxG J{
® ®
F
C T D
G

which illustrates two adjunctions and two functors between the categories involved.
Then, by Proposition [2.3.7| which gives the mate correspondance, the 2-cell ¥ cor-
responds uniquely to a 2-cell ¢ via

DxD (3.10)
GxG v l
= |1
cxc pup DxD—-22D
®l £ l@ = chl 7 \LG’
c—" .p cxe—2s¢
1l n
C G

In terms of components via pasting, ¢4 p is expressed as the composite

GYca,cB G(ea®eB)

GA®GB 122298, GF(GA® GB) —2%2, G(FGA® FGB) —222) G(A® B).

Similarly, the 2-cell ¥y corresponds uniquely to a 2-cell ¢q via

I
111 1—2-D (3.11)
Ic l ig \L Ip
e, B
G
1l LY
c< ¢ C
and in terms of components, ¢¢ is the composite
Gio

— GFI — GI.
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Moreover, the arrows ¢4 p and ¢g turn out to satisfy the axioms thus they
constitute a lax monoidal structure for the right adjoint G.

On the other hand, if we start with a lax monoidal structure (¢, ¢9) on G, again
due to the bijective correspondance of mates we end up with a colax structure (v, 1)
on the left adjoint F', given by the composites

F(n®n)

F(AeB) " F(GFA® GFB) %~ FQ(FA® FB) FI % FGI (3.12)

-~ \
_— | N
. e

M T TS == pAgFB, s
The above establish the following result.

PROPOSITION 3.2.1. Suppose we have two (ordinary) adjoint functors F 4 G
between monoidal categories. Then, colax monoidal structures on the left adjoint F

correspond bijectively, via mates, to lax monoidal structures on the right adjoint G.

Of course this is a special case of Theorem for = Cat and D the 2-monad
whose algebras are monoidal categories. Proposition also applies.

PROPOSITION 3.2.2. A functor F' equipped with a lax monoidal structure has a
right adjoint in MonCat; if and only if F has a right adjoint in Cat and its lax

monotidal structure is a strong monoidal structure.

PROOF. ‘=’ Suppose F 4 G is an adjunction in MonCat; and (¢, ¢o), (¢, ¢()
are the lax structure maps of F' and G. By the above corollary, the lax monoidal

structure of the right adjoint G it induces a colax structure (1, ¢g) on the left adjoint
F, given by the composites (3.12)).

In order for F' to be a strong monoidal functor, it is enough to show that this

colax structure induced from G is the two-sided inverse to the lax structure of F'.

. YaBo®aB = lragrB:

F(na®ng)

F(A® B) F(GFA® GFB)
e . iF¢%AFB

(0
FGFA® FGFB (i) FG(FA® FB)

RN T arA,GFB

(i)

iEFA®FB

FA® FB

EFPAQERB

lragFrB

where (7) commutes by naturality of ¢, (i) by the fact that e : FG = 1p is a
monoidal natural transformation between lax monoidal functors, and (iii) by one of
the triangular identities.

e Ypogo=1r

F¢’
12 pr 2 por

\ E

1
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which commutes by the axioms for the monoidal counit ¢ of the adjunction.

By forming similar diagrams we can see how ¢4 gova B = 1p(agp) and Ypopy =
idy, hence F' is equipped with a strong monoidal structure.

‘<’ Suppose that F' has the structure of a strong monoidal functor (¢, ¢g) and
it has an ordinary right adjoint G. Clearly F' has a lax monoidal structure and a
colax monoidal structure (¢~ 1, o 1). Therefore it induces a lax monoidal structure
on the right adjoint G given by the composites , .

What is left to show is that the unit n and the counit € of the adjunction
are monoidal natural transformations, i.e. they satisfy the commutativity of the
diagrams . For example, the first diagram for 5 : 1o = GF becomes

NA®B

A® B GF(A® B)
y”; ‘\\\\\gfifl\\\
nA®NB (1)
GFA® GFB . (i) G(FA® FB)
GF(na®ng) G(Fna®Fng).."
NGFAQGFB
£ G¢GFAGFB 2 (eFA®eFB)
GF(GFA® GFB) G(FGFA® FGFB)

—1
G¢GFA,GFB

where (i) commutes by naturality of 7, and (i) by naturality of ¢ and one of
the triangular identities. Notice that the lower composite from GFA ® GFB to
GF(A ® B) is the lax structure map (;S’A g of the composite lax monoidal functor
GF.

The second diagram commutes trivially, and in a very similar way we can show
that € is also a monoidal natural transformation. Hence, the adjunction can be lifted
in MonCat,;. O

The above propositions generalize to the case of parametrized adjoints. For
example, if the functor F' : A x B — C between monoidal categories has a colax

structure
¢(A,B),(A’,B’) : F(A ® A,, B® B,) — F(A, B) &® F(A/, B/)
Yo : F(I4,15) — I,

then its parametrized adjoint G : B°? x C — A obtains a lax structure via the
composites

BB’
Na(B,cyec (B! ,C7)

G(B,C)® G(B',C")

N

G(B® B',F(G(B,C)® G(B',C"),B® B))

S G(L¥G(B,0),B),(G(B',C"),B"))
RN G(B® B',F(G(B,C),B)® F(G(B',C"),B"))
00081~ < _ ol cteet)

GB® B,C®(C"),
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I
nr
Iy G(I,F(I14,1p))
TN G(1,1%0)
¢0\ ~

B
G(Ip, I¢).
The respective axioms are satisfied by naturality and dinaturality of the unit and

counit 7, € of the parametrized adjunction and the axioms for (¢, g) of F.

PROPOSITION 3.2.3. Suppose F' : Ax B — C and G : B°? x C — A are
parametrized adjoints between monoidal categories, i.e. F(—,B) 4 G(B,—) for all
B € B. Then, colax monoidal structures on F' correspond bijectively to lax monoidal
structures on G.

As an application, consider the case of a symmetric monoidal closed category V,
with symmetry s. The tensor product functor ® : V x V — V from the monoidal
V x V (see Remark [3.1.1)) is equipped with a strong monoidal structure, namely

1®sp 4 ®1

b)) AOBR A @B A A®B®DB,

-1
(Z)():II—>I®I.

Therefore Proposition applies and its parametrized adjoint obtains the struc-

ture of a lax monoidal functor.

PROPOSITION 3.2.4. In a symmetric monoidal closed category V, the internal
hom functor [—,—] : VP ® V — V has the structure of a lax monoidal functor, with

structure maps
Xap)ap) A, Bl @A, B = [A® A, B B,
xo: I —[I,I]
which correspond, under the adjunction — ® A - [A, —], to the morphisms

[A,B]®[A, Bl A A 2225 A Bl Ax [A, B A 2% Be B,

lr=ry

Il ——1I.

3.3. Categories of monoids and comonoids
A monoid in a monoidal category V is an object A equipped with arrows
m: AR A— A and n:1—A

called the multiplication and the unit, satisfying the associativity and identity con-
ditions: the diagrams

AA A" AoA  and  TeA-L ApA<2" Al (3.13)

I SN

AR A A
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commute, where the associativity constraint is suppressed from the first diagram.
A monoid morphism between two monoids (A, m,n) and (A’,m/,n’) is an arrow
f:A— A’ inV such that the diagrams

m

A®A A and I—— A (3.14)
f®fl lf \ if

U
AoA —— A A

commute. We obtain a category Mon()) of monoids and monoid morphisms. Fur-

thermore, a 2-cell a: f = g is defined to be an arrow « : I — B such that

A _BeB (3.15)
4
BoB———B

commutes, thus Mon(V) is a 2-category.

Dually, there is a 2-category of comonoids Comon(V) with objects triples
(C,A,¢€) where C is an object in V, A : C — C ® C is the comultiplication and
€ : C — I is the counit, such that dual diagrams to commute. Comonoid
morphisms (C,A,e) — (C', A’ €') are arrows g : C' — C’ in V such that the dual
of commutes, and 2-cells § : f = g are arrows § : C — [ satisfying dual
diagrams to (|3.15]).

For the purposes of this dissertation, the 2-dimensional structure of the cate-
gories of monoids and comonoids (and modules and comodules later) will not be
employed. Notice that as categories, Comon()) = Mon(V°P)°P.

REMARK 3.3.1. We saw in Section how, for any object B in a bicategory K,
the hom-category K(B, B) obtains the structure of a monoidal category, with tensor
product the horizontal composition and unit the identity 1-cell. From this viewpoint,
the data that define the notion of a monad ¢ : B — B in a bicategory (Definition
equivalently define a monoid in the monoidal category (K(B, B),o0,1p). Du-
ally, a comonad u : A — A in a bicategory I as in Definition [2.2.5] is precisely a

comonoid in the monoidal K(A4, A).

If the monoidal category V is braided, we can define a monoid structure on the
tensor product A ® B of two monoids A, B via
A9BoA@B 22440 A0 BB ™™ A9 B

s n@n
I —I®I — AR B

where the constraints are again suppressed. This induces a monoidal structure on
the category Mon(V), such that the forgetful functor to V is a strict monoidal func-
tor. The braiding/symmetry of V lifts to its category of monoids, so Mon(V) is a
braided /symmetric monoidal category when V is. This happens because Mon(V) —
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V always reflects isomorphisms. Dually, Comon(V) also inherits the monoidal struc-

ture from V), via
CeDXCeCeDeD=CeDeC®D, CoDSTgl=]

The monoidal unit in both cases is I, with trivial monoid and comonoid structure
via ry.

For example, the category of monoids in the symmetric monoidal category
(Ab,®,Z) is the category of rings Rng, and in the symmetric cartesian monoidal
category (Cat, x, 1) it is the category of strict monoidal categories MonCatg. Also,
the category of monoids in the symmetric monoidal category Modpg for a commu-
tative ring R is the category of R-algebras Algp and the category of comonoids is
the category of R-coalgebras Coalgp.

An important property of lax monoidal functors is that they map monoids to
monoids. More precisely, if F': V — W is a lax monoidal functor between monoidal

categories V and W, there is an induced functor
Mon(F) : Mon(V) —— Mon(W) (3.16)
(Aa m, 77) I (FA7 m/7 "7/)

which gives F'A the structure of a monoid in W, with multiplication and unit

bA,A

m' : FA® FA 22 F(A® A) £ FA
g1 2% 1 pa
where ¢4 4 and ¢g are the structure maps of F'. The associativity and identity
conditions are satisfied because of naturality of ¢, ¢g and the fact that A is a

monoid. Dually, if G : V — W is colax monoidal functor, it maps comonoids to
comonoids via an induced functor

Comon(F): Comon(V)

Comon(W)
(C,6,¢) ——— (GC, ¢ 0 Go, v o Ge).

For example, in a symmetric monoidal closed category V, the internal hom func-
tor [—,—] : V°» x ¥V — V is lax monoidal by Proposition The category of
monoids of the monoidal category VP x V is

Mon(V? x V) =2 Mon(V°P) x Mon(V) = Comon())°® x Mon(V),
so there is an induced functor betweem the categories of monoids
Mon|[—,—]: Comon(V)°? x Mon(V) — Mon(V) (3.17)
(C,A) —[C, A].

The concrete content of this observation is that whenever C is a comonoid and A a
monoid, the object [C, A] obtains the structure of a monoid, with unit I — [C, A]
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which is the transpose under the adjunction — ® C' - [C, —] of
cS51-5 4

and with multiplication [C, A] ® [C, A] — [C, A] the transpose of the composite

C, A ®[C,AleC 22 [0, Ale(c,AleCcoc @2 0, Alecec,AeC
\\\\\\ \Lev@ev
TTee A A
T AL

REMARK 3.3.2. For the symmetric monoidal closed category Modg, the internal
hom
[—, =] = Hompg(—, —) : Mod}} x Modr — Modpg
has the structure of a lax monoidal functor by Proposition [3.2.4] Therefore it induces

a functor

Mon(Hompg) : Coalgy x Algp Alg,

(C, A) ——— Hompg(C, A)
between the categories of coalgebras and algebras. This implies the well-known fact
that for C' an R-coalgebra and A an R-algebra, the set Hompg(C, A) of the linear
maps between them obtains the structure of an R-algebra under the convolution
structure

(fx9)(e) = fler)glea) and 1=noe
(c)

where * is expressed using the ‘sigma notation’ for the coalgebra comultiplication
Afe) =22, c1i @ ciz i= 32 (1) @ ¢(2) Introduced in [Swe69)].

Another example of a functor induced between categories of monoids is the

following.

LEMMA 3.3.3. If &% : K — L is a lax functor between two bicategories, there is

an induced functor
Mon%4 4 : MonK(A, A) — MonL(Z A, 7 A) (3.18)

for each object A in K, which is the functor F4 a restricted to the category of
monoids of the monoidal category (KC(A, A),0,14).

PROOF. Since .# is a lax functor between bicategories, we have a functor #4 p :
K(A,B) — L(Z A, .7 B) between the hom-categories for all A, B € K. In particular,
there is a functor

Fan:K(AA) = LFA FA)
which maps the 1-cell f: A — Ato #f: FA — FAand a2-cell a: f = g to
Fa: Ff = Fg. If weregard KL(A, A) and L(F A, FA) as monoidal categories
with respect to the horizontal composition as in , F 4.4 has the structure of
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a lax monoidal functor. Indeed, it is equipped with natural transformations with
components, for each f,g € K(A, A),

Grg: Ff@0Fg— F(f®g) and ¢o:lgparay — Flaa

which are precisely the components 67, and v4 of the natural transformations
that the lax functor 7 is equipped with, since ® = o and Ix(4,4) = 1a. The
axioms follow from those of  and . Hence a functor between the categories
of monoids is induced. ]

In Remark [3.3.1] we saw how a monad ¢t : A — A in a bicategory K is actually
a monoid in (A, A). The above lemma states that if .# is a lax functor, then
Ft: FA— FAisamonoid in L(F A, FA), i.e. Ftis a monad in the bicategory
L. Therefore we re-discover the fact that lax functors between bicategories preserve
monads, from a different point of view than Remark where a monad was
identified with a lax functor from the terminal bicategory to /.

For any monoidal category V, there are forgetful functors
S:Mon(V) —V and U:Comon(V) —V

which just discard the (co)multiplication and the (co)unit. A crucial issue for our
needs is the assumptions under which these functors have a left or right adjoint
accordingly. In other words, we are interested in the conditions on V that allow the
free monoid and the cofree comonoid construction.

The existence of a free monoid functor is quite frequent, since the monoidal
structures that arise in practice may well be closed, so that the tensor product

preserves colimits in both arguments. In particular, the following is true.

PropPOSITION 3.3.4. Suppose that V is a monoidal category with countable co-
products which are preserved by ® on either side. The forgetful Mon(V) — V has a

left adjoint L, and the free monoid on an object X is given by the ‘geometric series’

LX = ]_[ xXen,
neN

There are various sets of conditions, stronger or weaker, that guarantee the
existence of free monoids and are connected with the different kinds of settings
where they apply, such as free monads, free algebras, free operads etc. There are
many classical references on these constructions, for example by Kelly, Dubuc, Barr
and others, and most are outlined in Lack’s [Lac10c].

On the other hand, the existence of a cofree comonoid functor is more problem-
atic. In Sweedler’s [Swe69], the cofree coalgebra on a vector space V' is constructed
as a certain subcoalgebra of T'(V*)?, where T gives the tensor algebra of the linear
dual of V, and (—)° is the dual algebra functor as described later in Remark
In [BL85], a new description of the cofree coalgebra is given, still in Vecty for a
field k. In Barr’s [Bar74], it is shown that the forgetful Coalgp — Modp for a

commutative ring R has a right adjoint, and in Fox’s [Fox93| two constructions on
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the cofree coalgebra on an R-module are presented. Finally in [Haz03|, connec-
tions of cofree coalgebras in Modpg with the notion of multivariable recursiveness
are examined.

We are here interested in the generalization from Vect; and Modp to the exis-
tence of such cofree objects (comonoids) in an arbitrary monoidal category V. Hans
Porst in a series of papers [Por06, Por08al, Por08b, [Por08c]| studied the categories
of monoids and comonoids (also the categories of modules and comodules for them)
and their various categorical properties, with emphasis on the local presentability
structure inherited from the initial monoidal category. We are going to employ many
of those strategies for our purposes, so at this point we briefly describe the most
basic parts of this theory. A standard reference for locally presentable categories is
Adamek-Rosicky’s [AR94].

Recall that a small full subcategory A of a category C is called dense provided
that every object of C is a canonical colimit of objects of A, i.e. the colimit of the
forgetful (A | C) — C. Also, an object in a category C is called \-presentable for \
a regular cardinal, provided that its hom-functor C(C, —) preserves M-filtered limits.

For A = Ng, we have the notion of a finitely presentable object.

DEFINITION. (1) A locally A-presentable category C is a cocomplete category
which has a set A of A-presentable objects, such that every object is a A-filtered
colimit of objects from A. A category is called locally presentable when it is locally
A-presentable for some regular cardinal A, and locally finitely presentable for A = Ng.

(2) A A-accessible category is a category with A-filtered colimits and a set of
A-presentable objects, such that every object is a A-filtered colimit of those. A

category is called accessible if it is A-accessible for some regular cardinal A.

Notice that in a locally A-presentable category C, all A-presentable objects have
a set of representatives (with respect to isomorphism). Any such set is denoted by
Pres)C and is a small dense full subcategory of K, hence also a strong generator.
Recall that a generator is a family of objects G such that for pairs A —§= B with
f # g, there exists G € G and h : G — A with fh # gh. It is strong if for any A and
a proper subobject, there exists G € G and G — A which doesn’t factorize through
the subobject.

Other useful properties of locally presentable categories are completeness, well-
poweredness and co-wellpoweredness. Obviously, an accessible category with all
colimits is locally presentable, but so is an accessible category with all limits (see
[AR94] 2.47]). A functor F' between A-accessible categories is accessible if it pre-
serves M-filtered colimits, whereas a finitary functor in general preserves all filtered
colimits.

In [Por08c| the class of admissible monoidal categories is introduced. These
are locally presentable symmetric monoidal categories V, such that for each object
A the functor A ® — preserves filtered colimits. Examples are the category Modpg
for a commutative ring R, every locally presentable category with respect to binary

products, and every monoidal closed category which is locally presentable. However,
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the results exhibited below also hold for small variations from the above conditions.
For example, the symmetry can be replaced with ® preserving filtered colimits on
both entries.

The notion of functor algebras and functor coalgebras for an endofunctor are of
importance in the proofs below. Given an endofunctor on any category F' : C — C,
the category AlgF of F-algebras has objects pairs (A, : FA — A) and morphisms
(A, o) — (A, a/) are arrows f : A — A’ making the diagram

FA-—%- A

Ffi lf
FA -2 A

commute. The category CoalgF = (AlgF*°P)P is defined dually, with objects pairs
(C,B:C — FC) and arrows g : C — C’ making the diagram

c_" . re

|

C'—— FC’
commute. More about these categories and their properties can be found in [AR94,
APO03]. The most useful facts are the following:

(i) The forgetful functor AlgF — C creates all limits and and those colimits which
are preserved by F'.
(ii) The forgetful functor CoalgF — C creates all colimits and those limits which
are preserved by F'.
(iii) If C is locally presentable and F' preserves filtered colimits, the categories AlgF
and CoalgF' are locally presentable.

Notably, these categories can be expressed as specific inserters AlgF = Ins(F,id¢)
and CoalgF = Ins(ide, F'). Fact (i4i) thus follows from the more general ‘Weighted
Limit Theorem’ by Makkai and Paré [MP89, 5.1.6], which in particular asserts that
the above inserters are accessible categories when C and F' are accessible. For details
about these constructions, see [AR94], Theorem 2.72].

In the applications where AlgF' and CoalgF for specific endofunctors are stud-
ied, they usually turn out to be monadic and comonadic respectively over C. Since
coequalizers of split pairs are absolute colimits, i.e. preserved by any functor,
monadicity and comonadicity are established as soon as the forgetful functor has
a left or right adjoint respectively.

PROPOSITION 3.3.5. [Por08c, 2.6-2.7] Suppose V is an admissible category.

(1) Mon(V) is finitary monadic over V and locally presentable.

(2) Comon(V) is a locally presentable category and comonadic over V.

PROOF. (Sketch) The idea is to view both categories of monoids and comonoids
as subcategories of the functor algebras and functor coalgebras categories, for specific

endofunctors on V.
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Consider the functors 71 and Tx on our admissible category V given by
T.(C)=(C®C)+1, T.(C)=(C®(C)xI.

These are finitary functors, because the ‘n-th tensor power’ functor 7, = (—)®"
preserves filtered colimits, and (— x I) preserves filtered colimits for any locally
presentable category (where finite limits commute with filtered colimits).

We deduce that AlgT. is finitary monadic over V, locally presentable and con-
tains Mon(V) as a full subcategory, and also CoalgT is comonadic over V, locally
presentable and contains Comon(V) as a full subcategory. Moreover, the categories
of monoids and comonoids are closed under limits and colimits respectively.

The first part of the proposition regarding Mon()) follows from general argu-
ments for monadicity and local presentability of categories of algebras for a finitary
monad (see [GUT1, Satz 10.3]). On the other hand, these arguments cannot be
dualized for Comon(V). For example, the dual of a locally presentable category is
not locally presentable (unless it is a small complete lattice).

Therefore a different approach is followed, using the notion of an equifier of
a family of natural transformations. The decisive fact then is that if all functors
involved are accessible, then the equifier is an accessible category (see [AR94], 2.76]).

DEFINITION. Let F}, F% : A — B; be a family of functors, and for each i € I,
(¢%, ") : F{ — F$ be a pair of natural transformations. Then, the full subcategory
of A spanned by those object A which satisfy ¢, = @ZJi‘ for all 7 is called the equifier
of the above family of natural transformations, denoted by

Ea(¢', ¢") giery-

More explicitly, three pairs (¢?, ") of natural transformations between compos-
ites of the forgetful CoalgTyx — V and the ‘tensor power functor’ ®™ are defined,
the equality of which give precisely the coassociativity and coidentity conditions of
the definition of a comonoid. Hence Comon(V) = Eq((¢%,1")i=123), and for V

admissible this implies that Comon(V) is locally presentable.

Now comonadicity of Comon(V) over V follows: in the commutative triangle

Comon(V)——— CoalgF'

where all categories are locally presentable, both forgetful functors to V have a right
adjoint by Theorem [3.0.1] since they are cocontinuous. Moreover, the right leg is
comonadic by basic facts for functor coalgebras, and the inclusion preserves and
reflects all limits from the complete full subcategory Comon()) to the complete
CoalgF'. Therefore it creates equalizers of split pairs and so does U, which then
satisfies the conditions of Precise Monadicity Theorem. In particular, the existence
of the cofree comonoid functor R :)V — Comon(V) is established. O

Another property which Comon()) inherits from the monoidal category V is
monoidal closedness.
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PROPOSITION 3.3.6. [Por08c, 3.2] IfV is a symmetric monoidal closed category
which is locally presentable, then the category of comonoids Comon()V) is a locally

presentable symmetric monoidal closed category as well.

PROOF. The symmetric monoidal structure of Comon (V) was described earlier.

In order to prove the existence of a right adjoint to
—®C : Comon(V) — Comon(V) (3.19)

for any comonoid C in V, we can use the adjoint functor theorem[3.0.1} The category
Comon(V) is cocomplete and has a small dense subcategory, since it is locally
presentable by Proposition Moreover, the functor preserves all colimits
by the commutativity of

Comon(V) Comon(V)
v i i v
1% Vv

-®UC

where the comonadic forgetful U creates all colimits and — ® UC' preserves them

since V is monoidal closed. Hence we have an adjunction

(—®0C)
Comon(V) I Comon(V)
Hom(C,—)
where HOM denotes the internal hom of Comon(V). O

COROLLARY. For a commutative ring R, the category of R-algebras Algp is
monadic over Modpgr and locally presentable, and the category of R-coalgebras

Coalgp, is comonadic over Modg, locally presentable and monoidal closed.

The fact that Coalgp is locally presentable in fact generalizes the Fundamen-
tal Theorem of Coalgebras, which states that every k-coalgebra for a field k is a
filtered colimit of finite dimensional coalgebras, i.e. whose underlying vector space
is finite dimensional (see [Swe69, [DNRO1]). These are precisely the finitely pre-
sentable objects in Coalg;,, hence we obtain an analogous statement for Coalgp for
a commutative ring R.

3.4. Categories of modules and comodules

If (A, m,n) is a monoid in a monoidal category V, a (left) A-module is an object
M of V equipped with an arrow p : A ®@ M — M called action, such that the

diagrams

AgoAeM " AeM  and Ao M (3.20)
T A

1®u H

Ao M M ToM M

54
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commute, where a is suppressed. An A-module morphism (M, u) — (M’ p') is an
arrow f: M — M’ in V such that the diagram

AoM L Ae M (3.21)
Ml lu’
M M’

commutes. Thus for any monoid A in V, there is a category Mody(A) of left
A-modules and A-module morphisms.

Dually, a (right) C-comodule for (C,A,€) a comonoid in V is an object X in
V together with the coaction 6 : X — X ® C, satisfying compatibility conditions
with the comultiplication and counit. A C-comodule morphism (X,6) — (X', ¢) is
a arrow g : X — X’ in V which respects the coactions. There is a category of right
C-comodules Comody,(C) for every comonoid C' in a monoidal category V.

In a very similar way, we can define categories of right A-modules and left C-
comodules. If V is a symmetric monoidal category, there is an obvious isomorphism
between categories of left and right A-modules and left and right C-comodules, so
usually there is no distinction in the notation between left and right modules and
comodules.

For example, in the monoidal category of abelian groups Ab, the category of
modules for a ring R € Mon(Ab) is precisely the category of R-modules Modpg.
Moreover, for V = Modp itself, we denote by Mod, the category of those R-
modules which are equipped with the structure of an A-module for an R-algebra
A € Mon(Modpg). Similarly, Comod¢ is the category of C-comodules for an
R-coalgebra C' € Comon(Modp).

Recall how, when a monoidal category V is viewed as the hom-category IC(*, ) of
a bicategory IC with one object x, a monoid A in V is precisely a monad in I (Remark
. This analogy carries over to modules for a monoid in V. In Definition m
the category of left t-modules for a monad ¢ in the bicategory K was defined to
be the category of Eilenberg-Moore algebras for the monad ‘post-composition with
t’. For the one-object case, since the tensor product of K(%,x) is just horizontal

composition, the following well-known fact is immediately implied.

ProprosITION 3.4.1. For any monoid A and any comonoid C in a monoidal
category V, the categories of A-modules Mody(A) and C-comodules Comody(C)

are respectively monadic and comonadic over V.

Explicitly, the category of (left) modules for a monoid (A4, m,n) is the category
of algebras for the monad (A ® —,n® —,m ® —) on V, and the category of (right)
comodules for a comonoid (C, A, ¢€) is the category of coalgebras for the comonad
(—®C,—®¢,—®A) on V.

In the previous section, it was demonstrated how a lax monoidal functor between
monoidal categories F' : ¥V — W induces a functor MonF' between their categories
of monoids, as in . Furthermore, for any monoid A in V, there is an induced
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functor between the categories of modules
ModF : Mody(A) —— Mody(FA) (3.22)
(Mvu) — (Fle/)

where the object F'M in W obtains the structure of a F'A-module via the action

ba,M

) FA® FM 22 p(Ae M) 2 P

with ¢4 s the lax structure map of F.

As an application, consider the internal hom functor [—,—] : V? xV — Vin a
symmetric monoidal closed category V. By Proposition [3.2.4] it is lax monoidal, as
the parametrized adjoint of the strong monoidal (— ® —), and it induces the functor
Mon[—, —] as in (3.17). Now, a monoid in V°P x V is a pair (C, A) where C is a
comonoid and A a monoid, and also

Modyerxp((C, A)) = Modyor (C) x Mody(A) = Comody(C)°P? x Mody(A).
Hence the induced functor in this case is
Mod|—, —]: Comody(C)° x Mody(A) — Mody([C, A]) (3.23)
((X,0), (M, p)) ———([X, M], ).

This concretely means that whenever X is a C-comodule and M is an A-module,
the object [X, M] obtains the structure of a [C, A]-module, with action

o [C Al @ [ X, M) — [X, M]

which is the transpose under — ® X = [X, —] of the composite

C, Ao X, Mo X 22 Ao X, MeXoc 20 Aece[X,MeX
T~ j/ev®ev
- A M
e #
=~

(3.24)

COROLLARY. For A an R-algebra and C' an R-coalgebra for a commutative ring

R, there is an induced map
Mod(Homp) : Comodg? x Mod g —— Modyomy (¢, a)
(X, M) —— Hompg(X, M)

which endows the R-module of linear maps between X and M with the structure of
a Homp(C, A)-module.

In the previous section, it turned out that for the class of admissible monoidal
categories, the categories of monoids and comonoids had very useful properties (see
Proposition. As far as the categories of modules and comodules are concerned,
Comody(C) is again more particular than Mody (A) and similar techniques as for
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Comon(V) can be used. The following generalizes the results for comodules over a
coalgebra in V = Modpg of [Por06].

PROPOSITION 3.4.2. Suppose V is a locally presentable monoidal category, such
that @ preserves filtered colimits in both variables. Then

(1) Mody(A) for a monoid A is finitary monadic over V and so locally pre-
sentable.

(2) Comody,(C) for a comonoid C is a locally presentable category.

PROOF. By Proposition[3.4.1] the endofunctor on V which induces the monad for
which the algebras are (left) A-modules is (A® —), which is finitary by assumptions.
Similarly, the endofunctor which gives rise to the comonadic Comody(C') over
Vis Fo = — ® C, which is also finitary. Imitating the proof of Proposition [3.3.5
consider the category of functor Fe-coalgebras which contains Comody (C) as its
full subcategory, closed under formation of colimits. Then CoalgF is comonadic

over )V and locally presentable itself. Now define pairs of natural transformations

U U
- | T - | T
o', ' CoalgFo b =y, #?,¢?% . CoalgFo U v
FoFcU (—NU

with components
1 . B B®1 2 . B 1®e
Py X =2 XC—XaC(C and Px X > X(C—X&I1

shox b xec ¥ xecec WX T X el
where § : X — X ® C is the structure map of the functor Fg-coalgebra X, and

A, e are the comultiplication and counit of the comonoid C'. Since all categories and
functors involved are accessible, the equifier of this family of natural transformations
is accessible as well. It is not hard to see that

Eq((¢',1")i=1,2) = Comody(C)

so the category of comodules is accessible and moreover cocomplete, thus locally
presentable. O

The above proposition indicates the structure that finitary monadic and fini-
tary comonadic categories over locally presentable categories inherit. We note that
Gabriel and Ulmer’s result in [GUT1] for algebras of finitary monads does not seem
to dualize, but by following a similar approach to Adamek and Rosicky’s ‘Locally
presentable and accessible categories’, we obtain the following result.

THEOREM 3.4.3. Suppose that C is a locally presentable category.

o If (T,m,n) is a finitary monad on C, the category of algebras CT is locally
presentable.

o If (S,A,€) is a finitary comonad on C, the category of coalgebras C° is
locally presentable.
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PROOF. The category of Eilenberg-Moore algebras CT is always a full subcate-
gory of the locally presentable category of endofunctor algebras AlgT (see previous
section). More precisely, it is expressed as an equifier of natural transformations
between accessible functors AlgT — C hence is accessible as in [AR94], 2.78], and
by default is also complete.

On the other hand, the category of coalgebras C° is a full subcategory of the
locally presentable category of endofunctor coalgebras CoalgT’, expressed as the
equifier C5 = Eq((¢',1");=1,2) for

U
S
CoalgS o C  with bly 1 € —— 5C - s5C
T Lo s0 2% gse
Ve
U
CoalgS  lwwr ™C  with Py 1O — > 50 2 0
\U/1 2 . lo
U,y C c

All categories and functors involved are accessible, hence C° is an accessible category,
with all colimits created from C. 0

Proposition could directly be established from the above. Notice that the
assumptions on V could of course be changed to ‘locally presentable, symmetric
monoidal category, such that B ® — preserves filtered colimits’, i.e. admissible
monoidal category. As mentioned earlier, symmetry allows us to identify in a sense
the categories of left and right modules and comodules, without distinguishing cases
in the respective proofs. Even in the non-symmetric case though, the results hold
for all four cases separately.

COROLLARY. If A is an R-algebra and C' an R-coalgebra for a commutative ring
R, the categories Mod, and Comod¢ are locally presentable.

Notably, many useful properties and constructions for Comod¢ in the category
Modp, are included in Wischnewsky’s [Wis75].

So far we have studied categories of modules and comodules for fixed monoids
and comonoids in a monoidal category V. Since a (co)module is just an object in
V with extra structure, relative to some (co)monoid, it could be expected that the
same object is possible to be endowed with (co)module structures relating it with
different (co)monoids.

Suppose that A, B are two monoids in the monoidal category V. Each monoid

morphism f: A — B between them determines a functor
f*: Mody(B) — Mody(A) (3.25)
which makes every B-module (N, 1) into an A-module f*N via the action

AN 2L Ba N 4 N
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This functor is sometimes called restriction of scalars along f. Also, each B-module
arrow becomes an A-module arrow (i.e. commutes with the A-actions), and so we
have a commutative triangle of categories and functors

Mody(B) f* Mody(A) (3.26)

~,

V.

On the other hand, if C' and D are two comonoids in V, each comonoid arrow
g : C — D induces a functor

g1 : Comody(C) — Comody (D) (3.27)

which makes every C-comodule (X, ) into a D-comodule g; X via the coaction

x4 xect® xeDb,

called corestriction of scalars along g. The respective commutative triangle is

g

Comody (C) Comody (D) (3.28)

\/

V.

Notice that by the above triangles, where the legs are monadic and comonadic
respectively, f* is a continuous functor and ¢ is a cocontinuous functor when V is
(co)complete.

It is often of interest to deduce the existence of adjoints of the functors f*
and ¢1. This is why the last part of this section is a digression, devoted to the
identification of certain assumptions on the monoidal category V which permit the
explicit construction of such adjoints. Most of the constructions are well-known in
particular categories, like V=Ab for the categories of modules for rings, which is
also our motivating example.

If A, B are two monoids in V, define a left A /right B-bimodule M to be an object
in V with a left A-action A®@ M 2 M and a right B-action M ® B % B such that
the actions commute, and denote it by 4Mp. In a dual way, we can define a left
C /right D-bicomodule ¢ X p.

i) In an arbitrary monoidal category V, the tensor product of the bimodules 4 Mp,

BNy over B is the coequalizer

1@y

M®@B®N M&® N

M®p N (3.29)

pM®1

where pjs is the right B-action on M and Ay is the left B-action on N. Dually,

the cotensor product for bicomodules ¢ Xp, pYcr over D is the equalizer

rx®1
XOpY>— X®Y XRDRY
1Ry

where rx is the right D-coaction on X and [y is the left D-coaction on Y.
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ii) In a symmetric monoidal closed category V, we can form Hom4 (M, N) for two

A-modules M, N as the equalizer

Homy (M, N) >—— [M, N] $ [A, [M, N]]

where ¢ corresponds under — ® X - [X, —] to
[M,N]© A M -5 [M,Njo Mo A <L No A 2% N

and k corresponds to

[M,N]® A® M “22% [M,N] @ M <5 N.

PROPOSITION 3.4.4. Suppose that the monoidal category V has coequalizers and
the functor B ® — preserves them for any monoid B. Then the functor f* has a left
adjoint, for any monoid morphism f. Dually, if V has equalizers and the functor
— ® C preserves them for any comonoid C, then g1 has a right adjoint for any

comonoid morphism g.

PROOF. Firstly notice that any monoid A can be considered as a left and right
A-module via multiplication, and any comonoid C' is a left and right C-comodule
via comultiplication.

When B is viewed as a left B/right A-bimodule via restriction of scalars along

f: A — B, there exists a natural bijection
Mody(B)(B @4 M, N) = Mody(4)(M, f*N)
for any left A-module M and left B-module N, which establishes an adjunction

B®a—
Modv(A) L Modv(B).
f*

Notice that the left B-action on B ® 4 M is induced by universality of the top

coequalizer, since B ® — preserves them:

101X
BB®RA®M~— === T BRBM-—BB®sM

\ /
1om®1
ool wwlefel” B B B M 1@n mel : I M

1®p y
BAM — T B®M B®4 M.

S~ BoBoM e

1®f®1

Dually, for a comonoid arrow g : C' — D we have the adjunction

I
Comody(C) I Mody (D)
—0OpC
when C is viewed as a left D-comodule via corestriction along g. O

REMARK. By the adjoint lifting theorem (see for example [Joh02al 1.1.3]), we

can deduce the sheer existence of a left adjoint for f* and a right adjoint for g if
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Mody (B) and Comody (C) have (co)equalizers (of (co)reflexive pairs) accordingly.
This happens because the legs of the triangles are respectively monadic
and comonadic. Of course, this agrees with the assumptions of the above proposition,
since B®- and -® C' are the monad and comonad which give rise to the (co)monadic
categories of modules and comodules.

ProproOSITION 3.4.5. If V is a symmetric monoidal closed category with equaliz-
ers, then f* has a right adjoint for any monoid arrow f. Dually, if V has coequalizers

and VP is monoidal closed, then g has a left adjoint for any comonoid arrow g.

PRrROOF. There is a natural bijection
MOdV(A)(f*Ma N) = MOdV(B)(M7 HOIHA(B, N))

for any B-module M, A-module N and f : A — B monoid morphism. Thus we

have an adjunction
f*
Mody(B) T Mody(A).
Hom 4 (B,—)

The B-action on Homy4 (B, N) is the unique map induced by universality of the
bottom equalizer

1®t
B ® Homy(B,M)>—— B ® [B, M] Z B®|[A,[B,M]]
I 1®k
I NHom 4 (B, ) | Ui lv
\ t
Homy (B, M) [B, M| [A, [B, M]],
k

where u and v are adjuncts to composites of multiplication of B and evaluation.

The left adjoint of ¢ is constructed dually. O

Obviously, the above sufficient conditions for the existence of adjoints for the core-
striction of scalars are much less common to appear than the ones for the restric-
tion. After all, for most interesting monoidal categories V, their opposite V°P is not
monoidal closed.

In particular, for V = Modpg where R is a commutative ring, the situation is as
follows.

PROPOSITION 3.4.6. The functor f* for any R-algebra morphism [ : A — B has
a pair of adjoints
B®a—
— 1 T~
Modpg f* Mody,.
\i/

Hom 4 (B,—)

On the other hand, the functor g has a right adjoint for any R-coalgebra morphism
g:C — D, and also a left adjoint in certain cases, e.qg. if g is between two finitely
presentable projective R-coalgebras.
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PRrROOF. The symmetric monoidal closed category Modp has all limits and col-
imits, therefore Propositions and for the restriction of scalars apply and
the respective adjoints are constructed as above.

Regarding the corestriction of scalars, the functor C' ® — does not in general
preserve equalizers in Modpg for any R-coalgebra C (except for flat coalgebras).
Also 1\/Iod(;%p is not a monoidal closed category, thus the above propositions do not
apply in this case. However, since ¢ is cocontinuous and Comod¢ is a locally
presentable category, Theorem [3.0.1| can be applied instead, to give the existence of
a right adjoint for any ¢. In particular, when C' is a flat coalgebra, we can construct
this adjoint as above:

Comod¢ 1 Comodp.
~— @@ O
—-0pC
Moreover, Comod¢ is complete, well-powered and has a cogenerator as shown in
[WisT5]. We can then apply the special adjoint functor theorem to obtain a right
adjoint only when gy preserves all limits. For example, if the coalgebras C' and D
have duals in Modg, the functors — ® C' and — ® D preserve limits. Hence in the
commutative triangle (3.28)), the comonadic legs create all limits that the comonads

preserve, hence g is continuous. ]






CHAPTER 4
Enrichment

This chapter begins by presenting the most basic definitions and structures re-
lated to enriched category theory, largely following the standard book on the subject
by Kelly [Kel05].

Then, a brief introduction to enriched bimodules is given, intended to clarify
certain essential concepts of Chapter The theory of bimodules (or distributors
or profunctors) has been widely studied, and the notion of a distributor was first
introduced by Lawvere. Here we restrict to the parts relevant to what follows,
hence more emphasis is given on one-sided modules. Appropriate references are
[Bén73, Bor94a, DS97], and also [GS13|] where a theory of modules not between
enriched categories but between enriched bicategories is developed.

In the last section, we give the definition of an action of a monoidal category on
an ordinary category and we demonstrate in detail how a V-representation may give
rise to a V-enriched category. This forms one direction of a correspondence between
categories with an action from V with a certain adjoint and tensored V-categories,
for V a right closed monoidal category. In fact, the adjoint gives the hom-objects
and the action gives the tensor of the enriched category. The main references are
[GP97, JK02], and for example in [McCO0O0b]| the structure of the 2-category of
V-actegories (i.e. V-representations) V-Act is explored.

4.1. Basic definitions

Suppose that (V,®,1,a,l,r) is a monoidal category. A V-enriched category A
consists of a set ob.A of objects, a hom-object A(A, B) € V for each pair of objects

of A, a composition law
M: AB,C)® A(A,B) — A(A,C) (4.1)

for each triple of objects, and an identity element j4 : I — A(A, A) for each object,
subject to the associativity and unit axioms expressed by the commutativity of

a

(A(C,D)® A(B,C)) ® A(A, B)

A(C,D)® (A(B,C) ® A(A, B))

M®1 1QM

A(B,D) ® A(A, B) A(C,D) ® A(A,C)

R /
A(A, D),

57
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A(B, B) ® A(A, B) A(A, B) ® A(A, A)

o / \ o

I ® A(A, B) A(A,B)® 1.

For example, Set-enriched categories are ordinary small categories, Ab-categories
are additive categories, Vect-categories are k-linear categories and Cat-enriched
categories are 2-categories. The latter gives a different perspective of 2-category
theory from the one presented in Chapter [2] Thus, in order to deal with 2-categories
we can either employ the theory of bicategories or the theory of enriched categories.

Notice how in all the examples above, the base V of the enrichment is in fact
enriched over itself: Set is an ordinary category, Ab is an additive category, Vecty
is a k-linear category and Cat is a 2-category. This is due to the fact that the base
monoidal categories are closed, and the internal hom functor in any monoidal closed
category V

[—,—]: VP xV—YV

induces an enrichment of the category over itself: the hom-object for A, B € V is
[A, B], the composition law M : [B,C]| ® [A, B] — [A,C] corresponds under the
adjunction — ® X - [X, —] to the composite

[B,C]® [A,B] @ A L£%% [B, C]®B—>C’

and the identity I — [A, A] corresponds to I ® A = A. It is a straightforward
verification that these data indeed exhibit V as a V-category.

If A is a V-category for a symmetric monoidal category V, then AP is also a
V-category called the opposite V-category, with the same objects ob.A°P = ob.A, and
hom-objects A°P(A, B) := A(B, A). The composition law A°P(B,C)® AP(A, B) —
A°P(A,C) is

A(B,C)® A(B,A) 5 A(B, A) ® AC, B) XL A(C, A)

and the identity elements I — A°P(A, A) are the same as in \A.
For V-categories A and B, a V-functor F : A — B between them consists of a
function F': obA — obB together with a map

Fap: A(A,B) — B(FA,FB) (4.2)
for each pair of objects in A, subject to the commutativity of

M JjA

A(B,C) ® A(A, B) A(A,C) I A(A, A)
Fpc®Fap Fac . Faa
JFA
B(FB,FC)@B(FA,FB) B(FA,FC’), B(FA,FA)

(4.3)
expressing the compatibility of F' with composition and identities.
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The notion of an enriched functor in the context of the examples above becomes
respectively an ordinary functor, an additive functor, a k-linear functor and a 2-
functor. Clearly the composite of two composable V-functors is again a V-functor,
and the composition is associative and unital with 14 the identity V-functor.

If V is symmetric monoidal closed, then for any V-category A the assignment
(A, B) — A(A, B) is in fact the object function of a V-functor of two variables

Homy : AP @ A —V (4.4)

where V is regarded as a V-category via the internal hom. Its partial functors are
the covariant and the contravariant representable V-functors Hom 4(A4, —) : A — V,
Homy(—, B) : A°® — V. For example, the former sends B € obA to A(A,B) € V,

and on hom-objects it consists of arrows
Homy (A, —)pc : A(B,C) — [A(A, B), A(A,C)]

which correspond to the composition arrows under (— ® A) - [A, —].

For V-functors F.G : A — B, a V-natural transformation 7 : F = G consists
of an ob.A-indexed family of components 74 : I — B(FA,GA) satisfying the V-
naturality condition expressed by the commutativity of

TBRFAB

I1® A(A,B) ——. B(FB,GB) ® B(FA, FB)

AA,B) &1

B(GA,GB) ® B(FA,GA)

GAB®TA

It is not hard to see that V-natural transformations compose both vertically and
horizontally, in a very similar way to ordinary natural transformations. Thus (small)
V-categories, V-functors and a V-natural transformations constitute a 2-category,
which is denoted by V-Cat.

When V is a symmetric monoidal category, we can define a tensor product in
V-Cat: A ® B has objects ob.A x obB3, hom-objects

(A ® B)((A7 B), (Alv B/)) = *A(Av A/) ® B(B, B/)a
the composition law is the composite

A(A, A") @ B(B', B") @ A(A, A') @ B(B, B") — — — = A(A, A") @ B(B, B")

1®s®1
MM

A(A, A") @ A(A, A') @ B(B', B") © B(B, B")

and the identity element is

I35 Te T 22298, A(A, A) ® B(B, B).
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The axioms are satisfied so A® B is a V-category. The tensor product of V-functors

and V-natural transformations can also be defined accordingly, so that we obtain a

2-functor ® : V-Cat x V-Cat — V-Cat. The unit Z is the unit V-category with

one object x and Z(x,*) = I. Hence with the appropriate constraints, V-Cat is a

monoidal 2-category (for a formal definition, see for example [BN96]). Also, it has

a symmetry s4 5 : A®B = B® A which renders it a symmetric monoidal 2-category.
There is the so-called ‘underlying category functor’

(=)o : V-Cat — Cat

which maps the V-category A to the ordinary category Ay = V-Cat(Z,.A), the
underlying category of the enriched A. Explicitly, Ay has the same objects as the
V-enriched A, while a map f : A — B in Ay is an element f : I — A(A, B) of
A(A,B), i.e. Ag(A,B) =V(I,A(A, B)) as sets. There are appropriate definitions
for the underlying V-functor and underlying V-natural transformation. The amount
of information lost in the passage from enriched categories to their underlying cate-
gories depends very much on the base V. In particular, how much information about
A is retained by the underlying Ay depends on ‘how faithful’ the functor V(I, —) is.

We saw earlier that if A is enriched in a symmetric monoidal closed category V),
there is a V-functor Hom 4 as in which gives the hom-objects of the enrichment.
There is also an ordinary functor between the underlying categories

A(= =)+ Ag” x Ag V (4.5)
(A, B) —— A(A, B)

sometimes called the enriched hom-functor, which maps a pair of arrows (A’ i)
A, B2 B') in AP x Ay to the top arrow

A(4,B) - - - - - - - o - A4, B).
T’li TM
'A(A7B) ®1 _A(B7 B/) ® .A(A/, B)

1®fi Tg®1

A(AB) ® A(A', A) —= A(A'\ B) ——— & A(A', B)
This functor is evidently the composite
AT x Ag — (AP @ A)g T2,y

where the first arrow is a canonical functor relating the two underlying categories.
Notice how this functor A(—, —), unlike Hom 4, can be defined for categories enriched
in any monoidal category V, without further conditions on it.

Speaking loosely, we say that an ordinary category C is enriched in a monoidal
category V when we have a V-enriched category A and an isomorphism Ag = C.

Consequently, to be enriched in V is not a property, but additional structure. Of
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course, a given ordinary category may be enriched in more than one monoidal cat-
egories: that is evident in view of the change of base described below. But also, a
category C may be enriched in V in more than one way, so that there may be many
different V-categories with the same underlying ordinary category.

PROPOSITION 4.1.1. Suppose F': V — W is a lax monoidal functor between two

monoidal categories. There is an induced 2-functor
F:V-Cat — W-Cat

between the 2-categories of V and W-enriched categories, which maps any V-category
A to a W-category with the same objects as A and hom-objects F.A(A, B).

PROOF. Given a V-category A, the W-category F.A has objects ob(F.A) =ob.A
and hom-objects (F.A)(A, B) = F(A(A, B)) € W. The composition and the identi-
ties are given by

FA(B,C)® FA(A,B) - - — — - - FA(A,C) Iy ———— - - FA(A, A)

/ @0
FM

F(A(B,C)® A(A, B)) Fly

D A(B,C),A(A,B)

where ¢, ¢¢ are the structure maps of the lax monoidal functor F. It can be checked
that the diagrams of associativity and identities commute, therefore F.A is a W-
category.

If K: A— Bisa V-functor with maps Kap : A(A,B) - B(KA,KB) in V for
every pair of objects in A, we can form a W-functor

FK:FA— FB
with the same function on objects, and for every pair of objects in F.A a map

(FK)ap : FAA,B) 2542, pR(K A, K B)

in W, such that the axioms of a W-functor are satisfied.
If 7: K = L is a V-natural transformation between V-functors K,L : A — B,
its image Fr : FK = FL consists of an ob(F.A)-indexed family of components

Ly - - -=- >~ FB(KA,LA)
$o
Fry
FIy
in W, which satisfy the W-naturality condition in a straightforward way. O

Another standard example of enrichment is the usual functor category between
two V-categories, which under specific assumptions on V obtains a V-enriched struc-
ture itself. Explicitly, when V is a symmetric monoidal closed category with all

limits, we can define the enriched functor category [A,B] with objects V-functors
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A — B, and hom-object [A, B|(F,G) for any two V-functors F', G the following end
Jaca BIFA,GA) = T1aea BIFA, GA) = 14 area [AA, A'), B(FA,GA")

constructed in detail in [Kel05, 2.1]. It is not hard to define a composition law and
identity elements for the functor category, and the axioms which make [A, B] into
V-category follow from the corresponding axioms for B.

It can be deduced that, when V has the above mentioned properties, the functor
—®A:V-Cat — V-Cat

in the monoidal category V-Cat has [A, —] as its right adjoint, with a (2-)natural
isomorphism

V-Cat(A ® B,C) = V-Cat(A, [B,(C])
for any V-categories A, B and C. Therefore the symmetric monoidal 2-category

V-Cat has also a closed structure.

4.2. V-enriched bimodules and modules

As mentioned in Examples of bicategories, there is a bicategory of bimod-
ules BMod where 1-cells are abelian groups M which are left R-modules and right
S-modules for rings R, S, such that the two actions are compatible. More explicitly,

these actions yield group homomorphisms
RoM M, MS->M

such that (r-m)-s=r-(m-s) forallr € R, s € S and m € M. Morphisms
between them are group homomorphisms f : M — N which respect the R and
S-actions. These data define a category of (R, S)-bimodules and bimodule maps
between them, which is furthermore an additive category, i.e. each RHomg(M, N)
is an abelian group.

There is another equivalent formulation of these definitions, which make it easier
to obtain a generalization to V-enriched modules. Recall that a ring is essentially
the same as an Ab-category with only one object, in the sense that the underlying
additive group of the ring is the single hom-object and the multiplication of the ring

is composition law. Then an (R, S)-bimodule can be regarded as an additive functor
S?® R — Ab

where the opposite ring S°P has reversed multiplication. Equivalently, this amounts
to an additive functor
R — [S°P, Ab].
In these terms, a bimodule map is an additive natural transformation between the
respective additive functors.
The next step, since Rng=Mon(Ab), would be to consider bimodules for
monoids in an arbitrary monoidal category V. The definitions that arise are pre-

cisely the ones which were employed in Section [3.4] in order to study the existence
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of adjoints for the restriction of scalars. By analogy with ring bimodules, an (A, B)-
bimodule M for monoids A and B in a symmetric monoidal closed V can also be
expressed as a V-functor

M:BPA—->YV

where the monoids A and B are viewed as one-object V-categories, in the same way
as rings were viewed as one-object additive categories.

Even more generally, we can consider left A-/right B-bimodules for general V-
categories A, B. Hence, define a V-bimodule M to be a V-functor

BP®A—=YV (4.6)

for ¥V a symmetric monoidal closed category, where the opposite category B°P is
V-enriched by symmetry of V), the tensor product in V-Cat was defined in the
previous section and V is enriched in itself via the internal hom. Equivalently, if
V is moreover complete, a (A, B)-bimodule is a V-functor A — [B°P, V] using the
monoidal closed structure of V-Cat. Bimodules (enriched in Set) are also called
profunctors or distributors. Maps of enriched bimodules are evidently defined as
V-natural transformations and are called V-bimodule maps.

There is an alternative, more intuitive formulation of the definition of a V-
module (see [Law73]) which is closer to the initial notion of ordinary bimodules.
More specifically, an (A, B)-bimodule M is given by a family of objects M (B, A) € V
for all (B, A) € obA x obB, together with arrows

A(A, A @ M(B, A) — M(A, B)
M(B, A) ® B(B', B) — M(A,B)

in V, which satisfy usual axioms and are compatible with each other. A detailed
presentation of the diagrams involved can be found for example in [Car95] and
[GS13], and the equivalence between these two definitions of V-bimodules is easily
verified.

Regarding the maps between them, a V-bimodule map o : M — M’ between

two left A-/right B bimodules consists of a family of arrows
aap:M(B,A) — M'(B,A)

in VY for all A € A, B € B, which respect the A and B-actions. These can be
composed in an evident way, thus we have a category of (A, B)-bimodules for any
V-categories A and B, denoted by V-BMod(A, B) or V- 4Modpg. Notice that for
the second characterization of V-bimodules, we do not need any extra assumptions
on the monoidal category V.

Back to the example of ordinary bimodules, an important feature is the fact
that there is a ‘composition’ operation, by taking the tensor product of bimodules
over a ring. More precisely, given an (R, S)-bimodule M and a (S, T)-bimodule N,
their tensor product M ®g N obtains a structure of a (R,T)-bimodule. Having in
mind that bimodules constitute the 1-cells in the bicategory BMod, if we denote
themas M : R —+ S and N : S — T so that they are also distinguished from ring
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homomorphisms, this process can be written
NM=M®ogN: R—¥ss5 Y ,1,
and by the canonical isomorphisms
(MesN)or L= M®s(NorlL), MesS=M

for a (T, V)-bimodule L, it is clear that this tensor product satisfies associativity
and identity laws up to isomorphism.

In order to generalize the composition of ordinary bimodules to the enriched
case, we will use the expression of the tensor product of modules over a ring as
a coequalizer. For bimodules in a general monoidal category V), this is expressed
precisely by the construction of the tensor product of a right B-bimodule and
a left B-bimodule over a monoid B.

For this operation to be accordingly defined in the level of enriched bimodules,
and for the collection of V-bimodules and bimodule morphisms between two V-
categories to obtain the structure of a V-enriched category itself, the base category
V is requested to be a complete and cocomplete symmetric monoidal closed category.
Based on the above idea, for two V-bimodules M : A —+ B and N : B —+ C we de-
fine their composite N o M : A —+ C by specifying its components by the following

coequalizer:
ZB’BleB M(B’,A)®B(B,B')®N(C,B) < > Bes M(B,A)®N(C,B) ——>> (NoM)(C,A).

The parallel arrows come from the B-actions on M and N. This definition in fact
exhibits the composite as the coend
NoM = M(B,—)® N(—, B),
BeB

which inherits a left A-action and a right C-action, and we also write (NoM)(C, A) =
M (B, A)®pN(C, B). This operation can be verified to be associative and unitary up
to isomorphism by the associativity, left and right unit constraints of the monoidal
category V. So the above data indeed define a bicategory V-BMod (or V-Dist
or V-Prof) with objects V-categories, 1-cells V-bimodules and 2-cells V-bimodule
maps.

Bimodules can also be thought of as generalized V-functors between V-categories,
considered as ‘V-valued relations’ between them (as in Lawvere’s [Law73]). In
particular, every V-functor F : A — B gives rise to bimodules F} : A —+ B and

F*:B—+ A defined by
F.(B,A)=B(B,FA), F*(A,B)=B(FA,B). (4.7)

This structure implies that V-BMod fits in the context of the final Section [8.2
For the purposes of this thesis, we are more interested in the categories of one-

sided modules, i.e. left A-modules or right B-modules for V-categories A or B. We

follow the second formulation of the definition of V-modules, which does not require

extra conditions on V.
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DEFINITION 4.2.1. A left A-module ¥, also written as ¥ : A —+ 7 | is given by
objects WA in V for each A € A and arrows

pi AA,A) @ TA - TA

in V for each A, A’ € A, subject to the commutativity of

A(A, A @ A(A, A @ WA —2 A4, A7) @ A A(A, A) @ WA
M®1 l# / \
A(A,A") @ WA . a

The arrows M and j4 are the composition and identity element in )V, and the
associativity and identity constraints are suppressed. If Z: A4 —— Z is another left
A-module, then a left module morphism « : ¥ — = is given by an obA-indexed
family

ay VA - =EA

of arrows in V), satisfying the commutativity of

A(A, A @ WA A(A, A @ EA
@ 2
oA . =4

for all A, A" € A.

The category of left .A-modules is denoted by V-Mod(A) or V- 4Mod. Dually,
we can define the category of right B-modules V-Modpg, with objects Z —+ B .

We could define a left A-module ¥ to be a V-functor ¥ : 4 — V and a right
B-module = to be a V-functor = : B°? — V. This agrees with , since of course
ART = A and B°?®T = B°P for the unit V-category Z, but that would require extra
structure on V as clarified earlier. We would then be able to identify the categories
V- 4Mod and V-Modpg with the presheaf categories [A, V] and [B°P, V] of V-functors
and V-natural transformations. Via this presentation, many useful properties are
inherited from V), such as completeness, cocompleteness (obtained pointwise) and
local presentability: for any locally A-presentable category C and small category A,
the functor category C* = [A,C] is locally A-presentable itself by [AR94, 1.54].

Notice that the above concepts are evidently associated with the general notion
of a module (or bimodule) for a monad in a bicategory, as described in Section
This relation will be illustrated at the last sections of Chapter [7} in the formal
context of the bicategory of V-matrices V-Mat.

4.3. Actions of monoidal categories and enrichment

We now recall some parts of the general theory of actions of monoidal categories,
leading to specific enrichments. We largely follow [JKO02] by Janelidze and Kelly,
adding some details.
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An action of a monoidal category V = (V,®,1I,a,l,r) on an ordinary category
D is given by a functor
x*: VxD D

(X,D) —= X D

with a natural isomorphism with components xyxyp : (X ® Y)* D — X % (Y % D)
and a natural isomorphism with components vp : I * D =+ D, satisfying the

commutativity of the diagrams

(X®Y)®Z)*D —> (X@Y)*(Z+D) ——= X (Y % (Z+D))  (4.8)

a*ll Tl*x

(XY ®Z2)*D X*x(Y®Z)xD),

X

D X Ix(
XD,

(I ®X)x* X * D)

(X®I)xD

X X
k %

X xD.

Notice that if % is an action, then the opposite functor x°P : VP x DP — DOP ig

x (I * D)

still an action: the corresponding natural isomorphisms are Y~ and v~ and the
action axioms follow from those for x.

For example, any monoidal category V has a canonical action on itself, by taking
*x=Q:VxV-=V

and x = a, v = [ the monoidal constraints. This is sometimes called the regular

representation of V.

REMARK 4.3.1. (i) In Bénabou’s [Bén67], a very inspiring characterization of
actions is provided, connecting the notion with a bicategorical construction. More
specifically, it is asserted that a (left) action of a monoidal category V (multiplicative
category in the terminology therein) on any category A can be identified with a

bicategory K with only two objects {0, 1} and hom-categories
K(0,0) =1, £(1,0) =0, £(0,1) = A, £(1,1) =V.

The horizontal composition for the possible combinations of the objects 0,1 gives
the tensor product ® = o; ;1 of V and the action * = og 11 on A, the associativ-
ity and identity constraints give the monoidal constraints and the action structure
transformations, whereas the coherence conditions correspond to the appropriate
axioms.

In particular, the canonical action of any monoidal category V on itself gives rise
to a bicategory MV with two objects as above, and hom-categories MV(0,0) = 1,
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MV(1,0) =0, MV(0,1) = MV(1,1) = V. This bicategory will be used for a certain
description of global categories of modules and comodules in Chapter [6]

(1i) A pseudomonoid in a monoidal category is an object with multiplication
and unit as defined in Section for which the diagrams (3.13) commute up to
coherent isomorphism. For example, a pseudomonoid in the cartesian monoidal
category (Cat, x,1) is precisely a monoidal category V, with multiplication being
the tensor product and unit picking the unit object.

Furthermore, a pseudomodule for a pseudomonoid in a monoidal category is again
defined as in Section where the diagrams commute up to isomorphism,
satisfying coherence axioms. From this point of view, the action of a monoidal
category described above is a pseudoaction of a pseudomonoid on an object of the
monoidal Cat, i.e. D is a V-pseudomodule. More on this viewpoint will be discussed
in the final chapter.

Another example of an action which will be used repeatedly is the following.

LEMMA 4.3.2. Suppose V is a symmetric monoidal closed category. The internal
hom
[—,—]: VP xV—YV
constitutes an action of the monoidal category V°P on the category V, via the stan-
dard natural isomorphisms

Xxvz:[X®Y,D] = [X,[Y, Z]
vp: [I,D] = D.
Moreover, the induced functor
Mon|[—, —] : Comon(V)°* x Mon(V) — Mon(V)

is an action of the monoidal category Comon(V)°P on the category Mon(V).

PRrOOF. The isomorphisms xxyz,Vp can be verified to satisfy the axioms
using the transpose diagrams under the adjunction (— ®Y) 4 [Y, —]. Moreover, the
functor Mon|—, —] induced between the categories of comonoids and monoids as in
(3.17)) is just a restriction of [—, —]. Hence the natural isomorphisms in Mon(V),
reflected by the conservative forgetful functor S : Mon(V) — V, render Mon|—, —]
into an action too. Recall that Comon()) and its opposite are monoidal since V is

symmetric. O

For our purposes, it is a very important fact that given a category D along
with an action of a monoidal category V with a parametrized adjoint, we obtain a
V-enriched category. In fact, this follows from a much stronger result of [GP97]

regarding categories enriched in bicategories, as mentioned in the introduction.

THEOREM 4.3.3. Suppose that V is a monoidal category which acts on a category
D wvia a functor x : ¥V x D — D such that — * D has a right adjoint F(D,—) for
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every D € D, with a natural isomorphism
DX« D,E)=V(X,F(D,E)). (4.9)

Then we can enrich D in V, in the sense that there is a V-category with the same
objects as D, hom-objects F(A, B) for A, B € obD and underlying category D.

PROOF. Suppose we have an adjunction

—x*xD
1% I D (4.10)
F(Dv_)

for every object D in D, where * is the action of V on D. This implies that there is
a unique way of defining a functor of two variables

F:D"xD—YV

such that the isomorphism is natural in all three variables, i.e. F' is the
parametrized adjoint of (— * —). We are going to show in detail how these data
induce an enrichment of D in V, with enriched hom the functor F.
The composition law is the arrow M : F(B,C) ® F(A,B) — F(A,C) which
corresponds uniquely under the adjunction — % D 4 F(D, —) to the composite
(F(B,C)®@ F(A,B))« A - — — — — — >C (4.11)

XF(B,C),F(A,B),A\L ng

F(B,C)« (F(A,B)* A)

F(B,C) B

A
1xe

where ¢ is the counit of the adjunction (4.10)). The identity element is the morphism
ja: I — F(A, A) which corresponds uniquely to the isomorphism

I+ A5 A (4.12)

The associativity axiom diagram translates under the adjunction to the following
diagram in D

axl

((F(C,D)® F(B,C)) ® F(A,B)) x A *> (F(C,D)® (F(B,C) ® F(A,B))) x A
(F(C,D)® F(B,C)) * (F(A, B) x A) F(C,D)x ((F(B,C)® F(A, B)) * A)
s X Ly
(F(C, D)@ F(B,C)) + B F(C, D) % (F(B,C) % (F(A, B)  A))
X Lx(1*e3)
F(C,D)x (F(B,C) x B) - >~ F(C,D) x (F(B,C) % B)
1*&2 1*53
F(C,D)*C F(C,D)*C
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which commutes due to naturality of y and €. The identity axioms correspond to
the diagrams

F(B,B)® F(A,B)) * A

F(B,B)*(F(A,B) x A)

JB®1 M
/ % il*EB
(I ® F(A, B)) *A—>I* B)xA) —=1xB —— F(B,B)« B
1xe JjB*1

\ l'f \l&B

b B

F(A,B) A B,

5
F(A,B)® F(A,A) + A — F(A, B)  (F(4, A) )

(1®ja)*
1xed
1*(]A*1) A

(F(A,B)®1I) *A—>FAB x (I *A) : F(A,B)x A

\ J}

A
€B

in D, which commute again for evident reasons.
Therefore we obtain a V-enriched category A, with objects obA = obD and
hom-objects A(A, B) = F(A, B). The underlying category of A is precisely D:

Ao(A, B) = V(I, A(A, B)) = V(I, F(A,B)) =~ D(I A, B) ~ D(A, B)

= A, =D
using the isomorphisms (4.9)) and v4. O

As a straightforward application, we recover the well-known fact that the internal
hom in a monoidal closed category V induces an enrichment of V in itself with hom-
objects [A, B], as mentioned in Section This is the case, since the canonical
action * = ® has as parametrized adjoint the functor [—, —].

As shown in detail in [JKO02], when V is a monoidal closed category the natural
isomorphism lifts to a V-natural isomorphism

A(X «D,E) = [X, A(D, E)].

The existence of a V-enriched representation of [ X, A(D, —)] is expressed by saying
that the V-category A is tensored, with X *x D as the tensor product of X and D.
Furthermore, the case when not only the functor (— % D) but also (X % —) has a
right adjoint G(X, —) is addressed when V is moreover symmetric. Together with
the natural isomorphism we get

D(D,G(X,E)) = D(X D, E) = V(X, F(D, E)).

The bottomline is that the above assumptions result in the existence of a tensored
and cotensored V-enriched category, with underlying category D, tensor product
X % D and cotensor product G(X, E).
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As a special case of the above theorem, suppose that there is an action of a

monoidal category V on the opposite of a category D = B°P via a bifunctor
x: YV x B — B,

If we have an adjunction as in (4.10]), the parametrized adjoint F': B x B°? — V of
* can be denoted as
P:BPxB—YV

by switching the entries of a pair in the cartesian product. The natural isomorphism
(4.9) then becomes

B(A, X « B) 2 V(X,P(A, B))
for X €V and A, B € B.

COROLLARY 4.3.4. If % :V x B°? — B°P is an action of the monoidal closed V
on the category B°P along with an adjunction (— * B) 4 P(—, B) for each B € B,
then B°P is tensored V-enriched with hom-objects B°?(A, B) = P(B, A).

Moreover, if V is symmetric then the opposite of a V-enriched category is still

enriched in V. Hence in the situation above, there is an induced enrichment of
B = (B°P)°P in V with the same objects and hom-objects B(A, B) = B°?(B, A).

COROLLARY 4.3.5. Let V be a symmetric monoidal closed category acting on
B°P. If for each object B, the action functor —x B : V — B°P has a right adjoint
P(—,B) : B°® =V, then the parametrized adjoint

P(—,—):B®xB—V

of the action provides the hom-objects of a cotensored V-enriched category with un-
derlying ordinary category B and X * B the cotensor product of X and B. If fur-

thermore X * — : B°® — B°P has a right adjoint, the V-category is also tensored.

We are interested in these variations of Theorem because our examples in
the following chapters fall into these precise formulations.



CHAPTER 5

Fibrations and Opfibrations

This chapter begins with a detailed review of the basic concepts of the theory
of fibrations and opfibrations, which plays a central role in the development of this
thesis. Our presentation follows mainly [Bor94b), Jac99, [Joh02b|. The notion of
a fibred category, which arose from the work of Grothendieck in algebraic geometry,
successfully captures the concept of a category varying over (or indexed by) a dif-
ferent category. There has also been a connection of fibrations with foundations for
category theory, investigated in [Bén85].

Inside the total category of a fibration, the cartesian morphisms which are uni-
versally characterized incorporate a coherent structure: that of an indexed category,
i.e. a certain pseudofunctor. This is best understood via the Grothendieck construc-
tion (see Theorem originally in [Gro61], which demonstrates the essential
equivalence between these two concepts. In fact, the coherent structure maps of an
indexed category, whose existence is only implicit in fibrations, show that an indexed
category has a structure whereas a fibration has a property (which determines such
structure when a cleavage is chosen). Despite their correspondence, fibrations are
technically often more convenient than indexed categories.

In the last section, we turn our attention to the fibrewise limits and adjunctions
between fibred categories. Following the terminology and results of [Her94), .Jac99],
we slightly extend the existing theory by examining under which assumptions a fi-
bred 1-cell between fibrations over different bases has a (fibred) adjoint. Hermida
in his thesis [Her93| had already established the factorization of general fibred ad-
junctions in terms of cartesian fibred adjunctions and fibred adjunctions, suggesting
an important characterization of fibred completeness. However, we follow a different
approach to related problems.

5.1. Basic definitions

Consider a functor P : A — X. A morphism ¢ : A — B in A over a morphism
f=P(¢): X - Y in X is called (P-)cartesian if and only if, for all g : X’ — X in
Xand 0 : A' — B in A with P0 = f o g, there exists a unique arrow ¢ : A’ — A
such that Py =g and 6 = ¢ o 9:

!
A 0
{ Ty B in A
N )

/ : :
: ng

g X Y in X
f=P¢
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For X € obX, the fibre of P over X written Ay, is the subcategory of A which
consists of objects A such that P(A) = X and morphisms ¢ with P(¢) = 1x, called
(P—)wvertical morphisms.

The functor P : A — X is called a fibration if and only if, for all f : X — Y
in X and B € Ay, there is a cartesian morphism ¢ with codomain B above f, i.e.
¢ : A — B with P(¢) = f. We call such an ¢ a cartesian lifting of B along f. The
category X is then called the base of the fibration, and A its total category.

Dually to the above, suppose we have a functor U : C — X. A morphism
B : C — D is cocartesian over a morphism U = f : X — Y in X if, for all
g:Y =Y inXandall y: C — D' with Uy = go f, there exists a unique morphism
d:D — D' such that U§ = g and v = § o 3:

/ D,

C p-_F inC
B 4

X Y g in X

f=ug

The functor U : C — X is an opfibration if U°P is a fibration, i.e. for every C € Cx
and f: X — Y in X there is a cocartesian morphism with domain C' above f, called
the cocartesian lifting of C' along f. If U is both a fibration and an opfibration, it
is called a bifibration.

REMARK. What was above called ‘cartesian’ is sometimes called ‘hypercartesian’
instead. In that case, a cartesian morphism ¢ : A — B would satisfy the property
that for any 0 : A’ — B with P(¢) = P(0), there is a unique vertical arrow ¢ : A’ —
A with ¢ op = 6:

A/
\
I | 0
y
A B in A.
]

If we were to use this definition, we would have to add the requirement that cartesian

arrows are closed under composition, in order to define a fibration.

ExAMPLES. (1) Every category C gives rise to the family fibration
f(C) : Fam(C) — Set

over the category of sets. The category Fam(C) has objects indexed families of
objects in C, {X;}ier for a set I, and morphisms

({fitier,u) : {Xi}ier — {Yj}ties

are pairs which consist of a function u : I — J and a family of morphisms f; : X; —
Yy @) in C for all i’s. The functor f (C) just takes a family of objects to its indexing
set and a morphism to its function part. The cartesian arrows are pairs for which
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every f; is an isomorphism, so a cartesian lifting of {Y}};ec; above u : I — J is

(Lu)

Yo Yier {Yitjes in Fam(C)
f(0) f(0)

Y Y

I J in Set.

u

(2) Consider the ‘codomain’ functor for any category A
cod: A2 — A (5.1)

where A2 = [2, A] is the category of arrows of A, i.e. the functor category from
2 = (0 — 1) with two objects and one non-identity arrow to .A. This functor takes
a morphism f: A — B in A to its codomain B, and a commutative square

A B
I
c D

which expresses an arrow from f to g, to k : B — D. Now, a cod-cartesian arrow of
C % D above k : B— D is the pullback square

R

_—
g

e ——> B

Lk

g

therefore if A has pullbacks, cod is a fibration. Since this allows one to consider
A as fibred over itself and this is central for developing category theory over A,
we call cod the fundamental fibration of A. The fibre over an object A is simply
the slice category A/A. Dually we have the ‘domain opfibration’ with pushouts as

cocartesian morphisms.

As an immediate consequence of the definition of cartesian and cocartesian mor-
phisms, we have that if g and f are composable (co)cartesian arrows, their composite
g o f is again a (co)cartesian arrow. Also if g o f and g are (co)cartesian arrows,
then so is f. For example, for the fundamental fibration this is the standard result
that if A and B as in
o — >
l y
[ ]

S

—_— e

|

_—> e

o<—— 0

are pullbacks, then the pasted square is a pullback. Moreover, if the outer square
and B are pullbacks, then so is A.

If P: A— X is a fibration, assuming the axiom of choice we may select a
cartesian arrow over each f: X — Y in X and B € Ay, denoted by

Cart(f,B) : f*(B) — B.
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Such a choice of cartesian liftings is called a cleavage for P, which is then called a
cloven fibration. Any fibration can be turned into a cloven one, using the axiom of
choice to obtain a cleavage. Thus, henceforth we can assume that the fibrations we
deal with are cloven. Dually, if U is an opfibration, for any C' € Cx and f: X - Y

in X we can choose a cocartesian lifting of C' along f
Cocart(f,C) : C — fi(C).

As a result of the above definitions, any arrow 6 in the total category above f in
a cloven fibration P : A — X factorizes uniquely into a vertical morphism followed
by a cartesian one. Dually, any arrow - in the total category above f in the base
category of a cloven opfibration U : C — X factorizes uniquely into a cocartesian

arrow followed by a vertical one:

A i B C ! D
\ A
P | &
v Cart(f,B) Cocart(f,C) |
B P in A U hC inC
P U
\ \ \ \
X Y in X, X Y in X.
f=P6o f=U~

REMARK. Cartesian liftings of B € Ay along f: X — Y in X are unique up to

vertical isomorphism:

[N =Cart(f,B)

A B in A
¢=Cart(f,B)

v
X P
v
X Y
f=P(¢)

If ¢ and v are both cartesian morphisms, there exist unique o : A” — A and unique
B: A — A vertical arrows such that ¢goa =1 and 1o 8 = ¢ respectively. It follows

in X

that aof = 14 and Soa = 14/. Dually, cocartesian arrows are unique up to vertical

isomorphism.
A cleavage for a fibration P : A — X induces, for every morphism f: X — Y in
X, a so-called reindexing functor between the fibre categories
ff Ay — Ax. (5.2)

This maps each B € Ay to f*(B), the domain of the cartesian lifting along f given
by the cleavage, and each ¢ : B — B’ in the fibre Ay to f*(¢) : f*(B) — f*(B’),
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the unique vertical arrow making the diagram

Cart(f,B)
f*(B) (5.3)
\
(@)1 ¢
\l
* / /
f (B) Cart(f,B’) B

commute. Explicitly, since the composite ¢ o Cart(f, B) has codomain B’ in the
total category A, it uniquely factorizes through the chosen cartesian lifting of B’
along f by universal property of cartesian arrows.

The uniqueness of the factorization through a chosen cartesian arrow implies
immediately that f*(¢) o f*(¢) = f*(1 o ¢), i.e. that f* is a functor:

Cart(f,B)

f*(B) B
7
// I f*(9) ¢
/ \d
frwoe) | f*(B) eyl 4
\ ‘ ar (f7 )
‘W) ¥
EN
* B// - B/l 3
J1(B) Cart(f,B") in A
P P
\ N
; in X

Dually, if U : C — X is a cloven opfibration, for every f : X — Y in X we get a

reindexing functor between the fibres
fg :C X — Cy

mapping each object C' € Cx to the codomain fi(C) of the chosen cocartesian lifting
along f, and vertical morphisms v : C' — C’ to the unique fi(y) defined dually to

(5-3)-

Notice that the opfibration P°P for a fibration P : A — X has cocartesian liftings

C t(f,A Cart(f,A
wrtlfA) A n AP A A
pop popr = P P
v A \ '
; X' in X°P X’ ; X in X

and reindexing functors fy = (f*)°P : AY — AF.

REMARK 5.1.1. Due to the unique factorization of an arrow in a fibration and
an opfibration through cartesian and cocartesian liftings respectively, we can deduce
that a fibration P : A — X is also an opfibration (consequently a bifibration) if and
only if, for every f : X — Y the reindexing f* : Ay — Ax has a left adjoint, namely
fi: Ax = Ay (e.g. [Her93, Proposition 1.2.7]).
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In general, for composable maps f: X — Y and g : Y — Z in the base category
X of a fibration, it is not true that f* o ¢* = (g o f)*. However, these functors are

canonically isomorphic, as demonstrated by the following diagram:

A it o
5(f.g* A)
\
oA : \ g*A W)
\
(go f)*A A in A
Cart(gof,A)
X !
g
X \ Z in X.

gof
Since the composition of two cartesian arrows is again cartesian, d4 is the unique
vertical isomorphism which makes the above diagram commute. Thus we obtain a
natural isomorphism
519 frogt = (go f) (5.4)

with components vertical isomorphisms 53;’9 cffg*AX (go f)*A for any A € A.

Moreover, the identity morphism 14 : A — A for an object A above X is
cartesian over 1y : X — X, and so there exists a unique vertical isomorphism
74 1 A= (1x)*A making the top diagram

A
7 L4
\l
1x)*A A i
( X) Cart(1x,A) in A
X X in X
1x

commute. These morphisms are the components of a natural isomorphism
P Ly s (Ly)” (5.5)

where 14, is the identity functor on the fibre Ax. The natural transformations 4
and ~y will play an important part for the equivalence between fibrations and indexed
categories described in the next section.

In a completely analogous way, for an opfibration U : C — X there is a natural
isomorphism

"9 (gofn " gofi (5.6)

between the reindexing functors for composable arrows f and g, with components

vertical isomorphisms qé’g : (go fHC = g fiC induced by universality of cocartesian

arrows, and also a natural isomorpism

pX c(1x) = ley

with components vertical isomorphisms p : (1x)C = C.
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Nevertheless, a functorial choice of cartesian liftings is possible in specific situa-
tions. We usually assume, without loss of generality, that the cleavage is normalized
in the sense that Cart(lx, A) = 14, in which case the isomorphisms 4 are equal-
ities. If also Cart(g o f, A) = Cart(f, A) o Cart(g, f*(A)), and so d4 are equalities,
the cleavage of the fibration is called a splitting, and a fibration endowed with a split
cleavage is called a split fibration. Dually, we have the notion of a split opfibration.

We now turn to the appropriate notions of 1-cells and 2-cells for fibrations. A
morphism of fibrations (S, F) : P — @ between P: A — X and Q : B — Y is given

by a commutative square of functors and categories

A—2.n (5.7)

PJ{ lQ
X——Y
F
where S preserves cartesian arrows, meaning that if ¢ is P-cartesian, then S¢ is
Q-cartesian. The pair (S, F') is called a fibred 1-cell. In particular, when P and @

are fibrations over the same base category X, we may consider fibred 1-cells of the

form (S, 1x) displayed by commutative triangles

A—> -8
AIZ
X
which are just cartesian functors S such that @ oS = P. Then S is called a fibred
Sfunctor.

Dually, we have the notion of an opfibred 1-cell (K, F) and opfibred functor
(K, 1x) between opfibrations over arbitrary bases or the same base respectively,

where K preserves cocartesian arrows.

REMARK 5.1.2. Any fibred or opfibred 1-cell determines a collection of functors
{Sx : Ax — Bpx} between the fibre categories for all X € obX:

Sx: Ax e Brx (5.8)
Al > SA
fl ‘LSf
A > SA

This functor is well-defined, since Q(SA) = F(PA) = FX by commmutativity of
(5.7), so SA, SA” are in the fibre Bpx. Also Q(Sf) = F(Pf) = F(1x) = 1px since
F'is a functor, so Sf is an arrow in Brx.

The following well-known proposition gives a way, given a fibration and a dif-
ferent functor to its base, to construct a new fibration over the domain of the given
functor. A non-elementary proof (not as the one below) can be found in [Gra66].
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PROPOSITION 5.1.3 (Change of Base). Given a fibration @ : B — Y and an
arbitrary functor F': X — Y, the pullback diagram
s

F(5)

B

F*Q Q

X Y

F

exhibits F*Q : F*(B) — X as a fibration and (7, F') as a fibred 1-cell, i.e. 7 preserves

cartesian arrows.

PROOF. By construction of pullbacks in the complete category Cat, objects in
F*(B) are pairs (B,X) € obB x obX such that @B = FX, and morphisms are
(h,k): (B,X)— (B, X')withh: B— B'in B, k: X - X'in X and Qh = Fk in
Y. The functors m and F*(Q are the respective projections.

It can be easily verified, since @ is a fibration, that cartesian morphisms in F*(B)

exist and are of the form

(Cart(Ff,B),f)

(Ff)B,Z) (B, X) in F*(B)
F*Q F*Q
v f v
Z X in X
where Cart(F'f, B) is the Q-cartesian lifting of B along F'f. The projection w
obviously preserves cartesian arrows by the choice of cleavage. O

The same construction applies to opfibrations. We say that the fibration P =
F*Q is obtained from @) by change of base along F'. Notice also that for every object
X € obX, we have an isomorphism F*(B)y = Bpx of the fibre categories which is
given by Sx, the induced functor between the fibres

F*(B)x =, Brx (5.9)
(B, X) - B

(%) | lf
(B, X) | - B.

Going back to properties of fibred 1-cells, if we unravel the definition of a carte-

sian functor it is easy to deduce the following well-known result.

LEMMA 5.1.4. Suppose we have two fibrations P : A — X, Q : B = Y and a
fibred 1-cell (S, F') between them
B
l@
Y

- Y.
F

S

A———>

1
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Then the reindexing functors commute up to isomorphism with the induced functors

between the fibres. In other words, there is a natural isomorphism

Sy

Ay Bry (5.10)
ol ‘<Ff>~«
Ax o Brx

for every f: X =Y in X.

PRroOF. Consider a P-cartesian lifting Cart(f, A) : f*A — A of A € Ay along
f: X = Y in X. The functor S maps cartesian arrows to cartesian arrows, so the

morphism
. SCart(f,A) .
S(f*A) SA in B
v v
FX 7 FY inY

is Q-cartesian above F'f with codomain SA. On the other hand, the canonical choice
of a Q-cartesian lifting of SA along F'f is Cart(F f,SA) : (Ff)*(SA) — SA.

Since cartesian arrows are unique up to vertical isomorphism, there exists a
unique vertical isomorphism Tf‘ : (Ff)*(SA) — S(f*A) in the fibre Bpy, such
that the diagram

(Ff)*(S4)

; Cart(Ff,5A)
TA

S(f A) W} SA

commutes in the total category B. The family of invertible arrows Tj; in fact deter-
mines a natural isomorphism 7/ as in (5.10). To establish naturality, for an arrow
m: A— A in the fibre Ay we can form the following diagram:

(Ff)*(SA)
~ Cart(F f,SA)
= TA
S(f A) SCart(f,A) 54
(Ff)*(Sm) (=) | S(f*m) Sm
SCart(f,A’
S(f*A') WA gar in B
~ f -1
| Tar art(F f,SA")
(Ff)*(S4")
Ff

X Fry in X
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The outer diagram commutes by definition of the mapping of (F'f)* on the arrow
Sm, the right three inner diagrams commute for obvious reasons, hence the part
(**) commutes as well, establishing naturality of 7/. O

In particular, when S is a fibred functor between fibrations over the same base
category X, the isomorphism (5.10)) is written

Ay —2 . By (5.11)
f* 7 lf*
Ax By.

Sx

This lemma is relevant to the correspondence between fibrations and indexed cate-
gories, on the level of structure-preserving functors appropriate for these concepts.
This will become clearer in the next section.

Now given two fibred 1-cells (S, F),(T,G) : P = @ between fibrations P :
A — Xand Q : B — Y, a fibred 2-cell from (S, F) to (T,G) is a pair of natural
transformations (a: S = T,6 : F = G) with a above 3, i.e. Q(ay) = Bpa for all
A € A. We can display a fibred 2-cell (a, ) between two fibred 1-cells as

B (5.12)

In particular, when P and () are fibrations over the same base category X, we may
consider fibred 2-cells of the form (a,11,) : (5,1x) = (T, 1x) between the fibred
functors S and T, displayed as

which are in fact just natural transformations « : S = T such that Q(a4) = 1pa,
i.e. whose components are vertical arrows. A 2-cell like this is called a fibred natural
transformation. Dually, we have the notion of an opfibred 2-cell and opfibred natural
transformation between opfibred 1-cells and functors respectively.

In this way, we obtain a 2-category Fib of fibrations over arbitrary base cate-
gories, fibred 1-cells and fibred 2-cells, with the evident compositions coming from
Cat. In particular, there is a 2-category Fib(X) of fibrations over a fixed base
category X, fibred functors and fibred natural transformations. We also have the
2-categories Fibg, and Fib(X)g, of split fibrations and morphisms which preserve
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the splitting on the nose (i.e. up to equality and not only up to isomorphism). Du-
ally, we have the 2-categories OpFib and OpFib(X) of opfibrations over arbitrary
base categories and over a fixed base category X accordingly, as well as OpFibg,
and OpFib(X)g, for the split cases.

As a matter of fact, Fib and OpFib are (non-full) sub-2-categories of the 2-
category Cat? = [2, Cat] of ‘arrows in Cat’, with objects plain functors between
categories, morphisms commutative squares of categories and functors as in and
2-cells pairs of natural transformations as in (5.12). Also Fib(X) and OpFib(X)
are sub-2-categories of the slice 2-category Cat/X.

These 2-categories form part of fibrations themselves: we already know that
the functor cod : Cat? — Cat is the fundamental fibration , so consider its
restriction to Fib. Proposition [5.1.3| implies that this functor

cod|pip : Fib — Cat

which sends a fibration to its base is still a fibration, with cartesian morphisms
pullback squares and fibre categories Fib(X) for a category X € Cat. Also, the
restricted functor

COd|OpFib : OpFib — Cat

is again a fibration, with fibres OpFib(X) for each category X.

5.2. Indexed categories and the Grothendieck construction

Given a category X, a X-indexed category is a pseudofunctor
M XP — Cat

which, by Definition amounts to the following data: a category .# X for every
object X € obX and a functor #Zf : #Y — #X for each arrow f : X — Y,
together with natural isomorphisms s @ A f o . #g = M (go f) for each com-
posable pair of arrows and vx : 1 ,x = #(1x) for each object in X, satisfying
associativity and identity laws (2.5 . The categories .# X are usually called
fibres and the functors . f are called reindexing and are sometimes denoted by f*.
The terminology already indicates the relation with fibrations.
If # and 7 are X-indexed categories, a X-indexed functor T : M — H is a
pseudonatural transformation
M
—
Xop = Cat .
—
H
By Definition this means that for each object X of X there is a functor
Tx : M X — X and for each arrow f: X — Y there is a natural isomorphism

wx - gy

- l lw

HX ——= Y
Hf

R
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subject to the compatibility conditions with the d7 4, and yx expressed by .

If 1,0 : M — 77 are X-indexed functors, a X-indexed natural transformation
m : 7 — o is a modification, which by Definition [2.1.5|consists of a family mx : 7x =
ox of natural transformations for every object X € obX subject to compatibility
conditions with the coherence isomorphisms 7; and oy expressed by .

Notice that in the above definitions, the ordinary category X is regarded as a 2-
category with no non-trivial 2-cells. As discussed in Section [2.1], the above data form
a 2-category [X°P, Cat|,s of X-indexed categories, X-indexed functors and X-indexed
natural transformations, also denoted as ICat(X).

The following establishes a correspondence between cloven fibration and indexed
categories, due to Grothendieck, which amounts to an equivalence between the 2-
categories Fib(X) and ICat(X) for a category X.

THEOREM 5.2.1.

(i) Every cloven fibration P : A — X gives rise to a X-indexed category Mp :
X — Cat.
(i1) [Grothendieck construction] Every indexed category .# : X°P — Cat gives rise
to a cloven fibration Pz : .4 — X.
(iii) The above correspondences yield an equivalence of 2-categories

ICat(X) ~ Fib(X) (5.13)

so that Mp, = M and P4, = P.

PROOF. (i) Let P : A — X be a cloven fibration. We can define a pseudofunctor
Mp : X°P — Cat as follows:

- Each object X € X is mapped to the fibre category over this object, i.e.
Mp(X) = Ax.

- Each morphism f : X — Y in X is mapped to the reindexing functor
Mp(f) =" Ay — Ax as in (5.2).

- Given g : Y — Z and A € Ay, there is a natural isomorphism 679 :
Mp(f) o Mp(g) = Mp(go f), explicitly described above .

- For any object A € Ay, there is a natural isomorphism ¥ : 1 Mp(X) =
AMp(14) described in detail above .

It is straightforward to check that these natural isomorphisms § and + satisfy the
coherence conditions for a pseudofunctor as described in the Definition [2.1.3

(ii) Let X be a category and .# : X°P — Cat an indexed category over X. The
Grothendieck category &4 of A is defined as follows: objects are pairs (A, X)
where X € obX and A € ob(.# X)), and morphisms (A4, X) — (B,Y) are pairs (¢, f)
where f: X — Y is an arrow in X and ¢ : A — (4 f)B is an arrow in .# X. This
can also be written as

AL (af)B inaX

f . (5.14)
X =Y in X.
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The composite of two arrows in this category (A4, X) @4, (B,Y) ), (C,Z) is

(0,90 f): (A, X)— (C,Z), where 0 is the composite

(éf,g)C

AL B nfo.mg)C (g0 )IC

for ¢ is the natural isomorphism as in of the pseudofunctor .#. The coherence
axiom for ¢4 ¢ ensures the associativity of this composition. Notice how we
employ the components of the 2-cell é¢ 4, since in this case it is actually a natural
transformation (the codomain of the pseudofunctor is Cat).

Moreover, the identity arrow for each (A4, X) € .4 is (i,1x) : (A, X) — (4, 1),
where 7 is the composite

A (1,04 2% g4

where 7 is the natural isomorphism as in (2.4)). Again, the identity laws follow from
the coherence conditions (2.6)) of the pseudofunctor .#, and so &.# is a category.
In fact, the projection functor

Py:64 — X

which maps each object (A4, X) to X and each morphism (¢, f) to f is a cloven
fibration: for each arrow f : X — Y of the base category X and an object (B,Y)
over Y, we can choose the following top arrow

Qapys:f)

(4 f)B, X)

(B,Y) in &4

Py Py
\ Y
in X

f

to be the cartesian lifting Cart(f,(B,Y)). Notice that the fibres (&.#)x of the
fibration P, over X € ob(X) are isomorphic to the categories .# X, due to the
isomorphism A = (1 ,x)A = .#(1x)A.

(iii) By Proposition in order to exhibit an equivalence between two 2-
categories, it is enough to construct a fully faithful and essentially surjective on
objects 2-functor between them. Hence, we will demonstrate how the ‘Grothendieck
construction” mapping on objects A +— (P 4 : .4 — X) extends to a 2-functor

P : [XP, Cat],s — Fib(X)

with the following two properties:

o If #, :X°P — Cat are two X-indexed categories, there is an isomorphism
B, [XP, Catlps (A, ) = Fib(X)(P.y, Pw) (5.15)

between the category of pseudonatural transformations and modifications and the
category of fibred functors and fibred natural transformations accordingly.

e Every fibration P : A — X is isomorphic to a fibration P, : 8.4 — X arising
from a pseudofunctor .#Z : X°P — Cat.
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Consider a pseudonatural transformation 7 : .# = ¢, consisting of functors
x : MX — HX for all X € obX and natural isomorphisms 7/ : 7x o A f
Jf oy for all arrows f: X — Y. Then, define

YB//;,%(T) B M — B

to be the functor which maps an object (A, X) € &4 to (7xA, X) € 8 and an
arrow (¢, f): (A, X) = (B,Y) in &4 like (5.14) to

TXA£> (Af)(ryB) in X
xLy in X
in 57, where ¢ is the composite

o
A PO o £)B B (f 0 1y)B.

The fact that Bz »(7) is a functor follows from the axioms of the pseudonatural
transformation 7, and it can be easily shown that it preserves cartesian liftings, via
the isomorphisms T]; for all B. The triangle

Boa,2(T)

DNz

commutes trivially, since the object of X which is projected by the fibrations remains

unchanged, therefore P 4 (1) is a fibred functor.
Now consider a modification m : 7 = ¢ between pseudonatural transformations
T,0 1 M = F€, given by a family of natural transformations mx : 7x = ox. We

can then define a natural transformation

B, (m) : By (1) = Bouww(0)

by setting its components, for each (A, X) in &4, to be ((mx)a,1x): (x4, X) —
(cxA, X). The conditions which make

‘43/11%(7)

U‘B/fz o

NZE

into a fibred natural transformation are satisfied by the coherence axioms for the
modification m.

The above data define a 2-functor in a straightforward way, and moreover the
functor B 4 » is an isomorphism of categories, since the mappings above are bijec-
tive. Therefore an isomorphism is established.



5.2. INDEXED CATEGORIES AND THE GROTHENDIECK CONSTRUCTION 85

For the second property, the goal is to show that every fibration P : A — X is
specifically isomorphic to P4, in Fib(X). The latter fibration arises by applying
the Grothendieck construction to the induced pseudofunctor .#p as constructed at

part (i) of the proof. Indeed, there exists an invertible fibred functor

F

A &4 p

N

which maps an object A in A to the pair (A, PA) in the Grothendieck category
&.#p, and a morphism ¢ : A — B to (0, P¢) : (A, PA) — (B, PB), where 6 is the
unique vertical arrow of the P-factorization of ¢:

A— " . p
\

01

Y %‘#B)
(Po)*B

Functoriality follows from uniqueness of cartesian liftings, and F' is evidently bijec-
tive on objects and on arrows. Also, it preserves cartesian arrows and commutes

with the fibrations P, P 4, hence it is an isomorphism of fibrations over X. ]

Notice that in the Grothendieck construction above, we write the pairs in the
opposite way from the standard notation. The same will apply for the form of
objects and morphisms of all fibred categories studied later on.

The equivalence clearly restricts to one between split fibrations over X
and ‘strict’ X-indexed categories, i.e. functors from X°P to Cat:

[X°P Cat] ~ Fib(X)gp,
Dually, we have an analogous result relating opfibrations U : C — X and ‘covariant

indexed categories’, i.e. pseudofunctors .% : X — Cat.

THEOREM 5.2.2. There is an equivalence of 2-categories
(X, Cat],s ~ OpFib(X).

In particular, every opfibration U : C — X is isomorphic to Uz : &% — X arising

from a pseudofunctor % : X — Cat, and there is an isomorphism of categories
[X, Cat](#,%) = OpFib(X)(Uz, Uy)

for any two pseudofunctors F,4 : X — Cat.

The above theorems show how X-indexed categories are ‘essentially the same as’
cloven fibrations over X, and covariant indexed categories as opfibrations, hence we
are able to freely pass from the one structure to the other depending on our needs.
Via this process, we can also transfer properties and state them in the fibrational or

indexed categories language at will.
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As an example of how indexed and covariant indexed categories can be conve-
nient means of studying fibrations and opfibrations, consider the following situation.
If K : C — D is an opfibred functor between U : C — X and V : D — X by the dual
of Lemma there is a natural isomorphism

Cx —=Cy (5.16)

for any arrow f : X — Y in X. We can also deduce this as follows. By Theorem
[(.2.2] the opfibrations U, V' correspond to pseudofunctors .#,¥ : X — Cat, in the
sense that U is isomorphic to Uz : .% — X and V is isomorphic to Uy : 64 — Y.
In particular Cx =2 X, Dx = ¢4 X and the reindexing functors are .% f and ¢ f
respectively. Now, the opfibred functor K corresponds uniquely to an X-indexed
functor 7 : F = ¥, which is a pseudonatural transformation equipped with an

(ordinary) natural isomorphism with components

ZFf

FX —— FY

Txi lw

X — > 9GY
g f

IR

for every f: X — Y in X. This diagram corresponds uniquely to an isomorphism
exactly like . This is evident after the realization that the functors K x induced
between the fibres as in Remark are precisely 7x.

As another example, suppose that ) : B — Y is a fibration which corresponds
uniquely to the pseudofunctor 5 : Y°P — Cat. Then, if F': X — Y is a functor,
the fibration F*(Q obtained from @ by change of base along F

F*(B) —>B

_
F*Ql lQ
Y

as in Proposition [5.1.3] corresponds to the composite pseudofunctor
xop 2, yor 7, Cat,

This is evident by part (i) of the proof of the above theorem, since its mapping on
objects is

H(FX) = Bpx 2 F*(B)x
by B =2 &7 and the isomorphism . On arrows, for f : Z — X in X and B
above F'X we have

(A (Ff)B, X) = ((Ff)'B,X) = f*(B, X)

for f* the reindexing functor of the fibration F*@.
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The 2-categories of the form ICat(X) for each X, sometimes also denoted as
Catyx, turn out to also be fibres of a fibration, like their equivalent Fib(X). Ex-
plicitly, there is a 2-category ICat with objects indexed categories .# : X°P — Cat
for arbitrary categories X. A morphism from .#Z to ¢ : Y°P — Cat is given by a
functor F': X — Y and an X-indexed functor

Xop ad Cat

ror | U/’
yor H

and we write (F,7) : .4 — . Notice the direct relation with the indexed expres-

sion of pullbacks described above. A 2-cell (F,7) — (G, o) is given by a natural
transformation 8 : F = G and a modification

M
m A
o) % m
xop " _yoo % _Cat = X o Cat.
NS — -
Cor HoGoP

Compositions and identities are defined using those in Cat and ICat(—). Hence,
there is a (2-)functor
base : ICat — Cat

which maps an indexed category to its domain and a morphism to its first compo-
nent. This is a split fibration, with fibres ICat(X) above X and reindexing functors
precomposition with F°P for each F': X — Y in Cat. For more details, we refer the
reader to [Her93] or [Jac99].

THEOREM 5.2.3. There is a (2-)equivalence in the 2-category Fib(Cat)

ICat = Fib

k cod

Cat.
5.3. Fibred adjunctions and fibrewise limits

The notions of fibred and opfibred adjunction come from Definition [2.3.5]applied
to the 2-categories Fib and OpFib.

DEFINITION 5.3.1. Given fibrations P: A — X and Q : B — Y, a general fibred
adjunction is given by a pair of fibred 1-cells (L, F) : P — @ and (R,G) : Q — P
together with fibred 2-cells ((,n) : (14,1x) = (RL,GF) and (&,¢) : (LR, FG) =
(1p,ly) such that L 4 R via (,€ and F' - G via n,e. This is displayed as

L
A T B
R
Pi lQ
F
X T Y
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and we write (L, F) 4 (R,G) : Q@ — P. In particular, a fibred adjunction is an
adjunction in the 2-category Fib(X), displayed as

L
A I B (5.17)

N

Notice that since (¢,n) and (&, ) are fibred 2-cells, by definition ¢ is above n and
¢ is above g, which makes (P, Q) into a map of adjunctions (see Definition [2.3.6]).

Dually, we have the notions of general opfibred adjunction and opfibred adjunc-

tion for adjunctions in the 2-categories OpFib and OpFib(X) respectively. More-
over, for the 2-categories Fibg,, Fib(X)s,, OpFibg, and OpFib(X)s, they are called
general split (op)fibred adjunction and split (op)fibred adjunction. Then, the func-
tors L and R are required to preserve the cleavages of the split (op)fibrations on the
nose.

Since a basic aim in this section is to identify conditions under which (op)fibred
functors and (op)fibred 1-cells have left or right adjoints, we recall the following
well-known important fact (e.g. see [Win90, 4.5)).

LEMMA 5.3.2. Right adjoints in the 2-category Cat/X preserve cartesian arrows
and dually left adjoints in Cat/X preserve cocartesian arrows. The same holds for

adjoints in the 2-category Cat?.

This will prove very useful, since for example if a fibred functor has an ordinary
right adjoint between the total categories which commutes with the fibrations, then
the adjoint is necessarily fibred too.

It is clear that a fibred adjunction as in ([5.17)) induces fibrewise adjunctions

Lx

.AX 1 BX
Rx

between the fibre categories for each X in X. In the converse direction, we have the
following result, see for example [Bor94bl 8.4.2] or [Jac99) 1.8.9].

PROPOSITION 5.3.3. Suppose S : Q — P is a fibred functor between fibrations
Q:B—>Xand P: A— X. Then S has a fibred left adjoint L if and only if for
each X € X we have Lx - Sx, and the adjunct arrows

Xa:(LxofYA— (ffoLy)A (5.18)

described below are isomorphisms for all A € Ay and f: X — Y. Similarly, S has
a fibred right adjoint R iff Sx 4 Rx and (f* o Ry)B = (Rx o f*)B.

REMARK. An equivalent formulation of the above, coming from the correspon-
dent notion of indexed adjunctions (i.e. adjunction in the 2-category ICat(X)),
appears in [Her93]: a fibred adjunction L 4 R amounts to a family of adjunctions
{Lx 4 Rx : Bx — Ax}xex such that for every f : ¥ — X, (f*P,f*Q) is a
pseudo-map of adjunctions.
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PROOF. Since S is cartesian, the image of a cartesian lifting

Sx(f*LyA) SCart(f,Ly A)

is again a cartesian arrow above f in the total category A, for any A € Ay . Therefore

Sy (Ly A)

the composite top arrow below factorizes uniquely through it via an isomorphism:

Cart(f,A

A JA A (5.19)

\
Al | UX
\
Sx(f LyA) SCart(f.Ly A) SyLyA m .A

N \

X Y in X

f

The arrow x4 in (5.18) which we require to be an isomorphism is the one that
corresponds under Lx - Sx to ma:

A f*A Sxf*LyA in .AX

xa:Lxf*A

Then, these Lx assemble into a fibred left adjoint L : A — B: on objects we define
LA :=LyA for A € Ay, and on arrows we define L(¢) for

f*Ly A in Bx

frA in A

Y in X

to be the composite

LxC—-—--—-=—- ~ Ly A (5.20)

LXf 4 Cart(f,Ly A) in B

v v
X Y in X,

Functoriality of L follows, and also we can directly verify that it is a cartesian
functor. Using the fibrewise adjunctions we can also show that n and ¢ are natural

with respect to all morphisms and not just those in the fibres. O

REMARK 5.3.4. There is an equivalent and perhaps more intuitive way of phras-
ing the condition that the transpose x4 of w4 defined in (5.19)) is an isomorphism,
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as in [Jac99| or [KK13]. We require that the Beck-Chevalley condition holds, i.e.

the mate
L
Ay Y By

v |

-AX TX>BX

of the canonical invertible 2-cell

s
By—Y>Ay

17

BX TX>AX

as in ([5.11]) which comes with the cartesian functor S : B — A, is invertible as well.
Using the mates correspondence of Proposition we can explicitly compute the

component x4 as the composite

Lxf* Lx7rya
Lf A Sy Ly A LSy oLy A
\\\\\\\ la‘f*LYA
XA T = < _ _
> Ly A

by applying (2.17)) for the adjunctions Ly 4 .Sy and Lx 4 Sx.
Similarly for the existence of a right fibred adjoint, the mate

R
Ay —— By

| ow s

under the fibrewise adjunctions S(_y 4 R(_) is requested to be an isomorphism.

Notice that in order to just define an ordinary left adjoint L : A — B of the fibred
functor S between the total categories, the adjunction between the fibres and the
components of the mate y are sufficient, as can be seen from the defining diagram
(5.20). The supplementary fact that y should be an isomorphism ensures that this
adjoint is also cartesian, therefore constitutes a fibred adjoint of K. On the other
hand, for the existence of a right adjoint of S, the natural transformation w being
an isomorphism is required for the very construction of R, since the components w4
initially go to the opposite direction than the one needed.

Similarly, there is a dual result concerning fibrewise adjunctions between opfi-

brations over a fixed base.

PRroPOSITION 5.3.5. Suppose that K : U — V is an opfibred functor between
opfibrations U : C — X and V : D — X. It has a right opfibred adjoint R : D — C
(respectively left opfibred adjoint L) if and only if it has a fibrewise adjoint Kx 4 Rx
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(respectively Lx - Kx ) and the mate of the isomorphism o : Ky o fiy 2 fyo Kx,

given by the components

NfRx D RyoryD

fiRxD Ry Ky fiRxD
T - J{Ryﬁfp

T Z Ry fiD

Ry iKxRxD (5.21)

(respectively the mate Ly fi = fiLy ) for any D € Dx is also invertible.

These results give rise to questions concerning adjunctions between fibrations
over two different bases rather than the same as above. In this direction, The-
orem below is a generalization whose special case coincides with the above
proposition. In what follows, we emphasize more on the existence of a total adjoint
(induced only by its mapping on objects) and then we proceed to its full description.
We initially look at opfibrations because of the nature of the examples that arise

later.

LEMMA 5.3.6. Suppose (K, F) : U — V is an opfibred 1-cell given by the com-
mutative square
c—~5-p
g v
X T Y
and there is an adjunction between the base categories

F
X_I~V. (5.22)

-

G

with counit €. If, for each Y € Y, the composite functor

Cov 2% Dpgy £ Dy (5.23)

has a right adjoint Ry, then K : C — D between the total categories has a right
adjoint, with R(_y its mapping on objects.

PROOF. The adjunction (ey )1 Kgy - Ry comes with a natural isomorphism
Dy([(ey)ro Kay|(Z), D) = Cay (Z, Ry (D)) (5.24)
for any Z € Cqy, D € Dy. We claim that this induces a bijective correspondence
D(KC,D) = C(C,RyD) (5.25)

for any C' € Cx and D € Dy, which is natural in C. In other words, there is a
representation of the functor D(K—, D) with representing object Ry D. Then, by
adjunctions via representations, there is a unique way to define a functor

R:D—C

with object functions R(_y depending on the fibre of the objects, such that (5-25)) is
natural also in D thus gives an adjunction K - R.



92

5. FIBRATIONS AND OPFIBRATIONS

An element of the left hand side of (5.25) is an arrow m : KC' — D in the total
category D, which can be encoded by

k .
KC)—=D inD
fi( f) y (5.26)
FX =Y inY
where k is the unique vertical arrow of the factorization m = k o Cocart(f, KC).
total category C, i.e.

An element of the right hand side of (5.25) is an arrow n : C' — Ry D in the

9C 5 RyD inCay

x%Gy X
where n = [ o Cocart(g, C'). By the natural isomorphism and the adjunction
, this pair of arrows corresponds bijectively to a pair

[(z’fy)! o Kgy](g[C) L) D in Dy
FX %y

inY
where [ is the adjunct of  under (ey1Kgy - Ry) and g is the adjunct of g under
F 4 G, hence it satisfies g = Fgoey.

In order for this pair to actually constitute an arrow KC' — D in D as in ([5.26)),
it is enough to show that

[(ey )1 Kay](9:.C) = Gi(KC)
in the fibre Dy . For that, observe that the diagram

9!
CX - CGY

Kgy

Dray
KX -7

(5.27)
- (ey )
= (Fg)

Drx

q

Dy
commutes up to isomorphism: the left part is an isomorphism for any cocartesian
functor K, dual to (5.10), and the right part is the isomorphism

q"% g = (Fg)io (ey),
from the uniqueness of cartesian liftings, as in (5.6)).

In other words, the bijective correspondence ([5.25) is formally induced by a

mapping C(C, Ry D) — D(KC, D) explicitly given by
gC 5 RD in Coy

d e’ o(l) .

L (eFg)!KC = e(FghKC = ¢KgC — D in Dy
X%5ay inX FX 2) Y inY
where 0 is the natural bijection ([5.24) and ¢ is short for y. Naturality in C' can be
checked, so a right adjoint R of K between the total categories can be defined. [J

Since this result in essence generalizes Proposition [5.3.5] it is reasonable to ex-

plore the appropriate conditions in order for this right adjoint R to be cocartesian
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and thus to establish a general opfibred adjunction. Initially we are interested in
adjusting Remark on this case.

If we call o/ the isomorphism induced by cocartesianness of the functor K em-
ployed in the above proof, for some h : Y — W in Y in particular we have a natural

isomorphism
Keay

Cay Dray

(Gh), l ogh l(mh)!

Caw Draw-

Kaw
Also, by sheer naturality of £, we have an isomorphism

q q
v:(ew)(FGh) = (ew o FGh)y = (hoey) = hi(ey).
We can now form an invertible composite 2-cell

Kay (ey )

Cay Dray Dy (5.28)
(Gh): o (FGh): & h
Caw Draw Dw .
aw (ew)

Its mate w under the adjunctions (ey)iKgy - Ry and (ew )1 Kgw - Rw has com-

ponents, by (2.16),

7k Ry (0Ghxv)
(Gh)1Ry D — . (Rw ((ew )1 Kew))(Gh) Ry D - Rw (h(ep)hKay)Ry D
o Rwhi&Y
wp - —_ _ _
T (Rwh)D
(5.29)

where 77 and € are the unit and counit of the adjunctions e(-)Kg) TR~ These
arrows wp which generalize the composites , are essential for the explicit con-
struction of R.

In a dual way to Proposition R maps an arrow

D i E
Cocart(h,D
hD in D
Y w inY
h

to the composite
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in C

GY GW in X
Gh

where wp are the arrows ([5.29). It is now not hard to see that by construction of
R, the square of categories and functors

R

C<~——D
vl v
X=—Y
G
commutes. Moreover, if ((,&) is the unit and counit of K -4 R, the pairs ({,7)
and (&,¢) are above each other. Consequently (K, F) -4 (R,G) is already an ad-

junction in Cat?. Finally, if we request that the wp’s are isomorphisms, putting

k = Cocart(g, D) in the mapping above exhibits the cocartesianness of R.

THEOREM 5.3.7. Suppose (K, F):U — V is an opfibred 1-cell and F 4 G is an
adjunction between the bases of the fibrations, as in

c—% .p
Ul lv
F
X T Y.
G

If the composite has a right adjoint for each’Y € Y, then K has a right adjoint
R between the total categories, with (K, F) - (R, G) in Cat2. If the mate

Dyﬁccy
h]l 4, l(Gh)!

Dw — Caw
Rw

of the composite invertible 2-cell s moreover an isomorphism for any h : Z —
W in Y, then R is cocartesian and so

K
C_ 1 7D
Lo
U Vv
F
X_ 1T 7Y
G

is a general opfibred adjunction. Conversely, if (K, F) - (R,G) in OpFib, then
evidently F 4 G, K 4 R, R is cocartesian, and moreover for every Y € Y there is
an adjunction (ey ) Kgy - Ry between the fibres.
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PRrROOF. The first part is just Lemma and the process that follows. For the
converse, start with some f : C' — Ry D in Cgy. There is a bijective correspondence
(flay) .
(C,GY) (RyD,GY)=R(D,Y) inC
) o,y in D
since K - R, but the latter morphism is uniquely determined by the vertical arrow
f:

(ey 1 KgyC — D in Dy because of the factorization of any arrow through the
cocartesian lifting. Hence the required fibrewise adjunction is established.

K(C,GY) = (KayC, FGY)

0
Dually, we get the following version about adjunctions between fibrations.

THEOREM 5.3.8. Suppose (S,G) : Q — P is a fibred 1-cell between two fibrations
and F 4 G is an adjunction between the bases, as shown in the diagram

A2 B
’) |e
F
X T Y.

G
If, for each X € X, the composite functor

Brx 255 Agrx 255 Ax
has a left adjoint Lx, then S has a left adjoint L between the total categories, with
(L,F) - (S,G) in Cat?. Furthermore, if the mate

Lz

Az — Brz

f*l 7 l(Ff)*

Ax — Brx
Lx
of the composite isomorphism

Srz
Brz

Az
(Ff)*l ol L(GFf)* £ Lf*
S nx

Brx Acrx — Ax
Fx (nx)
1s tnvertible for any f: X — Z in X, then
L
A T B
S
Pi lQ
F
X T Y

is a general fibred adjunction. Conversely, if (L, F) - (S,G) is an adjunction in
Fib, we have adjunctions Lx 4 nxSrx for all X € X.
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In the above composite 2-cell, the 2-isomorphism 75f comes from the cartesian
functor S as in and s from naturality of 7, the unit of the base adjunction.

We finish this section with some general results concerning fibrewise complete-
ness and cocompleteness. In fact, Hermida’s work on fibred adjunctions was mainly
motivated by its applications on the existence of fibred limits and colimits. For us
though, the establishment of general (op)fibred adjunctions serves different purposes.

For any small category J, we say that a fibration P : A — X has fibred J -limits
(respectively colimits) if and only if the fibred functor A7 : A — A*([7, A]) uniquely
determined by the diagram below has a fibred right (respectively left) adjoint:

(5.30)

™

[T, Al

[T .P]

(7, X]

where A; and Ay are the constant diagram functors. Notice that [J,P] is a
fibration when P is, where cartesian morphisms are formed componentwise. We
write (lirfl 7 A 7 colim J) when the fibration P has fibred limits and colimits.
Dually we can define opfibred J-colimits and limits for an opfibration U.

PROPOSITION 5.3.9. A fibration P : A — X has all fibred J-limits (colimits) if
and only if every fibre has J -limits (colimits) and the reindexing functors f* preserve

them, for any arrow f.

Proor. By Proposition the fibred functor A 7 has a fibred right adjoint
R if and only if there is an adjunction between the fibres (A7) x + Ry and we have
isomorphisms (Rx f*)C = (f*Ry)C for any f : X — Y and C € Cy. The first
condition is equivalent to each fibre Ax being [J-complete, since

(A}[jv-A])X = [‘77‘A}A‘]X = [\77 -AX]

by construction of the pullback fibration, and (A7) x : Ax — [J, Ax] is the constant
diagram functor. If we call this fibrewise adjoint Ry = limx, the second condition
becomes

(limx o [J, f*])F = (f* olimy ) F
for any functor F' : J — Ay, which means precisely that any f* preserves limits
between the fibre categories. Dual arguments apply for the existence of colimits. [

There is an equivalent definition of a fibred J-complete fibration P : A — X.
In [Bor94b| 8.5.1], it is stated that P has all J-limits when the (outer) fibred 1-
cell (Az,As) given by has a fibred right adjoint. The difference relates to
whether we require an adjunction between fibrations over the same bases or not,
since the factorization through the pullback is a tool which permits the restriction
of the problem from Fib to Fib(X). The following result illustrates the latter.
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THEOREM 5.3.10. [Her93| 3.2.3] GivenP: A - X, Q:B—-Y, F4G: Y —>X
via 1, € and a fibred 1-cell (S, F) : P — Q as shown in the following diagram

Then, the following statements are equivalent:
i) There exists R : B — A such that S 4 R in Cat and (S, F) - (R, Q) in Fib.
ii) There exists R : F*Q — P such that S < R in Fib(X).

This theorem uses the fact that change of base along F' as in Proposition [5.1.3
yields a so-called cartesian fibred adjunction when F has a right adjoint, meaning
(m, F) has an adjoint in Fib. Therefore, by performing change of base along a left
adjoint functor, we can factorize a general fibred adjunction into a cartesian and
‘vertical’ fibred adjunction, hence ‘reduce’ a general fibred adjunction to a fibred
adjunction. Dually, this can be done for a general opfibred adjunction accordingly.

Using the above theorem, we can deduce fibrewise completeness conditions from
the total category of the fibration and vice versa.

COROLLARY 5.3.11. [Her93| 3.3.6] Let J be a small category and P : A — X be
a fibration such that the base category X has all J-limits. Then the fibration P has
all fibred J-limits if and only if A has and P strictly preserves (chosen) J -limits.

The proof relies on Lemma and essentially constructs a general fibred ad-
junction (A7, A7) 4 (limy,limy) for the outer diagram (5.30). Dually, we obtain
fibred colimits for an opfibration with a cocomplete base, from colimits in the total

category which are strictly preserved by the opfibration.

REMARK. In essence, Theorems [5.3.7 and relate to very similar questions
as Theorem [5.3.10} namely the assumptions under which we obtain general fibred
and opfibred adjunctions (starting with an (op)fibred 1-cell). However, they actu-
ally respond to the exact opposite problems: Theorem [5.3.8| provides with a left
adjoint between the total functors, whereas Theorem [5.3.10| reduces the existence of
a right fibred 1-cell adjoint to a right fibred adjoint. This connection should per-
haps be further explored. For example, we could use the new results to study fibred

cocompleteness of fibrations and fibred completeness of opfibrations.
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CHAPTER 6

Enrichment of Monoids and Modules

6.1. Universal measuring comonoid and enrichment

The notion of the universal measuring coalgebra was first introduced by Sweedler
[Swe69] in the context of vector spaces over a field k. The question that motivated
the definition of measuring coalgebras is under which conditions, for A, B k-algebras
and C a k-coalgebra, the linear map p € Homy (A, Hom(C, B)) corresponding under
the usual tensor-hom adjunction to 0 € Homy(C ®j A, B) in Vecty, is actually an
algebra map.

More explicitly, the natural bijective correspondence defining the adjunction
(— ® C) 4 Homy (C, —) is given by the invertible mapping

Vect (A, Homy(C, B)) —— Vect, (A ® C, B)
A% Homy(C,B) —— = A®C 5 B
a® e [p(a)](c)

where of course Vecty(—, —) = Homy. If C' is a k-coalgebra and B a k-algebra, it is
well-known that Homy(C, B) obtains the structure of a k-algebra via convolution,
also by Remark Hence if A is also a k-algebra, we may ask under which
conditions on p, the corresponding linear map p is a k-algebra homomorphism. This
resulted in the following definition.

DEFINITION. If A, B are k-algebras, C a k-coalgebra and ¢ : C ®, A — B a
linear map, we say that (o, C') measures A to B when o satisfies:

o(c®ad) = Z o(cp) @ a)o(cp) ® a')
(c)
olc®1) =€(c)l
where the sum comes from the sigma notation for the comultiplication of C, and €
is the counit.

There is a category of measuring coalgebras and it has a terminal object P(A, B),

equivalently defined by the following one-to-one correspondences
Alg;. (A, Homy(C, B)) = {0 € Homy(C ® A, B)|o measures} (6.1)
= Coalgk(cv P(Aa B))

where the first isomorphism comes from the definition of measuring, and the second

expresses the universal property of P(A, B). This object is called the universal

101
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measuring coalgebra, and in [Swe69, Theorem 7.0.4] is constructed as the sum of
certain subcoalgebras of the cofree coalgebra on the vector space Homy(A, B).

As illustrated in Section 3.3} Alg;, and Coalgy, are the categories of monoids and
comonoids and Homy, is the internal hom in the symmetric monoidal closed category
Vect,, of k-vector spaces and k-linear maps. The aim is to obtain a generalization
of P(A,B) in a broader setting, by identifying the appropriate assumptions on a
monoidal category V in place of Vect; which allow its existence.

Consider a symmetric monoidal closed category V. The lax monoidal internal
hom functor induces a functor between the categories of comonoids and monoids as

n @1,
Mon[—, —| : Comon(V)°? x Mon(V) — Mon(V)

(C,A) —[C, 4]
which is in fact just the restriction of the internal hom on Comon(V)°? x Mon(V).

If we call this functor of two variables H, in order to generalize the isomorphism
(6.1)) it is enough to prove that the functor

H(—,B)°? : Comon(V) — Mon(V)

for a fixed monoid B has a right adjoint. Because of the useful properties of the
categories of monoids and comonoids in admissible categories discussed in Section
and since Vecty, is itself an example of such a category, we continue in this

direction.

PROPOSITION 6.1.1. Suppose thatV is a locally presentable symmetric monoidal
closed category. There is an adjunction H(—, B)°? 4 P(—, B) with a natural iso-
morphism

Mon(V)(A, [C, B]) = Comon(V)(C, P(A, B)) (6.2)

for any monoids A, B and comonoid C.

PROOF. A monoidal category V with these properties belongs to the class of
admissible categories, therefore Proposition [3.3.5 applies. As a result, the category of
comonoids Comon(V) is a locally presentable category, and in particular cocomplete
with a small dense subcategory. Moreover, there is a commutative diagram

H(-,B
Comon(V)°P e Mon(V)

uep S

Vop V
[-,5B]
where the forgetful functors U, S are respectively comonadic and monadic. The
bottom functor [—, SB] is continuous as the right adjoint of [—, SB]° as in (3.9),
thus the diagram exhibits H(—, B) as a continuous functor. Hence by Theorem
the cocontinuous H(—, B)°P has a right adjoint P(—, B) with an isomorphism
as in . Since this is natural in A and C, there is a unique way to define a functor
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of two variables

P(—,—) : Mon(V)® x Mon(V) — Comon(V) (6.3)
which is the parametrized adjoint of H°P(—, —) by ‘adjunctions with a parameter’
Theorem B.0.2 O

The object P(A, B) for monoids A, B is called the universal measuring comonoid,
and the functor P is called the universal measuring comonoid functor or Sweedler
hom in [AJ13]. Notice that in fact, a parametrized adjoint for H°P should have
domain Mon(V) x Mon(V)P, but it is more natural to work with an essentially
identical functor which is contravariant on the first entry, just by switching the
cartesian product in our notation.

In particular, for the admissible monoidal closed Modpg for a commutative ring

R, there is a natural isomorphism
Coalg(C, P(A, B)) = Algy(A, Homz(C, B)) (6.4)

defining the universal measuring coalgebra P(A, B). This is also given by [Por08al,

Proposition 4].

REMARK 6.1.2. It is a well-known fact that the dual C* = Homy(C, k) of a k-
coalgebra, where k is viewed as an algebra over itself, has a natural structure of an
algebra. On the other hand, if A is a k-algebra, its dual A* = Homy (A, k) in general
fails to be a coalgebra, unless for example it is finite dimensional as a k-vector space.

This is due to the failure of the canonical linear map
V¥ W* = (Ve W)*

which gives the lax monoidal structure on Homy, to always be invertible. However,

we can define the subspace
AY = {g € A*|Fideal I C kerg s.t. (kerg/I) f.d.}

of A* which turns out to have the structure of a coalgebra. Then, the dual algebra

functor Homy(—, k) = (—)* is adjoint to (—)® via the classical isomorphism
Coalg, (C, A%) = Alg, (A, C*).

This is a special case of (6.4) for R = k, hence Proposition in fact generalizes
the dual algebra functor adjunction to Modpg, but also in a sense to a more general
monoidal category V, with (—=)* = [—,I] and (—)° = P(—,I).

We now proceed to the statement and proof of a lemma which connects the
adjunction (6.2]) with the usual (— ® C) - [C, —] defining the internal hom.

LEMMA 6.1.3. Suppose we have a monoid arrow f : A — [C,B] for A, B
monoids, C a comonoid in a locally presentable symmetric monoidal closed cate-
gory V. If this arrow corresponds to f : A® C — B in V under (— ® C) - [C, —]
and to f : C — P(A, B) in Comon(V) under H(—, B)® - P(—, B), then the two
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transposes are connected via
f=(E®f)oev (6.5)
where ev is the evaluation and € the counit of the universal measuring comonoid

adjunction.

PrOOF. Consider the following diagram

(P(A.B), BloC 2L (P(4.B), B]® P(A, B)

[f 1)1

[C,B]®C

where the bottom composite defines f. Notice that the counit € in reality has
components H(P(A, B), B)°® — A in Mon(V)°P.

The left part of the diagram gives f from its transpose map f under H (—,B)°P 4
P(—,B). The right part commutes by dinaturality as in of the counit evg :

[D,E] ® D — E of the parametrized adjunction (— ® —) 4 [—, —]. Therefore the
diagram commutes and the relation (6.5 holds. g

We can now combine the existence of the universal measuring comonoid P(A, B)
with the theory of actions of monoidal categories in Section in order to establish
an enrichment of Mon(V) in the symmetric monoidal closed Comon(V). Recall
that for any symmetric monoidal closed category V, the internal hom

[, —]: VP xV —V

is an action of the monoidal category V°P on the category V), as explained in Lemma
Furthermore, the restricted functor on the categories of comonoids and
monoids H = Mon[—, —] is an action too, by the same lemma. Finally, the op-

posite functor of an action is still an action. Therefore, for the action

H®P : Comon(V) x Mon(V)® — Mon(V)? (6.6)
of the symmetric monoidal closed category Comon(V) (see Proposition [3.3.6) on
the ordinary category Mon())°P, Corollaries and apply.

THEOREM 6.1.4. Let V be a locally presentable symmetric monoidal closed cat-
egory and P the Sweedler hom functor.

(1) The opposite category of monoids Mon(V)P is enriched in the category of

comonoids Comon(V), with hom-objects
Mon(V)?(A, B) = P(B, A)

where the Comon(V)-enriched category is denoted by the same name.
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(2) The category of monoids Mon(V) is a tensored and cotensored Comon(V)-

enriched category, with hom-objects
Mon(V)(A,B) = P(A, B)

and cotensor products [C, B] for any comonoid C and monoid B.

PRrOOF. By Proposition there is an adjunction

H(=,B)°P
Comon(V) I Mon(V)°P
P(_vB)

which defines the bifunctor P as the parametrized adjoint of the bifunctor H°P.
The latter is an action, thus an enrichment of the category acted on is induced, as
well as of its opposite category Mon()) since the monoidal category Comon()) is
symmetric.

In particular, since Comon(V) is closed, the action [—,—] which induces the
enrichment of Mon (V)P renders it a tensored Comon(V)-category, hence its oppo-
site enriched category is cotensored. On the other hand, Mon(V) is also a tensored

Comon(V)-category because the functor

H(C,—)°? : Mon(V)°® — Mon(V)°P
has a right adjoint for every comonoid C. This follows from the Adjoint Triangle
Theorem (see [Dub68]) applied to the commutative diagram

H(Cvf)
Mon(V) —— Mon(V)

The forgetful S is monadic, the locally presentable Mon(V) has coequalizers and
[C, —] has a left adjoint (— ® C'). Therefore H(C,—) has a left adjoint C'>— for all
(C’s and so there is a unique way to define a bifunctor

> : Comon(V) x Mon(V) — Mon(V). (6.7)

In [AJ13], this functor is called the Sweedler product. O

6.2. Global categories of modules and comodules

In Section the categories Mody(A) and Comody(C) of A-modules and C-
comodules for a monoid A and a comonoid C' in a monoidal category V were defined.
The idea here is that there exist global categories of modules and comodules, which
contain all these ‘fixed (co)monoids’ categories, with appropriate arrows between
modules and comodules of actions and coactions from different sources. These global
categories are central for the development of this thesis, and their construction is
interrelated with the theory of fibrations and opfibrations.



106 6. ENRICHMENT OF MONOIDS AND MODULES

DEFINITION 6.2.1. The global category of comodules Comod is the category of
all C-comodules X for any comonoid C, denoted by X¢. A morphism &, : X¢ — Yp
for X a C-comodule and Y a D-comodule consists of a comonoid morphism g : C' —
D and an arrow k: X — Y in V which makes the diagram

1
X o xec—%_ xgD
k k®1
Y ) Y®D

commute. Dually, the global category of modules Mod has as objects all A-modules
M for any monoid A, and morphisms are py : My — Np where f : A — Bis a
monoid morphism and p : M — N makes the dual diagram

A® M - M
1®p lp
ARQN B®N N

f®1
commute. Conventially, unless otherwise stated the modules considered will be left

and the comodules considered will be right.

There are obvious forgetful functors
G :Mod — Mon(V) and V :Comod — Comon()) (6.8)

which simply map any module M4 /comodule X¢ to its monoid A/comonoid C' and
the morphisms to their monoid/comonoid part respectively. In fact, G is a split
fibration and V is a split opfibration: the descriptions of the global categories agree

with the Grothendieck categories for specific (strict) functors

Mon(V)°P Modv | Cat Comon(V) comedy _ Cat
Al > Mody(A) Ci > Comody(C)

! T fr gl lgg
B > Mody(B) D > Comody (D)

where f* and gy are the restriction and corestriction of scalars as in (3.25)) and (3.27)).

REMARK. Under the assumptions of Proposition the functor f* has a
left adjoint and the functor g, has a right adjoint. Thus by Remark when
VY has and A ® — preserves coequalizers for any monoid A, the fibration G is a
bifibration. Dually, when V has and — ® C' preserves equalizers for any comonoid
C, the opfibration V is a bifibration.

If we unravel the Grothendieck construction of Theorem we have the fol-
lowing equivalent characterization of, for example, Comod:
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- Objects are pairs (X, C) with C' € Comon(V) and X € Comody(C).
- Morphisms are pairs (k,g) : (X,C) — (Y, D) with
¢X &Y in Comody (D)
C % D in Comon(V).

k Lh
- Composition X¢ % Yp u> Zg is given by

(hg) X % Z  in Comody(E)

' p Comon(V)

where 6 is the composite (hg)i X = hgX Judy hYy LNy
- The identity morphism is
X2 X i Comody(C)
%0 i Comon(V)
since (10);X = X.
By comparing this with Definition we deduce that Comod = &(Comody)

in a straightforward way. Dually Mod = &(Mody), so objects M4 can be seen as
pairs (M, A) with A € Mon(V) and M € Mody(A), and morphisms p; as

M2 f*N  in Mody(A)

Al B in Mon(V).
Since these presentations of the global categories are essentially the same, we can
freely use the notation which is more convenient depending on the case. The fibre

categories for V' = Ucomod, and G = Pumod, are respectively Comody(C) and
Mody(A) and the canonical chosen cartesian and cocartesian liftings are

1y,
Cart(f, N) : f*N LD N i Mod, (6.9)
(lg!ng) .
Cocart(g, X) : X ——— ¢ X in Comod.

REMARK 6.2.2. There is another way of viewing the global category of modules
Mod for a monoidal category V. It is based on the observation that to give a lax
functor of bicategories MZ — MYV which is identity on objects is to give an object
in Mod. I thank Steve Lack for explaining this point of view to me.

The bicategories are constructed as in the Remark [£.3.1(i), arising from the
canonical actions of the monoidal categories Z, V on themselves via tensor product.
For the unit monoidal category, we of course have that MZ(0,0) = MZ(0,1) =
MZ(1,1) =1 and MZ(1,0) = (). Such an identity-on-objects lax functor .# would

in particular consist of functors
ﬁo@,ﬂll 1=V

which pick up two objects M and A in V. The components of the natural transfor-
mations § as in (2.3) give arrows p: AQM — Aand m: A® A — Ain V, the
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components of v as in give n : I — A and the axioms ensure that (A, m,n) is
a monoid in V and (M, ) is an A-module.

Then, morphisms in Mod are icons, as described in Remark if Ma, Np
are two identity-on-objects lax functors between MZ and MYV, an icon between

them consists in particular of natural transformations

A M
7N N
1 yr V and 1 {r V
~_ 7 ~_ 7
B N

which are two arrows f: A — B and p: M — N in V, subject to conditions which
coincide with those of Definition

Dually, colax natural transformations MZ — MYV correspond to comodules over
comonoids, and icons then turn out to be comodule morphisms. Therefore we have

Mod = Bicaty(MZ, MV),
Comod = Bicaty(MZ, MV),

where Bicaty is the 2-category of bicategories, lax/colax functors and icons (see
[Lac10bl).

We now explore some of the main properties of the global categories. First of all,
if V is a symmetric monoidal category, Comod and Mod are symmetric monoidal
categories as well. It is easy to verify that if s is the symmetry in V, the object
Xe®Yp in VY for X, Yp € Comod is a comodule over the comonoid C'® D via
the coaction

XYy X%, xocevyeD 2% Xovy oCoD. (6.10)

The fact that Comon(V) is monoidal itself is evidently required, which holds again
due to symmetry of V. Notice that there is no appropriate way of endowing the fibre
categories Comody (C) with a monoidal structure in general, since for example, the
tensor product of two C-comodules would end up as a C ® C-module by the above.
Similarly, for M4, Ng € Mod, the object M 4® Np is a A® B-module via the action

A9BoOMoN 294 Ao Mo Bo N MEEN vro N.

The symmetry of Mod and Comod is inherited from V. Moreover, in this case the
functors V' and G of have the structure of a strict symmetric monoidal functor:

V(X0®YD) =CD=VXcVYp (6.11)
G(My® Np)=A® B=GM4® GNp.
The monoidal unit in both cases is I, with a trivial I-action and coaction via rj.

The following result, also mentioned at the end of [Wis75] for V = Modpg,
illustrates the structure of the global categories.

PROPOSITION 6.2.3. The functor F : Comod — V x Comon(V) which maps
an object X¢ to the pair (X,C) is comonadic.
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PRrROOF. First notice that F' ‘consists of’ the forgetful functor which discards
the comodule structure from the object of V, and the forgetful V' which keeps the
comonoid. Therefore this result is, in a sense, a generalization of Proposition

Define a functor

R: V x Comon(V) Comod
(A,D) 1 > (A®D)p

(o) | | @,
(B,E) | > (B® E)g

where the D-action on the object A ® D is given by A ® D 198, 4 ® D ® D with
A the comultiplication of the comonoid D. It is not hard to establish a natural
bijection
(V x Comon(V))((X,C), (A4,D)) 2V(X,A) x Comon(V)(C, D)
=~ Comod(X¢,(A® D)p)

where (X,C) = F(X¢) and (A® D)p = R(A, D), so we obtain an adjunction

5 O

Comod

F

VY x Comon()).

=

This induces a comonad on V x Comon(V), namely (FR, Fngr,¢), where the comul-

tiplication and counit have components

Fngap): (A®D,D) 19D (4@ D® D, D)
€,p): (A® D, D) oe), (A, D)

for the comonoid (D, A, €). The category of coalgebras for this comonad is precisely
Comod. 0

This in particular implies that if ¥V and Comon()) are cocomplete categories,
then Comod is also cocomplete. In fact, using results from Section concerning

fibrewise colimits, we can recover this as follows.

COROLLARY 6.2.4. If V and Comon(V) have all colimits, then Comod has all

colimits and V : Comod — Comon(V) strictly preserves them.

PROOF. Since every fibre Comody(C) of the opfibration V is comonadic over
V, it has all colimits for any comonoid C. Moreover, the reindexing functors
Comody(g) = ¢ preserve all colimits by the commutative diagram for any
comonoid arrow g. By Proposition the opfibration V' : Comod — Comon())
has all opfibred colimits. Then, by the dual of Corollary this is equivalent to
the total category Comod being cocomplete and V' being strictly cocontinuous. [

Colimits in Comod are therefore constructed as follows. If we consider a dia-
gram D : J — Comod, the composite functor

J 2 Comod L Comon(V)
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has a colimiting cocone (7; : VD; — colim(V D) |j € J) since Comon(V) is cocom-

plete. Define a new diagram

J Comody(colim VD)

j = (i hDj = (T ) (VDE)Dj
ni l(Tj,)an

' > (71 Dj’

which, since the category Comody (colim V' D) is cocomplete, also has a colimiting
cocone (0; : (15)1Dj — colim H | j € J). It turns out that

(D; m>colimH\j €J)

is the colimiting cocone of D in Comod, and of course V colim D = colim(V D).

Dually to the above results, we obtain the following.

PRrROPOSITION 6.2.5. The global category of modules Mod is monadic over the
category V x Mon(V), and so if V and Mon(V) are complete, Mod has all limits
and G : Mod — Mon(V) strictly preserves them.

Now suppose that V is a symmetric monoidal closed category. In Section it
was explained how the internal hom bifunctor induces a functor

Modga[—, —] : Comody(C)°? x Mody(A) — Mody([C, A])

as in (3.23), which is again the restriction of the internal hom on the cartesian
product of the categories of C-comodules and A-modules. There is a way to lift this
functor on the level of the global categories of comodules and modules, in the sense

that there is a functor between the total categories

H: Comod® x Mod —— Mod (6.12)
(Xcy Ma) —— [X, M]ic,a

such that Modga[—, —| are the functors induced between the fibres (see Remark
B.1.2). If (kg lf) : (X¢, Ma) — (Yp, Np) is a morphism in the cartesian product, the
fact that k and [ commute with the corestricted and restricted actions accordingly
forces the arrow [k,l] : [X,M] — [Y,N] in V to satisfy the appropriate property.
Hence

X, M) 2 (g, £ 1V.N] in Mody[C, A]

i, A] 25 p, B in Mon(V)

defines an arrow H(k,1), 1 : [X, M]jc,4) — [Y, N]ip,5 in Mod. In fact, the pair
(H,H) is a fibred 1-cell depicted by the square

Comod® x Mod C7 . Mod (6.13)

VOPXG\L lG

Comon(V)°? x Mon(V) o Mon(V),
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where of course the cartesian product VP x G is treated as a fibration. Commuta-

tivity is clear from the above construction, which ensures that
G([X7 N][C,B]) = [VX07 GNB] = [C7 B]

Moreover H is a cartesian functor: it maps a cartesian arrow of the domain, which
is a pair of a cocartesian lifting in Comod and a cartesian lifting in Mod, to the

arrow

H(Cocart(g,Y),Cart(f,N
gy, 7] et DDy vy in Mod

v v
[C, A] o [D, B| in Mon(V).
g7

By the canonical liftings from the Grothendieck construction, that module
arrow is specifically

H((191Y79)7 <1f*N7f>) - ([19!Y? lf*N]v [ga f]) - (1[9!Y,f*N}7 [ga f])

by the definition of H and functoriality of [—, —]. On the other hand, the canonical

cartesian lifting of [V, N] along [g, f] is

(g, 11* v, N 195 5])
lg, 1Y, V] Rl [Y, N] in Mod

\ \
C, A] —~ D, B] in Mon(V).
g?

The above two arrows in Mod are essentially identical, both being 1y, n : [Y,N] —
[Y, N] as morphisms in V between the modules, and the [C, A]-actions on [gY, f*N]
and [g, f]*[Y, N] can be computed to be the same. Therefore (H, H) is actually a
split fibred 1-cell.

Finally, suppose V is monoidal such that ® preserves (filtered) colimits on both
sides, and moreover locally presentable. It is not hard to see that the comonad on
V x Comon(V) whose category of coalgebras is Comod (see Proposition [6.2.3) is
finitary: if (\j, 7;) : (X;,C;) = (X, C) is a filtered colimiting cocone, then

()\j®7'j,7'j) : (Xj@Cj,Cj) — (X@C,C)

is too, since ® preserves colimits on both variables and Comon(V) is comonadic
over V. Dually, Mod is finitary monadic over ¥V x Mon(V), since (A\; ®7;,7;) : (4; ®
M;,A;) = (A® M, A) is a filtered colimit when A; is a colimiting cocone in V and
7; in Mon(V). This happens because the monadic Mon()V — V creates all colimits
that the finitary monad preserves (see Proposition [3.3.5(1)). Since V, Mon(V) and
Comon(V) are all locally presentable categories under the above assumptions, we
can apply Theorem for the global categories.

THEOREM 6.2.6. If V is a locally presentable monoidal category such that (—®—)
s finitary on both entries, Mod and Comod are locally presentable.
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6.3. Universal measuring comodule and enrichment

The notion of a universal measuring comodule in the category of vector spaces
Vecty, was first introduced by Batchelor in [Bat00|, where emphasis was given to
its applications. Very similarly to the context of measuring coalgebras, a k-linear
map ¢ : X — Homy (M, N) is said to measure if it satisfies

P(x)(am) = px)(a)pa()(m)
()

again using sigma notation. Here X is a C-comodule, M an A-module and N a B-
module, for (C, ¢) a measuring coalgebra and A, B algebras. The pair (X, ) is called
measuring comodule. The question that gave rise to this definition is whether the
transpose arrow ¢ : M — Homy (X, N) is a map of A-modules, using the symmetry
in Vect, and the module structure on Homy (X, V).

There is a category of measuring comodules for a fixed measuring coalgebra
C, and it has a terminal object Q(M, N) satisfying the property that there is a

correspondence

{C’—comodule maps X — Q(M, N)} > {A—module maps M — Homy (X, N)}
(6.14)
The object Q(M, N) is called universal measuring comodule. Initially, the goal is to
extend the existence of the universal measuring comodule in a more general context
than Vecty.

Consider a symmetric monoidal closed category V. In the end of the previous
section, we defined a functor of two variables H : Comod° x Mod — Mod
which maps a comodule and a module to their internal hom in V. Since the aim is a
generalization of the correspondence in order to define the universal measuring

comodule, in fact we need a natural isomorphism
Comod(X,Q(M,N)) = Mod(M, H(X,N))

where X = X¢, M = My, N = N and H(X,N) = [X, N]jc 5] Thus it is enough
to show that the functor H(—, Np)°? : Comod — Mod® for a fixed B-module
N has a right adjoint.

Moreover, we intend to show that Q(M,N) is a comodule over the universal
measuring coalgebra, hence the assumptions on V have to also cover the existence
of P(A, B). The following result is an application of Theorem in the abstract
setting of (op)fibrations. A direct proof can be found at the end of this chapter.

PROPOSITION 6.3.1. Let V be a locally presentable symmetric monoidal closed
category. There is an adjunction

H(—,Np)°P

Comod T Mod®®

Q(_vNB)
between the global categories of modules and comodules, with a natural isomorphism

Comod(Xc, Q(M, N)p(a.p)) = Mod(Ma, [X, Nlic.5)- (6.15)



6.3. UNIVERSAL MEASURING COMODULE AND ENRICHMENT 113

PROOF. The pair of bifunctors (H, H) depicted as (6.13]) constitutes a fibred
1-cell between the fibrations V°P x G and G, as shown earlier. This implies that the
pair of functors (H(—, Ng), H(—, B)) for a fixed monoid B and a B-module N is

again a fibred 1-cell between V°P and G, and hence the opposite square

H(—,Np)°P
Comod (ENe) Mod°?
\% G°P
Comon(V) Mon(V)°P
H(=,B)°P

is an opfibred 1-cell between the opfibrations V' and G°P. Also, by Proposition
there is an adjunction between the base categories

H(=,B)°P

Comon(V) i Mon(V)°P
P(_vB)

where P is the Sweedler hom functor.
In order for Lemma to apply, we need the existence of a right adjoint of

the composite functor

H(_vN )Op |
Comody (P(A, B)) — 42, ModP([P(4, B), B]) 42 Mod®P(A) (6.16)

where

eB H(P(A,B),B) - A in Mon(V)®
are the components of the counit of the parametrized adjunction H°? 4 P. We
already know that Comody (C) is a locally presentable category by Proposition
[3.4.2] so cocomplete with a small dense subcategory, namely the presentable objects.
Moreover, the reindexing functors are always cocontinuous as seen in Section

hence so is (€4); of the opfibration V°P. Finally, the following commutative diagram

H(=,Np)°?
Comod Mod°? (6.17)

VY x Comon()) V°P x Mon(V)°P
(=, NI°Px H(=,B)°P

implies that H(—, Np)°P preserves all colimits: both functors at the bottom have
right adjoints, and the vertical functors create all colimits by Propositions [6.2.3] and
Since the fibres of the total categories Comod and Mod®? are closed under
colimits, the restricted fibrewise functor H(—, N B);p( AB) is cocontinuous too.
Consequently, by Theorem the composite has a ‘fibrewise’ right
adjoint
QAa(—,Np) : Mody(A)°® — Comody(P(A, B))
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and Theorem implies that this lifts to a functor between the total categories
Q(—, Np) : Mod°®» — Comod such that

H(—,Ng)oP
Comod I Mod®°?
Q(erB)

v Gor
H(-,B)°P
Comon(V) I Mon(V)°P
P(_vB)

is an adjunction in Cat?. The isomorphism for the adjunction between the
total categories, natural in X and M4, makes this adjoint uniquely into a functor
of two variables

Q(—,—) : Mod’? x Mod — Comod

such that the isomorphism is natural in all three variables. In other words, @ is the

parametrized adjoint of the bifunctor H°P. O

The bifunctor @ is called the universal measuring comodule functor. By con-
struction of @, the object Q(M4, Np) has the structure of a P(A, B)-comodule.
Similarly, we can show that the symmetric monoidal category Comod has a

monoidal closed structure.

PROPOSITION 6.3.2. The global category of comodules Comod for a locally pre-

sentable symmetric monoidal closed category V is a symmetric monoidal closed cat-

egory.
PrOOF. By the definition of the symmetric monoidal tensor product
® : Comod x Comod —— Comod
(Yp, X¢ ) —— (Y ® X)pec

in Comod as in (6.10]), we have a commutative square

-®X
Comod —“" Comod (6.18)
\%4 \%4
Comon(V) Comon(V).
(-®C)

Actually, this is an opfibred 1-cell: the functor (— ® X¢) for a fixed C-comodule X

maps a cocartesian lifting to the right top arrow

Cocart(f,Y Cocart(f,Y)®1
ot ) gy Yo x tUEL o x in Comod
A
Cocart 3
= (fel)(Y ®X)
D E DeC ExC in Comon(V).

! f®1
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The two (E® C)-comodules f/iY ® X and (f®1)1(Y ® X) are both Y ® X as objects
in V, and the coactions induced in both cases are equal. Hence, by the canonical
choice of cocartesian liftings for the opfibration V' : Comod — Comon(V) and
functoriality of the tensor product, 1(sg1),(vex) = iy ® 1x and so (- ® X¢) is a
cocartesian functor.

By Proposition the category of comonoids for such a monoidal category V
is monoidal closed with internal hom functor HOM via an adjunction

(—&0)

Comon(V) T Comon(V)
Hom(C,—)

between the bases of (6.18). Finally, if ¢ is the counit for this adjunction, the
composite functor

)) (_®XC’)

Comody(Hom(C, D Comody(Hom(C, D) & C) 225 Comody (D)

has a right adjoint HoMp(X¢, —). This follows from the adjoint functor Theorem
since Comody,(Hom(C, D)) is locally presentable and the composite func-
tor preserves all colimits. This is the case because reindexing functors are always

cocontinuous, and the commutative diagram

-®X
Comod —“" Comod (6.19)

Fl lF
—-®@X)x(-C
VY x Comon()) o) VY x Comon(V)

implies that (—® X ) preserves all colimits, since the bottom arrow does by monoidal
closedness of ¥V and Comon(V), and F' is comonadic.

By Theorem m the functors HoMp (X, —) between the fibres assemble into
a total adjoint HoM(X¢, —) : Comod — Comod such that

-®Xc
Comod T Comod
Hom(Xc,—)
1% 1%
-®C
Comon(V) i Comon(V)
Hom(C,—)

is an adjunction in Cat?. Thus the uniquely defined parametrized adjoint
Howm : Comod®? x Comod — Comod (6.20)
of (— ® —) is the internal hom of the global category of comodules Comod. O
REMARK 6.3.3. An alternative approach for the existence of the functors @ and
HoM would be to show that

H°®(—, Ng) : Comod — Mod®?

—® X¢ : Comod — Comod
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have right adjoints via an adjoint functor theorem. Both functors are cocontinuous
by diagrams and respectively, and the domain Comod is locally pre-
sentable by Theorem [6.2.6] Hence Theorem [3.0.1] directly establishes the existence
of right adjoints. However, we prefer the method which employs the fibrational
structure of the global categories, because it provides with a better understanding
of the situation. For example, the above proposition ensures that Hom(X¢, Yp) is
specifically a HoMm(C, D)-comodule.

We can now once more combine the existence of the universal measuring co-
module with the theory of actions of monoidal categories, in order to show how the
functor ) induces an enrichment of the global category of modules in the global
category of comodules.

For any symmetric monoidal closed category V, the functor of two variables
H(—,—) : Comod®® x Mod — Mod defined as in is in fact an action of
the symmetric monoidal category Comod®® on the ordinary category Mod. It is
easy to see that there exist natural isomorphisms

(X @Y, Micep.a — (X, [Y. M]Jjo,p,ay
[, M4 — My
for any coalgebras C', D, algebras A, comodules X¢, Yp and modules M4 that
satisfy the axioms of an action. This follows from the facts that [—, —] and H(—, —)

are actions and the monadic functor Mod — V x Mon(V) reflects isomorphisms.

Therefore the opposite functor
H°P : Comod x Mod® —; Mod°? (6.21)

is an action of the symmetric monoidal Comod on Mod®P.
Since we have an adjunction H(—, Ng)°® 4 Q(—, Ng) for any module Np by
Proposition [6.3.1] Corollaries [4.3.4] and apply and give the following result.

THEOREM 6.3.4. Let V be a locally presentable symmetric monoidal closed cat-

egory and @ the universal measuring comodule functor.

(1) The opposite of the global category of comodules Mod®P is enriched in the
global category of comodules Comod, with hom-objects

Mod®(Ma, Ng) = Q(N, M) p(p, )

where the Comod-enriched category is denoted with the same name.
(2) The global category of modules Mod is a tensored and cotensored Comod-

enriched category, with hom-objects
Mod(Ma, Ng) = Q(M, N)p(a,p)
and cotensor products [ X, N|ic p) for any C-comodule X and B-module N.

PrOOF. The only part left to show is that the functor

H(Xc,—) : Mon(V)°P —s Mon(V)°P
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has a right adjoint for every comodule X¢. Consider the commutative square

H(Xc,—
Mod Koo Mod
YV x Mon(V) V x Mon(V)
[X,—]x H(C,—)

where the vertical functors are monadic, Mod is locally presentable by Theorem
6.2.6, [X,—]F (—®X) in V and H(C, —) has a left adjoint as in (6.7). By Dubuc’s
Adjoint Triangle Theorem, the top functor has a left adjoint X¢o>— for all X¢'s,
inducing a bifunctor

> : Comod x Mod — Mod

which gives the tensor products of the Comod-enriched category Mod. O

We finish this chapter by giving a direct proof of Proposition [6.3.1] which can
also be found in [Vas12]. We should note here that the proof of the more general
Theorem [5.3.7] in the context of opfibrations actually relied heavily on this special
case of modules and comodules. These objects’ nature and the effect of the well-
behaved reindexing functors on them illustrate the correspondences between the

hom-sets clearly and give insight for the generalized result.

PROOF 2. Suppose that V is a locally presentable monoidal closed category, P is
the Sweedler hom as in (6.3) and H is the restricted internal hom between the global
categories as in ((6.12)). We are going to explicitly establish a bijective correspondence

Comod(X,Q (M, N)) = Mod(M, H(X, N)) (6.22)

for any C-comodule X, A-module M and B-module N. The object Q_)(M,N)
arises once more from the existence of a ‘special case adjunction’

H(—,Np)°P Mod%p([P(A, B), B]) €A1

ACND?

Comody(P(A, B)) 1 Modj} (A)
QA(erB)

with a natural isomorphism for Z a P(A, B)-comodule
(Comody(P(A, B))(Z,Qa(M,N)) = (Mody(A))(M, (e4)*[Z,N]).  (6.23)
An arbitrary element of Comod(X¢, Qa(M, N)p(a,p))
mX 5 Qu(M,N) in Comody(P(4, B))
c P(A,B) in Comon(V)
corresponds uniquely to a pair of arrows
M L (4)* [ X,N] in Mody(A)

; (6.24)
A = [C, B] in Mon(V)
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as follows: the top one is obtained via the special case adjunction (6.23]) since
X is a P(A, B)-comodule, and the bottom one via the adjunction (6.2). Here,
(€a)*[mX, N] is an A-module via the induced A-action on [X, N]

5A®1 [h71]®1

A® [X,N] [P(A, B),B] ® [ X, N]

[C, Bl ® [X, N]

T o= XN

where y is the canonical [C, Bl-action on [X¢, Np| given by (3.24). By definition of
the global category Mod, t is a morphism M — [X, N] in V which is compatible
with the respective A-actions. Thus the diagram which it has to satisfy
corresponds under the adjunction (— ® X) = [X, —] to

A M e X 22 A X, N|®@ X ®C 22 [P(A,B),B]® [X,N|© X & C
. Jro
Hol ' [P(A, B), Bl ® [X,N] @ X ® P(A, B)
\ ¢1®s
<)
M® X v [P(A,B),Bl® P(A,B)® [X,N]® X
\\ i/ev@l

~

T~~~ _,.B®[X,NoX

¢1®ev

B®N

N/

where £ : M ® X — N is the adjunct of ¢ in V.
The goal is to show that the pair (6.24) is actually an element of the set
Mod(M, H(X, N)), which is of the general form

|

(6.25)

M — f*[X,N] in Mody(A)

AL c,B]  in Mon(V)
for some f : A — [C, B], so that a bijective correspondence ((6.22)) will be established.
For that, it is enough to prove that ¢ coincides with an A-module map M — h* [X, NJ,

since there is already a monoid arrow h : A — [C, B]. So the question would be

whether ¢ satisfies the commutativity of a diagram

Ao M 1®t

A®[X,N]

%

H [C, Bl ® [X, N]

v /

M t (X, N]
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which again under the adjunction (— ® X) - [X, —| translates, by rearranging the
terms appropriately, to the diagram

AoMoX 2 AoX,Nle X002 0, Bjo[X,NJe X©C (6.26)
\\ () i/l@s@l
N [C,B]® C®[X,N]® X
u®l \\\ %V@l@l
TT->BIX,N|®X
il@ev

M B&®N

®X\N'/

By inspection of the commutative diagram (6.25) and this one (6.26)), it suffices to
show that the parts (x) and (x*) are the same for the latter to commute as well.

Since the term [X, N| remains unchanged, this comes down to the commutativity of

[P(A, B), B]® C —2"~ [P(A, B), B| @ P(A, B)

= KB
[C,B]®C

This is satisfied by Lemma since h = h.

Thus a bijection is established, and by standard arguments of adjunctions
via representing objects and Theorem this results once again to the existence
of a parametrized adjoint Q(—, —) of HP(—,—). O

A C

In essence, the above proof establishes that the A-modules (e4)*[mX, N] and
(h)*[X, N] are essentially the same. As objects they are both [X, N], and their A-
actions can be verified to coincide, when we conveniently translate them under the
usual tensor-hom adjunction. If we compare this with the proof of Lemma
the above fact follows from the final diagram , where the part on the right is
actually equality since we are now dealing with split fibrations and opfibrations, and
the part on the left follows from cocartesianess (on the nose) of the functor H as
shown at the end of Section [6.2] However, since in the direct proof neither cocarte-
sianess nor splitness is explicitly used or mentioned, Lemma [6.1.3] incorporates the
necessary information for the proof to be completed.






CHAPTER 7

Enrichment of V-Categories and V-Modules

7.1. The bicategory of V-matrices

The bicategory of V-matrices was mentioned in Examples for V = Set.
We now give a detailed description of enriched matrices and the structure of the
bicategory they form, unravelling Definition in this specific case. The main
references here are [BCSW83| and [KLO1]. In the former, the more general bi-
category W-Mat of matrices enriched in a bicategory W was studied, leading to
the theory of bicategory enriched categories. For the one-object case, i.e. monoidal
categories, the main results are in works of Bénabou [Bén73|] and Wolff [Wol74].

Suppose that V is a cocomplete monoidal category, such that the functors A ® —
and — ® A preserve colimits, as is certainly the case if V' is monoidal closed. For sets
X and Y, a V-matrix S : X =Y from X to Y is a functor S : Y x X — V given
by a family

{S(W, )} eayexxy
of objects in V, where the set Y x X is viewed as a discrete category.

The bicategory V-Mat consists of (small) sets X,Y as objects, V-matrices

S: X —+ Y as 1l-cells and natural transformations

S S

Tl V=X §o
YxX\gyV_.X\l'}_/Y
Sl

as 2-cells between V-matrices S and S’. These are given by families of arrows
Uy,:v : S(y,%) — S/(yax)

in V, for every (z,y) € X x Y. Hence the hom-category for two objects X and Y is
the category

V-Mat(X,Y) = V<X
with (vertical) composition of 2-cells being ‘componentwise’ in V' and the identity
2-cell 15 : S = S consisting of identity morphisms (1s)./z = lg( ) in V. The

horizontal composition
o:V-Mat(Y, Z) x V-Mat(X,Y) — V-Mat(X, Z)

maps two composable V-matrices T': Y —+ Z and S : X —+ Y to their composite
l-cell T oS : X —— Z, given by the family of objects in V

(To8)(z2) =Y T(zy) @Sy, z) (7.1)

yey

121
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for all z € Z and z € X. A pair of 2-cells (7: T = T",0: S = S’) is mapped to the
2-cell 70 : T oS = T oS with components arrows

z ® xT
(r%0)ee s 3 T(2y) @ S(y,2) =250 S T () 0 S'y,n) (72)
yey yey
in V. For each set X, the identity 1-cell is 1x : X —+ X, which is given by
I, ifx=2a
1X($/7 JJ) =

0, otherwise

where I is the unit object in V and 0 is the initial object.

For composable V-matrices X Fiy Lz & W, the associator a has compo-

nents invertible 2-cells
TS (RoT)oS§ =5 Ro(ToS)

in V-Mat, given by the family {cu, ; }w of composite isomorphisms

> (X R(w,2)@T(z,y) ® S(y,z) — — = 3 Rw,2)® (1 T(z,y) ® Sy, 2))
yeY z€eZ z2€Z yey

1%
IR

> ((R(w,2) ® T(2,)) @ S(y, 2)) > (R(w,2) ® (T(2,y) ® S(y,)))

yeY > a yeY
z2€Z z2€Z

in V. The isomorphism « is the associativity constraint of V and the vertical invert-
ible arrows express the fact that ® commutes with colimits. This definition clearly
makes the horizontal composition associative up to isomorphism. Finally, for each
V-matrix S : X —+ Y, the unitors A, p have components invertible 2-cells

NilyoS 58 p¥:iSoly =5 S

given by families of isomorphisms

ls(

ALY vy ) @S/, 2) = 1@ S(y,2) —2 Sy, )
y'eYy

P50 Y Sly,a!) @ lx(e 2) = S(y.x) 0 T —25 S(y, z)
r’'eX

where [ and r are the right and left unit constraints of V. The respective coherence
condition is satisfied, thus these data indeed define a bicategory. Notice that only
the existence of coproducts in V is enough for the formation of V-Mat.

The hom-categories V-Mat (X, X) of this bicategory for a fixed set X will play
an important role in this chapter. The following proposition underlines some of
the properties that these categories possess, and more specifically the ones that
imply certain results with regard to categories of monoids and comonoids as seen in
Chapter
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ProOPOSITION 7.1.1. Let V be a cocomplete monoidal category such that ® pre-
serves colimits on both entries. The category V-Mat(X, X) for any set X

(i) is cocomplete, and has all limits that exist in V;

(ii) is a monoidal category, and & = o preserves colimits on both entries;
(#ii) is locally presentable when V is;
(iv) is monoidal closed when V is monoidal closed with products.

PROOF. (i) Since V-Mat (X, X) = [X x X, V], all limits and colimits can be
formed pointwise from those in V.

(7) The hom-categories (X, X) for any bicategory K obtain a monoidal struc-
ture via the horizontal composition, as in . The unit object is the identity
V-matrix 1x, so (V-Mat(X, X),o,1x) is a monoidal category.

Horizontal composition of V-matrices preserves colimits on both entries: if (G; —
Glj € J) is a colimiting cocone for a diagram of shape J in V-Mat(X, X), this
means that for any z,y € X, the arrows G(z,y) = G(z,y) form colimiting cocones
in V. If we apply the functor

— oS :V-Mat(X, X) —» V-Mat (X, X)

for any V-matrix S : X —— X, we obtain a collection of 2-cells (Gj05 — GoS|j €
J) in V-Mat. For this to be a colimit, for any z, z € X the arrows

Z Gj(z,y) ®S(y,z) — Z colim;G;(z,y) ® S(y, 2)

yeX yeX
must also form colimiting cocones in V. Since by assumptions (— ® A) preserves

colimits for any A € V, we have isomorphisms

Z (colim;Gj(z,y)) ® S(y, = Z colim;(Gj(z,y) ® S(y, 2))
yeX yeX

= colim; (Y Gj(x,y) @ S(y, 2)),
yeX
thus — o S is cocontinuous. Similarly, S o — preserves colimits for any V-matrix,
since (A ® —) does in V.

(7i1) For each locally A-presentable category C, it is known that the functor
category C* = [A,C] for any small category A is locally \-presentable itself, see
[AR94| 1.54]. Hence, for the discrete small category X x X, the functor category
YPX*X g a locally presentable category.

(7v) We need to demonstrate a bijective correspondence between morphisms

SoT

R in V-Mat (X, X) (7.3)

S

G(T,R) in V-Mat (X, X).

We define the V-matrix G(T, R) from X to X to be given by the family of objects
inV
G(T,R)(z,y) = [[ [T(y,2), R(x,2)]

zeX
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where [—,—| is the internal hom in V. Then, an arrow ¢ : S — G(T,R) in
V-Mat(X, X) is given by a family of arrows

uy : S(a,y) = [[ T, 2), R, 2)]
zeX

in V, for each z,y € X. Since V is monoidal closed, for any fixed z the arrow
S(z,y) — [T(y,z),R(x,z)] corresponds uniquely to S(z,y) ® T(y,z) — R(x,z),

which in turn gives a unique arrow in V from the sum over all ’s in X

Pa.z Z S(x,y) @ T(y,z) = R(x, 2).
yeX
These arrows form a family which defines a 2-cell p: SoT — R in V-Mat (X, X),
thus the correspondence is now established.
Notice that this actually shows that V-Mat(X, X) is left closed, but we can
repeat the above argument using the (right) internal hom of the monoidal closed V
appropriately, and show that V-Mat (X, X) is (bi)closed. O

Recall that Proposition [3.3.5] presented some very useful properties for the cat-
egories of monoids and comonoids of admissible categories, i.e. locally presentable
symmetric monoidal categories, such that tensoring on one side preserves all filtered
colimits. However, as was also noted then, the results are still valid if we drop the
symmetry condition and ask instead that both A ® — and — ® A preserve (filtered)

colimits.

COROLLARY 7.1.2. IfV is a locally presentable monoidal category, where @ pre-

serves colimits in both entries, the forgetful functors
S : Mon(V-Mat (X, X)) — V-Mat(X, X)
U : Comon(V-Mat(X, X)) — V-Mat(X, X)
are monadic and comonadic respectively, and all categories are locally presentable.

The existence of the free monoid and cofree comonoid functors will be of use in
Section[7.3] As mentioned again in Chapter 3] in reality the free monoid construction
requires less assumptions than the ones above, i.e. existence of coproducts which are
preserved by the tensor product. Notice that the current setting only differs from
the general one of Section in that the categories of monoids and comonoids of
the non-symmetric (V-Mat(X, X), o, 1x) cannot inherit its monoidal structure.

The bicategory V-Mat is in fact a monoidal bicategory (see [Car95]) via a
pseudofunctor

® : V-Mat x V-Mat — V-Mat.

This maps any two sets X and Y to their cartesian product X x Y, any two matrices
{S(y,x)}y» and {T(z,w)}. to the V-matrix with components

(S® T)((y, 2), (:c,w)) =Sy, z)@T(z,w) (7.4)

and any 2-cells to their pointwise tensor product in V. The monoidal unit is the
unit V-matrix Z : 1 — 1 where 1 = {x} is the singleton set, with Z(x,*) = I. This
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monoidal structure will be discussed in detail in the next chapter (see Proposition
3.2.6]).

We now proceed to the definition of a specific lax functor which will later give
rise to certain very important mappings for particular enrichment relations we want
to establish. Intuitively, there is an analogy with the internal hom functor of our
monoidal closed V in the previous chapter, which induced the mappings H and H
between the categories of monoids/comonoids and modules/comodules.

Suppose that V is a cocomplete symmetric monoidal closed category with prod-
ucts. If V-Mat®® is the bicategory of V-matrices with reversed 2-cells, define a lax

functor of bicategories
Hom : (V-Mat)® x V-Mat — V-Mat (7.5)

as follows:

- each pair of sets (X,Y) is mapped to the set Hom(X,Y) := Y¥ of functions
from X to Y;

- for all pairs (X,Y), (Z, W) there is a functor

Hom(x,y),(z,w)

V-Mat (X, Z)°? x V-Mat(Y, W) —————= V-Mat(Y X, W?%) (7.6)
(S, T)i > Hom(S,T)
(o)1) i l Hom(o,7)
(S, T) > Hom(S",T")

where the V-matrix Hom(S,T) : YX —= W7 is given by the family

Hom(S, T)(q, k) := [ [ [S(2,2), T(qz, k)] (7.7)
ht=4
of objects in V, for all ¢ € W# and k € YX, where [—, —] is the internal hom in V.

Foro:S = Sand 7:T = T, the 2-cell
Hom(S,T)
yX /m w? (7.8)
Hom(S',T")
has components, for every (q,k) € W% x Y, arrows in V

Hom(o, 7)qk H [S(z,2),T(qz, kx)] — H [S"(z,2), T (qz, kx)].
(z,z) (z,z)

For fixed z, z, these correspond under the usual tensor-hom adjunction in V to

[S(z,2),T(qz, kz)] ® S'(2,2) — — — — — = T'(qz, kx)

1®O’z7‘r l Tqu,kz

[S(z,z),T(qz, kx)] ® S(z,x) T(qz, kx)

eV (qz,kx)

where ev is the evaluation;
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-for all (X,Y),(Z,W),(U,V), there is a natural transformation § with compo-
nents, for (R: Z —+— U, O:W & V)and (S: X +—Z, T:Y — W), 2-cells in

V-Mat
Hom(S,T) Hom(R,O) (79>

/

| 9¢5.1).(R,0) VU

Hom(RoS,00T)
which are given by families of arrows in V

Otk

> Hom(R,0)(t,q) ® Hom(S,T)(q, k) == [] [(Ro S)(u,z), (0o T)(tu, kx)]
qeEWZ (u,x)
for all (¢t,k) € VY x YX. These again can be understood via their transposes under
the tensor-hom adjunction, .e. composites of projections, inclusions, symmetries
and evaluations, using the fact that the tensor product preserves sums;
- for all pairs of sets (X,Y"), there is a natural transformation v with components

1, x
ye ooen v¥ (7.10)
Hom(1x,1y)
which for ¢ =k € YX and 2/ = 2 € X consist of the isomorphisms
(Yxy))aa - T — [Ix(z,2), 1y (kz, kx)] = [1,1].

The coherence axioms of Definition [2.1.3| are satisfied, therefore Hom is a lax functor
of bicategories.

We now turn to some more technical points of the bicategory V-Mat. Any func-
tion f : X — Y between two sets X, Y determines two V-matrices, fi : X - Y

and f*:Y — X, given by

. I, if f(x)=y
fily, @) = f*(2,y) = _ (7.11)
0, otherwise
for any x € X, y € Y. It can be easily verified that there is a natural bijec-
tion between 2-cells f, oS = T and S = f* o1 for any V-matrices S : Z —+ X
and T : Z — W, thus they form an adjunction f, 4 f* in the bicategory V-Mat.

The unit and counit of this adjunction are the 2-cells

1x feof®
-
PiSX  and Y~ ey
~ | -
frof. Iy

with components arrows in V

Y oIelLI, ify=y
vef~1(y)

eyt (feo YY) = Iy(y,y) =
vy 050, if y #y
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and
)1
ILI@I, ife/ ==z
ﬁx’,x : 1)((:1?/,1') - (f*of*)(m/,x) = ! I@I, f.CE:ffL'/ .
0— if o/ #x
0, else

where ! is the unique arrow from the initial to any object. Notice that 7 and & are
isomorphisms if and only if the function f is a bijection.

These V-matrices induced by functions between sets are of central importance
to constructions in later sections. Below we show some useful properties.

LEMMA 7.13. Let f : X — Y and g : Y — Z be functions. There exist

isomorphisms
(9 gio fu 9f)s: X —— 2
& frog = (gf): Z—— X
which are families of invertible arrows

rr=ly .
Il =51, | ) ==z
@l =¢9f: , F il _)) (7.12)
0— 0, otherwise

for each pair of elements (z,z) € X x Z.

PROOF. In general, for any V-matrix S : Y — Z, the composite 1-cell S o f, is
computed to be the family

(So fi)(z,x) ZSzy ® fuly,x) ZSzy I=Szfx)y®l

yey y=fz

lIe =

S(z, fx)

of objects in V, for any (z,z) € Z x X. Similarly, for a V-matrix T :Z —+ Y, the

composite V-matrix f* oT is the family

(foT)(z.2) =) f'(ey) @T(y.2) =12T(fz, 2) 2 T(fa,2)

yey

of objects in V, for all (z,2) € X x Z.
Using the above technique, we can explicitly write the families of objects in V
which define the V-matrices g, o f. and f* o g*

I®I, ifg(f(x)) ==z

0, otherwise

(9«0 fu)(z,2) = (f o g")(w,2) =

for any pairs of elements (z,z) € X x Z. We can now provide isomorphisms

S TN

X l}ggyf 7 and Ugg f X
(9f)« ()

which consist of families of invertible arrows in V exactly the (7.12)). O
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Based on the above formulas, it is straightforward to show that ¢ and £ satisfy
the following relations, which clarify how the composition of three such matrices

works.

LEMMA 7.1.4. Consider three composable functions X Sy 5% 72 5% W, Then

g* g*
X . W B Wt g v
(hgf)« (hgf)«
and
ra .
/*/ yer! \ // \lf\
(hg)* lerne - Yeort (gf)* X
(hgf)* (hgf)*

7.2. The category of V-graphs

Graphs, with variations on their exact meaning depending on the mathematical
context they arise, have been of use for a very long time. For the needs of this
thesis, we study the case of graphs enriched in a monoidal category, in order to
better understand V-categories. In this setting, enriched categories are enriched
graphs with extra structure, and V-cocategories will also naturally fit in later.

As a primary example, in [ML98, 11.7] the notion of a small (directed) graph
consisting of a set of objects and a set of arrows was employed to describe the
free category construction, in analogy with the free monoid construction on a set.
Moreover, the idea of O-graphs with a fixed set of objects O inspires the fibrational
view of these categories, which is going to be explicitly described in the following
sections. For the main results regarding V-Grph and V-Cat from a more traditional
point of view, Wolff’s [Wol74] is a classic reference for V a symmetric monoidal
closed category, whereas for the description of V-graphs in terms of V-matrices, we
again closely follow [BCSW83, KLO1].

A (small) V-graph G consists of a set of objects obG, and for every pair of objects
A, B € obG an object G(A, B) € V. If G and H are V-graphs, a V-graph morphism
F : G — H consists of a function f : obG — obH between their sets of objects,
together with arrows in V

Fap:G(A B) = H(fA, fB) (7.13)

for each pair of objects A, B in G. These data, with appropriate compositions and
identities, form a category V-Grph.

Notably, the above definition does not require any assumptions on the monoidal
category V. However, the context of the bicategory V-Mat is very convenient for

connecting relations between the above mentioned categories to be exhibited. For
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this reason, we proceed to the presentation of equivalent characterizations in the
language of V-matrices. Inevitably, we have to impose appropriate conditions on
V as in the previous section, namely cocompleteness and ® preserving colimits on
both variables.

One can easily deduce that a V-graph G as described above is an endoarrow in the
bicategory V-Mat, i.e. a set X = obG together with a V-matrix G : X —— X given
by a family of objects G(2/, ) in V, for all 2/, x € X. Such a V-graph will be denoted
as (G, X) or Gx. Furthermore, a morphism of V-graphs between (G, X) and (H,Y")
can be viewed as a function f : X — Y between their sets of objects, equipped with
a 2-cell

/_Cf\
o
froHof.
in V-Mat, where f, and f* are as in . This is the case, because the composite

V-matrix

x oy oy Ly

is given by the family of objects, for all ',z € X,
(fFHL) 2) =) [ (@ y) © (Hf)(y,2) = 1@ (HL)(f(2'),z)

yey
=1 Y H(f(),y) @ fuly,x) = [ @ H(f('), f(x)) ® ]
yeyY
= H(f('), f()).
Hence the 2-cell ¢ has components arrows in V
bv o G(@',2) — T H(f2, fr)® 1 = H(f2', fz)

for 2/, x € X. This is essentially , in the sense that the arrows F/ , and ¢/,
are in bijective correspondence. We write F' = (¢, f) for this way of viewing V-graph
morphisms.

In fact, because of the adjunction f, 4 f*, the ‘mates correspondence’ of Propo-

sition gives a bijection between 2-cells

X -9 x and x-S x (7.14)
f% Jo %f* f*?t Y %f*
YHH—>Y7 Y —4—Y

in the bicategory V-Mat. By computing as before, the composite V-matrix

vy ox Sax ty

is the family of objects in V, for each v,y €Y,

(G y) =Y IeG@,z)0l= ) G ).

fa'=y' fa'=y'
fe=y fe=y
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So the components of 1 are the arrows in V

Yyt D I®GE, 2)®T — H(yy)

fal=y'
fe=y

which, for fixed z € f~!(y) and 2’ € f~1(y'), correspond uniquely to the components
¢a o Hence, a V-graph arrow can equivalently be given as a pair (¢, f) : (G, X) —
(H,Y) where f: X — Y is a function and ¢ : f,Gf* = H a 2-cell in V-Mat.

In the established terminology, the composition of two V-graph morphisms

F=(¢, K=(x.k
G (&,1) (x:k)

Hy

Jz

is given by the function kf : X — Y — Z and the composite 2-cell

Z—}]—>Z

where the isomorphisms are £/°F and ¢/* from Lemma [7.1.3] The identity arrow on
(G, X) is given by the identity function idy : X — X on the set, and the 2-cell

X %> x

(idx)*$ Jic %(idx)*

X —+— X
G
with components arrows in V
—1,.—1
(ic)a z : G(a', x) T re G2 z)®1=G(2, ),

evidently isomorphic to the identity arrows lg(y 4) @ G(2',2) — G(2', ). We write
L(g,x) = (ig,idx). Notice that in fact, the V-matrices (idx ), (idx)"* are the same
as the identity 1-cell 1x : X —— X on X:

I, ifx=2a

(idx)«(2', 2) = (idx)* (2, x) = (7.15)

0, otherwise.

We can encode the above data in the following isomorphic characterization of
the category of V-graphs and V-graph morphisms.

DEFINITION 7.2.1. The category of small V-graphs V-Grph has objects pairs
(G, X) € V-Mat (X, X) x Set and arrows (in bijection with) pairs (¢, f) : (G, X) —
(H,Y') where

¢:G — f*Hf, inV-Mat(X,X)
f:X=>Y in Set
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or equivalently pairs (¢, f) where

v foGf*— H in V-Mat(Y,Y)
f: X->Y in Set.

From now on, we will use either description of V-graph morphisms according to
our needs, and the choice will be evident by the context and notation. In particular,
we will usually denote a V-graph morphism in the classic sense as Fy : Gx — Hy
and (¢, f) : (G, X) — (H,Y) in the V-matrices view. There is an evident forgetful
functor @ : V-Grph — Set which sends each graph (G, X) to its set of objects X,
and each arrow (¢, f) to the function between the objects f.

We now continue with the basic properties of V-Grph. First of all, when V is
complete, it is straightforward to construct limits inside V-Grph. Indeed, a diagram
of shape J in V-Grph

D: J V-Grph
J! > (gj)Xj
ei | Fos,
ki > (Gk) x,

has as limit the graph Gx constructed as follows. The set of objects is the limit X
of the composite diagram

J 2, V-Grph —Q—> Set,

thus if 7; are the projections from X, we have 7, = fym; in Set for every 6. Then,

for any z, 2’ € X the hom-object G(2/, z) is the following limit in V:

, (Hj);c/,a; ’
Gj(mja!, mjz) < G2, x)
(st i 2 () o
Gr(forja’, fomjx).

(HJ')Wj . . . .
The cocone (Gx —— (G;) x;1ied ) now satisfies the required universal property.
On the other hand, when V is cocomplete, the category V-Mat(X, X) for any

set X is cocomplete as well, which leads to the following construction of colimits in
V-Grph.

ProrosiTION 7.2.2 ([KLO1]). The category V-Grph is cocomplete when V is.

PROOF. Suppose J is a small category and F' is a diagram of shape J in V-
Grph given by

F: J V-Grph (7.16)
J > (G, Xj)
gi \L(we»fb)
k‘ > (Gk,Xk)
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By Definition [7.2.1} fp is a function between the sets of objects and (fy)+G;(fp)* ¥y
G, is a 2-cell in V-Mat. Again, the composite

J i) V-Grph —Q—> Set

has a colimiting cocone (7; : X; = X |j € J) in the cocomplete Set. Notice that,
since 7; = fp7i, for any fy : X; — X}, we have isomorphisms of V-matrices

X 4|—> X, X 4@0)—> X
\\ : / PG
(fo) (Tk ) (k)" (fo)*

Xk

where ¢ and ¢ are defined as in Lemma [7.12] Now consider the functor

K: J V-Mat(X, X) (7.17)
J = (15)«G(75) 2=(7) (f0)« G5 (fo) " (T1)*
Ql l(ﬂs)ﬂ/}e(ﬂc)*
k > (1) Gr ()"

which explicitly maps an arrow 6 : j — k in J to the composite 2-cell

x 9 L, X

(fe)*% e Jg(fe)*

X ——+— X,
Gy

(7.18)

The colimit of K is formed pointwise in V-Mat (X, X) = [X x X, V)], so there is a
colimiting cocone (A : (7})+G;(7;)* = G|j € J). These data allow us to form a
new cocone

(G5, ;) 22 (6, x) |5 € 7)

for the initial diagram F' in V-Grph, since (G, X) is an endoarrow in V-Mat by
construction, and also the pairs (\;,7;) commute accordingly with the (1g, fg)’s.
This cocone which can be checked to be colimiting, since 7; and \; are. Therefore
(G, X) satisfies the universal property of a colimit of F' in V-Grph. O

The above construction is presented in [BCSW83|, again in the more general
case of enrichment in a bicategory. The existence of all colimits in V-Grph was also
shown in [Wol74] via the explicit construction of coproducts and coqualizers.

The category V-Grph has a monoidal structure inherited from V: given two
V-graphs Gx and Hy, their tensor product G ® H is defined to be the V-graph with
set of objects X x Y and hom-objects

(G @ H)((2,w), (x,9)) = G(z,2) © H(w, y).

Of course, this comes from the monoidal structure of the bicategory V-Mat as in

(7.4). Similarly, we can define the tensor product of two V-graph morphisms: given
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V-graph arrows Fy : Gx — Hy, Dy : G, — H{,, their tensor product
FOD:GOH—-G oM

is given by the function f x d: X x Y — X’ x Y’ between their sets of objects, and
for every xz,z € X, y,w € Y, arrows

Fz,z®Dw,y

(F ® D)z w),(2y) : G(2,7) ® H(w,y) G(fz, fx) ® H(dw,dy)

in V. The monoidal unit is the unit V-graph Z with one object, and hom-object
Z(x,%) = 1. Also, symmetry is also evidently inherited from V.
Furthermore, the category of V-graphs is a monoidal closed category if we assume

certain extra conditions on V.

PROPOSITION 7.2.3. Suppose V is a monoidal closed category with small prod-

ucts. The functor
9Hom : V-Grph°? x V-Grph — V-Grph
which maps a pair (Gx, Hy) to the V-graph YHom(G, H)yx with
YHom(G, H)(k,s) := H G(2, x), H(ka', sz)]

z'ex
zeX

for k,s € YX is the internal hom of V-Grph.

PROOF. In order to establish an adjunction (— ® Hy) 4 YHom(Hy, —) for any
V-graph Hy, take a V-graph morphism Fy : Gx — 9Hom(Hy, Jz). This consists of
a function f: X — ZY between the sets of objects, and arrows

Foo: G x) = [ (HW, ), T(fod/, fov)
y,y' €Y
in V between the hom-objects, where f, = f(z) : Y — Z, for all x,2’ € X. These
arrows correspond bijectively, under the tensor-hom adjunction in V for a fixed pair
of elements (y,y') € Y, to

G, x) @ 1Y, y) = T (forif, f2y)

since V is monoidal closed. The category Set is cartesian closed, thus the function
f corresponds uniquely to a function f : X x Y — Z. This function together with

the arrows above written as

F(I’,y’),(w,y) : g(l./? .Z') ® H(ylv y) - j(f(xlv y/)7 f(%, y))

determines a V-graph morphism Ff : Gx ® Hy — Jz which establishes a bijective

correspondence
V—Grph(gx ® Hy, jz) = V—Grph(gx, gHom('Hy, jz))

Moreover, this bijection is natural in Gx, hence YHom(H, J) is the object function
of a right adjoint functor YHom(H, —) of (— ® H). Hence the induced functor of two

variables Y9Hom is the parametrized adjoint of ®.
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Explicitly, YHom on a pair of V-arrows (Fy : Jz = Gx,Dq : Hy — My ) gives
a V-graph morphism
9Hom(F, D) : YHom(G, H)yx — YHom(J, M)y z. (7.19)

This consists of the function ‘pre-composing with f and post-composing with d’
d’ : YX — W7 between the sets of objects, and for each pair (k,s) € YX an arrow

IHom(F, D)y, : YHom(G, H)(k,s) — YHom (T, M)(d” (k),d’ (s)) =
H (G(2,x), H(k2', sx)] — H [J(2,2), M(dkfZ dsfz)].

r,x'€X z,2'€Z

For fixed z,2’ € Z, the latter corresponds uniquely under the usual tensor-hom

adjunction to the composite

1166 a), H(ka', 52)] © T (2) ~ = ==~ - o M(dkf, dsf>).
1166 Mk s0)] © (2 2 Do oy
wfz/,fz@ni

ev

(G(f2', f2), H(kfZ', sf2)] @ G(f2, fz)

H(kfZ, sfz)
]

In the above proof, there was no need to move to the world of V-matrices. If
we did, however, it would be clear that the mapping of the functor YHom on two
objects (G, X) and (H,Y) is in fact the mapping of the functor Hom x y (x,y) (7.6)
provided by the lax functor of bicategories Hom : (V-Mat)® x V-Mat — V-Mat
defined explicitly in the previous section. For the mapping on morphisms though,
the definition of Hom(c, 7) as in is not sufficient, because the morphisms in
V-Grph are not just between endoarrows in V-Mat with the same set of objects.
Hence, in terms of V-matrices, for F' = (¢, f) and D = (x,d) as in Definition
the V-graph arrow YHom((¢, f), (x,d)) is the pair ([[¢, x]], d') where

Hom(G,H)

yX yX (7.20)

(@)« Vo) @)

W2 ———— W2
Hom(J,M)
has components isomorphic to YHom(Ff, Dg)r,s up to tensoring with I's on both
sides of the codomain product.
Another important property of V-Grph is the fact that it inherits local pre-
sentability from V. The detailed arguments and constructions for this result can be
found in [KLO1].



7.3. V-CATEGORIES AND V-COCATEGORIES 135

ProposiTION 7.2.4. [KLO1, 4.4] The category V-Grph is locally A\-presentable

when V is so.

PROOF. (Sketch) Suppose V is a locally A-presentable category. Then, if the set

¢ of objects constitutes a strong generator of V, it can be shown that the set
{(G,2) ] G €Y or G =0}

constitutes a strong generator of V-Grph, where the graph (G,2) has as set of
objects 2 = {0, 1} and consists of the objects

G(0,0) =G, G(0,1) =G(1,0) =G(1,1) =0
in V. Also, this set is A-presentable, in the sense that the hom-functors
V-Grph((G, 2),—) : V-Grph — Set

preserve A-filtered colimits. O

7.3. V-categories and V-cocategories

In Chapter [4 we recalled what it means for a category A to be V-enriched for
a monoidal category V. In this section, we are going to re-define V-categories from
a slightly different perspective, in the context of V-matrices. This is of importance
because it allows us, just by dualizing certain arguments, to later construct the
category of V-cocategories in a natural way. Evidently, the motivation for this is
that enriched categories and cocategories generalize monoids and comonoids in a
monoidal category, since for example it is well-known that a one-object V-category
is precisely an object in Mon(V).

Notice that strictly speaking, composition in the bicategory V-Mat results
in the opposite convention to that preferred by Kelly for the composition
law in an enriched category. Similar issues arise regarding V-modules later. There
seems to be no consistent practice in these matters.

Following once again the approach of [BCSW83]|, a V-category is defined to be
a monad in the bicategory V-Mat. Unravelling Definition [2.2.1] it consists of a set
X together with an endoarrow A : X —+ X, i.e. it is a V-graph with set of objects
obA = X, equipped with two 2-cells, the multiplication and the unit

/A/X\A\ - .
X\_{}f//,X and X~ v X
A

satisfying the following axioms:
A A
A R AT
X A X = X A X

T — . ’

A A
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1x X A A X 1x
S TR 4 27 NN
WM = Y
X A X =X a4 X = X A X.
T T—
A A A
Notice that in the above diagrams, the associator and the unitors of the bicategory
V-Mat which are essential for the domains and codomains of the equal 2-cells to

coincide, are suppressed. In terms of components, they are given by

M.yo: Y A(z,y) @ A(y,z) — A(z,y) (7.21)
yeX

Ne : I — Az, x)

which are the usual composition law and identity elements. If we also express the
above relations that M and n have to satisfy in terms of components of the 2-cells
involved, we re-obtain the associativity and unit axioms of an enriched category.
Also by Remark a monad in a bicategory is the same as a monoid in the
appropriate endoarrow hom-category, i.e. a V-category A with set of objects X is
a monoid in the monoidal category (V-Mat (X, X),0,1x). Denote a V-category as a
pair (A, X) or Ax.

A V-functor F' : A — B between two V-categories Ax and By was again defined
in Section and in fact is a V-graph morphism Fy : Ax — By (in the classic
sense) which respects the composition law and the identities. In the current context
of V-matrices, a V-functor can be defined to be a morphism of V-graphs (¢, f) :
(A, X) — (B,Y) as in Definition which satisfies

X 4 -x—4.x X (7.22)
/A/ \A\

Fu 2 fe o e _ 2%
& ’ & ’ $ X | X
Y=Y —=7Y ﬂ% s %f*

s

Y : Y,
B B
1x

Here, the 2-cell gZ; : f«xA = B f, corresponds bijectively to ¢ via mates correspondence
‘on the one side’, i.e. by pasting the counit & of f, 4 f* on the right. This description
agrees with the standard V-functor definition up to isomorphism again: the 2-cell ¢
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has components

by 1@ A(x',2) — B(fa!, fr) @1
for 2’ € f'y, and the equality of the above pasted diagrams agrees with the commu-
tative diagrams up to tensoring the objects with I’s and composing the arrows
with the left and right unit constraints of V.

REMARK 7.3.1. The pair (fs, é) is a special case of ‘colax monad functor’ between
the monads (A,X) and (B,Y) in the bicategory V-Mat, as in Definition [2.2.7]
However, it is not true that any colax monad functor given by the data

X 4o x

Y —+—Y
B

for some V-matrix S can be seen as a V-functor, since it is obviously not true that
any S : X — Y is of the form f, for some function f: X — Y. This explains why
the category V-Cat cannot be characterized as Mind(V-Mat), even if they have the
same objects. Similar issues were discussed in a bigger depth in [GS13|, employing

the theory of proarrow equipments.

There is a 2-dimensional aspect for all the basic categories we study in this chap-
ter, including V-Cat. However, we choose to omit its description in this treatment,
because it is not of central importance for our main results. More specifically, for
the enrichment relations and the fibrational structures we explore, the 2-categorical
structure of those categories is unnecessary.

Since a V-category with set of objects X can be seen as a monoid in the
monoidal category V-Mat(X, X), a similar characterization for V-functors could
be attempted, in order to obtain a result analogous to Definition for V-Grph.
The following is indicative of how to proceed.

LEMMA 7.3.2. Let (B,Y) be a V-category. If f : X — Y is any function, the
composite V-matrix

x iy By x
)

is a monoid in V-Mat(X, X), i.e. the pair (f*Bf., X) constitutes a V-category.

PROOF. The multiplication M’ : f*Bf,f*Bf. — f*Bf. is given by the compos-
ite 2-cell

* f*

B Y = Y B
1y Y

X —+—Y - X

W

B
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and the unit ' : 1x — f*B/f, is given by the composite 2-cell

where € and 7 are the counit and unit of the adjunction f. - f* in V-Mat, and
M and n the structure maps of the monoid B. Using pasting operations, the new

multiplication and unit can be expressed as
M' = f*(M - (BéB)) f-,
0= (fnfs) 0.
The associativity and unit axioms follow from the ones for the multiplication and

unit of the monoid B : Y — Y and the triangular identities for 7 and €. g

It is not hard to see that the diagrams (7.22]) which a V-functor F' = (¢, f) :
(A, X) — (B,Y) has to satisfy, coincide with the ones that an arrow in Mon(V-
Mat(X, X)) between the monoids A and f*Bf, has to satisfy. For example, asso-

ciativity can be written, using mates correspondence, as

X 4 4 X X
f% " %\& " %\Uf\ ) /A/W\A\
} i i } X } X «

B B 1y

which implies the commutativity of the first diagram in (3.14) for a monoid mor-
phism, taking into account the form of multiplication M’ of f*Bf.. Therefore, the
following characterization of the category of V-categories is established.

LEMMA 7.3.3. The objects of V-Cat are pairs
(A, X) € Mon(V-Mat(X, X)) x Set
and morphisms are pairs (¢, f) : (A, X) — (B,Y) where

¢:A— f*Bf. in Mon(V-Mat(X, X))
f:X—=Y in Set.

As in the case of V-Grph in the previous section, the category V-Cat as pre-
sented in Chapter [4]is in fact isomorphic with the category described above, in the
sense that there is a bijection between objects (i.e. the identity) and a bijection
between arrows of these categories.

We already saw how V-Cat inherits a (symmetric) monoidal structure from V.
The tensor product of the V-categories Ax and By is defined to be the V-graph
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(A® B)xxy, given by the family of objects {A(z,z) ® B(w,y)} in V for all z,z € X
and y,w € Y, with composition law and identities as given in Section 4.1

Similarly to the free monoid construction on an object in a monoidal category V),
briefly discussed in Section we now proceed to the description of an endofunctor
on V-Grph inducing the ‘free V-category’ monad. The following proof can also be
found in [BCSW83), KL01].

PROPOSITION 7.3.4. Let V be a monoidal category with coproducts, such that ®

preserves them on both sides. The functor
S :V-Cat — V-Grph

which forgets composition and identities has a left adjoint L, which maps a V-

graph G : X —+ X to the geometric series

SN GO X s X
neN

PROOF. Recall that by Proposition V-Mat (X, X) admits the same class
of colimits as V, and also ® = o preserves colimits on both sides. Hence, the forgetful
functor S from its category of monoids has a left adjoint, namely the ‘free monoid’

functor, as in Proposition [3.3.4
L: V-Mat(X,X) — Mon(V-Mat(X, X))
G Y onenG"

By Lemma [7.3.3] we deduce that this geometric series is in fact a V-category with

set of objects X. We now claim that the mapping
L: V-Grph V-Cat (7.23)

induces a left adjoint of the forgetful functor S. For that, it is enough to show that
the V-graph morphism 7 : (G, X) — SL(G, X) which is the identity function on
objects and the injection 2-cell of the summand G into the series, has the following
universal property: if (B,Y) is a V-category and F'is a V-graph arrow from (G, X) to
its underlying V-graph S (B,Y), then there exists a unique V-functor H : (LG, X) —
(B,Y) such that the diagram

s

(G, X) S(3 G, X) (7.24)

\ neN
F /_~

sBy)

commutes.

By Definition a V-graph functor F' can be seen as a pair (¢, f) where
¢ : G — f*Bf, is an arrow in V-Mat(X, X), and furthermore Lemma ensures
that f*Bf, obtains a monoid structure. Since LG is the free monoid on the object
G of V-Mat(X, X), ¢ extends uniquely to a monoid morphism x : LG — f*Bf,
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such that the diagram

G

>, G"

\ . neN
¢ 475y

[*Bfs

commutes in the category V-Mat(X, X), where n and S are respectively the unit
and forgetful functor of the ‘free monoid’” adjunction L — S.

By Lemma this 2-cell x : > yG" = f*Bf. in V-Mat, together with
the function f, determine a V-functor H = (x, f) : (LG, X) — (B,Y) satisfying the
universal property . These data are sufficient to define an adjoint functor L
with object function (7.23)), thus the ‘free V-category’ adjunction

[l

V-Grph V-Cat

}_

U

is established. O

The above result was also given earlier in [Wol74, Proposition 2.2] but construc-
tively, in the sense that the explicit description of the free V-category along with its
composition and identities is provided, and the universal property is shown with-
out the use of V-matrices. As a result, in that plain context, just the existence of
coproducts in V suffices to establish the free V-category adjunction, without requir-
ing ® to preserve them. Also, as proved in detail in [Wol74] and later generalized
in [BCSW83] for categories enriched in bicategories, V-Cat has and the forgetful
functor S reflects split coequalizers when V is cocomplete. By Beck’s monadicity
theorem, since S also reflects isomorphisms, we have the following well-known result.

PROPOSITION 7.3.5. If V is a cocomplete monoidal category (such that @ pre-
serves colimits on both variables), the forgetful S : V-Cat — V-Grph is monadic.

Consequently, the category V-Cat is isomorphic to the category of SL-algebras
on V-Grph. As mentioned earlier, V-Grph is complete when V is, thus

COROLLARY 7.3.6. The category V-Cat is complete when V is.

The fact that V-Cat also has all colimits follows from a result by Linton in
[Lin69], which states that if the category of algebras for a monad has coequalizers
of reflexive pairs and A has all small coproducts, then A” has all small colimits. By
Proposition V-Grph admits all colimits if V does, hence the following is true.

COROLLARY 7.3.7. The category V-Cat is cocomplete when V is.

Finally, V-Cat also inherits local presentability from V-Grph. As shown in
[KT.01], the monad SL is finitary. Thus by a result of Gabriel and Ulmer [GUTT],
Satz 10.3] which states that if A is locally presentable, then A” for a finitary monad
is locally presentable, we obtain the following result.

THEOREM. [KLO1l 4.5] If V is a monoidal closed category whose underlying
ordinary category is locally A-presentable, then V-Cat is also A-presentable.
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We can now turn to the ‘dualization’ of the concept of a V-category in the context
of the bicategory V-Mat. Henceforth V is a monoidal category with coproducts,
such that the tensor product ® preserves them on both entries. The definition
below follows Definition 2.2.5]

DEFINITION 7.3.8. A (small) V-cocategory C is a comonad in the bicategory V-
Mat. Thus it consists of a set X with an endoarrow C' : X — X, i.e. a V-graph
with set of objects obC = X, equipped with two 2-cells, the comultiplication and

the counit
C

/\ /_?\

X and X | e X

{a
= i

X

satisfying the following axioms:

X

C C

/_'_C\A

X X = X X

I \\A/ﬁ

;\\fé\c*x/o P
C C

C
P N o
X Ia X =X e X = X WA X
1x X c c X. 1
In terms of components, the cocomposition of a V-cocategory C is given by

Dy :C(x,2) = ) Clx,y) ©Cly, x)

yeX

for any two objects =,z € X, and the coidentity elements are given by
C(x,x) AN I, ifz=y

€xy - C(a:,y) — 1X($,y) = €,y .

Clr,y) — 0, ifzx#y

for all objects z € X. The commutative diagrams expressing the coassociativity and

counit axioms are

C(x,w)

Y C(x,2) @ C(z,w) > C(z,y) @ C(y,w)

z Y

> ARl S IRA
z Y

R

2.2 C(x,y) ©C(y, 2)) @ Cz,w) ——— Zy)C(aS,y) 2 (L Cly, 2) @ Cly,w)

z Yy

Q
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Clz,2) ®C(z,y) <——— > C(x,2) ®C(z,y)

e®1 / \ Z -

I ®C (z,y) (x y ® 1
where « is the associator and A, p are the unitors of V-Mat. The vertical arrows of
the latter diagram are explicitely the unique morphisms making the left and right
parts of the diagram commute:

2. C(x,2) ©C(z,y)

Clz,z) ® C(z,y) > e,z ®1 2186y Clz,y) ®C(y,y)

z

I@C(xy) Clry) oL

As for comonads in any bicategory, a V-cocategory C with obC = X is the same
as a comonoid in the monoidal category (V-Mat(X, X), o, 1x). Thus a one-object V-
cocategory is the same as a comonoid in the monoidal category V. We denote such
a V-cocategory as Cx or (C,X). Analogously to V-graphs and V-categories, the
notation (C, X) is preferred for the V-matrices context, whereas Cx for the dual to
the ‘classic presentation’ which basically corresponds to the componentwise version.
The latter can evidently be expressed without the explicit use of V-matrices.

The next step is to define the appropriate morphisms between V-cocategories.
For V-graph arrows and V-functors, morphisms F' were initially defined in the stan-
dard way, i.e. consisting of certain arrows in V as in and . Then, using
the formulation in terms of V-matrices, F' was expressed as a pair (¢, f), where
¢ is a 2-cell in V-Mat with components isomorphic arrows to the previous ones.
This led to the characterization of Definition [7.2.1] for V-Grph, and allowed the
V-functor axioms to be written in a colax monad functor style which resulted in
characterization of Lemma [7.3.3] for V-Cat. We similarly proceed for arrows for

V-cocategories.

DEFINITION 7.3.9. A V-cofunctor Fy: Cx — Dy between two V-cocategories is
a morphism of V-graphs, consisting of a function f : X — Y between their sets of

objects and arrows in V

Fp.:C(x,2) = D(fz, fz) (7.25)
for any two objects z, z € obC, which satisfy the commutativity of
AC
Cz,2) —— 3 C(x,y) @ C(y, 2) 2 Foy®Fy,. (7.26)
yeX Y
Fez > D(fx, fy) ® D(fy, fz)

fyey
Y

D(fx, fz) o= > D(fz,w) @ D(w, fz) = *

fz fz WEY
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EC
x,T
and Cla,o) ————=1
Fm,zi /
Fe.fa

D(fz, fx).

The above commutative diagrams express the compatibility with cocomposition
and coidentities. Equivalently, we can view a V-functor as a pair (¢, f) : (C, X) —
(D,Y) between two comonads in V-Mat, with f: X — Y a function and ¢ a 2-cell
C = f*Df, which satisfies the equalities

C
/M\
XY -x Y -x X ¢ X (7.27)
£ 2 I 2 fe — ’% 4 i‘f*
Y : Y
Y oV Y b
5 5 \\M/
D Y D
/(i\
X - U X = X ¢ X
—

f = =~ f f 2 fx
b= = o s
Y n Y Y : Y

v W
ly

for ¢ : f+C = Df, the mate of ¢ ‘on the one side’. These two ways of defining a
V-cofunctor are equivalent in the sense that there is a bijection between them. The
components of ¢ are given by
Y IeC(,x)— D(fd, fr) @1

a’efly
which for fixed 2’ are in bijection to (7.25)). The equalities written in terms of
components then agree with the commutativity of up to appropriate tensoring
with I.

It is not hard to see that V-cofunctors compose, also by viewing them as spe-
cific types of lax comonad functors dually to Remark Therefore we obtain a
category V-Cocat of V-cocategories and V-cofunctors.

Dually to Lemma we have the following.

LEMMA 7.3.10. Let (C,X) be a V-cocategory. If f: X — Y is a function, then

the composite V-matrix
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is a comonoid in V-Mat(Y,Y'), which implies that (f.C f*,Y) is also a V-cocategory.

PROOF. The comultiplication A" : f,Cf* — f.Cf*f.Cf* and the counit ¢ :
f+Cf* — 1x are given by the composites

X o x
* ‘ F
\1_;/7 \
Y U,g Y,

\_’_/

ly

where € and 7} are the counit and unit of the adjunction f, - f* in V-Mat and A
and e the comonoid structure maps of C. In terms of pasting oparation, the new

comultiplication and counit can be written as
A" = f.((C7C) - A) f7,
€ =& (feef™).
The coassociativity and counit axioms follow immediately from the axioms of the

comonoid C': X —+ X and the the triangular identities for & and 7. 0

Once again, it can be deduced that the diagrams (7.27) a V-cofunctor F' :
(C,X) — (D,Y) has to satisfy coincide with the ones for a comonoid arrow be-

tween f.Cf* and D. The following characterization is now established.
LEMMA 7.3.11. Objects in V-Cocat are pairs
(C,X) € Comon(V-Mat(X, X)) x Set
and morphisms are pairs (¢, f) : (C, X) — (D,Y) where

Y fCf*—= D in Comon(V-Mat(Y,Y))
f: X—>Y in Set.

Notice how, out of the two equivalent formulations for V-graph morphisms of
Definition V-functors are expressed via pairs (¢, f) and V-cofunctors are ex-
pressed via pairs (1, f), where the 2-cells ¢ : G = f*Hf, and ¢ : f.Gf* = H are
mates in V-Mat.

The category V-Cocat obtains a monoidal structure when V is symmetric mo-
noidal. For two V-cocategories Cx and Dy, C®D is their tensor product as V-graphs,
i.e. has as set of objects the cartesian product X x Y and consists of the family of
objects in V

(€ ®D)((2,w), (x,y)) = C(2,2) @ D(w,y).
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The cocomposition law is given by the composite

Clz,z) @ D(w,y) = == = - " 2 )C(z’ ') @ D(w,y") @ C(z',z) @ D(y',y)
1'/7:[//
}s

> C(z,2") @C(2',2) @ D(w,y') @ D(Y,y)
(z',y")

> Clz2") L, 2) @ 3 D(w,y') @ D(y', y)

C D
Az,z(gAw,y

and the coidentity element is

%oy
Clz,z) ® D(y,y) ——> I @I =1

The unit for this tensor product is the unit V-graph Z with obvious cocomposition
and coidentities. Similarly we can define the tensor product of two V-cofunctors
between V-cocategories, and also symmetry is inherited, hence (V-Cocat, ®,7) is a
symmetric monoidal category.

Dually to Proposition we now construct the ‘cofree V-cocategory’ functor
using the cofree comonoid construction. As discussed in Section [3.3] the existence of
the cofree comonoid usually requires more assumptions on V than the free monoid,

and the following is no exception.

PROPOSITION 7.3.12. Suppose V is a locally presentable monoidal category, such

that ® preserves colimits in both variables. Then, the evident forgetful functor
U : V-Cocat — V-Grph

has a right adjoint R, which maps a V-graph (G,Y) to the cofree comonoid (RG,Y)
on G € V-Mat(Y,Y).

PROOF. The forgetful functor U maps any V-cocategory (C, X) to the ‘under-
lying’ V-graph (UC,X), where U is the forgetful functor from the category of
comonoids of the monoidal category (V-Mat(Y,Y),0,1y). By Corollary U
has a right adjoint

R :V-Mat(Y,Y) — Comon(V-Mat(Y,Y))

namely the cofree comonoid functor. By Lemma|7.3.11} the pair (RG,Y) where RG
is the cofree comonoid on an endoarrow G : Y —+ Y is in fact a V-cocategory with
set of objects Y. We claim that the mapping

R: V-Grph —— V-Cocat (7.28)
gives rise to a right adjoint of the forgetful U. It is enough to show that for & the
counit of the cofree comonoid adjunction U - R, the V-graph arrow £ = (g,idy) :

UR(G,Y) — (G,Y) is universal. This means that for any V-cocategory Cx and any
V-graph morphism F from its underlying V-graph U (C,X) to (G,Y), there exists a
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unique V-cofunctor H : (C, X) — (RG,Y) such that the diagram

~ g

U(RG,Y) (G,Y) (7.29)

.
commutes.

The V-graph arrow F' can be seen as a pair (¢, f) where f : X — Y is the
function on objects and ¥ : f.Cf* — G is an arrow in V-Mat(Y,Y’). However, by
Lemma [7.3.10| the composite f.Cf* is an object of Comon(V-Mat(Y,Y)), since C

is a comonoid itself. Due to RG being the cofree comonoid on G, this ¢ extends

uniquely to a comonoid arrow x : fxC f* — RG such that the diagram
RG = G

~.
o, %’

f.of*

commutes in V-Mat(Y,Y). Then, by Lemma this 2-cell x in Comon(V-
Mat(Y,Y)) along with the function f : X — Y determines a V-cofunctor H :
(C,X) — (RG,Y), which satisfies the commutativity of . Therefore R extends
to a functor with mapping on objects as in , which establishes the ‘cofree V-
cocategory’ adjunction U 4 R : V-Grph — V-Cocat. O

At this point, properties of V-Cocat cease to be straightforward dualizations of
the ones of V-Cat. As an example, in order to deduce results such as comonadicity
of V-Cocat over V-Grph, we will later show that V-Cocat is locally presentable via
a different method, under the conditions for the existence of the cofree V-cocategory
functor R.

We close this section by the construction of colimits in V-Cocat. In fact, this
follows from the construction of colimits in V-Grph in Proposition with an
induced extra structure on the colimiting cocone which amounts to a colimit of

V-cocategories.
PROPOSITION 7.3.13. Suppose that V is a locally presentable monoidal category,
such that @ preserves colimits in both variables. The category V-Cocat has all small

colimits.

PRrOOF. Consider a diagram in V-Cocat given by

D: J V-Cocat
ji > (G5, X)
ol i(we,fe)
ki > (C, Xk)
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for a small category J. By Lemma fo : Xj — X is a function and 1)y is an
arrow (fp)«Cj(fp)* = Cj in Comon(V-Mat (X}, X;)), i.e. a 2-cell in V-Mat

Cj
Xj —t— Xj

(fa)*$ e %(fe)*

Xk—clk—>Xk

satisfying the usual comonoid morphism properties. We can first construct the
colimit of the underlying V-graphs of this diagram as in Proposition We then

obtain a colimiting cocone

(G5, %) 2T (0, X) |j e ) (7.30)
in V-Grph, where (75 : X; — X |j € J) is the colimit of the sets of objects of the
V-cocategories in Set, and (\; : (77).Cj(7j)* = C|j € J) is the colimiting cocone
of the diagram K as in in the cocomplete V-Mat(X, X).

Notice that K : J — V-Mat(X, X) in fact lands inside Comon(V-Mat (X, X)):
Lemma [7.3.10] ensures that V-matrices of the form f.Cf* for any comonoid C' in-
herit a comonoid structure, and also the composite arrows where the mid-
dle 2-cell is now the comonoid arrow vy ensure that K6 are comonoid morphisms.
Since by Corollarythe category of comonoids is comonadic over V-Mat(X, X),
the respective forgetful functor creates all colimits, therefore C': X —— X obtains a
unique comonoid structure. Moreover, the legs of the cocone

Cj
Xj —t— Xj

(Tj)wAL 2% Jv((Tj)*

X —+— X
C

are comonoid arrows, hence together with the functions 7; they form V-cofunctors.
Thus the colimit (7.30)) lifts in V-Cocat. O

7.4. Enrichment of V-categories in V-cocategories

We now wish to extend the results presented in Section [6.1, where the exis-
tence of the universal measuring comonoid and the induced enrichment of monoids
in comonoids were established. Similarly to the previous development, we aim to
identify an action of the symmetric monoidal closed category V-Cocat on the or-
dinary category V-Cat (or better its opposite), with a parametrized adjoint which
will turn out to be the ‘enriched-hom’ functor of a (V-Cocat)-enriched category
with underlying category V-Cat. The relevant theory which underlies this process
is contained in Section (4.3l

Suppose that V is a cocomplete symmetric monoidal closed category with prod-

ucts. Recall that there exists a lax functor of bicategories

Hom : (V-Mat)* x V-Mat — V-Mat



148 7. ENRICHMENT OF V-CATEGORIES AND V-MODULES

defined as in ([7.5). Then the functor between the hom-categories (of endoarrows)
Hom(x y),(x,y) induces the internal hom YHom : V-Grph®® x V-Grph — Grph of
V-graphs as described in Proposition [7.2.3] via

HOHI((G, X)a (Hv Y))(ka S) = H [G(l’l, l‘), H(kx,a Sl’)]

r,x'eX

for all k, s € YX. Moreover, by Lemma every lax functor between bicategories
induces a functor between monoids of hom-categories of endoarrows. For the lax

functor Hom, we obtain

Mon(Homx yy,(x,y)): Comon(V-Mat(X,X))°P x Mon(V-Mat(Y,Y)) = Mon(V-Mat (Y Y X))
(7.31)
which is just the restriction of Hom(x yy (x,y) on the category

Mon ((V-Mat® xV-Mat)((X,Y),(X,Y))) = Mon (V-Mat(X,X)°P xV-Mat(Y,Y) )
= Mon (V-Mat(X,X)°P ) x Mon (V-Mat(Y,Y))
=~ Comon (V—Mat (X,X)) ? «Mon (V—Mat(Y,Y)) .

Since a V-cocategory Cx = (C, X) has the structure of a comonoid in the monoidal
(V-Mat (X, X),o0,1x) and a V-category By = (B,Y) has the structure of a monoid
n (V-Mat(Y,Y),0,1y), we deduce that Mon(Homx y) (x,y)) is in fact the object
mapping of a functor

K : V-Cocat®? x V-Cat — V-Cat (7.32)

which is the restriction of the functor YHom on the product of V-cocategories and
V-categories. This concretely means that whenever we have a V-cocategory Cx and
a V-category By, the V-graph K(Cx,By) = Hom(C, B)yx obtains the structure of
a V-category.
Explicitly, for each triple of functions k,s,t € YX, the composition law M :

K(C,B)(k,s) ® K(C,B)(s,t) — K(C,B)(k,t) for K(C, B) is an arrow

H[C( a), B(kd', sa) ®H B(st', tb)] — H B(kd ,te)].

a,a b,b’

This is defined via its adjunct under the usual tensor-hom adjunction

1T [C(a’,a),B(ka’,sa)]@bl_g/ [C(®',b),B(st th)|@C(c")e) — — — — — — — — > B(kd ,tc)

a,a

1QA

c'e

]_[ [C(a’,a),B(ka’,sa)|@ T [C(V',b), B(sb’,tb)]@X/; C(c,"RC(c" c)

a,a’ b,b’

]Mkc’,tc

> T1 [Ca ja),B(ka’ ysa)|@C (& [T [C(V,b),B(sb,tb)|RC(c" c)

" a,al b,b/

TFC/7c//®1®7\'c//,c®1

Z [C(c' "), B(kc sc!)]RC(c!,c")RIC(c” ), B(sc” tc)|RC (" \c)

. ST B(kd ,sc")@B(sc” jte)
evev v
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for fixed ¢, ¢’. The identities for each object s € Y are arrows
me: I — K(C,B)(k,k)= ] [C(d,a),B(sd, sa)] (7.33)
a,a’€X

which correspond uniquely for fixed a = @’ € X to the composite

I®Cla,a)———-—-—-—-———-—— > B(sa, sa)
I1®I —=1

At the diagrams above, A and € are the cocomposition and coidentites of C and M,
n the composition and identities of B. For a # o, the arrow (7.33)) corresponds to

Re€yr

1®e
I®C(d,a) —0 EN B(sd', sa).

Moreover, it can be checked that for a V-cofunctor Fy : Cy, — Cx and a V-functor
Gy : By — By, the V-graph arrow

IHom(F,G),s : YHom(C, B)yx — IHom(C', B')y/x/

as defined in ([7.19)) is in fact a V-functor between the V-categories, i.e. respects the
compositions and identities described above. Therefore we deduce that the functor
K is well defined.

PROPOSITION 7.4.1. Suppose that V is a cocomplete symmetric monoidal closed
category with products. The functor K 18 an action, and so is its opposite
functor

K°P: V-Cocat x V-Cat°P V-Cat®P

(CX s By ) P HomOP(C,B)Yx.

Proor. By Lemma the internal hom functor in any symmetric monoidal
closed category V constitutes an action of V°P on V. Thus for the symmetric

monoidal closed category of V-graphs, the functors
9Hom : V-Grph®? x V-Grph — V-Grph

as well as 9Hom®P are actions. As stressed earlier, K is the restriction of YHom on

V-Cocat®® x V-Cat, hence there exists isomorphisms
Hom(C ® D,.A) — Hom(C, Hom(D, A))
Hom(Z,D) = D

for any V-cocategories Cx, Dy and V-category Az, initially in V-Grph. Notice that
® and Z of the monoidal V-Cocat are inherited from V-Grph, and Hom is the
object function of both YHom and K.

Since S : V-Cat — V-Grph is conservative, these isomorphisms are reflected
into V-Cat, and the coherence diagrams still commute. Therefore K is an action,
and in particular its opposite functor K°P is an action of the symmetric monoidal
category V-Cocat on the category V-Cat®P. g
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What is left to show is that this action K°P has a parametrized adjoint, which
will induce the enrichment of the category on which the monoidal category acts. In
order to prove the existence of the adjoint in question, we need some preliminary
results which further clarify the structure of V-Cocat.

First of all, we can apply the techniques from Propositions [3.3.5] and [3.4.2] re-
garding the expression of the categories Comon()) and Comody,(C) as an equifier,

so that we obtain the following result.

PROPOSITION 7.4.2. Suppose that V is a locally presentable monoidal category,
such that (— ® —) preserves colimits on both sides. Then, the category V-Cocat is

a locally presentable category.

PROOF. Define an endofunctor on the category of V-graphs by

F: V-Grph V-Grph
(G, X)1 > (GoG,X) x (1x,X)
os) [0
(H,Y) >(HoH,Y) x (1y,Y).

The mapping on arrows, for a 2-cell ¥ : f,Gf* = H, is explicitly

X i X i X f X

where the left unitor A of the bicategory V-Mat is suppressed.
The category of coalgebras CoalgF for this endofunctor has as objects V-graphs
(C, X) equipped with a morphism «: C' — C o C X 1x, i.e. two V-graph arrows

a1:(C,X) = (CoC,X) and az:(C,X)— (1x,X).

A morphism (C,a) — (D, f) is a V-graph morphism (¢, f) : (C, X) — (D,Y’) which
is compatible with a and (3, i.e. satisfy the equalities

C
/Ui\
1
X ¢ x-S x-Yox X 9 .x
N2 _
i Vg Yo {p — 1 Yo fe
f*
D
—_—t
Y % Y Y Y Y
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C
m
X : X = X ¢ X
1x
f be f*/ & J’f* f}{ o fa
Y % Sy Y 2 Y.
1y \{'L_,BQ/‘V
1y

Notice that the category CoalgF' contains V-Cocat as a full subcategory: the
morphisms are precisely the same, by comparing the above diagrams with
where qg is a mate of 1, and objects are V-graphs equipped with cocomposition and
coidentities arrows that don’t necessarily satisfy coassociativity and counit axioms.

Since V-Cocat is a cocomplete category by Proposition|7.3.13], we claim that it is
furthermore accessible, thus a locally presentable category. It is enough to express
V-Cocat as an equifier of a family of pairs of natural transformations between
accessible functors, 7.e. functors between accessible categories that preserve filtered
colimits.

First of all, we have to show that the endofunctor F' preserves all filtered colimits.

Take a colimiting cocone

(Aj,75)

(G, X)) (G, X)|jeT)

in V-Grph for a diagram like (7.16) for a small filtered category .7, constructed
as in Proposition i.e. (15 + X; — X) is a colimiting cocone in Set and
(Aj : (15)«Cj(15)* — C) is a colimiting cocone in V-Mat(X, X). We require its
image under F
F()\j,Tj) : (GJ o] Gj,Xj) X (1Xjan) — (G o] G,X) X (1)(,X) (7.34)
to be a colimiting cocone in V-Grph.
For the first part of the diagram, we can immediately deduce that

(17)s 0 Gy 0 (1j)" o () 0 Gj 0 (13)* 2 G o G

is a colimit in (V-Mat(X, X),o,1x), as the tensor product (horizontal composite)
of two colimiting cocones. We claim that pre-composing this with the unit

Lxn*1:(15)s0Gjolyx; 0G0 (1) = (1)« 0Gjo(75)" 0 (7j)x 0 Gjo(ry)”

still gives a colimiting cocone. Indeed, if we take components in V of the respective
2-cells in V-Mat, this comes down to showing that the inclusion

-r]-u:a:/ -r]-u:ac/
-,—jw:z Tj’UJ:Z
> Gi(u,2)®Gi(z,w) = > Gjlu,a) ® Gy(b,w)
ZEXJ' Tj(l:ij

for any two fixed z,2’ € X, where u,w,a,b € X;, does not alter the colimit. One

way of showing this is by considering the following discrete opfibrations over the
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filtered shape J:
L={,ab)|jec T, abe X; 1ja =T;b}
M =A{(j,2)]j €T,z e X;}
where for example the arrows (j,a,b) — (j',a’,0’) in £ are determined by arrows
6 :j — j in J such that o’ = fy(a) and V' = fy(b) (the function fy : X; — X is

the image of the diagram (7.16)) in Set). We can now define diagrams of shape £
and M in V

L: L v M: M %
(ja a, b) NS Gj(uv a) X Gj(b7w) (]a Z) — Gj(“? Z) ® Gj(sz)

and appropriately on morphisms. The colimits for these diagrams in V, taking into

account that the fibres are discrete categories, are

colim L & colim Z Gj(u,a) ® G(b,w)
J
Tja=T;b

colim M = colim E Gj(u,z) ® Gj(z,w).
J
ZEXJ'

Finally, notice that there exists a functor 7' : M — £ mapping each (7, z) to (J, z, 2)

commute. Due to the construction of filtered colimits in Set, it is not hard to show

and making the triangle

M

that the slice category (( J,z,w) | T) is non-empty and connected. Hence T is a final
functor and we can restrict the diagram on £ to M without changing the colimit,
as claimed.

For the second part of the diagram, it is enough to show that

X,
g
X ¥ Y

\_{_/

1x

is a colimiting cocone in V-Mat (X, X), for the diagram mapping each j to

as in . This can be established by first verifying that € is a cocone, and then
that it has the required universal property.
We have thus shown that the cocone is indeed colimiting, hence F' is a
finitary functor as required. This part of the proof is due to Ignacio Lopez Franco.
Since V-Grph is locally presentable and the endofunctor F' preserves filtered
colimits, CoalgF' is a locally presentable category by the basic facts for endofunctor
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coalgebra categories in Section Also the forgetful functor V : CoalgF — V-
Grph creates all colimits. Now consider the following pairs of natural transforma-
tions between functors from CoalgF' to V-Grph:

o'WV =FFV, ¢*¢*:V=(—olx)V, ¢ ¢°:V=V(-oly)
given by the components
C (&
X m X /_'_N
dexy: X /\/\ Jou X, Yex X al/:N X
b N

Y
X

Hoxy s X N\ W X, Aex: X X
; %2 ’
S —x—
g c
C /\
¢:())0,X) P X e |2 X, d’?QX) X = X
S Te—x—i
X

It is now clear that the full subcategory of CoalgF spanned by those objects (C, X)
which satisfy gb%c X) = w%c X) is precisely the category of V-cocategories,
Eq((¢',1")i=1,23) = V-Cocat

as in Definition Since all categories and functors involved are accessible, V-
Cocat is accessible too. O

The fact that V-Cocat is a locally presentable category is very useful for the
proof of existence of various adjoints, as seen below.

PROPOSITION 7.4.3. Suppose V is a locally presentable monoidal category such
that ® preserves colimits in both entries. The forgetful functor U : V-Cocat — V-

Grph is comonadic.

PROOF. By Proposition [7.3.12] the forgetful U has a right adjoint, namely the
cofree V-cocategory functor R. By adjusting the arguments of Proposition
consider the following commutative triangle

V-Cocat——— > CoalgQG
N v
V-Grph

where the top functor is the inclusion of the full subcategory in the functor coalgebra
category as described above, and the respective forgetful functors discard the struc-

tures maps « of the coalgebras. We already know that CoalgF' is comonadic over
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V-Grph, hence V creates equalizers of split pairs, so it is enough to show that the
inclusion ¢ also creates equalizers of split pairs, since we already have U - R. Both
V-Cocat and V-Grph are locally presentable categories so in particular complete,
and it is easy to see that ¢ preserves and reflects, thus creates, all limits. Hence U
satisfy the conditions of Precise Monadicity Theorem and the result follows. O

PROPOSITION 7.4.4. Suppose thatV is a locally presentable symmetric monoidal
closed category. Then the category of V-cocategories is symmetric monoidal closed

as well.

PROOF. The symmetric monoidal structure of V-Cocat was described in the

previous section and is given by a functor of two variables
— ® — : V-Cocat® x V-Cocat — V-Cocat.

The functor (—® Dy) for a fixed V-cocategory Dy evidently has a right adjoint: the

following commutative diagram

—QD
V-Cocat (9Py) V-Cocat
U U
V-Grph - V-Grph
(-®UDy)

shows it is cocontinuous, since the comonadic U creates all colimits and the bottom
arrow preserves them by the adjunction (— ® Gy ) 4 9Hom(Gy, —) for any V-graph
Gy (Proposition . Also V-Cocat is a locally presentable category, hence co-
complete with a small dense subcategory. Thus by Theorem for example, we

have an adjunction
—®Dy
V-Cocat I V-Cocat (7.35)
9HoMm(Dy ,—)

which exhibits the uniquely induced bifunctor
9HoMm : V-Cocat®® x V-Cocat — V-Cocat
as the internal hom of V-Cocat. O

At this point, we possess all the necessary tools in order to show the existence
of an adjoint of the action K°P as outlined earlier, as well as demonstrate the en-

richment of V-categories in V-cocategories.

PrOPOSITION 7.4.5. The functor K°P : V-Cocat x V-Cat®® — V-Cat®? has a

parametrized adjoint
T :V-Cat® x V-Cat — V-Cocat, (7.36)
given by adjunctions K(—,By)°® 4T (—,By) for every V-category By .

PROOF. By Proposition the domain V-Cocat of K(—,B)P is locally pre-
sentable, hence cocomplete with a small dense subcategory, namely the presentable



7.4. ENRICHMENT OF V-CATEGORIES IN V-COCATEGORIES 155

objects. Now consider the following diagram

K(—,By)°P
V-Cocat (B V-Cat°?
U S
V-Grph V-Grph°?

9Hom(—,S5By )°P

which commutes by definition of K, and the left and right legs create all colim-
its by Propositions [7.3.5] and [7.4.3] The bottom arrow preserves all colimits by

9Hom(—, Gy )°? 4 9Hom(—, Gy ) for any internal hom functor in a monoidal closed

category, thus the functor K(—,B)°P is cocontinuous. By Kelly’s adjoint functor
theorem there are adjunctions

V-Cocat T V-Cat°?
T(_vBY)

for all V-categories By. This suffices to uniquely make T into a functor of two
variables ([7.36|), which is by definition the parametrized adjoint of K°P. O

The functor T', which is a generalization of the universal measuring comonoid
functor P in the ‘many-object’ context, is called generalized Sweedler hom.
Morever, it can also be deduced that the functor K (Cx,—)°P has a right adjoint for
any V-cocategory Cx, or equivalently its opposite functor has a left adjoint. The
following diagram

K(Cx,—

V-Cat ©D L ycat
S S
V-Grph - V-Grph
9Hom(UCx ,—)

commutes, where S is the monadic forgetful functor and the locally presentable
category V-Cat has all coequalizers. Thus by Dubuc’s Adjoint Triangle Theorem in
[Dub68], the existence of a left adjoint (Cx®—) < YHom(Cx, —) for any (underlying)
V-graph Cx in the symmetric monoidal closed V-Grph implies the existence of a
left adjoint (Cx > —) of the top functor. The induced functor of two variables

> : V-Cocat x V-Cat — V-Cat

is called the generalized Sweedler product, since it is an extension of the respective
functor (6.7)).

The conditions of Corollaries and are now satisfied, for the symmetric
monoidal category closed V-Cocat which acts on the opposite of the category V-Cat
via the action K°P.
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THEOREM 7.4.6. Suppose V is a symmetric monoidal closed category which is

locally presentable, and T is the generalized Sweedler hom functor.

(1) The opposite category of V-categories V-Cat®? is enriched in the category
of V-cocategories V-Cocat, with hom-objects

V-Cat®(Ax,By) =T(By, Ax)

where the (V-Cocat )-enriched category with underlying category V-Cat®P
is denoted by the same name.
(2) The category V-Cat is a tensored and cotensored (V-Cocat )-enriched cat-

egory, with hom-objects
V-Cat(Ax,By) =T(Ax, By),

cotensor product K(C,B)yz and tensor product Cz > Ax, for any V-coca-
tegory Cz and any V-categories Ax, By .

7.5. Graphs, categories and cocategories as (op)fibrations

This section presents a different approach to establishing the enrichment of V-
categories in V-cocategories. In the section above, the result follows from the exis-
tence of an adjoint T which constitues the enriched hom-functor, as a straightforward
application of an adjoint functor theorem (Proposition . This is possible ba-
sically due to local presentability of V-Cocat. However, the categories V-Grph,
V-Cat and V-Cocat also have a structure which places them in a fibrational con-
text, allowing the application of the theory of fibrations of Chapter 5} In particular,
we will show how we can alternatively obtain this adjoint T" as an application of
Theorem regarding adjunctions between fibrations.

First of all, we are going to exhibit in detail the fibrational structure of the
categories involved, a well-known fact at least for V-categories over sets. We initially
assume that V is a cocomplete monoidal category, such that the tensor product

preserves colimits on both sides.

ProprosiTIiON 7.5.1. The category V-Grph of small V-graphs is a bifibration

over Set.

PROOF. Due to the correspondence between fibrations and pseudofunctors stud-
ied in Theorem it is enough to define certain indexed categories, i.e. pseud-
ofunctors .# : Set®® — Cat and .% : Set — Cat which give rise to a fibration
and opfibration with total category isomorphic to V-Grph, via the Grothendieck
construction.

Define the pseudofunctor .# as follows:

A : SetP Cat (7.37)
X 1= V-Mat(X, X)

fi ﬁw

Y e V-Mat(Y, Y),
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where the functor .Z f is given by the mapping

v vy x oy Ay A x
on objects and
/ﬁlN f /5—[\) £
Y o V)i (X —45Y oY 45X

on arrows. In other words, .Zf = (f* o — o f,) is the functor ‘pre-composition
with f, and post-composition with f*’, where the induced V-matrices f, and f* are
defined as in . In terms of components, the family {H(y',y)}, ey of objects
in V which defines the V-matrix H, is mapped to the family

{(ZN)H) (@', 2)}owex ={I ® H(f2', f2) ® I} o pwey

and the family {0, , : H(y',y) = H'(y',y)}y, of arrows in V which define the 2-cell
o, is mapped to the family

1®Ufz’,fz®1

((///f)a)x/@ IQH(f2, fr)e 1

for all 2/, x € X.

In order to show that the above data determine a pseudofunctor .#, we need

IQH (f2, fr)®1

the existence of certain natural isomorphisms satisfying coherence conditions as in
Definition [2.1.3] For every triple of sets X,Y, Z, there is a natural isomorphism §

with components

Mg__V-Mat(Y,Y) __Af
0V Mat(Y,Y) 1
V-Mat(Z, Z) {59 V-Mat(X, X)
R
M (gof)

forany f: X — Y and g: Y — Z, satisfying the commutativity of (2.5). Explicitely,
each 69-f has components, for each V-matrix J : Z — Z, the invertible arrows

9T (M fottg)T " i (go f)T

in V-Mat(X, X) which are the composite 2-cells

X —F -y 4 (7.38)

ggf

(9f)« (gh)*

Z—|—>Z

where the isomorphisms ¢ and ¢ are defined in Lemma This 2-isomorphism
is given by the family of invertible arrows

(69 ) o T@ T J(gfr gfx) @ To T 290 1@ J(gfa, gfz) @
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in V, and the coherence axiom is satisfied by the properties of £ and ¢ (see Lemma
7.1.4). Moreover, for any set X there is a natural isomorphism « with components

the natural transformations

1y Mat(x,x)

m
V-Mat(X, X) | +* V-Mat(X, X)
\—/
7(dx)

where idy is the identity function on any set X and 1 is the identity functor.
Explicitly, vX has as components invertible arrows in V-Mat(X, X)

Yo Ly Mat(x.x)G — A (idx)G
for any V-matrix G : X —+ X, which are the composite 2-cells

G

WE X Jog G X. (7.39)
\\\ 4},\%
(idx)s (idx)*

X—+—X
G
By recalling that (idx)* = (idx). = 1x by (7.15)), this isomorphism
1 = (Ag'1x) - (pg')

consists of the family of invertible arrows

X . / ! / 1@r—1 /
(’VG):L"@ . G(m 7x) — I®G($ ,l’) E— I®G(:B ,aj) QT

in V. It can be verified that the axioms are satisfied, therefore .# is a pseud-
ofunctor.

The Grothendieck category &.# for this pseudofunctor has as objects pairs
(G, X), where X is a set and G is an object in the category .# X = V-Mat(X, X),
and as arrows (¢, f) : (G, X) — (H,Y) pairs

¢%(uHE maux |65 froHof, inV-Mat(X,X)
xLy in Set xLy in Set.

By Definition [7.2.1], this category is isomorphic to V-Grph, in the sense that there is
a one-to-one correspondence between the objects, which can actually be identified,
and the hom-sets. Thus .# gives rise to a fibration P, : &.# — Set which is
isomorphic to the forgetful functor @ : V-Grph — Set, i.e.

o)

R/ — V-Grph

Py /

Set

commutes by definition of the functors involved, hence @ is a fibration.
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Now, define a covariant indexed category .% as follows:

F : Set Cat (7.40)
X 1o V-Mat (X, X)

-

Y po V-Mat (Y, Y)

where the mapping on objects is the same as for the pseudofunctor .# above, and
% f is the mapping

G G

—t— f* —t I
X U X)) (Y —4+— X | X —+—Y
R

on objects and on arrows, i.e. #f = (f.o—o f*). In terms of components, the
family {G(2', z)}z7ex of objects in V which define the V-matrix G, is mapped to
the family

{Z )Y, Yhyyer =4 Z I® G, r)® Tty yey

fa!=y'
fe=y

and the family {7, : G(2/,z) — G'(2/, )} of arrows in V which defines the
2-cell 7, is mapped to the family of arrows

1o, &1
Ty Y T0GC( 2)©T ="y

where the sums are over z, 2’ such that fo’ =3/, fr = fy, based on the computations

ZI@G’(JE’,&;)@I,

of Section Again, there exist natural isomorphisms J, v with components
691 Fgo Ff = F(gof): V-Mat(X, X) - V-Mat(Z, Z)
Y 1y mat(x,x) = Z(idx) : V-Mat(X, X) — V-Mat(X, X)
which satisfy the properties and from the definition of a pseudofunctor.

In fact, they are essentially the same as in the case of .Z, i.e. § now has components

the invertible composite 2-cells

9oy I e oy % A1
P T A ek S S (7.41)
59 . Z Yeos X e X \u:f/7 Z,
(af)" “ (af)-

which are formed like ([7.38) but composing with ¢ and & in the reverse order, and
v is the same as in (7.39). Therefore .# is a pseudofunctor, and by Theorem
it gives rise to an opfibration

Uz : 8.7 — Set.

The Grothendieck category in this case coincides with the isomorphic characteriza-
tion of V-Grph in Definition with the ‘second version’ form of arrows. Hence
Ug is again isomorphic to the forgetful @) : V-Grph — Set, endowing it with the
structure of an opfibration. Thus V-Grph is a bifibration over Set. O
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Notice that we could immediately deduce that the fibration @) is a bifibration
via Remark The reindexing functor .#Z f = f, o-o f* does have a left adjoint
f*o-o fi, by the natural bijection between 2-cells of the form . We explicitly
constructed the opfibration above in order to employ it later.

An immediate consequence of viewing the category of V-graphs as a bifibration
is that we can discuss fibred and opfibred limits and colimits (see Section [5.3).

COROLLARY 7.5.2. The bifibration Q : V-Grph — Set has all fibred limits and

all opfibred colimits, when V is complete and cocomplete respectively.

ProoF. By Corollary and its dual, an (op)fibration with (co)complete
base category has all (op)fibred (co)limits if and only if the total category has all
(co)limits and the fibration strictly preserves them. In this case, the base of the
bifibration is the complete and cocomplete category of sets, and since the total
category V-Grph is (co)complete when V is and the forgetful functor @) preserves
limits and colimits ‘on the nose’ by construction, the result follows. ([l

Moreover, by Proposition we can now deduce that the reindexing functors
(f*o-ofi) and (f« o-o f*) preserve all limits and colimits between the complete
and cocomplete fibres V-Mat (X, X). The latter was evident by Proposition

The construction of the two pseudofunctors .# and % which exhibit V-Grph
as a bifibred category over Set clarify the way in which the categories V-Cat and
V-Cocat are themselves fibred and opfibred respectively over Set.

ProPOSITION 7.5.3. The category V-Cat of small V-categories is a fibration

over Set.

PROOF. Similarly to the above proof, it will suffice to construct an indexed
category .Z : Set®® — Cat such that the category V-Cat is isomorphic to the
Grothendieck category of the fibration Pg.

Define the pseudofunctor .Z as follows: a set X is mapped to the category

ZX = Mon(V-Mat(X, X))

of monoids of the monoidal category of endoarrows (V-Mat(X, X),0,1x), and a
function between sets f : X — Y is mapped contravariantly to the functor

Zf: Mon(V-Mat(Y,Y)) —— Mon(V-Mat(X, X))

(B, p,m) | = (f*Bf, ')
| s
(E7N777) | > (f*Ef*a//,U,)-

As described in detail in Lemma(7.3.2] the induced monoid f*B f, has multiplication
p' = f*[p- (BéB)|fx and unit ' = (f*nf.) - 7, where é and 7 are the counit and
unit of the adjunction f, 4 f*, and also (f*o f.) can easily be checked to commute
with the appropriate monoid structure maps. Evidently, this functor £ f is just
M= (f*o—o fi) defined in , restricted between the respective categories of
monoids.
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Again, we need to identify natural transformations v and § satisfying certain
coherence axioms, for .Z to be a pseudofunctor according to Definition In this

case, these will have components natural isomorphisms
69 LfoLg= L(go f): Mon(V-Mat(Z, Z)) — Mon(V-Mat(X, X))
’}/X : 1M0n(V—Mat(X,X)) = g(ldx) : Mon(V—Mat(X, X)) — Mon(V—Mat(X, X))

for X Ly % Zin Set, where idx is the identity function. We can define 69/ and
X to be natural transformations given exactly as the ones for the pseudofunctor
M, as in and . The domains and codomains of these composite 2-cells
are by default monoids in the appropriate endoarrow hom-categories of V-matrices,
and it can be verified via computations that the invertible arrows 5§’f and v for
monoids J : Z - Z and A : X —— X commute with the respective multiplications
and units of the monoids involved. Moreover, the diagrams commute
because they do for all V-matrices, by pseudofunctoriality of .#. Therefore .Z is
indeed a pseudofunctor.

If we construct the Grothendieck category for .Z : Set®® — Cat, with objects
pairs (A, X) where A € Mon(V-Mat(X, X)) for a set X, and arrows (4,X) —
(B,Y) pairs

A% £*Bf, in Mon(V-Mat(X, X))
xLy in Set,

it is evident by Lemma that 6.2 = V-Cat. Moreover, both forgetful functors
to Set have the same effect on objects and on arrows, namely separating the set-part
of the data. Hence

P :V-Cat — Set

is a fibration, isomorphic to Py arising via the Grothendieck construction. ]

COROLLARY 7.5.4. The fibration P : V-Cat — Set has all fibred limits when V

is complete.

PROOF. Since the fibration P has as base category the complete category Set,
in order for P to have all fibred limits it suffices for V-Cat to be complete and for the
forgetful P to preserve all limits strictly, again by Corollary Corollary
ensures that V-Cat has all limits and since a limit of V-graphs has as underlying
set precisely the limit of the sets, the result follows. O

Finally, in order to establish that V-Cocat is opfibred over Set, we are going to
use the pseudofunctor % defined as in ([7.40)).

PROPOSITION 7.5.5. The category V-Cocat of small V-cocategories is an opfi-
bration over Set.

ProOF. We will once more construct a covariant indexed category % : Set —
Cat, for which the Grothendieck construction gives a category isomorphic to V-
Cocat along with the forgetful functor to sets, mapping every V-cocategory to its

set of objects.
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Define 7" as follows: a set X is mapped to the category of comonoids in the
monoidal category (V-Mat(X, X),0,1x), and a function f : X — Y is mapped to
the functor

H f: Comon(V-Mat(X, X)) - Comon(V-Mat(Y,Y))

which precomposes with f* and postcomposes with f, both V-matrices and 2-cells.
Explicitly, the functor JZ f is defined on objects by

(C,A,E) | > (f*Cf*,A/,GI)
where A" = f,[(CnC) - Alf* and € = €- (fref*) as described in detail in Lemma
and on arrows

(€ == D)1= (f.of* ZZL f.Df7)

where f,7f* can easily be verified to commute with the respective counits and
comultiplications. Again, notice that # f is in fact the restriction of .7 f ([7.40))
to the categories of comonoids. The above mappings define a pseudofunctor ¢,

since the two natural transformations v and ¢ in this case, with components natural

isomorphisms
H go X |
Comon(V-Mat(X, mmon(V—Mat(Z, 7))
\%@f)//y
1comon(V-Mat(X, X))
Comon(V-Mat(X, X)) I Comon(V-Mat(X, X))

H(idx)
consist of the invertible composite 2-cells as in and for the pseudo-
functor %. Their domains and codomains are by construction comonoids in the
appropriate categories of V-matrices, and they satisfy the properties of comonoid
morphisms. Hence ¢ and ~ are well-defined, and the diagrams commute
by pseudofunctoriality of 7.

The Grothendieck category &.% for this pseudofunctor has as objects pairs
(C,X) where C € Comon(V-Mat(X, X)) for a set X, and as arrows (C,X) —
(D,Y) pairs

fOf* YD i Comon(V-Mat(Y,Y))
xLy in Set.
By Lemma this is isomorphic to the category V-Cocat. As a result, the

forgetful functor
W : V-Cocat — Set
is an opfibration, isomorphic to U, arising via the Grothendieck construction since

they have the same effect on objects and on morphisms. ]
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COROLLARY 7.5.6. The opfibration W : V-Cocat — Set has all opfibred colim-

its, when V is locally presentable.

PRrROOF. The base category of this opfibration is again the cocomplete category
of sets, and also the total category V-Cocat has all colimits which by construction
are strictly preserved by the forgetful functor, see Proposition [7.3.13] Therefore by
the dual of Corollary the opfibration W has all opfibred colimits. O

REMARK. For the definition of the two pseudofunctors which give rise to V-
categories and V-cocategories as their Grothendieck categories, the functors . f =
ffo—of,and Ff=fio—of*asin , were employed. Lemmas
and suggested already that these two functors may ‘lift’ to the respective
categories of monoids and comonoids. This can be further clarified if we observe that
both these functors have the structure of a lax/colax monoidal functor respectively,
between the monoidal hom-categories of endomorphisms in V-Mat. For example,
for a function f : X — Y and two V-matrices B, B’ : Y —— Y, the lax monoidal

structure map
¢pp :ffoBo fiof*oBof.,= ffoBoBof,
of .# f has components the composite 2-cells

X S

x oy By la}e vy By x
W

B

Similarly for ¢g, and also for the functor .7 f. Therefore, these lax/colax monoidal
functors induce functors between the categories of monoids and comonoids of V-
Mat(X, X) in a straightforward way, as in (3.16]).

The fibre categories for the bifibration, fibration and opfibration @}, P and W

respectively are

V-Grphy = V-Mat(X, X)

V-Catx = Mon(V-Mat(X, X))

V-Cocatxy = Comon(V-Mat (X, X)).
Notice that, even if the total categories of V-categories and V-cocategories have a
monoidal structure as seen in Section their fibres are not monoidal categories,
since the monoidal (V-Mat (X, X), o, 1x) fails to be symmetric or braided.

We now turn back to the primary question of the existence of a right adjoint for

the functor

K(—,By)°? : V-Cocat — V-Cat®?

coming from K (7.32)), which in reality is the internal hom functor YHom of the
monoidal closed category of small V-graphs restricted on V-cocategories and V-
categories, as explained in detail in Section [7.4 The plan is to now obtain this
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adjoint via the theory of fibrations and in particular from Theorem [5.3.7] and then
the enrichment of V-categories in V-cocategories will follow in the exact same way

as in the end of previous section.

LEMMA 7.5.7. The diagram

K(fz(va))op
V-Cocat V-Cat°P
W pep
Set Set°P
y(=)°P

exhibits (K(—, (B,Y))OP,Y(_)OP) as an opfibred 1-cell between the opfibrations W
and P°P.

PRrROOF. It is straightforward to verify that the above diagram commutes, since
the set of objects of the internal hom is by construction the exponential of the
underlying sets of objects of the V-cocategory and the V-category, and similarly
for morphisms (see Proposition [7.2.3)). It remains to show that K(—, (B,Y)) is
a cocartesian functor, or equivalently that the contravariant K(—,(B,Y)) maps
cocartesian liftings to cartesian liftings.

Using the canonical choice of cocartesian liftings for any opfibration obtained via
the Grothendieck construction (see Theorem , consider a cocartesian lifting of
(C,X) along the function f : X — Z with respect to the opfibration W : V-
Cocat — Set:

Li.cp

C HCOf* in V-Cocat
v v
X ; Z in Set.

Notice that the pair notation for objects in the total category is suppressed, since
the respective set of objects of the V-cocategories is clear from the picture. The

image of this arrow under K(—, (B,Y)) gives

([Lf.cp<.1B]] _
HOm((f*Cf*,Z)7(B,Y)) HOHI((C,X),(B,Y)) m V—Cat
\ N
V& yX in Set
Y/

by definition of the functor YHom, and the 2-cell in Mon(V-Mat(Y#,Y?))

YZ Hom(f*IC’f*,B) YZ
f fy*
¥7)s Wigeepets] T&
yX : yX
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as in (|7.20)) explicitly consists of arrows [[1¢,cf+, 1B]|k,s
[I1D 1eC@, 2)®I,B(k,s2)] = I [[IC(2,2), B(kfa,sfz)| @I

2,2 fo=z z,z’
fz/:z/

in V for all k,s € YZ. On the other hand, the canonical cartesian lifting of

(Hom(C, B), YX) along the function Y/ with respect to the fibration P : V-Cat —
Set is

1(Yf)*Hom(C,B)(Yf)*

(Y5)*Hom(C, B)(Y 7). Hom(C, B)
\ A
& yX.
yf

By comparing this cartesian arrow with the image under K(—, (B,Y)) above, it is
enough to show that [[17cy,,1p]] is isomorphic to the identity arrow in the fibre
V-Caty z = Mon(V-Mat(YZ,Y#)). We have natural isomorphisms

H[ Z I®C(,z)® I, Bk, sz)] %’H H I ®C(2,z) ® I, B(k?, sz)]

2,2 fr=z 2,7 fr=z
fa'=2" fal=2'
>[I eC@ x) @I, Bkfd sfr)) =1 [[[C(a,2), Bkfa sfx) @ I
'z z,x’
since sum commutes with ® and [—, A] maps colimits to limits for any monoidal

closed category V. By applying r and [ to move the I’s appropriately, we deduce
that the result holds. O

LEMMA 7.5.8. Suppose thatV is a locally presentable symmetric monoidal closed
category, and € is the counit of the exponential adjunction

y (=)°P
Set T~ SetP. (7.42)

I
vy (=)

For any V-category By and any set Z, the composite functor

K(=,By)?

V-Cocatyz ——— V—Cat;PYZ (ezh

op
V-Cat ,
has a right adjoint To(—, By ).
ProOOF. We can rewrite the above composite as

Mon(Hom(—,(B,Y)))°P

Comon(V-Mat(Y?,Y %)) Mon(V—Mat(YYZ, YYZ))OP

—

~ — fﬁz

—

Mon(V-Mat(Z, Z))°P
where the top functor was already given by ((7.31]) but is now viewed as the induced
‘functor between the fibres’ from K(—,B), as in (5.8). By Corollary the
category of comonoids Comon(V-Mat(YZ, Y #)) of the locally presentable monoidal
category V—Mat(YZ Y2 ) is also locally presentable. As such, it is in particular
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cocomplete and has a small dense subcategory. Moreover, the following commutative

diagram
Mon(Homx (—,(B,Y))°P
Comon(V-Mat(X, X)) on(fomx (= (5:1)) Mon(V-Mat (Y X, Y X))°p
U l i Sop
V-Mat (X, X) V-Mat (Y X,y X)op

Homyx (—,(B,Y))°P

for a fixed V-category (B,Y) shows that the top arrow Kx(—,(B,Y)) is cocon-
tinuous for any set X. This is the case because the functors U and S°P are
comonadic by Corollary and the bottom arrow is the cocontinuous internal
hom 9Hom(—, B)°P restricted between the cocomplete fibres. Finally, Proposition
[5.3.9) ensures that all reindexing functors for the fibration P are continuous, since
P :V-Cat — Set has all fibred limits by Corollary So the ones for the opfi-
bration P°P are cocontinuous, and in particular so is (¢z);. Thus, by Kelly’s theorem
the composite functor (¢z); o Ky z(—, By ) has a right adjoint
(ez)10K(—,By )°P

V-Cocaty z T V-Cat?.
TO (7785/)

g

At this point, all the assumptions of Lemma[5.3.6|are satisfied, so we can apply it
in this setting to obtain the enriched hom-functor 7', evidently isomorphic to (|7.36))

of the previous section.
PRrROPOSITION 7.5.9. The functor between the total categories
K°? : V-Cocat x V-Cat®® — V-Cat?
has a parametrized adjoint
T :V-Cat® x V-Cat — V-Cocat

which makes the following diagram serially commute:

K(—,By)°P
V-Cocat 1 V-Cat°?
T(—,By)
w pop
y(=)°P
Set T SetP,
vy (=)

PRrROOF. By Lemma we have an opfibred 1-cell (K (—, By)°P, Y (-)) be-
tween the opfibrations W : V-Cocat — Set and PP : V-Cat®® — Set°?. Also there
is an adjunction Y () 4 ¥ ) between the base categories, since the exponential is
the internal hom in the cartesian monoidal closed Set. Lastly, by Lemma the
composite functor between the fibre categories

Kyz(—,By)o (ez) : V-Cocatyz — V-Cat))
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has a right adjoint T7(—, By) for any fixed set Z.
Therefore, by Theorem the functor K (—, By )°P has a right adjoint T'(—, By)
between the total categories
K(=,By)°P

V-Cocat I V-CatP, (7.43)
T(_»BY)

with (K (—,By)°P, Y)Y 4 (T(=, By),Y()) in Cat?, i.e. (W,P°P) is a map of
adjunctions. The adjunction (7.43)) for any V-category By makes T into a functor
of two variables such that the natural isomorphism of the adjunction is natural in

all three variables, 7.e. T' is the parametrized adjoint of K°P. ]

Notice that the above proof of existence of the adjoint T between the total
categories automatically provides us with the underlying set of objects of the V-
cocategory T(Ax,By), namely YX. On the contrary, Proposition did not
establish this piece of data in a straightforward way. We could also explicitly con-

struct 1" on arrows, using the formulas provided in Section

7.6. V-modules and V-comodules

In these last two sections of the chapter, the aim is to generalize the existence
of the universal measuring comodule, which induces an enrichment of the global
category of modules in the global category of comodules as seen in Section [6.3
This follows the idea of the (V-Cocat)-enrichment of V-Cat as the many-object
generalization of the enrichment of monoids in comonoids in V of Section [6.1

We are going to closely follow the development of the previous chapter in defining
the global category of V-enriched modules and the global category of V-enriched
comodules. On that level, by employing the theory of fibrations and opfibrations
once again, we will determine the objects that induce the enrichment in question.

In Section a brief account of the bicategory of V-bimodules was given, with
emphasis on the one-sided modules of V-categories. In the current setting of the
bicategory of V-matrices, we can reformulate Definition of a left A-module
for a V-category A in a way that will clarify how V-modules are a special case of
modules for a monad in a bicategory as in Section Motivated by Remark
we are here interested in categories of modules in the bicategory V-Mat with fixed
domain the singleton set 1 = {x}, i.e. the initial object in Set. The monads in this
bicategory are of course V-categories A : X —+ X.

For the following definitions, the assumptions on V are initially the ones required
for the formation of V-Mat, i.e. existence of sums which are preserved by the tensor
product on both sides.

DEFINITION 7.6.1. The category of left A-modules for a V-category Ax, i.e a
monad (A, X), is the category of left A-modules with domain the singleton set in the
bicategory V-Mat, i.e. the category of Eilenberg-Moore algebras for the (ordinary)
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monad ‘post-composition with A’ on the hom-category V-Mat(1, X)
V-4Mod = V-Mat(1, X)V-Mat(1.4),

Explicitly, the objects are V-matrices ¥ : 1 — X given by a family {¥(z)},cx of
objects in V, equipped with an action y: Ao ¥ = ¥ with components
U Z Az, 2") @ U(2') — ¥(z)
z'eX

such that the diagrams

1"

S (C A, a) @ A, 2") @ U(a") —— T Aw,2') @ (T A’ 2") © W (a"))

ZMz,z”@li i21®ux/
Z;A(x,x”) ® W(z") ZA(x,w') ® U ()
(),

GZX Az, z) ® U(z) - U (z)
I®¥(x)

commute. M and 7 are the composition law and identities for A, and a, A\ are the
associator and left unitor of the bicategory V-Mat. Morphisms between two left
A-modules ¥ and ¥’ are 2-cells o : ¥ = ¥’ in V-Mat compatible with the actions,
i.e. families of arrows

op: U(x) = V()
in V for all x € X, making the diagram

ny

Z/ Az, 2") @ ¥(2)) ———— ¥(x)

Z 1®UI/

> Az, 2') @ U'(2')
commute.

This is essentially Definition with a slight variation in the notation due to

the different convention used for composition of V-matrices. It directly follows from

Definition for K = V-Mat, where the axioms (2.13} [2.14]) for the appropriate
2-cells

'] X A '/
T e 1 ek
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expressing the action and left -modules morphisms, coincide with the above dia-
grams for their components in V. Notice also how in Section[.2] a left A-module was
denoted by ¥ : A —+ Z, not to be confused with the actual V-matrix ¥ :1 —+» X
which encodes its data, where 7 is the unit category and 1 is the singleton set.
Similarly, we can define the category of right B-modules for a V-category By,
i.e. amonad B :Y — Y, to be the category of right B-modules with codomain 1

V-Modp = V-Mat (Y, 1)V—Mat(B,1)

and also the more general category of (Ax, By )-bimodules as the category of algebras

for the monad ‘pre-composition with B and post-composition with A’
V-4Modg = V-Mat(Y, X )V-Mat(5.4)

which gives the hom-category of a bicategory of V-enriched bimodules V-BMod.
This way of presenting of enriched bimodules is also included in [BCSW83]. We
note that this bicategorical structure as well as the one that the enriched bicomodules
later possibly form are not central for the current development.

In a completely dual way, we now proceed to the study of the notion of a V-
enriched comodule for a V-cocategory. The definitions of the various cases of comod-
ules for comonads in bicategories can again be found in Section 2.2} and in particular

for I = V-Mat, a comonad is a V-cocategory C : X —+ X.

DEFINITION 7.6.2. The category of left C-comodules for a V-cocategory (C, X) is
the category of left C-comodules with fixed domain the singleton set in the bicategory

V-Mat
V-¢cComod = V-Mat (1, X)V-Mat(1.¢),

Objects are V-matrices ® : 1 —— X given by a family of objects {®(z)},ex in V,
equipped with the coaction § : C o & = &, a 2-cell in V-Mat with components

0p s ®(x) = Y Cla,2’) @ B(2')

r'eX

satisfying the commutativity of the following diagrams:

®(z)
/ \
") © ®(z") 2 0(

/

> C(z,x

DA, @1 i i 108,
Y (X C(r,7') @ Cla!,2")) @ d(a') — > Cla,2) ® (L O,2") ® (a")),

I” CC/ x/

z,2') @ ®(a)

T

d(x) > C(z,x) @ P(x)
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A and € are the cocomposition law and coidentities for C. Morphisms between two
left C-comodules ® and ®’ are 2-cells 7 : ® = @' in V-Mat which are compatible

with the coactions, i.e. families of arrows
70 ®(z) = D' (2)

in V for all x € X, which satisfy the commutativity of

2(a) " SO0y @ 0 ()
e lz 17,
D' (z) v z; C(z,2') @ ®'(z').

In an analogous way, we can define the category of right Dy -comodules for a
V-cocategory to be the category of right D-comodules with codomain 1

V-Comodp = V-Mat (Y, 1)V Mat(D:1)

and also more generally the category of left Cx /right Dy -bicomodules as the category
of coalgebras for the monad ‘pre-composition with D and post-composition with C”

V-cModp = V-Mat(Y, X)V—Mat(D,C’).

By Proposition the hom-categories V-Mat(X,Y) = VY*X of the bicate-
gory V-Mat have various useful properties, which may be transferred to the cate-
gories defined above. For example, V- 4 Mod and V-¢cComod which are monadic
and comonadic by definition, have all limits/colimits that V' has, and those col-
imits/limits that are preserved by the monad/comonad. Also, they inherit local

presentability, as explained below.

PROPOSITION 7.6.3. Suppose V is a cocomplete monoidal category such that the

tensor product preserves colimits in both variables.

(1) The category of left A-modules for a V-category Ax is cocomplete and lo-
cally presentable when V is.
(2) The category of left C-comodules for a V-cocategory Cx is cocomplete and

locally presentable when V 1is.

PROOF. (1) The ordinary monad V-Mat(1, A) which post-composes every V-
matrix S : 1 — X with the monad A : X —— X preserves colimits, since composi-
tion of V-matrices commutes with all colimits in general.

In particular, A o — preserves filtered colimits, therefore V-,4Mod is finitary
monadic over V-Mat(1, X'), which is locally presentable when V is. By Theorem
categories of finitary algebras of locally presentable categories are also locally
presentable, hence the result follows.

(2) The category V-cComod has all colimits since they are created from those
in the cocomplete V-Mat (1, X'). The endofunctor

Fe : V-Mat(1, X) <5 V-Mat(1, X)
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which gives rise to that comonad is again finitary, so for a locally presentable V),
Theorem applies. O

REMARK.
(i) We can also express the axioms which define the objects and the arrows in
V-cComod by the diagrams

. \ e

Cod=—Co(Co9,
Aol

for a V-matrix ® with domain 1 equipped with a: ® = C o ®, and

d=—"=Cod

f| [

\I/:ﬂ>00\11

for a 2-cell £ : ® = W. This could create the impression that V-cComod is an
ordinary category of comodules for a comonoid, here C' € Comon(V-Mat(X, X)),
in some monoidal category. However, that would require everything to take place
in the context of the fixed monoidal category (V-Mat(X, X), o, 1x), therefore the
comodules category would be

Comody ppat(x,x)(C) = V-Mat(X, X )VMatX.0)

by Proposition In our terminology, this is the category of left C-comodules
with fixed domain X in the bicategory V-Mat, rather than just the ones with domain
1 = {x}, like V-cComod was defined. The same applies to the categories of modules
for a V-category A € Mon(V-Mat (X, X)).

From this point of view, we could formulate all the above definitions in a more
abstract way: left Ax-modules could be V-matrices ¥ : Y —+- X with arbitrary do-
main set Y, given by a family of objects {V(z,y)}(»y)exxy in V and a left action
from A given by arrows

pay: Y, Alw,2)) @ U(a,y) = U(z,y)
z'eX
satisfying appropriate axioms. This is also how V-bimodules are defined. Neverthe-
less, for the purposes of this thesis we are interested in V-modules/comodules given
by families indexed only over the set of objects of the underlying V-category/coca-
tegory.

(77) Notice that establishing local presentability for particular categories of inter-
est has been of varied difficulty, depending on their further structure. For example,
for the categories Comody (C') (Proposition and V-cComod the result was
straightforward because they were both evidently finitary comonadic over locally
presentable categories. On the other hand, for Comon(}V) and V-Cocat we first

had to verify local presentability (Propositions [3.3.5| and [7.4.2)), and comonadicity
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followed afterwards. Notably, expressing a category as an equifier of a family of nat-
ural transformations of accessible functors between accessible categories has been
the underlying key technique in all cases.

We now consider global categories of enriched modules and comodules, i.e. (left)
V-modules and (left) V-comodules for which the V-category and V-cocategory which
acts or co-acts is not fixed as above, but varies. The definitions below are motivated
by the concepts in Section [6.2

DEFINITION 7.6.4. The global category of left V-modules V-Mod is defined as
follows. Objects are left A-modules ¥ for an arbitrary V-category Ax, denoted by
W 4, and a morphism kg : ¥4 — Z5 between a Ax-module ¥ and a By-module =
consists of a V-functor Fy : Ax — By and a family of arrows in V s, : ¥(z) —
E(fx) for all objects z € X of A, such that the diagram

we

Z/ Az, 2') @ U(2) U(z)  (7.44)

R

z 1QkKy

> Ale,o') © Z(/f) 5 B(fe, f+') © 5(fa') ———= =(f2)

ZFx’x/®1 N?gc

commutes. The arrows ¥ and p= are the left A and B actions on ¥ and Z respec-
tively.

Dually, the global category of left V-comodules V-Comod has as objects left
C-comodules for an arbitrary V-cocategory Cx, denoted by ®¢, and a morphism
sG : ®¢ — p consists of a V-cofunctor Gy : Cx — Dy and a family of arrows in V
vy : O(x) = Q(gx) for all z € X, such that the diagram

5% 2 G, ®1
O(z) Z/ C(z,2') @ ®(a') Z/ D(gz, gz’') @ ®(a') (7.45)
iz 1®vs
ve > Dig, ga') @ Q(ga)
Q(gz) >, D(gz,y) © Q(y)

Q
6gz yEY

commutes. The arrows 62 and 6% are the corresponding coactions, and ¢ is the

inclusion into a larger sum.

Notice the similarities between the diagrams , that morphisms be-
tween V-modules and V-comodules over different V-categories and V-cocategories
have to satisfy, with the respective diagrams from Definition [6.2.1} This was of
course expected, since V-Mod and V-Comod are to be thought of as the many-

object generalizations of the global categories Mod and Comod.
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Both global categories of V-enriched modules and comodules have the structure
of a (symmetric) monoidal category, when V is symmetric monoidal. For a left
Ax-module ¥ and a left By-module =, their tensor product is a V-matrix

UVRE: 1—+—> X XY (7.46)
given by the family of objects in V
(Y& E)(z,y) == V(x) ®E(y)

equipped with a left (A ® B)xxy action (since V-Cat is monoidal) a 2-cell p :
(A®B)o (¥ ®E) = V¥®E=, with components arrows in V

H(zy) Z (A®B)((Qf,y),($/,y/))® (\P®E)(x,7y/) - (‘P@E)(Z,y)
(' y)eX XY
which are explicitly the composites

1®s®1

A(z,2") ® B(y,y') @ ¥(2) ® E(y') Az, 2") @ ¥(2") @ B(y,y) @ E(y)
~— iu‘i’ Qus

T T () ®E(y)
for all z,2' € X and y,y’ € Y. The axioms for an A ® B-action are satisfied by
the axioms for u¥ and p=. Dually, if ® is a left Cx-comodule and € is a left Dy-

module, their tensor product is a V-matrix ® ® €2 as (7.46) given by (®® Q)(z,y) =
O(z) ® Qy), with left (C ® D)xxy-action consisting of the composite arrows

5262
P(x) @ Q(y) - > Clr,a)oe@)® 3 Dy,y) ©Qy)
~~ r’eX y' ey
Tt~ _ l1®s®1
> Cz,2") ® D(y,y) ® (') ® Qy).
z'ex
y'ey

Notice that the right arrow incorporates an isomorphism due to ® preserving sums.
It is not hard to check that we can extend the definition of a tensor product to
V-module and comodule morphisms, and also symmetry from V is clearly inherited.
The monoidal unit in both cases is again the unit V-matrix Z : 1 —+ 1 , with trivial
Z-action from the unit V-(co)category.

There are obvious forgetful functors from these global categories to V-categories

and V-cocategories

N : V-Mod — V-Cat
H : V-Comod — V-Cocat
which map any left .A-module ¥4 and C-comodule ®¢ to the V-category A and

V-cocategory C respectively, and the morphisms to the underlying V-functor and V-
cofunctor. These functors will turn out to be a fibration and an opfibration, allowing
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us to once again employ Theorem [5.3.7| regarding adjunctions between fibrations, in
order to establish an enrichment of V-Mod in V-Comod.

Similarly to the V-categories and V-cocategories development, we will first for-
mulate isomorphic characterizations of these two categories which will clarify the
fibrational and opfibrational structure later. Lemmas [7.3.3] and [7.3.11] justify the
form of the V-functors and V-cofunctors used below.

LEMMA 7.6.5. Suppose that Z:1 —Y is a left B-module and F : (A, X) ((ﬁ—f)>

(B,Y) is a V-functor. Then, the composite V-matriz

*

1 HE—> Y +— X
has the structure of a left A-module. Moreover, this mapping gives rise to a functor

(f*o—):V-s3Mod — V-4Mod.

PROOF. The induced left A-action p/ on f*E is the composite 2-cell

[
<~
=
/w/
<~
<
/

where ¢ : f+A = Bf, corresponds bijectively to ¢ : A = f*Bf, via mates. In terms
of pasting operations, this is the composite 2-cell

W ApE—Es ppe LA pa
The fact that ' satisfies the axioms for an A-action for a monad A : X —+ X follows

from the axioms of the V-functor F' = (¢, f) and the left B-action p on ZE. Also, it
is easy to check that if o : £ — Z’ is a left B-module morphism, then

[11

is a left A-module morphism. In terms of components, the family {Z(y)},ey of
objects in V is mapped to the family

{(f" 0 E)(@)}eex = {I @ E(f2)}zex

=/

and the family o, : Z(y) — Z/(y) of arrows in V is mapped to

(f*o)e : [ @ E(fa) —2212 [ © =/(fa).

Compatibility with composition and identities for this functor follow from properties
of vertical and horizontal composition of 2-cells. O
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Notice that the above lemma, like other results of this section, does not only
hold for left modules with fixed domain the singleton set 1, but for modules with
arbitrary domain. Similarly, for right modules with fixed codomain, if we replace
(f* o-) with (- o f,) we get an analogous functor. Dually, we can consider left
V-comodules.

LEMMA 7.6.6. If ®: 1 —+ X is a left C-comodule and G : (C, X) W),

is a V-cofunctor, the composite V-matriz

(D,Y)

ILX—QF—)Y

obtains the structure of a left D-comodule. This mapping gives rise to a functor

(g« 0 —) : V-¢cComod — V-pComod.

PROOF. The induced D-coaction ¢’ on ¢, P is the composite 2-cell

NZEY4

X%—>Y

where again 1[1 is the mate of ¢ ‘on the one side’. This is the pasted composite

- g«0 z&‘I’
0 : 9.9 — ¢,C® —— Dy, ,

and the D-coaction axioms are satisfied by the axioms for § and the V-cofunctor
G = (¢, g). Moreover, if 7: ® — @' is a left C-comodule morphism, post-composing
it with g, produces a 2-cell which satisfies the axioms for a left D-comodule. In
terms of components, the functor (g, o —) maps the family {®(x)},cx of objects in
V to
{(gx 0 ®)(y)}yey =A{ Z I'® ®(x)}yey
y=/fz
and the family 7, : ®(z) — ®(2’) of arrows in V to

i Y Ted@) =2 Y 10 @),

y=fz y=fz
This mapping is a functor since it preserves composition and identities for evident
reasons. O

We can now give the following characterizations of the global categories of V-
modules and V-comodules.

LEMMA 7.6.7. The objects of V-Mod are pairs (¥, Ax) € V-4Mod x V-Cat
and morphisms are (in bijection with) pairs (k, Fy) : (¥, Ax) — (£, By) where
U5 fro3 in V-4Mod
F:(A,Xx) % (BY) inV-Cat.
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Evidently the objects of this description are exactly the same as in Definition

7.6.4] whereas the morphisms satisfy

where the multiplication of f* o = is given by Lemma [7.6.5 If translated in terms
of components k, : ¥(z) — I ® Z(fz), the above is equivalent to the commutative
diagram ([7.44]), again ‘up to tensoring with I in the left’. This implies that there is

a bijection between these two forms of the morphisms.

LEMMA 7.6.8. The objects of V-Comod are pairs (®,Cx) € V-¢cComod X
V-Cocat and morphisms are pairs (v,Gg) : (®,Cx) — (2, Dy) where

geo® 5 Q i V-¢cComod
G:(C,X) TN (D,Y) in V-Cocat.

We are now in position to illustrate the fibrational and opfibrational struc-
ture of the categories of enriched modules and comodules. Similarly to Section
the idea is to define appropriate pseudofunctors, which will then give rise via
the Grothendieck construction to (op)fibrations isomorphic to the forgetful func-
tors N and T. The fibre categories will evidently be the categories of left mod-

ules/comodules for a fixed V-category/cocategory.

PROPOSITION 7.6.9. The global category of V-modules V-Mod is fibred over the
category of V-categories V-Cat.

PRrROOF. Define an indexed category .7 as follows:

€ V-CatP Cat
(A, X)1 > V-, Mod
(@f)i T%”(%f)
(B,Y) | ~ V-sMod

where (¢, f) = (f* o-) as described in Lemma [7.6.5] i.e. post-composition with
the V-matrix f* induced from the object mapping f of the V-functor. For any two
composable V-functors Fy : (4,X) — (B,Y) and Gy : (B,Y) = (E, Z), there is a

natural isomorphism

#C __ V-nMod —_ HF
/ B0 \
V-¢Mod {JsF.G V- 1Mod
e

A (GoF)
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with components invertible arrows in 4Mod

L

6GF 1 ——2 beor X

~_

(9"
where ¢ is like in (7.12)). These 2-cells consist of families of isomorphisms in V

(65)e 10 I U(gfr) "5 T0 U(gfr)

which trivially commute with the induced A-actions of the modules f*¢*¥ and
(gf)*W. Also, for any V-category (A, X), there is a natural isomorphism

1y, 4Mod
/\
V-4Mod 4 V- 4Mod
\_/
H(1a)
with components invertible arrows
/_\%_\
v a1 X
\/\) b% /
v 1x

where (idx)* = 1x is the underlying function of the identity functor 14 and X is
the left unitor of the bicategory V-Mat, thus consist of isomorphisms

(Yi)e : U(w) T T @ U(a),

again trivially being left A-module morphisms. The natural transformations § and
~v with components the above isomorphisms can be verified to satisfy the conditions
and therefore 7 is a well-defined pseudofunctor.

By Theorem the Grothendieck category &.¢ has as objects pairs (¥, Ax)
where Ay is in V-Cat and ¥ is in V-4Mod, and morphisms (¥, Ax) — (Z, By)
are pairs

VU — (HF)= in By

F: (A, X)— (B,YY) inV-Cat
which, by definition of the functor JZF, coincide with the isomorphic formulation of
left V-module morphisms as in Lemma hence 6.7 = V-Mod. Moreover, the
forgetful functor NV : V-Mod — V-Cat which keeps the V-category and V-functor

part of structure, has essentially the same effect as the fibration
Py : ¢ — V-Cat
so N = P,r exhibits N as a fibration itself. ]

PROPOSITION 7.6.10. The global category of (left) V-comodules V-Comod is
opfibred over the category of V-cocategories V-Cocat.
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PROOF. Define a (covariant) indexed category as follows:

& V-Cocat Cat
(C, X) 1 > V-cComod
.| 7w
(DY) > V-pComod

where .7 (v, f) = (f« o-) as in Lemma [7.6.6, For any two composable V-cofunctors
F; : (C,X) = (D,Y) and Gy : (D,Y) — (E,Z), we have a natural isomorphism
§GF . G o SF = (G o F) with components the composite 2-cells

S+ gx
P X/Y\\

5§ 1 —— Jeo! Z

(9f)«

in V-¢Comod, consisting of the families of arrows in V

(0ST). S TeledE =" 3 1e o)

Z=gY =
v=1z #=gfz

which trivially commute with the respective £-coactions. Moreover, for any V-
cocategory (C, X), we have a natural isomorphism v : 1y_.comod = -#(1¢) with
components the same invertible arrows A as in the previous proof. The natural
isomorphisms 0 and v can be checked to satisfy the appropriate axioms and [2.6]
so . is a well-defined pseudofunctor. Via Grothendieck construction, it gives rise
to an opfibration

Uy : 6 — V-Cocat

which maps a pair (V,Cx) where ¥ € V-cComod to its V-cocategory Cx, and

(SF)P — Q in .Cx
F:(C,X)— (DY) inV-Cocat

to the V-functor F. By Lemma it is now evident that Uy = H, hence the
forgetful functor H : V-Comod — V-Cocat is an opfibration. O

COROLLARY 7.6.11. The opfibration H has all opfibred colimits, hence V-Comod
has all colimits and H strictly preserves them.

PROOF. The fibre categories of the opfibration H are the cocomplete categories
V-cComod for each V-cocategory Cx, and the reindexing functors (fi o-) for any
V-cofunctor F'y preserve colimits (as composition of V-matrices always does). There-
fore, Proposition [5.3.9 ensures that H is opfibred cocomplete, so by Corollary [5.3.1]]
and cocompleteness of V-Cocat, the result follows. O

REMARK. In this section, emphasis was given to the study of left-sided V-
modules and V-comodules, whereas in Section [6.2] where the ‘one-object case’ global
categories Mod and Comod where defined, the distinction between left and right

was mostly omitted due to symmetry in V. In fact, in a very similar manner we could
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have defined global categories of right V-modules and V-comodules. Then by slightly
changing the reindexing functors (replacing post- with pre-composition, and lower
with upper stars), we would end up with a fibrational characterization as above.
However, in this case there does not exist an isomorphism between right and
left enriched modules and comodules as before, which would allow us to regard the
different (fibre and total) categories as essentially the same. Explicitly, for Mody,(A)
with V symmetric, a left A-module (M, u1) for a monoid A always gives rise to a right

A-action y/ on M via

A® M s M

leTS /
7

M®A

and all appropriate axioms are satisfied. On the other hand, the left A-action for a

V-category Ax on a V-module ¥ is given by arrows in V
Az, 2") @ ¥U(z) — U(z)

for all z, 2’ € X, which are not in bijective correspondence with arrows which would
define a right A-action on ¥, of the form

U(2') @ Az’ z) — U(z)

for all z,2', even if V is symmetric. This is because the elements of the indexing
set of the family of objects of ¥ in the formula would agree with the second, rather

than the first entry of the hom-sets of A in the above formula.

7.7. Enrichment of V-modules in V-comodules

Similarly to Sections and [7.4] we are now going to work our way through the
data which induce an enrichment of the global category of enriched modules V-Mod
in the global category of enriched comodules V-Comod.

Suppose that V' is a symmetric monoidal closed category, with products and
coproducts. Recall that the lax functor Hom : V-Mat® x V-Mat — V-Mat as in
provides a functor between the hom-categories

Homy ) (x.z) : V-Mat(Z, X)°® x V-Mat(W,Y) — V-Mat(W?, V)

which maps a pair of V-matrices (S: 2 —+ X, T: W —+Y) to Hom(S,T) given
by the family of objects in V
Hom(8,T)(k,m) = [ [S(x, 2), T(ma, k2)]

zeEX
z2€Z

for all k € W% and m € YX. Moreover, in Section we made use of the induced
functor Mon(Hom x y (x,y)) as in (7.31), between the categories of comonoids and
monoids of the endoarrow hom-category. This gave rise to the functor

K : V-Cocat®® x V-Cat — V-Cat
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between V-(co)categories, i.e. the V-matrix K(Cx, By ) = Hom(C, B)yx obtains the
structure a V-category.

Now, by Proposition [2.2.10] we know that for any lax functor .# between bicate-
gories KC, £ and any monad ¢ in K, there is an induced functor Mod(.%4 g) between
the category of left -modules in K and left .#t-modules in £. If we apply this in
the current setting, the induced functor is Mod(Homy ) (x,7))

(V-Mat(2,X)V-Mat(Z.0)) * sy Mat(W,Y)V-Mat(V.5) _p Mat(WZ,y X )V-Mat(W? Hom(C.5)

for (C,X) a V-cocategory and (B,Y) a V-category, for any sets X,Y,Z, W. This
is the case, because a monad in the domain category of the lax functor Hom is a
pair (C, B) where C' is a monad in V-Mat“, i.e. a comonad in V-Mat, and B is a

monad in V-Mat. Also the domain of the above induced functor is isomorphic to

(V-Mat° xV-Mat)((2Z,W),(C,B))
((v-Mate> x V-Mat)((2,W), (X, Y)))

since V-Mat®(Z, X) = V-Mat(Z, X)°P and the category of algebras for the monad
(in fact, opposite comonad) V-Mat(Z, C')°P on this category is precisely the opposite
category of coalgebras

(V_Mat(Z7X)V-Mat(Z,C))Op‘

In particular, if we choose Z=W =1 to be the singleton set, we obtain the functor
Mod(Hom 1 1) (x,v)): (V-Mat(1,X)°9) " xV-Mat(1,Y)°B) 5 V-Mat(1,y X ) (eHom(C.5))

where the ‘pre-composition’ monads and comonads are just the endofunctors V-
Mat(1,C), V-Mat(1, B) and V-Mat(1, Hom(C, B)) respectively. We denote this
functor by

Kixy): V-cComod® x V-sMod ———— V-yomc,5Mod
(@, ¥)1 Hom(®, ¥)

using Definitions [7.6.1] and for the categories involved. This concretely means
that whenever @ is a left Cx-comodule and W is a left By-module, the V-matrix

Hom(®e, ¥pg) : 1 —4+—— VX

obtains the structure of a left Hom(C, B)-module, where Hom(C, B) : Y* —— Y X is
a monad in V-Mat as mentioned above. Explicitly, the left Hom(C, B)-action

ps: Y Hom(C,B)(s,t) ® Hom(®, ¥)(t) — Hom(®, ¥)(s)
teyX
for all s € YX is given by a family of arrows in V
> 11 e, a).B(sd' ta)] @ [T (@), @b)] = [] [®(c), ¥(se)]
teY X a,a’eX beX ceX

which, for fixed t € YX and ¢ € X, corresponds bijectively under the usual tensor-

hom adjunction to the composite
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[1a,0r [Cla’,a),B(sd’ ;ta)|R] T, [2(0), T (tD)]@P(c) = — = — — — — — — — — — > W(sc)

1®6¢

1o, [C(a',a),B(sa’ ta)] QI T, [2(b), ¥ (D)@ Cle,c)@P(c')
Al Hse

> Ty [@(b), ¥ (20)]&C (e, )R T, [2(b), W (tb)| @ (c")

Y @107, ®1

> C(e,d),B(sc,tc)|QRC (e, )R[2(c'), ¥ (tc)]@P(c') Sp— > B(sc,td ) @W (i)

where ¢ is the left C-coaction on ® and p is the left A-action on ®. Notice that for
this formula to work, both the V-module and the V-comodule have to be left-sided.
Also, by Proposition [2.2.10] again, this induced functor between the categories of

modules is by construction such that the diagram

Kx,v)

V-cComod? x V-pMod V-Hom(c,5Mod (7.47)

| |

V-Mat(1, X)°P x V-Mat(1,Y) V-Mat(1,Y™X).

Om(1,1),(X,Y)

commutes. The left and right arrows are the respective monadic forgetful functors
from the categories of algebras to the base categories, for Cx a V-cocategory and
By a V-category.

As done earlier for the functor K , we can now define a functor between

the global categories of left V-modules and V-comodules
K : V-Comod® x V-Mod — V-Mod (7.48)

given by K’( x,v) on objects. For any left V-module morphism rp : g — Ul and
left V-comodule morphism vg : ®; — ®¢ as in Definition define a morphism

K(v, k) : Hom(®, \I/)Hom(C,B) — Hom(®’, \I/')Hom((;/,lg/)
in the global category V-Mod as follows: it consists of the V-functor
K(G,F)fs : Hom(C, B)yx — Hom(C', B)yxs
between the V-categories which act on the V-modules, and the family of arrows

K (v,k)s:Hom(®,¥)(s)—>Hom(d',W)(f9 (s))EH[@(m),\I’(sm)]—>l_/[[<I>'(a:/),\II/(fsgz’)]

x

which correspond uniquely, for a fixed 2’ € X, to the composite morphism

[Lex[®(@), U(s2)] @ @/(@/) = =~ === - W(fsga)

Va! Ksga!

[Lex[®(z), ¥(s2)] @ (ga") ol [@(g2), U(s92)] @ D(ga) —— W(sga’)
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under the tensor-hom adjunction in the monoidal closed V. It can be verified via
computations that these arrows satisfy the commutativity of thus K (v, k) is
a well-defined V-module morphism.

Following the same approach as for earlier results, we would now like to exhibit
this functor K as an action, whose adjoint will induce the suggested enrichment.
Before we continue in this direction, we introduce a category whose properties will
further clarify the current setting. In fact, the following structure serves very similar
purposes as V-graphs, which were used as the ‘base case’ for V-Cat and V-Cocat. If
we conceive of V-Grph as the category of all endo-1-cells of the bicategory V-Mat,
the following is the category of all 1-cells with fixed domain the singleton set 1.

Consider a category C with objects all V-matrices of the form S :1 —+ X for
any set X, i.e. families of objects {S(x)}zex in V, where a morphism v from S with

codomain X to T with codomain Y
vy (1HS—>X)—> (1HT—>Y)

consists of a function f: X — Y and arrows v, : S(z) — T(fz) in V for all z € X.
Moreover, this category is in fact bifibred over Set, with reindexing functors those
used in Propositions [7.6.9] and [7.6.10l However, this fact is not fundamental at this
point since the (op)fibrations NV and H have already been established, so details are

not provided.
Under this section’s assumptions on V), the category C is a symmetric monoidal
category, with the family of objects in V

determining the tensor product S®7T :1 —+ X x Y of V-matrices S and T with
codomains X and Y accordingly. In a sense, this is where the tensor products of V-
Mod and V-Comod come from. Moreover, C is a monoidal closed category: for all
V-matrices S, T and R with codomains X, Y and Z respectively, there is a bijective

correspondence between arrows

(S®T)xxy Ry inC

Sx

Hom(T, R) zv inC

where Hom(T', R) is the mapping on objects of the functor Hom; 1) (y,z) as in .
Indeed, any arrow k : S ® T — M in C, given by a function f: X XY — Z and
vy S(@) @T(y) — R(f(w,y)) in V corresponds bijectively, under the
tensor-hom adjunction in V, to

S(x) = [T'(y), R(f(z,y))]

for all z € X, y € Y. Having in mind that by cartesian closedness in Set, f(z,y) =

arrows H(

fz(y) for the corresponding function f: X — ZY, the above is a family of arrows

S(a) = [[ [T (@), R(fey)]

yey
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for all z € X, which together with f uniquely determine an arrow S — Hom(T, R)
in C as expected. This is natural in S, therefore Hom(j 1y (y,7) (T, —) is the object

function of a right adjoint of — ® T which induces a functor of two variables
‘Hom(—,—):C? xC —C

namely the internal hom of C. This is obviously very similar to the proof of Propo-
sition [7.2.3] It is also evident that V has all small limits, and the proof is almost
identical with that of completence of V-Grph in Section

Notice that the global categories V-Mod and V-Comod are (non-full) subcat-
egories of this C, like V-Cat and V-Cocat were subcategories of V-Grph. Their
objects are objects of C with extra structure. In particular, the functor K defined
earlier is a restriction of “Hom(—, —) to the appropriate subcategory of C°P x C.

We are now going to employ this category C in order to obtain comonadicity

of V-Comod and monadicity of V-Mod over appropriate categories, similarly to
Propositions and of the previous chapter.

ProproSITION 7.7.1. The global category of V-modules is monadic over the pull-
back category C X s V-Cat and the global category of V-comodules is comonadic over
the pullback category C Xgo, V-Cocat.

Proor. Consider the functor

U: V-Mod C Xget V-Cat
¥ > (Uy , Ax)

“Fl i(”f’Ff)
Z8 > (Ey , By)

which ‘separates’ the V-matrix with domain 1 from the V-category which acts on it.
This is well-defined: the pullback category is formed as in

V-Cat

C XSet V-Cat
|

|

C

Set,

where the right edge is the fibration P which maps any V-category to its set of
objects, and the bottom edge is the bifibration which maps a V-matrix with fixed
domain 1 to its codomain. We will now construct a left adjoint to U, and the
category of algebras for the induced monad will turn out to be V-Mod. Define

G : C Xgo V-Cat
(SXaAX) > (AOS).A

(vaFf)l l

(Ty, By) > (BoT)p

V-Mod
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where the composite V-matrix 1 Fixdx obtains a left A-action via multiplica-
tion of the monad A, and the image of the morphism between the two left V-modules
consists of the V-functor Fy : Ax — By and the family x, : (AoS)(x) = (BoT)(fx)
of the composite arrows in V

>, Az, ) ©8(2') - - - - - - - 2 B(fz,y) o T®).

z'eX y'ey

ZF(E,Z/®VZ, l /
L

> B(fz, fa') @ S(fa)

r'eX
The above is possible only because v and F' have the same ‘underlying function’ f
between the ‘underlying sets’ X and Y of the enriched modules and the enriched
categories, since they determine an arrow in the specific pullback category. This
morphism kpr commutes with the A-action and B-action on (Ao S) and (BoT)
respectively, since Fy respects the composition laws of A and B which induce the

actions. Now, there is a bijective correspondence between the hom-sets
V-Mod(G(S, Ax),Z5) = (C Xse V-Cat)((S, Ax),U(E, By))

for any left By-module Z, V-matrix S : 1 —— X and V-category Ax, as follows.

(7) Given a left V-module morphism kp : (Ao S)4 — Ep with V-functor Fy and
arrows kg : » . A(z,2') ® S(2') — E(fz) in V, we can form a pair of morphisms
(v + S — E,Fy) in the pullback category, where v in C is given by the function
f: X — Y and the composite arrows in V

LN Alz,z) ® S(x ZAa:x ® S(2') 2 2(fx)

vy : S(z) 2 I®S(x) —

where 7 is the unit of the monad (A, X).
(1) Given a pair of morphisms (o, Fy) in the pullback, where

o (15 X)s 1-5Y)
with function f : X — Y and arrows o, : S(x) — Z(fx) in V is a morphism in C, and
Fy : Ax — By is a V-functor, we can form a left V-module morphism (AoS)4 — =Z5
with the same V-functor Fy and family of arrows

3 Alw,a') @ @) ZEE S B fa, gy 0 2(fa') 225 2(fa).

TET z'eX
These two directions are inverse to each other, due to properties of the arrows

involved, and also the bijection is natural, thus we established an adjunction

G

C Xgot V-Cat V-Mod

U

which gives rise to a monad (GU,Ueg,n) on C Xg., V-Cat. The GU-algebras are
precisely left V-modules, since by definition they are objects in V- 4Mod for each
different V-category A, and the diagram that a morphism between GU-algebras has
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to satisfy coincides with ((7.44). Thus

(C Xse V-Cat) "’ = V-Mod.
Dually, we can show that the forgetful functor

V-Comod ——— C Xg.; V-Cocat

®C > (¢ 5 CX)
VGl \L(MGQ)
QD > (Q ) DY)

has a right adjoint, such that the induced comonad on C x g, V-Cocat is essentially
the same as the global category of V-comodules, hence V-Comod is comonadic over

the pullback category. O

The above proposition leads to a better understanding of the structure and
properties of the global categories. For example, V-Mod inherits completeness from
the pullback category C Xgo V-Cat when V is complete, and the forgetful functor to
V-Cat strictly preserves all limits by construction. Hence by Corollary the
fibration IV of Proposition [7.6.9 has all fibred limits, and Proposition [5.3.9] implies
that the reindexing functors

(Fp)* = (f* o-) : V-sMod — V- ,Mod (7.49)

for a V-functor Fy : Ax — By preserve limits between the complete fibre categories.
As a further application, the functor K ((7.48) between the global categories
turns out to be an action, in essence because the functors K and “Hom are actions.

PROPOSITION 7.7.2. The functor K between the global categories of V-modules

and V-comodules is an action, hence its opposite functor
K°P : V-Comod x V-Mod® — V-Mod°P

is an action of the symmetric monoidal category V-Comod on the (ordinary) cate-
gory V-Mod®P.

PROOF. As seen in Section [£.3] we need natural isomorphisms with components
K(®c®0p,Uy) = K(Pc, K(Qp,¥4)) and K(1,V 4) = W4 for V-comodules ®c,
Qp and V-modules W 4 in the global category V-Mod. By definition of the functor
K, these are in fact of the form

HOIH(‘I’ ® Q7 W)Hom(C®D7A)ZXXy = Hom(q)7 HOIH(Q, \Il))Hom(C,Hom(D7A))ZYX
Hom (1, ¥)nom(z,4) 1 = Pay
where Hom is given by the product (7.7) in V. Now, the functors

K : V-Cocat®? x V-Cat — V-Cat
‘Hom(—,—):C* xC —C
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are actions, the former by Proposition and the latters as the internal hom of

C. Thus we have isomorphisms

Hom(C ® D, A) = Hom(C, Hom(D, A)), Hom(Z, A) = A in V-Cat
Hom(® ® 2, ¥) = Hom(®, Hom(2, ¥)), Hom(1,¥) =¥ in C

for the two actions (notice they have the same mapping on objects). If we place these
in pairs, they form natural isomorphisms in the pullback category C xg., V-Cat for
the chosen (co)modules over (co)categories. Since the forgetful functor from V-Mod
is monadic, it reflects all isomorphisms so these pairs lift to the required invertible
arrows in V-Mod. Moreover, the diagrams commute because they do for all
objects of C and the arrows involved are in V-Mod. O

We aim to establish an enrichment of V-Mod in V-Comod by employing the
theory of actions, and in particular Theorem [4.3.3] This process is in line with the
ones which led to the enrichment of Mon()) in Comon(V) in Section of Mod
in Comod in Section and of V-Cat in V-Cocat in Section Therefore, we
need to show the existence of a parametrized adjoint of the action bifunctor K,
which will be the enriched hom functor of the (V-Comod)-enriched category with
underlying category V-Mod. The theory of fibrations and opfibrations will be again
of central importance, and so we begin with some lemmas which are helpful for the

application of the main Theorem [5.3.7

LEMMA 7.7.3. The diagram

K(—,¥g)°P

V-Comod V-Mod°?
H Nop
V-Cocat V-Cat®?
K(—,By)°P

exhibits the pair of functors (K(—,¥g)°P, K(—, By )°P) as an opfibred 1-cell between
the opfibrations H and N°P.

PROOF. The fact that this diagram commutes can be easily verified. For exam-

ple, we already know that

K(Cx,By) = HOHl(X’y%(X’y) (C,B)YX and

K(®¢, V) = Homy 1y (x,v) (P, V) k(cy By)

by definition of the two functors, which clearly implies that the V-category action
on some K(®,¥) is precisely K(C,B) for the V-cocategory and V-category which
act on the initial V-comodule and module.

We now have to show that the functor K(—, ¥)°P is cocartesian, i.e. maps
a cocartesian lifting in V-Comod to a cartesian lifting in V-Mod, since it is con-
travariant. By Proposition we know that H is isomorphic to the opfibration
which arose via the Grothendieck construction on the pseudofunctor ., hence the
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canonical cocartesian lifting Cocart(Fy, ®c) : P¢ — (F1®)p is

live .
P f«® in V-Comod (7.50)
v v
Cx Dy in V-Cocat
Fy

since /(Ft) = (fsx o —) is the reindexing functor. Notice that the pair notation
of objects and arrows of the Grothendieck category is again dropped, because it is
clear from the diagram where each element is mapped via the opfibration.

If we apply the functor K (—, U), we get the arrow K ((1f,¢, Ff), 1) with domain
Hom((f«®)p, ¥), whereas the canonical cartesian lifting of Hom(®¢, Ug) along the
V-functor K(F,1) is

1(Yf)*Hom(4>,\Il)

(Y/)*Hom(®, ) Hom(®, ¥) in V-Mod
\ \
Hom(D, B)yz KED Hom(C, B)yx in V-Cat.

This is the case because by Proposition the reindexing functor of the isomor-
phic fibration coming from the pseudofunctor J¢ is 7 (Gg4) = (g* o —).

For the image of under K(—, ¥) to be a cartesian arrow then, we have to
show that the canonical arrow between the domains of the two arrows in V-Mod is
a vertical isomorphism. By definition of the operations involved, the domain of the
canonical cartesian lifting is a family of objects in V

(V) Hom(®c, Up) (k) = I ® [ [®(x), U(kfx)]
rzeX

for all k € YZ, and the domain of the image of the cocartesian arrow in V-Comod

Hom(f.®, W) (k) = [[[(f:®)(2), ¥(k2)] = [[[ D T ® ®(x),¥(kz)]

z€Z z xeflz
> [[ 1 @ @(x), ¥(k2)] = [ [ @ ®(2), U(kfx)
257, ;

since the internal hom maps colimits to limits on the first variable. Thus the iso-

morphism is

i @ o), w(kfa)) 25 [0 (@), ©(kfa)] < 1 @ [[[@), U(kfa)]

x x

for [ the left unit constraint of V, thus K(—, ¥)°P is a cocartesian functor. O
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LEMMA 7.7.4. Suppose Vi is a V-module and Az, By are V-categories. If € is
the counit of the adjunction
K(—,By)°P

V-Cocat T V-Cat°?
T(_vBY)

which defines the generalized Sweedler hom functor T', the composite functor

V-Comody i m —— 2% V- Mod® 45 —220 V-Mod P (7.51)

has a right adjoint To(—, V).

Proor. By Proposition the functor T" was defined as the parametrized
adjoint of K°P and was retrieved by Proposition where it was also shown that
the underlying set of objects of the V-cocategory T'(Ax, By) is YX. The composite
in question consists of functors between fibre categories, and we can view as

MOd(HOI’n<1’1)7(YZyy))Op op
V_S(A,B) Comod V—K(S(A’B)’B)Mod
Tt~ HP(E,)
T~ a0
V- \Mod®?

where ¢ : Y7 = Z is the counit of the exponential adjunction . The functor
Mod(Hom) is continuous by the commutative diagram for a fixed variable,
and so is the reindexing functor (£.)* as in ([7.49)). Therefore the above composite of
the opposite functors is cocontinuous. Since V-4 5 Comod is a locally presentable
category by Proposition [7.6.3] it is cocomplete and it has a small dense subcategory.
Thus, the cocontinuous composite has a right adjoint. ]

All conditions of Lemma [5.3.6] are now satisfied, hence the existence of a para-
metrized adjoint of K (more precisely, of its opposite functor) can be established as

follows.

PROPOSITION 7.7.5. The functor K°P : V-Comod x V-Mod®? — V-Mod®® has

a parametrized adjoint
T : V-Mod® x V-Mod — V-Comod (7.52)

which makes the following diagram of categories and functors serially commute:

K(—,¥p)°P
V-Comod T V-Mod®? (7.53)
T(_v\I}B)
H NoP
V-Cocat 1 V-Mod°®P.

T(—,By)
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PROOF. We have an opfibred 1-cell (K (—, ¥3)°P, K(—, By )°P) between the op-
fibrations H and N°P by Lemma and an adjunction ([7.43|) between the base
categories of the opfibrations. Also, by Lemma [7.7.4] we have an adjunction

(éA)!OI_{;I()A,B> (_7\11)

V-1(4,5 Comod T V- 4 Mod®°?
T.A (_ 7\II)

for any V-category A. By Theorem these data suffice for the existence of a
right adjoint
T(—,¥g) : V-Comod — V-Mod?

of the functor K°P(—, ¥p) between the total categories of the opfibrations, with
T4(—,¥) its mapping on objects. By construction of this adjoint, the opfibrations
H and N°P constitute a map of adjunctions, thus is an adjunction in Cat?.
Moreover, since we have adjunctions K°P(—, W) 4 T'(—, ¥) for all left By-modules
U, there is a unique way to make 7T into a functor of two variables as in . This
determines a parametrized adjoint of K°P and the proof is complete. O

Notice that by construction of T, the V-comodule T'(Q4, ¥3) is a V-matrix with
codomain the set Y~ and a left T(Ax, By )-action. This object evidently generalizes
the universal measuring comodule of Proposition [6.3.1

Using a similar series of arguments, we can also deduce that the global category
of enriched comodules is a monoidal closed category, under assumptions which allow

the category of V-cocategories to be monoidal closed.

PROPOSITION 7.7.6. Suppose thatV is a locally presentable symmetric monoidal
closed category. The global category of left V-comodules V-Comod is a monoidal

closed category too.

PROOF. We saw in the previous section how the global categories of modules
and comodules are (symmetric) monoidal when V is. We are now going to use
Lemma [5.3.6] once again, in order to obtain a right adjoint for the tensor product
endofunctor — ® ®¢ on V-Comod.

By Proposition [7.4.4] the category V-Cocat is also a symmetric monoidal closed
category when V is, and its internal hom is denoted by YHOM. Hence there is a square

—@d
V-Comod — %~ V-Comod (7.54)
V-Cocat V-Cocat

—®Cx

which commutes by definition of the monoidal structure of V-Comod, and also an
adjunction between the base categories
(—®Cx)

V-Cocat T V-Cocat
9HoM(Cx,—)
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as in ([7.35). Moreover, the functor (— ® ®¢) is cocartesian: it maps a cocartesian

lifting to the top arrow of the triangle

Cocart(F,Q) Cocart(F,Q)®1
Q Jaty) QR P hQ® o in V-Comod
A
N (Fo1)p(Qod)
Dy Tf> Ez (D®C)Y><X Fol)n (5®C)Z><X in V-Cocat

for any left Dy-comodule €. By Proposition |7.6.10} the reindexing functor (F¥), for
a V-cofunctor with underlying function on objects f is given by post-composition
with the induced V-matrix f*, i.e. (Fy)1 = (f«o-). Now, the two V-matrices

(fo)@P, (fx1)o(QRP): 1 —+—ZxX

in V-g¢ocComod are isomorphic: they are given by the families of objects in V

(o) ©@)(z2) = (Ff o )(2) (me) o ()

z=fy
(fxD o (Qed)(z2)= Y I(Qad)(y,2)=> I (2y) e d(x))
z=fy z=fy

so the isomorphism between them is given by the fact that ® commutes with
sums. Furthermore the above triangle commutes, so the square exhibits
(— ® ®Pc,— ®@Cx) as an opfibred 1-cell between H and H. Finally, if £ is the counit
of the adjunction which defines the internal hom 9HoM for V-cocategories,

the composite functor between the fibres

V-Comody oy c,p) %%,y Comodyyoy(e,p)sc ﬂ) V-Comodp

has a right adjoint, call it YHOMp(®c, —). This is because the category of left
9HoM(C, D)-comodules is locally presentable by Proposition (ép)1 is cocontin-
uous because it is composition of V-matrices, and (— ® ®¢) is cocontinuous by the

commutative diagram

—®Pc
V-Comod V-Comod

l i

C Xget V-Cocat C Xget V-Cocat.

(—®P)x (—®Cx)

Therefore we have an adjunction (— ® ®¢) 4 YHoM(®P¢, —) between the total cate-
gories for all V-comodules ®¢, exhibiting the induced bifunctor

9HoM : V-Comod®? x V-Comod — V-Comod

as the internal hom of V-Comod. Also, YHoM(®¢, 2p) is a YHOM(C, D)-comodule.
O
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Consequently, we can now apply Corollaries [4.3.4] and [4.3.5] for the action K°P
of the symmetric monoidal closed category V-Comod on the ordinary category
V-Mod® and obtain the pursued enrichment.

THEOREM 7.7.7. Suppose that V is a locally presentable, symmetric monoidal
closed category.

(1) The opposite of the global category of left V-modules V-Mod®P is enriched
in the global category of left V-comodules V-Comod, with hom-objects

V-Mod®(V 4,Z5) = T(E, V) (s,

where the (V-Comod )-enriched category is denoted by the same name.
(2) The global category of left V-modules V-Mod is a cotensored (V-Comod )-
enriched category, with hom-objects

V—MOd(\I}A, E.B) = T(\If, E)T(A,B)

and cotensor product I_((@,E)K(QB) for any V-modules V4, Eg and V-
comodules Pc.






CHAPTER 8

An Abstract Framework

This last chapter is an attempt to exhibit some underlying motives of certain
techniques used in the previous sections, and discuss possible generalizations of
processes which resulted in the main theorems of the thesis. The previous chapter
had as its clear goal to generalize the results of Chapter [6]in the next level of ‘many-
object’ (co)monoids and (co)modules, namely V-(co)categories and V-(co)modules.
The thorough investigation of this development reveals an intrinsic pattern of how
the categories involved are expected to behave.

In the first section, the aim is to state and justify a definition of the notion
of enriched fibration. More precisely, we would like to be able to characterize a
(plain) fibration as being enriched in another, special kind of fibration, serving sim-
ilar purposes as the monoidal base of usual enrichment of categories. There are
two things that would incorporate the success of such a definition, in the frame of
this thesis: firstly, the carefully examined cases of monoids/modules, enriched cat-
egories/enriched modules and dual structures should constitute examples of it, and
secondly there should be a theorem which, under certain assumptions, would ensure
the existence of an enriched fibration.

A first formal definition in this conceptual direction was given in [GGT6], called
‘a fibration relative to A’, where A was fibred over a monoidal category in an ap-
propriate sense. As mentioned in the introduction, Shulman in [Shul3|] develops a
theory of ‘enriched indexed categories’, i.e. categories which are simultaneously in-
dexed over a base category S with finite products, and also enriched in an S-indexed
monoidal category. The definition of an indexed V-category was also given indepen-
dently by Bunge in [Bunl3|. The main issue is that even if we herein employ the
same notion of a monoidal fibration (Definition , Bunge’s and Shulman’s ap-
proach only concerns enrichment in fibrations strictly over cartesian monoidal bases,
which is not the chosen monoidal structure of, say, Comon(}) and V-Cocat. More-
over, the notion of an enriched indexed category refers only to a fibration enriched
in another fibration over the same base, approximately depicted as

fibred

In our examples, this is certainly not the case: we seek for enrichments between
both the total and the base categories of the two fibrations involved.

193
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In the second section of this chapter, the aim is to give an approximate descrip-
tion of a way in which the central results of this thesis fit into the theory of double
categories. The motivation for this approach is that in the bicategory V-Mat, fun-
damental for the development of the previous chapter, the functions f between the
sets and especially the V-matrices fi, f* induced by them were of importance for
our constructions. This belongs to a variety of examples of bicategorical structures,
where in fact two natural kinds of morphisms exist, typically some complicated ones
(like V-matrices between sets in our case) comprising the bicategory, and some more
elementary ones which are discarded but in fact important. Therefore, having ev-
erything encompassed in a double category provides a conceptual advantage. Often,
there is a lifting property which turns a vertical 1-cell into a horizontal 1-cell as in
our situation, and this corresponds to the concept of a fibrant double category.

Due to the lack of machinery for dealing with double categories comparatively to
bicategories or 2-categories, recently there has been some serious activity regarding
the more systematic study and development of the theory of double categories. The
exposition in this chapter is not meant to be a significant step in this direction,
not being as rigorous or detailed as such an attempt deserves. Rather it introduces
certain notions which might be of use to further research on the topic. Categories
of monoids (or monads) in double categories have been methodically studied in
[FGK11]. In the current treatment, they are combined with notions of comonoids,
modules and comodules in double categories in order to exhibit a framework for the
existence and properties of specific categories we dealt with in earlier chapters.

Various important facts about double categories such as detailed definitions for
double functors and double natural transformations, monoidal structure, coherence
for pseudo double categories and numerous examples can be found in the refer-
ences provided in the introduction added to the ones mentioned later. The explicit
definition of a monoidal bicategory can be found in [Car95], or in [GPS95] as a

one-object tricategory.

8.1. Enriched fibrations

Chapters [0 and [7] were devoted to the establishment of the enrichment of certain,
mostly well-studied categories like Mon(V), Mod, V-Cat and V-Mod, in their
dual-flavored monoidal categories Comon(V), Comod, V-Cocat and V-Comod.
Such enrichments were in fact combined, in a very natural way, with the theory of
fibrations and opfibrations. The very adjunctions inducing enriched hom-functors
often employed results regarding fibred functors, implying a strong relation between
the two notions. Below we graphically summarize the results of the two previous
chapters. The monoidal category V is required to be a locally presentable, symmetric
monoidal closed category.

The category of monoids is enriched in the (symmetric monoidal closed) category

of comonoids in V, with enriched hom-functor the Sweedler hom

P : Mon(V)°® x Mon(V) — Comon(V)
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which is the parametrized adjoint of the opposite of the restricted internal hom
H : Comon(V)? x Mon(V) —— Mon(V)
(C,A) —[C, 4]

by Proposition and Theorem Moreover, the global category of modules
is enriched in the (symmetric monoidal closed) global category of comodules in V,

with enriched hom-functor the universal measuring comodule functor
Q@ : Mod®® x Mod — Comod
which is the parametrized adjoint of the opposite of the further restricted
H: Comod® x Mod —— Mod
(Xc, Ma) —— [X, M]ica

by Proposition and Theorem The diagram

Q(_7NB)
Mod®? T Comod (8.1)
H(—,Np)°P
Gop \%
P(_vB)
Mon(V)°P T Comon(V)
H(=,B)°P

which describes the above situation is in fact an adjunction in the 2-category Cat?.
The category of V-enriched categories is enriched in the (symmetric monoidal
closed) category of V-enriched cocategories, with enriched hom-functor the general-
ized Sweedler hom
T : V-Cat? x V-Cat — V-Cocat

which is the parametrized adjoint of the opposite of the internal hom as V-graphs

K : V-Cocat®® x V-Cat V-Cat

(CX s By ) | E— HOHl(C,B)yX

defined by Hom(C, B)(k,s) = [[,..[C(2',x), B(ka', sz)], by Proposition and
Theorem Moreover, the global category of V-enriched modules is enriched
in the (symmetric monoidal closed) global category of V-enriched comodules, with
enriched hom-functor

T : V-Mod® x V-Mod — V-Comod
which is the parametrized adjoint of the opposite of

K : V-Comod® x V-Mod V-Mod

(®c, ¥p ) —— Hom(®, ¥)yom(c,)
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where Hom(®, ¥)(t) = [[,[®(x), ¥(tx)], by Proposition and Theorem
The diagram

T(_7\I]B)
V-Mod°P T V-Comod (8.2)
R(_v\IIB)OP
NoP H
T(_7BY)
V-Cat® 7 > V-Cocat
K(=,By)°P
pop W
y(=)
Set™ T > Set
y (=)°P

depicts the above situation.

An appropriate enriched fibration notion would successfully encapsulate the rich
structure of the above situations. Intuitively, we are looking for a definition which
would ensure that the opfibration G°P is enriched in the opfibration V', and that the
opfibrations N°P and P°P are enriched in the opfibrations H and W respectively.

Because of the nature of our examples, it is now evident that we are unable to
employ the definitions and theory of [Shul3]. As mentioned earlier, the numerous
examples therein restrict to fibrations (or indexed categories) over monoidal cate-
gories with tensor product the cartesian product. However, in the diagrams
and the base categories (except Set) of the fibrations which we intend to use as
base for enrichment are not viewed as cartesian monoidal categories. Moreover, and
perhaps more importantly, the indexed enrichment (over the same base category) as
stated in [Shul3l, Definition 4.1] is conceived as ‘fibrewise’ enrichments between the
fibres of the total categories, plus some preservation of the enriched structure via
the reindexing functors. Apart from the absence of a monoidal structure on the fibre
categories here, like Comody (C), the fact that we require an enrichment between
the (distinct) base categories of the fibrations makes a great difference.

Therefore, we are going to explore a new approach to this problem. The ba-
sic idea is to shift Theorem from the context of categories to the context of
fibrations. The reason for doing so is that this result provides an enrichment of
an ordinary category in a monoidal category when certain conditions are satisfied,
which can be rephrased if we replace categories by fibrations. This becomes clearer
in the light of the following remarks (see also Remark [4.3.1](ii)).

e A monoidal category (V,®,1I,a,l,r) is a pseudomonoid in the cartesian
monoidal 2-category (Cat, x,1).

e An action x of a monoidal category V on an ordinary category A is a
pseudoaction of a pseudomonoid on an object of (Cat, x,1).

e A V-representation (A, x), i.e. an ordinary category on which V acts, is a
pseudomodule for the pseudomonoid V in (Cat, x, 1).
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Theorem and its following comments in fact give the one direction of the
equivalence
V-Rep, ~ V-Catg

on the level of objects between closed V-representations (i.e. equipped with a para-
metrized adjoint) and tensored V-categories for V a monoidal closed category. This
equivalence is in fact a special case of the more general [GP97, Theorem 3.7]. We
would now like to produce an adjusted version of this, moving from (Cat, x, 1) to the
monoidal 2-category (Fib, x,17), where 1; is the identity functor on the terminal
category. Indeed, the 2-functor

x : Cat x Cat — Cat

which is the cartesian 2-monoidal structure on Cat, induces a monoidal structure on
the 2-category Cat? which restricts to the sub-2-category Fib, since the cartesian
product of two fibrations is still a fibration.

Initially, we would like to identify the pseudomonoids in this monoidal 2-category,
which will be the analogue of monoidal categories. The concept of a pseudomonoid
was formally defined in [DS97], and the more general pseudomonad viewpoint can
be found in [Mar97, Lac00]. As an idea, a tensor object in [JS93] already captures
the required structure. By applying this definition in the 2-category of fibrations,
fibred 1-cells and fibred 2-cells, a monoidal fibration is a fibration T : V — W with
arrows M : T xT — T, n:1— T equipped with natural isomorphisms

1 1
TxTxT XL rxT IxT 2L rur T T
IxM & M <
TxT T T

satisfying certain coherence conditions. More explicitly, there are fibred 1-cells M =
(My, M), n = (Iy, Iw) displayed by the commutative squares

Vxy oy and 1y (8.3)
TXT\L lT 1l lT
W x W —> W 1— W
MW Iy

where the functors My and I, are cartesian, and invertible fibred 2-cells a =
(@, a™), r = (Y, r"), 1 = (1IV,1V) displayed as
M(Mx1)
VXV xV ,/W\* 1%
M(1xM)
TXTxT T
M(Mx1)
WxWxW_ v =W
M(1xM)
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M(1x1) M(Ix1)

— | ., T N T
Vx]_\\_&i;//?v 1xV\\\j@://7V
Tx1 h T IxT h T

M(1xT) l l M(Ix1) l
| o T
W x 1 Yo W IxW ™~ v SW.
_ 7 _

~ ~

Recall that the natural isomorphisms a, 7Y,V lie above a"V,rV I by definitions
in Section [5.1] The axioms that these data are required to satisfy turn out to give
the usual axioms which make (V, My, I)) and (W, Myy, Iy) into monoidal categories,
with associativity, left and right unit constraints a,r,[ respectively. This is due to
the fact that the functors dom, cod : Fib — Cat are strict monoidal functors.
In other words, the equality of pasted diagrams of 2-cells in Fib breaks down into
equalities for the two natural transformations it consists of.

Moreover, the strict commutativity of the diagrams imply that T" preserves
the tensor product and the unit object between V and W on the nose, i.e.

TA®wTB=T(A®y B), Iy=T(y)

if we denote M = ®. Along with the last conditions that T'(a¥) = o, T(1Y) = IV
and T(rY) = rV, these data define a strict monoidal structure on the functor 7.
Therefore we obtain the following definition, which coincides with [Shu08) 12.1].

DEFINITION 8.1.1. A monoidal fibration is a fibration T : V — W such that

(i) ¥V and W are monoidal categories,
(ii) T is a strict monoidal functor,

(iii) the tensor product ®y of V preserves cartesian arrows.

In a dual way, we can define a monoidal opfibration to be an opfibration which is
a strict monoidal functor, where the tensor product of the total category preserves
cocartesian arrows. Also, if V and W are symmetric monoidal categories and T is a
symmetric strict monoidal functor, call T" a symmetric monoidal fibration.

We are now going to describe a pseudoaction of a pseudomonoid in Fib, and
what it means for a fibration to be a pseudomodule for a monoidal fibration 7.
For a general 2-category or bicategory, the idea of a pseudomodule can be found in
similar contexts in [Mar97, Lac00] (called (pseudo)algebra for a pseudomonad).
Conceptually, as was the case for modules for monoids in a monoidal category, it
arises as a pseudoalgebra for the pseudomonad (M ® —) in our monoidal bicategory,
where M is a fixed pseudomonoid.

In our case, a pseudoaction of a monoidal fibration T : ¥V — W on an ordinary
fibration P : A — X is a fibred 1-cell p = (u, 4iX) : T x P — P displayed by the

commutative

uA

Y x A A (8.4)
TxPl lp
W x X X
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where p# is a cartesian functor, equipped with natural isomorphisms

1
T><T><PMXl Tx P 1xP s T x P
S LI SR NG
TxP T ~ P

in Fib. These are invertible fibred natural transformations y = (x*,x%), v =
(A, %) represented by

Mx1 W Ix1 1%
=V xA — =V xA —
YxVxA IxA A 1xA A A
\—/
T vxA— =
TxXTxP P 1xP P
Mx1 n Ix1 1%
_— Wx X \ — Wx X \
W x W x X U X 1xX [P X
\_/
T WxX—7 =
where yA, v are above ¥, X with respect to the appropriate fibrations. These data

are subject to certain axioms, which in fact again split up in two sets of commutative
diagrams, for the components of the two natural isomorphisms that the fibred 2-cells
x and v consist of. The resulting diagrams coincide with the ones for an action of a

monoidal category (4.8)).

DEFINITION 8.1.2. The fibration P : A — X is a T-representation (or a T'-
module) for a monoidal fibration 7' : V — W, when it is equipped with a T-

pseudoaction p = (MA, MX). This amounts to two actions
pr=s:VxA— A
=0 WxX-—X

of the monoidal categories V, W on the categories A and X respectively, such that
A preserves cartesian arrows and PXS%Y A= X?TX)(TY)( PpAY Pyﬁ = 1/1% 4 for all
X, YeVand A € A

The last two relations are easy to verify in specific examples. In greater detail,
the commutative diagram ({8.4]) representing the pseudoaction implies that

P(X xA)=TX o PA

for any X € V, A € A, hence the isomorphisms X?}YA X *x(VxA) 2 (XepY)*xA

lie above certain isomorphisms in X
Px%ya:TX o(TY o PA) =5 (TX @w TY) o PA
in W, since T is strict monoidal. Similarly, yj‘ : I x A= A is mapped, under P, to

Py Ixo PA =5 PA
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since P(Iy x A) = T(Iy) o PA = Iy ¢ PA by strict monoidality of 7" again. These
isomorphisms then are required to coincide with the components of structure iso-
morphisms x* and v* of the W-representation X.

The last step in order to get a clear picture of how a modified correspondence
between representations of a monoidal fibration and enriched fibrations would work,
is to introduce a notion of a parametrized adjunction in Fib. For that, we first re-
formulate the ‘adjunctions with a parameter’ Theorem in the context of Cat?.
Even though the abstract definition of an adjunction applies to any 2-categorical, or
bicategorical, setting as in Definition for its appropriate parametrized version
we need the 0-cells of our 2-category to be category-like themselves. Intuitively, in
such cases, if we have a 1-cell with domain a product of two objects t: A x B — C,
we are able to consider a 1-cell t, : B — C by fixing an ‘element’ of one of the
0-cells, a in A.

THEOREM 8.1.3 (Adjunctions with a parameter in Cat?). Suppose we have a
morphism (F,G) of two variables in [2,Cat], given by a commutative square of
categories and functors

AxB—r .¢ (8.5)
HXJL lK
X x Y Z.

Assume that, for every B € B andY €Y, there exist adjunctions F(—, B) 4 R(B, —)
and G(—,Y) 4 S(Y,—), such that the ‘partial’ morphism (F(—,B),G(—,JB)) has
a right adjoint (R(B,—),S(JB,—)) in Cat?. This is represented by the diagram

F(_zB)
A T C (8.6)
R(B7_)
H \(K
G(—,JB)
X T Z
S(JB,—)

where both squares of left and right adjoints respectively commute, and (H,K) is

a map of adjunctions. Then, there is a unique way to define a morphism of two

variables
B°P x C A (8.7)
Jop xKl l H
YOP x Z X

in Cat?, for which the natural isomorphisms
C(F(A,B),C) = A(A,R(B,C))
Z(G(X.Y), Z) = X(X, S(Y. 2))

are natural in all three variables.
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PRrROOF. The result is straightforward from the theory of parametrized adjunc-
tions between categories. The fact that (R(B,—),S(JB,—)) is an arrow in Cat?
for all B’s, ensures that the diagram commutes on the second variable, and
also on the first variable on objects, since HR(B,C) = S(JB, KC). On arrows,
commutativity follows from the unique way of defining R(h,1) and S(Jh, 1) for any
h : B — B’ under these assumptions, given by . More explicitly, it is enough
to consider the image of R(h,1) under H and use the fact that the unit and counit
of F(—,B) 4 R(B,—) are above the unit and counit of G(—, JB) 4 S(JB, —) with
respect to the fibrations H and K. ]

We call (S, R) the parametrized adjoint of (F,G) in [2, Cat]. If we started with
a morphism of two variables in Fib C Cat?, i.e. a fibred 1-cell (F,G) depicted as
(8.5), what would change in the above statement is that the diagram would be
required to be a general fibred adjunction as in Definition [5.3.1] i.e. the partial right
adjoint R(B,—) to be a cartesian functor itself. However, notice that by Lemma
right adjoints always preserve cartesian arrows in Cat?, therefore we do not
need to request this as an extra condition. The pair (S, R) is then called the fibred
parametrized adjoint of (F,G). On the other hand, in the context of OpFib, for the
concept of an opfibred parametrized adjoint we request both F' and R(B,—) to be
cocartesian.

We are now able to propose a definition of an enriched fibration, based on the
evidence provided above. The theorem that follows justifies this statement, in the
sense that it completes our initial goal: to generalize Theorem from Cat to
Fib, in order to establish an enrichment on the level of 0-cells of these 2-categories.

DEFINITION 8.1.4 (Enriched Fibration). Suppose 7' : V — W is a monoidal
fibration. We say that an (ordinary) fibration P : A — X is enriched in T when the

following conditions are satisfied:

e the total category A is enriched in the total monoidal V and the base

category X is enriched in the base monoidal W, in such a way that

A= —
A x A 20Dy (8.8)
PP x P T
XP x X W

X(fvf)
commutes;
e the composition law and the identities of the enrichments are compatible,

in the sense that
A X
TMjpc=Mpapsprc (8.9)
T4 = jpa;

e the partial functor A(A, —) is cartesian.
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It does not seem completely natural to ask for cartesianness of the enriched
hom-functor between the total categories only on the second variable. However this
condition is the only one with real effect, since the functor A(—, A) : AP — X goes
from the total category of an opfibration to the total category of a fibration. We
accordingly have the notion of an enriched opfibration.

The compatibility of the composition and identities of the two enrichments only

says that if we take the image of the arrows

MAp e A(B,C) @y A(A, B) — A(A,C)

34 Iy — A(A, A)
in A under the (monoidal) fibration 7', we obtain the actual
MF 4 pp.po : X(PB, PC) ®w X(PA, PB) — X(PA, PC)

jpa Iy — X(PA, PA)
where the domains and codomains already coincide by strict monoidality of T" and
the commutativity of (8.8)).

Notice that in the above definition, there exists the usual abuse of notation,
where the same name is given to the enriched categories and their underlying ordi-
nary categories. If we wanted to be more rigorous, we should denote the categories
with the additional enriched structure differently, for example A and X. In that case

the ‘enriched hom-functor’ (8.8)), analogous to (4.5 for enrichment in Cat, would

be written as
A(fzf)

AP x A )%
POPXP\L iT
XP x X W
X(—,—)

and its partial 1-cell (A(A, —), X(PA, —)) is required to be a fibred 1-cell.

REMARK 8.1.5. When an ordinary fibration P : A — X is enriched in a monoidal
fibration T": V — W, the latter has a strict monoidal structure hence by Proposition
we can make the V-category A into a W-enriched T A, with the same set of
objects obA and hom-objects T'A(A, B) = X(PA, PB).

Then, the ordinary functor P can be viewed as a W-enriched functor between
the W-categories T'.A and X: on objects it is the function obP : ob.A — obX and on
hom-objects it is the identity arrow T.A(A, B) — X(PA, PB). The compatibility
with the composition and the identities of the enriched categories, expressed by the
commutativity of the diagrams , is ensured by the relations .

After a closer comparison between our Definition [8:1.4] of an enriched fibration,
and Shulman’s [Shul3| Definition 4.1] of an indexed V-category, we conclude that
even if there are conceptual similarities, our definition cannot even restrict in a
straightforward way to the case of fibrations over the same base: the monoidal

category W is not in principle enriched over itself, and certainly not via an identity
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functor. For a more accurate description of the similarities and differences of the two
approaches to the subject, a detailed exposition of the ideas and theory in [Shul3|
would be needed, but this would go beyond the scope of this thesis.

We now proceed to a result which asserts that to give a fibration and an action
(*,0) of a monoidal fibration 7' with a fibred parametrized adjoint, is to give a
T-enriched fibration.

THEOREM 8.1.6. Suppose that T : V — W is a monoidal fibration, which acts
on an (ordinary) fibration P : A — X via the fibred 1-cell

*

Y x A A
TxPl J{P
W x X X.

If this action has a parametrized adjoint (R, S) : P°® x P — T in Fib, then we can
enrich the fibration P in the monoidal fibration T .

PRrROOF. By Definition the T-action on P consists of two actions * and ¢ of
the monoidal categories V and W on the ordinary categories A and X respectively.
Moreover, by Theorem we have two pairs of adjunctions

—*A —oX
ATV and XTI =W (8.10)
R(A,-) R(X,-)

for all A € A and X € X. By Theorem there exists a V-category with under-
lying category A and hom-objects R(A, B) and also a W-category with underlying
category X and hom-objects R(X,Y’). By the definition of fibred parametrized ad-
joints, we have that (R, R) is a 1-cell in Cat? and moreover (R(A, —), R(PA, —)) is
a 1-cell in Fib.

Lastly, we need to show that the composition and identity laws of the enrichments
are compatible as in . By computing the adjuncts of M f, p,c and jj‘ under
(— * A) 4 R(A, —) which are given explicitly by the arrows and and
taking their images under 7', it can be seen that they bijectively correspond to the
morphisms M%A,PB,PC and j5 , under the adjunction (— o X) 4 R(X, —). For this,
we use that (P,T) is a map between the adjunctions (8.10), T is a strict monoidal
functor and that the actions * and ¢ are compatible, in the sense of the definition

of a T-representation. ]

Clearly, there is a dual version of the above, characterizing the enrichment of an
opfibration in a monoidal opfibration. In order for our examples to fit in this theory,

we also need the notion of a fibration enriched in an opfibration and its dual.

DEFINITION 8.1.7. Suppose that T : V — W is a symmetric monoidal opfi-
bration. We say that a fibration P : A — X is enriched in T if the opfibration
PP A°P — XOP ig an enriched T-opfibration.
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We can now apply Theorem to obtain an enrichment of the fibration
G : Mod — Mon(V) in the monoidal opfibration V' : Comod — Comon(V). First
of all, V is a strict monoidal functor and ® : Comod x Comod — Comod
preserves cocartesian arrows on the nose (see proof of Proposition , thus V is
indeed a monoidal opfibration. Then, by Definition [8.1.2] we have an action of V/
on G°P, given by the actions H°P of Comon(}V) on Mon(V)°? and H°P of Comod
on Mod® as in and . The compatibility conditions between these two
actions hold and H°P strictly preserves cocartesian liftings (see Section . Fi-
nally, there is evidence that the universal measuring comodule functor Q) preserves
cocartesian liftings on the first variable, which would make (@, P) into an opfibred
parametrized adjoint for the action (H°P, H°P). We can thus enrich G° in V.

ProprosITION 8.1.8. If Q(—, Np) is cocartesian, the fibration G : Mod —
Mon(V) is enriched in the monoidal opfibration V : Comod — Comon(V).

Of course, it would as well suffice to verify the conditions of Definition for
this particular case, in order to obtain the above result.

At this moment, similar complications arise for the proof that the generalized
Sweedler hom functor T'(—, By ) and the functor T(—, ¥5) between V-modules and
V-comodules preserve cartesian liftings. As a result, we also cannot claim the en-
richment of the fibrations N and P in the monoidal opfibrations H and W as in
unless this condition is satisfied (like the above proposition), even though the
remaining conditions hold. We aim to verify these properties with future work.

8.2. Double categorical and bicategorical setting

We are now interested in generalizing the above development, starting with an
arbitrary bicategory or even a double category in place of V-Mat. The fact that
Chapter [7] is centered around the bicategory of V-matrices and Chapter [6] addresses
the one-object bicategory case are indicative of such an extension. So the driving
question of this section is to determine what kind of structure a bicategory IC should
have, in order to recapture the main results of the previous two chapters.

There are two functors of bicategories which are fundamental for our purposes.

Firstly, a homomorphism (pseudofunctor)
R:KxK—K
which will be part of a monoidal structure on our bicategory, and also a lax functor
H:K°xK—K

which under circumstances, will lead to enrichment relations between total categories
of certain fibrations and opfibrations. The above functors of bicategories provide

(ordinary) functors
®(A,B),(C,D) : /C(A, C) X /C(B, D) — IC(A RB,C® D) (8.11)
H(A,B),(C,D) : K(Aa C)Op x ’C(Ba D) - ]C(H(Av B)’ H(Ca D))
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between the hom-categories. Moreover, as seen in Lemma [3.3.3] any lax functor
of bicategories induces a functor between the categories of monoids of endoarrow

hom-categories with horizontal composition. Here they produce
Mon(®4,p)) : Monk (4, A) x MonK (B, B) — MonK(A® B,A® B)
Mon(H 4 p)) : Comonk (A4, A)°® x MonK(B, B) — Monk(H (A, B), H(A, B)).

These functors are just restrictions of on the appropriate categories, which in
fact turn out to be fibres of total categories, crucial for the development. Since ® is
a pseudofunctor, i.e. also colax with respect to the horizontal composition, there is
also an induced functor

Comon(® 4 p)) : Comonk (4, A) x ComonK(B, B) — Comonk(A® B, A® B).

Under certain conditions, these functors ‘between the fibres’ induce total functors
which give rise to specific structures of importance.

For £ = V-Mat for example, these categories are Monk (A4, A) = V-Caty
and Comon/C(A, A) = V-Cocaty for fixed sets of objects A. The bicategory of
V-matrices is in fact a monoidal bicategory with tensor product as in ([7.4)) which
induces the monoidal structure of the total categories V-Cat and V-Cocat. Also,
the lax functor H = Hom : (V-Mat)® x V-Mat — V-Mat defined as in gives
rise to the functor K, whose adjoint induces the enrichment stated by Theorem
1(.4.0l

Furthermore, by Proposition the lax functors ® and H induce

K(A, C)IC(A,t) « /C(B,D)IC(B’S) —+K(A® B,C® D)K(A@B,t@s)
K(A, C>K(A,u)op % IC(B,D)IC(B’S) — K(H(A, B), H(C, D))’C(H(A»B)vH(u,S))

between the categories of left modules and comodules with fixed domains, for monads
t:C—=C,s:D— D and comonad u : C — C in K. These can also be written as

Mod(®(4, ) (c.p)) : i Mod x PMod — {:PMod

Mod(H(A,B),(qD)) : fComodOP % SBMOd N gEfSB;)MOd

by Definitions 2.2.3] 2.2.6l Again, since ® is a homomorphism of bicategories, it
also induces

Comod(®4,p),c,n)) : AComod x 2Comod — fngomod

between the categories of comodules. These functors between the fibres of the global
categories are expected to give the monoidal structures to modules and comodules,
and the enrichment of modules in comodules respectively. For the bicategory V-
Mat, the monoidal structures of V-Mod and V-Comod as well as Theorem [7.7.7]
are obtained by employing instances of the above functors.

In order to identify suitable assumptions on the bicategory K, we are going to
employ the theory of double categories. This turns out to be an appropriate theo-

retical framework leading to enriched fibrations as discussed in last section, because
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it provides with a better understanding of the nature of the categories appearing
in our examples. We largely follow the approach of [ShulQ], where a method for
constructing (symmetric) monoidal bicategories from (symmetric) monoidal dou-
ble categories which satisfy a lifting condition is described. This process allows us
to reduce a lengthy and demanding task of verifying the coherence conditions of
monoidal structure on a bicategory into a much more concise and speedy procedure,
essentially involving a pair of ordinary monoidal categories.

DEFINITION 8.2.1. A (pseudo) double category D consists of a category of objects
Dy and a category of arrows Dy, with structure functors

1:Dg— Dy, s,t:D; =Dy, @ZD1XDOD1—>D1

such that s(14)=t(14)=A4, s(M ® N)=s(N), t(M © N)=t(M) for all A € obDy,
M, N € obD, equipped with natural isomorphisms

a:(MGN)OP Mo (NGP)
AlS(M)QML)M
pM@lt(M)L)M

in Dy for all M, N, E € obDy, such that t(a),s(a), t(N),s()),t(p),s(p) are all identi-
ties, and satisfying the usual coherence conditions (as for a bicategory).

The objects of Dy are called 0-cells and the morphisms of Dy are called 1-
morphisms or vertical 1-cells, denoted as f : A — B. The objects of Dy are the
(horizontal) 1-cells, denoted as M : A — B where s(M) = A is the source and
t(M) = B the target of M. The morphisms of D are the 2-morphisms, denoted as
squares

A B

fl \U,a ig

C—e=D
N

or fa¥9 : M = N, where s(a) = f and t(a) = g. The composition of vertical 1-
cells and the vertical composition of 2-morphisms are strictly associative since Dy
and ID; are categories, whereas horizontal composition of horizontal 1-cells and 2-
morphisms is associative up to isomorphism due to the isomorphisms as v p. These

are respectively written as

A4 B A4 B

£l de s atp o a4 c
C==D _ | g ke g gas] ys o= 1| gaea |
w8 |k D—s~E—+~F D—e>F
E?F E4}—>F’ ©

The vertical identity 1-cellid4 : A — A for any object A and the identity 2-morphism
157 for any 1-cell M make the vertical compositions also strictly unital. Also, the
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horizontal unit 1-cell 14 : A —» A for every object A and the horizontal unit 2-
morphism 1y for any l-morphism f : A — B make the horizontal compositions

unital up to isomorphism. The identity 2-morphisms are denoted by

1a

A B A—ds A
idA\L \U/IIV[ iidB fl ‘U’lf lf
M 1p

and in particular 1, = 1iq,. Functoriality of the horizontal composition © results
in the relation 1y ® 13y = 1yea and the interchange law which the two different
compositions obey:

(B'8) © (da) = (B’ ©a)(BO ).

The opposite double category D°P is the double category with vertical category
Dy? and horizontal category D}”. There also exist the horizontally opposite double
category DPP and wvertically opposite double category DV°P, where the horizontal
and vertical categories respectively are the opposite ones.

A 2-morphism with identity source and target 1-morphisms, like a,l,r above,
is called globular. Evidently, for every double category ID there is a corresponding
bicategory denoted by H(D) or just D, called its horizontal bicategory. It consists
of the objects, (horizontal) 1-cells and globular 2-morphisms. In a sense, this comes
from discarding the vertical structure of the double category.

Many well-known bicategories arise as the horizontal bicategories of specific
double categories. For example, consider the double category V-Mat: the cate-
gory of objects is V-Matg=Set, and the category of arrows V-Mat; consists of
V-matrices S : X —- Y as 1-cells, and 2-morphisms fa9 : S = T given by families
of arrows

aye: S(y,z) = T(gy, fz)
in V for all x € X and y € Y. The structure functor 1 gives the identity V-
matrix 1y : X — X for all sets X and the unit 2-morphism 1; with components
arrows
1357, ife=2a
0—0, ifx#a.

The source and target functors give the evident sets and functions, and the functor

(1f)$/’$ : 1x(.73/,37) — 1x($l,x) =

® : V-Mat, X V_-Matg V-Mat; — V-Mat;

is given by the usual composition of V-matrices as in ([7.1) on objects, and on 2-
morphisms /(B ® a)9 : T oS = T' o S’ is given by the composite arrows

Zﬂz,y@)ay,z
>, T(z,y) ® S(y, x) >, T'(hz, gy) ® S'(gy, fz)

~
~
~
- L
~
-

=, T (hey) @ S, fa)




208 8. AN ABSTRACT FRAMEWORK

in V, for all x € X and z € Z. Notice how this generalizes the operation ([7.2))
between V-matrices of different domain and codomain. Compatibility conditions of
source and target functors with composition can be easily checked, and the globular
2-isomorphisms are the ones described in Section Of course, its horizontal
bicategory H(V-Mat) is precisely the bicategory V-Mat.

DEFINITION 8.2.2. For D and E (pseudo) double categories, a pseudo double
functor F : D — E consists of functors Fy : Dg — Eg and F; : D — E; be-
tween the categories of objects and arrows, such that s o F; = Fyos and to F} =
Fyot, and natural transformations Fg, Fiy with components globular isomorphisms
FIM®FN = Fi(M®N) and 15,4 — F1(14) respectively, which satisfy the usual
coherence axioms for a pseudofunctor.

We also have notions of lax and colax double functors between pseudo double
categories, where the natural transformations Fy and Fy have components glob-
ular 2-morphisms in one of the two possible directions respectively. The explicit
definitions can be found in the appendix of [GP99] or [GP04]. In particular, nat-
urality of Fi; in this context means the following: for any composable 2-morphisms
fa9 : M = M and 98" : N = N’ in D, the components of F, satisfy

M FIN M N
FyA —e~ FyB — e [,C FyA —e > FyB — o> F,C
Fofi UFla iFOg UFlﬁ lFoh UFQ
A B F,C! = A . FyC
0 M’ 0 FiN' oC 0 Fi(NOM) 0
. o om0
F(]A/ . FoC/ F()A/ . F()C,.
F(N'OM') Fi(N'oM’)
(8.12)

Whenever we have a pseudo double functor F' : D — E, there is an induced

pseudofunctor between the respective horizontal bicategories
HF : H(D) — H(E)

which consists of the following data:

- for each 0-cell A € Dy in the bicategory H (D), a O-cell FpA € Ey in the
bicategory H(E);

- for each two O-cells A, B € Dy, a functor

HEAp : H(D)(A, B) — H(E)(FyA, FyB)

which maps a horizontal 1-cell M : A —» B to the 1-cell F1 M : FyA — FyB and

Fi M
AL B FoA — o~ F\B
idAl e lidB — id(FOA)l | Fiex \Lid(FOB)
A — B FyA FyB

1

using functoriality of Fy and compatibility of Fy and F; with sources and targets;
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- for every triple of O-cells A, B,C, a natural isomorphism with components
invertible arrows
NM PN o M =5 Fi(N o M)
for M : A —» B and N : B — C, given by Fy;

- for every 0-cell A, a natural isomorphism with components invertible
7A c1pa AN Fl(lA)

given by Fy;.

The coherence axioms are satisfied by definition of the pseudo double functor.
Similarly we get (co)lax functors between bicategories from (co)lax double functors.
This is indicative of the way that structure may be inherited from a pseudo double
category to its horizontal bicategory. From now on, the adjective ‘pseudo’ will be
dropped whenever it is clearly implied.

The formal definition of a monoidal double category can be found in [Shul0]
and is omitted here. Notice that in [GP04] for example, the tensor product ® as
below is required to be a colax double functor rather than pseudo double. If we

unpack the definition, we get the following simplified description.

DEFINITION 8.2.3. A monoidal double category is a double category D equipped
with (pseudo) double functors

@ :DxD—-D and I:1—>D,

such that (Dg, ®, ) and (D1, ®1,1;) are monoidal categories with 17 : I —e— I for
I = I(x), the functors s, t are strict monoidal and preserve associativity and unit

constraints, and there exist globular isomorphisms
(M@, N)o (M @ N')= (Mo M) (NoN')
Liagep) = 1a®11p
subject to coherence conditions.

For example, consider the double category V-Mat where both categories of ob-
jects and arrows are monoidal categories. Indeed, (Set, x, {}) is cartesian monoidal
and V-Mat; has tensor product

® : V-Mat; x V-Mat; V-Mat, (813)
x-Sty , 25w osxxz 5 yxw
fi Ua lg hi U/B ik thl Ua@ﬁ lgxk
(X' ==Y | Z == W) >X'xZ' =Y ' x W
s T’ S'QT

given by the families (S ® T')((y, w), (z,2)) := S(y,z) @ T(w, z) of objects in V and

(a ® ﬁ)(y,w),(w,z) = S(ya .%') ® T(w7 Z) M) S,(gya fﬂj‘) ® T,(kwa hz)

of arrows in V, and monoidal unit the V-matrix Z : {*} — {x} with Z(x,*) = I.

The conditions for s and t are satisfied, and the natural isomorphisms come down to
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combinations of associativity and unit constraints of ¥V and the fact that the tensor

product in V commutes with sums.
PROPOSITION 8.2.4. The pseudo double category V-Mat is monoidal.

What is further required to obtain a monoidal structure on the horizontal bi-
category of a monoidal double category is a way of turning vertical 1-morphisms
into horizontal 1-cells. The links between vertical and horizontal 1-cells in a double

category have been studied by various authors, and the terminology used below can
be found in [GP04, [Shu08, DPP10].

DEFINITION 8.2.5. Let D be a double category and f : A — B a vertical 1-

morphism. A companion of f is a horizontal 1-cell f : A — B together with 2-

morphisms
A-l.p A—ds A
fl {Jp1 lids and idAi Jp2 | f
1p 7

such that pips = 1y and p; ©® po = 1f‘ Dually, a conjoint of f is a horizontal
1-cell f: B —e» A together with 2-morphisms

B 1.4 A4
idBl o lf and fi a2 \LidA
B —> B B —e> A
1p f

such that q1q2 = 1y and g2 © q1 = lf.

The ideas which led to the above definitions go back to [BS76], where a connec-
tion on a double category corresponds to a strictly functorial choice of a companion
for each vertical arrow. Now, a fibrant double category ([Shul0), Definition 3.4]) is a
double category for which every vertical 1-morphism has a companion and a conjoint
(called framed bicategory in [Shu08]). Many important properties for fibrant dou-
ble categories can be obtained just from the definitions. For example, companions
and conjoints of a specific 1-morphism are essentially unique (up to unique globular
isomorphism), and § ® f , §© f are the companion and the conjoint of gf.

The significance of these notions is clear in the context of our primary example,
the double category V-Mat. The companion of a function f : X — Y is the V-
matrix f, : X —— Y and its conjoint is V-matrix f*:Y — X, as defined in (|7.11]).

Properties of these V-matrices, such as the adjunction f* - f, in the horizontal
bicategory V-Mat or Lemmas and [7.1.4] are in fact true in the general setting
of any fibrant double category. I.e. for any vertical 1-morphism f in D, we have an
adjunction f 4 f in H(D).

Another important example of a fibrant double category is the one with horizon-
tal bicategory V-BMod (or V-Prof) of enriched bimodules, as briefly described in
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Section In particular, the companion and conjoint for each V-functor (which are
the vertical 1-morphisms) are given by the ‘representable’ profunctors as in (4.7)).

The main Theorem 5.1 in [ShulQ] asserts that the horizontal bicategory of
a fibrant monoidal double category inherits a monoidal structure. Explicitly, it
consists of the induced pseudofunctor of bicategories H(®) : H(D) x H(D) — H(D)
and the monoidal unit 1; of D;. In particular, the double category of V-matrices
is a fibrant monoidal double category, hence the result follows for its horizontal
bicategory H(V-Mat).

PROPOSITION 8.2.6. The bicategory V-Mat of V-matrices is a monoidal bicate-
gory.

The monoidal unit is the unit V-matrix Z and the induced tensor product pseud-
ofunctor ® : V-Mat x V-Mat — V-Mat maps two sets X,Y to their cartesian
product X x Y, and the functor

®xy)(zw) : V-Mat(X, Z) x V-Mat(Y,W) — V-Mat(X x Y, Z x W),

is defined as in , for 2-morphisms with domain and codomain the identity
vertical 1-morphisms.

We are now in position to examine how constructions and results of the previous
chapter may fit in the general frame of any fibrant double category. As up to this
point, our presentation aims to sketch the main ideas rather than rigorously establish
a theory.

Suppose D is an arbitrary fibrant double category, with no monoidal structure
to begin with. Define the category D} to be the (non-full) subcategory of D; of all
horizontal endo-1-cells and 2-morphisms with the same source and target. Explicitly,
objects are all 1-cells of the form M : A —e» A and arrows are of the form

A
1w
B —— B
N

denoted by ay : My — Np. In [FGK11], this category coincides with the vertical
1-category of the double category End(ID) of (horizontal) endomorphisms, horizontal
endomorphism maps, vertical endomorphism maps and endomorphism squares in ID.

This definition is motivated by the fact that V-Mat] = V-Grph: objects are
V-graphs, i.e. endo-V-matrices G : X —+ X given by objects {G(z',z)} in V, and
arrows ay : Gx — Hy are V-graph morphisms, i.e. a function f : X — Y and
arTrows oy, : G(2/, ) — H(f2', fx) in V. In the view of [FGK11, Remark 2.5],
this is analogous to the fact that the category Grphg¢ of graphs and graph morphisms

internal to a finitely complete £ is identified with the category of endomorphisms

and vertical endomorphism maps in the double category Spang.

PROPOSITION 8.2.7. Suppose D is a fibrant double category. The category DY is
bifibred over Dg.
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PRrROOF. We can easily adjust a series of previous relevant proofs, in order to
construct pseudofunctors whose Grothendieck construction gives rise to a fibration
and an opfibration, isomorphic to the evident forgetful functor D} — Dy mapping
Gx to X and ay to f. Like Proposition the respective pseudofunctors are

M DyP Cat, F: Dy Cat (8.14)
At H(D)(A, A) A= H(D)(A, A)
fl T (fo-of) fi i(f@-@f)
B> H(D)(B,B) B> H(D)(B, B).

We can illustrate the isomorphism between, for example, the Grothendieck category
&4 and DT, just by employing companions and conjoints. The objects are the
same (horizontal endo-1-cells), and there is a bijective correspondence between the

morphisms: given an arrow oy in D, we obtain a composite 2-cell

ALy P S R . S
A T R A OO P | ida
B+ B A—esBpeB e B

which is a morphism in &.#. This assignment is an isomorphism, with inverse

mapping 8 — (@1 © 1y @ p1)B for some B: M = foNo f in H(D)(A, A).
Similarly . = DS, but we can also deduce that D} is a bifibration by Remark

5.1.1} since we have an adjunction (f ©-® f) F (f ®@-© f) for all f. O

Even though the above result was independently established as a generalization
of earlier proofs, the fibration part was also included in [FGK11l Proposition 3.3].
We now proceed to the definitions of structures in arbitrary double categories, which
are fundamental for the formalization of our examples.

A monoid in a double category D is an endo-1-cell M : A —e+ A | i.e. an object

in D3, equipped with globular 2-morphisms

AN Ny A—a
ldAl U,m ‘(idA ldAl U,n lidA

satisfying the usual associativity and unit laws. In fact, this is the same as a monad
in its horizontal bicategory H(ID). A monoid homomorphism consists of an arrow

af: My — Np in D} which respects multiplication and unit:

AN A Mg AN A Mg A8 4 Ad

ryode e s b (2 N A YY)

BTBTB = . AH—>A = BT—>B
B

| ] ) [P VA IR A A

A A B B, B —e>B B —e> B.
N N N
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We obtain a category Mon(ID), which is a non-full subcategory of D .

These definitions can be found in [Shu08] for fibrant double categories, and
in [FGK11] as monads and vertical monad maps in a double category . In the
terminology of the latter, Mon(ID) is in fact the vertical category of Mind(D), the

double category of monads, horizontal and vertical monad maps and monad squares.

REMARK. Considering monads in a double category rather than in a bicate-
gory or 2-category presents certain advantages. For example, V-Cat is precisely
Mon(V-Mat): objects are monads A : X — X in the horizontal bicategory # (V-
Mat), and morphisms are V-graph morphisms (i.e. in V-Mat}) which respect the
appropriate structure.

It was noted in Remark that even if objects of V-Mat are monads in
the bicategory of V-matrices, V-functors do not correspond bijectively to monad
(op)functors in V-Mat. So, in order to fully describe V-Cat as in Lemma we
had to provide isomorphic characterizations for V-functors. Now things are much
clearer: we are able to recapture the whole category as the category of monoids
in a double category, since a V-functor properly matches the notion of a monoid

morphism in V-Mat.

Dually, we can define a category Comon(D) for any double category. Objects
are comonoids in D, i.e. horizontal endo-1-cells C' : A —» A equipped with globular

1-morphisms

A < A A—S .o
idAl Ia lidA idAl Je lidA
Ao A—eos A A—esA
C C C

satisfying the usual coassociativity and counit axioms for a comonad in the hori-
zontal bicategory H(ID). Morphisms are comonoid homomorphisms, i.e. oy : Caq —
Dp in DY satisfying dual axioms to the monoid ones. Notice that Mon(DP) =
Comon(D)°P.

For the double category D = V-Mat, the above exactly describe the category of
V-cocategories as in the Definition thus Comon(V-Mat) = V-Cocat. This
is again conceptually simpler and more straightforward than the isomorphic charac-
terization of V-Cocat as in Lemma [7.3.11]

PROPOSITION 8.2.8. Let D be a fibrant double category. The forgetful functors
Mon(D) — Dy and Comon(D) — Dy

which map a horizontal endo-1-cell to its object and a 2-morphism to its vertical
1-morphism, are a fibration and an opfibration respectively.

PrROOF. We can again directly generalize Propositions [7.5.3| and [7.5.5| by re-
stricting (8.14]) to the categories Mon(#H(D)(A, A)) and Comon(H(D)(A, A)) re-
spectively.




214 8. AN ABSTRACT FRAMEWORK

Alternatively, we can exhibit the cartesian lifting of a monoid N : B — B

A Cart(f,N)

foNof N in Mon(D)
\ f \
A B in ]D)o

along a 1-morphism f to be the 2-morphism

N

Y
Y
o
&

The universal property can be easily verified using the properties of companions and

conjoints. Similarly, we can provide the cocartesian liftings
Cocart(f,C):C= fOCOf=p0lc @ (8.15)

for the forgetful Comon(D) — Dy. O

In the proof of [FGK11l Proposition 3.3], the new multiplication and unit of
(fON® f) for a monoid N is explicitly stated, and an analogous version for the
comultiplication and counit of ( focof ) for a comonoid can be written. Essentially,
they are the same as the ones of Lemmas [7.3.2] and [7.3.10] for the particular case of
V-categories and V-cocategories.

We now proceed with the appropriate concepts of modules and comodules in
double categories, and the (op)fibrations they form over Mon(D) and Comon(D).
A (left) M -module for amonoid M : A —e+ A in a double category D is a horizon-
tal 1-cell W : Z —e— A with specified target A, equipped with a globular 2-morphism

JS]
=

.
VA

N

called the action, which satisfies the usual compatibility axioms with the multipli-
cation and unit of the monoid M. In fact this coincides with the concept of a left
M-module for a monad M in the horizontal bicategory H(D).

A (left) module homomorphism between a left M-module ¥ and a left N-module
= consists of a monoid map ay from M to N along with a 2-morphism

7 v
k;l |8
W‘.%

f

W0

[
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with specified target f, which satisfies the equality

A S S AR S

b S if b |
) =

’fl b if

w B w

Denote the category of (left) modules and module homomorphisms as Mod (D).

There are certain subcategories of importance to us: we can consider all left
modules with fixed source Z and arrows ¥4/ with k = idz which form a category
ZMod(DD); we can also consider the category y;Mod(D) of all left M-modules and
module homomorphisms ¥3/ with f = id,; finally we have the category Z Mod(D)
of all M-modules with source Z and globular 2-morphisms. As expected, the latter
is the category 4, Mod(# (D)) = H(D)(Z, A)*PIZM) a5 in Definition m

We can dualize the above definitions to obtain the category Comod(D) of
(left) comodules and comodule homomorphisms for any double category D. Ex-
plicitly, for a comonoid C': A —e» A in D, a left C-comodule is a horizontal 1-

cell & : W —es A with target A, equipped with a globular 2-morphism

P

"

called the coaction, compatible with the comultiplication and counit of the comonoid
C. A comodule homomorphism between a C-comodule ® and a D-comodule (2
consists of a comonoid map o between C' and D and a 2-morphism kpf . d = Q
which respects the coactions. Notice how for both module and comodule maps, the
target agrees with the source (and target) of the (co)monoid map, i.e. t(5) = s(a).

Once again, we have the subcategories " Comod(ID) of left comodules with
fixed source W, ¢cComod(D) of left C-comodules for a fixed comonoid C, and the
category of left C-comodules with fixed target W

& Comod (D) := ¥ Comod(H(D)) = H(D)(W, A)H(D)(W,C).

We could appropriately define categories of right modules and comodules in a
double category D, as well as bimodules and bicomodules. In fact, bimodules between
monoids are the horizontal 1-cells for a double category Mod (D) studied in [Shu08],
in the context of fibrant double categories. According to the notation followed in this
thesis though, Mod corresponds only to one-sided modules and BMod to two-sided.

Motivated by Section we now focus on ?Mod(D) and " Comod (D). Ex-
plicitly, for D=V-Mat the categories !Mod(V-Mat) and 'Comod(V-Mat) are pre-
cisely the global categories V-Mod and V-Comod, where 1 = {x} is the singleton.
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Whenever appropriate, we will briefly remark what the results for the more general

categories of modules and comodules would look like.

ProOPOSITION 8.2.9. Suppose D s a fibrant double category. The categories
ZMod (D) and W Comod (D) are fibred and opfibred respectively over Mon(D) and
Comon(D), for any 0-cells Z and W.

PROOF. Analogously to Propositions and [7.6.10] the indexed categories
which give rise to the fibration and opfibration in this case are

' : Mon(D)°P Cat, & : Comon(D) Cat
M > Z Mod (D) Ci > ( Comod(D)
o l 7o) o i | o)
N ~ 2 Mod(D) D ~ W Comod(D).

As an illustration, if ¥ : Z —e B is a left N-module, then fO U :Z —5 B —o5 A

obtains the structure of a left M-module, via the action

7 Y. p L4 N A.
e | ows | e

bo | b 7 e | G

\\ 1p N f
Yo oo |
Z —e> B B—e> A
v N f
2 H N
Z . B —e> A
v f

This essentially generalizes Lemma which is clearer if we suppress the natural
isomorphisms A, p of the pseudo double category. In a dual way, we can determine
the induced D-coaction on a composite horizontal 1-cell f Ob:7Z - A— B for
a left C-module ®, adjusting Lemma [7.6.6

Alternatively, we can deduce that the forgetful functors “Mod(D) — Mon(D)
and " Comod(D) — Comon(D) are a fibration and opfibration respectively, by
exhibiting the (co)cartesian arrows. For any left N-module ¥ and any monoid
homomorphism oy : M — N, the required cartesian lifting Cart(¥, o) : Jo =
in “Mod(D) is the left-module morphism

7 Y. p L. 4
\' 1
| v

VA B.
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The universal property is easily checked by the relations between ¢; and ¢o, and
similarly we can write the cocartesian liftings for the second forgetful functor. [J

We could also establish a fibration Mod(D) — Mon(D) and an opfibration
Comod(D) — Comon(D) for the categories of left modules and comodules with
arbitrary sources. The fibre categories would then be ,yMod(D) and ¢Comod(D)

respectively, and the reindexing functors the same as above.

REMARK. Consider the categories XDy for any 0-cell X, of horizontal 1-cells with
domain X and 2-morphisms with source idx. We can generalize Proposition
and deduce that #Mod(D) is monadic over the pullback category #D; xp, Mon(D),
and Y Comod(D) is comonadic over WD xp, Comon(D). This further clarifies the
structure and properties of these categories. Similarly for (co)modules of arbitrary
domain, if we replace XID; by plain D;.

We have so far totally recovered the fibrational view of Sections|7.5/and [7.6|in the
abstract framework of fibrant double categories. As remarked earlier, the definitions
of Mon(V-Mat) and Comon(V-Mat) wholly encapsulate the categories V-Cat and
V-Cocat, and the same applies to the categories V-Mod and V-Comod which are
identified with Mod(V-Mat) and Comod(V-Mat). We now turn to the issue of
enrichment between those categories.

In order to generalize the main results of the previous chapter in the monoidal
double categorical context, we require the existence of the following functors (com-

pare also with the beginning of this section): a pseudo double functor
@:DxD—D (8.16)
which constitutes the tensor product of the double category, and a lax double functor
H:D?®’xD-—1D (8.17)

with the property that Hy gives a monoidal closed structure on (Dg, ®g, I) and H;
a monoidal closed structure on (D, ®1, 17).

We could assume that the extra structure given by this lax double functor H
makes D into a monoidal closed double category. However, this seems to not be the
case, even if there is an analogy with Definition of a monoidal double category,
where the pseudo double functor ® = (®g, ®1) induces monoidal structures to the
vertical and horizontal categories Dy and D;.

In [GP04], a (weakly) monoidal closed pseudo double category D is a monoidal
double category such that each pseudo double functor (- ® D) : D — D has a lax
right adjoint, call it Hom®”. Notice that in fact, (- ® D) = (- ®¢ D,- ®1 1p). This
falls into the more general case of pseudo/lax adjunction between pseudo double
categories as described in [GP04] 3.2], whereas double adjunctions are also studied
in [FGK12] in detail. Explicitly, it consists of two ordinary adjunctions

(—=®0D) —®11p)

Hom3 (D,-) Hom?(1p,—)
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for any 0-cell D in D, with units and counits 70,1, €0,1 satisfying appropriate triangle
identities, such that conditions expressing compatibility with the horizontal compo-
sition and identities are satisfied. It immediately follows that Dy is a monoidal closed
category, but this cannot be deduced for Dy since 1p is not an arbitrary horizontal
1-cell.

We call a monoidal pseudo double category equipped with a functor H as in
with such properties a locally monoidal closed double category. The above
arguments justify that a monoidal closed structure on a double category does not
imply a locally monoidal closed structure.

For example, consider the monoidal double category V-Mat. The tensor product
is given by ®g = X, the cartesian monoidal structure in Set, and ®; defined as in
. Moreover, if V is monoidal closed and has products, there is a lax double
functor H = (Hy, H1) defined as follows. On the vertical category, we have the

exponentiation functor

(=)
Hy : Set® x Set ~— s Set

which is the internal hom in Set. On the horizontal category

Hy: V-Mat¥ x V-Mat, V-Mat;
Hy (S, T
X Sy, 2wy 22X B gy

fl Jo J{g hl I8 J{k hfi Ule(O‘ﬂ)\Lkg

(X' —=Y' | Z == W) 2% W
s’ T’ Hy(S',T")

is defined on objects as H1(S,T)(m,n) =[], ,,[S(y,2), T(m(y), n(z))] for all m €
WY, n e ZX, and on arrows as

Hi(o, B) : Hy(S,T)(m,n) — Hy(S",T)(k?(m),h! (n)) =
1118w, 2), T(m(y),n(@)] = [] [S'W, "), T (kmg(y/), hnf(2'))]

yey Jey!
zeX = ex’

which corresponds under the adjunction (- ® X) - [X, —] in V for fixed 3/, 2" to the

composite

1Sy, z), T(my,nz)] @ S (y,2') - - - - - - - = T'(kmgy', hnfz')
YEX
1®O‘y’,x’ i
IT[S(y,z), T(my,nx)] ® S(gy', fz') Pmay/infa!
YeX
ﬂ-gy/:fw/®1i,

ev

[S(gy/, f2), T(mgy',nfz")] ® S(gy', fz')

The globular transformations

T(mgy',nfa').

Hi(R,0) ® Hi(S,T) — Hi(R® S,00T), lg,xy) — Hi(lx,1y)
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which make H = (Hy, H;) into a lax double functor are as in (7.9), (7.10). The
functor H; constitutes a monoidal closed structure for (V-Mat;, ®1,17), the proof
being essential Proposition [7.2.3] in the more general case of arbitrary horizontal
1-cells and not only endoarrows like V-graphs.

For an arbitrary locally monoidal closed double category DD, we now aim to
investigate possible enrichment relations between the (op)fibrations of Propositions

[8.2.8 and [8.2.9, The following properties of double functors resemble to properties
of monoidal functors studied in Chapter

PROPOSITION 8.2.10. Any lax double functor (Fy, F1) : D — E induces an ordi-
nary functor
MonF : Mon(D) — Mon(E)
between the categories of monoids, which is Fy restricted to MonD. Dually, any

colax double functor induces a functor between the categories of comonoids.

REMARK. Since monoids in a double category are monads in its horizontal bi-
category and a lax double functor induces a lax functor between the horizontal
bicategories, the above statement on the level of objects coincides with Remark
2.2.2)

PrOOF. A monoid M : A - Awithm : MOM — M and n: 1y - M is
mapped to F1M : FyA — FyA with multiplication and unit

Fi(1
Fod 8 A 8% RA FoA 28 Bya
UFG UFU
A . A and FyA —e—= [HA
Fl(M(DM) 1F0A
U/Flm UFU?
F()A F:M F()A F()A W F()A

and the axioms follow from the axioms for F; and Fy;. A monoid arrow ay : M — N
is mapped to
FIM
FyA —e> FyA
Fof i Fra iFof
FyB —— FyB
FIN
which respects multiplications and units by naturality of Fi; asin (8.12) and Fyy. O

PROPOSITION 8.2.11. Any lax double functor F : D — E induces a functor
ZModF : ?Mod (D) — f*“Mod(R)

between the categories of modules, which is a restriction of Fi. Dually, any colax

double functor G induces a functor

W ComodG : " Comod(D) — “°" Comod(E).
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PRrROOF. On the level of objects, Proposition [2.2.10] gives functors
#ModF : §;Mod(D) — 17 Mod(E)
& ComodG : ¥ Comod(D) — g%VComod(E)

since (co)modules for a (co)monoid in a double category are (co)modules for a
(co)monad in its horizontal bicategory. The FjM-action on FiV : FyZ — FyA
for (¥, ) a left M-module is just

3% M

F(]Z — > F()A — > F()A
| ]
VA Fl(]\ZQ\I!) FoA
| e
F()Z Fl‘\Il F()A

On arrows, the fact that the image idFoZ(Fl,B)FOf : MU = F = of a left module
morphism S commutes with the induced actions on F1V, F}E is easily verified, by

naturality of Fi; and axioms for f. O

The functors “ModF and " ComodG are in fact special cases of the more
general ModF : Mod(D) — Mod(E) and ComodG : Comod(D) — Comod(E),
between categories of (co)modules of arbitrary source, with a (co)action of any
(co)monoid.

Motivated by our original examples, we wish to employ functors between cate-
gories of modules with strictly the same domain. The following lemma shows how
under certain assumptions on D (but not in general), isomorphic 0-cells in Dy deter-

mine equivalent categories of modules with such domains.

LEMMA 8.2.12. Suppose D is a fibrant double category. If two objects Z and W

are isomorphic in Dy, there is an equivalence between the categories of (left) modules

with fived domain Z and W, i.e. ?“Mod(D) ~ " Mod(D).

PROOF. Recall that for any isomorphism f in Dy, the adjunction f - fin H(D)
is an adjoint equivalence, and in particular the unit and counit 7, € are isomorphisms
([Shul0, Lemma 3.21]).

Denote by f : Z —s W the vertical isomorphism between the 0-cells. The
functor (- ® f) : “D; — "ID; between categories of horizontal 1-cells with fixed
domains and 2-morphisms with sources vertical identities, has an inverse up to

isomorphism, namely the functor (-® f ). For example, there is a natural isomorphism

Z H A
H I H
A s 7 —e> A

v
R
f ! v
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between ¥ and ¥ o f ® f , since in this case 7 is invertible. This equivalence in fact
lifts to the categories of horizontal 1-cells with the structure of a left M-module for
an arbitrary monoid M in I, i.e. ' Mod(DD). O

We can now apply the above results to the double functors ® and H (8.17))
for our fibrant locally monoidal closed double category D.

Firstly, in any monoidal double category, the tensor product of (D1, ®1,1s) re-
stricts to the category D} of endo-1-cells, therefore (DY, ®1, 17) is a monoidal category
itself. Then, by Proposition the pseudo double functor ® induces (ordinary)
functors

Mon® :Mon(D) x Mon(D) — Mon(D)
Comon® :Comon(D) x Comon(D) - Comon(D),

given by ®; between the specific subcategories of D}. The unit element is still
17 : I —= I for I the unit of Dy.

PROPOSITION 8.2.13. IfD is a monoidal double category, then the categories DY,
Mon(D) and Comon(D) inherit a monoidal structure from Dy .

For the monoidal double category D = V-Mat, this directly implies that the
categories V-Grph, V-Cat and V-Cocat obtain a monoidal structure essentially
given by , which of course agrees with the previous chapter.

Furthermore, by Proposition the tensor product also gives rise to functors

(ZvZ,)M0d® : ZMOd(]D) X Z/MOd(D) — Z®0Z’M0d<D)
W) Comod® : W Comod(D) x W/Comod(ID)) - W®0W/Comod(D).

For the general categories of (left) modules and comodules with arbitrary domain
Mod(D) and Comod(D), these mappings turn out to induce monoidal structures
with unit element 1;. However, since we are here interested in categories with fixed
domains and in particular Mod (D) and Comod (D) because of our motivating

example, the following ‘modified” monoidal structure is essential.

LEMMA 8.2.14. Suppose that D is a fibrant monoidal double category. The cat-
egories 'Mod(D) and 'Comod(D) inherit a ‘tensor product’ functor from Dj.

PrROOF. Since Dy is a monoidal category with ®q, there exists a vertical isomor-
phism r?:l? : I ®yI = I. Hence, by Lemma [8.2.12| we have an equivalence

I®IMod(D) ~ 'Mod(D) (8.18)

between the categories of left modules with domain I ®¢ I and of those with domain
1. We can thus define a composite functor

(

~ 1) ~
& : "TMod(D) x "Mod(D) —Md®, 19N 1oq(D) =5 TMod(D)  (8.19)

where the first functor is ®; and the second is the equivalence (- ® 7). It can
be checked that this composite is equipped with natural coherent isomorphisms
(PRZ)®O =~ YR(E®O), coming from the respective ones for ®;. Similarly, we
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can work out a tensor product for {Comod(DD), making use of the equivalence
2ol Comod (D) ~' Comod(D). O

Even though, intuitively, this functor should give rise to a monoidal structure
on Mod(D), the natural choice of 17 : I —s» I does not serve as the monoidal unit
for ® as in (8.19). This is due to the fact that there is not an evident isomorphism
between

\\ 1
A A®T and T —9= A

I-4~T®1
unless, for example, go for the conjoint 77 is invertible. However, when the equiva-
lence is an isomorphism, we can deduce that (‘Mod(D), ®, 1) is a monoidal
category. This is again motivated by I = V-Mat, where I={x} is the singleton set.

Now consider the lax double functor H : D°? x D — D on a locally monoidal
closed double category ID. First of all, it is easy to see that Hi restricts to the

subcategory D} of endo-1-cells. Also, the natural isomorphism
Dy (M @1 N, P) =Dy (M, Hi(N, P))

which defines the adjunction (—®1 N) 4 H; (N, —) implies that D} is also a monoidal
closed category. For example, for D = V-Mat this gives the monoidal closed struc-
ture on V-Grph. Then, by Proposition there is an induced ordinary functor

MonH : Comon(D)°? x Mon(D) — Mon(D) (8.20)

which is H; on the category Mon(DP x D) = Mon(D°?) x Mon(D). It is now easy
to verify that for any monoid M : A —» A, the diagram

Hl(_7M)

Comon(D)°P Mon(D)

DpP Dyp.
0 HO(_vA) 0

commutes. There is also an adjunction between the base categories
H(c))p(_vA)

]D)[) L ]D)gp
HO(_vA)

for the monoidal closed category Dg. If D is moreover fibrant, the legs of the diagram

are fibrations by Proposition Lastly, if D is symmetric monoidal (for the

explicit definition, see [Shul0]), the internal homs Hy and H; of the monoidal
O

closed categories Dy and Dy are actions of the monoidal Di”, D* on the ordinary
Do, D1 by Lemma Subsequently Hy? and

o () (e)
H : Dy x DSP — DSP

are actions too. Then the opposite MonH°P of the induced functor between monoids
as in (8.20]) is an action of the monoidal category Comon(D) on the opposite cate-
gory Mon(ID)°P, since the forgetful Mon(D) — D reflects isomorphisms.



8.2. DOUBLE CATEGORICAL AND BICATEGORICAL SETTING 223

We can now combine the above with Theorem of the previous section to
outline how we could obtain an enriched opfibration from the above data.

THEOREM 8.2.15. Suppose D is a fibrant symmetric locally monoidal closed dou-
ble category.

(1) If H® : Comon(D)x Mon(D)°® — Mon(D)°P is cocartesian with a parame-
trized adjoint P, the categories Mon(D)°? and Mon(DD) are enriched in Comon(D).

(2) If furthermore

pr(_vM)
Comon(D) T Mon(ID)°P
P(f’M)
H(())p(_vA)
]D)() 1 Dgp
Ho(—,A)

s a general opfibred adjunction for any monoid M : A —— A in D, then the fibration
Mon(D) — Dy is enriched in the monoidal opfibration Comon(D) — Dy.

Notice that the forgetful Comon(D) — Dy is a monoidal fibration for any fibrant
monoidal double category ID: by definition, the tensor product of two comonoids has
source and target the tensor product ®g of the 0-cells in Dy, and it can also be
verified that ®; preserves the cocartesian liftings (8.15) in Comon(ID). Moreover,
for the existence of such an adjoint P and the establishment of a parametrized
adjunction in OpFib we can evidently employ Lemma [5.3.6{ and Theorem [5.3.7] .

We now shift to the level of modules and comodules in a fibrant locally monoidal
closed double category, still focusing on categories of horizontal 1-cells with fixed
domain I, the monoidal unit of Dy. By Proposition the lax double functor
H gives rise to a functor

(ZW)ModH : ZComod(D)°® x W Mod(D) — #oZW)IMod(D)

which is H; on (4")Mod (D x D) = “Mod (D) x W Mod(D). We now obtain a

commutative diagram

. ModH (—,¥)

IComod(D)°P Ho(I.)Mod (D) —= 'Mod(DD)
Comon(D)°P Mon(D)

MonH (—,M)

for any left M-module ¥, where by Lemma the equivalence is the functor
(-®g), for g : Hy(I,I) = I the isomorphism in the monoidal closed category Dy.
The following roughly sketches how we can establish the enrichment of /Mod (D)
in {Comod(D), as in our particular examples. Notice that the modified tensor
product of Lemma gives a monoidal structure on Comod(ID) only when the
equivalence between ! Comod (D) and /®°/Comod(D) is actually an isomorphism.
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THEOREM 8.2.16. Suppose that the assumptions of Theorem hold, and
also 1Comod (D) = ®!/Comod(D). If the functor ModH has a parametrized
adjoint QQ such that for any left M -module W,

HP(=¥)0g
'Comod(D) T "Mod(D)°P
Q(=04,9)
pr(va)
Comon(D) T Mon(D)°P
Q(=M)

is a general opfibred adjunction, then the fibration TMod(D) — Mon(D) is enriched
in the monoidal opfibration Comod(D) — Comon(D).

We should stress that the above two theorems are just an attempt to place the
most significant results and concepts of this thesis in a framework where they may
arise in a natural way, rather than of actual importance on their own right as mathe-
matical statements. What should be quite noticeable about this final section is that
we are more interested in fitting this recurring duality and enrichment picture into
a general theory via fibrations, than determining the more technical specifications
required for the exact enrichments to appear, as was the focus in the previous two
chapters. This explains why we have not addressed particular issues, such as exis-
tence of limits and colimits in the categories involved, monadicity, continuity of the
key functors, cartesianness and fibrewise limits as well as local presentability, which
were broadly studied previously.

Hence, the significance of this abstraction basically lies in the clarification of
a setting for an enriched fibration picture between categories of a dual flavor, and
moreover and perhaps most importantly, the possibility of further applications in
the context of other double categories/bicategories. Regarding this last aspect we
should point out the following, without proceeding into a more detailed descrip-
tion due to the conceptual limits of this thesis. In the context of a bicategory of
V-symmetries, following a similar process we would possibly be able to establish
enrichments of categories of V-operads in V-cooperads, and V-operad modules in V-
cooperad comodules. Evidently, this indicates the necessity of further work in this

area.
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