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Modélisation Mathématique et Analyse Numérique

STABILITY ANALYSIS AND BEST APPROXIMATION ERROR ESTIMATES OF
DISCONTINUOUS TIME-STEPPING SCHEMES FOR THE ALLEN-CAHN
EQUATION

KONSTANTINOS CHRYSAFINOS !

Abstract. Fully-discrete approximations of the Allen-Cahn equation are considered. In particular,
we consider schemes of arbitrary order based on a discontinuous Galerkin (in time) approach combined
with standard conforming finite elements (in space). We prove that these schemes are unconditionally
stable under minimal regularity assumptions on the given data.We also prove best approximation a-
priori error estimates, with constants depending polynomially upon (1/€) by circumventing Gronwall
Lemma arguments. The key feature of our approach is a carefully constructed duality argument,
combined with a boot-strap technique.
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1. INTRODUCTION

The Allen-Cahn equation is a parameter dependent parabolic semi-linear PDE of the form

ut—Au—F;Q(uS—u) =f in (0,7) x Q,
% =0 on (0,7) x T, (1.1)

u(0,2) = wug in €;

here, © denotes a bounded domain in R¢, d = 2,3 with Lipschitz boundary T, ug and f denote the initial
data and the forcing term, respectively. The principal difficulty involved, concerns the parameter 0 < € < 1
which is very small and, typically comparable to the size of the time and space discretization parameters, 7, h
respectively. The Allen-Cahn equation was introduced in [2] as the simplest phase field model.

The numerical analysis of any potential scheme is also significantly complicated due to the structrural prop-
erties involved. For instance, we note that the natural norms ||.||zecjo,7;22(Q)s I|-Il2]0,7:81 ()] associated to
the weak solution of our problem and imposed by its structure, scale differently in terms of the parameter e,
compared to the |.||p4[o,7;14(0)) norm that naturally arises from the nonlinear term. In addition, the pres-
ence of L2[0,7T;L?(2)] norm with the “wrong sign” poses a substantial difficulty in the analysis as well as
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in the numerical analysis of fully-discrete schemes for such problem. Classical techniques based on Gron-
wall’s type inequalities typically fail, since they introduce constants depending on quantities of exp(1/e). This
problem was first circumvented in the works [3,10,17] through the development of uniform bounds of the
principal eigenvalue of the linearized Allen-Cahn operator (spectral estimate), i.e., bounds for the quantity
uwu’;(mﬂ*?((3u2—1)v7v)

infooem (o) which are available when the Allen-Cahn equation describes a smooth

01172 o)
evolution of a developing interface.

Based on the above idea, for the numerical analysis of the implicit Euler scheme, in [25], the first a-priori
bounds were established in various norms with constants that depend upon (1/€) in a polynomial fashion. For
instance, for a discrete analog of the energy norm, an estimate of order 7 + h with constant depending upon
1/€3, when the data Vuoll 2y, [[Auo || L2 (0), limso+ [[Vue(s) | 2(0) < C and the spacial and the temporal
discretization parameters satisfy 7 + h? < Ce” and h|Inh|'/? < € when d = 2 and 7 4+ h? < €3, and h < €5,
when d = 3 repsectively. One key idea involved, among others, in the numerical analysis of [25], was the
construction of a discrete approximation of the spectral estimate.

Ideas based on the spectral estimate and its approximation, were further used in order to obtain a-posterioi
error bounds in [32], and [26], while various a-priori and a-posteriori estimates also based on discretized versions
of the principal eigenvalue operator where obtained in the works of [8], [9], and [27]. In [24] a fully-implicit
scheme using the symmetric interior penalty discontinuous Galerkin (in space) method was considered and error
estimates were established with sharp polynomial dependence upon 1/e. The key idea involved in [24] was the
construction of a suitable discrete approximation of the spectral estimate in presence of discontinuous (in space)
spaces.

In [37], semi-implicit schemes of first order were studied, and conditional stability estimates were presented
for semi-discrete (in time) approximations. In addition, in [37], a second order semi-implicit, semi-discrete in
time scheme which is conditionally stable was also considered. In [4] a second order convergent in time scheme
for the Cahn-Hilliard equation with a source term, was studied. We refer the reader to [7,16] and [6] for earlier
works regarding numerical analysis of the Cahn-Hilliard equation and of the coupled Allen-Cahn, Cahn-Hilliard
system respectively. Finally in the earlier work of [11] convergence of numerical solutions of a discretized
Allen-Cahn equation was established. An overwiew of available a-priori and a-posteriori error bounds related
to the Allen-Cahn equation can be found in [5]. Extensive numerical studies of various numerical schemes for
the Allen-Cahn equation are presented in [31,44]. For various results regarding discountinuous time-stepping
schemes for nonlinear parabolic PDEs, we refer the reader to [20-22,40,41].

1.1. Main Results

Our goal is to provide rigorous stability analysis and convergence for a general class of fully-discrete schemes
under minimal regularity assumptions for any choice of 7,h, e as well as to prove best approximation a-priori
error estimates, in a suitable neigborhood of convergence, when 7, h, e are chosen appopriately. The schemes
considered here are discontinuous (in time) and conforming in space. In particular, for quasi-uniform in time
partition, {¢'};—o, .. n of [0,7], and for conforming finite element subspace U, C H'(Q), we seek fully-discrete
solution (here denoted by wy) such that

up € Uy = {wh S LQ[O,T; Hl(Q)] : 'LUh|(tn—1’tn] IS 'Pk[tnil,tn; Uh]}.

Here Pi[t"~1,¢"; U] denotes the space of polynomials of degree k or less having values in Up,. Our analysis
includes high order schemes in both space and time. The motivation for using the discontinuous (in time)
Galerkin approach relies in its robust performance in a vast area of problems. The key feature of discontinuous
time stepping Galerkin schemes is their ability to mimic the stability properties of the corresponding continuous
system without requiring additional regularity on the given data. Indeed, we prove that the fully-discrete
solution, computed by using discontinuous Galerkin (in time) and conforming finite elements in space of arbitrary
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order (in time and space), denoted by wuy, satisfies the following unconditional stability estimates:

lunllL2i0,522(0) < €, and  |Jup|Loeo,riz2 Q) + unll L2001 ()] < .

where C' denotes a constant depending on the domain €2, the norms of ||uo||z2(q) and || f|lz2[0,7;H1 (2))<] and
the polynomial degree in time, but it is independent of 7, h, e. The above stability estimates and a compactness
argument tailored for discontinuous Galerkin time-stepping schemes by Walkington [41], allows us to deduce
the strong convergence in LP[0,7T; L?(2)] norms, for 1 < p < oo, which implies convergence of such schemes
without using discrete variations / approximations of the spectral estimate.

In addition, using the stability estimates, and within a neigborhood of the established convergence, we prove
the following best approximation error estimate,

c 2 2 L
|lerror|| x < 6—3(||u||Lm[07T;H1(Q)] + [ullZ2j0,7;£2(0)) ) [best approximation error|x,
where X = L>[0,T; L?(Q)] N L2[0,T; H(Q)], and C denotes an algebraic constant depending only upon data,

and it is independent of 7, h, €. For the above best approximation error estimate we require that
o if ue L0, T; H*(Q)], uy € L*[0,T; L*(Q2)] then 7, h satisfy
Ccet

T 2 —
(1) ln(?)(T +h*) < (el Lajo, rim2 (@) FHllwellLago, 72 @)’ when d =3,
T 2 ce’/? _
(2) 111(7— )(T +h ) < (H“HL4[0,T;H2(Q)]+HW||L4[0,T;L2(Q)])’ when d = 2,
T 2 ce® —_ —
(3) In(5)(7+h?) < (I TAPewm T prapprom § when d =2, k=0,1,

or
o if u € L2[0,T; H?(Q)], us € L?[0,T; L?(Q)], then 7, h satisfy,

1/2 3/2 cet _
(1) (T + h) S (”u”L2[U,T;H2(Q)]+”utHL2[0,T;L2(Q)])7 when d 3,
1/2 3/2 < e’/? _
(2) (7Y% +h) = (”“”L2[0,T;H2(Q)]+|3\“tHL2[0,T;L2(Q)])’ when d = 2,
(3) (712 4+ h)*/2 < e when d =2, k=0,1.

lull L2075 m2 oy Hlwell 2200, 722 (0))

In both cases C' depends only upon the domain (independent of €, h, 7). The above estimate states that within
the neighorgood of convergence the error is as good as the approximation properties of the underlying subspaces,
and the regularity of the solution will allow it to be.

1.2. Our approach

For the stability analysis, instead of focusing on the uniform bounds of the principle eigenvalue of the
linearized elliptic part of the Allen-Cahn operator, we define the following auxiliary (almost dual) linearized
pde, with appropriate scaling (and positive sign) in the L2[0, T; L?(£2)]-norm. In particular, with right-hand side
u € L2[0,T; L?(2)], and zero terminal data ¢(T) = 0, we seek ¢ € L2[0,T; H(Q)] N L>=[0,T; L*(Q)] satisfying

9¢ _

o =0 on (0,7)xT.

—pr — Ap+ eizu%wr éqﬁ =u, in(0,T) x €,

The key ingredient in our stability analysis is the construction of the fully-discrete space-time approximation

of the above linearized equation with an appropriately scaled L2[0,T; L?(Q2)] part, based on the discontinu-
ous time-stepping Galerkin formulation. This auxiliary space-time projection effectively allows the applica-
tion of a duality argument, to recover first the unconditional stability with respect to L2[0,T’; L?(£)] norm,
and then a boot-strap argument to recover the unconditional stability in L2[0, T; H(Q)], L*[0,T; L*(Q)], and
L®°[0,T; L?(£2)] norms. For the later we employ the techniques developed by [12,13,41], in a way to avoid the use
of Gronwall’s type arguments. The discrete compactness argument of Walkington [41], then allows to rigorously
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pass to the limit to prove convergence. We note that the case of zero Dirichlet boundary data can be also con-
sidered in an identical way. The use of parabolic duality was initiated in [35], for the derivation of semi-discrete
in space estimates for general linear parabolic PDEs, using the smoothing property (see also [40, Chapter 12]
and references within for related results in the context of discontinuous time-stepping methods).

For the best approximation error estimate, within a neighborhood of the established convergence, we employ
a similar strategy and the stability estimates in crucial way. To separate the difficulties due to the nonlinear
structure from the ones involving the different scaling (in terms of €) of various norms, we derive estimates in
three steps:

1. We define an auxiliary space-time linear parabolic projection that exhibits best approximation error
estimates. The auxiliarly space-time parabolic projection u, is defined as the discnotinuous time stepping
solution of a linear parabolic pde with right hand side u; — Au, and appropriate initial data, and using the
result of [12, Section 2] and a proper duality argument we obtain best approximation estimates for the difference
between u — u,. In addition, we employ a crucial optimal estimate in L*[0,7; L*(Q)] by Leykekham and
Vexler [34, Corollary 4], which is applicable when u € L*[0, T; H?(Q2)] and u; € L*[0,T; L?(Q)].

2. We use a duality argument, combined with the previously developed stability estimates to obtain the
key preliminary estimate for the L2[0,T; L?()] norm without using Gronwall type arguments, with constants
depending polynomially upon 1/e. To achieve this, first we employ the discrete compactness argument of
Walkington [41] to recover strong convergence in L*[0,T; L?(Q2)] to guarantee that the error uj, — u is small
enough, for small enough discretization parameters 7, h. Then, we define the space-time discontinuous Galerkin
approximation 1, of the weak solution of the problem,

A LB D mun—u 0T) =0, e =0

€ on
and we prove various key stability estimates for v, with the help of the spectral estimate. We note that unlike
previous works, we do not contruct an explicit discrete approximation of the spectral estimate.

3. Then, we recover the full rate in the L2[0,T; H(£2)] norm via a boot-strap argument and the estimate
at arbitrary time-points via the techniques developed by [12,13,41] to obtain the symmetric structure of the
best-approximation error estimate. The boot-stap argument is performed in a way to avoid the use of Gronwall
type arguments.

The remaining of the paper is organized as follows: in section 2, we present the necessary notation, and
some preliminary estimates for weak solutions of the Allen-Cahn equation. In Section 3, after defining the fully-
discrete discontinuous Galerkin scheme, we present the basic stability estimates, which allow us to establish
unconditional estimates in L>[0,T; L?(2)] and to prove strong convergence in Section 4. Finally in Section
5, we prove best-approximation estimates with constants depending polynomially upon 1/e and apply these
results to obtain convergence rates.

2. PRELIMINARIES

2.1. Notation

Let U denote a Banach space. Typically, U = H*(Q2),0 < s € R, where H*(Q2) denotes the standard Sobolev
(Hilbert) spaces (see for instance [23,43]). We denote by H%(Q) = L?(£2). Finally, we use the notation (.,.) for
the duality pairing of (H(2))*, H'(Q) and (.,.) for the standard L? inner product, where (H*(2))* is the dual
space of H(Q). We denote the time-space spaces by LP[0,T;U], L>°[0, T; U], endowed with norms:

1

T 1
wwmwm=(lnﬁw@% lwllzeo sy = esssuprego ry -

The set of all continuous functions v : [0, T] — U, is denoted by C[0, T'; U] with norm |[w||cjo, 7,01 = maxejo, 7 ||w(t)||v-
For the definition of spaces H*[0,T; U], we refer the reader to [23,43]. Throughout this work we will use the
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following space for the solution w of (1.1),
X = L®[0,T; L2(Q)] N L*[0,T; H'(Q)]

with associated norm |jw||% = ||wH2LOO[0 T2 T ||wH%2[O 7.1 () Lhe bilinear form related to our problem is
defined by

a(wy, ws) = / Vw1 Vwadz Yy, wy € HY (),
which implies the corresponding coercivity c?)ndition
a(w,w) = [Vwlaq — Vwe H'(Q).
We close this preliminary section, by recalling Young’s inequality and Landyzeskaya-Gagliardo-Nirenberg inter-

polation inequalities.
Young’s Inequality: For any a,b > 0 any § > 0, and s1,s9 > 1

ab < éa’ + 0(51,32)5_%692, where (1/s1) + (1/s2) =

Landyzeshkayka-Gagliardo-Nirenberg Interpolation Inequalities: There exist constant C' > 0 depending only
upon the domain such that, for all u € H(Q),

1/2 1/2

lull o) < Cllull o lullyq)y,  when d =2,
1/2 1/2

el o) < Cllull sty lull iy when d =3,

3/4
sy < Cllull oy lull} gy, when d =3.

2.2. Weak formulation and regularity of the Allen-Cahn equation

The following weak formulation of (1.1) will be used subsequently. Let f € L?[0,T; (H'(2))*] and ug € L?().
Then, for all w € H'(Q) and for a.e. t € (0,T], we seek u € L2[0,T; H(Q)] N Hl[O,T (H(£2))*] such that

(ug, w) + a(u, w) + (1/)(u® —u,w) = (f,w), and (u(0),w) = (ug,w).

Since, our schemes are based on the discontinuous time-stepping framework, a suitable space-time weak formu-
lation can be written as follows: we seek u € L>°[0,T; L?(2)] N L2[0,T; H*(Q)], satisfying,

1
—2(u3 —u, w))dt

€

T
(u(T), w(T)) +/0 (= () + alu,w) +
= (o w0) + [ ()i (2.1)

for all w € L2(0,T; HY(Q)) N HY(0,T; (H*(2))*). It is clear that, using straightforward techniques, (see
for instance [39,43]), one can easily prove the existence of a weak solution solution u € L*[0,T;L*(Q)] N
L2[0,T; H*(Q)] which satisfies the following estimate

Jullx < Ce (I llzzto.mscars @) + lwollzacey )

where C. depends on €2, and the parameters € and T'.
The following Lemma quantifies the dependence upon € of various norms.
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Lemma 2.1. Suppose that f € L2[0,T;(H'(Q))*] and ug € L?(£2). Then, there exists a constant C, indepen-
dent of €, such that:
||U||L2[0 T;02(Q)] T ||U||L4[o T;L4(Q)] (T1/2 + €(||U0||L2 ©) + ||f||L2[o T (H(Q))* ]))
C

llull Lo to,722(0)) + llullL2(0,7;m51 ()] < —

Suppose that for any o > 0,

1 C
11720020y and ([ Vuoll7zq) + 472”( — 1)) < v (2.2)
Then, there exists a constant C' (indpendent of €) such that:
C C
lull 20,7512 (02)) < g lull Lo 0,521 () + el 20,5220 < = (2.3)

Proof. For the first estimate, we use the following auxiliary backward in time linear parabolic pde. Let u be the
solution of (2.1). Given, right hand side u € L2[0, T; L?(2)], boundary data 9¢ = 0, and terminal data ¢(T’) = 0,
we seek ¢ € L?[0,T; H*(Q)] N HY0,T; (H(Q))*] such that, for all w € LQ[O T, Hl(Q)] NHY0,T; (HY(Q))*],

T T
| (@00 + et + 502000) + 5 @00w)) e+ (600, 00) = [ (ww)ie (24
0 0

It is clear that setting w = ¢ in (2.4) we obtain the following bound:

1 1 1
§||¢(0)||L2(Q)] + IVl 210,520 + g”@bu”LQ[O,T;L?(Q)] + EH(?S”LQ[O,T;L?(Q)]

€
< §Hu||L2[0,T;L2(Q)]~ (2.5)

Note that the above estimate easily implies ||@||z2(0,7: 1 (@) < Cellull 20, 1;22(0)), With C an algebraic constant
independent of €. Now, we employ a “duality” argument. Integrating by parts in time (2.1), and setting w = ¢
into the resulting equation, we obtain:

/ () + alu.) + (0 — 0, )t = / (f.opt. (26)

Setting w = u into (2.4) and subtracting the resulting equality from (2.6) we derive:

T ) ) T
[ oyt =2 [ o+ [ iroa+ 00,00, (2.7
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Note that using Holder’s inequality, and the stability estimates, equation (2.7) implies that

) T
ol rzecon < 5 | 191 20ul
a0z @) + 1600} [0(0) | 2(en
2
2 \Q|1/2T1/2 H¢U||L2[0,T;L2(Q)]

+C (|| £l 210,75 0a1 ()] + 14(0) | 22 () ) €lluell p2g0, 7522 )

1l 220,711 (22))7)

IN

IA

2 1/2m1/2 ¢
g\m T §||UHL2[0,T;L2(Q)]
+C(I1f 20,7500 @)1 + 1w(O) | L2y ellull 2o, 7522 02))

which implies the desired estimate on |u(|z2[0,7;72(0)). Returning back to (2.1), setting w = u, and using the
bound on |[ul|z2(0,7;22(q)], We obtain the first estimate. For the second estimate, we set w = u;, and we observe,

/ (| IZ20) + 2 (1|V [ +Tl [(u® — 1) ))dt ——/ (f ue)dt
U u u 1 , U .
0 t 2(@) t 2 2(@) 62 L) 0 ¢

The estimate now follows by standard algebra. The estimate on ||Aul| r2[0,7;12(q)] follows using standard tech-
niques. U

Remark 2.2. 1) If more regularity is available, then we can quantify the dependence upon 1/¢ in other norms
(see for instance [25, Proposition 1]). In addition to (2.2), if the initial data satisfy, for some & > 0, ||Aug —

L (U} — uo) | 12(n) < Ce™? with constant C' independent of €, then,

||UHLOO[O,T;H2(Q)] + ||ut||L°°[0,T;L2(Q)] < Cemin{—g—l,_g}’

[V ||L2[O,T;L2(Q)] < Cemin{-o-1,-5}

2) We point out that the regularity bound on 7z||(u§ — 1)?|| 1) < 6%, for o > 0, is essential in order to

obtain (2.3). For example, if only [[ug|| g1 (o) < C' is assumed then the dependence upon % deteriorates to:

C

[ ull oo o, o) + el 220,75 2200) + lull2jo, 72 ) < 5
For the stability analysis of the fully-discrete schemes, enhanced regularity assumptions, such as u €
Le°[0,T; H?(Q)] N HY0,T; H*(Q)] are not necessary. For the error estimates, the constants will depend upon

the norms of HUHLOO[O)T;Hl(Q)], ||ut||L2[0,T;L2(Q)} and ||UHL2[0,T;H2(Q)]-
3. THE FULLY-DISCRETE SCHEME

3.1. Discontinuous Galerkin time-stepping

For the discretization of the Allen-Cahn model we employ a discontinuous Galerkin time-stepping approach,
combined with standard conforming finite elements in space. Approximations will be constructed on a partition
0=t <t <...<tN =T of [0,7]. On each interval of the form (¢"~1,¢"] of length 7,, = t" — "1, a subspace
Uy, of HY(Q) is specified for all n = 1,.., N and it is assumed that each U, satisfies the classical approximation
theory results (see e.g. [14]), on regular meshes. In particular, we assume that there exists an integer ¢ > 1 and
a constant ¢ > 0 (independent of the mesh-size parameter h) such that if w € H'*(Q),

in% ||’LU — wh”Hs(Q) < Chl+1_s||wHHl+1(Q), 0 < l < ﬁ, s = —1707 1.
wpEUR
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We also assume that the partition is quasi-uniform in time, i.e., there exists a constant 0 < # < 1 such that
Ot < minp—1,. N Ty, where 7 = max,—1,.. .~ 7,. We seek approximate solutions which belong to the space

Uy, = {wy, € LQ[O,T; Hl(Q)] : wh|(tnfl7tn] IS Pk[tn_l,tn; Up}.

Here Py [t"~1,t"; Up] denotes the space of polynomials of degree k or less, having values in Uy,. By convention,
the functions of U}, are left continuous with right limits and hence we will subsequently write w}'_ for wy, (t") =
wp(t7), and wy, for wy(t7}). Note that, we have also used the following notational abbreviation, wy, = wp, -,
U = Uy, ; ete, since for the stability analysis we will not impose any restriction involving 7, and h. The jump
at t" will be denoted as [wj] = wj, — wj_. The fully discrete system is defined as follows: We seek u;, € Uy,
such that for every wy, € Uy and forn =1,...,N,

tn

(wivwi )+ [

tn—1

(— (up, whe) + alup, wy) + (1/2)(uy — uh,wh))dt

tn

= (up=wp ) + / (f, wn)dt. (3.1)
tn—1

Recall that f,uq are given data, and u® denotes approximations of ug. In our case, we will define u° = P,u°,

where P}, denotes the standard L? projection, i.e., Py : L?(Q) — Uy, defined by (P,v —v,wp) =0, Ywy, € Uy.

Remark 3.1. For any € > 0, existence and uniqueness of discontinuous Galerkin approximations of (3.1) can be

proved easily (even for more complicated nonlinearities) due to finite dimensionality of the problem. For several

results regarding discontinuous time-stepping schemes, with linear and semi-linear terms, we refer [1,15,18-20,
30,36,40,41] and the references within.

3.2. The basic estimate using duality

We begin by developing a stability estimate via duality for the L2[0,T; L?(2)] norm. For this purpose,
we define a backward in time parabolic problem with right hand side u; € L?[0,T; L*(2)] with an enhanced
L?[0,T; L?(Q] term and zero terminal data. In particular, for right hand side u;, € L2[0,T; L?(£2)], and terminal
data ¢f, =0, we seek ¢, € U, such that for all wy, € Pi[t"*,¢"; Uy, and for n = N, ..., 1,

tn

(0w ) + / (6 wne) + @, wn) + (1/2) (b, wn))

tn—1

+/ (1/€*)(dn, wn)dt + (o5 wit ) :/ (un, wp)dt. (32)

n—1 n—1

Note that is easy to prove existence at partition points as well as in L?[0,T; H*(€2)], due to the signs of the
inner products (1/€?)(u? ¢p, wp) and (1/€2)(¢pn,wy). Given, up € Uy, it is obvious that ¢y, € Uy, is unique. In
Section 4.2, we will also prove that u, € L°°[0, T; L?(12)].

Lemma 3.2. Let f € L2[0,T; (H'(Q2))*], uo € L*(Q), and uy, € Uy, are the solutions of (3.1)-(3.2) respectively.
Then, there exists a constant C' > 0, depending only upon the domain €2, T', but is independent of €, such that:

lunllL2p0,m5020) < C <T1/2 + e([uollz2(0) + ||fHL2[0,T;(H1(Q))*]))

In addition, the following estimates hold: for alln =1,.... N

N
||Uﬁf||i2(n) + Huhll%?[O,T;Hl(Q)] + (1/62)Huh‘lé‘l[o,T;L‘*(Q)] + Z ||[U;L]|‘%2(Q)
i=1

< (C/€) (Jluol22(y + 17320, 750a1 a0 -
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where C' is a constant depending only upon €, T.

Proof. Setting wy, = ¢y, into (3.2), using Young’s inequality to bound

t’yL tn t’n,
[ wnonr <2 [ onBade+ (@/2) [ unl3eqad
t 1 tn—1 tn—1

n— n

and adding the resulting terms, we derive the following estimate: for alln = N, ..., 1

o 1720y + IVRIF 21072200y + (/€I dnunllFzgo,r,12 ()
+(1/2)|onl1 720,20 < (/2 unll7z0m, 020 (3.3)

The above estimate also implies that |én| r2p0,7;m1 Q) < %”U}lHL?[O,T;LQ(Q)], when € < 1/2. Now, setting
wp, = uy, into (3.2), we have

tn

—(Phgsup—) + / (6, unt) + alun, ¢n) + (1/€*) (i dn,un) + (1/€*)(¢n, un)) dt

tn—1

t’”/
+(¢Z;1,uzll) = /tni1 ||Uh||%2(9)dt

Integrating by parts in time, we deduce,

.
(@) + O + [ ({0 + alon, )
t" "
+ / ((1/€) (3 o un) + (1/€2)(6nr un)) dt = / om0t (3.4)
tn—l t”71
Setting wy, = ¢y, into (3.1), we obtain,
tn b
(up_, dp_) + / (= (un, dne) + alun, én) + (1/€*)(up — un, op)) dt
tn71
e / (. o). (3.5)
tn—1

Subtracting (3.5) from (3.4), and noting that the terms (1/€?) fttn,l Jo ui dndadt cancel, we arrive at

@)~ (G2 + [l
tn—

tn

— (1/é) / (6nyun )t — / (F dn)dt + (1/€2) / (un, ) dt. (3.6)

n—1 tn—1 tn—1
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First, we treat the terms involving (1/€?) constants. Using Young’s inequality with appropriate §; > 0 (to be
determined later), we deduce,

" "
(2/%) / (G un)| de < (2/€2) / 12 | Snun | e
t 1 tn—l

n—

n

t
< (2/e)ra i) ( /
tn—1

y
< 26,/ + (1/26:6%) / | Sntun2
tn—l

1/2
||¢huh|%2(9)dt>

Similarly, using Young’s inequality with appropriate d5 > 0, we obtain

" t" t™
/ F. odldt < (52/) / 1m0 oyt + (¢ /465) / Ti—"
t 1 1 tn71

n— tn—

Substituting the last two inequalities into (3.6), summing the resulting inequalities, using that ¢ = 0 by
definition, and rearranging terms, we obtain

||Uh||%2[o,T;L2(Q)} < ||U2||L2(Q)H¢2+||L2(Q) + (52/62)”d’h”%Z[O,T;Hl(Q)]
N

(6 /462) | £ 1 210,521 (<) + (261/€2) Y 7l + (1/261€%) | dnun 20,712

n=1

< (03/€) 1 Phy 172 () + (€2 /403)[upllZa(q) + 02/ €)0nl 210,100 )

N
(€2 /402) || |72 (0,7 a1 ()] + (201/€2) Z Q| + (1/20:€°) | dnunll72 0 7,12 -

n=1

Using the previous bounds on [|¢) , || 22(q), |68l £2j0,7:m0 )], (1/€)ldnllL2(0,7:L2(02))» and (1/€)[|@nunl| L2(0,7:22(2))
in terms of ||up||p20,7;02(0)) via (3.3) and choosing &, = 2¢2, 5 = d3 = 1/4, to hide the resulting terms on the
left, we obtain

lunllz2(0,1;20) < C (T1/2 +e(upllz2) + ||fHL2[0,T;(H1(Q))*]>) ;

with C an algebraic constant, depending only upon |Q2|. Setting wy, = up, in (3.1) respectively and using Young’s
inequalities we obtain:

(1/2)llup |72y — (/2 up = 1220y + (1/2)Tun 1220

t"L
I (R O TR P

" "
</ [ttt [ /Oyt (37)
The second estimate follows by summation and the previously developed estimate on L2[0,T’; L2(£2)]. (]

Remark 3.3. It is evident that the key estimate with respect the dependence upon (1/€) concerns the term

(1/€?) ft o uhwhdxdt which has the wrong sign and not the term (1/¢2) ft 1 fq upwpdadt which is positive
when setting w;, = wup. For this reason the estimate of (3.1) does not lead to an estimate, with bounds
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independent of exp(1/e) when using Gronwall type arguments even for the lowest order scheme. To the contrary,
the duality argument of Lemma 3.2, leads to polynomial dependence upon (1/¢), without imposing any condition
between 7, h, and under minimal regularity assumptions. The key question regarding the stability at arbitrary
time-points, i.e. in L>°[0,T; L?(Q)], will be considered next.

4. ESTIMATES AT ARBITRARY TIME-POINTS AND CONVERGENCE UNDER MINIMAL
REGULARITY

We will employ the theory of the approximation of discrete characteristic functions (see e.g. [12,13,41]), which
was used to develop estimates at arbitrary time points for linear and nonlinear parabolic PDEs, including the
Navier-Stokes equations. The main advantage of this approach is that the proof does not require any additional
regularity, apart from the one needed to guarantee the existence of a weak solution. In addition, we will be
able to obtain stability estimates without assuming any explicit dependence upon 7 and h. A key feature of
our analysis is that we are able to include high order time-stepping schemes.

4.1. Preliminaries: Approximation of discrete characteristic functions

Ideally, to obtain a stability estimate at arbitrary ¢ € ("1 #"], we would like to substitute u; = X[tn—1,t)Un
into the discrete equations (3.1). However, this choice is not available in the discrete setting, since x[n-1 ¢)un
is not a member of U}, unless ¢ coincides with a partition point. Therefore, approximations of such functions
need to be constructed; this is done in [12, Section 2.3]. For completeness, we state the main results. The
approximations are constructed on the interval (0,7), and they are invariant under translations. For fixed
(but arbitrary) t € (0,7) let p € Px(0,7), and denote the discrete approximation of xo ¢ p by the polynomial
P € Pr(0,7) with, 5(0) = p(0) which satisfies

T t
/ﬁq:/pq Vq € Pr-1(0,7).
0 0

To motivate the above construction we simply observe that for ¢ = p’ we obtain fOT p'p= fot pp’ = %(p2 (t) —

2
p*(0)).
It is clear that this construction can be extended to approximations of x[g ¢ u for u € P[0, 7; U] where U is

a linear space. Note that if u € P[0, 7; U] then it can be written as u = Zf:o pi(t)u; where p; € P[0, 7] and
u; € U. The discrete approximation of x[o,syu in Px[0,7; U] is then defined by @ = Z?:o pi(t)u;, and if U is a
semi-inner product space, we deduce,

@(0) = u(0), and/OT(ﬁ,w)U = /0 (u,w)y Yw € Pr_1[0,7;U].

It remains to quote the main results from [12,13,41].
Proposition 4.1. Suppose that U is a (semi) inner product space. Then, the mapping Zfzopi(t)ui —
Zf:o Pi(t)u; on P[0, 7; U] is continuous in [|.|[z2[0,7;p7- In particular,

||71HL2[0,T;U] S Ck||u||L2[O,T;U]? Hﬂ - X[O,t)u||L2[O,T;U] S Ck||u||L2[O,T;U]

where C}, is a constant depending on k.

A standard calculation gives an explicit formula of @ = p(s)z, when we choose u(s) = z € U to be constant
(see e.g. [13]).
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Lemma 4.2. Fix ¢t € [0,7] and let p € P[0, 7] characterized by

T t
p(0) =1, / Pq :/ q, q € Pr_1[0,7].
0 0
Then,

k—1 1
p(s) =14 (s/1) Z cipi(s/T), ¢ = / pi(n)dn,
i=0 t

T

where {ﬁi}ffol is an orthonormal basis of Pj_1[0, 1] in the (weighted) space L2 [0, 1] having inner product

1
(5,d) = /O np(m)a(n)dn.

In particular, ||p||z=(0,r) < Ck, where Cy is independent of ¢ € [0, 7].

4.2. The main stability estimate at arbitrary time points

Now, we are ready to state the main stability result at arbitrary time points which plays a key role to the
derivation of the best approximation estimates below. We emphasize that the time-discretization parameter 7
is chosen independent of h and the dependence of the stability constant upon 1/e is polynomial.

Proposition 4.3. Suppose that f € L2[0,T;(H'(Q))*], uo € L?(Q2), and let u; be the approximate solution
by the discontinuous time-stepping scheme. Then, there exists constant C' > 0 depending on 2, C}, and T, but
not €, such that

l[unl oo fo,7:22(0)) < (C/e).

Proof. Recall that setting wy, = up, in (3.1), adding the term f;n_l ||Uh||%2(mdt on both sides, using Young’s

inequality to bound ftt:,l [{f, up)|dt < (1/2) f;j;dHfII%Hl&D* + ||uh||%,1(m)dt7 and the fact that e < 1, we easily
obtain

(1/2)lup_ 1720 — (/2 [up = 1720y + /2 ur 1720

t"L
[ (unlf e + @/ unlfacey ) de
t’”/*

t" t"
<@/) [ Nunlade+ (112 [ ot (41)
tn— tn—

In order to avoid the use of a Gronwall type argument, we will need to estimate the term (1/€2) ‘fttn—l ||uh||2L2(Q)
using the approximation of the discrete characteristic. We employ properties of the discrete characteristic
and its approximation by following the technique of [13] and the stability estimates of Lemma 3.2. For fixed
t € [t""1t") and 2, € Up, we substitute wy(s) = zxp(s) into (3.1), where p(s) € Py[t"~1,t"] is constructed
similarly to Lemma 4.2, i.e.,

t" t
p(t" ) =1, / pq = / q, q € Pre_a[t" 1, t").
t 1 t

n— n—1
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Now, it is easy to see that with this particular choice of wy,

/t (uney wn)ds + (uls? — =L i)

n—1

n—1

t
_ /t (une, 2n)ds + (7! — =L p(t7 1) z) = (un () — w1, 20).
Hence, integration by parts in time of (3.1), and the above computation imply

(un(t) — w1, 2n)
™ ™

= [ (alun o) + (1~ ) ds+ [ (s
tnfl tn—l

t’Vl

B I Nl e )=

tn
< Ok[/ . ||Vuh\|L2(Q)||Vzh||L2(Q)ds +/ ZhHHl(Q)dS
t

n— tn

n—

t'n/
+(1/€2)/ (luil arsllznll Loy + lunllL2@)llznllL2 ) dé’}
t

where we have used Lemma 4.2 to bound |[|p|zee(¢n—14n) < Cp, with Cj denoting a constant depending only on
k, Q. Note also that z;, € Uy and is independent of s, hence the above inequality leads to

tn
(un(t) —up="t, zp) < Cy / (llunllmr @) + ||f||(H1(Q))*)dS] 20l 1 (@)
t

n—1
t’Vl

[ lunlzzds | lanlzoco)).
tn—

Here we have used the fact ||uj[| /() = \\uh\\i4(9). Setting 2, = up(t) (for the previously fixed t € [t"~1, ")),
using Hélder’s inequality, and integrating in time the resulting inequality, we obtain,

t’n/
+Ck(1/€2)( [/ ) ||Uh||i4(9)dt9] lznllze) +
tn—

L om0t < = ot fon® 22 20

o~
+Ck771/2(HuhHL?[tn-l,tn;Hl(Q)} + ||f||L2[tn—1,tn;(H1(Q))*]) / Mun (@l @yt
e
o
+CrTy /4 (1/€) (Huh||?£4[tn—1,tn;L4(Q)]) /t B [[un ()] La)dt
-

L O (1)) a2t ez / ()] 2 - (4.2)
t

n—1

Using appropriately Holder’s inequalities, we obtain that f::,l lunllLaydt < 7'3/4||uh||L4[tn71_,tn;L4(Q)], and
fttn,l lunll g1 (o)dt < T%/Q||Uh||L2[tn71’tn;H1(Q)]. Thus, using Young’s inequalities we deduce (with different Cy),

t"L
W2 [ 1Ol < (/D0 e
+CxTn (”uh”%?[t"*l,t”;Hl(Q)] + Hf||2L2[t"*1,t";(H1(Q))*])

+Cxrn(1/€%) (HuhHi4[t"—1,t";L4(Q)] + ||Uh||2L2[tn—1,tn;L2(Q)]> : (4.3)
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Now, using an inverse estimate, H“hH%M[tn—l,tn;m(Q)] < (Ck/Tn) ﬁtn_l ||uh||%2(9), we obtain,

||uh||%°°[t"*1,t";L2(Q)] < Cr [HUZ:IH%%Q) + HuhH%z[t"*l,t";Hl(Q)} + ||f”%2[t"*l,t";(Hl(Q))*]
+(1/€) (lanllEagns om, gy + Nun3egns omeaay) |

The proof now follows by simply substituting the bounds of (3.2). (]

Remark 4.4. The above theorem states that the discontinuous Galerkin discretization inherits the stability
estimates of the weak formulation under minimal regularity assumptions on the given data. This is an important
asset related to the discontinuous (in time) Galerkin formulation. We emphasize that we do not assume that

[uollzo (@) < 1.
4.3. Convergence under minimal regularity assumptions

We quote a discrete compactness argument of Walkington (see [41, Theorem 3.1]) which allows to recover
strong convergence in an appropriate norm, and pass the limit through the nonlinear term. The compactness
argument combined with the stability estimates of Lemma 3.2 and Proposition 4.3, imply the convergence of
the space-time approximations under minimal regularity assumptions.

The compactness argument concerns numerical approximations of solutions u : [0, 7] — U of general evolution
equations of the form

ug + A(u) = f(u),  u(0) = uo, (4.4)
where U is a Banach space and each term of the equation takes values in U*. Both A(u) = A(t,u) and f(u) =
f(t,u) may depend upon t and are allowed to be nonlinear, however, in our setting only f(u) = —(1/€?)(u® —u

contains nonlinear terms. Suppose that U C H C U* (with continuous embeddings) form the standard evolution
triple, i.e., the pivot space H is a Hilbert space. The numerical schemes approximate the weak form of (4.4),
ie.,

(ug, w) + a(u,w) = (f(u), w), YweU (4.5)
where a : U x U — R is defined by a(u,w) = (A(u),w). Set F(u) = f(u) — A(u). Then the following
theorem [41, Theorem 3.1] establishes the compactness property of the discrete approximation.

Theorem 4.5. Let H be a Hilbert space, U be a Banach space and U C H C U* be dense and compact
embeddings. Fix an integer k¥ > 0 and let 1 < p,q < co. Let h > 0 be the mesh parameter, and let {t'}¥,
denote a quasi-uniform partition of [0, T]. Let Uy C U denote standard finite element spaces. Assume that
(1) For each h,7 > 0, up, € {up € LP[0,T;U] | up|@gn-1,m) € Pelt" ', t";Us]} and on each interval,
satisfies i i
/ (Upt, wp)dt + (u}:j_l — uZ:l,ij_l) = / (F(up),wp)dt
tn—1 tn—1
for every wy, € Pp[t" 1, t"; Uy
(2) {un}n>o is bounded in LP[0,T; U] and {||F(un)||zejo,7;0+]}n>0 is also bounded.
Then,
(1) If p > 1 then {up}r>o is compact in L"[0,T; H] for 1 <r < 2p.
(2) If 1 < (1/p)+(1/q) < 2, and Zfil |[ui]ll3 < C is bounded independent of h, then {up}s0 is compact
in L™[0,T; H] for 1 <r <2/((1/p) + (1/q) — 1).
Proof. See [41, Theorem 3.1]. O
We will use the above result to obtain strong convergence of the discrete Allen-Cahn equation to the con-
tinuous one. The lack of any meaningful regularity for the discrete time derivative due to the presence of

discontinuities, requires special attention since the Aubin-Lions compactness argument is not directly applica-
ble.



TITLE WILL BE SET BY THE PUBLISHER 15

Theorem 4.6. Let f € L2[0,T; (H'(2))*], uo € L*(Q), and € < 1 be a given parameter. Let {t'}Y¥  denote a
quasi-uniform partition of [0, T]. Suppose that the assumptions of Proposition 4.3 hold, and let 7, h — 0. Then,
the following convergence results hold:

up, — u weakly in L2[0,T; H' ()], wup — u weakly-* in L°°[0,T; L*(Q)],

and
up, — u  strongly in L"[0,T; L?(Q)], for every 1 < r < oco.
In addition u is a weak solution of the Allen-Cahn equation.

Proof. We follow a similar line of argument with [41, Section 6]. The stability estimates of Lemma 3.2 and
Proposition 4.3, imply (passing to a subsequence if necessary) there exists u such that u, — u weakly in
L2[0,T; H'(Q)] and weakly-* in L>[0,T; L*(Q2)]. We note that {uy}, . is bounded independent of 7, h, € in
L2[0,T; L*(Q)] and L*[0,T; L*(Q)]. It remains to obtain strong convergence. For this purpose, fix U = H(Q),
H = L?(Q), and F(u) = Au—(1/€?) (u® — u) — f. It is easy to show that F'(uy,) € L*/3[0, T; (H*(€2))*]. Indeed,
up, € L2[0,T; HY(Q)]NLA[0,T; L4(Q)], and uy, € L=[0,T; L?(Q)] clearly imply that u} € L*/3[0,T; (H())*] by
standard interpolation theorems. The remaining terms can be handled easily. Note also that Zfil [l [ui] H%Q(Q) <
C'/e where C'is independent of 7, h. Therefore, using the Theorem 4.5, we obtain the desired strong convergence.
Choose wy, € C[0,T;Ux] NUp, with wp(T) = 0. Then, summing equations (3.1) from n = 1 to n = N, we
deduce that

T
(un(T), w(T)) +/O (= (un, whe) + alun, wn) + (1/€*)(uj, — up, wr)) dt

- /o (f, wn)dt + (u°, wp(0)).

Note that we may pass the limit through the linear terms due to the stability estimates on uy and the fact that
wy, € C[0,T; Up] NUp. The semi-linear term can be treated by the strong convergence. Indeed, using Holder’s
inequality, Landyzeskaya-Gagliardo-Nirenberg interpolation inequality,

T T
/ ‘(uz—u3,wh>|dt§/ [((un — u)(uj + v + upu), wy)| dt
0 0

T
< C/O llur =l oy (lunll7a ) + lullza o)) lwnll o dt

T
1/2 1/2
< Cllwnll o, @) / lun = ull oty lun = ull iy (unllaay + ullFy)dt

1/2 1/2
< CHwhHC[QT;Hl(Q)]”Uh - u||L/2[07T;L2(Q)] l|un — “HL/2[0,T;H1(Q)]
X ([Jun|lLajo,r;Le0)) + Hu||L4[O,T;L4(Q)])2'
A standard density argument, now completes the proof. O

The unconditional stability estimates and the above convergence result, validate the use of discontinuous
Galerkin time-stepping schemes of order £ > 1. In particular, for any a > 0 there exist h, 7 such that, for every
7 <7 and h < h, we obtain, ||up —ul|pajo,7;22()) < a. For the error estimates, we will choose to work with 7,

(chosen independently) such that, for (7, h) satisfying 7 < 7, h < h

[lup — u||L4[0’T;L2(Q)] < §¢*, when d = 3,
[lup — U||L4[O,T;L2(Q)] < (567/2, when d = 2, (4.6)
Huh - u||L4[0,T;L2(Q)] < 5637 when d = 27 k= 07 17
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where 6 > 0 (to be chosen later) is independent of e. Note that due to the unconditional stability in
L0, T; L*(Q)] with bounds independent of €, 7,h can be chosen independent of e. We conclude this Sec-
tion by a short remark regarding the computation of such discrete solution.

Remark 4.7. Tt is expected, that at least for moderate values of the papemeter €, even when 7 = h, the
computation of the fully-discrete solution follows by standard techniques. However, when using high order
schemes, due to the large and non-symmetric structure of the associated system, special attention is necessary.
For specialized preconditioners for high-order discontinuous Galerkin schemes, we refer the reader to the recent
work [38].

5. ERROR ESTIMATES

5.1. Preliminary Estimates

The following projections related to discontinuous Galerkin time-stepping schemes will be used.

Definition 5.1. (1) The projection P! : C[t"~1,t"; L2(Q)] — Pi[t" 1, t"; Uy] satisfies (Plo°w)"™ = Pyw(t"),
and

m
/ (w — Piocwvwh) = Oa \V/’th € Pk_l[tnil’tn; Uh]
t

n—1

In the above definition, we have used the convention (P¢w)™ = (PYw)(t"), and Py, : L?(2) — Uy is the
orthogonal L? projection operator onto U, C H(Q).
(2) The projection P : C[0,T; L2(Q)] — Uy, satisfies

Piecw € Uy, and (Pjw)

(tr=1,tn] = 'Péoc(w [tnflvtn]).

In the following Lemma, we collect several results regarding optimal rates of convergence for the above
projection (see e.g. [13]).

Lemma 5.2. Let Uy, C H*(Q), and P}°¢ defined in Definition 5.1 respectively. Then, for allw € L?[0, 75 H'*1(2)]N
H 1[0, T; L?(Q2)] there exists constant C' > 0 independent of h, 7 such that

lw — Piew| p2po,rsz2) < C (R w20, 10y + 7 w0 |20, 7,22(0)))

lw = Phewll L2060 () < C (R wll 2o rimrer oy + (FFH /W) w20 12 @),

f|w — PilzocwHLw[O,T;L?(Q)] < C(h“rl ||w||L°o[o,T;Hl+1(Q)] + Tk—HHw(k—‘rl)HL°°[O,T;L2(Q)])-

Let k=0, =1, and w € L?[0,T; H*(Q)] N H[0,T; L?(£2)]. Then, there exists constant C' > 0 independent of
h, T such that,

lw = Piewl| oo, 02(0)) + llw — Pwl| 2o, 7501 () < C (Rllwll 20,7120
+7'1/2(HwtHL?[QT;L?(Q)] + |lwll L2jo,75m2(0)))) -

Remark 5.3. If more regularity (in time) is available then the above estimates can be improved. In particular,
if we L2[0,T; H*(Q)] N H*10,T; HY(Q)], then we obtain,

lw = Plew]| 20,701 ()] < C(RHJw]| p2p0. 71y + T H WD 2o, m1.00y)) -
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The fully-discrete Galerkin orthogonality can be written as follows: Subtracting (3.1) from (2.1), we obtain
for every wy, € Uy, and forn =1,..., N,
t”L

(e, wp_)+ /t (—{e,wpt) + ale,wp)) dt (5.1)

n—1

+(1/e2)/t ((uz — u37wh) — (up, — u,wh)) dt = (e’l717w2;1)

n—1

where e = uj, — u denotes the error. We will split the error as e = (up — up) + (up — u) = ey, + €, where u,
is the discontinuous Galerkin solution of a linear parabolic pde with right hand side u; — Aw, and initial data
upo = Pruo, i.e., for every wy, € Uy, and for n =1,..., N, u, € Uy, is the solution of,

(uzf,w}ll) + /tt" (— (Up, Whe) + a(up,wh))dt (5.2)

n—1

m
= (uZ;l,wifl) + / (ug — Au, wy)dt.
t

n—1

Integrating by parts the last term on the right-hand side, using the fact that % = 0, we obtain the orthogality
condition: for n =1,..., N, and wy € Uy,

tn
(i )+ [ (= o) +alewn) )t = (7wt ™) (5.3)
tn—1
The following best approximation estimate under minimal regularity assumptions that bound the error e, =
up — u in terms of the local projections of Definition 5.1 is straightforward application of [12, Theorem 2.2 and
Theorem 2.3]):
lepllzegoriza) + llep oz o) < € (I1Phu(0) = w(0) 2y (5.4)
= Pl eorrisacan + e = PEull oo e ).
where C' is a constant depending upon {2 and the constant C of Proposition 4.1. In addition,
lupllLoopo,rsmr ) < Cllluollmr ) + lue — Aullrz,7;22(0))- (5.5)

by [13, Theorem 4.10]. Another key ingredient will be an optimal estimate in L*[0,T; L?(Q)] by Leykekham
and Vexler (see [34, Corollary 4]), which states that if the solution u satisfies u € L*[0,T;H?(Q)], u; €
L0, T; L*(Q)], then there exists a constant C' independent of 7, h such that,

T
lealiso e < O (3 ) (74 12) (o + lelsorariay) (5.6

Returning back to the orthogonality condition (5.1) and using (5.3) we obtain, the following relation for
en = up — up: For all w, €Uy, and forn =1,..., N,

g

(ep_,wp_)+ / (—{en,wnt) + alep, wy)) dt (5.7)

tn—1

+(1/e2)/t ((u —  wn) — (up — ) dt = (25wl ).

n—1
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Adding and subtracting the term uf, in the nonlinear term, we equivalently obtain,

tn
(ef_wl )+ / (—(en, whe) + alen, wn)) dt — (2, wpPs?)

tn—1

+(1/e2)/t ((ud — b, wn) — (e wn)) dt

n—1

+(1/62)/ft (3 — % wn) — (eprwn)) dt = 0. (5.8)

n—1

Our focus is to bound ey, in terms of e, without introducing constants that depend exponentially upon 1/e.
To simplify the presentation, we will denote by Coo = [[ul| oo, 7)), and we note that if in addition to
(2.2), ug € L*°(2), with norm bounded independent of € then Cy, is also bounded independent of e.
We first recall the spectral estimate of [17], which states that if u is solution of (1.1) then there exists a
positive constant Cy independent of € such that,

IVl + (1€) (0 — 1)6,9)
PEH(Q),9#£0 ||¢||%2(Q)

> _C,. (5.9)

We follow the approach presented in Section 3. In particular, given right hand side e, € L*>[0,T; L?(2)],
and terminal data 15, = 0, we seek ¢, € U, such that for all wy, € Py[t"1,¢";Up], and for all n = N, ..., 1,

—(Yhy wp_) + /tnil ((n, whe) + a(op, wn))dt + (Pp ' wish)

(tbn, wp )t = / (en, wn)dt. (5.10)

tn—1

t" t"

1 1
"rg (3u2’(/Jh, wh) dt — = /

tn—1 tn—1

Note that despite the fact that the above pde is a linearized analog of the Allen-Cahn equation, the spectral
estimate can be applied directly to obtain a preliminary bound on the |.||z2(0, 7,11 () norm and at arbitrary
time-points, when k£ = 0, 1.

Lemma 5.4. Let e, € L2[0,T;L?(Q)], and u € L*[0,T; L*(2)] with bounds independent of e. Then, for

Tn < CkW’ Y, € U, satisfies for alln = N, ..., 1,

0,T;L%° ()

103 nz2e) + I¥nllz2io.rrz) + utnllrzozse2@)) + €llnllLzorm @) < Cllenllzio.rr2)

C
¥ llLoejo, 12 () < ?HehHLZ[mT;Lz(Q)]'

where the constants C' depend only upon Cj, the domain, the constant Cy of Lemma 4.2 and the data f,ug
(through the norms of ||u|[z4jo,7;L1(q))), and are independent of 7,h,e. In addition, there exists a costant C
depending upon C, the domain, the constant Cy of Lemma 4.2, and the norm ||ul[ e [0,7;1(0)) such that,

Coso
1VnllLooto, s ()] + 1A L2100, 7502 (0)) < ?Heh”L?[O,T;L%Q)]-

Here Ay, € Uy, denotes a discrete approximation of A, defined by,
(ApYn (), wn) = a(n(),wn) + (Yu(.),wy), for all wy, € Uy, and for every t € (t"~1,¢"].
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Proof. Step 1: Stability estimates in L>[0,T; L*(Q)] N L?[0,T; H*(R))]: We rewrite (5.10) as follows:

tn

—(Vhy,wh-) + / ((n, whe) + €a(en, wp))dt + (Yt wih)

tn—1

+(1 —¢€%) </t a(tp, wy)dt + ;2/ (3(u® = 1)tbp, wy) dt)

n—1 tn—1

"

"‘/ ((3u® = 1)ty wy,)dt = / (en, wp,)dt.

n—1 tn—1
Setting wy, = vy, into (5.11) and using the spectral estimate (5.9) we deduce,

1, 1. 1. "
§H¢h+1||%2(9) - §||1/1h+||%2(9) + 5“[%“\%2(9) +é /tn_1 VYR 2 0 dt

n

.
=G [ Wl +3 [ st

tn—1

3 " ) 1 )
<5 [ Nl 5 [ el
—1 tn—l

tTI,
Hence, using standard algebra we obtain,

n

1, . 1 1
SR ey = IR ey + SRy + €

tn—1

V|72 () dt

n

t" 1 g
+3 [n—l ||Uwh||%2(9)dt < C(Cs) /tn_l H/wh”%?(ﬂ)dt + 5 /tn_1 ||eh||%2(g)dt

19

(5.11)

(5.12)

where the constant C(Cs) depends on C; but it is independent of €. For low order schemes k = 0, 1, a standard
Gronwall Lemma provides the estimates at arbitrary time points, as well as the estimate for ||V1/’h||2L2[0,T; L2
For higher order schemes, we proceed using the technique of Section 4, based on the approximation of the discrete
characteristic. Hence, following exactly the same approach as in Proposition 4.3, for fixed t € (t"~1 "), we
obtain with z, € Uy, independent of ¢, and p defined as in Lemma 4.2 (suitably modified to handle the backwards

in time problem)
(wh (t) - w}?-p Zh)
= [ (atn e + ()30 = D zng)) dst [ (e znp)ds

n— tn—1

t" t"
<l [ IVl Vanlliaards + [ lenlliaolonlloads
tn— -

tn

tn
+(1/62)/t (lutbnll 2 ) lull L ) 120l| 220 + 1¥nllz2(0) 20l 22() ds}»

n—1

where C}, is the constant of Lemma 4.2. Since, zj, € U}, is independent of ¢, we deduce,

"

) IVn L2 )ds + ||Zh||L2(Q)/
- t

n

o
(Yn(t) = Yhy,s 2n) < Ck [HVZhHL?(Q)/ } lenllz2()ds
tm -

t" t"

1
Jusnllaords + lanlcaoy [ nlooods].
.

n

1
Hlulmtor= e 5 lznlloe [
,

n—1
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Therefore, setting zp, = ¥p(t) (for the previously fixed t), integrating with respect to time, and using Holder’s
and Young’s inequalities, we deduce (with different C}),

n—

Ok Tn

+ull Lo 0,752 ()] |wbnl|L2(en—1,en; 2 @) 1¥R Nl L2em -1 6m, 2 ()]

Ch
+€77n||¢h||L2[tn—1,tn;L2(Q)] 1l 2pen—1 mi02 ()

< Coralli 220y + Comn (VORI T2 m-1 i p2 ) + 190l F2pm-1 02 (0)

Ck Tn

Can
+T”uwh”L2[t" 1 nir2()] T HUHLoo 0,T;Loo(Q)] 3

[¥nlZ2pn—1 tm. 22

CkT
+Tn”¢h”L2 tn=1¢n:02(Q)] T Oan”ehHL? tn—1 ¢t L2(Q)]

The proof is now completed using standard techniques. We choose 7, small enough to hide the L2[t" 1 ¢"; L2(Q)]-
norm on the left, i.e, 7,, < (62/4Ck||u||2Loo[0 T_LOC(Q)]), and 7, < (¢2/4C},) to obtain,

o~
(1/4) /tn ) [9n (01 72(0)dt < Crmallii172(0) + Crmal VOl F2pm-1 .12 (0

Can
+ 5 utbnl Zapn-1 tn. 120y + CkmallenllTepm-1 .20 (5.13)

Then we substitute the resulting bound into (5.12), and hide the terms involving ||uwp||L2n—1 4n,12(q) and
IVn L2(0,7;02(0)) on the left. We note that the worst dependence on ¢, is 7, <

— . Summing
Cy HuHLoc [0,T;L°°(Q)]
the resulting inequalities using a standard Gronwall Lemma, we obtain the first estimate Returning back to
(5.13), diving by 7,, and using an inverse in time estimate, ||’(/JH%OO[tn,17tn;L2(Q) < 2 ft" R (@®)]122 ()dt we
obtain the second estimate.
Step 2: Stability estimates in L°°[0,T; H'(Q)]: The proof is essentially contained in [13, Theorem 4.10]. For
completeness we describe the main arguments. By definition of Ay, and since ¥y, € Pg[t" 1, t"; U], we also
have that Apvy, € Pr[t" 1, t"; Uy, Setting wy, = e, and wy, = Aptpy, we deduce,

1d
2dt(||V1l)h||L2(sz) + [¢nlZ20) = (Antn, ¥ni), and

a(Pn, Anton) + (Yn, Antpn) = 1800111720

Hence, setting Apty, into (5.10), substituting the last two equalities and using standard algebra we obtain,

/255 @) + /2Nn I @)

™ T
n / Aol ot — / (s Anton)
t 1 tn—1

n—

1 I
+€7/ (3ubp, Aptpp)dt — :2/ (Yn, Apthy)dt
tnfl t

n—1

tW,
= (1)U By + / (ens A )dt. (5.14)
tnfl

t?’L
/ ) ”wh(t)H%?(Q)dt < Can||¢Z+||2L2(Q) + Can||V¢h||%2[tn—1,tn;m(n)] + CrtallenllLapen—1,m; 2@ 1¥nll L2(gn-1 4m; 12 o))
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Note that [/, (n, Anton)dt < 4[5 [ARR]1 22y dt + [rus [¥n]122qydt, and

o
;2/ (3uPp, Apthy) — (wh7Ah¢h)dt’
t

n—1

o2 1
</a) [ 1winladt+ [ e+ [ ol

Substituting the above inequality into (5.14) and summing the resulting inequalities, and using the bounds
lutbn || L2j0,7:22(0) < Cllenllz2p0,7;22¢0) and |[Ynllr2p0,7;22(0) < Cllenl|L2j0,m;02 ()], we deduce that,

n—1y2 2 CZ +1 2
lohs ) + 1Al 2200, 1020 < 674||6h|\L2[0,T;L2(9)]»

which is the desired estimate. The stability bound in L>[0, T'; H*(£2)] follows directly from the above technique
when k = 0, 1. For higher order schemes we refer the reader to [13, Theorem 4.10]. O

Now, we are ready to prove the following bound, which will allow us to apply a bootstrap argument. Using
an appropriate duality argument, we avoid the use of Gronwall type inequalities. We note that the temporal /
spacial restriction in terms of € is stated in terms of the available regularity. Applying the results of Lemma 2.1
and Remark 2.2 we can quantify this dependence only upon data.

Proposition 5.5. Let 7, h, e, satisfy 7 < 7, h < h (where 7,k defined in (4.6)) and let the assumptions of
Lemma 5.4 hold. In addition, suppose that

o ifu € L0, T; H?(Q

~—

|, uy € L0, T; L2(2)] then 7, h satisfy

T 2 sC et _
(1) ln( T )(T +h ) < (‘IUHL‘l[O,T;H?(Q)]J"H“t||L4[0,T;L2(Q)])’ when d = 3,
T 2 5Ce/? _
(2) ln( T )(T + h ) S (H’U‘HL4[0,T;H2(Q)]+H’U¢||L4[(J,T;L2(Q)])7 when d = 2,
T 2 5Ce® _ _
(3) In(5)(7+h?) < TPy T Py k when d =2, k=0,1,

or

o if ue L2[0,T; H*(Q)], us € L?[0,T; L?(2)], then 7, h satisfy,

1/2 3/2 5Ce* _
(1) (P24 h)>= < (Nl 210, 7:m2 (@) FHllwell L2 (0,72 (@))) when d =3,
1/2 3/2 « 5Ce/? _
(2) (712 +h) = (HUHLQ[O,T;HZ(Q)]J’_!utHLz[O,T;L?(Q)])7 when d = 2,
(3) (F/2+h)32 < o when d =2, k=0,1,

Ulullzzio, 72 oy HlluelliL2 0,002 ()

where 6 > 0 an algebraic constant (to be chosen later) with constant C' depending only upon the domain
(independent of €, h, 7). Then, there exists a constant C' > 0 independent of 7, h, ¢, such that the following
estimate holds:

1
llenll L2052 () < C(?(||up||%w[0,T;L5(Sz)] + lullZoe 0.7 )l €nll L2072 ()
1
+ :2||€p|\L2[o,T;L2(Q)] + [Jull Lo 0,755 ()] 1€p | L2 (0,75 22 ()]

+ Co(|lenunll 210,152 () + ||ehup||L2[0,T;L2(Q)]))-
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Proof. Setting wy, = ey, into (5.10), and using integration by parts in time, we obtain: for all n = N, ..., 1,

n

) —(¢ht7€h)dt+/ a(p, ep)dt

tn—1

+n

—<wz+,ez_>+<wz_,ez_>+/

tn—

1 t" tn
b [ (e dr :/ lenl3 @t (5.15)
tn— tn—
Setting wy, = vy, into (5.8), we deduce for all n = 1,..., N,
o
(i) + [ (lentn) + alen v de - (€ i)
tn—l
I 2 2
+€72 -1 ((eh(uh =+ up + uhup)a 1//h) - (ehv 1/)h)) dt
I
+€72 /tni1 ((ep(u;z% + u2 + Uzpu)7 wh) - (€p71/)h)) dt = 0. (516)

Subtracting (5.16) from (5.15), and rearranging terms, we obtain, for each n =1,..., N,

| enliandt =~ e + (6= 0p)

1 v
_g ) ((ep(ui + u2 + up“): wh) - (epa ¢h)) dt
t’ll*
1 [t
2 ((uh + up + unuy — 3u®)en, o) dt,
tnfl

or, equivalently,

[ lenliaendt = =) + (2 07 )

n—1

o
5 [ el + o i) — (i)

tn
_elz (((uh = u?) + (up = u®) + unuy — u®)en, ) dt. (5.17)

tn—1

2

First, note adding and subtracting ug in the term u% — u*, using the relation,

2 2

upty — u? = (up — up + up)uy, — u? = (up fup)ueru?, —u

and substituting the resulting relation into (5.17) we arrive at:

.
[ lenli oyt = =) + (e 0

n—

m
,E% ((ep(uf, + u? + upu),1/)h) — (ep’wh)) dt
tn—1
tn
_;Q/ (((uh —up) +3(up — u®) + (un — up)uy) en, dn) dt. (5.18)
tn—1
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Summing the equalities (5.18), noting that e%_ =0= ¢}]:’ +, and using Hélder’s and Young’s inequalities, and
the identity a® — b = (a — b)(a + b), we obtain,

T T
A”W@®ﬁ§§AH%mmwﬂmmHWmmmwmmm
1 T
‘*‘:2/0 llepllz2 (@) 1¥nll L2 (o) dt
) T
+:2/0 (llenunll L2y + llenupll 2 llenll L2 [1n || Lo () dt
3 T
Jr:2/0 lepllLz(o)llenupll L2 19l Loe ) dt

3 T
+:2/0 lull ) llepll 2 @) llenll Lz ) 19 || Lo (o) dt. (5.19)

For d = 3, we employ the inequality [[vp||z~@) < O||V1/}hHL2(Q ||Ahl/1hHL2(Q (which can be proved in an
identical way as in [29, pp 298]) to get

T T
A”%@®ﬁ<§AHmmmwémeWmmmwmmm
1 T
+€72/0 Hep||L2(Q)||¢h||L2(Q)dt
T
2 ||1/1h|\1L/£ 0 THl(Q)]/O (llenunll L2y + ||ehup\|L2(Q))||eh||L2(Q)||Ah¢h||1L/22(Q)dt

T
= ||¢h|\Loo OTHl(Q)]/ lep | 22 lentipll 2 () | Antinl| 170y dt

3 1/2 T 1/2
+:2||l/1h|\L/oo[o,T;H1(Q)]/O el e (e llep 22y llenll 2 o) | Anthnl| 7 qy dt-

Therefore, using the stability bounds of ’(/}h of Lemma 5.47 i.e., H’(/}hHL?[O,T;LZ(Q)] < ||€h||L2[O,T;L2(Q)]a
[0l Lo, rsrs) < Sllenllrzprrz), and [|Aptnllz2p,r.220) < S llenllrzo.r 2 to deduce,

T
/nmm@ﬁ
0

< 67(”%“%00[0,T;L6(Q)} + Hu||2L°°[O,T;L6(Q)])||6;DHL2[O,T;L6(Q)]||6h||L2[0,T;L2(Q)]
1

+5llepllzzo.rcz @ llenllzpomizz ()
C

+€7(||€huh||L2[0,T;L2(Q)] + llentplL2(0,7;22 ) lenll Lafo, sz lenll L2 (0,752 ()
C

+llepll oo mrz@llenupll 2o, r2@llenll 2o, rir2 )

C
+:4 ||U||L°0[0,T;L°°(Q)] ||€p||L2[o,T;L2(Q)] llen ||L4[O,T;L2(Q)] llen ||L2[O,T;L2(Q)] .
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Note due to the Theorem 4.6 there exists 7, h such that lellLajo,riz2 ) < §e* for every 7 < 7 and h < h.
Hence, using (5.4), and the improved estimate in L*[0, T'; L?(Q)], (see e.g. [34]), we obtain that

lenllzao.rr2(0) < 0€* + eyl Lafo,mr2 () -

< 0t +Cln ( > T+ h2 |U||L4[O7T;H2(Q)] + ||Ut||L4[07T;L2(Q)]) < 2(564,

provided that In (%) (7' + h? ) Llex . Substituting the above bound, we deduce,

= (lullpao,7;m2 0y Hluell Lago, rL2(0))

T
/0 lenll2 ot

< 63(||Up|\2Lw[o,T;L6(Q)} + ||u||%°°[O,T;L6(Q)])”e;DHLz[O,T;LG(Q)]Heh||L2[O,T;L2(Q)]

1
+5llepllzzorizz@yllenllzap 2

+o(llenunll Lo, 7;r2(0)) + llenupll2po,r;z2@)) llenllz20,r:22())

+lull Lo 0,7, @) llepll20,7;22 () llenl| L2, 7:22 ()

The estimate for the three dimensional case now follows by standard algebra. For d = 2, we note that
1VrllLee () < C||qph||1/2ﬂ)HAhwhHL2 @) (see [29]), hence using the stability bounds of Lemma 5.4, and in par-
ticular the fact that [[¢n || Lo, r;22(0) < %He}l”LZ[O,T;LQ(Q)]’ we deduce from (5.19),

T
/0 lenll2 ot

< ?(||up||%m[0,T;L5(Q)] + ||U||%oo[o,T;L6(Q)])H6p||L2[o,T;L6(Q)]||€hHL2[o,T;L2(Q)]
J'_EiQHe;DHLZ[O,T;Lz(Q)] llenll L2j0, 7522 (0)]

+€7%(”ehuh”L2[0,T;L2(Q)] + llenupll2j0,7;22))llenll Lo, L2 @y llenll 20,72 )
+ g lepllzao rinee lentpllzsi iz llenll 2o rizece
+67%”“HL°°[07T;L°°(Q)] llepll2p0,7:2 ) llenll Lapo, mir2 @ llen L2jo,7; L2 )1 -

The proof now follows using similar arguments. Indeed, choosing 7, i to guarantee, lell apo, msz2 () < 5¢"/2, for
7 <7, h < h, and noting that

T
||6pHL4[07T;L2(Q)] <Cln <T> (T + h2) (||’U,HL4[07T;H2(Q)] + ||ut||L4[O’T;L2(Q)]) < C(567/2

provided that In (%) (7' + h2) < Cae™2 we derive the desired estimate. Finally, we

= Mullpap,r. w20y Hlutllpap, 7,020y’
turn our attention to the case where k = 0,1 and d = 2. Then, we note that Lemma 5.4, implies that
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1¥nr|lLoojo, 220y < C, where C' is independent of €, 7, h. As a consequense, we deduce from (5.19),

T
/0 lenll2 ot

< 67(||“pH%oo[o,T;L6(Q)} + HUH%OO[O,T;L"’(Q)])”ePHLZ[O,T;LG(Q)]||eh||L2[0,T;L2(Q)]
1

+5llepllzzo.r 2@ llenll 2o mizz ()
C

+g(||€hUh||L2[o,T;L2(Q)] + llenup || 20,7522 ) llen |l Lajo, 72 oy llenll 210, 7522 ()
C

+5llepllzao,rcz@llentplicziorcz@llenllzprizz

C
+t3 lullLos 0,752 (1 llepll 2o, 12 lenll Lajo, sz o llen | 20,702 () -

Therefore, we derive the desired estimate, provided that 7, h are chosen to guarantee, ||| L40,T3L2()] < €3, for
7 <7, h < h, and similarly In () (7 + h?) Coed

< .
= Nullpago,rm2 @) HludllLao, riL2 @)

Finally if less regularity is available, i.e., u € L2[0,T;H?(Q)], us € L?[0,T;L?(Q)] then using the bound
llepllajo,r:L2 () < C||ep|\1L/j (0,7:12(9)] ||€P||1L/22[0,T;L2(Q)]’ we easily deduce the restrictions,

1/2 3/2 < 6Cet =
(1) (T + h) — (Hu”LQ[OYT;H2(Q)]+Hut,HL2[O,T;L2(Q)])’ when d 3,
1/2 3/2 5Ce™/? =
(2) (T + h) S (Hu”L2[0,T;H2(n)]+Hut”L2[o,T;L2(n)])7 when d 2.
< 3
(3) (TV/2 +h)*2 < = ; when d =2, k= 0,1,

(Hu”L2[0,T;H2(Q)]+Hut|‘LZ[D,T;L2(Q)])

which completes the proof O

Remark 5.6. There are many ways to further quantify the restriction between the temporal and the spatial
discretiation parameters. If we apply the results of Lemma 2.1 and Remark 2.2, with ¢ = 0, and ¢ = 1, we
deduce that

1/2 1/2
||u||L4[O,T;H2(Q)] < CHUHL/OO[O’T;HQ(Q)]||UHL/2[O’T;H2(Q)] < C/G

Therefore, the temporal and spatial parameter discretization restriction can be expressed as,

(1) In(T/7)(1 + h?) < §Ce®, when d = 3,
(2) In(T/7)(1 + h?) < 6Ce®/2, when d = 2,
(3) In(T/7)(1 + h?) < 5Ce*, when d =2, k=0, 1.

In a similar way, when u € L2[0,T; H?(Q)], u; € L?[0,T; L?(Q)] then using the results of Lemma 2.1, with
o =0, we deduce,

(1) (72 4 h)3/2 < 5C€®, when d = 3,
(2) (712 4+ h)3/2 < 6Ce%/?, when d = 2.
(3) (Y2 4 h)3/2 <5Ce*, when d =2, k=0, 1.

where § > 0 is a positive algebraic constant independent of 7, h, e (to be chosen later).

We note also that the assumptions of Proposition 5.5 can be replaced by the more general assumption
llepllago, 2y < Cde*. Since e, = u, — u refers to the standard error related to discontinuous Galerkin
approximation of a linear parabolic pde, with right hand side u; — Au. Therefore, from (5.4) and Lemma 5.2,
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for instance, we may derive the following restriction when d = 3

T e l V2
llepllajo,r:L2 ) < C( N [w T L2012 (0] + B ||U|L2[0,T;Hl+1(n)]>
k+1y),,(k+1) I+1 1/2 4
X (7' |u 220, 7;L2(0)) + ||U||L2[0,T;Hl+1(9)]) < Coe™.
5.2. Best approximation error estimates
Now, we are ready to proceed with the main estimate, using a boot-strap argument.

Theorem 5.7. Let 7, h, ¢, satisfy 7 < 7, h < h (where 7, h defined in (4.6)) and let the assumptions of Lemma
5.4 hold. In addition, suppose that

o if ue L0, T; H*(Q)], uy € L0, T; L*(Q2)] then 7, h satisfy
<

T 2 Cet _
(1) In( T )7 +h7) (el Lajo, rim2 () FHllwellLago, 72 @) when d = 3,
r 2 CeT/? -
(2) 111(7— )(T +h ) < (HUHL‘}[O,T;Hz(Q)]J'_Hut||L4[01T;L2(Q)])7 when d = 2,
T 2 ce® _ o
(3) In(5)(7+h?) < TR T Pk whend=2,k=0,1,

or

o if u € L2[0,T; H?(Q)], us € L]0, T; L?*(Q)], then 7, h satisfy,

1/2 3/2 < Ce* =
(1) (775 +h)%= < ullp2io,7;m2 @ HllwtllL2 0,702 (2))) when d =3,
1/2 3/2 Ce™/? =
(2> (T + h) S (Hu||L2[UYT:H2(Q)]+HUtHL2[01T;L2(Q)])7 when d 2;
3
(3) (712 4+ n)3/2 < Ce when d =2, k=0,1,

(H“||L2[0,T;H2(Q)]+H“t HL2[O,T:L2(Q)]) ’

where C depending only upon the domain (independent of €, h, 7). Then, there exists a constant (still) denoted
by C depending only upon €2, and Cj, but independent of 7, h, €, such that, for alln=1,..., N,

||€h||2L2[o,T;H1(Q)] + (1/62)(||€huh||2L2[0,T;L2(Q)] + ||€hup|\2L2[o,T;L2(Q)]) + Heﬁflliz(m
N-1

+(1/€2)||eh||i4[O,T;L4(Q)] + Z H[GZ]H%?(Q)
i=1

< 0(1/66)(||up||2L°°[O,T;L6(Q)] + ”uH%OO[O,T;LG(Q)])QHEPH%Z[O,T;Hl(Q)] + HBPH%Q[O,T;LZ(Q)])'

Suppose also that (2.2) holds, with o = 0 when k > 1. Then, there exists a constant C' depending only upon
Q, and C} such that

||eh||%°°[07T;L2(Q)] < 0(1/66)((HUPH%OO[&T;LG(Q)] + ||u||2L°°[O,T;L6(Q)])2||ep||2L2[O,T;H1(Q)]

+||€p||2L2[o,T;L2(Q)]) :

Proof. Step 1: Estimate at partition points and in L*[0,T; H*(£2)]. Since, we have already obtained a bound on
llenll z20,7;22(0)) with constant depending polynomially upon 1/¢, we may return to the orthogonality condition
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(5.8) and set wy, = ep,. Then, for every n =1,..., N, we have:

1, ., ¢ 1,
b ey + [ IVenlaaydt + 5 len
t"_l

v

22 |, (llenunlzza) + llenupllza@)dt + llen ™ lIZz @)

Iz (@)

—_

_ I
< Slep 1||L2<Q)+ [ el
t’Vl*

1t
+:2 (|(ep(u12, +u?+ uptt), en)| + |(ep, eh)\) dt. (5.20)

tn—1

[\)

It remains to bound the last two terms: First, we note that Holder’s and Young’s inequalities imply

I
3 [ el + o+ ), en)la

tn—l
c 2 2
= lepllzo (o) (lupllzo ) + lullzs () llenll L2 )dt
tn—l
o i oo
?(||up||%m[0,T;L5(Q)] + ||u||2L°°[0,T;L6(Q)])2/ ) ||€p||2Hl(Q)dt+:2/ ) llenll72oydt-
tn— tn—

<
<

Substituting the last inequality into (5.20) and summing the resulting inequalities we obtain

1
el By + [ I9eulBardt + 5 3 e e

i=1

T
+1/26) [ lenunliia e + lens o)
C T
/ el + / el it
T
gl o2z + 3 o0 / leplZs oyt

It remains to replace the term (1/€?) fOT Heh||2L2(Q)dt using Proposition 5.5. First, note that the bound of
Proposition 5.5 implies that:

1
iMooy + [ IVenlinat + 3 Zn Weco

T
H(1/2¢%) / lentunllZaq + lenuplZa o )t

a\Q

T
gl o ez + Iuleo 720 / leplZrs oyt
+€7/() (HE}LU}LH%;(Q) + Hehup||2L2(Q))dt

1 1 2 4 2
+O | %+ Zluliep =) ; lepllZ2 () dt-
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Now, noting that we may choose ¢ aiming to hide the ||epunlz20,7;22(0), and |lenupl L20,7;22(0) on the left
hand-side to get the first estimate. Note that the worst dependence upon 1/€ in front of ||ep\|%2[0 TL2(Q)]

is C/e5, since C (& + G%Huﬂioo[o?T;Lm(Q”) < C/€8. Tt is clear that the bounds on |[eyun| 2(0,7;12(0) and on

llentp |l z2(0,7;22 () imply a similar estimate for |lex||z4[0,7;04(0)), since

T T
<1/e2>J€ lenlldadt < <2/e2>j£ jg|eh|2<huA2—+|upF>dxdt

T
2 2 2
< /) [ (lewtunliaey + lentple )i
The estimate at partition points follows in standard way, summing the equations (5.20) from ¢ = 1 to i = n,
and using the previous bounds.

Step 2: Estimates at arbitrary time points. We use similar ideas as in the proof of Proposition 4.3. For fixed
t € [t" 1, t") and 2;, € Uy, we set wy(s) = zpp(s) into (5.8), with p(s) € Py[t"~1,#"] such that

t" t
p(t" ) =1, / pq = / q, q € Pra[t" 1t
t t

n—1 n—1

From Lemmad4.2 we deduce that ||p||L~ < Ci, with Cy independent of ¢, and

o
‘/t (eht,wh>ds + (62;1 _ 62:1711}2;1)

n—1

t
:/ (ents zn)ds + (€271 — el L, p(t" 1) z) = (en(t) — €271, 2.
t

n—1

Therefore, integrating by parts (in time), (5.8), setting wy(s) = zpp(s), using the above equality, and standard
algebra, we obtain:

n

(en(t) — e~ 2p) < C’“[/t

n—1

/|Veh||Vzh|dmds
Q
L 2 2
+t5 (len|(unl® + [upl*)|2n] + len]|2n]) dads
tm=1.JQ

I
w1 Geallugl + P)lanl + leplfon) dods] (5.21)
tn—

Adding and subtracting u,, u, and using standard algebra, we may bound

" "
/ /mmmﬂwﬁWMMﬁc/ /mﬁﬂmm—W+mmm%mw
tn—l Q tn—l Q
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Hence, using Holder’s inequality into (5.21) we derive
(en(t) —en=",2n)

tn 1 t’ﬂ,
<Gl [ Vel Vanllao + 5 [ llenliaolnllzaiords
t tn—

n—
tn
1

62 tn—1

+ (lenl3s gy llznllzace) + lenllzs oy lle2lza oy llznllzace) ) dt

"
T3 /t%1 lenll Lo u?] s o) 12n )l 22 (@) ds
I
bz [ lepllecoy o+ o2 + ooy 20 ey ds
I
+t3 /tn_1 lepll Lz llznllz2(@)ds |- (5.22)

Noting that z;, is independent of ¢, and standard algebra implies that

(en(t) —ep=", zn)

. 1
<G|Vl [ IVenlliaords + Slanliae [ lenllaods
t

n—1 tn—1

1 ¢ 1 ¢
+§\|Zh||L4(Q)/ 1 llenllFagq)ds + :2H2h||L4(Q)/ lenll s lepll7ag)ds
tn— tn—1

n

1
tlonlloe [ lenllzoio ulleqyds
tn—1

1 ¢
+€3H2hllm<n>/ » lepll o) (lupllze @y + llullZsq))ds

tn
"

1
glonlioe [ leoliads]. (523)
t’n*

Using once more Holder’s inequality and the fact that u,u, € L>[0,T; H*(Q)], we deduce with different constant
C, (independent of €):

(en(t) —ep—t, zn) < Ci {”vzhHLQ(Q)T}/zHveh||L2[t”—1,t";L2(Q)]
172 L1/ ,

+ 5 lznllz@llenllcen-1imin2 0y + - lznllza@ lenlzapn—1 en, o))
/4

+ 5 lIznll s llenllpagn—1,0m:pao) leplZ a0 7:04 )

al?
62
7_1/2
+ 3 Iznllz2 @) lepll Laen—1em; i1 @) (lp 1 e o7y 20 () + Nl Eoo 0,752 00)

1/2
Tn/

€2

+

Iznll 2@ llenllL2pen—1 ems Lo @y Ul oo 0.2 Lo )

+ ||Zh||L2(Q)”epHLz[t"*l,t";L?(Q)] .
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Setting zp, = ep,(t) and integrating with respect to time, using Hélder’s inequallity to bound ftt:_l llen ()] ao)dt <
73/4| e || La [tn-1,¢n;04(q)], and standard calculations, we derive,

n—1

tn
/ len (D172t < llep= 2@ a2 llen(®)l Lapen—1 ens L2y (5.24)
t
Tn
+Cy [TnllvehHi2[t”*1,tn;L2(Q)] + g"ehni‘l[t“*l,t";L‘l(Q)]
Tn
+ ?”ehH%‘l[t"*l;t";L“(Q)] ”ep”%‘l[t”*l,t";L‘l(Q)]
Tn 2
+ S llenllapn—s;em:r2pllenll Lz en; @ el Zoo o,y zo (o)
Tn 2 2
+ §||eh‘|L2[t"*1,t";L2(Q)} lepll Lapen—1,en i ) ([l Lo 0,726 (0] + 1@l oo o, 758 (2)))

Tn
+ ? ||€hHLZ[t7L—17t'rL;L2(Q)] Hep||L2[tn—1)tn;L2(Q)]:| .
For the first term of the left hand side, using Young’s inequality, we obtain:
HEZ:I ”L?(Q)T;/QHeh(t)”Lz[t’"*l,t”;LZ(Q)]
1 _
< 1”eh(t)||2L2[t"*1,t";lL2(Q)] + Crallen 72 ()-
For the fourth term, we note that using Young’s inequality, we obtain
T 2 2
§||6h||L4[t"*1,t";L4(Q)] ||ePHL4[t"*1,t";L4(Q)]
4 T 4
< ﬁnehHL‘l[t”*l,t";L‘l(Q)] + 6%||ep||L4[t"*1,t";L4(Q)]‘

For the fifth term, we note that ||ul| Lo, 7;71()) < C, where C' is a constant independent of ¢, due to assumption
(2.2) with o = 0. Therefore,
Tn 2
?2IIehIILz[tn—l,tn;Lz(Q)] lenllpzen—1,em; 1 @) [l Loc o,y 0 (02))
T 2 2
= ?Z lenlZapn-1 tn.22(0)) + TnllenllTzgm-1 i m1 o))

.
< 672Heh||%2[t"*1,t”;L2(Q)] + Tn(Hveh”iz[t"*l,tn;Lz(Q)] + Heh||%2[t"*1,t";L2(Q)])'
For the last two terms, using similar algebra, we deduce,

-
G%HehHLﬂt"*l,t”;L?(Q)]||€:DHL2[t"*1,t";H1(Q)](HUIJH%OO[O,T;LG(Q)] + ||“||2Lw[o,T;L6(Q)])
T
< ﬁHeh||%2[t"*1,t";L2(Q)]
+ TnHep||i2[tn—1¢n;H1(n)] x (HuPH%OC[O,T;LG(Q)] + ||U||2Loo[o,T;L6(Q)})2a

Tn
2 len ”L?[t”*l 75 L2(Q)] llepll 2 [tn—1,t7;L2(Q)]

T 2 2
< :Z Heh||L2[t"—1,t";L2(Q)] + TnHBP”L?[t"—l,t";LQ(Q)]'
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CkTn

Note that choosing == < %, we may hide all Heh||2L2[tn,1 t:L2(0)] of (5.24) on the left. Hence, dividing by 7,
the resulting inequality and using an inverse estimate in time, we arrive at,

_ 1
HehH%OO[t”*l,t’";LQ(Q)] < Ck(||ez+1||%2(9) + ”Veh||2L2[t”*1,t”;L2(Q)] + ?||eh”i‘*[t"*l,t";L‘*(Q)]
+ ||€:D||2L2[t"*l,t";Hl(Q)](HUPH%OO[O,T;LG(Q)] + ||U||2Lw[o,T;L6(Q)])2 + Hep||%2[t"*1,t";L2(Q)]
1 4
+ :2H6p||L4[tn—1,tn;L4(Q)])~
Now, note that
”eP“i“[t"—l,t";L‘l(Q)] < (Hup||2Loo[tn—1,tn;L4(Q)] + ”uH%OO[t"—l,t";Hl(Q)])”epH%Q[t"—l,t";Hl(Q)]'

Hence, the desired estimate follows by replacing the bounds of [|e}/;! ||2L2(Q)7 Lllen ||‘i4[0)T;L4(Q)], |Ven ||2L2[0)T;L2(Q)].

Remark 5.8. The estimate at arbitrary time points results in a best-approximation result by using triangle
inequality. In addition, the dependence of the constant upon % doesn’t deteriorate further, despite the fact that
we treat schemes of arbitrary order, provided that the natural assumption 2 || (ug — 1)?||1() < C holds (which
corresponds to o = 0 in (2.2)).

The best approximation estimate now follows by triangle inequality. In the remaining we present our results
by selecting o = 0 in (2.2) and & = 1 (see Lemma 2.1 and Remark 2.2).

Theorem 5.9. Suppose that the assumptions of Theorem 5.7 hold. Then, there exists a constant C depending
only upon Q, Cx and |[up|7 (o 1,160y + Ul oo, 7,16 () Put independent of €, and the such that,

lell 2,1 () + llell Loepo,rsrz2cay < C(L/€) (llepll 2o, () + llepll e o,rrz@)) -

If in addition u € L?[0,T; H*(Q)], u**+Y € L>[0,T; L*(Q)] there exists a positive constant C' that depends
only upon €2, Cj, and it is independent of h, 7, €, such that

llell2g0, 51 ()1 + ll€ll Loefo,rsL2 ()

< 0(1/65)(hl||UHL2[O,T;HH1(Q)] +7hHl ||U(k+1) HLOC[O,T;Lz(Q)])-

Proof. Under the assumptions of Theorem 5.7 the rates of convergence follow by the estimates on e, in
L?0,T; H'(Q)], and L>[0,T;L*(Q)] norms using Lemma 5.2 in equation (5.4), since |Juy || poojo,rm () +
[ull oo, 7,11 (@) < C/e by (5.5). O
Proposition 5.10. Let k = 0, [ = 1. If uw € L?[0,7; H*(Q)] N H[0,T; L?*(2)] suppose that 7,k satisfy
712 1 h < Ce¥/3 for d = 2, (see Remark 5.6) and 71/2 + h < Ce!%/3 for d = 3 (see also Remark 5.6). Then
there exists a positive constant C depending only upon €, Cj and Hup||2L°°[O,T;L6(Q)] + ||u||%w[o,T;L6(Q)] but
independent of h, 7, € such that,

lellz2jor;m () + llell oo jo,mr2@) < C(1/€%)(r'/? + h).
If u € L*0,T; H*(Q)], uy € L*[0,T; L*(Q)] suppose that 7, h satisfy In(L)(r + h?) < Ce* when d = 2 (see

Remark 5.6) and In(L)(r + h?) < Ce® when d = 3 (see Remark 5.6). Then, there exists a positive constant C
depending only upon 2, C} and ”uPH%OO[O,T;LG(Q)] + ||'LLH%OO[07T;L6(Q)] but independent of h, 7, € such that,

lell 2o,z 0y + llellzepo,rsz2(0) < CA/3) (72 + h).
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If in addition u; € L2[0,T; H(2)], then we obtain, under the above assumption,
He”LQ[O,T;Hl(Q)} + ||e||Loo[07T;L2(Q)] S C(l/e3)(T + h)

Proof. The estimates concerning the lowest order scheme follow directly from Theorem 5.7, and the approxima-
tion properties of e, in L2[0,T; H*(Q)] and L?[0,T; L?(£2)] norms, when u € L2[0,T; H*(Q)] N H'[0,T; H'(2)].
When u € L?[0,T; H?(2)] N H[0,T; L?(Q2)] then the time step and spacial discretization size restrictions are
replaced by the ones of Remark 5.6. O

A remark regarding a discrete analog of the energy conservation property follows.

Remark 5.11. Given initial data ug € H'(Q), and zero forcing term f = 0, it is well known that the solution of
(1.1) satisfies, for any ¢ > 0,

d
T B®) + ()72 () = 0 (5.25)

where E(t) denotes the associated energy i.e., for a.e. t € (0,77,

E(t) = /Q <;VU|2 + 4%2(112 - 1)2) dx.

It is clear that the discrete solution of (3.1) does not possess any meangingful regularity for up:, due to the
discontinuities in time and hence (5.25) is not valid by simply replacing u by u;,. However, for any ¢t € (71, "],
we may formally rewrite (5.25) as,

d

(t — t”_l)aE(t) +(t— t"_1>||ut(t)||2L2(Q) =0

and hence integrating with respect to time and using integration parts in time,
n o

tn—1 tn—1

It is clear now that the above equality (5.26) is well defined, for discontinuous (in time) schemes, and (at least
formally) we may replace u by any uj, € Px[t" 1, t"; Uy).

We observe that integrating by parts (in time), (3.1) and setting vy, = (t — t" )upy € Pi[t" 1, t"; Uy], with
k > 1, we obtain

tn
[ = oy

t oo d 1
[ (e g (1900l + a6~ Dl ) ) =0,
¢ €

n—1
which implies (after integration by parts in time for the second integral)

t" o n 1 n
/ (t = ") luntllF2(q)dt + 7 (”Vuh—@zm) + 1z (@i - 1)2||L1<9>>
t

n—1

n—

;
1
[ (10O + gl =1y ) di =o.
t

Hence, we have shown that the discrete solution constructed by (3.1) actually satisfies a discrete local analog
of the energy equality. It remains to prove that ||[Vuj_||z2(q) and ||u}_||zs(q) are also bounded, independent
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of 7,h, which is easily obtained by using the results of Theorem 5.7 and an inverse estimate. Indeed, recall
that under the assumptions of Theorem 5.7, we deduce, for any u € L?[0,7; H*(Q)] N H'[0,T; H*(Q)] for any
T < Ch,

1 T
lunll zoeto, 752 ) < CgHuh = upllz=po,720)) + Clluplloepo,rim @y < C(1/€) <E + 1) .
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