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Abstract

An optimal Robin boundary control problem associated with semilinear parabolic partial differential
equations is considered. Existence of an optimal solution is proved and an optimality system of equations is
derived. Semidiscrete finite element approximations of the optimality system are defined and error estimates
are obtained.
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1. Introduction

We consider an optimal boundary control problem for the semilinear parabolic partial differ-
ential equation (PDE)

oru — diV[A(x)Vu] +ow)+bt,x)u=f in(0,T)x 2 (1.1)
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with the initial condition

u(0)=up in $2 1.2)
and the Robin boundary condition

u+r"'"[AX)Vu]-n=g on(0,T) x 3s2. (1.3)

Here, 2 is a two-dimensional convex polygon with a boundary 952, A a positive constant, [0, T]
a time interval, f a function in L2(0,T; H'(£2)*), ug a function in L2(£2), b(z, X) a continuous
function on [0, T'] x £2, and A(x) a C!(£2), symmetric-matrix-valued function that is uniformly
positive definite. Also, ¢ € C2(R) satisfies the following monotonicity and growth conditions:

d'(s) >0 VseR, ') < C3(1+1s771) VseR,
sp(s) = Cils|" and  |p(s)| < C2(1+sI?) VseR, (1.4)

where r; € (2,4) and rp € (1, 3). The Robin boundary control g belongs to L2((0, T) x 082)
and the control objective is to track a global target state U (¢, x) in (0, T') x £2. We formulate the
control problem as follows: minimize the cost functional

T T

Tl =+ ~uP z 2
8)=3 ju— U dxdt+ 2 \g|? ds dt (1.5)
2

0 0 082

subject to the initial boundary value problem (1.1)—(1.3).

In Section 2, we prove the existence of a solution for (1.1)—(1.3), establish the existence of
an optimal solution, and derive an optimality system of equations which the optimal solution
must satisfy. In Section 3, we define semidiscrete finite element approximations of the optimal-
ity system, quote the Brezzi—-Rappaz—Raviart (BRR) theory for the approximation of a class of
nonlinear problems, and apply that theory to derive error estimates for the semidiscrete approxi-
mations of the optimality system.

Some remarks about the literature are in order. Extremal problems for linear parabolic PDE
with nonsmooth Dirichlet boundary control were analyzed mathematically and numerically
in [18]. In [17], a Robin boundary control problem for a linear parabolic PDE is studied. The
objective of the control problem in [17] was to determine the minimal time for the controlled
state to reach within a specified distance from the desired state. The convergence and error es-
timates for semidiscrete finite element approximations were studied in [17]. The Robin control
used in [17] was of the separation of variable type and the domain was assumed to be of class C*
as required by elliptic regularity results. Several results are proposed and analyzed in the contin-
uous setting for a conjugate gradient method for solving an optimal control problem constrained
by a linear parabolic PDE in [28]. The problem studied in [28] involved a terminal-state tracking
functional and a Neumann boundary control. A key idea of [28] is to formulate the optimal solu-
tion as a solution to a system of two sequentially-coupled initial value problems; as a result, the
methods of [28] applies only to terminal-state functionals tracking functionals. In [23], error es-
timates for the fully-discrete approximation of a Neumann boundary control problem associated
to a homogeneous linear parabolic equation are presented.

In [19] (see also relevant work in [18]), Dirichlet and Neumann control problems are con-
sidered for linear homogeneous parabolic PDEs. Several results concerning analysis and finite
element approximations are presented based on semigroup techniques. In [26,27], nonlinear
boundary controls are used to minimize a general functional that can handle terminal, normal,
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and matching norms. The size of the control is constrained and additional regularity on the con-
trols is needed. A nonstandard weak form for the PDE is used for which mild solutions are
defined as Bochner integral solutions.

For boundary optimal control problems having states constrained by elliptic partial differen-
tial equations, there has been much progress with respect to both analyses and the finite element
approximations; see, e.g., [7,12-16,19]. Finally, a posteriori error estimates for a distributed op-
timal control problems governed by parabolic PDEs are studied in [20]. For an overview of
theoretical results in control theory, we refer the reader to [8,19], while for related references and
applications of flow control see [11].

It appears that little work has been done in case of semidiscrete error estimates for the optimal-
ity system arising from boundary optimal control problems for semilinear parabolic PDEs. The
main difficulty consists of the lack of sufficient techniques to “uncouple” the optimality system,
in particular in presence nonlinearities.

The optimality systems arising from boundary optimal control problems are usually coupled
and in order to uncouple the primal and dual variable, we will use the theory of Brezzi—Rappaz—
Raviart (BRR theory) which requires the availability of error estimates under minimal regularity
assumptions. The main advantage of this methodology is that it enables the derivation of esti-
mates of arbitrary order in the natural energy norms for all involved variables (primal, dual and
control) and it can handle nonlinearities as well as nonhomogeneous data. In addition, using the
BRR theory, we will be able to avoid the semigroup machinery.

Furthermore, the use of a Robin-type boundary control may alleviate the difficulties arising
from the nonhomogeneous boundary condition.

We note that although we confine our study to Robin-type boundary controls, semidiscrete
approximations of Neumann and distributed control problems can be treated in a similarly, and
in the latter case, more easily.

2. Existence of an optimal solution and an optimality system of equations

In this section we formulate and analyze the control problem in an appropriate mathematical
framework.

Throughout, C denotes a generic constant whose value changes with context. We freely make
use of the standard Sobolev spaces H*(§2) and H®(02) for s € R withnorms || - ||y and || - [|5.50,
respectively.

For p € [1, oc], an interval (a, b) C R, and a Banach space B with norm || - || g, we denote
by L?(a, b; B) the set of measurable functions v: (a, b) — B such that f: ||v(t)||§ dt < 00. The
norm on L?(a, b; B) for p € [1, 00) is defined by

b 1/p
101l Lr a.0: B) = (/Hv(z)“’;dz) Vv e LP(a,b; B),

a

and for p = oo by

V]l L (a.5:8) = esssup|v(@) || ; Vv € L®(a, b; B).
(a.b)
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We denote by C([a, b]; B) the set of all continuous functions v:[a,b] — B with the norm
lvilc(a,p); B) = MaXse[a,p) V()| 5. For real numbers s > 0 and p > 1, the space H*(a, b; B)
is defined as follows. First,

H'(R; B) = {ve L*(R; B): |t|'0 € L*(R; B)}

endowed with the norm
1/2
ol e ) = </||v(t)||2Bdt +[1er ||o<f)||gdf> ,
R R

where © is the temporal Fourier transform of v:

ﬁ(r):fe—zf””u(t)dt.
R
Then, we set
H®(a,b; B) = {v = V|jq.p): U € H (R; B)}
with the norm
”v”Hs(a,b;B): B inf ”i}”HS(R;B) VUEHS((I,b; B)
e H’ (R; B)
l{a,p)=V

A function v = v(t,x) € H*(a, b; B) for some spatial function space B is often simply writ-
ten as v(¢). Further discussions of the Banach-space-valued Sobolev spaces H*(a, b; B) may
be found in [6,22,24]. In particular, we will use the following function spaces involving time:
H"(0,T; H*($2)) and H" (0, T; H*(082)) for r, s € R.

We also introduce the solution space W(0, T') for (1.1)—(1.3) as

W(,T)=L*0,T; H'(2)) N H'(0, T; H' (2)*)
with the norm defined by
”U”%/\}(()’T) = ”U”iz(O,T;HI(.Q)) + ”atv”iz(O,T;Hl(.Q)*) Vv e W(O, T)

Given an f € L%(0,T; H'(£2)*) and a g € L%(0, T; H~'/%(3£2)), a function u € W(0, T) is
said to be a (weak) solution of (1.1)—(1.3) if

(B (), v) + a(u(®), v) + A[u(0), v],q = (£ @), v) + A{g (1), v},
VYve H' (), ae. 1, 2.1
and
u©)=uy in L*(£2), (2.2)
where (-,-) denotes the duality pairing between H L(2)* and HY(£2) and (-,-)as2 the duality
pairing between H !/ 2(9£2) and H'/2(382), see [6]. Equation (2.2) makes sense thanks to the
following lemma.

Lemma 2.1. Suppose v e L*>(0, T; H'(£2)) N HY(0, T; H'(£2)*). Then,

veC([0,T1; L*(2)) and %||v(t)||§=2(v’(t),v(t)) ae. te(0,T). (2.3)
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The proofs for Lemma 2.1 and the next lemma are identical to that of [6, Theorem 3, pp. 287—
288] and are omitted.

Lemma 2.2. Suppose v e L>(0, T; H'/2(3£2)) N H'(0, T; H~'/2(882)). Then,

d ,
ve C([0,T1; L*(382)) and E”v(t)”é,aQ:Z(v(t),v(t))ag aete(0,T). (24

The solution of (2.1)—(2.2) should be sought in L2(0, T; H'(£2)) N H'(0, T; H'(£2)*) N
L"2(0, T x §2). The following lemma indicates that the requirement for the solution to belong to
L0, T x £2) is redundant.

Lemma 2.3. The embedding
L*(0,7; H' (@) nH' (0, T; H'(£2)*) = L*(0, T; L*(2))

is continuous.

Proof. Using Sobolev embedding theorems and interpolation theory, we have

[ s < Clw®], < Clwo | [wn]}”

Thus,
T

T T
160l gyd <€ [l |wo] dr < ot pp2ay [l ar
0 0 0
so that by virtue of Lemma 2.1 we obtain
T

4
/Hw(t)”y*(:z)dt < C”w”;‘/\/(o,r)'
0
This completes the proof. O

The optimal control problem described in Section 1 can now be stated precisely as follows:
seek a pair (u, g) € W(0, T) x L*(0, T; L*(352)) such that
functional (1.5) is minimized subject to (2.1)—(2.2). 2.5)
We will prove the existence of a solution for the PDE problem (2.1)—(2.2), establish the exis-
tence of an optimal solution for (2.5), and derive an optimality system of equations.

2.1. Existence and uniqueness of solutions of the PDE problem

Theorem 2.4. Suppose f € L>(0,T; H'(2)*), ug € L*(£2), and g € L>(0, T; H~'/2(32)).
Then, there exists a unique u € L*(0,T; H'(£2)) N H' (0, T; H' (2)*) satisfying (2.1)—(2.2)
and

lull20,7; 11 (2)) + 10cttll 200, 7; 11 (2%
< C(||f||L2(o,T;H1(Q)*) + lluollo + ||g||L2(o,T;H—1/2(aQ)))- (2.6)
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Proof. The proof follows standard Galerkin techniques, see, e.g., [6,21]. We choose an orthogo-
nal basis {ex}2° | of H'(£2) such that {ex}?° | is orthonormal in L?(£2). Foreachm = 1,2, ...,

we set V,,, = span{ey, ..., e;,} and let u,, = kazl d,gm)ek e HY(0, T; V,,,) be a solution of

(u:na U) + a[un‘la U] + )“[un‘h U]B.Q + [d’(”m)a v] + [b(tv X)“m’ U] = (f’ v> + A'<g5 U>BQ
YveV,, ae.t€(0,T),
[tm(0), v] =T[uo,v] Vv € V. 2.7
The existence of such u,, can be easily proved based on the assumptions on ¢. Using Gronwall’s

inequality, we obtain the following energy estimate:

R}%””m (t)”o +lumll20,7; 11 (2)) + 43, HLQ(O,T;HI(.Q)*)

S C(I1f l20.7: 112y + 181l 2200.7: 12 02)) (2.8)
form =1,2,.... Thus, we may extract a subsequence of {um}fn":l, still denoted by {um}fn":l,
such that

U, —u  weakly in L2(0, T; Hl(.Q)),

u, — du weakly in L2(O, T: Hl(.Q)*),

Umlao — ulpe weakly in LZ(O, T: H”Z(asz)),
and

Uy — u  strongly in L2(0, T; Lz(.Q)),

where the strong convergence result follows directly from a well-known compact embedding
result; see, e.g., [24]. Also, Lemma 2.3 and (2.8) imply that {||u 14, 7.14(2))} 1s uniformly
bounded. Thus, by passing to the limit in (2.7), we see that u satisfies (2.1)—(2.2). Moreover, the
solution of (2.1)—(2.2) is unique. Passing to the limit in (2.8) yields (2.6). O

2.2. Existence of a solution to the optimal Robin control problem

Theorem 2.5. There exists a pair (u,g) € W(0,T) x L>(0, T; L*(382)) that minimizes (1.5)
subject to (2.1)—(2.2).

Proof. Set U,q = {(ii, §) € W(0,T) x L*(0, T; L>(382)): (@, g) satisfies (2.1)=(2.2)}. Uaq is
obviously nonempty because of Theorem 2.4.
Let {(u,, gn)} C Uag be a minimizing sequence, i.e.,

Hm J(un, )= _inf  J(i. g), 2.9)

n—00 i,3)elag

(O, v) 4 alun, V] + Aun, vla@ + [¢ (un), v] + [b(, Xun, v] = (f, v) + Algn. v]ae
Yve H' (), ae. 1, (2.10)

and

un(0) =uo  in £2. @2.11)



K. Chrysafinos et al. / J. Math. Anal. Appl. 323 (2006) 891-912 897

Equation (2.9) implies that [|gxll12(0,7.12(352)) < C for all n. Then, using the estimate (2.6),
we deduce |lu,lhwo,r) < C for all n. Hence, we may extract a subsequence, still denoted by
{(un, gn)}, that satisfies the following convergence properties:

gn— g weaklyin L*(0, T; L*(32)),

u, —u weakly in L2(O, T; Hl(.Q)),

dun — du weakly in L*(0, T; H'(£2)*),

uploe — ulpe weakly in LZ(O, T; HI/Z(BQ)),
and

up — u strongly in L*(0, T; L*(£2)) and a.e.

These convergence relations allow us to pass to the limit in (2.10)—(2.11) to show that (u, g)
satisfies (2.1)—(2.2).
Using the weak lower semicontinuity of the functional 7, we have

T, )< Jim Tn, gn) = _inf TG, 2)

U,8)eUd

so that
Jw,g)= _ 1511““ J, g).

u,8)EU

This shows that (u, g) is an optimal solution. O
2.3. An optimality system of equations

We will use the Lagrange multiplier principle to derive an optimality system of equations that
the optimal solutions must satisfy.

We consider an abstract minimization problem. Let X; and X, be two Banach spaces. Let
J : X1 — R be a functional and F : X| — X; be a mapping. We seek a z € X such that

J(z) = inf J(u), (2.12)
ueZ/{ad
where
Uag = {u € X1: F(u) 20}.
The Lagrange functional for the minimization problem (2.12) is defined by

L(z,q,20) =10J (2) +(F(2). q) (2.13)

forall z € X1, A9 € R, and g € X5, where X;‘ is the dual space of X7 and (-,-) denotes the duality
pairing between X> and X7. We quote a standard abstract Lagrange principle in the following
particular form (see [1,8]).

Theorem 2.6. Let z be a solution of (2.12). Assume that the mappings J and F are continuously
differentiable and that the image of the operator F'(z): X1 — X3 is closed. Then, there exist
q € X5 and Lo € R such that (g, Lo) # (0, 0), i.e., g and Ay do not vanish simultaneously,

(£:(z.9.20),m)=0 VneXi, (2.14)
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and

Ao =0, (2.15)

where L, (-, - ,-) denotes the Fréchet derivative of L with respect to the first argument. Further-
more, if F'(z): X1 — X3 is an epimorphism, then Ao # 0 and Ay can be taken as 1.

Theorem 2.7. Let (u,g) € W(0,T) x L%(0, T; L%(3%2)) denote an optimal solution for (2.5).
Then, there exists £ € W(0, T) such that

_(at$a T]) + a[é9 71] + )"[57 77]3.9 + [(p/(u)S’ 77] + [b(t’ X)S’ T]] = (I/l -U, 77)

Vne H'(2), ae. t, (2.16)
ET)=0 inf, (2.17)

and
AE+yg=0 on(0,T)xds2. (2.18)

Proof (Sketch). We define
X1 =W(,T) x L*(0,T; L*(382)),
Xo=L*0,T; H'($2)*) x L*(22) x L*(0, T; H™/*(32)).
The variable z is understood as the pair z = (u, g), the functional J (z) is defined as
T T

1
1@ =3 / f u — U dxdr + g / / |22 ds di
0 £ 0 982
and the operator F : X; — X5 as the operator related to the constraint equations (1.1)—(1.3), i.e.,

Fu, g)
= (B,M — diV[A(X)Vu] + o) +b(t,x)u, u(0) —ug, ulyo + At [A(X)Vu] -n— g).
The operator F’(u) : X1 — X, can be defined as
F'(u)(it, g)
= (8t — div[AX) Vit] + ¢’ ()it + b(t, X)it, i(0) — ito, itlpe + A [AX)Vid] -n — g).

Note that the constraints can be expressed as F(u, g) = (f, 0, 0). The range of operator F’(u)
is closed. It remains to show that it is also an epimorphism. First, observe that the operator is
continuous due to the embedding W(0,T) C C(0, T; L?(£2)) and a well-known trace theorem
(see, e.g., [22]). Then, for each ( f ,Up, 81) € X2 we need to show that there exists a solution
(u,0) € X1 of system

it — div[AX) Vit ] + ¢ (w)ii + b(t, x)ii = f, 1(0) = it,
itlge + 2" [AX)Vil] -n=g.

This is true due to growth assumptions on ¢'(u), the linearity of the equation and the (chosen)
boundary condition (see, e.g., Theorem 2.4). Therefore, we may apply Theorem 2.6 to conclude
that there exist g € L20, T; HY(£2)), »o € R, such that q, Ao do not vanish simultaneously and

(£:(z.q.%0).m)=0 VneXi,
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where the Lagrangian is defined as

L((u,8), )

//|u—U| dxdt + = //Igl dsdt

0 082
T
+/ (u, 98) — alu, §] — [w). §] = A[u(®). §],q, + (f. §) + Mg, E)ag) dt
0

— [u(T), §(T)] + [uo. (0]

Note that we denote by & the multiplier g and that Ao can be taken as 1 in the above defin-
ition. Combining the last two equalities, taking the derivative of the Lagrangian with respect
to the first argument and using standard techniques from Calculus of Variations (see, e.g., [8,
Section 2]), we conclude that there exists & € W(0, T) such that (2.16)—(2.18) hold. (The fact
8:& € L*(0, T; H'(£2)*) can be easily deduced by the linearity of our equation.) O

Theorem 2.7 implies that an optimal solution (u, g) must satisfy the system formed by
(2.1)~(2.2) and (2.16)—(2.18). Using (2.18), we can eliminate g in (2.1) and obtain the reduced
optimality system of equations:

(@u, v) + alu, vl + Alu, vlag + [p@). v] + [bt. 0)u, v] = (f.v) = 12y "'[g. v]ae
Yve HY(2), ae.t, (2.19)
(2.2), and (2.16)—(2.17).

3. Semidiscrete approximations of the optimality system

Let V}, be a family of finite element subspaces of H'(£2) defined over a family of regular
triangulations of §2. The parameter 7 denotes the largest grid size for a given triangulation. We
assume that V}, satisfies the following approximation properties:

(i) forevery v e H*(£2),

1nf lv—vplls >0 ash—>0, s=-—1,0,1; 3.1

vp€

(ii) there exists a constant C > 0 such that for every v € H"t1(£2) and every r € [s — 1, k],

inf lv—vlly <CH T oll41, s=-1,0,1, (3.2)
vpeVy

where k > 1 is a positive integer that is usually determined by the order of the piecewise polyno-
mials used to define V},.

We also assume that finite element triangulations are uniformly regular so that the following
inverse inequality holds:

lvalli < Ch~ Yvpllo  VYon € Vi (3.3)
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For detailed discussions of the properties (3.1)—(3.3) and constructions of the finite element
spaces with these properties, see, e.g., [4].
We denote by Pj, the Lz(.Q) projection from L2(.Q) onto V,, namely, for each v € Lz(.Q),

(Pov—v,w")=0 Vu' eV, (3.4)
As a consequence of (3.3), we have

IPyolly < Cllvlly Vv € Hy (£2); (3.5)
see [3,25].

The semidiscrete finite element approximations of the optimality system (2.19), (2.2) and
(2.16)=(2.17) are defined as follows: seek u, € H'(0, T; V},) and & € HY(0, T; V},) such that

(Orup (), v) +alup (@), va] + Alup @), valae + (@ (un(®)), va] + [b(E, up(t), vil
= (f(@), vn) = A2y " NE (D), o Yup € Vi, ae.1€[0,T],

up(0) = Ppruo,

—(0:&n (1), nn) + al&n @), val + AEn (1), nnla + (@' (wn()En (), na]
+ b, x)Er (), np] = [u(@) —U @), nn] Vnn € Vi, ae.r €[0,T],

&n(T) =0,

where Py, is the L2(£2) projection onto Vj, defined by (3.4).

The goal of this section is to prove the following error estimate for the semidiscrete approxi-
mations of the optimality system:

(3.6)

lu — unliwo.r) + 1E = Enliwo.ry < CR (lull 20, 7:m+1(2)) + 1€ L2007 5 +1(2))
+ || a;u ”LZ(O,T;H’*I(Q)) + ||aﬂ/l ”LZ(O,T;H”I(.Q)))

provided u, &£ € L*>(0, T; H't'(£2)) N H' (0, T; H™~'(£2)) for some r € [0, k].
We will use the approximation theory of Brezzi—Rappaz—Raviart (BRR) to prove this error
estimate.

3.1. Quotation of the Brezzi—Rappaz—Raviart theory for a class of nonlinear problems

The Brezzi—Rappaz—Raviart theory [2,5,9] implies that the error of approximations of solu-
tions of certain classes of nonlinear problem is basically the same as the error of approximations
of related linear problems. We quote the relevant results here.

Consider the following type of nonlinear problems on a Banach space X: we seek a € X
such that

v+7TGW) =0, 3.7)

where ) is another Banach space, 7 € £L(); X), and G is a C 2 mapping from X into ). We
say that ¢ € X is a regular solution of (3.7) if (3.7) holds and v 4+ 7 Gy (¥) is an isomorphism
from X into X. Here, Gy (-) denotes the Fréchet derivative of G(-). We assume that there exists
another Banach space Z, contained in )/, with continuous imbedding, such that

Gy(W) €LX: Z) Yy el. 3.8)

Approximations are defined by introducing a subspace X" C X’ and an approximating opera-
tor 7" € LY Xh): we seek wh € X" such that
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y" + TG (y") =o0. (3.9)
Concerning the linear operator 7", we assume the approximation properties

lim |[(7" =T =0 V. : 3.10

tim (T~ T)of =0 Yoy 6.10)
and

1}13%”7 ~T|pza) =0 (3.11)

Note that whenever the imbedding Z < ) is compact, (3.11) follows from (3.10) and moreover,
(3.8) implies that the operator 7 Gy, () € L(X; X) is compact.

One of the results in [2] is the following theorem. In the statement, DG represents the second
Fréchet derivatives of G.

Theorem 3.1. Let X and ) be Banach spaces. Assume that G is a C* mapping from X into Y
and that DG is bounded on all bounded sets of X. Assume that (3.8), (3.10), and (3.11) hold and
that W € X is a regular solution of (3.7). Then, for h < hy small enough, there exists a unique
v e X" such that Y" is a regular solution of (3.9). Moreover, there exists a positive constant
C independent of h such that

[v" = vy <C(T" = T)GW)| »- (3.12)

3.2. Recasting the optimality system and its semidiscrete approximations into the BRR
framework

We set X = W(0,T) x W(,T) and Y = L2(0, T; H (22)*) x L300, T;: H-'2(382)) x
Lz(.Q) X L2(0 T:H! (.Q) ) x LZ(Q) We define the linear operator 7 :) — X as follows:
(@,&) =T (f.8 o, ¢, &r) for (i, §) € X and (£, &, dlo, ¢, 7) € YV if and only if

(31 (1), v) +alii(t), vl = (f (1), v) + Mg(1), v)se Vv e HL(82), ae. t[0,T],
4(0) =i in L%(£2),
—(0:E(1). m) +al& (). n1=((1).n) VneHJ (), ae.1€[0,T],
ETM)=&r inL*(Q).
We define the nonlinear operator G: X — ) by
G, &) = (—f +¢@@) +b(t,x)it, \2yE, ug, it —U,0) V(i &) € X,
where f € L0, T; H'(£2)*), ug € L*>(£2) and U € L?(0, T; L?>(£2)) are the prescribed (fixed)
data in (2.1). Clearly, the optimality system (2.19), (2.2) and (2.16)—(2.17) may be written as
(Ms g) = —Tg(l/t, g)v

i.e., the optimality system is recast into the form of (3.7).
We set

X, =H'0,T;Vy) x H(0,T; V)

and Eleﬁne the disc~rete operator T,:Y — X, as follows: (ﬂh,éh) = ’Th(f,g,ﬂo,f,ér) for
(ttp, &)y € X and (f, g, 10, ¢, Er) € Y if and only if
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(3itn (1), vp) + aliin(t), vl = (F (1), vn) + A (E(1), vn)oe Yvn € Vi, ae.t €0, T],

ﬁh(0)~= Pyiig, ) )
j(azéh(t), leh) +alép (), npl =), np) Vnp € Vy, ae.t€[0,T],
&En(T) = Pyér,

where Pj,: L>(£2) — Vj is the L?(£2) projection. Comparing the definitions of 7; and G with
(3.6), we see that (3.6) can be written as

(wn, &n) = =TpG(up, &),

i.e., the semidiscrete optimality system is recast into the form of (3.9).

In order to apply BRR theory to derive error estimates for the semidiscrete approximations of
the optimality system, we study in Section 3.3 the semidiscrete approximations of the associated
linear problem. Then, in Section 3.4, we establish some embedding and trace results that will
help us to choose an appropriate space Z in Theorem 3.1.

3.3. The linear boundary value problem and its semidiscrete approximations

We consider semidiscrete approximations of the linear Robin boundary value problem:
oru — div[A(x)Vu] =f inQ=(0,T) x £2,
u(0)=ugy in $2,
and
u+2""[Ax)Vu]-n=g on(0,T) x ds2.
We will work with the following weak formulation: seek u € W(0, T) such that
(ru(®), v) +alu@®), v] + 2 [u®), v], o = (£ (), v) + A{g(®), v),q
Vve H'(2), ae.t, (3.13)

and

u(0)=ug in L*(£2). (3.14)

Lemma 3.2. The integration by parts formula
t t

/ [8(). 3v()], ds = [g(), v(®)] |y — / (0rg(s). v(9))ds

0 0
holds for g € L>(0, T; H'/2(382)) N H'(0, T; H'/2(82)) and v e H' (0, T; H'/?(3£2)).

Proof. The formula obviously holds for g,v € H Lo, 7:HY 2(8.{2)). Using the denseness of
HY0,T; H/2(382)) in L2(0, T; H'/2(352)) N H'(0, T; H~/2(882)), we easily complete the
proof. O

Theorem 3.3. Suppose g € L*>(0,T; H~ V>0 (32)) N H?(0, T; H~'2(3R2)), ug € H?(2),
and f € L2(O, T; Hl_g(.Q)*) for some 0 € [0, 1]. Then, there exists a unique u € LZ(O, T;
H" (@) N HY 0, T; H'=9(2)*) satisfying (3.13)~(3.14) and



K. Chrysafinos et al. / J. Math. Anal. Appl. 323 (2006) 891-912 903

||u||L2(O,T;H1+H(Q)) + ”a[u”LZ(O,T;Hl’H(Q)*)

< C(”f”LZ(O,T;Hl*"(.Q)*) + lluolle + gl L20.7: m-112+0 a2y) + 1€l o 0.7 1120 2)) -
(3.15)

Proof. We only need to examine the cases 6 =0 and 6 = 1, thanks to interpolation theorems.
For the case 8 = 0, we state without proof the following results (this case may be treated in

a way similar to [6, §7.1.2, Theorems 1-3], thus detailed justifications are omitted). We choose

an orthogonal basis {e;};2, of H'(£2) such that {ex}pe, is orthonormal in L?(£2). For each

m=1,2,..., we set V,, = span{eq, ..., e, } and let u,, = 221:1 d,gm)ek e C([0,T]; V) be the
unique solution of

[t v] + alttm, ]+ Alum, vlage = (f,v) + Alg. vlsge Vv € Vi, ae.1€(0,T),
[um(O), v] = [ug,v] VYveV,. (3.16)

The following energy estimates hold:

{})l’ar’i”“m(t)”o +llumllp200,7; 11 2)) T ”M;n ”LZ(O,T;HI(.Q)*)

SC(Ifll2r:m 2y + 1tomllo + 18l L20.7: 112 02))) (3.17)
form =1,2,.... Thus, we may extract a subsequence of {u,}>>_,, still denoted by {u,}5" ;.
such that

Uy —u weakly in LZ(O, T; Hl(.Q)) and
uh, —u' weakly in L*(0, T; H'(£2)*). (3.18)

m

By passage to the limits in (3.16) we see that u satisfies (3.13)—(3.14). Moreover, the solution to
(3.13)—(3.14) is unique. Also, passage to the limits in (3.17) yields

”u”LZ(O,T;Hl(Q)) + ”alu”Lz(O,T;Hl(Q)*)
SC(fll2.7: 12 + luollo + gl 20,7 120 2y)) - (3.19)

For the case # = 1, we have g € L>(0, T; H'/2(82)) N H' (0, T; H'/2(82)), ug € H'(2)
and f € L2(0,T; L*(2)). Let {um};,_, be the sequence defined in the case of & =0 and u
denotes the weak limit of u,, in the sense of (3.18). Setting v = u/, (¢) in (3.16), we obtain

, 1d rd
i ®5 + 5 gralum®. @] + 5 L lin®15 5
=[f @O, up O]+ A[2®), u, ()], 0
1 2 1, , 2 ,
<50l + 51w ® o+ 4@, 1,00 (3.20)

Transferring the |u/, (t)||% /2 term on the right-hand side to the left-hand side and integrating
from O to ¢, we are led to

t
iy 1 1 )
E/||u,,,(s)|\f)ds + S alun @, un ] = Salun ©), un @] + §||”m(f)||(2>,a9
0

A
= S ln @5 g
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| t
5/||f(s)||oars+/\/[ (), 1y, ()], ds
0
| t
=3 / 176y ds + 2200 )], = MOt O] = 1 [ (1505
0 0
1 t C
<3 [+l pag +elin® 0+ ClsOI a0

t t
4O} +€ IO g ds +€ [lun®}ppgds. G20
Since [|um (D122 < Cllum @)1 and aluy (@), un ()] = Callum (0|7, we may fix an € such
that
E””m(t)”l/z 39 ”“m( )”1 [um(t) um(t)]

By [6, Theorem 2, p. 286], we have H'(0, T; H~'/2(382)) — C([0, T1; H~/2(3£2)) with the
estimate

||g(l)||_1/2,39 < C”g”LZ(O,T;H*l/Z(a_Q)) + C||8tg||L2(0,T;H71/2(a_(2)) Vi €[0,T].
Also,
|4 (0) ||o e S < [um (0) ||1/2 p2 S C |lum(0) ”1 < Clluolls-

Substituting the last three relations into (3.21), we obtain

t
1 2 C 2 A 2
3 [l s + S hun @[ + 5 im0 1
0

t
<! | £ |2 ds + Clluoll? + Cligll? +Clldgl?
D) 0 ol 8 20,7 H2(052)) 181 20,7, H-112(3%2))
0

t
+C f tm (5) | ds. (3.22)
0

Applying Gronwall’s inequality to (3.22), we deduce

||um(t) H% /||f(s)||0ds + C””O”l + C”g”L2(0 T: H1/2(3Q)) + C”g”iII(O,T;H’I/z(B.Q))'
(3.23)

Combining (3.23) with (3.22), we obtain
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t
1 1
Sl @lar <3 [ ds +Cluoll +Cletzg,ruza)
0

+Cllgl G .71 1202y (3.24)

Equation (3.24) implies that for a subsequence we have u), — d;u in L2(£2) so that u €
H'(0,T; L*(£2)) and

t

1 1
Sl Olids <5 [17[3ds + Cluot? + g7 aay
0

2
+ C”g”Hl(O,T;Hfl/z(a.Q))' (325)

Thus, for almost every 7, u(t) is the solution of the elliptic problem

—div[A®Vu@®)] = ft) —u,(t) in$2,
[A®Vu®)]|,o =*[g) —u@®)] ondg.

Elliptic regularity for the Neumann boundary value problem on a convex polygon (see [9,10])
yields

lu ], <c(lr@lp+ lue@lo+ 1@l 2.00)-

Combining the last estimate with (3.25), we obtain

2 "2
”u”LZ(O,T;HZ(.Q)) + ||M ||L2(0,T;L2(Q))
< flz2 722y + Cllwollt + Cllgl o 7 1rpay + Cleliio.r 120
(3.26)
Interpolations between (3.26) and (3.19) yield (3.15). O

We next derive error estimates for semidiscrete approximations of the linear boundary value
problem. Let Vj, be a family of finite element subspaces of H'(£2) introduced in Section 2.1.
The semidiscrete finite element approximations of (3.13)—(3.14) are defined as follows: seek
up € Hl(O, T; V}) such that

i (Orup (), v) +alup(t), vyl + AMup (@), vilae = (f (), vp) +A{g(®), vn)og
Yv, € V, ae.t €[0,T], (3.27)
up(0) = Prug,

where Py, is the L(£2) projection onto Vj,. Similar to [3] we may prove:
Theorem 3.4. Assume that g € L*(0, T; H=1/2(382)), f € L*(0, T; H' (£2)*) and ug € L*(£2).

Let u € W(0, T) be the solution of (3.13)~(3.14) and let up, € H' (0, T; V}) be the solution of
(3.27). Then,

lu —uplbwo,ry—0 ash—0.

If, in addition, g € L*>(0, T; H=Y*02))NnHY (0, T; H~Y238)), f € L*>(0,T; H'=(£2)*)
and ugy € He(.s?)for some 6 € [0, 1], then
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o
e — unllwo,ry < ChY (llull 20, 7: m1+0 (2y) + 100l L200,7: H1-0 (2))

NN

Ch? (Il £l L20.7: 116 2y + Mol + 181l L20.7: 12+ 9 2))
+ ”g”Hg(O,T;H*I/Z(a_Q)))
Moreover, ifu € L>(0, T; H'T1(£2)) N H'(0, T; H ~1(2)) for some r € [0, k], then
e —wnlwo,ry < CH(llull 20,71+ 2y + 186l 20,7 171 (2)))-
Remark 3.5. In the special case of & = 1/2, Theorem 3.4 says that if g € L>(0, T; L*(3£2)) N
HY20,T; H/2(3£2)), then u € L*(0, T; H>?(£2)) N H' (0, T; HY/?(£2)*) and an O(h!/?)

error estimate holds. In other words, g € L%(0, T; L%(3£2)) alone is not sufficient to guarantee
an O(h'/?) error estimate in the norm of the solution space W(0, T).

3.4. Embedding and trace theorems

We will establish embedding and trace theorems for W(0, T) and an embedding-like result
for the product of functions in W(O0, T').

Lemma 3.6 (An embedding theorem for W(0, T)).

(1) For every € > 0, the continuous embedding
WO, T) — H'*>7(0,T; L*(2))
holds and
lwll 12— 0,7;2(2)) < Cllwllwo, 1)

where C may depend on €.
(ii) Forevery o € (0, 1/4), the continuous embedding

W(0,T) = H°(0,T; H/*™(2))
holds and

||w||Ha(o,T;H1/2+E(Q)) < Cllwllwo,1)s

where 0 < € < (1 —40)/2 and C may depend on o.
Proof. Let € > 0 and w € W(0, T) be given. We define Egw to be the extension of w onto R

by zero outside (0, T), i.e., Eow = w for ¢t € (0, T) and Eqw = 0 otherwise. Let E)Tu denote the
temporal Fourier transform of Eqw. It is easily verified that

2Z'JT‘L'E/OTU(‘L') = E/Oat\w(-[) + w(0) — w(o)e—Zian

(a similar relation was used in [24, Theorem 2.3, Eq. (2.41), pp. 187-188].) By taking the
HY(£2)*~H'(£2) duals against Eqw(7), we obtain

2| Eqw(@)g

< Eodrw ()| 1 g« [Eow( |, + €t w (@[5 + €t~ w(T) | + 77| Eqw(m) .

By virtue of the continuous embedding W(0, T) < C([0, T']; L?(£2)) the last estimate reduces
to
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77| Eow(r) |5 < €| Eadyw(0) |31y« + C|Eow() |} + €t 1wl 0.7-
Thus, if || > 1, we have
77! 72| Eqw(r) g < €| Eadrw (D) 311 g« + C | Eow() [} + Cr =2 w3y 0.7
so that
o' Eow(o) [
[T|>1
<C / | Eodrw (@) [ 3y1 gy d7 + € / | Eow@ |} de + Cllwly.r)-
[z]>1 |T|>1
Also, it is evident that
A g <c [ |Guolar<c [ |Buo)]iar
7)<l |T]<1 |T]<1

Combining the last two relations and using the Parseval equality, we obtain

[ Euoliar
R

< c/||E/oa,\w<r)||§,l(m* dr + C/||E<)7u<r)||§dr + Cllwliyor)
R R

2 2 2 2
= C”al‘w”LZ(O’T;HI(_Q)*) + C”w”Lz(O,T;Hl(.Q)) + C”w”W(()’T) < C”w”W(O,T)
Hence,
2 1-2¢|| 70 2 2
1B 71200 < f 12| Eqw()|2dt < Cllwly 1. (3.28)
R

Let o € (0,1/4) and w € W(0, T) be given. We wish to prove w € H? (0, T; H'/?T€(£2))
where 0 < € < (1 —407)/2. By interpolation, we have

|Eow@], 5 <CEow(@)]

so that

[ el ER @l e
R

12—e | 1/2+€
0 1 s

0 ||E w(r)” ae. 7 €R,

<c [P By | B de
R

- (1—=2¢)/2 e (1426)/2
< c</|r|4"/<126) ||E0w(r)||§dr> </||E0w(z)||fdr> .
R R

Since 0 < 20/(1 — 2¢) < 1/2, it follows from (3.28) that

_ —_— 2
/|TI4"/(l N Eow (@ o dr < Cllwiy,7)-
R
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Combining the last two estimates and applying the Parseval equality, we obtain

2 Ea 2 1-2 142 2
/ TP | Eow@) [} 00 dT < Clwllyyot 1wl 507, 1y < CIw .1
R

Hence,

2 20 | 5 2 2
||w||H“((),T;H1/2+€(.Q)) < / |T| UHE()U)(T)H1/2+€ dT g C”w”W(O’T)
R

This completes the proof. O

The following theorem concerning the trace of W(0, T) is a direct consequence of the
continuous embedding W(0,T) — H*(0,T; H 1/2+€(2)) and the well-known trace estimate
[wlle,a2 < Cllwll1/2+e for every € > 0.

Theorem 3.7. For every o € (0, 1/4), the continuous embedding
W, T)lae < H?(0,T; H (052))

holds with
lwllgeo,1;8:002)) < Cllwlhwo,ry Yw e W(Q,T),

where 0 <€ < (1 —40)/2 and C may depend on o.

Next we prove an embedding-like result for the product of functions in L4(0, T; L4(.Q)). This
result also holds for functions in W(0, T') since W(0, T) < L*(0, T; L*(£2)).

Theorem 38. If | < p <3 and w,v € L4(0, T; L4(.Q)), then there exists o > 0 such that
(wP~lv) e L2(0, T; H'=°(£2)*) and

_ -1
pr lv HLZ(O,T;HI_” (£2)*) < CHUHW(O,T) ||w||€4(0,T;L4(_Q)) < Q. (3.29)
Proof. The case p < 1 < 2 can be handled easily. Let 2 < p < 3, and note that

f|w|"—1|v¢|dx < 1wl?H oy @ ol 0o @)
2

where 1/q1 + 1/g2 + 1/g3 = 1. Choose g2 =2, g1 = (2 + €), € > 0. Then, 1/g3 = (1/2) —
1/2+4¢€),i.e.,q3=2+¢€)/e and

-1 —1
/lep ol dx < [[[wlP ™ Loro o IVl 22 1]l Lavere @)
2

After integrating from 0 to 7', standard algebraic manipulations lead to

T

/f|w|"—1|v¢|dx
0 2
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[ 1/(2+e)
</(/|w|(p1)(2+e)> vl 21l @reye
0

/ 10175 s 10l 22 B e

T T

1/ky 1/ka
Dk
||w||L(p l)(%#»e)(g)) (/ ”vHLZ(Q)) (/

where 1/kj + 1/k2+ 1/k3 = 1. Choose k1 = k3 =2 and ky = oo to obtain

T
f/|w|ﬁ*‘|v¢|dx
0 2

p—1
< ||w||LZ(p—l)(O’T;L(pfl)(2+g)(9))||U||LOC(O,T;L2(Q))||¢)||L2(O’T;L(2+5)/€(Q))‘

1/ks
”¢“L(2+é)/é(g)) ’

Note that in R? the following embedding is valid:
H'™ cL??, 0<o.

Now, let o, € > 0 be chosen to satisfy
2 2+4€

= sothat L% (2)= L9/ 2).
o €

Therefore,

T
f/|w|"—1|v¢|dx
0 2

p—1
< llw ||L2(p—1)((),T;L(p—l)(2+e)(9)) v ||L°°(O,T;L2(S?)) ”(p”LZ(O,T;LZ/"(Q))' (3.30)

2%, we compute

Using%:
2¢ =20 +0e or €= (20)/2—0).

Then, substituting this value of € into (3.30), we obtain

T
//|w|f’“|v¢>|dx

0 2
p—1
S MWL 2-1 0 7. Lir-vre-on @y 1Vl 0752220 191 20, 731277 (2)) - (3.31)

Here, we haveused2+e€ =2+ (20)/2—-0)=#4—-20+20)/2—-0)=4/2 —0).

Note that the above relation indicates that if we choose o — 0, then 4/(2 — o) — 2 which,
for fixed p < 3, resultsin (p — 1)(4/2—0)) —>2(p—1)aso — 0.

In particular, let 2 < p < 3 and choose o such that (p — 1) x
note that 2(p — 1) = 2(2 — 09). Therefore, (3.31) gives

=4,i.e., p=3— 09, and

2—o09
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1
//|w|p [091dx <120 00 7,40 102 0,120 18N 20,7 1200 2
0

or, equivalently, using the embedding H'~70 ¢ L?/°0, we obtain

1
//|w|p lvpldx < ||w||L2(z 00)(OTL4(Q))||U||L°°(O,T;L2(Q))”d)”LZ(()’T;Hl*“O(_Q))'

Taking the supremum over ¢ € L?(0, T; H'=°0(£2)), we obtain the desired estimate. [

Remark 3.9. The embedding of Theorem 3.8 is also valid for every o1 < o and moreover,

e <l

v ||L2(0,T;H]—“1 (2)%) UH L2(0,T; H!=7 (2)*)
-1
< Clvlwon 1wl7ag 7.4 <
Therefore, combining the results of Theorems 3.7 and 3.8, we can always assume that 0 < o <
1/4).

3.5. Error estimates for semidiscrete approximations of the optimality system

Let X, Y, 7, G, &), and 7}, be defined as in Section 3.2 where we recasted the optimality
system and its semidiscrete approximations into the abstract forms (3.7) and (3.9), respectively.
We now proceed to verify all assumptions of Theorem 3.1.

Given 1 < p < 3 we choose o = oy, such that p = 3 — g( similar to Theorem 3.8. Set

Z="L*0,T; H'™(2)*) x [L*(0, T; H~'/*32)) N H?(0,T; H'*(3%2))]
x H(2) x L*(0, T; H'™0(£2)*) x H™(£2)

with the obvious graph norm. We denote the Fréchet derivative of G(u, &) with respect to (u, &)
by DG (u, &); then we find that for (u, &) € X,

DG(ii, &) - (v, ) = (¢ (@) (v) + b(t, x)v, Ay, 0,v,0) V(@) e X. (3.32)

Proposition 3.10 (Verification of (3.8)). Suppose that 1 < p < 3. Then, there exists C > 0 such
that

”Dg(f" é)”1:(2(,2) ( + ||””W(o T)) (3.33)

Proof. Let (i1, £), (v,n) € X =W(0,T) x W(0, T) be given. For any p such that 1 < p < 3,
we can choose o as in Theorem 3.8. Therefore, for the pair p, og using Theorems 3.7 and 3.8
we obtain:

|DG@.&) - v.n)|%
~ 2
= (¢’ @) + b(t, x)v, A*y1,0,v,0)| 5
= [[¢'@ @) + b, X)v”iz(O,T;Hl“’O(Q)*) + ”)‘23”7 ”iz(o,T;H-‘/“%(aQ))

2 2 2
22y o0 0.7 512000y F 10IE70@) + 101172 7. 100 () + 101l 1202)
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~p—1_ 112 2 2
< C”“p U” L20.T:H'=00 (@) T Clinllyy,ry + 101y, 7)

~2—
< C(1+ il ) (. + 1013p0.7)-

Taking the supremum over all (v, n) € W(0,T) x W(0, T) with ||v||%,v + ”’7”%/\/(0]) =1, we
arrive at (3.33). O

Proposition 3.11 (Verification of continuous differentiability of G). G is twice continuously dif-
ferentiable and D*G is bounded on all bounded sets of X.

Proof. The second Fréchet derivative of G is defined by
D*G(ii, &) - ((v.m). (. 0)) = (¢" @) (v, w).0,0,0,0)
Y, n), (w,)e X=W(QO,T) x W(QO,T).

Similar to the proof of Proposition 3.10 we may show that DG is well defined, continuous and
bounded on every bounded set of X. O

Proposition 3.12 (Verification of (3.10) and (3.11)). For every (f, g, iio, C,Er) €Y,

lim [(7 = T)(f, &, 10, £, &) — 0. (3.34)
Moreover,
17 —Thllgcz,xy— 0 ash—0. (3.35)

Proof. Note that the definition of 7 consists of two uncoupled linear Robin boundary value
problems and the definition of 7, consists of two uncoupled semidiscrete approximations of
linear Robin boundary value problems. An application of Theorem 3.4 yields (3.34) and the
error estimate
i — inllwo,r) + it —tinllwo,r)
< Chgo(||f||L2(o,T;H1*Uo(_Q)*) + ”g“LZ(()’T;H*UZHTO(@Q)) + ||§||1—1“0(0,T;1-171/2(39))
+ lliolloy + 12 220, 7 rr1e0 27y + €T llop)
g ChUO ”(fv g7 ﬁO’ Eﬂ%T)HZ

for every (f, g, uo, Z’ §T) € Z. Hence, (3.35) follows from the last error estimate. O

Through Propositions 3.10-3.12 we have verified all assumptions of Theorem 3.1. Thus, by
that theorem we obtain the following results.

Theorem 3.13. Assume that ug € L*(2), f € L>(0,T; H'(2)*), U € L*>((0, T) x 2)) and
Y € L>(2). Let (u, &) € W(0, T) x W(0, T) be the solution of the optimality system (2.19), (2.2)
and (2.16)—(2.17). Let (up, &,) € H'(0,T; V) x HY(0, T; V) be the solution of the semidiscrete
optimality system (3.6). Then

lu —unlweo,ry + 11§ — Enllwo,ry =0 ash— 0.

If, in addition, u, & € L*(0, T; H"*'(2)) N H'(0, T; H~1(2)) for some r € [0, k], then
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e — unllwo,ry + 1€ = Enllwo.ry < Ch" (lull 20, 7: 5r+12y) + 16 L200.7: 7 +1 (2)

+ || 8[1/! ”Lz(O,T;H”l(Q)) + ||31M ||L2(O,T;H”1(.Q)))‘
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