LAGRANGIAN AND MOVING MESH METHODS FOR THE CONVECTION
DIFFUSION EQUATION

KONSTANTINOS CHRYSAFINOS* AND NOEL J. WALKINGTONT

Abstract. We propose and analyze a semi Lagrangian method for the convection-diffusion equation. Error
estimates for both semi and fully discrete finite element approximations are obtained for convection dominated
flows. The estimates are posed in terms of the projections constructed in [7, 8] and the dependence of various
constants upon the diffusion parameter is characterized. Error estimates independent of the diffusion constant are
obtained when the velocity field is computed exactly.
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1. Introduction. We consider the approximation of solutions of the convection diffusion
equation:
(1.1) u+VNVu—eAu=f, (t,z)e (0,T) x £,

subject to boundary and initial conditions
u|Fo = 9o, 8u/8n!r1 =9, u’t:() = Uop-

Here Q C R? is a Lipschitz domain, T UT; = 09, and V : Q — R? is a prescribed velocity field.
We are particularly interested in the situation where the coefficient € > 0 is small. Approximations
of this equation experience many of the problems encountered in fluid simulations; for example,
boundary layers form when competition between the convection and viscous terms gives rise to
large gradients. Convection dominated flows typically exhibit features on scales too fine to resolve
with a practical mesh, so the analysis of any numerical scheme for this problem should be valid
for coarse meshes with mesh size h >> € (large cell Peclet numbers).

Issues that complicate the analysis of schemes to approximate the convection diffusion equation
include:

1. The diffusion (or coercivity) constant e frequently appears in the denominator of constants

bounding the error. For example, Gronwall arguments typically give rise to constants of
the form exp(Ct/e).
Eliminating this undesirable dependence is the focus of this paper. We analyze “semi-
Lagrangian” algorithms and develop error estimates with constants bounded as € — 0
when the velocity field is computed exactly. The schemes are “semi-Lagrangian” in the
sense that the transformation from Eulerian to Lagrangian coordinates is reinitialized
at each time step. This is required since the “flow map” relating these two coordinate
systems loses regularity (at an exponential rate) for all but the simplest velocity fields.

2. When the diffusion constant is small the solutions are not regular in the sense higher
Sobolev norms of the solution are unbounded as € — 0.
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A practical way to circumvent this issue is to use a posteriori error estimates to drive local
mesh refinement. The a priori estimates (independent of €) obtained here are required as
a first step of this approach.

The use of Lagrangian and Eulerian-Lagrangian descriptions for incompressible fluids has been
proposed by several authors for both analytical and computational purposes. In [1, 17, 18],
several issues regarding the implementation of the finite element method for the Navier Stokes
equations in a Lagrangian coordinate system were discussed. In particular, note that in [17] a
dynamic-mesh finite element method has been proposed and several computational issues were
addressed in the Lagrangian framework.

The main advantage of posing equation (1.1) in Lagrangian coordinates is that the convective term
vanishes and interfaces are naturally tracked; however, as time evolves this change of variables
becomes very badly conditioned in the sense that the norm of the Jacobian and its inverse
grow exponentially. In the context of a numerical scheme this results in tangled meshes causing
the algorithm to fail. To circumvent this problem the algorithm in [17] remeshes the domain
at each time step. This naturally leads to the study of moving mesh discontinuous in time
finite element methods in the Lagrangian frame. Despite the extensive literature, especially in
engineering, rigorous numerical analysis of such algorithms has not been addressed before even for
the convection-diffusion equations. The theory for discontinuous Galerkin schemes! [23] provides
a natural setting for the analysis of such schemes and this approach is adopted below. Results
for an algorithm for incompressible fluids using an Eulerian-Lagrangian description with implicit
Euler time steps were presented in [10, 11]. The main focus of our analysis is the development of
error estimates applicable to higher order elements; these results appear to be new.

1.1. Symmetric Error Estimates and Related Results. When the parameter ¢ > 0
in (1.1) is small the solution loses regularity in the sense that various Sobolev norms become
unbounded; indeed, physically interesting problems exhibit layers and other irregular structures.
Since these norms appear in interpolation estimates, the classical theory breaks down. This
motivated the development of “symmetric” error estimates by DuPont and Liu [14]. In general,
if u € U is approximated by wuy, € Uy, then a symmetric estimate for a norm ||.|| takes the form

(1.2) lu —upl| < C inf |Ju— v,
v €UR

or more generally
lu = un| < Cllu— Pr(u)l,

where Py, : U — Uy, is a projection. This is motivated by the fact that the solution w is often
piecewise smooth, and symmetric estimates then show that high order numerical schemes com-
bined with mesh refinement can be used to effectively reduce the size of the right hand side. This
contrasts with classical approaches which would typically dismiss higher order approximations
due to a lack of global regularity.

A second problem encountered with numerical approximations of (1.1) is the dependence of
various constants upon e. A well known example of this arises with Galerkin approximations of

!Classically discontinuous Galerkin methods for parabolic problems were discontinuous only in time, and this
is the approach considered here. Recently methods were developed that include discontinuous in both space and
time [2].



the classical weak statement:

(1.3) /OT/Q ((ut+v.vu)u+evu.vu):/OT/QfH/OT/H gv,  wlp, =0.

The constant appearing in (1.2) for approximate solutions computed using this weak statement
takes the form C ~ exp(t||V| 1~ q)/€). Numerical experiments show that, for coarse meshes,
Gibbs phenomena associated with the layers grow exponentially, indicating that this constant is
sharp. It is also well known that for fine meshes (cell Peclet number small) the classical scheme
gives very good answers; however, such meshes may be prohibitively fine.

To circumvent the exponential dependence of constants upon 1/e formulations have been de-
veloped to better accommodate the convective term. Such formulations include moving mesh
methods [14, 16], time dependent basis functions [2], and Lagrangian or semi-Lagrangian (also
called characteristic Galerkin) methods [3, 13, 15]. An overview of these methods is given in
Section 2 below. One feature common to all of these methods is the introduction of coordinates
aligned with the characteristic directions of the vector field V. In unit time the Jacobian of this
change of variables becomes ill conditioned, even for smooth vector fields V. Frequently this
degeneracy is neglected so the resulting analysis should only be considered applicable for short
times. This omission may be subtle since it can implicitly appear in hypotheses concerning the
norm of various projection operators or hypotheses on mesh quality. The development of fast
and reliable parallel meshing algorithms [17, 22] provides a practical solution to this problem.
Below we show that the projection errors associated with frequent remeshing of the domain can
be controlled and derive error estimates with constants independent of e.

1.2. Notation. Below C' denotes a constant depending only on the (bounded Lipschitz)

domain € which may change from occurrence to occurrence. The space of square integrable
functions on €2 is denoted by L?(f2), and the Sobolev space of functions having m > 0 square
integrable derivatives on €2 is denoted by H™(Q). The subspace of functions in H'(Q) which
vanish on the boundary is denoted by HE(Q), and the dual of H}(Q) is denoted by H~1(€).
The L?(Q) inner product is written as (-,-) and (-,-) = (-, '>(H*1(Q),H5(Q)) denotes the duality
paring between the indicated spaces. If X is a Banach space, notation of the form L2[0,T’; X],
H'[0,T; X], etc. is used to denote the spaces of functions from [0,7] to X with the indicated
regularity.
To accommodate transformations between the Eulerian and Lagrangian coordinates equivalent
weighted L*(€2) and H'(Q) norms are introduced which are denoted as H(t) = (H, || - || g()) and
U(t) = (U, - llt)) respectively. The norms of these spaces depend upon time. The pivot spaces
H(t) have inner product (u,v)g) = (J(t)u,v)g for an appropriate mapping J (related to the
transformation). It is assumed that U(t) C H(t) with embedding constant independent of time,
and we will frequently use notation of the form

T
o A ——— /0 )2

to indicate the temporal regularity of functions with values in U(.). The dual of space of U(.) is
denoted by U’(.).

2. Moving Meshes, Time Dependent Bases, and Lagrangian Methods. In this sec-
tion we survey some of the ideas proposed to enhance the performance of numerical schemes for
3



the convection diffusion equation. In particular, the similarities between numerical schemes that
exploit moving meshes, Lagrangian coordinates, and time dependent basis functions are high-
lighted. These formulations are related through changes of variable conveniently described by
“flow maps”, which we introduce next. While this material is standard, it is convenient to recall
the constructions and introduce notation to distinguish the various subtitles that arise.

2.1. Flow Maps. Given a smooth velocity field V = f/(t, x) the associated flow map, x =
x(t, X), satisfies )
(2.1) ot X) =V(t, 2t X)), =2(0,X)=X,

(the dot indicating the partial derivative with respect to time with X fixed). Recall that when
V is smooth x(t,.) : R — R? is a diffeomorphism, and the Jacobian F' = F(t, X) = [0x;/0X,)]
satisfies

(2.2) F(t,X)= (V,V(t,2))F(t,X), F0,X)=1 z=x(tX).

The determinant J = det(F) satisfies J = J div,(V). In the mechanics literature X is referred
to as the Lagrangian or reference variable and x the Eulerian or spatial variable.

For a fixed domain Q, C R? let Q(t) = x(t,9Q,). The normal n, = n.(X) to ©, and normal
n =n(t,z) to Q are related by the formula

_Tn
n(t,x) = <|F_> t,X), Xe€o, x=xtX).

If

V(t,z)n.(X)=0, Xe€dQ,, z=x(tX),

then Q, = Q(t) = Q is invariant, so x is a diffeomorphism from €, to itself. To minimize the
technical detail, it will be assumed that I'g = x(¢,I'o;) and I't = x(¢,T'1,) are independent of
time. This requires V' to vanish on I'g N I';.

Introducing the change of variables u(t, (X, t)) = 4(t, X) we compute
. 1
Gy =u +V.Vou, Veu=FTIVxt, Au= jdivX(JF_lF_TVX@).

2.2. Lagrangian Formulation. If v = w(¢,z) is the solution of (1.1), then u(t,X) =
u(t, z(t, X)) satisfies

i+ (V- V)F T Vxi— (e/J)divy (JET'FTVxa) = f,  (t,X) € (0,T) x Qy,

where f(t, X) = f(t,2(t,X)). Upon recalling that J = Jdiv, (V) this equation can be recast into
the form considered in [7].

(2.3)  (Ja), + ( — divg (V)i + (V — V)F—T.vxa),] — edivy (JF—lF—TvXa) = Jf.
The natural weak problem associated with this description is (@ — go)|r,, =0

T
/0 / <(ﬂt + (V — V)-F_TVXQ)@ —+ G(F_TVXﬂ>.(F_TVX@)) J

T ) T
(2.4) _// Jfﬁ+// GoJ|F~ T,
0 Qr 0 Flr
4



By analogy with the classical weak problem (1.3) we expect the constant appearing in the error es-
timate for approximations of this weak statement to be of the form exp(¢||V — V||%oo[0 T~L°°(Q)]/6)'

While the choice of V ~ V eliminates the ¢ dependence in the “Gronwall constant”, other con-
stants associated with the change of variables occur; for example,
HJA/QHZL(QT)|WHL2(Q,.) < llullz2y < 1721 oo il 220,
and
HJ_l/ZFTHZOIO(QT)”VX{LHL%QT) < Vol g2 < 1T2F 7| poo @) IV x @ £2(0 -

Upon recalling that the Jacobian satisfies (2.2) we expect
IFE ) o0, = oxp ([VaVlloot) s and 175 @)z, = exp (dive (V) oot )

where ||.loc = ||l zocjo,m;z0(0))- The constants appearing in various error estimates will suffer
from the same deterioration with large ¢. However, if F'(0) = I (so that J(0) = 1), then for short
times the norms are comparable and this motivates semi-Lagrangian schemes which re-initialize
the transformation to the identity at the beginning of each time step.

2.2.1. Semi-Lagrangian or Characteristic Galerkin Methods. The characteristic Galerkin
method of [3] can be viewed as an Euler time discretization of the Lagrangian form of the equa-
tions. If the initial condition for the flow map is taken as z(t", X) = X, then F(t",X) = I and
J(t", X) = 1 so that Vxa(t", X) = Vyu(t",z). The implicit Euler approximation of the weak
problem (2.4) with V =V on the interval (t*~1,¢") becomes

o (L ) + eVt .V =
I S R R |

(") + / g(t"o,  vlpy(emyo.
Q(tn) Iy (tm)

It is common to approximate u™ 1 (x ("1, z)) by u"~!(z — V(t", x)7) where 7 = t" — t"~! is the
time step [3]; however, more accurate quadrature formulae can be used [21].

2.3. Time Dependent Basis Functions. Traditional finite element approximations of
evolution problems construct time dependent functions as tensor products. That is, approximate
solutions up = (¢, x) take the form

up(t,z) = Z di(w)ui(t),

where, for example, {¢;} may be the traditional Lagrange interpolation functions. One approach
to circumventing the difficulties encountered with traditional Galerkin approximations of the
convection diffusion problems is to modify the basis functions {¢;} so that they are better adapted
to the solution. One possibility is to consider basis functions that may depend additionally upon
time (see e.g. [2])

up(t,z) =Y ¢ilt, 2)ui(t).
i
Denote this semi-discrete class of space-time basis functions by Up,. then

upt + V.-Vup, = Z ot + (dir + V.V ;) ;.
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r = x(X)
/\
X | 1
p: K —R ¢: K —>R
R

F1c. 2.1. Classical finite element basis functions are constructed by composing basis functions on the reference
simplex with a map x : K — K.

When ¢;: + V.V¢; = 0 it follows that up; + V.Vuy, € Uy. To see how this simplifies the convection
terms, let @, be the L2[0, T’; L2(Q)] projection of u onto Uy, and set &, = @y, — up. If V.n vanishes
on Jf) then

/ / eht—i—VVeh)vh—/ehvh]O / /eh (vpt + V.NVup) + div(V)eépup,
/ehvh]() / /dZU 6h’0h

The final expression doesn’t contain gradients, so could be used to derive error estimates inde-
pendent of €. Notice that requiring ¢+ + V.V¢; = 0 is just the statement that ¢; is independent
of t in the Lagrangian coordinates (¢, X). In this context it is clear that algorithms with such
time dependent basis functions will give similar results to algorithms based upon Lagrangian
variables. Of course it is not clear how to construct such basis functions which also belong to
L2[0,T; H'(Q2)]; the moving meshes discussed next is one possibility.

2.4. Moving Meshes. One method of adapting the mesh to the solution of an evolution
equation is to let the mesh evolve with the solution, [5, 20, 19]. For convection dominated
problems it is natural to let the mesh points flow along the streamlines (characteristics) of (an
approximation of) the velocity.

Recall that for each mesh cell K, the classical finite element construction introduces a reference
simplex K and a mapping x : K — K determined by

=> di(X)z;, XeK.

Here {z;} are the nodes of K and {@A}, are Lagrange basis functions with 9;(X;) = &;;, where
{X;} are the corresponding nodes of K (see Figure 2.1). The approximation, uy(t,x), of u(t,x)
on z € K is typically given by

— Zﬁgz(X)uz(t) = Zqﬁl(:n)uz(t), X ek,



where {u;(t)} are the values of uj, at the grid points and ¢; = ¢; o x !

basis functions on K.

are the corresponding

Consider next the situation where the grid points may move, z; = x;(t). Then
= $(X)zi(t), and &t X) =) (Xt
i i

where v;(t) = @;(t) is the velocity of the i*" node. Let K (t) = x(t, K) be the mesh cell at time ¢
and let ;(t,.) : K(t) — R be given by 9;(t,.) = v); 0 x " 1(t,.). Define the velocity field V on K (t)
by V =i ox ! so that f/(t, x(t, X)) = (t, X). Then x is the flow map associated with V and if
ii(t) = V(t,z;(t)) for a specified velocity field V, then V is the (isoparametric) interpolant of V
on K; V(t,x) = 3, ¢i(t, 2)V (¢, zi(t)).

Next, define the approximation uy of u by

Up(t, X) = up(t, z(t, X)) Zqﬁl w;i( X ek,

and introduce the time dependent basis functions ¢;(t, z) = ¢; o x " 1(¢,2). Then
= it )ui(t), e K(t),

gives a representation in terms of time dependent basis functions as in the previous section. The
relationship with the Lagrangian formulation is apparent from the computation

Ui (t, X) = upe(t, 2) — V(t, ). Vaup(t, ) Zqﬁ, t,x)u;(t r = x(t, X).

3. Semi-Discrete Scheme. In this section error estimates are developed for numerical
schemes based upon the weak problem (2.4). Specifically, if U, C H'(£2,) is a finite dimensional
subspace of functions vanishing on Iy, with basis {¢;} we seek 4y, of the form

tp(t, X) = gon(t, X) + Z ¢i(X)i(t)

satisfying

(3.1) /OT/Q <(ﬁht +(V - V).F—Tvxah)@h + e(F—TvXah).(F—TvX@h)> J

T R T
:/ fﬁh.]+// GonJ|F~ T,
0 Qr 0 FlT

for all o, € L2[0,T; Uh] Here gop, € H'(€,) is an approximate lifting of the non-homogeneous
boundary values gy to the Lagrangian coordinates. The velocity V is an approximation of the
velocity field V' (for example the isoparametric approximation appearing in Section 2.4) and F' is
the Jacobian of the flow map introduced in Section 2.1.
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Notice that writing (3.1) in terms of the Eulerian variables gives a Galerkin approximation of
weak problem (1.3) with time dependent basis functions on a moving mesh.

To reduce the technical detail it will be assumed that V.n = V.n = 0 on 9, so that Q = Q, and
V!rompl = 0 so that [y, and 'y, are independent of time. The major simplification realized by this
assumption occurs with the fully discrete scheme where the reference configuration is updated
every (few) time step(s) to the current configuration, Q(¢"), and remeshed. This assumption
eliminates the error associated with approximating the domain Q(t") by a finite element mesh
Q,(t") and constructing subspaces of functions which vanish on I'g,. While €2, and Q coincide
as sets, it is convenient to retain the notational distinction to distinguish between integrals with
respect to the Lagrangian and Fulerian variables.

Notation: Integrals over the reference domain €2, will be with respect to the Lagrangian variable
X and integrals over 2 will be with respect to x. That is,

/Tﬁ:/rﬂ(X)dX, and /Qu:/ﬂu(:c)d:c

3.1. Projections. Projections will be used in an essential fashion to derive error estimates
that do not depend upon u;. The Jacobian of the flow map x : 2, — § corresponding to the
veloicty field V' is denoted by F', and its determinant by J.

Define the weighted projections P(t) : L2(Q,) — U, by:
P(t)o € Uy, / J(t, ) (60— PMt)d)o, =0 Yoy € Up,.
Qr

Let the corresponding time dependent (Eulerian) subspaces Uy (t) C L?(Q2) be those obtained
under the change of variable Uy, (t) = {@n0x |45 € Up}. The (unweighted) orthogonal projection
P (t) : L2(Q) — Up(t) is related to P by Phu = (P"a) o x 1.

We emphasize that the functions in Uy, are constructed using standard finite element basis func-
tions. The time dependent (Eulerian) subspaces Uy (t) are only implicitly defined, and are only
used in the analysis.

Similarly, we define the generalized weighted L2() projections Q"(t) : U' — Uy, by

Qwioeln [ )@ 0= (o.in)  Vidy < Uy
Q"(t) is an extension of P" when U < H(t) < U’, and H(t) is the space L?(9,) with weighted
inner product,

(i 0)n) = [ @07t

This projection will be used to derive error estimates for the time derivative in L2[0,T;U’]. By
changing variables the corresponding generalized projection Q" (t) : U’ — Uy(t) in the Eulerian
variables may be defined. The relationship between the operators is illustrated in the commutative
diagram shown in Figure 3.1.

In Figure 3.1 ¢ : Up(t) — U is the inclusion map and ¢/ : U" — Uy (¢)" is the dual map: /' (u/)(vy) =

u'(vpot) = u/(vp), and the notation (ox) : U — U is used to indicate the mapping (ox)(u) = uox

and (ox)' : U’ — U’ is the dual map: (ox)'(4')(v) = @/(v o x). The rightmost two columns of the
8



Un(t) — U — H=L*Q) — U N /(7= N N (5!
ox | ox | 0 (OX), 1 (OX), 1 ox
J ‘ J ~ AN R R
Up = U <= H)=(LQ) [l lny) < U = U 200,

Fic. 3.1. Commutative diagram relating the dual and pivot spaces. The embeddings — are injective, and the
mappings — are surjective.

diagram illustrate the Reisz isomorphism between the finite dimensional spaces and their duals
associated with the indicated inner product. The composite mapping from the leftmost column
to the rightmost is the identity map (so the diagram commutes if the first and last column are
identified). The projection Q"(¢) is the mapping from U’ to Up(t) on the top row, and Q(t) is
the corresponding map on the bottom row.

The approximation properties of P" and Qh in various norms are considered in Section 3.3 below.

3.2. Error Estimates for Weak Problem (3.1). In this section error estimates for ap-
proximate solutions of weak problem (2.4) computed using (3.1) are developed. Estimates of the
error |[u — up||Leofo,7;02(0)) and its convective time derivative ||t — 1ip||12[0, 7,07 are established.

If 4 is a solution of (2.4) and @y, a solution of (3.1), the orthogonality condition will be used
frequently,

(3.2) / ((ét +(V - V).F‘TVXé)ﬁh + e(F—Tvxé).(F—TvX@h)) J=0 Vi, eUy,

where é = @ — @,. The next theorem bounds the errors in the natural norms L?[0, T’; L?(Q2)] and
L2[0,T; H'(2)] even though the approximate solution is computed in Lagrangian coordinates.

THEOREM 3.1. Let Uﬁ C HY(Q,) be a finite dimensional subspace of functions vanishing on Loy,
and assume that V, V € L*[0,T; L>=(Q)] and div(V) € L0, T; L>®(2)] and V.n. = V.n = 0 on
oN.

If 4, Uy are the solutions of (2.4) and (3.1) respectively and e = u — uy, then

(3.3) ||e”%oo[o,T;L2(Q)] + (6/2)HVI€H%Q[O,T;L2(Q)]
< C(11e(O)132(a) + 2lepl} o722 + 261 VaeplFao 2y )

where e, = (u — gon) — P"(.)(u — gon) and

C = exp ((1/6)“‘/ ~ V21100 T (1/2)HdiU(V)HLl[o,T;Loo(Q)}) :
In the above the hat (A) denotes a Lagrangian variable related to the corresponding Eulerian
variable by 4 = wox where x is the the flow map associated with V (equation (2.1)). In particular,
Up(t) = {tiox™' | 4 €Uy}, and P"(t) : L>(Q) — Uyx(t) is the orthogonal projection.
Proof. Write @, = gop, + P (4 — gon), and decompose the error as

~ ~ A~ A~

U — Gy = (U — tp) + (Tp — Up) = €y + €.
9
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By construction ép, € Uy, and selecting 0y, = € — €, in the orthogonality condition (3.2) shows

(3.4) / (ét (V- f/).F—TvXé) eJ + e|F TV yél?
Q

/ (ét F (V- V).F_TVXé> ey + e(F TV xe).(F TV xe,)J
Qp

Note that
= [ (59),- [, 5
o, \ 2 Q, 2
d/ J - / & dem
dt Q, Q,

e
2
d 62 2 B
T}, and, since Uh is independent of ¢, ép; € Uh Also,

We emphasize that é(t) € Uy, for a.e t € (0,
ép =1 — Uy = (4 — Gon) — P"()(@ — Gon) L Up,

where, at each time, the orthogonality is with respect to the J-weighted L?(2,) norm. Therefore

/ étépJ:/ (épt+éht)ép<]:/9 Eptbp

Q
7 Le - [ ardime,

T dt
P"(.)(u — gop) is the Eulerian projection error; é, = e, 0 x

where e, = (u — gon)
The convective terms may be bounded as

/ ((V—V).F‘TVXé)éJ:/((V V).Vae)
Q Q
IV =V12wq €
Dlela) + 5 1Veelz2):

- €

IV =V ¢
L lepl 72y + Z||Vx€||%2(m-

and similarly,
€

/Q ((v . V).F*Tvxe) ey <

Furthermore,
T A -T A €
e(FVxe).(F7 Vxép)d < 7 [IVaelli2g) + €l Vaeplli2(g

Substituting the above estimates into (3.4)
1d
3d (H el 720 ”%H%%Q)) ((1/2)HVJ:6”%2(Q) = 2[[Vaeplli2q )
(1/2)diva (V) o) ) (lel3aqy + llepliFaey)

_«umw—vﬁwm+
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This estimate takes the form

%(a —a) 4+ (b—B) < C)(a+a) = C(#)(a - a) +20(H)a,

where each quantity is non-negative. Gronwall’s argument shows

T T
a(T) + /0 p(s, T)b(s)ds < p(0,T)a(0) 4+ 2u(0,T) og?gXTa(s) + /0 wu(s, T)B(s) ds,

where pu(s,t) = exp(fst C(&) d§) is the integrating factor. O

The above result contains constants similar to the those in [14, 16], which take the form “approx-
imation of convection/diffusion”. For convective dominated flows the exponential dependence
on the diffusion constant € can be eliminated using a sufficiently accurate approximation of the
velocity field.

Using the projections introduced above, an error estimate for the convective time derivative can
be obtained in L2[0,T;U"].

THEOREM 3.2. In addition to the assumptions of Theorem 3.1 assume div(V') and div(V') are in
L20,T; L®(Q)], and let Cg = Cq(T) be the stability constant of the projection Q" with respect
to the H*(Q)) norm characterized by

Q" (W) wll () < Colwllm), — and  |lw—Q"B)wlmq) < Collwlla ),
forallw e U and 0 <t <T. Then
el 20,70 < 3C (H’d — Q|| 22101001
(V= VI e + iV = V) p00) elogo ronany + € IVael o rinon )

where e = u — uyp, and é = e; + V.V e denotes the convective derivative.

Remark: In Section 3.3 explicit bounds are obtained for the constant Cg in terms of the flow
map and its derivatives.

Proof. If w € U, the orthogonality condition (3.2) may be used to obtain
/ e = / (o — QM) J +/ e QMg

= / e — QM) — / (V =V).(FTVxe)QMiJ + e(F~ TV xé).(F~TVxQ"))J.
The definition of the projection allows the first term on the right to be written as

| ato—@rays = [ o -@rays = [ (- Qana - Qi)
Q Q.

Qr
- [ - QM - Qw).
Q

Substituting this into the previous expression and writing the right hand side in terms of Eulerian
variables gives

/ & = /Q (i — QM) (w — Q"w) — (V — V).(Vae) QM + e(Ve) (Vo Q0)

= / (0 — Q") (w — Q"w) — ediv, (Qhw(V — V)) +e(Ve).(VoQ w).
Q
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The last line was obtained upon integration by parts and noting that the boundary term vanishes
since (V —V).n=0onI'1. Then

/Q éw < i — Q| — Qe
~ 19 . ~ 2 12 h
Hlellzzay (IV = 7y + iV = P3eqey) - 1Q"wlls ) + el Vel oy V@l 12

Using the stability hypothesis to bound HQthHI(Q) by Cqllwlf1(q), and taking the supremum
over w € U shows

léllor < Colli - Qi
3 , 3 1/2
+ (HV — Vi) + ldiva(V — V)||%oo(9)) lellzz) + €||Vx6HL2(Q)>-

Squaring both sides and integrating with respect to time completes the proof. O

While there is no direct dependence on F' and J, an implicit dependence appears through the
approximation properties of the projections P"(t) and Q"(t).

3.3. Interpolation in Weighted Spaces. In this section the approximation properties of
the time dependent projections Ph(t) are considered. The approximate solutions are constructed
using standard finite element meshes to triangulate €2,.; however, the standard approximation
theory is not immediately applicable since the ||.||f2(q) and ||.| z1(q) norms appearing in the error
estimate become time dependent weighted norms when expressed in terms of the Lagrangian
variables.

Define the norm ||.|| () and semi-norm .|y on U by

il = /Q @2t and il = /Q (Vx@) (L) () TV xa ().

As above J = det(F) where F is the Jacobian of the flow map z = x(t, X) satisfying equation
(2.1) with velocity field V. If 4(X) = u(z(t, X)) then

lullr2) = llallaw, — and  |ulgiq) = [Glue-

Error estimates in the weighted norms are obtained by showing that ||.|| H(t) 18 equivalent to
the unweighted norm |||y = |-llz2(q,), and similarly for [.[). The following elementary
application of Gronwall’s inequality is used to accomplish this.

ProrosiTION 3.3. Let X be a linear space and {HX(t)}tZO be family of semi norms on X, and
suppose there exists Cx(t) > 0 such that for each x € X

—Cx ()23 < (1/2)(d/dt)]x 5y < Cx (t)]x5 -
Then for each x € X and s <t,

o J1Ox el ex ),

] x(s) ) < alx < |2lxs

12



Upon recalling that J = Jdiva(‘N/) and F' = (V,V)F, so that? (F~T) = —(V,V)TF-T, direct
calculation shows that for 4 € U fixed,

(3.5) (@/dn)ilfyy = [ 07 diva(V),

and

(3.6) (d/dt)lal ) = / (vXa)TF—1< — V.V — (V)T + divz(f/)I> FTVxaJ.
Qr

In the mechanics literature D(V) = (1/2)(V.V + (V,V)T) is called the stretching tensor and
measures the shearing rate. It follows that

@l moye™ D < llalue < lallaee®®,  and  |ayee?® < Jalpe < lilpee®?,

where

(3.7) Cot) = (1/2)lldive(V)ll 1041000, and  Ca(t) = Co(t) + [ID(V) |l 1(0,4, 100 2

The following lemma combines these estimates with standard finite element interpolation esti-
mates, [9], to bound the various projection estimates in the weighted spaces.

LEMMA 3.4. Let {Tp}r>0 be a quasi-reqular family of triangulations of Q,, and for each h > 0
let Uy ¢ U = {4 € HY(Q,) | dlp, = 0} be a classical finite element space constructed over
Ty containing piecewise polynomials of degree £ > 0 on each K € Ty. If go € H'(S,.) then the
translate go + U is denoted by U(Qo).

1. (Estimates in H(t)) If & € U N H™(Q,) then there exists C = C({)
la = PM(t)ill gy = 18— Q" (1)l ey < CeP Dl gesr(q,yh™,

where Cy(t) and C1(t) are the constants appearing in equation (3.7).
Let go € H™HYQ,) and gon, € H'(Q,) be the finite element interpolant of go. If 4 €
U(go) N HTY(Q,) then

i — gon — P™(£) (@ — don)ll ey < Ce“ D] gress g, W

2. (Inverse Inequality) If the triangulations {7y }n~0 are quasi-uniform then there exists C' =
C(0) such that A
ey < (C/R)ePCOTAD iy ey Y dy € Uy

3. (Estimates in U(t)) If the triangulations {7, }n~0 are quasi-uniform then there exists
C = C(¢) such that

i@ — P ()il = i — Q" (®)alyy < COTAD | prir g b, Vi e UNHTY(Q,).

Let go € H™YQ,) and gon € HY(,) be the finite element interpolant of go. If 4 €
U(go) N HY(Q,) then

& — gon — P"(t) (& — gon)lvre) < CCOTAD i oy 1.

r

2The derivative of F~7T is found by differentiating FTF~T = I.
13



Proof. (1) Using Proposition 3.3 and equation (3.5), estimates in L?(2,.) follow directly, since if
aeUnHTY(Q,),

1o — PM®)allaey = inf & —dnllae

thUh
< ™ inf i — 1| (o)
thUh
— eco(t) 1nf ”U - whHL2 (Qr)
whEUh

< Ceolt |U’Hé+l(Qr)h£+1.

The last inequality follows since the finite element interpolant, wy = I (1) € Uy, satisfies this
estimate [9]. The corresponding estimate for the translate @ — go is

(@ = gon) — P"(£)(@ = Gon) |l ey < e inf i — Gon — nl 20,y < CeO ] e (g, T

whEUh
The last inequality following since it is possible to select gop,—wyp, = I5 (@) when gon|r,, = In(Q)|r,, -
(2) If ay, € Uy,
‘?h‘U () (Co()+Ci(1) ’f‘h’U 0 _ Co®)+Ci(t) ’WH {@) o Cow+Cit) (o),
il & il & o) il 2o,

where C' = C({) is the constant associated with the classical inverse estimate [9].

3) The inverse estimate is used to estimate |4 — Phﬂ\U(t).

i — P ()it < |6 — dnlug + [wn — P"(H)|ugy  wh € Uy
< Ji = bnly ) + eLOTADC/R) b — P ey
< i — tn ey + €OOFD (/) (Hﬁ — P"®)l gy + 1@ — ﬁ)hHH(t))
< | — Wp |y sy + 2eCOTAO(CYR) @ — g gy

IN

e ONa — 1bp |y (o) + 26*COTAD(C/R) |6 — don | o)
= eOi — |1 (q,) + 26°COTAD(C/R) @ — @ 2 q,)
S 06200(t)+01(t)’u‘HE+1(QT)h .

Estimate on translates @& € U(go) follow as in the proof of (1) above. O

Remarks: The quasi-uniform assumption on the mesh is used solely to guarantee that the L?(2,.)
projection onto the finite element subspace U, is stable when restricted H!(£,.). Stability of the
projection can established under much weaker restrictions on the mesh geometry [4, 6]. In this
situation the proof of (3) would proceed directly as in the proof of (1).

Estimates for the projection errors appearing in Theorems 3.1 and 3.2 and the stability constant
Cq of Theorem 3.2 now follow.

COROLLARY 3.5. Let ug € HT1(Q) and assume that the initial value, upg, of the approzimate
solution is the finite element interpolant of ug. Under the hypotheses of the Lemma 3.4 and
14



Theorem 3.1 there exists a constant C > 0 such that the approximate solutions uy, of the convection
diffusion equation satisfy

lw —unll oo, 2 ) + Vel Valu = up)ll 2,2 < Cllifl e 0,73+, (B + Veh'
and if additionally the hypotheses of Theorem 3.2 hold then

[ — @l L2po,rvr) < Clliiell p2gosrs e o,

+C| @l oo o, 1m0+ (0,)] <(HV — Vllz2pomz ) + 1div(V = V)| p2po 7.0 (o)) b + 6) ht,

provided @ = wo x € L*®[0,T; H*Y(Q,)] and 4, = @ € L2[0,T; H*1(Q,)]. The constant C
depends upon the flow, €, and T through

exp <||divx( M zrorcoo@) + 1D rzeo@y + (1/e)|V = V||L2[0TL°°(Q)])

where D(V) = (1/2)(V.V + (V. V)T).

Proof. Combining the estimates of Lemma 3.4 and the identities |[ul|z2(q) = [[w o x(, )| z@), and
[ul g1y = |luo x(t, )|u(), with the bound from Theorem 3.1 gives the first estimate.

The bound on the time derivative requires estimates for % — Q"(t)u in the dual norm and the
stability constant. The dual norm is estimated as

(i — Q" (t)1, ) [2(q)

i — Q"(t)il|yr = sup

weU 1wl a1 (0
w#0
(i — Q"(t)luy, ) gy
= sup -
el o ey
W £ 0
N Ah A~ N N
Up — t)u, W —w N
~ (a —Q ()At n)H(1) ——
el @ ler )
W £ 0

< CeP W ity| ey BT x CePD ([i] i o/ [1Dlr(e) )
< 026200(75)"!‘01(75 |ut|HZ+1(QT)h —|—2’
where C' = C(¥) is the constant from Lemma 3.4. The stability constant is estimated by substi-
tuting £ = 0 into the third statement in Lemma 3.4.

lu— Q" (t)ulpi(q) = |0 — Q" 1)ty

< C€QCo(t)+C’1(t)‘@’H1(Q )

< 06200(t)+2cl(t)|’&‘(](t)
— 06200(75)+201 () |u’H1 @
It follows that the stability constant may be bounded as Cg(t) < Cexp (2Cy(t) + 2C1(t)) where
C=C(). DO
Remarks:
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1. The exponential growth in the constants appearing in the approximation estimates is
undesirable. This problem persists even for the simple situation where V is constant, and
is implicitly present in the analyses in [14, 16].

2. In the next section this problem is eliminated by redefining the reference configura-
tion at each time step. Essentially, this corresponds to replacing the initial condition
2(0,X) = X with z(t"1, X) = X at each time step. The constants then take the form
exp(||div(f/)HLoo(Q)7'") where 77 = t" — "1 is the time step.

3. The error estimates contain Sobolev norms ||@| ge+1(q,) which involve derivatives of the
solution with respect to the Lagrangian variables. It is possible to bound derivatives with
respect to the Lagrangian variables by derivatives with respect to the Eulerian variables;
however, the constants involve higher derivatives of V which grow exponentially in time.
Moreover, it is possible that the solution in the Lagrangian coordinates is smoother than
the solution written in terms of Eulerian coordinates so bounds in the Eulerian coordinates
may be undesirable.

4. Fully Discrete Approximations. In the Lagrangian context, the discontinuous Galerkin
method allows redefinition of the reference configuration at each step. The mapping from the
reference configuration to the present configuration will then remain close to the identity map.
When viewed as a moving mesh method, this scheme projects the solution defined on the distorted
mesh Ugcrn-1Xx(t", K) onto a function defined over the mesh 7.

The theory developed in [7] will be used to develop error estimates for the semi-Lagrangian scheme
with constants bounded independently of €. Since homogeneous Dirichlet boundary data was
assumed in [7] this will be assumed here (g9 = 0). However, as illustrated in the previous section,
inclusion of non-homogeneous Dirichlet data does not introduce any significant difficulties.

4.1. Semi-Lagrangian Scheme. Let 0 =t° < t! < .. <tV = T be a partition of [0, T], and
set I[; = (/"L ¢/ and 79 = ¢/ — /=1, If {UP}), are subspaces of U = {4 € HY(,) | dlr,, = 0},
then approximate solutions of equation (2.4) are constructed in the space

Uy = {0 € L*0,T;U] | 9|1, € Pe[t" ", " U]},

where Py [t" 1 ¢ U,?] denotes the set of polynomials of degree k£ € N in time into UI’Z Notice
that, by convention, functions in Uy, are left continuous with right limits. For functions y € Uy,
we write 4" = 4p,(t"), and 4} = U, (t]).

The (classical) discontinuous finite element method for the parabolic equation (2.4) is to find
an, € gon + Uy = {gon+u | u € Z]h} such that

/ An I 4 / / (—@htﬂh—k(V—‘N/).(F’Tvxﬁh)ﬁh+e(F’TVXﬂh).(F’TVX®h))J
QT In Q'r

(4.1) —/ anlﬁi—lJz—lz/ f@hJ+// gon JIF~Tn,),
Qr IJQr IJTy,

for all o, € Uy,. Here J = det(F) where F is the Jacobian of the flow map 2 = x"(t, X) on
each interval which satisfies @(t, X) = V(t,z(t, X)) on I; with z(t"~!, X) = X. With this choice
Jrt =1
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4.2. Error estimates for the DG scheme for implicit parabolic PDE. In this section
we quote error estimates from [7] for approximations of implicit parabolic PDE’s computed using
the discontinuous Galerkin method. The theorem below concerns approximate solutions of the
equation

(4.2) (M(t)u)e + A(t)u = F(t), u(0) = up.

The operators act on Hilbert spaces related through the standard pivot construction, U — H ~
H' — U’, where each embedding is continuous and dense. Then, A(.) : U — U’ is a linear map,
F()eU',and M(.): H — H is a self adjoint positive definite operator. To characterize the time
dependence of A(.) equivalent norms of the form ||u||2U(t) = ||u]|%((t) + |u|2U(t) are introduced on U
where |.|¢(4) is a seminorm on U (the principal part) and |.|| () = (M().,.)q is the norm on H
with Riesz map M (t). The natural bilinear forms associated with A(.) is denoted by a(.;u,v).
The following assumptions are required on the operators and data.

ASSUMPTION 1. The operators M (-) are non negative, self adjoint, and there exist constants
c(t) > 0 such that

(M (tyu, w)pr = e(t)||ullF.
It follows that for each ¢ > 0 that (M (¢)u,v) is an inner product on H which is denoted by
(s ) H()-
DEFINITION 4.1. H(t) is the Hilbert space with underlying set H and inner product (u,v) ) =
(M (t)u,v) .
With this notation it is possible to state the structural hypotheses which guarantee that (4.2) is
parabolic in nature and facilitate the development of error estimates.

ASSUMPTION 2.

1. Smoothness of M(t): For each t > 0 there exists a symmetric bilinear form, u(t,.,.),
satisfying
d
g3 V)m@ = (U V) e + (v me + pt v, v)

for u, v € HY[0,T; H], and there exists Cy > 0 independent of time such that

[(t,u,v)| < Cpllull g 1ol )

2. Equivalence of norms on U(t): For each 0 < 7 < T there exists Cy, = Cy(T) > 0 such that
foralls, t >0 with [t —s| <7

(1/C)luesy < vloey < Culvlu), Yo eU.

3. Continuity of the bilinear form and data: There exist non-negative constants 0 < ¢, < Cl,
such that

1/2 1/2
lattsu, )| < (calulfiy + Calluly ) (caloly + Callvl)

and the data F is bounded in the weighted dual norm ||.||« (equivalent to ||.|y7) character-
ized by
) N
(EW). )] < [EO] (ealufl ) + Callullyy)
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4. Coercivity of the bilinear form: There exist constants Cy € R and co > 0 such that
2 2
a(t;u, u) = caluly ey — Callullg e

Remarks: (1) The weighted norm |||/, is the natural one required if bounds on the solution of
(4.2) are sought which depend upon the coercivity constant only through the ratio ¢,/cq. In the
present context this hypothesis is not required for the error estimate.

(2) The differentiability of [|ul| () (and Gronwall’s inequality) shows that the analog of hypothesis
2 holds with |[|.|[ () in place of ||.|[¢(). Specifically, if 0 < s <t < T,

(4.3) exp(=Cu(t — 5)) < [[vllg)/l[vll sy < exp(Cult —s)), Vv e H.

As above, discrete spaces are constructed from a partition 0 = t© < ¢! < .. <tV = T of [0, 77,
and a collection of subspaces {U,’L‘}HNZO of U. Approximate solutions are then sought in the space

U, = {u € L?[0,T;U] | ul;, € Pplt" 1, t", U]}

If up, € Uy we write u” for up(t") = up(t"), and let u} denote u(t’). This notation is also used
with functions like the error e = u—wuy,. It is assumed that the exact solution, u, is in C[0,T; H(.)]

so that the jump in the error at t", denoted by [e"], is equal to [u"] = u/} — u™.

Approximate solutions uy, € Uy, of equation (4.2) are then required to satisfy

t?’L

(4.4) (W o) ey + /

tn—1

(= (ns o) + alsunyon))

t'n/
- (u”_l,v_rffl)H(tnq) :/t (F,vp) Yoy € Up.

n—1

The following projections onto the discrete spaces {U,’Z},]Lo and inverse inequalities appear in the
analysis of the above scheme.

DEFINITION 4.2. (1) P,(t) : H(t) — U} are the orthogonal projections, i.e. Pp(t)u € Uy, and
(Pn(t)u, vi) gy = (u,vn) gy for all vy, € UP.
(2) The projection Plo¢ : C[t" =1 " H| — Pg[t" Lt UP| satisfies (Plou)™ = P, (t")u(t"), and

tn
/tn—l(u o ]P)ifcu, vh)H(.) =0, Vup € 'Pk—l[tnilv t"; U}?]

Here we have used the convention (Plo¢u)™ = (Plocy) (™).

(3) The projection PY¢ : C[0,T; H] — Uy, satisfies

]P)lhocu S Z/{h and (]:P)g,bocu)’(tnfl’tn] - Pé‘oc(u‘(tnflin]).
(4) The inverse hypothesis constant Cin,(h) is

U
Cins(h) = max_sup  sup 1M
0<nSN ), €U te(tn—1,t7] ||Uh||H(t)
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The next theorem, taken from [7], bounds the approximation error with respect to norms of the
form

T
llelll, = sup He(S)H?I(s)JrCa/ “T=e(s) 7 s ds,
0<s<T 0

and T .
H€|||§=/0 eC(T_s)IIG(S)IIE(S)dS+Ca/0 e“T=le(s) |3,y ds

and the dependence of the constant C' > 0 upon the constants appearing in the hypotheses is
characterized.

THEOREM 4.3. Let U(.) — H — U'(.) be a dense embedding of Hilbert spaces satisfying Assump-
tion 1. Assume each norm |||y () is equivalent to |||, and let Uy, be the subspace of L*[0,T;U]
defined above. Let the bilinear form a : U(.) x U(.) — R and linear form F : U(.) — R satisfy
Assumptions 2. Let u € {u € C[0,T; H(.)] | M()u € H0,T;U'(.)]} be the solution of (4.2) and
up € Uy, be the approximate solution computed using the discontinuous Galerkin scheme (4.4) on
the partition 0 =t° < t' < ... <tN =T, and set T = max, t" — t" L.

Then there exists a positive constant C' > 0 depending only on T', k, the constants C,, Cq, Cy,
Cl, the ratio cq/cq, and the product \/cqTCiny(h) such that the following estimate holds:

Il = wnllZ, < € (I1Po(uo) = whllmeo) + llu = Bieu I1Z
N—-1 ' )
+ > min (I = Pt oy 1/ (7 ea) | Prsa (T = P ) ),
=0

where IP’l}fcu is the local projection defined in Definition 4.2, and Pi(t) : H(t) — U}’ is the or-
thogonal projection. (In the estimate Pty (I — Py)u(t;) = Piy1(t:)(I — Pi(t;))u(t;) ete.) A similar
estimate also holds with |||.|||2 in place of |||.]||cc-

Remark: The constant C = C(T,k,C,,Cq,Cy, Cy, ca/Ca;s/CaTCinv(h)) can be selected to be
monotone increasing in each argument. Specifically, if ¢,/c, is bounded, then C' is bounded as
the constants ¢,, co, — 0.

4.2.1. Estimates for u — P{°°u. The (space-time) projection Pi¢ : C[0,T; H] — Uy, is not
standard. In this section it is shown that the error u — Pﬁfcu can be decomposed into a temporal
error and spatial error. Estimating the error u — Pﬁfcu directly using the Bramble Hilbert lemma
leads to estimates involving time derivatives of M (t)u(¢). This would require the mapping M (.)
to be smooth which is not the case for the convection diffusion problem. Care is also required
when estimating errors in the norms ||.|[y;() since direct use of the inverse estimate results in a
reduced rate of convergence with respect to 7. The proof below circumvents this problems.

To simplify notation it is convenient to consider the interval [0, 7) and to consider the projection
Py, : C[0,7; H] — Py[0, 75 Up] characterized by up = Pru if up(0) = P, (0)u(0), and

(4.5) / (u - uh,vh)H(,) =0, Yoy € Pk,l[O,T; Uh}.
0

The change of variables t — t" —t transforms P%)c“tn—l’tn] to this canonical case with 7 = " —" 1.
As a first step, stability of the projection P, is established. The following lemma is standard and
follows from finite dimensionality of Py (0, 7) and classical scaling arguments.
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LEMMA 4.4. Let H be a Hilbert space, 1 < p < o, 1/p+1/p' =1, and k > 0. Then there exists
C(k) (independent of p and H ) such that

il oo o1l o . < (CORV/T) /0 )| dt,

for all € Py_4]0, T, ﬁ[] where 1/p+1/p = 1.
The following lemma from [7] will also be required.

LEMMA 4.5. Let the spaces {H(t)}o<i<r satisfy Assumptions 1 and 21, and let w, z € H and
s <t. Then e“r(s=t) < ||z||12q(t)/||z||%{(s) < eCult=9) gnd

(W, 2) ey — (W, 2) ()] < (= 8)Cue T wl e 2l ey, V&1, & € [s,t].

LEMMA 4.6. (Stability of Py) Let the spaces {H(t)}o<it<r salisfy Assumptions 1 and 2, and
1 < p < oo. Then there exist constants C = C(k) depending only upon k > 0 such that the
projection characterized by equation (4.5) satisfies

|Prull Lofo,rsm(y) < C(R)EHT ||l Lofo,rm( s

for all uw € C[0,7; H(.)] satisfying (Pru)(0) = 0.

If additionally the spaces {U (t)}L_, satisfy Assumption 22, and the inverse inequality of Definition
4.2, holds, and the orthogonal projections Py (t) : H(t) — Uy, restricted to U are stable in the sense
that there exists Cp > 0 independent of h and t such that |Py(t)ulyy < Cpllully), then there
are constants C(...) > 0 such that

’Phu’Lp[O,T;U(.)] < C(k’ Cu, Cp, eC‘LT> (HUHLP[O,T;U(.)] + CMTCMw(h)Hu - PhuHLI’[O,T;H(.)})
< C (k,Cy, Cp, e T) (1 + CputClno () |[tl| Lojo,r7()-

Proof. Step 1: Write uj, = Ppu. Since up(0) = 0, up € Pi[0,7;Up] may be factored as up(t) =
tuy(t) where @y, € Pr_1[0,7; Uy]. Setting v, = 4y, in equation (4.5) yields

(4.6) /O i (0) ||y sy At = /0 (uw, @) gy < Ml pefo,rsm o lanll oo -0
Application Lemma 4.4 with H = H(7/2) shows

~ ~ C - -
HuhHLp[O,T;H(.)}HuhHLP/[Oﬂ-;H(_)] <e “THUhHLp[o,T;g]||UhHLp’[o,T;1;r]

</ [ "), dt

(W) [ (Ol

< (C(k)/r)ew‘”HUHLP[O,T;H(.)]HthHLp'[o,T;H(.)p

IA

SO

in | Lofo,rirr(y < (C(k) /T2 |ull pojo,rir(.y)-
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Then
lunlloto.recy) = It@n (@) ooy < CR)EHT ull Lofo,rar s
which establishes stability of P, in LP[0, 7; H(.)] when uy(0) = 0.

Step 2: To estimate ||u — Ppul pojo,v()), rearrange equation (4.5) to read

(4.7) / (un,vn) g = / (u,vp) g + (u = up, V) gy — (W —un,vp) g, On € Pr—1[0, 75 Up).
0 0

Fix U = U(7/2) and select vy, to be the “discrete U-Laplacian” of iy, where uj, = tiiy. That is,
vp(t) € Uy, satisfies
(vn(t), wn) g = (An(t), wn)p,  for all wy, € Uy,

where (.,.); is the semi-inner product on U. Notice that @, € Pr_1[0,7; U] implies v, €
Pk*l[()/r; Uh]v and

lonll%, = (@n, vn)g < lanlglonly < |anlyCino(B)lvall g,

80 |lvnll g < Cinw(h)|tin|;. With this choice of vy, equation (4.7) becomes

/ t‘ﬁh‘?} = / (Phu,ﬁh)U + (u — Up, vh)H(t) - (u — uh,vh)ﬁ
0 0
< /0 Byl liinly + (Cur/2)e ™/ — unll o lon
< (Cplul i+ (Cur /22 o) [0~ wnllotorn ) Vinl o

where Lemma 4.5 was used to obtain the second line. This is the analog of equation (4.6), and
repeating the argument of Step 1 above (with C,, used in place of exp(C,7)) completes the proof.
O

Remark: There is a subtlety here. In order for the projection to make sense «(0) must be defined,
so requires u € C[0, 7; H(.)]. While this does not explicitly appear in the stability estimates, it is
implicitly present in the assumption wuy(0) = 0.

LEMMA 4.7. Let the spaces {H(t)}o<t<r satisfy Assumptions 1 and 21. Then the there exists a
constant C(k), depending only upon k, such that the projection characterized by equation (4.5)
satisfies

|u = Prull pojo,rym)) < C(k)e*nT (||U — Pr(0)ull Lejo,r;H(0)) + Tk+1||u(k+1)HLP[O,T;H(O)]) ;

provided the time derivative u* 1) = DFlu(t,.) is in LP[0,7; H(0)].

If the discrete subspaces {Up}n>o satisfy the inverse inequality of Definition 4.2, and restrictions
of the orthogonal projections Py, : H(t) — Uy, to U(t) have bound Cp independent of h, then there
exists C' = C (k, Cy,Cp, eC‘”) > 0 such that

lu = Prull ppjo,rv(y) < C(1+ CutCinp(h)) (HU — Pr(0)ul| Lejo,ru(0)) + TkHHU(kH)HLP[o,T;U(O)]) ;

provided the time derivative u* 1) = DFYu(t,.) is in LP[0,7;U(0)].
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Proof. To decompose the error into a spatial plus temporal part it is convenient to write H=H (0)
and P = P, (0). Then let T}, € Px[0,7; H(.)] be the Taylor polynomial of u and T} = P(T}) be
the projection of T}, onto Uy,.

Note the following:

o 1) = Ph(Tk) since T), € P[0, 7; Up).
e Since T (0) = u(0) it follows that

Py(u—13)(0) = Pu(0) (w(0) = 71(0)) = P (u(0) - P(u(0))) =0,

so the stability estimates of Lemma 4.6 apply to u — Th.
e Taylor’s theorem states

) = Tu(t) = (/8 [ (6= a5 s,

and direct calculation shows
t
I(1/k) / (t = )t (s) dsll gy < (P51 (e DD o

for any 1 < p < oo, for any normed linear space H.

Using these properties we compute

[ — Prull popo.rsm(y < 1w — Thllojorsmcy + 1Tk — Prull pojo.r a0
= [lu — Tl opo.rsmr(y) + IPh (T — W)l Lofo.rrr ()
(4.8) < (14 C(k)e*¥ M) |lu — Till Lojo,r1()-
The term on the right can be estimated as
lu = Till oo ey < €7l = Till ogo e
< € (Jlu = Pull oy + 120 = Tl pojg )

(4.9) < O (||u — Pul g .y + llu— Tk||L,,[O,T;m) .
Bounds for the error in LP[0,7; U(.)] are obtained similarly. The analog of equation (4.8) is

lu — Phul| ooy < 1+ Cp,) Il — Till ogo.rv s

where Cp, is the stability constant of P, on LP[0,7;U(.)], and the analog of equation (4.9) is

lu = Till oo rwy < Cu (||U — Pull o .01 + Cpllu — Tk”LP[O,T;U]> '

0

COROLLARY 4.8. Let the spaces {H(t)}]_, satisfy Assumptions 1 and 2, and suppose the sub-
spaces {Up, }p~0 satisfy the inverse assumption of Definition 4.2. Then there exist constants Cy =
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Co(k,eCr™) and Cy = C4 (k, Cy,Cp,eCn, eCT) such that the projection ]P’lhoc :C[0,T; H] — Uy, of
Definition 4.2 satisfies

k+1 Hu(

e — Py ullloo < Co max (HU — Po(t")ul| oo =1 gn;pramy) + 7 k+1)HL°°[t”*1,t”;H(t”)]>

1<n<N

1/2 N 1/2
+C1v/ea(1+ CurCiny (h <Z lu = Pa(t™yul| Fapn—1 n, U(t")]) +rh (Z Hu(kH)Hm[tn1,tn;U(tn)]>

n=1

whenever k1) € L°[0, T; H N L?[0,T;U]. Here cu and C are the constants in the definition of
Il-lloc> and Py(t) : H(t) — U} is the orthogonal projection. Similarly

1/2 N 1/2
llw = Piulll2 < Co (Z lu = Pa(t™)ull72gm-1 pn, H(tn)}> + 7 (Z Hu(k+1)HL2[t”1,t”;H(t”)]>

n=1

1/2 N 1/2
+C1v/ca(1+ CpurCliny(h <Z lu — Pa(t")ulZ2pn-1 4, U(t")]) + 7 (Z HU(kH)HL‘Z[tn1,tn;U(tn)]>

n=1

4.3. Fully-Discrete Estimate for the Convection Diffusion Equation. In this sec-

tion the general results of the previous section are adapted to analyze approximations of the
convection-diffusion equation. In particular, it is shown that the approximate scheme (4.1) sat-
isfies the hypotheses of Theorem 4.3.
We begin by identifying the spaces and bilinear forms. Since Theorem 4.3 will be used to analyze
approximations of the convection diffusion equation in Lagrangian coordinates (X,t), it is to
be understood that the spaces and functions of the previous section are to depend upon these
variables. Accordingly hats will be used to denote these functions (u(x,t) = u(X,t) etc.). Then,
as in Section 3.3, the space H (t) is taken to be L%($,) with the inner product

(ﬂjﬁ)H(t):/ uvJ(t, .):/uv,
r Q

so that M(t)u = uJ(.,t). Even though a different change of variables x = x(X,¢) may be used
over each interval (#"~1, ¢"], the bilinear form M (t) is continuous in the sense that

/ G H(X 2 X)dX = / dx—/ at(X, 2t X)dX,

r

when v : Q@ — R is fixed, and 4"(X,t) = u(x(X,t)) is the representation in the Lagrangian
configuration on ("1, ¢"].

The semi-norm |.|¢(y of the previous section is taken to be

iy = / |F~ IV xa>JdX = / IV ,ul? dz,
and the bilinear form a(.;.,.) corresponding to the convection diffusion operator is

al,0) = / ( — divg(V)ad + (V = V). (F~ TV x@)o + e(F TV xa) - (F’TVX@) J.
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The first term on the right hand side arises from the identity
wJ = (4)y — Jyu = (M(.)u)e — divg(V)aJ.

With the given identification of spaces and operators, the norms |||.|||s and |||.|||2 become
2 2 T o 2
el = sup €y +2 [ T e)lE, ds
<s<T 0

T
= sup_ [le(s)]2aq + 2 / T (s) 21 g s,
0<s<T 0

and

T T
el = /0 “T=|e(s) 13 ds + 2 /0 e“T=e(s) [ ds
T T
= / e“Tle(s)[| 2y ds + 2e / T e(s) 31 g ds
0 0

In the above we have anticipated that ¢, will be equal to 2¢ for the convection diffusion problem.

In the statement of the following theorem the L°°[0, 7 L>°(£2)] norm of the coefficient V and its
derivatives is written as ||V, ||V4V ||z etc. We remind the reader that

D(V) = (1/2) (me/Jr(fo/)T), and  divg(V) = trace(D(V)).

THEOREM 4.9. Let V., V € L®[0,T; Wh*(Q)] and assume that V.n = V.n =0 on 9Q. Let u €
L2[0,T; HY ()N H[0,T; HY(Q)'] be the solution of equation (1.1) with data f € L2[0,T; L2()],
homogeneous Dirichlet data, go = 0, and Neumann boundary data g € L?[0,T; HY/2(I'1)], and let
up, € Uy, be the solution computed using equation (4.1) and spaces constructed in Section 4.1.

Then there exists a constant C' > 0 whose dependence on the coefficients V., V, €, and parameters
h and 7 = maxj<,<n t" — t"~1 is of the form

C = C(|ldivy (V)| 1o, [V = V1o /e, exp(|D(V) || o), vVer /h),

(monotone increasing in each argument) such that

i — anllZ sc(upo<a0>—ahum + i — Bl
+zmm(u (I = BYE) oy L/ [P (= PYE) ) )-

A similar estimate also holds with |||.|[|2 in place of |||.|||oc-

Proof. The hypotheses introduced in Section 4.2 will be verified with constants ¢, = 2¢, ¢, = €/2,
and

Cp = diva(V) 1, Cu = exp ((7/2)1dive (V)| + 7| DV) 12
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Co = ||divy(V)||zoe + |V = V|2 /e,  Co=max(1,Cy),  Cinu(h) = C(Q,£)eC7C, /h.

To bound the “inverse hypothesis constant”, Cjn, (h), recall that the beginning of each time step
the Lagrange and Eulerian coordinates coincide since x = (X, t’}r_l) = X. Since quasi-uniform

finite element meshes are used to construct the subspace U, ', the inverse hypothesis [9] guarantees
the existence of C' > 0 independent of h such that

[n]yyn-1y _unlmra,)
lanllgn-1y  lunllzzen)

<C(Q,0/h,

for uy, € U[LL Statement 2 of Hypothesis 2 and the corresponding identity (4.3) for |||z imply

|tn |1 (s)

- <O, 0e%7Cyu /b, < s <ty € U,
il zs)

which shows that Cjyy(h) < C(Q,K)eC“TC’u/h.

It remains to verify the hypotheses of Section 4.2 with the spaces and operators tailored to the
convection diffusion equation. To verify that M(.) satisfies Assumption 1 recall that J(.) satisfies

J = Jdivm(f/) so that
—|divg(V)||pee < J/J < ||divg (V)| oo

It follows that

exp (= diva(V)lle(t = 7)) < IO/ t57) < exp (diva(V)lle(t =771 ).

The reference configuration on each time interval (t"~1,¢"] is selected to satisfy x(X, tiﬁl) X,

so J(.,t"!) =1 and
C(t)HﬁH%%m) < (J(1)h, )2, = (M(#)a, 4) 12,

where ¢(t) = exp (—Hdivx(f/)HLm (t— tnfl)).
Assumptions 2 are next verified.

1. The smoothness assumption on the bilinear form p(., @, 0) follows from the differentiability
of J. Since J = div,(V)J

(. 5,5)] = \ [ v
Qr

< Cullal g llol ey,

where C,, = ||divy(V)|| .
2. Uniform continuity of |.|7(;) was established in Section 3.3. Equation (3.7) states

1/Cu < lafyy/lilysy < Cus

where C, = exp (7(1/2l|div, (V)| + [|D(V)]|1<)).
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3. The Cauchy Schwarz inequality shows that
la(., @, 0)] < [ldiv(V) | l[all a0l ey + 1V = Viieslaluolollac) + eliloclolo
. - N 1/2
< (2elaff) + Idiv V)|l )

i - . PN
x (o) + (ldiv(P )z + IV = Ve /Ol

It follows that the bilinear form satisfies the continuity hypothesis of Assumption 2 with
constants ¢, = 2¢ and C, = max(1, ||div(V)||ze + |V = V|2 /€).

In order for the solution to be bounded independently of €, it is necessary that the forcing
term f and Neumann boundary data g be suitably bounded. Since 2 is Lipschitz, the

1/2 so that

1/2
trace theorem states [|v]| gi/2p,) < Ct”UHL/Q(Q)HUHHl(Q)

F(v)] = \/ va+/ o
Q I
1/2 1/2

< 1l 0l 2@) + Cellgl a5ty 01347 )
1/2
< (/3N 20y + CEIVgnraey)  (B/DI01B2g) + Vellollza@ ol @ )

1/2 1/2
< (/31 1220) + (CEVANZaery) - (101320 + elvlEngey) -

1/2

It follows that

. 1/2 . X 1/2
FG0)| < (@3 20y + (CENONI o) (caldliy + Callold)

This calculation shows, for example, that if quadrature errors for f and g/ ¢!/* are bounded
in L2[0,T; L*(Q)] and L?[0,T; H'/?(I"1)], then the error in the solution will be bounded
in the norms |||.|]|sc and |||.|l2.

4. Direct calculation shows

al.; @, a) = elilf +/

( — div(V)i® + (V — V).(F’TVXQ)@ J.
Qr

Bounding the latter term as

/ ( — div(V)i2 + (V — V).(F*Tvxa)a) J
< Niva (V) |zl + 1V = Vol Il
< (Ildiva (V)| + 1V = V30 /2€) il + (e/2)]aly ),

shows

a3, 4) > (¢/2)[affr )= ([ dive(V)llze + |V = VI[7e /2€) 1l F ) = calitlr ) —CallallF -
0 () () 0
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4.4. Rates of Convergence. Theorem 4.9 characterizes the error of the solution in terms
of various projections in weighted spaces. In this section it is shown that these pro jections exhibit
optimal approximation properties for smooth solutions when the subspaces {U J4 0 are classical
finite element subspaces of H'(Qy). Since different meshes may be used for each time step the
following convention will be adopted. A family of meshes of €, {7, }r>0, takes the form

T = {Ty' ) N = N(h),

n=1>

and the index h is the diameter of the largest element in 7;, = U,7;". Quasi-uniformity of the
family {75, }n~0 requires each mesh to be quasi-uniform [9].

Estimates for @ — P;(.)4 were obtained in Section 3.3 and are used to estimate the jump terms
that arise when the Lagrangian variables are reinitialized at each time step. The space-time
projection error u — IP’ZO% is bounded by specializing Corollary 4.8 to the present setting.
COROLLARY 4.10. Let {7 }p~0 be a family of quasi-uniform triangulations of Q, and for each
n=0,1,...,Nh)let U? cU = {a € H(Q,) | dlr,, = 0} be a classical finite element space
constructed over 1, containing the polynomials of degree less than or equal to £ > 0 on each
element K € 71,".

Let the hypotheses of Theorem 4.9 and Lemma 3.4 hold and suppose that the initial value ﬂg
satisfies || i, — Po(0)a(0)| 12,y < C[la(0 )HH‘-’H(QT)MH- Assume that the time steps are quasi-
uniform in the sense that there exists 0 < 6 <1 such that 07 < t" — "1 < 1 where T = 7(h) is
the maximum time step size for each h. Then there exists a constant C > 0 whose dependence
on the coefficients V, V, €, and parameters k, £, h and 7 is of the form

O = C (kLT vy (V) o, [V = Voo /e, PO, er /)
such that approximate solutions computed using equation (4.1) satisfy
N 1/2
la = nllee < € || mass 18] ppics gy + VA +7/0) (Z ra“‘f“)\%Q[ti-l,ti;mnr)]) e
i=1
N

1<i<N

1/2
+C max ‘U|Loo ti— ltz He+1(Qr)} (h—i—mln(h/\/;, hz/’]'\/g)) + \/E(l +T/h) (Z‘ﬁ’%Q[ti_l,ti;H£+l(Qr)]> hf

i=1

Proof. Classical finite element spaces, Up, constructed over quasi-uniform meshes satisfy an
inverse estimate of the form |ip| g1q,) < C(0)||dnr2(q,)/h so that the restriction of the
orthogonal projection Py : L?(2,.) — Uy to H(£2,.) is bounded [9]. It follows that Corollary 4.8
is applicable; specifically,

& — Pieeit]]j oo < 0012rlax (HUHLm et per () Hﬁ('““)HLO@[t”*%t”;L%QrHTHl)

1/2 N 1/2
n=1

In the above Lemma 3.4 was used to bound the projection errors @ — P, (t").
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The estimates developed in Lemma 3.4 are also used to estimate the jump terms. When € << h
the jump term is estimated as

N 1/2 ]
(Z H(I _ R)ﬁ(tl)”?q(tz)> < C(E)el/QHd“}z(V)“LOOT|ﬁ/’LOO[O7T;Hl+1(QT)] \/ﬁh“‘l'
=0

When the time steps are quasi-uniform, N < T'/0r. For large values of €, a better estimate is
achieved using the second term in the summand since, as in the proof of Corollary 3.5, an extra
power of h is obtained when estimating the error in the weaker norm norm U’(¢).

N

N 1/2 1/2
(Z(UTZHG)HR’H(I - Pi)ﬁ(tZ)HQU/(ti)> < Cla|pooio r;me+1(0,)] (Z 1/TZ> W2 /e

i=0 =1
When the time steps are quasi-uniform the right hand side is of order h‘*?/7\/c. O

5. Numerical Examples. We present two numerical examples with velocity fields V' in-
dependent of time. For the first example a smooth solution is constructed with a divergence
free velocity field, V' = curl(v), and rates of convergence are verified for both the classical and
Lagrangian algorithms. In general both methods are expected to work well when the velocity
is divergence free. For the second example V' = V¢ is chosen so that u develops a steep layer.
On coarse meshes the classical Galerkin method diverges exponentially with time when € is small
while the Lagrangian scheme remains stable.

For the examples below © = [0,1]? and uniform rectangular meshes were used to construct the
discrete subspaces. For each h > 0 the same mesh was used for each time step and discrete
subspaces constructed using the classical space-time tensor product decomposition:

un(t, X) =3 i X)ui(t) = > ¢i(X)m;(t)ui.
i 2,]

The functions {¢;} restricted to each element were taken to be the standard piecewise quadratic
tensor product basis, and the functions {n;} restricted to each time interval (t"~1,¢") were chosen
to be quadratic polynomials.

5.1. Implementation. In the current context the velocity V' is specified so it is possible
to select V' = V. If the space-time integrals are approximated using Gaussian quadrature then
x(t, X) (required for terms like f(¢, X) = f(¢,z(t, X))) and the Jacobian F'(¢, X) can be computed
as follows.

e For each Gauss point X € K, set (z, F) = (X, ).
e For each Gauss points in (t"71 ")
— Advance (z, F') to the current time by taking one Runge Kutta step of the equation
(2, F) = (V(t,2), V.V (t,z)F).
— Accumulate the integrands of the space-time integrals

The jump term [ uz_lvgn_1)+ requires uz_l, defined on a mesh 7"~ !, to be integrated against

a basis function ¢; defined on a mesh 7". This integral is also approximated using Gaussian
quadrature over the triangles K € 7" as follows (see Figure 5.1):

1. For each Gauss point x € K € 7"
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tn—?

Fic. 5.1. Changing from Lagrangian to Eulerian variables.

Classical Galerkin Scheme Lagrange Galerkin Scheme

h=7] llea(lz2  llenMllmp) | lenWllzz)  len(Wllm

1/8 | 3.332410e-04 1.292982e-02 | 7.122739¢-04  2.344960e-02

1/16 | 3.367982¢-05 2.967840e-03 | 4.689015e-05 4.385801e-03

1/32 | 3.816188e-06 7.219712e-04 | 4.858834e-06 9.780879¢-04

1/64 | 4.591580e-07 1.789749e-04 | 5.653414e-07 2.330012e-04
Rate 3.1652 2.0564 3.4168 2.2124

Fic. 5.2. Errors for Ezample 1: Rotating Gaussian with e = 0.05. ({[u(1)||r2(q) = 0.635327, |lu(1)|| 410y =
1.362237)

2. Use a Runge Kutta scheme to determine X = x(t"2), the solution of &(t) = V (¢, z(t)),
z(t"!) =z (i.e. integrate backwards in time to determine the Lagrangian coordinate of

3. Locate the triangle K € 77! containing X and the local coordinates £ = £(X) corre-
sponding to the location of X in K.

4. Compute 3, ¢i(€)u;(t*~1), the value of u™ ! at (71, z). Here {¢;} are the basis functions
supported on K, and u;(t" 1) = > n(t" Y.

5. The weighted products of u"~! and ¢;(x) are then accumulated.

In step 3 it is assumed that the mesh data structure supports (efficient) point location. For an
arbitrary mesh the first Gauss point can be located in log(N) steps, where N is the number of
elements [12]. Locality arguments show that subsequent points can be located in constant time
by searching from the most recently identified triangle.

5.2. Example 1: Rotating Gaussian. A divergence free velocity field V' = curl(y) =
(y, =) is computed from the stream function (z,y) = (1/v/2)sin(rx)sin(ry). An exact
solution to the convection diffusion equation is then constructed by setting

1 (_ (z —1/2 — cos(2nt)/4)* + (y — 1/2 — sin(27rt)/4)2>
dn(t+1/2)c A(t+1/2)e

u(t,z,y) =

and f = u; + V.Vu—eAu. Figure 5.3 presents plots the velocity field and the u(¢,.) with e = 0.05
at several times.

Figures 5.2 and 5.4 tabulate the L?(Q) and H' () errors at time ¢ = 1 for the solutions computed
using each scheme with e = 0.05 and € = 0.005 respectively. For the meshes with h = 7 = 1/8,
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Fic. 5.3. Example 1: Rotating Gaussian, € = 0.05, solution at t = 0, 0.34, 0.68, and the velocity field.

Classical Galerkin Scheme Lagrange Galerkin Scheme
h=7 | len@l2  Nen@Wlai) | lern@llzz@)  len(W)llmie)
1/8 | 1.003933e-01  2.380503e+400 | 5.567560e-02  1.970484e+00
1/16 | 7.423257e-03  4.952956e-01 | 4.596848e-03  4.705719e-01
1/32 | 5.719924e-04  1.118243e-01 | 5.239205e-04  1.147995¢e-01
1/64 | 5.717871e-05  2.384598e-02 | 6.407732e-05  2.830298e-02
Rate 3.6032 2.2071 3.2422 2.0340

FiG. 5.4. Errors for Example 1: Rotating Gaussian with ¢ = 0.005. (|lu(1)]|.2(q) = 2-301052, ”u(l)HHé(Q) =
18.703792)

1/16, 1/32 and 1/64 the expected rates of convergence of 3 and 2 were observed in the L?(Q) and
H1(Q) norms for each scheme.

5.3. Example 2: Converging Flow. The velocity specified for a second numerical example
has V' = V¢ where ¢(x,y) = (1 — cos(2mz))(1 — cos(27wy)). The streamlines of this velocity
field converge to a “sink” in the middle of the square along trajectories that become parallel to
the diagonal. The velocity field and contours of ¢ are plotted in Figure 5.5. The initial data
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F1c. 5.5. Velocity field and initial data for Example 2

time | Classical Galerkin | Lagrange Galerkin
¢ lun ()l 21 (@) [[un ()1 (@)
0 1.4493 1.4493

1/4 6.5101 3.4658

1/2 16.8268 3.4960

3/4 84.4373 3.5002
1 671.8893 3.5011

FIG. 5.6. Ezample 2: ||un(t)||g1(q) of solutions computed with h =T =1/16, ¢ = 0.001.

uo(z,y) = u(0, z,y) transitions from ug(0,0) = 0 to up(1,1) = 1 according to

0 if&€<0
uo(x) = ¢ (1/2)(1 —cos(mg) 0<¢<1
1 1 <&,

where £ = x1 + 29 — 1/2. Contours of ug are plotted in Figure 5.5, and Dirichlet boundary data
u(t,.) = up(.) was specified for all 0 < ¢ < T = 1. Approximate solutions were computed with
diffusion constant ¢ = 0.001.

For coarse meshes approximate solutions computed with the classical Galerkin scheme are unsta-
ble. This is illustrated in Figure 5.6 which tabulates the H'(2) norm of the computed solution for
both the classical and Lagrangian based schemes with 7 = h = 1/16. The Lagrangian Galerkin
scheme is stable for all of the meshes, and gave qualitatively correct solutions even for coarse
meshes.

For fine meshes both schemes gave similar solutions. Figure 5.7 plots the approximate solutions
at t = 1 computed using each scheme when h = 7 = 1/32. This mesh does not accurately resolve
the steep layer that forms along the diagonal of the square, so Gibbs phenomena is observed on
the plots of the sections x — wuy(t = 1,z,y = 1/2) also shown in Figure 5.7. Unlike the classical
Galerkin scheme, the oscillations produced by the Lagrange Galerkin scheme are located near the
transition layer.
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Fia. 5.7. Ezample 2: Contour plots of un(t = 1) and the sections x — up(t = 1,z,y = 1/2) for the classical

(upper) and Lagrangian (lower) schemes. h =1 =1/32, ¢ = 0.001.
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