SYMMETRIC ERROR ESTIMATES FOR DISCONTINUOUS
GALERKIN APPROXIMATIONS FOR AN OPTIMAL CONTROL
PROBLEM ASSOCIATED TO SEMILINEAR PARABOLIC PDE’S

KONSTANTINOS CHRYSAFINOS*AND EFTHIMIOS N. KARATZASTt

Abstract. A discontinuous Galerkin finite element method for an optimal control problem hav-
ing states constrained to semilinear parabolic PDE’s is examined. The schemes under consideration
are discontinuous in time but conforming in space. It is shown that under suitable assumptions, the
error estimates of the corresponding optimality system are of the same order to the standard linear
(uncontrolled) parabolic problem. These estimates have symmetric structure and are also applicable
for higher order elements.

1. Introduction. The optimal control problem considered here, is associated to
the minimization of the tracking functional subject to semi-linear parabolic PDEs. In
particular, we seek states y and controls g (of distributed type) such that

1T a [T
T0) =5 [ o=Vl + 5 [ Lol (1)

is minimized subject to the constraints,

yo— AV[A@)VY+6) =f+g i (0,T)xQ
y =0 on (0,T)x T (1.2)
y(0,z) =y in Q.

The physical meaning of the optimization problem under consideration is to seek
states y and controls g such that y is as close as possible to a given target U. Here, Q2
denotes a bounded domain in R2, with Lipschitz boundary T', v, f denote the initial
data and the forcing term respectively, and « is a penalty parameter which measures
the size of the control. The nonlinear mapping ¢ satisfies certain continuity and
monotonicity properties, and A(z) € C1(f) is a symmetric matrix valued function
that is uniformly positive definite. The scope of this work is the error analysis of
the first order necessary conditions (optimality system) of the above optimal control
problem by using a discontinuous (in time), Galerkin (DG) scheme. The correspond-
ing optimality system consists of a primal (forward in time) equation and an adjoint
(backwards in time) equation which are coupled through an optimality condition, and
nonlinear terms (see, e.g [26, 29, 38, 47, 53]).

The main aim is to show that the DG approximations of the optimality system ex-
hibit similar approximation properties to the standard linear (uncontrolled) parabolic
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equation. In particular, it is shown that the error of the DG approximations is as good
as the regularity of the solutions and the approximation properties of the subspaces
enables it to be, for suitable data f,yg,U.

This is achieved by proving the following symmetric estimate, which states that,
|lerror|| x < C(||in. data error||z2(q) + [[best approx. error||x 4 |[subsp. error||X1).

Here, ||.||x = |I-llzo<j0,7;2() + -/ 20,7351 ()], and ||| x, denotes a norm related to a
possible change of finite element subspaces every other (or every few) time steps and
can be omitted when the same subspaces are being used in every time step. The term
|best approx. error|x is posed in terms of suitable local L? projections and allows
optimal rates of convergence when the solution is sufficiently smooth. The constant C'
does not depend exponentially on quantities of the form 1/a. The dependance upon
a of various constants appearing in these estimates is essential to the underlying
optimal control problem and hence it should be carefully tracked. In particular, in
most computational and practical engineering examples, we are interested for small
values of the parameter «, and in certain cases even comparable to the discretization
parameter h.

The structure of the estimate is similar to the work of [11] which concerns the DG
approximations of linear (uncontrolled) parabolic PDE’s, and it leads to optimal error
estimates in terms of the regularity of the solutions and the approximation theory of
the chosen subspaces.

The proof of the main estimate, is based on estimates of an auxiliary and essentially
uncoupled system together with a “boot-strap” argument and stability estimates at
arbitrary time-points under minimal regularity assumptions. The key element of the
proposed methodology is the use of a “duality” type of argument for discontinuous
time-stepping schemes, to facilitate the decoupling of the optimality system. In par-
ticular, using the adjoint variable as test function in the primal equation, and the
primal variable as test function in the adjoint equation, we first show that

Herror||2L2[0,T;L2(Q)] < ||best approx. error||% + a1/2||error\|%2[o7T;H1(Q)].

Then, for « suitably small, we apply a “boot-strap” argument to obtain the desired
symmetric estimate. To our best knowledge the above symmetric estimates and their
particular structure are new within our optimal control setting.

The motivation for using a DG approach, stems from its performance in a vast area
of problems where the given data satisfy low regularity properties, such as optimal
control problems. Furthermore, the concept of symmetric error estimates can be
effectively capture the interplay between regularity of solutions and approximation
properties of the subspaces. Such estimates are also recently applicable to a variety of
problems such as error analysis of moving meshes, Lagrangian moving mesh method-
ologies (see e.g. [18, 42]) and can be viewed as generalization of the classical Céa
Lemma (see e.g. [15]). In addition, discontinuous (in time) schemes accommodate
the use of different subspaces in each time step, and hence basic adaptivity ideas, in
a natural way. In the recent works of [7, 8, 40, 41, 44, 45] discontinuous Galerkin
schemes were analyzed for distributed optimal control problems constrained to linear
parabolic PDE’s, while the case of semi-linear constraints is analyzed in [9, 48]. In
[9], convergence of discontinuous time-stepping schemes for optimal control problems
(without control constraints) related to semi-linear parabolic PDE’s is studied, under
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minimal regularity assumptions on the data and growth assumptions on the semi-
linear term. In the very recent work of [48] first order (in time) error estimates for the
controls are presented for an optimal control problem related to semi-linear parabolic
PDE, with control constraints, in case that the initial data belong to Hg (£2) N L> ()
under weak hypothesis on semi-linear term. The controls are discretized by piecewise
constants in time and space, however the analysis is also applicable when piecewise
constants (in time) piecewise linears (in space) are being used. For the state equation,
the lowest order (k = 0) discontinuous Galerkin (in time) combined with standard
conforming finite elements (in space), are being used. The first-order (in time) esti-
mates presented in [48] successfully address a variety of difficulties due to the presence
of control constraints, and the corresponding nonconvexity. The estimates and the
analysis of [48] are different compared to the ones presented here. Our work primarily
focuses on the development of estimates that possess the symmetric structure (and
their advantageous features described above) for the associated optimality system.

Below, we give a brief description of other related results.

1.1. Related results. Several problems with distributed controls have been
studied before analytically in [26, 29, 35, 38, 39, 47, 53] (see also references within).
Several results related to the analysis of numerical algorithms for optimal control
problems were studied in [4, 5, 6, 14, 16, 17, 25, 28, 30, 31, 33, 34, 36, 37, 43, 49, 51,
52, 53, 55, 56].

A posteriori estimates for DG schemes were studied in [40, 41] for optimal control
problems related to linear parabolic PDE’s, while in [44] an adaptive space-time fi-
nite element algorithm is constructed and analyzed. A priori error estimates for an
optimal control problem of distributed type, having states constrained to the heat
equation are presented in [45] while in [7, 8], a priori error estimates for DG schemes
for the tracking problem related to linear parabolic PDE’s and implicit parabolic
PDE’s respectively, with non-selfadjoint possibly time dependent coefficients are es-
tablished. In [46] a Petrov-Galerkin Crank-Nicolson scheme is applied to an optimal
control problem with control constraints related to linear parabolic PDE’s, while in
[3] a Crank-Nicolson formulation is analyzed. In both papers, second order rates of
convergence are obtained.

There is an abundant literature concerning DG schemes for the solution of parabolic
equations without applying controls (see e.g. [50] and references therein). The relation
of the discontinuous Galerkin method to adaptive techniques was studied in detail in
[20, 21, 50]. Some results related to finite element approximation of semi-linear and
general nonlinear parabolic problems are presented in [1, 19, 22, 23].

1.2. Synopsis. An outline of this paper follows. After introducing the necessary
notation in section 2, the optimal control problem and its corresponding optimality
system of equations are described in section 3. In section 4, we formulate the discrete
optimal control problem and state the key stability estimates at arbitrary time points
under minimal regularity assumptions for the state and adjoint variables. In section
5, error estimates on the energy norm and at arbitrary time-points are obtained,
for an auxiliary (and essentially uncoupled) system of parabolic PDE’s, using L?
projection techniques. Then, utilizing the estimates on the auxiliary system, the
stability estimates of section 4, and a “boot-strap” argument, we obtain estimates for
the nonlinear optimality system. This technique allow us to derive fully-discrete error
estimates of arbitrary order provided that the natural parabolic regularity is present.
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Our work is concluded by presenting a simple numerical experiment, which validates
our basic estimate.

2. Preliminaries. We use standard notation for Hilbert spaces L?(2), H*(2),
0<seR, HYQ) ={ve HY Q) : v|r = 0}, related norms and inner products (see e.g.
[24, Chapter 5]). We denote by H~1(£2) the dual of H}(2) and the corresponding du-
ality pairing by (.,.). For any Banach space X, we denote by LP[0,T; X|, L*°[0,T; X]
the standard time-space spaces, endowed with norms:

T »
H'U”LP[O,T;X] = </ ||U||§(dt> ) ||UHL°°[0,T;X] = ©SSSUP¢eo, 17 vl x-
0

The set of all continuous functions v : [0, 7] — X, is denoted by C[0, T; X], with norm
defined by ||v||cjo,r;x] = maxeepo 7 [|v(f)| x - Finally, we denote by H'[0,T; X],
%

T T
[0l zj0,mx) = (/ ||v||§(dt> + (/ ||Ut||§(dt> <O <o,
0 0

and by W (0, T) the solution space W (0,T) = L2[0, T; H}(Q)]|NH![0,T; H~1(Q)] with
norm

1
2

||v||%/v(o,:r) = HUH%z[o,T;Hl(Q)] + ||Ut||2L2[o,T;H—1(Q)]'

The bilinear form associated to our operator, is defined by
a(y,v) = / A(x)VyVudz Yy,v € HY(Q),
Q
and satisfies the standard coercivity and continuity conditions

a(y.y) Zullylin ), a.v) < Collylm@lvlme — Yy,ve Hy(Q).

A weak formulation of (1.2) is then defined as follows: Given f,g,yo we seek y €
W(0,T) such that

() o) + [ " (= o) + ) + (0l o)) (2.1)
= o)+ [ () + 00t

for all v € W(0,T). The data satisfy the minimal regularity assumptions which
guarantee the existence of a weak solution y € W(0,7T), i.e.,

ferL?o,T;H Q) Yo € L*(Q)

while the distributed control g will be sought in L2[0,T; L?(£2)]. Note that under the
above regularity assumptions one can only show convergence of the discrete schemes
see [9, Section 3] (even in the uncontrolled case). For error estimates, additional
regularity assumptions are needed in order to guarantee rates of convergence. In
particular, we will assume that y € L>[0, T; L*(Q)], which typically requires that 3 €
H}(), f € L2[0,T; L*(2)]. The choice of the control space significantly simplifies
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the implementation of the finite element algorithm, since it leads to an algebraic
optimality condition. Hence, it avoids the use of spaces of fractional order, or the
solution of an extra PDE which typically occurs when other norms of g are included
in the functional (see e.g. [29]).

For the subsequent analysis it suffices that the target U € L?[0,T; L*(Q)]. However
in most cases U is actually smoother, since the target typically corresponds to the
solution a parabolic PDE, and hence it can be assumed that U € W(0,T). For the
analysis of our discrete schemes, the semi-linear term is required to fulfill the following
structural assumptions.

ASSUMPTION 2.1. (a) For convergence of the state variable: The semi-linear term
¢ € CH(R;R) satisfies,

@' (s) >0, ‘(ﬁ(s)’ < Cls|?, ‘qb'(s)‘ < C”s‘p_l, s¢(s) > C’|s’p+1, for1<p<3.

(b) For convergence of the state and adjoint variable: In addition to (a), ¢' be Lipschitz
continuous, with Lipschitz constant Cp, or ¢ € C*(R;R) with |¢"(s)| < C|s[P~2 for
2<p<3.

(c) If the semi-linear also includes time-space coefficients, i.e., ¢(s) = o(t,x,s) :
[0,T]x QxR — R then, in addition to (a)-(b), $(0), ¢’ (0) are required to be uniformly
bounded.

REMARK 2.2. Convergence can be shown by simply assuming growth and monotonic-
ity conditions of Assumption 2.1 (a)-(b) on ¢, ¢' (see [9, Section 3]). The Lipschitz
continuity assumption on ¢’ is imposed only to minimize technicalities. Most of the
results presented here, are still valid under the weaker assumptions of [48], provided
that the initial data belong to H () N L>®(Q). We refer the reader to [53] (see also
references within) for a detailed analysis of possible assumptions on the semi-linear
term and on the reqularity of the data. Here, we have chosen to impose the mini-
mal reqularity assumptions that guarantee the existence on the corresponding discrete
solution on the space L*°[0,T; L?(Q)] N L?[0,T; H} (Q)].

We close this preliminary section, by recalling generalized Holder’s and Young’s in-

equalities which will be used subsequently.
Generalized Hélder’s Inequality: For any measurable set F, of any dimension and for

(1/81) + (1/82) + (1/83) = 1, S; > 1,

LSl(E)||f2| Lb’z(E)Hf3| Ls3(E)-

/ FifafodE < |If1]
E

Young’s Inequality: For any a,b >0, § > 0, ab < da® + (1/45)b?

3. The continuous optimal control problem. In this section, we formulate
the optimal control problem and state results regarding the existence of (an) optimal
solution(s) and of the corresponding optimality system (first order necessary condi-
tions). We refer the reader to [53] (see also references within) for an excellent overview
regarding existence / uniqueness and issues related to first and second order necessary
and sufficient conditions.

3.1. Existence of optimal solution. First, we quote a result regarding the
solvability of the weak problem (2.1) on the natural energy space under minimal
regularity assumptions.



THEOREM 3.1. Let f € L?[0,T; H-Y(Q)], yo € L*(Q), g € L*[0,T; L*(Q)]. Then,
there exists a unique solutiony € W(0,T) which satisfies the following energy estimate

Iwlwiory < € (I lzzio.zm-1 01 + lwollzaoy + lglapo.rizon )

Proof. The proof is standard (see e.g. [14, 24, 57]). O

Next, we state the definition of the set of admissible solutions A,4 and of the (local)
optimal pair.

DEFINITION 3.2.

1. Given data f € L2[0,T; H=*(Q)], yo € L*(Q), and target U € L*[0,T; L*(Q)],
then (y,g) is said to be an admissible element (pair) if y € W(0,T), g €
L2[0,T; L?(2)] satisfy (2.1). (Note that J(y,g) is bounded, due to Theorem
3.1).

2. Given data f € L2[0,T; H=1(Q)], yo € L%(Q), and target U € L%[0,T; L*(Q)]
we seek pair (y,9) € Agqqa such that J(y,g) < J(w,h)V (w,h) € Agq, when
ly — wllwo,r) + lg = hllL2[0,7:02(0)) < 6 for 6 > 0 appropriately chosen.

Below, we state the main result concerning the existence of an optimal solution for
the minimization of the functional (1.1).

THEOREM 3.3. Suppose yo € L*(Q), f € L0, T; H-*()], U € L?[0,T;L*(Q)].
Then, the optimal control problem has solution (y,g) € W(0,T) x L2[0,T; L?(2)].

Proof. Similar to [14, 26, 38, 53]. O

REMARK 3.4. The solution to optimal control problems having states constrained to
nonlinear parabolic PDE’s is in general not unique. However, we note that under
additional assumptions on the data of the control problem and the structure of the
semi-linear term it is possible to prove that there exists a unique optimal control g
(see e.g. [39, Chapter 3, pp 43]), and that the corresponding optimality system admits
a unique solution.

3.2. The continuous optimality system. Suppose now that (y,g) € A,q is
a (local) optimal solution in the sense of Definition 3.2. Then, an optimality system
corresponding to the optimal control problem of Definition 3.2 can be easily derived
based on well known Lagrange multiplier techniques (see e.g. [14, 26, 38, 47]). Given
fsyo, U satisfying the assumptions of Definition 3.2, we seek y, u € W(0,T) such that
for all v € W(0,T),

T
(y(T),v(T)) +/O ( — (y,v¢ ,v) + ((b(y),v))dt
071}(0)

)+ aly
= o)+ [ (1) + o)) -1

y(0,7) = yo

| (o) + i) + 0 @) it = =000 + [ =)t g
u(T,z) =0
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/T(ag +pu)dt=0  Yue L?[0,T; L*(Q)]. (3.3)
0

REMARK 3.5. Note that due to optimality condition we obtain that the control g
is actually smoother, i.e., g = —(1/a)u € W(0,T). The later can be used to ob-
tain improved regularity results for the primal and adjoint variables via “boot-strap”
argument, when additional regularity on U, f,yo is available.

4. The discrete optimal control problem.

4.1. The fully-discrete optimal control problem. The fully-discrete ap-
proximations are constructed on a partition 0 = t* < ¢t < ... <tV =T of [0,T].
On each time interval ("1, "], of length 7, = ¢" — ¢"~!, a subspace U’ of H} (1) is
specified, and it is assumed that each U} satisfies the classical approximation theory
results (see e.g. [15]). We also assume that the time-steps are quasi-uniform, i.e.,
there exists 0 < 6 < 1, such that min,—;, . n 7, > Omax,—1,. ~7n. Now, we seek
approximate solutions who belong to the space

Up = {yn € L?[0,T; Hy(Q)] : yn

(tn—1,t7] S Pk: [tn_lv tn7 UITLL]}

Here Pi[t" =1, t"; U] denotes the space of polynomials of degree k or less having values
in Uj}. We also use the following notational abbreviation, yn » = yn, Up » = Uy etc.
The discretization of the control can be effectively achieved through the discretization
of the adjoint variable . However, we point out that the only regularity assumption
on the discrete control is g, € L?[0,T; L*(Q)].

By convention, the functions of U}, are left continuous with right limits and hence will
subsequently write (abusing the notation) y™ for yp,(t") = yn(t" ), and y for y(t7}).
The above notation will also be used for the error e = y — y, function. Due to a
well known embedding result W (0,T) C C[0,T; L*(Q)] (see e.g. [24, Chapter 5]), the
exact solution y is in C[0,T; L?(£2)], so that the jump in the error at t", denoted by

[e"],is [e"] = [y"] =y} —y".
The discrete state equation can be defined as follows: Under the assumptions of
Definition 3.2, we seek state y; € Uy, such that for any g5 € L2[0,T; L*(Q)],

00+ [ (= omeona) + o) + Gln),vn) )i (41)

n—1

n

t
— @t [ (o) o))t Vo € PR,
tn—1

for n = 1,..,N. The discrete admissible set A%, and the discrete (local) optimal
control problem is now defined analogously to the continuous problem.

DEFINITION 4.1. Suppose that the assumptions of Section 2 hold.
1. A%, = {(yn, gn) € Uy x L2[0,T; U] such that (4.1) holds}.

2. Discrete (local) Optimal Pair: We seek pair (yn, gn) € A%, such that
J(Yn, gn) < J(wh,up) for all (wp,up) € AL, when
lyn — wnll L2002 @) + 1Yn — wallLeo,riz2(0)) + 119n — unllL2p0,7,22(0)) < 6
for &' > 0 appropriately chosen.
Let g5, be the solution of 4.1 without control. Without loss of generality, it is un-
derstood that the pair (gp,0) € Agd, and ¢’ are chosen in a way to guarantee that
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J(Yn, gn) < J(Gn,0). The proof of existence of optimal solution of the discrete problem
and its corresponding discrete optimality system of equations (first order necessary
conditions) require stability estimates for the solution of (4.1), under minimal regular-
ity assumptions (see e.g. [9, Section 3]). These stability estimates are also needed for
the derivation of error estimates. The |lyn|x = llynllzecpo,m;22(Q) + lYn 20,751 ()]
norm is used as the natural energy norm associated to the DG formulation, since
the discrete time-derivative does not possesses any meaningful regularity due to the
presence of discontinuities.

4.2. Stability estimates. Now we are ready to state stability estimates for the
discrete optimal control problem. Under an additional assumption on the semi-linear
term, we derive a stability bound, which improves the dependence of 7 upon the
penalty parameter a compared to the result of [9, Lemma 3.6].

ASSUMPTION 4.2. Suppose that {t"}N_ denotes a quasi-uniform partition of [0,T).
In addition to Assumption 2.1, we assume that ¢ satisfies the following assumption:
Foralln =1,...N and sy, sy € L2[t"1,¢"; L2(Q)], with lls1—s2llL2pn—1 nin20)) <6
for some € > 0, there exists Cp, > 0 (algebraic constant) such that

p(s1) — d(s2)l| L2em—14m,02 () < CLlls1 — s2llL2en—1 52200

REMARK 4.3. In the remaining of this paper, we will denote by C, constants that
depend only upon Lipschitz constants of Assumptions 2.1 and 4.2, and by Cy constants
that depend upon k. Both constants can be different in different appearances.
LEMMA 4.4. Suppose that yo € L*(2), U € L?[0,T;L*(Q)], f € L*[0,T; H-*(Q)]
are given functions, and let ¢ satisfy Assumptions 2.1, and 4.2. If (yn,gn) € Up X
L2[0,T; U] denotes a solution pair of the discrete (local) optimal control problem,
then

T T
AH%—Uﬁmwmwwmén%mmmt

T T
< C(I8° ey + (/) | W+ [ 101yt = Cue

where C' is a constant depending only on Q. In addition, for alln=1,...,N

t’!‘L
wmm+2n|m ‘AMM@WWS%m

with Dy = Cgt max{l,l/al/Q}. Let 7 = max;—1, 7, with 7, = t' — =1 If
T < min{Ck/SCLCl/2 Cral/2/8}, then the following estimate holds:

st
1Ynll7 o 0,722 (2 < CDyst

where C depends on (C./n),Ck and Q but not on o, 7, h.
Proof. For the first two estimates we simply note that J(yn,gn) < J(gn,0) =

(1/2) fOT 19 — UHLQ(Q dt, where g, corresponds to the solution of (4.1) without con-
trol. The estimate on g, follows from [11, Section 2]. For the second estimate, we set
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v, = yp into (4.1), and use Young’s inequality to obtain
o

/2 Ny" 20y + /DN Mz + 77/ Ml @yt < (1/2)]ly"HIzz )

.
" t"

1/t [ e +at [ ol
n— tTL—

The estimate now follows by adding the above inequalities and using the first estimate.
For the estimate at arbitrary points, the proof uses ideas of [12]. For completeness,
we sketch the proof. Set v, = g, into (4.1), where g, is the exponential interpolant
of e=P=t"")y, of y, (for some p > 0) and defined as in Appendix A.1. Then, the
definition of g, allows to obtain

" "
/t (Ynt: Yn)dt =/ (ynts yn)e P Dt (4.2)

n—1 -1
t’”.
m_gn—1 _ P
= 1/ 72 @™ " ) = 1/2)ly" 1||%2<Q)+(,0/2)/t oDl @e ™ .

Hence, integrate by parts with respect to time in (4.1), and using (4.2), we obtain
/2" 72pe " )+ /2" 2@ — /28" 720

t" t"
/) [ e e+ [ ol
tn— t

n—1
tn tn tn

< [ et [ ol [ 1o mld
t"L* tVL* t’”f*

Using Lemma A.2, we may bound 7, in terms of y; in various norms. In particular,
using Young’s inequalities, we obtain

W25 Zaeye " + /2"y — /20" 2o (4.3)
" N t"

(p/2) / o (0) 2y~ Vet + / (6(un). gn)dt
tn—1 gn—1

<o [ (1o + ot mln B oy + 02y + (10 o).
o

n

It remains to bound the semi-linear term. For this purpose, using Assumption 2.1,
we obtain,

/tni1 (d(yn), yn)dt > /tnrl (6(yn) — ¢(Fn), gn)dt.

Moving the last integral on the right hand side of (4.3) we obtain a bound as fol-
lows: Lemma A.2, implies that the difference y, — yn remains small. In particu-
lar, using the previously derived estimate on |lyn | z2[0,7;22()) We may bound |y, —

_ 2
yh||L2[tn717tn;L2(Q)] < Ckan||yh||L2[tn717tn;L2(Q)] < CkaCslt/ . Therefore, we deduce
from Assumption 4.2, and Hélder’s inequality

t"l
/ 1<¢(yh) — Wn), yn)dt < CL|lyn — Gnllr2pen—1 4m;02 ) 1Tk L2fm -1 ni 02 ()
tn—

t’".
<CCopm P [ st



Collecting the above inequalities into (4.3), we obtain
(1/2)||3/"||2L2(Q)€ P (1/2)|ly 1]||2L2(Q) —(1/2)lly 1”%2(9)

t'L
(s _gm—1
Ho/2) [ IO e D

<O [ (Ui + (Cot sy + 02l o)t

tn—1

n

t
+((1/a1/2)+CkCLanC;t/2)/t_1 lyn 720yt

.
<o [ (10 + ot mllnlBis oy + 02l o)

tn—1

+Tn ((1/041/2) + CkCLPTnCslt/Q) ||yh|‘%°°[t"—1,t";L2(Q)]'

Hence, selecting p = 1/7, and using the inverse estimate ||ynll7<pm-1 m.p2(q) <

Ck/Tn f::,l ||yh(t)||2Lz(Q), we observe that the last term on the left hand side can be
bounded from below by,

t’”, B B - ~ t'L
0/ [ O e = (e 2m) [ Ol

in
> Crllynll7 oo frn1,4m: 1202

It remains to bound the last term at the right hand side. Choosing 7,, > 0 in a way
hide this term on the left hand side, at the right hand side, i.e., Cslt/QCkCLTn < (Cy/8)
and (7, /al/?) < (Cy/8), i.e., for 7, < min{(Ck/SCLCl/2 (a'/2Cy,/8)} we obtain,

st

(1/4)||yh||2L°°[t"*1,t";L2(Q)] < Hy”_IH%,?(Q)

o

4 [ (1 Bivy + (Cot lln ey + a2l ).
tn—

The estimate now follows by using the previously derived estimates at the energy

norm and at partition points. O

REMARK 4.5. The Assumption 4.2 is also helpful in order to minimize technicalities
in the subsequent derivation of symmetric error estimates. However, we note that if
the growth condition is satisfied with exponent 1 < p < 2, it can be easily shown that
l(yn) — d(Fr)llL2tn—1,tn;02(0)) < C(Csts Ci)llyn — YnllL2en—1,tn;02(0)) -
Similar to the case of [9, Theorem 3.8], (where ¢ satisfies growth and monotonicity
conditions) the following convergence result can be established when the same sub-
spaces are being used at every time interval, i.e., U = U, C H}(Q), for n=1,..., N,
under minimal regularity assumptions.
THEOREM 4.6. Given fized h and partition 0 =t° <t < ... <tN =T of [0,T], with
T = MaxX;—1,... N Ti, satisfying the assumptions of Lemma 4.4, and let the Assumption
2.1 hold. Suppose also that f € L?[0,T; H-*(Q)], yo € L*(Q), U € L?[0,T; L*(Q)]
and let o > 0. Then, for U = U, C H{(Q) and for quasi-uniform time-steps, we
obtain,

e There exist y, € Uy and g, € L2[0,T;L*(Q)] such that the pair (yn,gn)

satisfies the discrete equation (4.1) and the functional J(yp, grn) is minimized.
10



o The discrete pair (yn,gn) converges as T,h — 0 to solution (y,g) of the con-
tinuous optimal control problem, in the following sense:

yp =y weakly in L*[0,T; HY(Q)] yn —vy  weakly-* in L>°[0,T; L?(2)]
yn —y  strongly in L2[0,T; L*(Q)] gn —g  weakly in L2[0,T; L?(Q2)].

Proof. See [9, Theorem 3.8]. O

REMARK 4.7. The stability estimates under minimal reqularity assumptions are valid
even when different subspaces are being used at every time interval. The convergence
result of [9, Theorem 3.8] is based on a discrete compactness argument of Walkington
(see [54, Theorem 3.1]) for discontinuous time-stepping schemes which is established
when U] = Uy. However it is possible to extend the main result even in case of
different subspaces. We note also that the proof of Theorem 4.6 requires only the
growth and monotonicity assumptions of Assumption 2.1.

4.3. The fully-discrete optimality system. The fully-discrete optimality sys-
tem is defined as follows: We seek yp, up, € Uy, such that for n =1, ..., N and for every
v, € Plt" 1t U,

n—

)+ [ (= ) +almon) + Gl on)dr (1)

=" o) + /tt1 <<f, Up) + (Qh,vh))dt

)+ [ (G + alon ) + @ ndnon))dt (45)

tn—1

- e+ / (g — U, op)dt
t

n—1

T
/ (agn + i un)dt =0 Yup € L2[0,T5UT). (4.6)
0

Here, y° = yno, ,uf =0, f, U are given data, and y;o denotes an approximation of yq.

REMARK 4.8. For low order schemes (k = 0, or k = 1) the proof of existence of
the discrete optimality system can be derived by standard techniques. For high order
schemes, we refer the reader to [10, Section 4].

REMARK 4.9. Note that testing the optimality condition (4.6) with functions of poly-
nomial in time structure, we may easily see that (4.6) is equivalent to ftil,l(agh +
pnsvn) =0 for all vy, € Pt 1, t"; U], andn=1,...,N.

The remaining of this section is devoted to stability estimates on the adjoint vari-
able . These estimates will play a crucial role in the subsequent analysis of error
estimates for the fully-discrete optimality system.

LEMMA 4.10. Suppose that yo € L*(Q), U € L*[0,T; L*(Q)], f € L*[0,T; H=*(Q)]
are given functions, let ¢ satisfy Assumptions 2.1-4.2. If (yn, pn) satisfy (4.4)-(4.5)-
(4.6) then

T N T
/O 2oyt < Curcy 18120 + 3 M2 +7 / 21t < Copa/2
=1

11



and forn = 1,...,.N, ||,ui_1\|%2(m < Cyal’?, where Cyy is defined in Lemma 4.4.
Suppose that in addition to the assumptions of Lemma 4.4, T = max;—1, ., T;, satisfies
((DystC3C2/4n) + (Cr /40 ?))1 < (1/4). Then, we obtain,

||Mh||%°°[O,T;L2(Q)] < CCya'l? = D,st

where C' does not depend on o, T, h, but only on C./n,Cy and Q, and Dys denotes
the stability constant of Lemma 4.4.

Proof. (Sketch:) The first two estimates are identical to [9, Lemma 3.8]. For the
estimate at arbitrary time, we proceed as follows. Similar to [9, Section 4], we set
v, = fin, where fij, is the exponential interpolant e=?*" =%, of p; (for some p > 0)
and defined as in Appendix A.1 (suitably modified to handle the backwards in time
problem). Then, the analog of (4.3), takes the form

n— o (p_gn—1 .
A/ Baye )+ /DI Wy = /DN By (A7)
¢ _ _4n—1 ¢
/) [ N @l e D [ (6 s i
tn— tn—

t’ll
< [ (nloncoy + (Cufa”) s By + a2/ on = Ul ).
tn—
It remains to treat the semi-linear term. Note that adding and subtracting puy, the
semi-linear term takes the form,

" " "
/ (¢ (yn)un, fin)dt = / (¢ (yn) tns fin — pn)dt +/ @ (n) s gt
tn—1 tn—1 tn—

Hence, we may drop the last term due to the monotonicity of ¢, and move the first term
at the right hand side. Then, using the Lipschitz continuity of ¢’, the interpolation
inequality ||.||2L4(Q) < Ol le2@) Il 1 (o), Holder’s inequality, and Appendix A.1, we
obtain,

o

i
/ (6 ()i i — pin) |t < C / L2 lan L scen 1 — enl gy de
t -1

n—1 tn
1/2 1/2 1/2 _ 1/2 _ 1/2
< COLD; [ il 3£l il in — pn |yt

1/2
< CrCLDE prallinll zpen—1 oms 2 | Lgen— omsa -

Therefore, using Young’s inequality with § > 0, we deduce that

t'n,
121571 0yt
-1

n—1 tn

tn
/t (&' (un)ns fin — pn)ldt < (CROE Dysep® i [40) [l pnl|7 21 pn. 20y + 77/

Then, combining the last three relations into (4.7) and selecting p = (1/7,,), we obtain
the desired estimate working identical to Lemma 4.4. O

REMARK 4.11. We close this section by noting that the discrete stability bounds for
the adjoint variable scale better in terms of the parameter o compared to stability
constant of the state variable, as expected.

The rest of the paper is devoted in proving that the DG approximations of the op-
timality system exhibit the same rate of convergence to the related (uncontrolled)
linear parabolic PDE, for appropriate data f,ug,U and the parameter a.

12



5. Error estimates for the optimality system. The key ingredient of the
proof will be the stability estimate at arbitrary time-points of section 4, along with
estimates for an auxiliary optimality system (based on suitable L? projection tech-
niques), and a “duality argument” in order to treat the nonlinear terms. In order to
obtain an actual rate of convergence more regularity is needed.

ASSUMPTION 5.1. Let (y,g) be an optimal pair in the sense of Definition 8.2. In
addition, let yo € HE(Q), f € L2[0,T; L?(Q2)] and assume that a1/2||y||iw[07T;L4(Q)] <
Cq, where Cy is constant depending only upon data f,U,yo, the constants C.,n and
the domain Q.

REMARK 5.2. The above assumption implies a mild restriction on the size of y, in
terms of the penalty parameter o and the given data. We refer the reader to [57]
for a detailed analysis of reqularity results for semi-linear parabolic PDEs. Analogous
L0, T; HY(Q)] stability results for the discrete optimal control problem, and for the
optimality system (4.4)-(4.5)-(4.6) will be studied in detail elsewhere.

5.1. An auxiliary optimality system. First, we define an auxiliary optimality
system which will help uncoupling the discrete optimality system. Let wy, zn € Uy
be defined as the solutions of the following system. Given data f,U,yy, and initial
conditions wpg = Yo, where ypg denote the initial approximation of yyo, zf =0, we
seek wp, zp, € Uy, such that for n =1,..., N and for all v, € P[t" 1, ¢"; U],

(", v") + /ttn (= s vne) + aown,vn) + (9(0). 1) ) dt (5.1)

n—1

n—1

=@+ (o) = 1)) .

tTI,
=20+ [ ((onon) + alon,on) + (0 on) )t (52)
tn—1
tn
= —(Ziil,viiw +/ (wp, — U, vg)dt.
tn—1
The solutions wy,, 2, € Uy, exist since ¢(y), ¢’ (y)u belong at least to L2[0,T; H ()],
due to Assumptions 2.1-4.2 and the regularity of y,u € W(0,7). The solutions of
the auxiliary optimality system play the role of “global projections” onto U. The
basic estimate on the energy norm of y — wp,u — zp will be derived in terms of
local L? projections using techniques of [11, Section 2] into the auxiliary system (3.1)-
(3.2),(5.1)-(5.2). A key feature of these estimates is that they are valid under minimal
regularity assumptions. The following standard projections associated to DG method
(see e.g. [50]) are needed.
DEFINITION 5.3. (1) The projection PI°¢ : C[t"=1 " L2(Q)] — Pt L, t"; UM
satisfies (Pl°v)" = P,v(t"), and

-
/ (v — P, vy) = 0, Yo, € Pr_1[t" 1t U (5.3)
t

n—1

Here we have used the convention (Plov)" = (Plocv) (") and P, : L*(Q) — U is the
orthogonal projection operator onto Ul C HJ ().
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(2) The projection P¢ : C[0,T; L?(2)] — Uy, satisfies

Pio“v € Uy, and (Pi0)|(pn-1 4] = PI°(v

[tn—l ,t"’])'

For the backwards in time problem a modification of the above projection (still
denoted by P¢) will be needed. In particular, in addition to relation (5.3), we need
to impose the “matching condition” on the left, i.e., (Piv)} ™' = P,v(t"") instead
of imposing the condition on the right. Note that the projection of Definition 5.3 can
be viewed as the one step DG approximation of v; = f on the interval (t"~!,¢"] with
exact initial data v(t"~!) and f = v; specified, while the modified projection for the
backwards in time stems from the one step DG approximation of the backwards in
time ODE, with given terminal data. Recall that due to [50, Theorem 12.1] or [13]
these projections satisfy the expected approximation properties. Below, we state the
main result for the auxiliary problem.

THEOREM 5.4. Let f € L?[0,T; H '(Q)],y0 € L*(Q), and U € L?0,T; L*(Q)] be
given, and let Assumption 2.1 hold. Let y,u € W(0,T) be the solutions of (5.1)-
(3.2) and wp, zn, € Uy, be the solutions of (5.1)-(5.2) computed using the DG scheme.
Denote by e1 =y —wp, 11 = p— z, and let e, =y —Ploy, r, = p—P°u, where Pi°
is defined in Definition 5.3. Then, there exists an algebraic constant C' > 0 depending
only on Q such that,

N—-1
77H€1||2L2[0,T;H1(Q)] + Z |\[€§]||2L2(Q) < C(H6(1)||2L2(Q) + (Cc2/77)”611“%2[0,T;H1(Q)])
=0
N-1 . ]
+ 3 2min (|(7 = P)y(t)32(y 1/ (Feam) | Pesa (T = Pyt 10y )
=0

N
|2z @y + D72 @) < O((l/n)nel||2L2[0,T;L2(Q)] + (03/77)”TPH%2[O,T;H1(Q)]>
i=1

N
+ > 2min (I = Pyt )st) 3y, (1/ D | PAT = Pt )t 31 )
i=1

Here, won, = yon, where yon, denotes an approzimation of yo, 7; = t' —t'~1, P, denotes
the L? projection on Uy and we have used the convention Py = P, Pn41 = Pn.

Proof. Throughout this proof, we denote by e; = y—wp,,r1 = p— 2z, and we split eq, 71
toer = erp+ep = (PIy—wp)+ (y—Piy), ri = rin+rp = (Piu—21) + (n—Plcp),
where P°¢ is defined in Definition 5.3. Using the above notation, and subtracting (5.1)
from (3.1), and (5.2) from (3.2) we obtain the orthogonality condition: forn =1,..., N

(e, v") + /ttn ( — (e1,vne) + aler, vh))dt = (ep7 oY), (5.4)

n—1

n—1 n—1

" "
7(T;L+,Un)+/ ((rhvht>+a(r1,vh))dt:7(7?_:17@_7_—1)+/ (e1,vn)dt, (5.5)
t t

for all v, € Py[t"~1,t";U]. Note that the orthogonality condition (5.4) is essen-
tially uncoupled and identical to the orthogonality condition of [11, Relation (2.6)].
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Hence applying [11, Theorem 2.2], we derive the first estimate. In a similar way, the
orthogonality condition (5.5) is equivalent to:

m

—vﬁ+ﬂﬂw+/

tn—1

(¢rsns vue) + alrin,vn) ) dt = = (it 027 (5.6)

-
+/ ((el,vh) - a(rp,vh))dt + (7’;_,_,11") Yoy € Pk[tnfl,t”; Uyl.
t

n—1

Here, we have used the definition of the projection. Setting vj, = 15 into (5.6), using
the bounds,

n—1

" tm
[ Newrlae< [ (@/0lmnlf e + (€ mllelia )t
t tn—1

tn "

WM@mw+&Wm/ 172 el
t

n—1

]{tn Jaranery)|de < (o) [

n—1 tn—1
and standard algebra, we obtain

tn

~U/D s ey + 2N + /2N oy + /2 [ el oyt
tn
<c [ (€l + 0/lealia )t + (T = Pl 6)

Finally for the last term, observe that ry, € U, }?H and hence,

(I = Prpa)p(t), min) = (I = Pag)p(t), 715 = i)

<7 - Pn+1)M(ti)H%2(Q) + (1/D|rihye — T?h||2L2(Q)~

An alternative bound can be obtained by using the inverse estimate ||r{’h|\%p(ﬂ) <

(Cr/mn) fttn_l ||r1h||§{1(9)dt, and noting that r{;, € U},

((I = Ppgr)pu(t7),r1n) = (P(d = Py (7)), r10)

NP = Pop) () [ -l Tl 51 0)
tn,

< (CR/(ran)IPa(I = Prg ) w1 F-1 () + (77/4)/ Iran 7 (it
tn—1

where at the last step we have also used Young’s inequality. Collecting the last two
estimates and equation (5.7) we obtain the desired estimate upon summation and
standard algebra. O

REMARK 5.5. If the same subspaces are being used every time step, i.e., Uj! = Uy, C
H} () then we observe that there is mo contribution from the summation term in
Theorem 5.4. Indeed, inspecting the above proof, we mote that for i = 1,....N the
local L*(SY) projection P; = P;yq = Pr2 : L?(Q) — Uy, is the same at each time step.
Therefore, vy, € Uy, implies that

((I = Posn)ultt),rin) = ((I = Pr2)u(th), riy,) = 0.
15



Hence, (5.7) takes the form
tn

—(/ 2l 1720 + W/2NrTallZ2 ) + A/ 1220 + (77/2)/t 117 ()t

n—1
g

<c | (@2mlirline + O/l )

Working similarly for the forward (in time) problem, we obtain th following estimates:

N-1

77H61||%2[0,T;H1(Q)] + Z |H€§]||2L2(sz) < C(He(f”%z(gz) + (Ccz/n)”617“%2[0,T;H1(Q)])7
=0
N

|7 20,700 () + Z 111720 < C((l/n)nel||2L2[0,T;L2(Q)] + (002/77)||7“p||2L2[o,T;H1(Q)])-
=1

Subsequently, an estimate on the L°°[0,7T; L?(2)] norm is derived, using the approx-
imation of the discrete characteristic (see Appendix B, and the subsequent Theorem
5.12). Since, an estimate on the L2[0,T; H'(Q)] norm is already obtained, and the
auxiliary optimality system is now essentially uncoupled, the techniques of [11, Section
2] can be applied directly.

THEOREM 5.6. Let wy, 2, € Uy, be the solutions of (5.1)-(5.2) computed using the
DG scheme. Denote by e =y — wp, r1 = p — 2z, and suppose that the assumptions
of Theorem 5.4 hold. Then there exists a constant C' depending on Cy, ) such that

H61||%°°[07T;L2(Q)] < C[H%H%m[omm(m] + ||€?||2L?(Q) + (002/77)H€p||2L2[o,T;H1(Q)]
N—-1

+ > 2min (17 = PYy(E) ey, (1 Fisam)lIPesa (T = )yt 310y )|
=0

1711 oo 0,722 (62 < C[HTPHQLOO[O,T;LQ(Q)]

+(/mlexllZz07p20 + (C2/mrpl 2070 ()

N
+ 3" 2min (|2 = Pet )it 30y, (/) IPAL = Pest) )31y ) |
=1

Proof. Splitting the error as in the previous theorem, i.e., e; = ey, + ¢, it suffices to
bound the term sup;n—1<n Helh(t)H%z(Q). This is done in [11, Theorem 2.5] (note

that the orthogonality condition is uncoupled).

The estimate for the adjoint variable can be derived similarly starting from orthogonal-
ity condition (5.5), and using a suitable approximation for the discrete characteristic
for the backwards in time problem. [

REMARK 5.7. Similar to Remark 5.5 an improved bound holds when Uj' = Uy,
n=1,...,N. In particular,

H61”%°°[0,T;L2(Q)] < C(||6PH%°°[O,T;L2(Q)] + He(l)”%z(ﬁ) + (Cc2/77)”ePH%?[O,T;Hl(Q)])
HT1||%°°[O,T;L2(Q)] < C(H%H%w[o,pw(m] + (1/77)”61“%2[0,T;L2(Q)]

H(C2/m)Irp3ap0,rorrs )
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REMARK 5.8. The combination of the last two Theorems implies the “symmetric”
structure of our estimate. In particular, let ||(., )|lx, ||(-,.)||x, be defined by

(er, r) 1% = lleallx + lIr % = Hel”QL?[O,T;Hl(Q)] + HTlH%?[QT;Hl(Q)]
+H€1||%°°[O,T;L2(Q)] + ||r1||%°°[07T;L2(Q)]’

and

e, )%, = lleallx, + lIrall%,

N-—-1
=3 2min (I = POy, (1 (resam) 1P (= Py(E) )
=0

N
+ > 2min (I = Peya)st) By, (/G| PAT = Pt u(t) -1 ).

=1

Then, using Theorems 5.4, 5.6 we obtain an estimate of the form
|| error| x < C(Hm data error||2(q) + ||best approx. error||x + Hsubsp.errorHXl).

The above estimate indicates that the error is as good as the approximation proper-
ties enables it to be, and it is applicable for higher order elements under the natural
parabolic reqularity assumptions. If Ul = Uy, forn =1,...,N then the subspace error
can be dropped, and thus we obtain symmetric estimate of the form

lerror|x < C(Hm data error||12(q) + || best approz. err0r||X), (5.8)

which can be viewed as the fully-discrete analogue of Céa’s Lemma (see e.g. [15]).

5.2. The nonlinear optimality system. It remains to compare the discrete
optimality system (4.4)-(4.5) to the auxiliary system (5.1)-(5.2). In the remaining
of this work, we denote by ez, = wp — yn, and by rop = 2z, — up. We begin by
establishing an auxiliary bound for ||eg;L||2LQ[O7T;L2(Q)] and (l/a)||r2h|\%2[07T;L2(Q)] in
terms of a'/?||eay, ||%2[07T;H1(Q)] and projection terms ey, 1. Here, we note that without
loss of generality we assume « < 1, which corresponds to the physical case.

LEMMA 5.9. Suppose that Assuptions 2.1-4.2-5.1 hold. Let yp, pip,wp,zn € Up be
the solutions the optimality system (4.4)-(4.5) and of the auziliary system (5.1)-(5.2)
respectively, computed using the discontinuous Galerkin scheme. Denote by e; =
Y—wp, 1 = p—2p, and let eqy, = wp —Yn, Ton = 2n — 1y Lhen, there exists constant
C depending on n,Cr, C. and the constants Cy, Cs of Assumption 5.1 and Lemma
4.4 respectively such that for T satisfying the Assumptions of Lemmas 4.4, and 4.10,
and for o < CCY, the following estimate holds:

T T
/0 leanlaaydt + (1/0) / ranl2a ot

T T
< [ (/alerlfro + Il o) dt +Ca’2 [ fea st
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Proof. Subtracting (4.5) from (5.2) we obtain the equation,

-
B0+ [ (transone) + aran,vn) + (6 ) =  n)ns on))
tn—l
-
= (Lot +/ (Comun)dt  Wvn € Pl % U7, (5.9)
tnfl

Subtracting (4.4) from (5.1) we obtain the equation:

n

(o) + [ (= Ceanon) + alean ) + (6(0) = ol )

o
= (eggl,vflw/t —(1/Q) (it — ppyvp)dt Yo € Pelt" " UR]. (5.10)

We will obtain an auxiliary bound for ||€2h||%2[O)T;L2(Q)] and (1/«) ”T%H%Q[QT;H(Q)} in

terms of al/2 ||€2h||%2[07T;H1(Q)] and projection terms. For this purpose we set v, = ey,
into (5.9) to obtain

,
=B+ [ (traneeand) + alvansean) + (@@ — & (omans ean) )t
1 1 "
i) = [ el (511)

and v, = rop into (5.10)
t'rL

(€37, T35) + / ( — (ean, rant) + alean, ran) + (o(y) — ¢(yh),vh>)dt

tn—1

t"L
(et pdy = / —(1/@)(r1 7o) — (1) [ran s e . (5.12)

n—1

Integrating by parts with respect to time in (5.12), and subtracting the resulting
equation from (5.11), we arrive to

(FShgse3n) — (€5 ) + /  (leanliZagey + (/) lranllfagey ) dt (5.13)
= [ @ = i ean) = (0l) = o)) = (1) [ (v

We need to bound the three terms of the right hand side. We begin by estimating
the last two terms. For this purpose, note that,
o

ranl2a et + (1/0) / 12 o,

tn—1

ey

< (1/1a) |

tn—1

(1/a)/t (r1,7op)dt

n—1

while Assumption 4.2 (note that there exists € > 0 such that ||ys —yl|L2pn—1 ¢n,2(0)) <
€ due to Theorem 4.6) and Young’s inequality imply that

tn
ez 2oy + llex ooy ) dt
tn
7anl|7 2 0y dt-
-1

/t (o(y) — d(yn), ron)| dt < C’%a/

n—1 tn—1

+(1/4a) /

tn
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Furthermore, for the final term, we may bound

.
I, = /t 1 = o s ean)] e

< /tnfl (6" (y) (1 — pn), e2n)| dt + /tnfl (¢ (y) — & (yn))n, e2n)| dt
=1, +1

1
nl>

For integral I}, adding and subtracting ¢’(0),

I, = / 6 () (1 — ), ean)|

< /t ([((¢" () = ¢ (0)) (1 — pn), €2n)] + [{&" (0) (v — pn) €2n)|) dt.

Hence, using the Lipschitz continuity of ¢, the uniform bound on ¢’(0), the embedding
HY(Q) Cc L*(Q), and Young’s inequality with suitable § > 0, we obtain

tn

i i
yliza@liren +rillzzo lleanlizaeydt + C/ ran 71z lleznllzz (e dt
B .

t" t"
< /o) [ Il + 1/40) [ Tl

tn
tm

o
JraC(CL)Hy||2L°°[O,T;L4(Q)]/ ||€2h||§11(9)dt+ca/ lleanl|72 () dt
—1 t"71

tn
o
2

B [r2nl[22q)dt

< (1/a) /W 72y + (1/4a)/

tn

tTlr tn
+al20(CuC) [ Nleanlrsoydt + Ca [ leanlfaqait
t’ﬂf —

tn

where at the last inequality we have used Assumption 5.1. Here C(Cp,Cy) denote
constant depending upon C7p, the data f,yg,U,n and . In addition, the Lipschitz
continuity of ¢’ and the generalized Holder’s inequality, imply that

t"L
» lleil Lacoyllnll L2 ) lean | Loy dt

I, = / (& (4) — & (yn) . ean) | dt < /

n—1 tn

-
+ / leanlzacen il o ey lleznll sy .

tn—l
The first part of I?; can be bounded by using the embedding H'(Q2) c L*(Q) and
Young’s inequality,

n

.
/ leallar o il 2 e ezl sy dt < (CDjuat/a/?) / el ot
tn—l tn—l

4l [ fea syt
tn—

where here we denote by D, the stability constant of Lemma 4.10. Finally, observe
that interpolation inequality ||.||%4(Q) < Ol llz2@) Il (0), the stability inequality of
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up, of Lemma 4.10 and Young’s inequality with appropriate ¢, imply that

t" g
/ lle2nll L1y llen e llnll L2 dt < ||Mh||Loo[tn—1,tn;L2(Q)]/ 1 leanllL2(o) llezn || mr (o) dt
t"_l tn—
t™ ™
2 2 2
< (1/4)/ ||€2h||L2(Q)dt+C||Mh||Loo[tn—1,tn;L2(Q)]/ [€2n 1 () dt
tn—l tn—l

n

< (1/4) / lesnl2 i + CCuyat/? / leanl s ot
tn—l t —1

Substituting the above bounds into (5.13) and adding the resulting inequalities from
1 to N, noting that ZnN:1 ((r§h+,e§h) — (e;‘;l,r;ﬁ})) =0 (since €9, =0, Té\;w =0),

and choosing o < C(Cp) to hide ftt:_l HezhH%Z(Q)dt, we obtain the desired estimate.
O

REMARK 5.10. In the above proof we have use the Lipschitz continuity of ¢' to avoid
any additional technicalities. The assumption that y € L>®[0,T; L*(Q)], will require
to impose additional reqularity assumptions on the data, in particular, yo € H}(Q),
f € L?0,T; L?(Q)], but not additional regularity on the control and the target.

Estimates follow using projection techniques of Theorem 5.4 which allow to treat
the forward and backward (in time) coupled PDE’s together with a “boot-strap”
argument.

THEOREM 5.11. Let Assumptions 2.1-4.2-5.1 hold. Let yp, pp, wn,zn € Uy, be the
solutions of the optimality system (4.4)-(4.5) and of the auziliary system (5.1)-(5.2)
respectively, computed using the discontinuous Galerkin scheme. Denote by e; =
Y — Wy, T1 = W — 2p, and let eap, = wp — Yp, Ton = zn — Un- Then, there exists
constant D, depending on ||y||Lejo,1;z2(Q)/n, the constant C of Lemma 5.9, and

2
p = M% < 1 (for B > 0) such that for 7 satisfying the assumptions of

Lemmas 4.4, and 4.10, the following estimate holds:

T N—-1
||6é\;z||%2(9) + 77/0 ||62h||%11(sz)dt + Z ||[€§h]||2L2(sz)
i=0

T N
+(n/a) /0 lranll s @t + (L/a)llrn 172 () + (1/a) D rsallle o)

i=1

T
<D/0?) [ (lerlrs + In i ).

Here the constant D is independent of T, h, a.

REMARK 5.12. We note that we are interested in the case where the values of a are
small, and possibly comparable to h, which guarantee fast convergence to the target
U. Hence, great care is exercised to avoid the use of Gronwall’s type arguments which
typically lead to constants of the form exp(l/«).

Proof. Step 1: Preliminary estimates for the state: Setting vy, = egp, into (5.10) and
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noting that u — pp = 71 4+ 72, We obtain

n

(1/2)]les 172y + (1/2)ledn 72y — (1/2)lless 172y + 77/ . llean Iz oy dt

\
t" t"
+ [ (00) — olm)semdde < ~(/a) [ (ri+ ran et (514)
tn— tn=
For the first term on the right hand side, note that
t" " "
/o) [ rveandd] < @/4) [ lealndt+ ©/no) [ Il

Next we focus on the nonlinear terms. Notice that the monotonicity of ¢ implies that

n

wzl w@—w%mmmz/ (6(y) — d(wn), ean)dt

n—1 tn—1

and hence we moving the above term on the right hand side, we may bound the term
by using Assumption 4.2, Poincaré inequality, and Young’s inequality, as follows:

t"l
SCL/ le1llz2 o) llezn ll L2 () dt

tn—1

Inl

tn t’!L
<o) [ lemlipaydt +(©Cufm) [ lealp et

Therefore collecting the above bounds into (5.14) and multiplying by «'/? we obtain:

.
aW@%MWWM%wm@—Mﬁm@+mm[4wm%@@ (5.15)

n

N
< [ (Cma¥ )l + (CCLaV el ey) de = (1) [ (ranscan)i.
tn—1 tn

—1

Step 2: Preliminary estimates for the adjoint: Setting vy, = rap into (5.9), we obtain

g

~(1/2)lr3n 1720 + /25122 @) + /25 122 ) + 77/ 72 1 ()t

tn—1
"

t’ll

+/ (&' (W) — ¢ (yn)ptn, r2n)dt < / (e2n, Tan)dt. (5.16)
tnfl tnfl

Using the monotonicity of ¢, and noting that p — uj = r1 + rop, the nonlinearity of

the adjoint equation can be written as:

LH (@' (Y — &' (yn)pn, ran)dt

:/t (@ (v — ¢’(y)uh,rzh>dt+/ (&' (y)in — &' (yn) i, r2n)dt

tn—1

i o
> / (¢ (y)r1, ron)dt + / (0" (W) pn — &' (yn ) pins ron)dt.
t

tn—1
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Moving the last two integrals on the right hand side, we derive appropriate bounds.
For the first integral, using the Lipschitz continuity of ¢’, the uniform bound on
#'(0), the generalized Hélder’s inequality and the embedding H'(Q) C L*(Q), we
easily obtain

‘/ 7’1,T2h dt’ ’/ 7’1,T2h dt’ +‘/ 7’1,T2h>dt

< (n/4) / a2 oyt + (Cy /) / 2
tnfl tnfl

where C,, depends only on [|y||z[0,7;22(0)) and the domain. Similarly, for the second
integral, the Lipschitz continuity of ¢’, the generalized Holder inequality and the fact
that y — yn = e1 + ez, imply,

o
‘/ &' (yn)) tns r2n) dt‘ < OL/ lunllz2 (o ller + eanllLay Iranll Loy dt

<II), +I12,.

It remains to bound the last two integrals. Starting from IInl, using the interpolation
inequality ||. ||L4 @) < Cll ez -l (o) and stability estimates on fu,, we obtain:

.
1< Co [ lnnllvacolean Lo lranlosconet
tjn_ t"
< (n/4) /tn_1 72 o ll72n L @ lleanl @y dt + (CCL /) /tn_1 lleznll 2 lm2n 2 (o) dt
t" n
< (n/4) /n 7213yt + (|| oo frn1 g2 9)177/16)/’ llean I3 oy dt

+n

wecwn) [ (@ el + 1/ ranlEee) dt,
t

tTlr tW,
< /) [ Il + (©CEan/16) [ flean s oyt
t’rL* tfl*

n

+(CCL/TI)/ ) (041/2||€2h||2L2(Q) + (1/al/2)||7"2h||%2(9)) dt,
tn—

where we have used the stability bound of Lemma 4.10. For II}
inequality and the embedding H'(Q) C L*(€2), we obtain,

using the Hoélder’s

nl»

t
< C [ e ller i lran oy

t7l
<) [ Il eyt +(©CoCaat/m) [ et
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Inserting the bounds on IT},, IT?, into (5.16), and multiplying by (1/a!/?), we obtain

—(1/2a"2) 13 |20y + (1/20 )57z ) + (1/20"2)Ir55 I o

-
H/20%) [ ran 3 it (5.17)
tn—l

n

t" t

<D [ (lealrsiey + (/a2 ralosg )t + (1/a2) [ ean,ran)a
tn—1 tn—1

tTI,

tTI,
+OC§tO‘1/2/ H€2h”?{1(9)dt+COL/n/
tn,fl t

n—

(leanlZaqoy + (/) ranll3ey ) d,

where D depends upon CCLCy/n, and Cy, /1.

Step 3: Combination of (5.15)-(5.17): Next we will form the convex combination of
(5.15)-(5.17) by multiplying 1 — p equation (5.17) and by p equation (5.15), 0 < p < 1,
(p to be determined later), and we add the resulting equations:

o~
llean I3 oy dt
-1

n

—((1 = p)/2a" )l |72 (@) + (1= p)/202 ) [[I5] 72 () + (1 = p)/202) 75t 72 @)
M

H(1 = pfaa) [ s oyt
t’”/*

pat 2 egnl|Ta ) + pa P lley HlIEe ) — paPllesy HITa () + (a2 /4) /
t

tn

t’Vl
<D/ [ (Il + lealngey) e+ (1= p)OCRa? [

tn—1 tn—1

llean I oy dt

e

+1-pccun [
H1-p)fal® [

tn—1

(lezliZae + (/) ranllfaqey ) dt

g

(ean, Tgh)dt — (p/a1/2> / (62}“ Tgh)dt. (5.18)

tn—1

e

There are two distinct cases. If 0 < p < (1/2), then p < (1—p) and we may bound the
last two terms, by 2(1—p)/a/? f;_l |(e2n, Tan)|dt, and hence using Young’s inequality,

n

2(1 - p)/a’” |

tn—

(@ 2llean 220y + (/0 /) ranlF2ay ) dt:
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Substituting the last inequality into (5.18), and summing from 1 to N we deduce

N T
Pal/2||€§2||iz(fz) + pa'/? Z ||[6321]||%2(Q) + (P77041/2/4)/0 ||62h||%11(9)dt
i=1

N
(1= p)/2222) Y snlllEa o) + (1= p)/202) 134 1720

i=1

T
(1= pnf1a?) [ ranlfp o
T ’ T
<DW/a*) [ (Il + lealinen) de+ (1= ICCRY [ fean s oyt
0 . 0
-Hl—mCCMnA (lleanl22(ay + (1/@)lIranlF ey ) dt

T
Amufmﬂ (leanlzqay + (1/@)lIrznliF ey ) dt. (5.19)

where D depends only upon the stability constant Cy, 1, Cr. Note that we may
use Lemma 5.9 to replace, the last two integrals, by projection terms e;,r; and
a1/2||e2h|‘%2[07T;H1(Q)]~ ThUS,

N T
pa 2 ledpllTa () + pa? Y N[k, IIZ2 (g + (ma/?/4) /O le2n 7 oy dt
i=1

(1= p)/2022) Y snlllEa o) + (1= p)/202 )13 (1720

i=1

T
HO—MW%N%AIWN%mW

T
<D/ [ (Il + el ) (5.20)
T T
+(1 - P)Ccftal/Q/U/ llezn 7yt + (1 — 0)30041/2/ llen | (@ dt-
0 0

Here, C denotes the constant of Lemma 5.9. Then, choosing p in order to hide the
term ||€2h||L2[O,T;H1(Q)] on the left, i.e.,

CCZ/n +3C
s <1,
n/4+ CC%/n+ 3C

(noting that p is independent of «) we arrive at the desired estimate. We also note
that so far we have treated the case 0 < p < (1/2), which implies an assumption on
the size of data, and in particular, CC% /n + 3C < n/4. It remains to treat the case
where (1/2) < p < 1. Again, we are interested in treating the last two terms of (5.18).
For this purpose, note that

(1-p)fa® [

tn—1

(1= p)(CCZ/n+3C)a"? = pna'?/4,  p

(€2n, Ton)dt — (p/al/z)/ 1(€2h77“2h)dt
tn—

£

QO—%W&”/ [(eans ran)ldt.

tn—1
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Since, (1/2) < p < 1, we deduce |(1 —2p)| = (2p — 1) < B(1 — p), for some S > 0.
Indeed, we note that if 8 > 0 big enough, then p =< 1since p < (1+5)/(2+8) =< 1.
The remaining of the proof remains the same. The analog of (5.20) takes the form,

N T
POél/QHEé\;«LH%Z(Q) + pat/? Z ”[622;1”‘%2(9) + (pna1/2/4)/0 ||62hH12L11(Q)dt
=1

N
(1= p)/202) S Iy + (1= 9)/2042) 11 2
=1
T
(1= p)nfaatl?) / ran s oyt
T
< D(p)(1/a*?) / (IralBys oy + llexlin oy )

T T
U= )02 [ lea iyt + 50 - ) [ ea o
0 0

Then, choosing p (independent of «) in order to hide the last two terms on the left
hand side, i.e, for

2
Cost/n+/BC <1

1—p)(CC2 /n+ BC)a? = pnat/? /4, :
(1-p)(CC5,/n+ BC)a pnac’=/ P= AT CC% £ BC

we obtain the desired estimate. O

REMARK 5.13. In most practical situations, such as short time-setting or not very
large data Cgt, we note that the values of the parameters p or 1 —p are not comparable
to a'/? << 1, hence the dependence of the estimate upon « does not deteriorate
further.

Based on the estimates at the energy norms, we proceed to derive estimates at ar-
bitrary times. Since, an estimate on the energy norm ||r1||z2p0,7;m1(q) is already
obtained in Theorem 5.11, the optimality system is now essentially uncoupled. An
estimate at arbitrary time points for the forward in time equation can be derived by
applying the approximation of the discrete characteristic technique of [11] into the
semi-linear case. Here, the stability estimate at arbitrary time-points will be also
needed.

THEOREM 5.14. Let yp,, un € Uy, be the solutions of (4.4)-(4.5). If in addition to the
assumptions of Theorems 5.4, 5.11, T satisfies T < Ci/n, then there exists a constant
D depending on the ratios (Cy/n), (Ce/n), €T/ and the constant D of Theorem
5.11, such that

T
HeZhH%w[O,T;L%Q)] < D(l/az)/o (”@1”%11(9) + ||7"1||%11(Q))dt'

Here, D is also independent of T, h, a.

Proof. We begin by integrating by parts with respect to time in (5.10), and substi-
tuting vy, = ésp, where €, denotes the approximation of the discrete characteristic
function xpgn-1 yean (for any fixed ¢ € [t"~1 t")), as constructed in Appendix B. The
definition of the éz, (see Appendix B) and the fact that esps € Prp_q[t" 1, ¢ UP]
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implies that j;t:,l (eant, €ap)dt = j;tn,l (eant, €en )dt which implies,

(1/2)llean(®)172q) + (1/2)llle3s 72y + /tnil (a(ezh, éan) + (oY) — d(yn), é2h>)dt
= (/215 gy = [ (/) raneean)i. (5.21)

Recall also that the continuity properties on af(.,.), ¢ and Proposition B.1, imply

n £

‘/ ) a(egmégh)dt‘ < C(C}WCC)/ . ||€2h||?g1(9)dt
tn— tn—

while the coupling term can be bounded as:

n

1 t" . t
5 [ radait| < @of?) [ (Il + e )

tn—1

4G [ flean syt
t

Here we have used Young’s inequality with appropriate 6 > 0 and Proposition B.1.
For the semilinear term, recall that the growth condition, and generalized Holder
inequality, the embedding H'(Q2) C L*(£2) imply

t"L
B ly — ynll o lézn ||z o dt.

[ w0 st <oy [

n—1 tn
Using Young’s inequality, we finally arrive at:

g

/t (6(y) — Sy ), éan)dt < Ch(C, + Cr) /

n—1 n—1

(lexlrs oy + lleanlfrs ey ) dt

where Cy depends only upon ||y r=[0,7;12()- Hence, substituting the above esti-
mates into (5.21), we obtain an inequality of the form, (1 — Cr,)a™ < a"~ 1 + f,
where a” = SUp ¢ (pn—1 4] ||€2h(8)“%2(9). Indeed, let t € (t"~1,¢"] to be chosen as
a™ = ||egh(t)\|%2(m and note that Cj fttn,l ||62h||%2(9)dt < Cympa™, for 7, satisfying
7nCr < (1/4) the desired estimate follows by the discrete Gronwall Lemma, upon

using the previous bounds of Lemma 5.9, Theorems 5.4, 5.11, and standard algebra.
]

Estimate on the adjoint variable p, follow using similar techniques and the previously
derived estimates on the primal variable. Below, we state the relevant estimate.

THEOREM 5.15. Let yn, un € Uy be the solutions of (4.4)-(4.5). Suppose that the
Assumptions of Theorems 5.11-5.14 hold. Then there exists a constant D > 0 (similar
to Theorem 5.14) such that

T
||7"2h|ﬁ;oo[o,T;L2(Q)] < D/o (||61H%r1(sz) + HrlHip(sz)) dt.
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5.3. Symmetric Error Estimates. Various estimates can be derived, using
results of Section 5, and standard approximation theory results. We begin by stating
symmetric error estimates.

THEOREM 5.16. Suppose that Assumptions 2.1-4.2-5.1 hold. Let yn,un € Uy de-
note the approximate solutions of the optimality system (4.4)-(4.5) computed using
the discontinuous Galerkin scheme. Suppose that T = max;—1,.. nTn, h, satisfy the
conditions of Lemmas 4.4,4.10 and Theorem 5.14. Then, the following estimate holds:

lel% + (1/e)lirli% < €(1/0?) (lleolFaqqy + llepl% + Irpll%)
N-1

+ 3 2min (12 = P)y(t)3eqy /7 P (1= Pyt 310
=0

N
+ 3 2min ([T = Pt By, /T mIPT = Pt st) 25y )
=1

where C~J~ depends upon the stability constants of Lemmas 4.4, 4.10, and the constants
C, D, D of Lemma 5.9 and Theorems 5.11, 5.14 respectively, but is independent of
7,h,o. In addition, suppose that the same subspaces are being used, i.e., U} = Up,.
Then,

lel% + (1/elirl% < €(1/0®) (lleolZaqy + lepll% + Irpll )

Proof. The first estimate follows by using triangle inequality and previous estimates
of Theorems 5.4-5.11. The second estimate follows by Remark 5.5. O

Using now standard regularity and approximation theory results we obtain conver-
gence rates. Below, we state convergence rates in two distinct cases, depending on
the available regularity.

PROPOSITION 5.17. Suppose that the assumptions of Theorems 5.4-5.11 hold. Sup-
pose also that y, u satisfy,

(yop) € L2[0,T; H N HY Q)] (y* Y, p D) € L0, T; H' (Q)).

Assume that piecewise polynomials of degree | are being used to construct the subspaces
Uy c HY(Q) in each time step, where h denotes the spacial discretization parameter.
Then the following estimate holds:

lell% + (1/a)Irl% < ©(1/a?) (B2 + 720D + n2 min{nt/(r2n), h?/7}).

Here the constant C denotes the constant of Theorem 5.16. In case that vy =U,
then the following estimate is valid

lel% + (1/a)llrlk < C‘(l/a2)<h2l n T2<k+1>).

Proof. It remains to estimate e,,7,. Using [13, Corollary 4.8], and the standard
approximation properties of P,, we obtain,

ly — Pifcy”LQ[t”*l,t”;Hl(Q)] < C(Hy - Pny”LQ[t"*l,t”;Hl(Q)] + TkHHPny(kH) HL2[t"*1,t”;H1(Q)])

< O(hlHy||L2[t"*1,t”;Hl+1(Q)] + Tk+1||y(k+1) ||L2[t"*1,t";H1(Q)})-
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Therefore,

ly = Pyl 20,00 ) < C(BH Il 2o, i1 ) + 7Y ) 220,710 ) -
Working similarly, we also obtain that

S Al P

ly = Pyl porizz ) < C(R ™ yllopo,rmes ) + 7 0,731 ()

Similar estimates also hold for r,. It remains to bound the error terms due to the
change of subspaces. For that purpose, it is easy to see that

N-1
S 2min (|7 = By(t) 32 0y, (/7 )| P (7 = Pyt 1))
=0

< C||3/H20[0,T;Hz+1(m] min{h2l+4/(72n)’ h2+21/7}

while a similar estimates also holds for the terms involving the adjoint variable.
]

Our last result concerns error estimates under more restrictive regularity assumptions
on the solution, and in particular on the time-derivative.

PROPOSITION 5.18. Suppose that the assumptions of 5.4-5.11 hold. Suppose also that
Y, p satisfy,

(yop) € L0, Ty HT N H(Q)] (v, ) € L0, T; L*(Q)].

Assume that the same subspaces are being used in every time-step U] = Uy and
piecewise polynomials of degree | are being used to construct the subspace Uy, C H'(Q),
where h denotes the spacial discretization parameter. Suppose that the assumptions
of Theorem 5.16 hold. Then, we obtain,

el + (1a)lrlk < C(1/a?) (B2 + (722/12)),

where C denote the constant of Theorem 5.16.

Proof. Working similar to the previous theorem, and an inverse estimate lead to
loc, |2 2 2(k+1 k+1) 2
ly — Prfcy”LQ[t"*l,t";Hl(Q)] <Cly- PnyHLz[tnfl,tn;Hl(Q)] + Cpr? )||Pny( * )HL?[t"*l,t";Hl(Q)]

<C (Hy - Pny||2L2[t"—1,t";H1(Q)] + (TQ(k+1)/h2)HPny(k+l)||%2[t"—1,tn;L2(Q)]) '

The projection error in L>[t"~1 ¢"; L2(2)] can be treated similarly. The adjoint vari-
able can be treated similarly. Thus, using the stability of the orthogonal projection,
we obtain the desired estimate. O

REMARK 5.19. It is clear from the proofs of Propositions 5.17 and 5.18 that the
enhanced regularity assumptions on (y,u) is only needed to obtain (optimal) rates
with respect to ||.||e(0,7;L2() part of the corresponding |.|x norm. Indeed, if we
choose the same subspaces in each time step U]l = Uy, then there is no contribution
from the jump-terms, and hence we may combine the results or Remark 5.5, and
Theorem 5.11, to relate the errors ||e]| 210, 7,11 () and ||7||L2(0,7; 51 (Q)) with projection
errors Yy — IP’lhocy and | — IP’lhocu at the same morms. As a consequence, the rates of
convergence of Proposition 5.18, with respect to |.|p210,7;m1 Q) norms only require
(y, 1) € L2[0,T; HFTYH(Q)] N HEL0,T; L2(Q)] regularity.
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REMARK 5.20. Due to the absence of control constraints, an estimate on the controls
g — gn follow directly from the estimate on the adjoint |u— pn||x using the optimality
condition. However, as it is indicated in the subsequent numerical experiments, an
improved rate of convergence in the L?[0,T; L?(Q)] norm is expected for the controls.
This issue will be investigated elsewhere.

5.4. Numerical Experiments. In this section, we are going to validate numer-
ically the proven a priori error estimates for k = 0, [ = 1, in the cases 7 = h? and
7 = h for the error in the control, state, and adjoint state.

We consider the following numerical example for the model problem with known
analytical exact solution on Q x (0,T) = (0,1)? x (0,0.1) and homogenous Dirichlet
boundary conditions, similar to the one presented in [48]. In particular, we minimize
the functional

1 (7 , a [T
T0) =5 [ =Vl + 5 [ Lol
subject to the constraints,

ye — div[A(@)Vyl + (1/3)y> =f+g  n(0,7)xQ

We will chose regularization parameter o = w4, right-hand side
flt,xy,x0) = *7T467\/57T2T8in(ﬂ'£171)Sin(ﬂ$2)

L=l 5 ey
+-(——=mn“e
3(2f\/5

sin(mxy)sin(ras))?,

target function

4 2
o —Br2T o ™ B2t - . /52t o —VEr2T
U(t,z1,22) = (277 e VP (e S’Ln(ﬂ'I1)SZTl(7TSC2)) (e e ))
x sin(mwxy)sin(rxs),

and initial condition yo(x1,x2) = Q:bngsin(ﬁxl)sin(wxg), in a way to guarantee

that the optimal solution triple (y, &, g) of the above problem is given by

-1 2 —/5m%t
t,x1,T2) = e
vihon ) =57

sin(mxy)sin(rxs),

w(t, 1, x0) = (ef\/ngt - 67\/37T2T)SZ'TL(7T1‘1)SZ.TL(7TI2),

g(t,x1,m0) = —7r4(ef‘/5”2t - eiﬁﬁzT)sin(ﬂxl)sin(ﬂxg).

The optimal control problem is solved by the finite element toolkit FreeFem++ (see
[2, 32]) using a conjugate gradient algorithm method. The mesh-generator and the
linear algebra solver is the standard one provided by the toolkit. Two different exper-
iments are being performed, with modest values of the discretization parameters 7, h.
The first one, for 7 &~ h, while the second one requires a more restrictive time-step
approach 7 ~ h?, which is typically more standard. In both cases the expected rates
of convergence are being computed for the L?[0,T; H'(Q)] norms for the the state
and adjoint variables, i.e., O(h), while in the second experiment we also recover the
expected quadratic rate of convergence in L2[0, T'; L?(€2)] norm for the control.
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TABLE 5.1
Rates of convergence for the 2d solution with k =0,1=1 (h=171).

Discretization Error
h=r ||€||L2[0,T;H(1)(Q)] HT”LQ[O,T;H}J(Q)] llg — gh||L2[O,T;L2(Q)]

h = 0.02946280 3.631050 0.05551130 0.02498330

h =0.01473140 1.508560 0.02618430 0.01082740

h = 0.00736570 0.772711 0.01454260 0.00561528

h = 0.00368285 0.391391 0.00758848 0.00281426
Convergence rate 1.071233 0.95696566 1.05004366

TABLE 5.2

Rates of convergence for the 2d solution with k=0,1=1 (h? =7).

Discretization Error
h? =7 ||€||L2[0,T;H5(Q)] H7”||L2[0,T;H3)(Q)] llg — gh“L?[O,T;L?(Q)]
h =0.1178510 2.254550 0.04141390 0.07661170
h = 0.0589256 1.003230 0.01943350 0.02208320
h = 0.0294628 0.470049 0.00914215 0.00546600
h =0.0147314 0.229416 0.00445367 0.00135706
Convergence rate 1.051790 1.06430666 1.89617666

6. Conclusion. We conclude this work by noting that the above symmetric
estimates imply that the error will be as good as the approximation theory of the
subspaces and the regularity theory of the underlying control problem will allow it to
be. A key feature of the analysis is that there is no exponential dependence upon the
parameter (1/a) which captures the information about the size of the control. The
estimates are still applicable for time-steps that are chosen independent of the spacial
discretization parameter h. Other type of controls and some computational results
will be studied elsewhere.

Appendix A. Quotation of results related to an exponential interpolant.
The polynomial interpolant of functions e*”(t’tn_l)v, where v € Pi[t" "1, t"; V] and
V' is any linear space, is needed in the proof of the main stability estimate. Here, we
quote the definition and the main results from [12].

DEFINITION A.1. Let V be a linear space, and p > 0 be given. If v = Zf:o ri(t)v; €
Pt t" V], with r; € Py[t"~1,t"] and v; € V, we define the exponential inter-
polant of v by

where 7; € P[t" "1, "] is the approzimation of ri(t)e*p(t’tnfl) satisfying r;(t" 1) =
Fi(t"Y) and

t" t"
/ 7i(t)q(t)dt = / ri(t)g(t)e " Dat, q € Pr_q[t" "]
t

n—1 tn—1
The following Lemma (see [12, Lemma 3.4]) asserts that the difference v — o remains
small in various norms.
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LEMMA A.2. Let V and Q be linear spaces and v — v be the map constructed in
Definition A.1, for given p > 0. If L(.,.) : V x Q — R denotes a bilinear mapping
and v € P[t"1,¢"; V] then

/t L(3(t), q(t))dt = / L(v(t),q(#)e? " Ddt,  Vge Ppit" 1% Q).

n—1 tn—1
If (., .)v is a (semi) inner product on V', then there exists a constant Cy, independent
of p >0, such that

[0 = 0ll g2 pgn-1,4mv) < Cup(t™ =" 1) [[0l| L2pin-1 m,)-

Appendix B. Quotation of results related to the discrete characteristic
function.

Note that the computation of the error at arbitrary times t € [t"~1,¢") can be fa-
cilitated by substituting v, = X[m-1,1yn into the discrete equations. However, this
choice is not available since x[n-14)yn is not a member of Up,, unless ¢ is actually a
partition point. Therefore approximations of such functions need to be constructed.
This is done in [11, Section 2.3]. For completeness we state the main results. The
approximations are constructed on the interval [0, 7), where 7 = t" — t"~! and they
are invariant under translations.

Let t € (0,7). We consider polynomials s € Pg(0,7), and we denote the discrete
approximation of xjo4)s by the polynomial 5 € {5 € Py(0,7),3(0) = s(0)} which

satisfies
T t
[ sa=[ s vaeraon).
0 0

The motivation for the above construction stems from the elementary observation
that for ¢ = s’ we obtain [ s'8 = fot ss' = 1(s2(t) — s2(0)).

The construction can be extended to approximations of xo ;v for v € Pr[0,7; V]
where V' is a linear space. The discrete approximation of xponv in Px[0,7; V] is

defined by © = Z?:o 8;(t)v; and if V' is a semi-inner product space then,

9(0) = v(0), and /OT({},w)V = /0 (v,w)y Yw € Pr_1[0,7;V].

Finally, we quote the main result from [11].

PROPOSITION B.1. Suppose that V is a (semi) inner product space. Then the mapping
Zf:o si(t)v; — Zf:o 5;(t)v; on Pil0,7; V] is continuous in ||.|[z2[0,r;v). In particular,
1ol 20,mv) < Crllvllieporvy, 19 = Xpo0vllzzio,mv) < CrllvllLzfo,mvy

where Cy, is a constant depending on k.
Proof. See [11, Lemma 2.4]. O
REMARK B.2. Combining the above estimate with standard scaling arguments and

the finite dimensionality of Px[0,7] we also obtain an estimate of the form

(9]l Lo (0,72 < CrllvllLec(0,7,L2(02))-
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