ANALYSIS OF THE VELOCITY TRACKING CONTROL PROBLEM
FOR THE 3D EVOLUTIONARY NAVIER-STOKES EQUATIONS*

EDUARDO CASAST AND KONSTANTINOS CHRYSAFINOSH

Abstract. The velocity tracking problem for the evolutionary Navier-Stokes equations in 3d
is studied. The controls are of distributed type and they are submitted to bound constraints. The
classical cost functional is modified so that a full analysis of the control problem is possible. First and
second order necessary and sufficient optimality conditions are proved. A fully-discrete scheme based
on discontinuous (in time) Galerkin approach combined with conforming finite element subspaces in
space, is proposed and analyzed. Provided that the time and space discretization parameters, 7 and h
respectively, satisfy 7 < Ch2, then L?(Qr) error estimates of order O(h) are proved for the difference
between the locally optimal controls and their discrete approximations. Finally, combining these
techniques and the approach of [6], we extend our results to the case of L1(Qr) type of functionals
that allow sparse controls.
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1. Introduction. In this paper, we study the velocity tracking control problem
associated to the evolutionary Navier-Stokes equations for three-dimensional flows,
that we write as follows.

{ yi —VvAy + (y - V)y+Vp=f+u in Qr = (0,T) x Q,

(1.1) divy =0 in Qr, y(0)=yo inQ, y=0 on Xy = (0,7) x I.

In these equations, y = (y1,y2,ys) is the velocity field of the fluid, p is the pressure,
v > 0 is the viscosity, f and u represent the body forces, and yy denotes the initial
velocity. We can control the system through the forces u.

For two-dimensional flows, Q C R?, an existence and uniqueness theorem for a solu-
tion of (1.1) is known long time ago. The study is more complicated for the three-
dimensional flows,  C R3. In this case, two different type of solutions are distin-
guished: weak and strong solutions. Under minimal assumptions, the existence of
weak solutions y € L2(0,T; H{(Q)) N Cy ([0, T],L2(2)) can be proved. However, the
uniqueness is still an open problem, unless the data (f + u,yo) are small enough or
final time T is sufficiently small; see, for instance, Temam [21].

A strong solution y is a weak solution that additionally belongs to L8(0, T; L*(12)).
In the 3d case, there exists at most one strong solution of (1.1), but its existence has
not been proved until now. In the two-dimensional case, weak and strong solutions
coincide, and hence we have existence and uniqueness of a solution.

In the classical tracking control problem, the cost functional involves the L? norm
of y — y4, where y, is the given target field. In the case of three-dimensional flows,
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2 E. CASAS AND K. CHRYSAFINOS

due to the lack of uniqueness of weak solutions or of the existence of strong solutions,
the analysis is very complicated. Actually, we cannot prove first and second order
optimality conditions, and error estimates for the discretization of the control problem
is an open issue. As a consequence, most of the studies devoted to the control problems
associated to the equations (1.1) assume that Q C R? [1, 5, 9, 11, 12, 14, 22].

Hereafter, we assume 2 C R3, but we do not require the data to be small because
this is not a realistic assumption. In this paper, we deal with strong solutions, which
allows us to carry out a complete analysis of the control problem. However, to prove
the existence of an optimal control with an associated strong solution we have to
consider a convenient cost functional. Instead of setting the L? norm of y —y, in the
cost functional as usual we consider the functional

1 T
)= [ I = valt) e i

0 2 AT 2
(1.2) +§/Q|y(T,:E)—yQ(a?)| d$+§/0 /Q\u(t,a:)| dzdt,

where A > 0, v > 0, and yq € L?(Q) to be fixed more precisely later.

The goal is to minimize the 7 (u,y) in a certain class of functions, where (u, y) satisfies
(1.1). If y is a weak solution of (1.1) such that J(u,y) < +oo, then y is a strong
solution. With this formulation we can prove the existence of an optimal control and to
get the first and second order optimality conditions. Moreover, following the approach
of [5], we obtain the same error estimates proved there for the numerical discretization
of the control problem in 3d. In particular, we prove estimates of order O(h) for
the difference between locally optimal controls and their discrete approximations, for
7 < Ch?, when T, h denote the time and space discretization parameters respectively.
In addition, we also show that any strict local minimum can be approximated by a
sequence of local minima of the discrete optimal control problems. Estimates of order
O(h) are also obtained for the state and adjoint variables, and they are optimal in
terms of the regularity on the given data. The cost functional (1.2) was introduced in
[4, page 95] where existence of optimal controls and first order optimality conditions
were studied for the continuous problem. It is worth noting that it plays a crucial
role also in the development of error estimates when combined with the discontinuous
(in time) Galerkin framework. One of the main features of discontinuous (in time)
Galerkin machinery is that the discrete scheme inherits regularity properties of the
corresponding continuous problem due to its heavily implicit nature. In particular,
the fact that the cost functional (1.2) yields strong solutions, is an important asset at
the fully-discrete level, since the enhanced regularity is also inherited to the discrete
state and adjoint variables. As a consequence, it allows the numerical analysis of the
control to state, and adjoint mappings similar to the 2d case and as in [5].

Furthermore, we also discuss the case of sparse controls. To enforce sparsity of the
controls, i.e. the localization of the controls in a small region of the domain, we
modify our functional in a way to include the L!'(£27) norm. It is well understood
that the inclusion of the L' norm in the cost functional yields to sparse controls
(see, for instance, [6], [7], [13], [20], [23]). In [6] necessary and sufficient second
order optimality conditions are derived, for a semi-linear elliptic control problem.
Adopting the techniques of [6] in our optimal control setting for the 3d evolutionary
Navier-Stokes case, we also prove error estimates for the difference between the locally
optimal controls and their discrete approximations based on the discontinuous (in
time) Galerkin framework.



The Velocity Tracking Problem for 3D Flows 3

2. The State Equation. Assumptions and preliminary results. Hereafter
Q) denotes a bounded open subset in R? with a Lipschitz boundary I'. We assume
that either  is convex or I' is of class C''!. The outward unit normal vector to I'
at a point z € I' is denoted by n(z). Given 0 < T < 400, we set Qp = (0,T) x Q
and 7 = (0,7) x . As in [5], we denote the Sobolev spaces H*(Q2) = H({;R3),
H}(Q) = HY(;R3), H Q) = (H}(2)) and WP(Q) = WP(Q;R3) for 1 < p < o0
and s > 0. We also consider the spaces of integrable functions

Li(Q) = {w e L*(Q) : / w(z)dx =0}
Q
LP(Q) = LP(Q;R3) and, for a given Banach space X, LP(0,T;X) will denote the
integrable functions defined in (0,7") and taking values in X endowed with the usual
norm. Following Lions and Magenes [17, Vol. 1] we put

oy 0%y Oy

H>'(Qr) = {ye L*(Qr) : o, = € L*(Qr), 1<i,j < 2},
8.131‘ 8331'.1‘]' ot

Endowed with the standard norm, the space H>1(27) is continuously embedded in
C([0,T], HY(Q)). We also set H>1(Qr) = [H>1(Q7)]?. We introduce the usual spaces
of divergence-free vector fields:

Y = {y € H}(Q) : divy = 0 in Q},

H={ycL?*Q) :divy=0inQ and y-n=0onT}.
Finally, let us consider the space W(0,T) = {y € L*(0,T;Y) : y; € L*(0,T;Y*)}.

It is well known that W(0,T) C C,([0,7T],H), where C,([0,T],H) is the space of
weakly continuous functions y : [0,7] — H.

Along this paper, we will assume that f,u € L?(0,7;L?(Q)) and yo,yo € Y. An
element y € W(0,T) is said a weak solution of (1.1) if

(2.1) { (ye,¥) +aly, ¥) +cly,y,¥) = (f+u,9) V€Y foraa. te€l0,T],
' y(0) = yo,

and the following energy inequality holds
(2.2)

t t
YOz + 20 [ 1906y ds < Ivoll +2 [ (60)+ u(s).(s)) ds ¥t € 0.7

where || - || and (-,-) denote the norm and the inner product, respectively, in L?((),
and a : HY(Q) x HY(Q) — R and ¢: L*(Q) x HY(Q) x HY(Q) — R are defined by

3
aly,z) = 1// (Vy:Vz)dz =v Z / O, Yj Oz, 2j Az
Q Q

ij=1

3
[é(y,z,w) — é(y,w,z)] with é(y,z,w) = Z / e <8Z1> w; dz.
Q 8$j

4,j=1

N =

c(y,z,w) =

The existence of a weak solution is well known; see, for instance, Ladyzhenskaya
[15], Lions [16], Temam [21], etc. However, the uniqueness of a weak solution is an
open question so far. We say that y is a strong solution of (1.1) if it is a weak
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solution and y € L8(0,T;L*(Q)). It is well known that (1.1) does not have more
than one strong solution. Strong solutions satisfy the energy equality instead of the
energy inequality (2.2). Hence, they seem to be physically more significant than weak
solutions. Unfortunately there is no existence result for strong solutions.

Once y is found from (2.1), the existence of the pressure p € D'(2r) can be proved,
in such a way that (y,p) is a solution of (1.1).

We finish this section by collecting some results whose proofs can be found in [4].
THEOREM 2.1. Let (f,yo) € L?(0,T;L2(Q)) x Y, g € L8(0,T; L*(Q2)) with divg = 0
in Qr, and e € L>(0,T;Y) N L3/%(0,T; H2(Q)). Then, there exist a unique element
y € H21(Q7) N C([0,T],Y) and some p € L*(0,T; H*()) solution of the following
problem

9y
(2.3) ot
divy =0 inQr, y(0)=yo inQ, y=0 on Xr.

—vAy +(g-V)y+(y-V)e+Vp=£ inQr,

Moreover, p is unique up to the addition of a function of L*(0,T). Finally, there
exists an increasing function n : [0, +00) — [0, +00) depending only on Q and v such
that

(2.4) Iyllez©0m <7 (Ivolly + 1]l 22075120 + |8l L5 0,13L3(02))

+ llell o0, yv) + lle]

L3/2(0.7:H2(2)) ) -

COROLLARY 2.2. Let us assume that (y,p) is a strong solution of Problem (1.1), then
y € H21(Q7) N C([0,T),Y) and p € L*(0,T; HY(Q)). Moreover

(2.5) Iy lle21 ) <0 (Iyolly + IIf +ull20, 70200y + ¥ lLs0,75me@))) »

where 1 s as in Theorem 2.1.

The proof of this corollary follows from Theorem 2.1 taking g =y and e = 0.
COROLLARY 2.3. If Problem (1.1) has a strong solution for some element u €
L2(0,T;L2(Q)), then there exists an open neighbourhood Ay of @ in L*(0,T;L%(Q))
such that (1.1) has a strong solution for every u € Ay. Moreover, the mapping
G : Ay — H?2Y(Qr) N C([0,T),Y), defined by G(u) = yu, is of class C*®. Fi-
nally, if zv = G'(W)v and vy,v, = G’ (u)(vy,va), for some u € Ay and some
v,vi,vy € L%0,T;L%(Q)), then zy and zy,y, are the unique strong solutions of
the following problems

0z

(2.6) ot
divzy =0 in Qp, z,(0)=0 inQ, z, =0 on X,

—VAZy + (Yu - V)2y + (2v - V)yu + VD1 = v in Qp,

- VAZv1v2 + (yu : v)ZV1v2 + (ZV1V‘2 ’ v)yu

(2.7) +(2v, - V)2y, + (2y, - V)2, + Vs =0 in Qr,

divzy,v, =0 in Qr, 2y,v,(0) =0 in Q, zy,v, =0 on X,
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for some p1,p2 € L2(0,T; H*(2)), which are unique up to the addition of a function
of L?(0,T).

Proof. Here we modify the proof of [4, Corllary 4.2.2] to correct a small mistake.
First, we observe that the solution y € H>1(Q7) N C([0,T],Y) of (2.3) satisfies that
y’ € L?(0,T; H). This is an immediate consequence of the proof of [4, Theorem 4.2.1].
Indeed, a Galerkin approach is followed there to approximate y by using a special basis
{4,152, of H*(Q) N'Y. The approximations take the form y,, = 37", g;(t)%;, and
Y = 2joy g5(t)1p; belong to L*(0, T; H) converges weakly to y in L*(0,T; H).

Let us consider the space

H={y e H*'(Qr)NC(0,T],Y):y € L*(0,T;H)}.

Endowed with the norm of H*1(Q7), this is a Hilbert space. Now, we define the
mapping

F:H x L*(0,T;L*(Q)) — L*(0,T;H) x Y

Py ) = (D4 Pulvhy +(y - )y — (F+ ). y(0) - yo).

where Py : L2(2) — H denotes the projection operator. It is easy to check that F
is of class C*° and

g—i(y, u)z = (% +Pu[-—vAz+ (y-V)z+(z- V)y],z(O)).

Now, we observe that
(PH[—I/AZ +(y -V)z+(z-V)y], 1/:)
= (—vBz+(y - VIz+ (- V)y.¥) = aly.¥) + ey, 2.9) +c(z.y,$) e Y.
Therefore, %(y’ u)z = (v,2g), with (v,z0) € L*(0,T;H) x Y, if and only if

{ (z(t,)w,b) +a(z, ) +c(z,y, %) + cly,z,¥) = (v,¥) VY,
z(0) = zo,

or equivalently

%—yAz+(y-V)z+(z-V)y+Vp=V in Qr,

divz=0 in Qp, z(0) =29 inQ, z=0 on X7,

for some p € L?(0,T;L?(12)). Indeed, it is enough to recall that if u,v € L*(0,T; H)
satisfy that (v,%) = (u,v) Vap € Y, then u = v; see [10, Theorem 2.8, page 30].
Now, with the help of Theorem 2.1 we infer that g—i(y, u): H— L?(0,T;H) x Y is
an isomorphism for every (y,u) € H x L?(0,T;L?(Q)). Therefore, if Problem (1.1)
has a strong solution y for a given control u, then F(y,u) = (0,0), and applying
the implicit function theorem we deduce the existence of an open neighborhood Ay C
L?(0,T;L%(Q)) of @ and a mapping G : Ag — H of class C*° such that F(G(u),u) =
(0,0) for every u € Ay. The rest of the proof is immediate. 0
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REMARK 2.4. As a consequence of Corollary 2.2, we deduce that the set of controls
u € L2(0,T;L2(Q)) for which there exists a strong solution yy is open. Hereafter,
this set will be denoted by A. It is known that A is dense in L*(0,T;L?(2)) with
respect to the norm of L*(0,T;L(Y)) for s,q € (1,+00) such that 4 < 2 + %; see
[18]. In particular we have that for any u € L?(0,T;L%*(Q)) and any € > 0, there
exists v. € L*(0,T;L2(Q)) with ||[ve|lp1 0,11 (o)) < € such that u+ v, € A.

REMARK 2.5. We have seen that (1.1) admits the variational formulation given in

(2.1). Analogously, equations (2.6) and (2.7) can be formulated in a variational form
as follows: V¢ € Y

(2.8) { izvv(g)@ aa(zv, )+ c(2v, yu, ¥) + c(Yu, 2v, %) = (v, 9) a.e.in[0,T],

(ZV1V2t? ¢) + CL(ZV1V2 bl "p) + C(ZV1V2 I’ yl.h ,(/") + c(ylh ZV1V2 ) ¢)
(29) +C(Zvl ) ZV27 "P) + C(zv27 ZV1 ’ w) = 0 a.e.in [07 T]?
Zy,v, (0) = 0.

REMARK 2.6. The use of Py in the definition of F given in the proof of Corollary
2.3 is necessary. In principle, one could consider the mapping

F:H>(Q7)nC(0,T),Y) x L*(0,T;L*(Q)) — L*(0,T;L*(Q)) x Y

F(y,u) = (?%—VAY+(Y‘V))’—(f+u)7}’(0)—}’0)-

Then, we have that F is of class C* and

g—l;(y, u)z = (% +-—vAz+(y-V)z+ (z- V)y,z(O)).

Again, the identity g—l;(% )z = (v,2z0) € L2(0,T;L2(Q)) x Y is equivalent to

{ (Z(B’)i/’) +a(z,¥) +c(z,y,¥) +cly,z,%) = (v,9) Ve,
z = Zo,

Howewver, ‘Z—i(y,u) is not an isomorphism. Indeed, observe that v and Pgv lead to
the same solution 'y of the above system because (v,1p) = (Puv,) for every ¢ € Y.
This situation is avoided by introducing the projection Py in the definition of F. It
is enough to observe that if u,v € L?(0,T;H) and (v,v) = (u,v) for everyp €Y,
then u = v. The reader is referred to [21, Chapter 1] for details.

3. The control problem. In this section, we define in a precise way the optimal
control problem, we prove the existence of at least one solution, and we derive the
first and second order optimality conditions. First, we define the set of admissible
controls as follows: Uyq = ANU,, 5 With

Upp={uec L?(0,T;L3(Q)) : aj < uj(t,x) < B; for a.a. (t,z) € Qp, 1< j <3},

where —oo < a; < ;5 < +oo for 1 < j <3, and A is defined in Remark 2.4. In the
sequel, we will make the following assumption:

(3.1) Uaa # 0.
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Now, we consider the functional J : A — R defined by

T
Tw)= 5 [ 130 =yt e

)\ T
(3.2) 43 [ u@o) - yal@Pdo+ 5 [ [ futto) deat
Q 0 Q

where y, = G(u) is the state associated to u, the target yq € L'*(0,T;L%(Q)),
ya € H}(Q), v > 0, and A > 0. It is obvious that J(u) = J(u,y,) Yu € A. The
regularity assumed for y4 is needed in the proof of Theorem 3.1. Finally, we define
the control problem

P) { min J(u)

u € Uy
As an immediate consequence of Corollary 2.3 we have the following differentiability
properties of J.

THEOREM 3.1. The cost functional J : A — R is of class C*° and for every u € A
and v € L?(0,T; L?(Q)) we have

(3.3) J(u)v = /O ' /Q (@ + Au)vdz dt,
(3.4 svi=a [ ' ( [ bu =yl = vz, dx)2 it

T
#3 [ = valbawy ([0 = valon P )
0

T T
—2/ /(zv.V)zvcpuda:dt—l—)\/ / |v|? dz dt,
0o Ja o Jo

where zy = G'(u)v is the solution of (2.6) and ¢, € H>(Q7) N C([0,T),Y) is the
unique element satisfying

—pur — VAP, — (yu - V), + (Vyu) @, + V7

(3.5) = [lyu = Yallis(q)yu — yal*(Yu — ya) in Qr,
divep, =0 in Qr, o (T) =v(yu(T) —ya) nQ, ¢, =0 onIr

with m € L*(0,T; H'(Q)) uniquely defined up to the addition of a function of L*(0,T).

Observe that the assumption on y4 and the regularity y, € H*!(Qr) imply that
1yu = Yallta)yu — val*(yu — ya) € L?(0, T; L2(Q)),

and hence Theorem 2.1 shows that ¢, € H>1(Qr).

The variational formulation of (3.5) is written as follows:

_(‘Pu,t’ ’lp) + a(soua 1/’) + C('I/Jv Yu, ‘Pu) + C(yua ¢7 (Pu)
(3.6) = Iyu = Yalltao) (¥ = val*(y —ya) %) Vo €Y,
u(T) =1(yu(T) — ya).
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The next theorem establishes the existence of at least one solution for (P), as well as
the first order optimality conditions satisfied by any local minimum of (P).

THEOREM 3.2. Under assumption (3.1), (P) has at least one solution. More-
over, for any local solution U there ezist y,i € H>'(Qr) N C([0,T],Y) and p, 7 €
L2(0,T; HY(Q)) such that

37 { Vi —vAy+ (y-V)y+Vp=f+ua inQr,
divy =0 inQr, y(0)=y0 inQ, y=0 on X,
@y —vAp—(y- V)@ + (Vy) @+ Vr
(3.8) =y = yallfs )|y = yal*& = ya) in Qr,
diveg =0 inQrp, (1) =~F(T) —ya) inQ, =0 onXr,

T
(3.9) / /(¢+/\ﬁ)(u—ﬁ)daxdt20 Vu € U 5.
0 Q

Moreover, the reqularity property
u e H'(Qr) N C([0,T], H'(Q)) N L*(0,T; WH(Q)) N L*(0, T; C(Q))

holds.

Proof. Let us prove the existence of a solution. Since U,4 is nonempty, there exists
a minimizing sequence {ug}32, C Uyq of (P). Let us set y, = G(ug) € H>1(Qr) N
C(]0,T],Y). From the definition of the functional J we deduce

1 A
§||Yk||§8(o,T;L4(Q)) + §||uk||i2(§z) < J(ug) < J(uy) <oo k.

Hence {u;}$2, and {yx}2, are bounded in L?(0,T;L?*(Q2)) and L3(0,T;L*(Q)),
respectively. By taking subsequences, if necessary, we can assume that uy — u and
yr — ¥ weakly in L?(0,T;L%(Q)) and L8(0,T;L*(Q)), respectively. From (2.5), we
deduce that y;, — y weakly in H*!(Qr). Using the compactness of the embedding
H21(Q7) C L8(0,T;L4(Q)), it is easy to pass to the limit in the state equation and
to deduce that y is a strong solution of (1.1) with some pressure p € L2(0,T; H*(f2)).
Hence, we have that @ € A. Moreover, it is immediate that t € U, g. Therefore,
u € U,q and

J(@) = lim J(ug) = inf (P).

k— o0

The optimality system (3.7)-(3.9) can be proved in the standard way by using the
expression of J' given in (3.3). Finally, the regularity of u is a consequence of the
embedding ¢ € H>1(Qr) c HY(Q7) N C([0, 7], H(2)) N L2(0,T; W5(Q)) and the
projection formula

1
(3.10) uj(t,z) = Projja, g, (—)\goj(t,:v)> for a.a. (t,x) € Qp, 1<5<3,

which follows from (3.9). O

Now, we carry out the second order analysis of (P). Since this control problem is not
convex, some second order conditions are required for the numerical analysis of (P).
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To write the second order conditions we need to define the cone of critical directions.
To this end, let us introduce the function

(3.11) d=¢@+ i

Now we set

(3.12) Ca = {v e L*0,T;L*(Q)) : v satisfies (3.13) — (3.15)},
(3.13) vi(t,z) > 0if —oo < a; =a;(t, x),

(314) ’Uj(t,l‘) <0if ﬂj(t,l‘) = 6]‘ < +00, j=1,2,3
(3.15) v;(t,z) =0 if d;(t,z) # 0.

Let us notice that

J’(ﬁ)v:/oT/Qd(t,x)~v(t7m)dxdt,

(3.16)
d(t,z) - v(t,x) =0 for a.a. (t,z) € Qp and Vv € Cy.

We also deduce as usual from (3.9), for almost all (t,z) € Qp and j =1,2,3,

u(t,x) =a; = djt,a) >0, . .
S di(t,z) >0=u;(t,z) = aj,
(317) ﬂj(t,x) = ﬁj = dj<t,$(}) < 07 and { 7J( LL') 11’]( fL') (o7
< d;j(t,z) < 0= u;(t,x) = b;.

B; = d;(t,x) =0,

As for the two-dimensional flows we have the following second order necessary and
sufficient conditions; see [5].

THEOREM 3.3. Let @ be a local solution of problem (P), then J"(@)v? > 0 Vv € Cy.
Conversely, let us assume that 1 € U,q satisfies

(3.18) J(@)(u—1)>0 Yuel,sg,
(3.19) J'(@)v? >0 Vv ey {0},

then there exist € > 0 and § > 0 such that
0 _ _
(3:20) J(m) + §||u —ll720rp2() < J(W) Yu €U Be(),

where B.(1) is the L?(0,T;L2?(Q))-ball of center @ and radius €.

4. Approximation of the control problem (P). In this section, {2 is assumed
to be convex. We consider a family of triangulations {Kj,}n>o of 2, defined in the
standard way. To each element K € K, typically a tetrahedron or a hexahedron, we
associate two parameters hx and g, where hx denotes the diameter of the set K
and g is the diameter of the largest ball contained in K. Define the size of the mesh
by h = maxgek, hx. We also assume that the standard regularity assumptions on
the triangulation hold:
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(i) — There exist two positive constants gx and dx such that Z—}’i < ox and ﬁ < ik
VK € Ky, and Vh > 0.

(#i) — Define Q= Urex, K, and let Q and I'j, denote its interior and its boundary,
respectively. We assume that the vertices of XCj, placed on the boundary I'y, are points
of .

Since € is convex, from the last assumption we have that €2y, is also convex. Moreover,
we assume that

(4.1) 12\ Qu| <Ch?* and y4 € L>(0,T;L%(Q)) N L3(0, T;L>(9)).

On the mesh K}, we consider two finite dimensional spaces Z; C H}(Q) and Qj C
L3(Q2) formed by piecewise polynomials in €, and vanishing in €\ €. We make the
following assumptions on these spaces.

(A1) If z € H'TH(Q) N HE(Q), then

(42) lgg ||Z - Zh”HS(Qh) < Chl+175||z||H1+z(Q), for 0 < l < 1and s = O, 1.
zZnC4p

(A2) If ¢ € HY(Q) N LE(9), then

43 b Mo “on |
) it g = anll e, < Chllalmro

(A3) The subspaces Zj and Qp, satisfy the inf-sup condition: Je¢ > 0 such that

(4.4) inf sup b(zn, 4n)

> ¢,
9 €Qn 2,7y, |1Znllm1 (@) llanllL2(0))

where b : H!(Q) x L?(Q2) — R is defined by

b(z,q)z/ﬂq(m)divz(m)dx.

These assumptions are satisfied by the usual finite elements considered in the dis-
cretization of Navier-Stokes equations; see [10, Chapter 2].

We also consider a subspace Y}, of Zj, defined by
Yy ={yn € Zn:b(yn,qn) =0 Vg € Qn}
and we set

U, = {llh € LQ(Q]—L) SUp| = UK S RS VK € ’Ch}

It is well known that, under the previous assumptions, given an element z € H?(Q2) N
Y, there exist elements z; € Y}, such that

|z — znllmy o) < Chllzlla29),

where C' is independent of h and z. Moreover, from this estimate and an inverse
inequality it is easy to prove that for the usual finite elements considered in the
discretization of Navier-Stokes equations the following estimate holds

li - : = 0.
e Iz — znllwra(ay)
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Hence, in addition to the assumptions (A1)-(A3), we will assume

(45) }lbll% zhiggh HZ — Zh||wl,4(Qh) =0 Vze HQ(Q) ny.

We proceed now with the discretization in time. Let us consider a grid of points
0=ty <t <...<ty, =T. Wedenote 7,, = t, —t,_1. We make the following
assumption

(4.6) Joo > 0s.t. 7=  Jnax 7, < 007 V1 <n <N, and V7 > 0.

Civen a triangulation Kj, of Q and a grid of points {t, }2 of [0, T], we set & = (7, h)
and |o| = 7 + h. Finally, we consider the following spaces

yo’ = {yU € L2<0aT7Yh) : yo‘(t"
Q= {4, € L*(0,T:Qn) : 4, , €Qn for 1<n< N},
Uy = {u, € L*(0,T;Up) s g, ey €U for 1<n <N}

)EYh for 1<n < N.},

—1:tn

We have that the functions of V,, U, and Q, are piecewise constant in time. We will
look for the discrete controls in the space U,. An element of this space can be written
in the form

N.

(47) u, = Z Z Up, K Xn XK with Up, K € Rs,
n=1KeK,

where x, and xx are the characteristic functions of (¢,-1,t,) and K, respectively.
Therefore, the dimension of U,, is 3N, N;,, where Ny, is the number of elements in ICj,.
In U, we consider the convex subset

3

Z/{a,ad = Z/la mua,ﬁ = {ucr € Z/[a cUn K S H[azvﬁz]}
=1

On the other hand, the elements of ), can be written in the form

N,
(48) Yo = ZYn,th; with Yn,h € Yh;

n=1

where x,, is as above. For every discrete state y, we will fix y,(¢,) = ¥n.n, so that
Yo is continuous on the left. In particular, we have y,(T') = y»(tn.) = YN, h-

To define the discrete control problem we have to consider the numerical discretization
of the state equation (1.1) or equivalently (2.1). We achieve this goal by using a
discontinuous time-stepping Galerkin method, with piecewise constants in time and
conforming finite element spaces in space. For any u € L?(0,T;L?(Q2)) the discrete
state equation is given by

Forn=1,...,N,, and Vi, € Yy,

(49) <}Wyn_17h, "ph) + a(yn,ha "/"h) + c(Yﬂ,ha Yn,h, ¢h> = (fn + Up, wh)a

Tn
Yo,n = Yoh,
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where
1 tn 1 tn
(410) (Fuvipy) = = / 0., () = - / " w)ar

(4.11) yon, € Yp, with |lyo — yoh”L?(Qh) < Ch.

Applying Brouwer’s Theorem one can easily prove the existence of at least one solution
Yo € Vo of (4.9) for every u € L?(0,T;L?(Q2)). The uniqueness is a more delicate
issue. For the uniqueness we need an extra assumption:

(4.12) 3Cy > 0 such that 7 < Coh? Vo = (1,h).

From [5, Corollary 4.9] we obtain the following result.

THEOREM 4.1. Under assumption (4.12), for any bounded set K C L*(0,T;L?(Q)) x
L8(0,T; L*(Q)) there exists a constant T > 0 such that for any u € A with (u,y,) €
K the equation (4.9) has a unique solution y,(u) € Y, for every T < Tx. Moreover,
the sequence {yqs(0)}r<re 48 bounded in L°(0,T; HE(Q4)). Finally, if u,v € A and
(u,yu), (V,yv) € K, then there exists a constant Cx > 0 such that

[Yu = Yo (V)= 0, mL2(0)) + [[Yu = Yo (V)| L2071 (02,))
(4.13) < CK {h+ ||u—V||L2(0’T;L2(Q))} .
The proof given in [5] for the two-dimensional case is also valid for the three-

dimensional case assuming that the controls belong to A and the pair control-state
belongs to K. Tt is enough to take into account the estimate (2.5).

Now, we define the discrete control problem as follows
(P.) min J,(us,ys)
7 (ucfayo') S ua,ad X ycr SatiSfy (49)
with

1

T
Toar.ye)= 5 [ Iyl®) = yal) s,

)\ T
+1/ o (T) = you|? dz + f/ / g |2 dadt,
2 Qp 2 0 Qp

where yqp, € Y}, satisfies
(414) 3C > 0 such that HyQ — th”LQ(Qh) < Ch.

For instance, yqn can be defined as the projection of yq.
The following result is crucial in the rest of the paper.

THEOREM 4.2. Under assumption (4.12), the control problem (P,) has at least one
solution (Uy,ys) and there exists a constant pg > 0 such that the set of all solutions
{(Uo,¥0)}jo|<po s bounded in L?(0,T;L2(Q)) x L¥(0,T;L*(Q)). If (0,y) is a weak
limit in L*(0,T;L2(2)) x L3(0,T;L4()) of a subsequence of solutions {(ls,¥o)}o
with o — 0, then 1 is a solution of (P), ¥ = ya € H>(Qr), and

(415) ;1_>II10 ||flg — ﬁ||L2(O7T;L2(Qh)) =0,

(4.16) lim {[lyo = ¥llzs0.rwe @) + W (1) = §(T) L2} = 0.
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Furthermore, U, € Uyq for every |o| < po-

Proof. Along this proof every element of u, € U, will be extended to (0,7") x Q by
setting u(t, z) = (a+b)/2 for almost every (t,z) € (0,T) x (2\ Q). It is obvious that
the set of elements (Uy,yos) € Uy aa x L3(0,T;L*(Q)) satisfying (4.9) is not empty
and closed, and 7, is continuous and coercive on this set, hence (P,) has at least
one solution. According to Theorem 3.2 there exists at least one solution @ of (P).
Let @1, be the L?(0,T;L?(Q))-projection of @ on U,. Then, it is immediated that
U, — u strongly in L?(0,T;L?*(Q2)), and additionally @i, € U, 44 Consequently, we
have that G, € A if |o| < pp for some p; > 0. Now, from corollary 2.3 it follows that
va, = G(,) —» y = G() in H>(Qr). Hence, if we take K = {(U,,ya,) : |o] < p1},
then Theorem 4.1 implies that, for u; small enough, the equation (4.9) has a unique
solution y, = y,(0,) € Vo, associated with ,, for all [o| < 1. Moreover, {Y }jo|<p,
is bounded in L®(0,T; H}(2)). Using this boundedness and (4.13) we infer

T T
[ 1560 = 50Oy de < Co [ 150 = 70 Ol

T
< Colly - S’JH%(I](Q)/O I9(#) = Fo (D) lIEra (@) =0 as o — 0.

In addition, there exists a constant C independent of ¢ such that
ja(ﬁovyo) < ja(ﬁovyo) <C V|O" < p1.

In the sequel we make the proof for v > 0. If v = 0, then we should remove
all the convergence comments about y,(7'), and the rest remains equal. From the
above inequality we obtain the boundedness of the sequence {(Us,¥s,¥o (1))} |o|<p
in L2(0,T; L2(Q2)) x L8(0, T; L*(Q)) x L?(). By taking a subsequence if necessary, we
have that (U,,¥,,¥o(T)) = (,y,yr) weakly in L2(0,T;L2(Q)) x L8(0,T;L*(Q)) x
L2(Q). In addition, since (u,,y,) satisfies (4.9), we also deduce as usual the bound-
edness of {¥o}s<p, in L(0,T5L2(Q)) N L0, T; HY(Y)), therefore, y, = y in
L>(0,T;L2(Q2)) and y, — ¥ in L?(0,T; H{(Q)). Using a compactness result, tai-
lored in for discontinuous Galerkin time stepping schemes, by Walkington [24, The-
orem 3.1], we infer that y, — y strongly in L?(0,T;L?*(Q2)). Indeed, in our case
(24, Theorem 3.1], states that for any 1 < p,q < oo, if {||y¥s|/zr(0,7;v)}o>0 and
{IF(¥o)llzeo,1:¥;) o0, are bounded independent of o, with

<F(y0’)>v0> = _a(yo"vo') - C(}_’o—,f’o—,vo—) + (ﬁ07VU)7

then {y,},, is compact in L"(0,T;L%(Q2)) for 1 < r < 2p. Note that for p = 2,
it is easy to show that {|[F'(¥5)lz2(0,7;v;)}o>0, is bounded independent of o. We
only have to consider the convection terms associated to the trilinear form, and in
particular

T
/0 (o Yo Vol dt < 5ol L0705 Vol 2051 (2)) < Clivallz.rivs)-

As a consequence of all these convergence properties we prove below that y € W(0,T)
and (u,y) satisfies (2.1). Assuming that this has been already established, and taking
into account that y € L8(0,T;L*(Q)), then we deduce that y is a strong solution of
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(2.1) associated with @, and hence u € U,q and y = G(u). It will be also established
below that y(7T') = yr. Now, using the continuity and convexity of 7, along with the
facts that (u,,y,) and @ are solutions of (P,) and (P), respectively, we get

J(ﬁ) < J(ﬁ) = j(ﬁv }_’) < hgn_}(r)lf ja(ﬁavya)

< hmsupjﬂ(ﬁavya) < limstua(ﬁavya) = j(ﬁvy) = ‘](ﬁ)a

o—0 o—0

which proves that
(}_il)% ja(ﬁavya) = j(ﬁ,y) = J(ﬁ) = j(ﬁ, 5’)

Thus, @ is a solution of (P). Let us prove the strong convergence (ty,¥o,yo(T)) —
(@,y,yr) in L2(0,T;L2(2)) x L¥(0,T; L*(Q)) x L2(2). For the convergence t, — 0
we proceed as follows

A

_ P . Ay
§||u||i2(9) < 1lgligf§\|ua||i2(ﬂ) < hffjblp 5”“0\@2(9)

. o 1, Y-
—tinsup (7o (0. 50) = { 319 = Vallco o + 3150(0) - valioe })

o—0

. L - 1, Vi1
< limsup J5 (0o, yo) — lim inf {8||yo —yalls 1) + S 1575(T) = YQHiz(Q)}

o—0

o 1, Vi Ao
< 70,5) {315 = vallso oy + 3197~ ¥alise | = 310l

Hence, the uniform convexity of the space L?(0,T;L?(Q2)) implies the strong conver-
gence 1, — u in L?(0,T;L?(Q)). Analogously, we prove the strong convergence of
the other two terms.

Now, the strong convergence 0, — @ in L?*(0,T;L?(Q2)) and the fact that u € A
implies that there exists pg < g1 such that 0, € Uyq for |o| < po.

To conclude the proof it remains to show that y € W(0,T), (u,y) satisfies (2.1) and
y(T) = yr. First we observe that y, € L?(0,7;Y}) and y, — y in L2(0,T; H(2))
imply that y € L?(0,7;Y). Now, let us take ¢ € H2(Q2) NY and ¢ € C[0,T)
arbitrary. Let 1, € Y}, such that v, — 4 strongly in Wé’4(Q); see (4.5). Then,
from (4.9) we obtain

T N, tn N,
/O (S’U(t), ¢h)¢/(t) dt = Z / (yn,ha ¢h)¢/(t) dt = Z(yn,ha w}z)(¢(tn) - ¢(tn—1))
n=1"7tn-1 n=1

N,

== Z(yn,h = Yo—1,h, i) 0(tn—1) + (YN, b ¥R)O(T) — (Yor, ¥5,)9(0)

n=1
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N.

= Z {Tna(yn,m wh) + Tnc(yn,ha Yn,h) "/’h) - Tn(fn + uy, 1/’h)} ¢(tn—1)

n=1

+(¥o (1), 93)o(T) = (Yon, 1,)6(0)

T
= /0 {a(¥o (1), %) + c(¥o (8) Yo (1), 905,) = (£(8) + 05 (2),901,)} H(t) di+

N,

3 / a0 (0, 80) + (T (.5 (1)) — (1) + 85 (0),994)} (Dlta—r) — B(1)) dt

n=1 tn—1

+(Fo (1), %1)0(T) — (Yon, ¥1,)9(0) = It + I + I3 — 1.

Let us study the convergence of these terms when ¢ — 0. Let us start with 75 and I4.
From the weak convergence y,(T) — yr in L?(Q2), (4.11) and the strong convergence
by, = b in W3 (Q) we get

(4.17) ;%(YU(T)7¢]1)¢(T) = (yr,¢)¢(T) and ;ﬂr})(}’omﬂ’h)ﬁb(o) = (y0,%)(0).

Now, we consider the term I;. We will prove that

o—0

lim /0 {a(y5 (1), %) + c(Fo (1), Yo (1), ¢5) — (£(£) + 05 (1), 95,)} &(F) dt

(4.18) - / (a3 (t). %) + c(F(0).7(£). %) — (E(£) + a(t), )} B(¢) dt.

Using again the strong convergence 1, — 1 in Wé’4(Q) and the weak convergence
i, — uin L?(0,T;L%(Q)) and y, — ¥ in L(0,T; H}(2)), it is immediate to pass to
the limit in the first and third terms of the integral. Let us analyze the second term.
We have

C(S’U (t)v S’U(t), 1/"h) - C(}_’(t), )_/'(t), w)

(4.19) = c(¥o(t) =¥ (1), Yo (1), 9hp) + (¥ (1), Yo (1) =3 (8), %p) + (¥ (£), ¥ (1), ¥, = ¥).

For the first term we proceed as follows
(Yo (t) = ¥(t), ¥ (1) )| = [c(¥o(t) = F(1), ¥, Yo (1))l
<|¥o ) = yOllz @ IVl Vo ()l

From the boundedness of {y, }, in L8(0, T; L*(2)) and the strong convergence y, — ¥
in L2(0,T; L%(Q)), we deduce from the above inequality

T
/0 1eFa (1) — F(0), 3o (6), )| 6(2)] dt
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<NYo = ¥llzzo,m:m2) VYL ILa) 1Yol 22 0. 7514 ) |9l oo (0,7 — 0 as o — 0.

In the same way we obtain

T
lim [ [e(¥o(t),5o(t) —F(t),9,)||0(t)| dt = 0.

o—0 0

For the third term of (4.19) we have

T

lim [ [e(y (), y(t), ), — P)lle(t)] di = (}11{})/0 c(y(2), by, — 3, y(1))||6(1)| di

o—0 0

< 19172 0,710 19l Lo 0,1 lim 1%, — Yllwia@) =0,

which concludes the proof of (4.18). Finally, we consider the term I5. To this end,
we observe that

|6(tn—1) = d()] < ¢ |0, 7)Tn < |¢l|Lo(0,7)T VE € [tn—1,tn] and 1 <n < N;.

Hence, using the boundedness of {¥,}, in L8(0,T;L*(2)) N L2(0, T; HY(2)) we get
that Iy — 0 when o — 0. Using the convergence y, — y in L%(0,7;L?(2)) and
), — 9 in L2(2), we get the desired identity

T

A ) O de = i [ (55000

o—0

= /0 {a(y(t), ) + c(y (1), y(t), %) — (£(t) + u(t), ¥)} o(t) dt

(4.20) +(F7.9)0(T) — (y0,%)9(0) Vo € C'[0,T] and Vop € H*(Q)NY.

By the density of H>(Q2)NY in Y and the fact that y € L?(0,T;Y), the above identity
is also valid for all ¢p € Y. If we take ¢ € C5°(0,T) we obtain from (4.20) that the
first equation of (2.1) holds in the distribution sense with f + @ in the right hand side.
Therefore, ¥, € L?(0,T;Y*), and hence y € W(0,T) holds. Moreover, the functions
t€(0,T)— g(t) = (F(t),¥) e Rand t € (0,T) — ¢'(t) = (F:(t), %) € R belongs to
L?(0,T). Therefore, g belongs to H'(0,T) C C[0,T] and the following integration by
parts is valid

T T
<ﬂﬂww@www»wwm=A<mmwwmw+l<ﬂmwdwﬁ

= (y1.9)6(T) — (y0,%)9(0) Vo € C*[0,T].

Selecting ¢ € C*[0,T] with ¢(T) = 0 and ¢(0) = 1 and taking into account that
is an arbitrary element of Y, we deduce that y(0) = yo. Thus, we get that (u,y)
satisfies (2.1). Analogously, we can take ¢ satisfying that ¢(0) = 0 and ¢(T") =1 to
deduce that §(T') = yr as desired. O
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Now, we prove a converse result. The next theorem states that any strict local mini-
mum of (P) can be approximated by a sequence of local minima of problems (P,).

THEOREM 4.3. Let us assume that (4.12) holds and let u be a strict local minimum of
(P) in the L?(0,T;L2(Q)) sense. Then, there exist a number fig > 0 and a sequence
{5, ¥0) }o|<po of local minima of problems (P,) such that (4.15) and (4.16) hold
with y = G(u). Moreover, {Us}|oj<p, C A, (4.9) has a unique solution for every
U, with |o| < fig, and there exists € > 0 such that J, attains its minimum value in
(B-(8) NUp,aa) % Vs at (5,55) for every |o| < fio.

Proof. Since u is a strict local minimum of (P), there exists € > 0 such that u is the
unique solution of the control problem

@ {ma

u € B.() NUyg

where ¢ is taken sufficiently small so that B. (i) C A. Along this proof, every element
u, € U, will be extended to Q x (0,T) by setting u,(t,z) = u(t,z) for almost every
(t,z) € (0,T) x (2\ Q).

Now, we consider the discrete control problem

(Qo) min{Js(us,ys): (Uo,¥o) € (Be() NUp,aa) X Vo satisty (4.9)}.

From the continuity and coercivity of J, and the fact that the set of admissible points
is closed, it is enough to prove that (Q,) has at least one admissible point to deduce
the existence of a solution. To this end, we consider the L?(0,T;L?(Q2))-projection
u, of U. It is obvious that u, € Uy qa for every o and [0 —us|r200,m5L2(0)) — 0 as
o — 0, then there exists p; > 0 such that u, € B.(a) for every |o| < p1, which shows
that u, is an admissible point of (Q,) for every |o| < ;. Let (4,5, ¥,) be a solution of
(Qo)- Then, arguing as in the proof of Theorem 4.2, we obtain that (4.15) and (4.16)
hold. Furthermore, applying Theorem 4.1 we deduce the existence of 0 < fig < pq
such that (4.9) has a unique solution for every u, with |o| < fig. Using (4.15) and
taking fig sufficiently small, we have that @, € B.(@). Hence, (@,,y,) is a local
minimum of (P,) and J, attains the minimum value in (B. (@) NUy aa) X Vo at this
point. O

In the rest of the section, u will denote a local (or global) minimum of (P) with
associated state and adjoint state y and ¢, respectively. In addition, {(ts, ¥o)}|o|<pe
will be a sequence of local (or global) minima of problems (P, ) satisfying (4.15) and
(4.16). The goal is to get the rate of convergence of (i—ty, 5 —¥,, 2 — @, ), where @,
denotes the discrete adjoint state associated to u,. To this end we assume that (3.19)
and (4.12) hold. The first step in the derivation of the error estimates is to prove
that ¢, is well defined and to write the first-order optimality conditions satisfied by
(Uy,¥o)- Since @ € Uyg C A, we know that ¥ € H>1(Qr). Let B(¥) denote the unit
ball centered at y in H*>(Q7). Since G : A — H*Y(Qr)NC([0,T],Y) is continuous
and G(u) =y, there exists ¢ > 0 such that B.(a) C A and G(B.(1)) C B(y). From
the embedding H?(Qr) C L3(0,T;L*(2)) we have that K = B.(u) x B(y) is a
bounded subset of L2(0,T;L%(Q)) x L3(0,T;L*(£2)). Moreover, (u,y,) € K for all
u € B.(u). Hence, Theorem 4.1 implies the existence of 7 > 0 such that (4.9) has a
unique solution for every u € B.(u) and all 7 < 7x. Now, using (4.15) we deduce the
existence of oy € (0, 7k) such that 6, € B.(@) and y,, is the unique solution of (4.9)
associated to u, for every |o| < o¢. Hence, for |o| < oy we can define the functions

Jy: Be(0) = R, J,(u) = To(u,ys(u)).
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Moreover, G, is a local (global) minimum of J, in B.(@) N Uy 44 We need to prove
the differentiability of J, to get the optimality conditions satisfied by u,. The reader
is referred to [5, §4.2] for the proof of the following theorem.

THEOREM 4.4. For every |o| < oq the function J, : B.(t) = R is of class C* and

T
(4.21) Jl(u)v = /0 /Q (¢, + Au)vdzdt,

where @, € Vs is the solution of the adjoint equation
(4.22)
formn=N,,...,1, and Vi, € Yp,

@ N Son-‘rl,h
(na 1/"};) + a(gon,hv wh) + c(whv Yn,h, ('Pn,h) + C(Yn,h, wh’ Son,h)

Tn

1 fin
= = [ Iy = Sallo (s = i = va) ) dt
n tn—l

PN, 410 = VYN b —Ya,)

and y, is the solution of (4.9) corresponding to u.

The optimality conditions for @, can be written as J. (@,)(u, — 0y) > 0 Yu € Uy 44.
Using (4.21) we get the following corollary.

COROLLARY 4.5. With the above notation, there exist ¥,,p, € Vs such that

Forn=1,...,N;, and Vi), € Yy,

(423) (ML7 ’l»bh) + a(yn,h’ d"h) + c(yn,ha yn7h7 ’l»bh) = (fTL + Up, wh)a

Tn
Yo,n = Yoh
forn=N;,...,1, and Vi, € Yp,

Q_on,h - Q_On 1,h — — _ _ _
<T+7 ¢h> + G(QDn)h, ¢h) + C(,(/Jh? Yn,hs (‘Pn,h) + C(yn,fh 'lﬁh, ‘ion,h)
(4.24) "

1 [ _ _
- 1¥n,n — yd||%,4(szh)(|Yn,h - Yd|2(Yn,h —ya),¥y) dt,
n tnfl

én,11.h = YIN = Yau)s

T
(4.25)/ / (s +AUy)(up —Ty)dadt >0 Yu, € Uy gq-
0 Qh

Analogously to Theorem 4.1 we have the following result whose proof follows from [5,
Corollary 4.12].

THEOREM 4.6. Under the assumption (4.12), there exists a constant C' > 0 indepen-
dent of o such that Yu,v € B.(u) and |o] < o9

lew = o (Wl 0.ri2220)) + [P0 = @0 (V220,730 (20))
(4.26) <C{h+la=vlr2 oL@}
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Proof. (Sketch:) Let y, be the associated state to u, ¢ = ¢,, denote the associated
adjoint state, and ¢, = ¢, (u) the associated discrete state. First, we prove that ||¢—
Collre o,z + e — @o 20w @,)) < Ch, where C is a constant depending
upon the L>(0,7T;L5(Q2)), L%(0,T;L>(£)) norms of y4, and the L (0,T; H'(Q4))
norms of y, y,, . Then, the result follows similarly to [5, Corollary 4.12]. We consider
the projection operator R, : C(0,T;L2(2,)) = Yy by (RoW)np = Paw(t,—1) for
1 < n < N, where P, is the standard L2(Q) projection, i.e., P, : L2(Q) — Yy,
with (Pry,wp) = (y,wp), Ywy, € Y}, In addition, for the discrete adjoint states, we
fix (Rew)(tn—1) = (RW),, . We split the error into € = ¢ — ¢, = (¢ — Rop) +
(Rep — ,) = M + €5, and note that according to our notation, we have n(t,) =
P(tn) = (Rop)(tn) = @(tn) — (Ro@)n+1,n = (tn) — Prp(ty), for 0 <n < N; — 1.
Also we have €,(t,) = €nt1,h, 0 <n < N, — 1. Setting (R, W)n.4+1,n = Pow(T) and
recalling that ¢y 11, = Y(yn,,n — Ya,), then the previous identities are also well
defined for n = N,. Then, working identically to [5, Theorem 4.11], the orthogonality
condition related to (3.6) and (4.22) lead to the inequalities, n = N,,..., 1,

tn

1 1 1
Slensl = Slleninl+ Slens — ensrall? +v [ [Vena
tn—1
tn

179
<v / IV Vennll dt + / (s Ens @) — (¥ () €mns (1)) dt
1

tn— tn—1

+ / " [elEn i Yt @nn) — clenn y (1), 9(0)] dt

tn—1

-
b [ v vallsly = iy = ya) enn)

tn—1

[ 15 = Sl (¥~ Yl ¥a).€nn) .
-

n

The trilinear terms can be treated similar to [5, Theorem 4.11], after noting that
Yo € L%°(0,T; HY(Q4)), ¢ € L>(0,T;H(2)). Indeed, we can bound the trilinear
terms by,

tn

tn t”
v
/ [trilinear terms| d¢ < g/ ||en’h||%2(9h) dt + C(/ ”77”%{1(9;0 dt

tn—1 tn—1 tn—1

t’”.
[ Iy = vl de),

tn—1

where constant C' depends upon the L°(0,T;H(2)) norms of ¢, y, and y,. To
complete the proof it remains to estimate the difference of the last two integrals in
a similar way. Then, the discrete Gronwall inequality finishes the proof. First note
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that,

tn,
1= [ (vu=valbaly = ya*s - ya) enn)dt

tn—1

tn
[ 19 = Vallsia, (3 = P G = va). )

tn—1

tn
= [ (5= Yallsiay = Iy = Vallacany) (v = yaP (s = ya).cnn)

tn—1

tn
+/ 1yn.n — Yd||i4(gh) (Iy = yal*(y = ya) = [¥nn = Yal*(yn.n — Ya), €nn) dt

tn—1

tn
=/ Iyu = Yallta@an) (¥ = val> (v — ya), €nn) dt

tn—1

tn
[ (e = alleo = 1¥nn —Vallewy) (v = vaP 5 = ya) enn)

tn—1

t'n,
+/ 1Yn,n = Yallta,) (¥ = yal*(y = va) = [Ynh = Yal*(Fnh = Ya), €n,n) dt

tn—l

=1L+ 1+ Is.

For the first integral, we note that Holder’s inequality, interpolation inequality ||.||p+ <

C ||||1L/24||Hi/647 assumption (4.1), and Young’s inequality imply,

B [y = valbonanly - Valsa, lenslia,

tn—1

2%
< Clly = allb e o 1et0) / 1y — all 2@ lennllan) dt

tn—1

tn
<Cyy, / 1y — all ey hllenllie o dt

tn—1

tn 17
< / lennlZaio, dt +Ch2 / 1y = Yale o dt

tn—1 tn—1

where constant C' depends upon ||y — yall (0, ;L6())- For the second integral, us-
ing standard algebra, and Holder’s inequality, the stability bounds on y,y4,y, in
L>(0,T;L8(Q)), we obtain that

t
I < / [yu = ¥nnllna@n x (Iye — yallua@n) + lynn — yallua@n))
t

n—1

x (I1ya = Yallia ) + 1¥nn = YalZaca,) ) 1y = Yallisg,) lennllza,) dt
tn
<C Iya = ¥nnllua,)l€nnllLz,) dt

tn—1

tn tn
< / lennlZa,, +C / ¥ = Yonlrs o, d.

tn—1 tn—1
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For the third integral, using standard algebra, we arrive to,

tn
I3 = / ||Yn,h - Yd”AIL}(Qh) ((‘y - Yd|2 - |Yn,h - Yd|2) (y - Yd)a Gn,h) dt

tn—1

tn
+/ Y. = Yallta,) ([Ynn = Yal*(y = ynn)s €nn) dt = I3 + I3

tn—1
Then, Hélder’s inequality and the embedding H'(Q2) € L6(Q) imply that

tn
<cC [¥n.n = Yallte @y = Ynnla @) l€nnllLz,) dt

tn—1

tn tn
<c / 1y = onll2as o dt + / lennlZaio,, dt
tn—1

n—1
where constant C' depends upon the L> (0, T; L%(2)) norms of y4,y,y,. Integral I
can be handled in a similar way. O
Finally, we have the following theorem [5, Theorem 4.16].

THEOREM 4.7. Suppose that (3.19) and (4.12) hold. Then, there exists a constant
C > 0 independent of o such that

(4.27) [0 — sl 2(0,7L2(0,)) < Ch,
(4.28) |¥ = ¥ollze.rz@n)) + I¥ = Yollzzo.mm1 0,)) < Ch,
(4.29) |8 — @5l 0,712 (20)) + 1@ — @ollz20,7:11 (0,)) < Ch.

5. Sparse controls. In the applications, we are frequently required to localize
the controls in a small region of the domain. An interesting issue is to guess the region
where the controls are more efficient. To solve this question we consider the following
control problem

ey { o

u € Uy

where
3
Je(u) = J(u) +rj(u) and j(u) = [[ullLi o) = Z/Q |u;(x,t)| dxdt
=179

with £ > 0. In this section, we assume that —oco < a; <0 < 3; < 400, 1 < j < 3.
Thus, any admissible control can take the value 0 in some points. We will show that
the solutions @ of (P,) are sparse controls, and the size of their supports can be
monitored by . The bigger k is, the smaller the support of a is.

The functional j is convex and Lipschitz. Its subdifferential is defined by
di(w) ={¢ e L>Qr): [ <¢(v—u)dzdt+ju) < j(v) VveL(Qr)}
QT
By taking v = 0 and v = 2u, respectively, we get that

(5.1) ¢udzdt = j(u) and hence Cvdrdt < j(v) Vv e LY(Qr).
QT QT
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From here we infer

{+1} ifs>0
(5.2) (j(x,t) €sign(u;(x,t)), 1<j <3, where sign(s) = {1} ifs<0
[~1,41] ifs=0.

We have the following theorem analogous to Theorem 3.2.

THEOREM 5.1. Under assumption (3.1), (P,) has at least one solution. Moreover, for
any local solution U there exist §,¢ € H>Y(Qr)NC([0,T),Y), p,7 € L?(0,T; H(Q))
and ¢ € 9j() such that (3.7) and (3.8) hold, and additionally

T —
(5.3) /0 L(¢+Aﬁ+n¢)(u—ﬁ) dedt >0 YueU,pg.

Proof. The existence of a solution is proved in the same manner as in Theorem 3.2.
Let us prove the optimality conditions. First we observe that A is open and u € A,
then for every u € U, p there exists p, > 0 such that @ + p(u — 1) € A for all
0 < p < pu, and hence it belongs to U,q. Now, we use (3.3), the convexity of j and
the local optimality of u as follows.

J@+pu—w) = (@) _ I+ pu—w) - J(@)

0 < lim < lim
N0 P PO P

+ rj(u) — ki)

= J'(a)(u—1u)+ kj(u) — kj(a) = / (p+ Aa)(u—u)dzdt+ kj(u) — xj(a).
Qr
This implies that u is the solution of the optimization problem

min / (¢ + Au)udz dt + kj(u).
Qr

ueua,ﬁ

Hence, by using the subdifferential calculus for convex functions we deduce the exis-
tence of ¢ € dj(u) such that (5.3) holds. O

COROLLARY 5.2. Suppose that the assumptions of Theorem 5.1 hold, and let (i1, @, C)
satisfy (3.7), (3.8), and (5.3). Then, the following relations hold for 1 < j <3

(5.4) uj(z,t) = Projj,, g, {i (@j(z,t) + nfj(x,t))}
(5.5) (@) = 0 & |35t <
(5.6) 1) = Proji_y ) ( — - 25(2,1)).

Moreover, from the representation formulas (5.4) and (5.6) it follows the regularity
a,¢ € H' (Qr) N C([0, 7], H(2)) N L*(0, T; WH(Q)) N L*(0, T; C(%2))-
Finally, ¢ is unique for any fized local minimum 1.
Proof. The proof of the identity (5.4) is standard and well known in control theory.
Let us prove (5.5). To this end we deduce from (5.2) and (5.4)
Wj(z,t) =0= @;(z,t) + r(j(z,t) =0=|g;(z,t)]| <k
@j(z,t) > 0= ¢j(x,t) =41 and @;(z,t) + k(i(x,t) < 0= @j(z,t) < —k
aj(z,t) < 0= (j(z,t) = =1 and @;(z,t) + Kz, t) > 0= @;(z,t) > +kK
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which proves (5.5). Finally we prove (5.6). Using (5.2), (5.4) and (5.5) we obtain

- ! @j('%t))

%@j (z, t))

~

(ﬁj(l’,f) > +K = ﬁj(.ﬁ,f) <0= Cj(.’lﬁ,f) =-1= Cj(.’lﬁ,t) = Proj[—l,-{-l]

pj(x,t) < —k = uj(x,t) > 0= (j(,t) = +1 = (j(z,t) = Proji_y 4q

I~~~ —

|@j(2, )] < k= 1;(z,t) = 0= @;(x,1) + (2, 1) = 0= ((2,1) = ——p;(x,1)

and (5.6) follows. O

REMARK 5.3. Relation (5.5) shows the sparsity of the optimal controls. When k
is increased, then the support of the control is decreased. Actually, if k is too large,
it could happen that (xz,t) = 0. For example, if we assume that T is of class C®,
Yyo.¥o € YN Wol’p(ﬂ) with p > 4 and yq € L1(Qr) for q sufficiently large, then
@l Lo (ry) < M with M independent of x. Indeed, from the relation

. _ 1
§||y —Yaltao) < Ju(@) < Je(0) = J(0) = §||Yd\|i4(ﬂ)

and (2.5) along with the boundedness of Uyq in L™=(Qr) we infer with Solonnikov’s
Theorem [19] that y € LP(0,T; W2P(Q2)) N WLP(Qr) and the estimate for § in this
space is independent of k. Now, using the adjoint state equation and [19] again, we
deduce that ¢ € W'P(Qr) C C(Qr). Moreover, ||@|| L~y only depends on'y, yq
and yq. Hence, we get the existence of the constant M independent of k. Therefore,
if we take k > M, (5.5) implies that @ = 0 is the unique solution of (P).

Next, we establish the second-order sufficient optimality conditions. To this end, first
we recall that j : L'(Qr) — R is convex and Lipschitz. Therefore, there exist the
directional derivatives, given in this case by the formula

J(usv) = Tim 28 EPY) = 5(W)
PN\O0 P
3
(5.7) :Z{/ vjd:ndt—/ vjdxdt—F/ Uj|d$dt}, 1<5<3,
=1 \Jeg, Qr; Q7
where Q} i Qr, ; and Q% ; denote the subset s of Qr where u take positive, negative

or zero values, respectively. Moreover, the following properties hold

(5.8) max Cvdrdt = j'(w;v) < jla+pv) —j(u)
Cevj(w) Jor p

<ju+v)—j(u)

Vp € (0,1). The reader is referred to [2, §2.4.3], [3, Chapter 4] or [8, Chapter 2] for
these issues.
Now, we fix an element u € U,q satisfying the first order optimality conditions es-

tablished in Theorem 5.1. We associate to u the cone of critical directions defined
by

(5.9) Cu={veL*0,T;L*(Q)) : v satisfies (5.10) and J'(@)v + x5 (@;v) = 0}
with

1<j<3.

(5.10) { vi(2,1) 2 0 if (2, 1) = o

’Uj(l‘,t) <0 if ﬂj(.’L‘,t) 6]‘
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Before stating the second order optimality conditions let us give some properties that
will be useful later.

PROPOSITION 5.4. Let (1,¢) € Uyq x 07 (1) satisfy the optimality system (3.7), (3.8)

and (5.3) along with the state y and adjoint state @. Let v € L*(0,T;L?(2)) fulfill
(5.10). Then,

(5.11) J(Q)v + ki (w;v) > J'(@)v+k ¢vdrdt > 0.
Qrp

Moreover, if v € Cg, then

(5.12) J'(0)v + /-e/

Qr

¢{vdrdt =0 and j'(@;v) :/ Cvdax dt.
Qr

PROPOSITION 5.5. The set Cy is a closed, convex cone in L?(0,T;L%(Q)).

The reader is referred to [6, Lemma 3.5 and Proposition 3.4] for the proof of these
propositions.

Let us define d(x,t) = @(z,t) + Ati(z, t) + k{(z,t). From (5.3) we deduce in the usual
way for 1 <j <3

wj(z,t) = o = czj(z,t) >0
(5'13) ﬂj(.’ﬂ,t :Bj :>(%j(£,t)§0 1<j5<3,
a; < Gz, t) < B; =d;(z,t)=0
and
dj(z,t) >0 = u;(z,t) = q .
. ~ <9<
(5.14) { di(z,t) <0 =uz,t)=p I3

Now, from (5.12) we infer

/ dvdzdt =J (Q)v + K (vdrdt=0 Vv e Cy.
QT QT

This identity along with (5.13) and (5.14) imply

(5.15) dj(z, t)vj(z,t) = |dj(z,t)vj(z,t)| =0, 1<j<3, Ve Cq.
The following theorem states the second order optimality conditions.
THEOREM 5.6. The following statements hold.

(i) Let @ be a local minimum of (P,); then J"(@)v? > 0 Vv € Cjy.
(ii) Let (@1,) € Uqq x 0j(0) satisfy (5.3). Furthermore, let us assume that

(5.16) J'@)v? >0 V¥veCy\ {0},
then there exist € > 0 and § > 0 such that
_ 1) _ _
(5.17) Je() + §||u - u||%2(O,T;L2(Q)) < Je(u) Vu € B.(u) NUy g,

where B.() is the L2(0,T;L2(Q))-ball of center @ and radius €.
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The proof of this theorem is the same as the proofs of Theorem 3.7 and 3.9 of [6].
Indeed, it it is enough to use (5.13)-(5.15) instead the relations (3.11) and (3.12) of
[6], and select € > 0 such that B.(a) C A.

COROLLARY 5.7. Let (@, ) be as in the previous theorem, and assume that (5.16) is
fulfilled. Then, the following inequality holds

J//(l_l)VZ Z 6HV||%2(07T;L2(Q)) Vv e Cﬁ.

Proof. From (5.17) we infer that @ is a local solution of the problem

min I(u) = Ji(u) — %”u - lEH%Z(O,T;W(Q))
u € Uyg.

Hence, Theorem 5.6-(i) implies
0 < I"(@)v? = J"(@)v? = d|IvI[i2(0 11200y YV € Ca,
which concludes the proof. O

5.1. Numerical approximation of (P,) and error estimates. Hereafter, we
assume that € is convex. Following the same scheme than for (P,), we define the
discrete approximation of (P,) by

(P ) min jﬁd(u(ﬂya)
" (u(raYU) S umad X yo- S&tiSfy (49)

where
3 T
jmr(um}’a):ja(um}’o)+’fja(uﬂ):jﬂ(uﬂvy0)+“2/ / |uj(13,t)‘dIdt.
j:1 0 Qh

Theorems 4.2 and 4.3 can be proved for (P,,) in the same manner that they were
proved in §4. From now on, u will denote a local (or global) minimum of (P,), with
associated state y and adjoint state @, and ¢ € dj(u) is the unique element such
that (@, ¥, @, ) satisfies the first-order optimality conditions. We also assume that @
satisfies the second-order sufficient condition (5.16). As in §4, we take a sequence of
local or global solutions {(0y,¥+)}s of (P.s) satisfying (4.15) and (4.16). Following
§4 we take op > 0 and € > 0 such that B.(u) C A and (4.9) has a unique solution for
every u € B.(u1), and define

Jeo : Bo(@) — R, by  Juo(u) = Teo(u,y,(1)).

Moreover, u and u, are global minima of J, and J,, respectively, in B.(u). In
addition, we take ¢ small enough so that (5.17) holds for this € and some ¢ > 0.

Now, for every u, with |o| < 0¢, Theorem 4.4 and Corollary 4.5 hold with the only
following change: (4.25) is replaced by

T
(5.18) / / (P, + Ay + KC,)(0y — Uy ) dxdt >0 Vu, € Uy ad,
0o Ja,
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where ¢, € 0j,(i,). This inequality can be proved in the same way as (5.3). From

Co € 0jo(0y), jo : U, — R, it is easy to deduce that

_ - ) G =41 if Uy i >0
(519) G =Y. > CurXaxx Wwith ¢ Gux=-1 ift,x <0
n=1KeKy, Cnx € [-1,41] ifd, k=0

where {4, k} denote the coefficients of a,

N,

ﬁa = Z Z ﬁn,KXnXK-

n=1KeK,

Inequality (5.18) can be written

N: tn
Z Z (/ /K @, (z,t)dz dt + 7, | K| [Aﬂn,K + nmeO (Un, i — Unt) >0

n=1KeKy tn—1

Yun,k € [a, 5], or equivalently

N,
>N (Tn/ B () Az + T | K| [Mijn, 1 + HC_j,n,KD (W, & = Ujnk) 2 0
K

n=1 KekK,

Vujn gk € oy, 5] and 1 < j < 3. Now, arguing as in Corollary 5.2, we have the
following result.

COROLLARY 5.8. Let (Uy, Yo, P,,C,) satisfy the discrete optimality system for (Py).
Then, the following relations hold for K € Ky and for 1 <j <3

_ . 1 1 B _
(520) Ujn, K = PrO‘][aij] {—)\ (|I{| /}( @j’n,h(.’ﬁ) dx + ﬁCj7n7K> }

1
(5.21) Ujnx =0 & ’f(l/ Pjmn(r)dr| < K
K

= . 1 _
(5.22) G,k = Proji_y 1q (— m /K%‘,n,h(@ di?)-

Moreover, from the representation formula (5.22) it follows that , is unique for any
fixed local minimum Q..

The following convergence properties will be used later
(5.23) i {les = @llrz0 1200 + 165 = Cllz2 01200} = 0.

The convergence for the adjoint states follows from (4.26). From the representation
formulas (5.6) and (5.22) we infer the convergence for ¢, — €.

We finish the paper by proving that Theorem 4.7 holds for problem (Py).

THEOREM 5.9. Under the previous notations, and assuming that (4.12) holds and @
satisfies the sufficient second order condition (5.16), then the error estimates (4.27)-
(4.29) remain valid. Additionally, we have the estimate

(5.24) 1€ = Collzz o,z (n)) < Ch.
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Proof. We will prove (4.27). The estimates (4.28) and (4.29) are an immediate
consequence of (4.13), (4.26) and (4.27). The estimate (5.24) follows from (4.29) and
the representation formulas (5.6) and (5.22).

Let us extend u, to Qp by setting u,(z,t) = u(z,t) for v € Q\ Q. Since u, — 1
in L%(0,T;L%*(Q)), then there exists 0. € (0,00) such that G, € B.(u) for every
|o| < o.. Hence, we obviously have that G, € U,y for |o| < o.. We proceed by
contradiction and we assume that for any constant C' > 0 and any oy > 0 there exists
o with |o| < o such that

85 —ullz20,m02(00)) > Ch-
This implies that

h
(5.25) lim inf ——— —0.
lo]=0 [0y — Ul £2(0,7512(021))

We denote by {1, }, a sequence satisfying the above property. We will see that this
is not possible.

Let us define u, as the L?(0,T;L?(Q))-projection of @ on U,, which is given by

N .
. 1 o

2= 33 e it = o [ f st asa
nJtp_1 JK

n=1Kek;

We also extend u, to Qp by taking u,(z,t) = a(x,t) for (z,t) € Q\ Qp. From the
convergence of the projections, u, — 1 in L?(0,7;L3(f2)), we deduce that u, € A
for every |o| < o, redefining a smaller o, if necessary. Moreover, it is obvious that
u,(x,t) € [, ] for almost all (z,t) € Qp, x (0,T), hence u, € Uy qq. We also have
the following properties enjoyed by u,

1o ll720, 720y = (Uos10) = (W, uy) < 0] 220,712 (00)) [Woll 22 0. 7:12(020))
and hence,
(5.26) [usllz20,712(0,)) < [Ullz20, L2 (01))-

From the representation formula for u, written above we infer

N,
lus Lo, L () < Z Z [, i | Tn| K|
n=1 KeK,

tn
/ / u(t,x) dx dt
tno1 JK

The inequalities (5.26) and (5.27) are also valid in € because u, and @ coincide outside
Q.

Now, using (5.18) and ¢, € 9j,(0,) we get

(5.27) => >

n=1Keky,

< [allrro,rwr @)

O S J;(ﬁa)(ua - ﬁa) + Hjo’(uﬁ) - Kjff(ﬁff>
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= J,(ﬁo)(ﬁ —,)+ J/(ﬁo)(ua —a)+ [J:r(ﬁa) - J/(ﬁa)](ua —,) + kj(us) — kiU ),

where we have used that U, (z,t) = uy(x,t) = u(z,t) for (z,t) € (Q\ Q) x (0,7).
Inserting (5.27) in the above inequality we deduce

0<J'(t,)(0—u,) + J'(0)(u, — 1) + [J'(85) — J'(0)](u; — )
+ g () — J'(85)](us — 85) + £j(R) — Kj(Ts).
On the other hand, (5.3) implies that
0 < J'(u)(8, — 1) + Kj(0,) — Kj(0).
Adding the last two inequalities we obtain
[J' (1) = J'(w)](0, — 1) <
(5.28)  J/(@)(u, — ) + [7'(85) — J (@), — 1) + [T} (8) — (8] (s — 1,).

Let us estimate the right hand side of the above inequality. From (3.3) and (5.27) it
follows

T
\J’(ﬁ)(ug—ﬁ)|§/ /Ig‘o+/\ﬁ|\ug—ﬁ|dxdt
0 Q

(529) < CHCD + )\ﬁ”Hl(QT)”uU — ﬁ”Hl(QT)* < Chz;

see [5, Lemma 4.17] for the last inequality.

For the second term we use the mean value theorem to obtain

I[J'(05) — J'()](uy, — 0)| < C|lGy — allp20, 70200 1Ue — Tl 20,7512 (020))

(5.30) < Cllug —ull 20,72 (@4)) M-

To estimate the third term we consider the continuous and discrete adjoint states ¢
and @, associated to G,. By (4.26) we have that

T
|[Jz/7(ﬁo)_‘]/(ﬁa)](uo_ﬁa)| < / / ‘¢0—¢U||Ug—ﬁg|d$dt
o Ja,
< ey = @7l 20,520 [1Ue — Vo |l 220,712 (01 ))
< Ch(”“ﬂ = llz20,miL2(0)) + 0 — ﬁﬂHLz(O,T;LQ(Q;L)))

(5.31) < C(R* + || — s 20, 71200 ) 1)-
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Combining the estimates (5.28)-(5.31) and the following lemma, we deduce (4.27),
which contradict (5.25) as desired. O

LEMMA 5.10. There exist og > 0 and dg > 0 such that

(5.32) [J' () = J'(@)](0 — @) > do|8s — All72(0 1020, Vol < 0.

Proof. Let us define

u, —u

Vg = — — N
7 ag =l 20,7120

Using the mean value theorem we get
[J'(as) — J' (@) (0, — 1) = J"(ug,0) (05 — 1_1)2’

where ug , = + 0,(0, — @) with 6, € (0,1). It is immediate that {J"(ug,)v2},
is a bounded sequence of real numbers. Let us take a subsequence {v, }, of {v,}s
such that

liminf J” (ug »)v2 = lim J"(ug o )v2, =1 €R.
o—0 ! o’ —0 ’

We will prove that [ > 0. To this end, we take a new subsequence of {v,},7, {Vsr}or,

such that v, — v in L?(0,T;L*(Q)). In the sequel, we simplify the notation by

denoting this sequence simply by {v,},. Then, we have

(5.33) lir% J" (ug o )v2 =1, IVollz2(0,r12(0)) = 1 and v, — v in L*(0,T; L%(Q)).
o—
We will distinguish two cases.

Case I: v = 0. According to (3.5), J"(ug,)v2 = “something converging to 0" + X,
hence [ = A.

Case II: v # 0. In this case, we prove that v belongs to the critical cone C, and then
with Corollary 5.7 we deduce again that [ > 0. First, we pass to the limit in j'(1; v,).
To this end we follow (5.7). The weak convergence v, — v in L?(0, T; L?(Q)) implies
for1<j3<3

lim Vjodrdt = / vjdrdt and lim Vjodrdt = / v; dx dt.
lol=0Jaf Qf lol=0Jaz Qr

On the other hand, using (5.19), (5.23), (5.2) and the equalities

sign (v, (x, 1)) =sign(i),0 (z, t)) =sign((j.q (1)) for (z,t) € Qf ;,

we obtain

/O |vj| da dt < lirninf/QO [vj,0] dedt < limsup/Q |vj,0] de dt
T

9 lo|—0 lo|—=0 Jg.

fjﬁvj’gda:dt:/m Ejvjdxdtg/o lv;| d dt,
T.j j

= lim Sup/
lo]—0 JQ T

0
T,j
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which implies

lim |vj 0| dzdt = / |vj| da dt = / Cjvj dx dt.
lol=0Jay, . Q9. Q9
All together proves that
lim j(q;v,) =5 (a;v) = ¢vdxdt.

|o|—0 Qr

Since v satisfies (5.10) because every v, does it, then the above identity and (5.11)
implies

(5.34) T @)V + k(8 v) = /Q (@ + A + #C)v da dt > 0.

To conclude that v € Cz we prove the opposite inequality. Let us take u, as above.
Then, from (5.18) we obtain

T
/ / (@, + ity + £C, ) (1 — fip) dz dt > 0.
0 Qp

From here we get

T T
/ / (¢U+Aﬁg+m60)(ﬁ—ﬁo)dxdt+/ / (P + A, +kC,) (0, — 1) dedt > 0.
0 Qh 0 Qh,

Dividing by ||ty — 0 z2(0,7512()) We infer

T
—/ / (P, + My + KC, )V, dz dt
0o Ja,

(5.35) / / P, + Aty + KC,) Yo dx dt > 0.
Q lus — 11||L2(0TL2(Q))

Now, using (5.25) and the estimate
[us — 4l z2(0,7L2(0)) < Ch,

see [5, Lemma 4.17], as well as (5.23) we deduce

T T
/ / (p+ i+ kl)vdrdt = lim / / (P, + My + KC, )V, dz dt
0 SZ}L Qh,

‘Ul*}O 0

s — llp2(0,7:12(0))

< hm @5 + Ao + K£C, | 20,7512 ()

lo|— ||u —[z2(0,7;L2(22))

h
< C lim = 0.
lo|=0 ||ty — u||L2(0 T;L2())
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This completes the proof of v € Cy. Then Corollary (5.7) and the fact that v # 0
lead to

J"(@)v? > 8| vl[72(0,rm20)) = 01 > 0.
Therefore, with (5.33) we get

61 < liminf J”(@)v2 < lim J"(ug)vZ + lim [J” (@) — J"(ug)]vZ = L.
|o|—0 |o|—0 |o]—0

Hence, we have that I > min{\,d;}. Now, from (5.33) we deduce the existence of
oo > 0 such that

or equivalently

, _ L, _ _
J"(ug ) (U, — 1) > 5”110 — 7207120 Vlo| < oo

Thus, (5.32) holds with § = min{\,d;}/2. O

6. Concluding remarks. In this paper, we have considered an alternative for-
mulation to the classical tracking control problem for three-dimensional flows, which
assures that the optimal states are strong solutions of the Navier-Stokes system. As
a consequence, we have been able to carry out a complete theoretical and numerical
analysis of the optimal control problem. In particular, error estimates for the numer-
ical discretization of the same order of the two-dimensional case have been obtained.
We emphasize that our analysis is applicable without assuming any smallness assump-
tion on the data of our problem, and it can be also used to deal with sparse control
problems.

The classical formulation of the control problem uses the L? norm of y — y4. It is
easy to prove the existence of at least one solution (u,y) for this formulation. If we
make the assumption that g is a strong solution of the Navier-Stokes system, then
we can can follow the approach described in this paper to obtain the same results.
Hence, our formulation can be regarded as a way to guaranteee that y is indeed a
strong solution.

REFERENCES

[1] F. ABERGEL AND R. TEMAM, On some control problems in fluid mechanics, Theoret. Comput.
Fluid Dynamics, 1 (1990), pp. 303-325.

[2] F. BONNANS AND A. SHAPIRO, Perturbation Analysis of Optimization Problems, Springer-
Verlag, Berlin, 2000.

[3] J. BORWEIN AND J. VANDERWERFF, Conver Functions. Constructions, Characterizations and
Counterezamples, Cambridge University Press, Cambridge, 2010.

[4] E. Casas, An optimal control problem governed by the evolution Navier-Stokes equations,
in Optimal Control of Viscous Flows, S. Sritharan, ed., Philadelphia, 1998, Frontiers in
Applied Mathematics, STAM.

[5] E. Casas AND K. CHRYSAFINOS, A discontinuous Galerkin time-stepping scheme for the velocity
tracking problem, SIAM J. Numer. Anal., 50 (2012), pp. 2281-2306.

[6] E. Casas, R. HERzOG, AND G. WACHSMUTH, Optimality conditions and error analysis of semi-
linear elliptic control problems with L' cost functional, STAM J. Optim., 22 (2012), pp. 795~
820.



32

E. CASAS AND K. CHRYSAFINOS

E. Casas AND F. TROLTZSCH, Second-order and stability analysis for state-constrained ellip-
tic optimal control problems with sparse controls, SIAM J. Control Optim., 52 (2014),
pp. 1010-1033.

F. CLARKE, Optimization and Nonsmooth Analysis, John Wiley & Sons, Toronto, 1983.

K. DECKELNICK AND M. HINZE, Semidiscretization and error estimates for distributed control
of the instationary Navier-Stokes equations, Numer. Math., 97 (2004), pp. 297-320.

P. GIRAULT AND P. RAVIART, Finite Element Methods for Navier-Stokes Equations. Theory
and Algorithms, Springer-Verlag, Berlin, Heidelberg, New York, Tokio, 1986.

M. GUNZBURGER AND S. MANSERVISI, The wvelocity tracking problem for navier-stokes flows
with bounded distributed control, SIAM J. Control Optim., 37 (1999), pp. 1913-1945.

, Analysis and approximation of the wvelocity tracking problem for Navier-Stokes flows
with distributed control, SIAM J. Numer. Anal., 37 (2000), pp. 1481-1512.

R. HERZOG, G. STADLER, AND G. WACHSMUTH, Directional sparsity in optimal control of partial
differential equations, STAM J. Control Optim., 50 (2012), pp. 943-963.

M. HiNzE AND K. KUNISCH, Second order methods for optimal control of time-dependent fluid
flow, STAM J. Control Optim., 40 (2001), pp. 925-946.

O. LADYZHENSKAYA, The Mathematical Theory of Viscous Incompressible Flow, Gordon and
Breach, New York, second edition ed., 1969. English translation.

J. L1ONS, Quelques Méthodes de Résolution des Problémes aux Limites non Linéaires, Dunod,
Paris, 1969.

J. LIONS AND E. MAGENES, Problémes aux Limites non Homogénes, Dunod, Paris, 1968.

H. SoHrR AND W. WAHL, Generic solvability of the equations of Navier-Stokes, Hiroshima Math.
J., 17 (1987), pp. 613-625.

V. SOLONNIKOV, Estimates for solutions of nonstationary Navier-Stokes equaions, J. So-
viet. Math., 8 (1977), pp. 213-317.

G. STADLER, Elliptic optimal control problems with L'-control cost and applications for the

R

F

placement of control devices, Comput. Optim. Appl., 44 (2009), pp. 159-181.

. TEMAM, Navier-Stokes Equations, North-Holland, Amsterdam, 1979.

. TROLTZSCH AND D. WACHSMUTH, Second-order suficcient optimality conditions for the op-
timal control of Navier-Stokes equations, ESAIM Control Optim. Calc. Var., 12 (2006),
pp. 93-119.

G. WACHSMUTH AND D. WACHSMUTH, Convergence and reqularisation results for optimal con-
trol problems with sparsity functional, ESAIM Control Optim. Calc. Var., 17 (2011),
pp- 858-886.

N. WALKINGTON, Compactness properties of the DG and CG time stepping schemes for
parabolic equations, STAM J. Numer. Anal., 47 (2010), pp. 4680-4710.



