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Abstract.

Error estimates for Galerkin discretizations of parabolic integro-differential equations
are presented under minimal regularity assumptions. The analysis is applicable in case
that the full Galerkin matrix A associated to the integral operator is replaced by
a compressed “sparse” matrix A using wavelet basis techniques. In particular, a semi-
discrete (in space) scheme and a fully-discrete scheme which is discontinuous in time
but conforming in space are analyzed.
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1 Introduction.

The purpose of this work is the analysis of numerical schemes for parabolic
integro-differential equations based on wavelet-Galerkin methods. Approxi-
mations of the following problem are considered: Given data f, ug find u such
that

ug=Au)+f inQx(0,T)
(1) {u(O,x) =uy inQ

where € is a bounded domain in R?, d = 2, 3, with a Lipschitz boundary I, and f,
ug denote the forcing term and the initial data respectively. The operator A(u)
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consists of an integral operator, i.e.,

Aw)@) = [ Koz = pudy, 29

but the analysis presented here is also applicable in case that A(u) = Apu(x)
where Apu = div(D(x)Vu) is the standard diffusion operator.

The analysis of various classical finite element Galerkin schemes related to
parabolic intregro-differential operators is quite extensive (see e.g. [4, 13, 21, 23])
where several discretization schemes are studied. For the construction and ap-
proximation properties of finite elements, as well as for finite element analysis of
parabolic problems one may consult the classical works of [2, 20] respectively.

It is worth noting that since the integro-differential operator involved in these
examples is typically elliptic but nonlocal, discretization based on finite element
or wavelet-based Galerkin schemes lead to systems that do not have a banded
structure. Therefore, the matrix A induced by the operator A(.) by such schemes,
lead to dense stiff matrices with O(IN?) nonzero elements (where N is the number
of degrees of freedom for the standard Galerkin discretization of u).

In [17], an alternative approach based on wavelet Galerkin schemes is analyzed
in case of a broad category of parabolic integro-differential equations, including
equations such as the classical diffusion equations and the Kolmogorov forward
equations for Levy process. The authors analyze #-schemes and prove error esti-
mates. The proposed discrete wavelet-Galerkin scheme is based on compression.
The idea is to reduce the number for nonzero elements to O(N log N) by com-
pressing the wavelet-based stiffness matrix A to a new matrix A by setting
elements of the original matrix equal to zero.

The main scope of this work is to utilize wavelet basis compression techniques
similar to the ones proposed in [16, 17], in case of parabolic integro-differential
equations, when data f,ug satisfy minimal regularity assumptions. Parabolic
integro-differential equations typically exhibit low regularity, which significantly
complicates the analysis of numerical schemes.

In this work, we prove semi-discrete in space error estimates of optimal order.
In addition, we analyze a fully-discrete scheme that allows possible disconti-
nuities in time in order to better handle the low regularity of solutions. To
summarize, the following issues are being addressed:

e The basic estimate is derived under minimal regularity assumptions, i.e., we
assume no more regularity than necessary for the existence and uniqueness
of solutions.

e Our estimates are also valid when compressed stiffness matrices A (obtained
by setting equal to zero elements of the original matrix A induced by the
integral operator) are being used. This procedure reduces the complexity of
the scheme.

e The fully-discrete scheme is discontinuous in time, which better accomo-
dates the low regularity of solutions. The error estimates associated to the
fully-discrete scheme are derived at partition points as well as at arbitrary
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time points and are applicable for higher order approximations, provided
that natural regularity assumptions hold.
e Different subspaces can be used in each time step to allow greater flexibility.

We also emphasize that our estimates are also applicable in case of finite element
basis, when effects of numerical approximate integration of the stiffness matrix
are also taken into account.

For other wavelet based methods for the solution of general operator equations,
and their relation to adaptive and multiscale strategies, we refer the reader to
the works of [3, 7, 9] (see also references within). In particular, several results
regarding the complexity analysis of adaptive schemes constructed by utiliz-
ing wavelet-Galerkin techniques are given in [3] for abstract operator equations.
For some relevant results in case of integro-differential equations one may con-
sult [16], while adaptive wavelet algorithms for elliptic control problems were
studied in [8].

The paper is organized as follows: In Section 2, we present the weak formulation
of (1.1) and we state the basic results with respect to existence and uniqueness. In
Section 3, we treat the semi-discrete (in space) case and we prove error estimates
using a perturbed weak bilinear form. In Section 4, we analyze a fully-discrete
scheme which is conforming in space but discontinuous in time. Finally, Section 5
is devoted to the discussion of complexity issues due to the wavelet compression
of the stiffness matrix A while Section 6 contains some concluding remarks.

2 Preliminaries.

We shall use standard notation for Sobolev spaces L?(Q), H}(Q), H}(Q) =
{ve HY(Q) : v|r = 0}, and we denote by H ! the dual space of H(£2). For the
definition of Sobolev spaces of fractional order see [1]. For s > 0, we denote by

H(Q) ={ulg:ue Hs(Rd)7u|Rd/Q =0}.

Note that if s + } is not an integer, then H(Q) = Hg() (see e.g. [1]). We will
use the standard evolution triple (see e.g. [22]) V C L?(Q) = H C V*, where V*
(p/2
v

denotes the dual of a Hilbert space V', with =H o/ )(Q), and 0 < p <2
denotes the order of the operator A(.).

Q
Q

ExAMPLE 1. For the pure diffusion problem, p = 2, and the operator A
takes the form A = div(D(z)V). Then V = H(Q),V* = H1(Q) and a(u,v) =
Jo Vv - (D(z)Vu)dz. Standard assumptions are imposed on D in order to guar-
antee continuity and coercivity for the bilinear form a(.,.).

ExXAMPLE 2. The classical pseudo-differential operators of order 0 < p < 2,
defined on an open, bounded and Lipschitz domain Q of R?. Here, V = H e/ 2),
A :V — V* while A has a representation in terms of a kernel k(z,z — y) €
D'(2 x Q), in distributional sense, due to the Schwartz kernel theorem. The
bilinear form is then defined as a(u, v) = (Au, v)v- v = (k(z,z—y), v(z) xv(y)).
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We also employ the standard notation for inner products, norms, and duality
pairings. To simplify the notation the duality pairing (.,.)y+ v is occasionally
denoted by (.,.). If V is a Hilbert space, we denote by LP(0,T;V), H}(0,T;V)
the time-space function spaces such that

T
Bporyy = [ @I <00 Vo e LPO.T5V), 15p< o0
and

T
ol o0.7:v E/O (@I + o @) < oo Vo€ HY(0,T3V),

together with the standard modification for L>(0,7; V). We associate to the
operator A a bilinear form a(.,.): V xV — R, via

a(u,v) := (Au,v) VYu,v €V,

and we assume that standard coercivity and continuity assumptions hold. In
particular, there exist positive constants «, 8 depending only on the domain,
such that

(2.1) a(u,v) < allullv|vllv, Yu,veV,
(2.2) a(u,u) > Bllull}, YveV.
In most cases associated to pseudo-differential operators, the weaker Garding’s

inequality is valid instead of (2.2), i.e., we assume that there exists 31,82 > 0
such that

(2.3) a(u,w) + Bilulfai) > Bellulliy, VueV.

Recall that a standard substitution w = exp(—f1t)u into the original equation,
leads to an equation w’ + (A 4 B11)w = f, which satisfies (2.2).

A weak solution for given data f, ug satisfying minimal regularity assumptions,
is defined as follows: Given

feL?0,T;V*), wu€H
we seek
uwe L20,T; V)N HY(0,T;V*)

such that for all v € L2(0,T; V)N H*(0,T; V*),
T

T
(24)  (u(T),o(T)) — (uo,(0)) + / (—{uyv0) + au(t), v) = / (f, )

where the continuous embedding L?(0,7;V) N H(0,T;V*) C C(0,T;L*(Q))
(seee.g. [10, 15, 22]) justifies the above definition. For existence and uniqueness of
a weak solution under minimal regularity assumptions one may consult [14, 22],
or [10, Chapter 7] for p = 2. We close this preliminary section by noting that we
may define an equivalent norm on V', the standard energy norm, by

1/2

[o]la = (a(u, w))™= = [|vflv-
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3 Discretization in space.

3.1 The semi-discrete (in space) formulation.

We discretize (2.4) based on a Galerkin scheme. For that purpose, we assume
that a family of approximation spaces V" C V is given, satisfying the “standard
approximation properties” (see e.g. [2, 20]). V" consists of piecewise polynomi-
als of degree p > 0, constructed on a quasi-uniform triangulation. In order to
properly state some approximation properties for functions in V" having zero
boundary values we also define the spaces

H(Q) = ar? if s=p/2,
AN H Q) if s> p/2.

Then, we assume that V" has the following approximation properties:
Vo € HQ), t > (p/2),

(3.1) Jjnf flo— V"l ge @) < O |ullur), 0<s<p/2, p/2<t<p+1l

In addition, standard inverse inequalities are required:
(32) [v"| g2y < Ch™*[[0" |12y, 0 <5< p/2.

Then, the semi-discrete approximation of (2.4) is defined as follows: We seek
u" € HY(0,T; V") such that

(3.3) (uh(T),vh(T)) — (ug,vh) —|—/0 (— <uh,vf> +a(uh,vh)) :/0 {f, vh>

for all v® € H'(0,T; V"), where the initial approximation to the initial data u} is
chosen as the standard L, projection of the initial data into V" i.e., ull = P"uy.

8.2 A class of perturbed problems.

In this section we relax the assumption that the bilinear form af.,.)
VP x VP — R can be evaluated exactly. Throughout the rest of the paper,
we assume that only a perturbed bilinear form can be computed, i.e., we intro-
duce a bilinear form a(.,.) : V® x V* — R. Note that the subsequent analysis
covers the case where the original stiffness matrix A is compressed, resulting
a perturbed matrix A, as well as the standard case of errors due to numerical
integration, or domain approximation by isoparametric elements. Our particular
interest is to derive error estimates suitable for wavelet compression techniques
and we pay extra attention on the regularity assumptions on the given data.

Using the perturbed form a(.,.) we define the perturbed semi-discrete (in
space) approximations as follows: We seek @ € H'(0,T; V") such that

T T
(3.4) (ﬁh(T),vh(T)) — (ug,vh) —|—/0 (— <ﬂh,vf> —|—d(ﬂh,vh)) :/(; {f, vh)
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for all v € H'(0,T;V"). The following consistency assumptions are made on
the perturbed bilinear form af(.,.).

ASSUMPTION 3.1. There exists § < 1 independent of h such that
(3.5) la(u”,0") —a(u”, ") < flulallv"la Vu, " €V

There exists v > 0 depending on the choice of bilinear form a(.,.), and a pro-
jector I" : V — V" such that for every v" € V" and u € HPH1(Q)

(3.6) |a(1hu’vh) . d(Ihu,vhN < Chp+17p/2| log h|V||u||Hp+1(Q)||vhHﬁp/2(Q)

where C' > 0 depends only on the domain.

Then, it is easy to see that the following coercivity and continuity properties
of a(.,.) also hold.

LEMMA 3.2. Suppose that Assumption 3.1 is valid. Then, there exist positive
constants &, B such that

la(u",v")| < allulalv"la Vu',o" e V"
and

ja(u”, u")| = Bllu"|2.

PROOF. See [17, Proposition 3.2]

As we will state in the last section (for proofs see e.g. [17] and references within)
the perturbed bilinear forms a(.,.) obtained by wavelet basis compression tech-
niques satisfy the consistency assumptions, as well as the basic approximation
theory assumptions (3.1). In our proofs we will also employ L? projections sim-
ilar [5]. Recall that the standard L? projection P" : L?(Q) — V" is defined by
(v — Phu,o™) =0, Vol € VI

3.8 Main estimate.

We are now ready to prove the main estimate. This estimate can be viewed as
a generalization of [5, Theorem 3.2].

THEOREM 3.3. Suppose that V" is a finite dimensional subspace of V sat-
isfying the standard approzimation properties (3.1). In addition, suppose that
the perturbed bilinear form a(.,.) satisfies Assumption 3.1. Given ug € L*(Q),
f € L?(0,T;V*), let u,@ be the solutions of (2.4)—(3.4). Then the following
estimate holds:

(3.7)
|w(T) = @"(T)|1 720 + lu — @"17207,v)

~ 2
< C(HUO - Ung(Q) + llu— P ullF oo 0 1120y + 1t — P ullZ20. 101

T
+ / la(I"u, Phu — @) — a(I"u, Pru — ah)|).
0
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In addition, assuming u € L2(0,T; HPTL(Q)) N HY(0,T; HP~1(Q)) then,
= @"|| L= (0,720 + llu — @[ 20,73y < ChPH1 P2 (|log h|” + 1)

where v > 0 is the constant of Assumption 3.1 and depends on the compressed
bilinear form a(,.,). The constant C depends on «, 3, &, 3,0 and on the domain.

PROOF. Subtracting (3.4) from (2.4), and denoting by e = u — @", we obtain:

(3.8) (e(T),v"(T)) — (e(0),v"(0)) +/0 ( — <e,vf> + a(u,v") — d(ﬁh,vh)) =0

for all v®» € HY(0,T;V"). We decompose the error into two parts: e =
(u — PMu) + (P"u — @) = e, + ey, and calculate:

(3.9)

T

(eh(T),vh(T)) - (eh(O),vh(O)) +/ (- <eh,vf> + a(eh,vh))

’ T
= (e(T),v™(T)) — (e(0),v"(0)) —|—/(; (- <e,vf> + a(e,vh))
T
— (ep(T),vh(T)) + (ep(O),vh(O)) +/0 (<ep,vf> — a(ep,vh))
T
= (e(T),v™(T)) — (e(0),v"(0)) —|—/(; (- <e,vf> + a(e,vh))
T
—/ a(ep,vh)
0

due to projection properties. Note that a(e, v") = a(u, v") —a(a”, v) +a(a", v")
— a(@",v"), so Equation (3.9) together with the orthogonality condition (3.8)
imply,

(3.10)  (en(T),v"(T)) — (en(0),v"(0)) +/0 (— (en,v) + a(en,v™))
= /0 (a(ah, v") — a(@",v")) —/0 a(ep,vh).

Adding and subtracting appropriate terms, we may rewrite

(@h, vy — a(@h, ") = a(a" — 1"u, o) — a(@” — I"u, ") + Cony

Qi

where Cony = a(I"u,v") — a(I"u,v") denotes the consistency term of Assump-
tion (3.1). Note also that adding and subtracting P"u and using the definition
of e}, we arrive to

a(a" — "u,v") — a(a" — 1"u,v") = —d(eh,vh) + a(Phu — 1hu, v")

+ a(en,v") — a(P"u — I"u, ™).
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Combining the last two relations and Equation (3.10) we obtain,

T

(3.11)  (en(T),v™(T)) — (en(0),v"(0)) —|—/0 (= {en, vy +a(en,v"))
= /T (a(P"u — I"u,v") — a(P"u — I"u,v") — a(ep,v") + Cony).
0

Setting v" = ey, into (3.11) and using the continuity and coercivity properties of
bilinear forms, we may bound the first three terms on the right hand side by

|a(Phu — I"u,ep) — a(Phu— I"uep)| < f”eth + C(a, &, B)||P"u — TMu?

and
B -
lalepsen)l <, lenlls + Cla, B)llepll2

which clearly lead to
1 2 2 gt 2
o (en(DEay = lenlaey) + [ llenl
T
<C( [ Ulegll+ IP"u = 1"al)
0
T
+/ |a(Ihu,Phu—11h)—d(Ihu,Phu—ﬁh)D.
0

The first part of the theorem follows using standard techniques. For the the
second part we also use the approximation properties of the projections, the
equivalence of ||.||4, ||-|[ norms and the consistency Assumption 3.1, which allows
to hide ey, to the left hand side.

REMARK 3.4. The structure of the estimate of Theorem 3.3 is as follows:
The first term is the standard initial data approximation error, while the second
and third terms contain the error due to standard approximation properties.
Finally the last term contains the “consistency error”. Note that we were able
to uncouple the estimates on u from estimates on u;, and our estimate does not
contain any time-derivative term on the right hand side.

REMARK 3.5. Suppose that p = 2 and that the bilinear forms are induced
by the standard diffusion operator. If we assume that v € L2(0,T;HPT1(Q)) N
H(0,T;HP~1(Q)) then an embedding theorem, implies that u € C(0, T; HP()),
which guarantees that ug € HP(Q) and f € L2(0,T;HP~1(Q)). However, if we
suppose that f € L2(0,T;HP~1(Q)),uo € HP(L2) there is no guarantee that the
solution u € L2(0, T; HPT1(Q)) N H(0, T; HP~1(2)). Appropriate compatibility
conditions (see e.g. [10, Section 7]) as well as additional regularity on f and its
time-derivatives are needed to guarantee the existence of a solution that satisfies
the desired regularity properties. Similar observations also hold for the more
general case of integro-differential equations.
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4 The discontinuous (in time) scheme.

4.1 The fully-discrete formulation.

The main theme of this section concerns the discretization of (1.1) in space
and time. We have chosen a discontinuous (in time), conforming in space scheme
which allows us flexibility in the choice of the discrete subspaces and accomodates
the low regularity of the weak solutions. Similar to the semi-discrete case, the
weak formulation of (1.1) under minimal regularity assumptions is to find u €
L2(0,T;V)N HY(0,T;V*) such that

T

(4.1) (U(T)av(T))ﬂL/O (—(u,vi) + a(u, v)) = (u(o),v(o))+/0 (f;0).

The approximate solution is introduced on a partition 0 = ¢t < t' < ...
<tV = T, and on each partition we construct a closed subspace Vv c V.
We denote by 7" = t" — "' n =1,...,N and by 7 = max,—1,. n7". The
space of approximate solutions is denoted by

Up = {uh € L*(0,T;V) : “h|(tn71,tn] € Pu(t" 1" Vi) }

where Py ("1, ", V;") denotes the polynomials of degree k or less with values
on V;*. Therefore, using the notation of Section 3 for the perturbed bilinear
form, the discontinuous Galerkin method constructs an approximate solution
M| (o1 4n) € Pp(t"1, ", V") such that

n—1

(4.2) (@™, v™) +/t (= (@", o) +a(a@", "))

tn
:(anfl,vfl)jL/ (f,0") Vol e Pp(t" 1% V).
t

n—1

In the above weak formulation we denote by o7 = lim, o+ v(t" + s),
n =0,...,N — 1 the trace from above, by v = v = lim,_,g+ v(t" — s),n =
1,..., N the trace from below, and by [v"] = v} —v™,n =0,..., N — 1 the cor-
responding jump term. Note that the embedding L?(0,T;V) N H*(0,T;V*) C
C(0,T; L?(£)) justifies the existence of point-wise values. Therefore, subtracting
(4.2) from (4.1) we obtain the following “orthogonality condition”, i.e., e = u—a"
satisfies:

(4.3) (e™,v™) —|—/t 1 (= {en,v}") + a(u,v") —a(@",»"))

n—

=(e" Lol Wl e Pt UR).

Following the work of [12], we split the error into two terms, i.e., e = u — @ =

(u — Phu) + (Phu — @) = e, + ey, where P" is defined as follows:
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DEFINITION 4.1.

(1) The projection P, : C(t" 't L*(Q)) — Pp(t" 1t V) satisfies
(PP uw)™ = P™u(t"), and

loc

tn
/t (u— Plocu,vn) =0, Yy € Py (8" 11" V).

n—1

Here we have used the convention (PRu)® = (PRu)(t") and
P L2(Q) — Vi is the projection operator onto V;* C L*(12).
(2) The projection P" : C(0,T; L?(Q)) — Uy, satisfies

P'u € Uy and (P"w)|(gn1 ) = Plae(ul(gn1 4m))-

We also define the local “consistency projection” into each V;*,i.e., I}' : V— V}*
satisfying the consistency properties of Assumption (3.1). In addition we denote
by Ih|(tn—17tn] = I,?

The projection P" satisfies standard approximation properties (see e.g. [12]).
The projection I also satisfies the standard approximation properties (3.1).
Now, we are ready to state and prove the main result. The proof uses techniques
from [6, Section 2|, appropriately modified to handle the perturbed bilinear
form.

THEOREM 4.2. Let u, " be the solutions of (4.1)—(4.2) respectively. Suppose
that the spaces V) consist of piecewise polynomials of degree p > 0, satisfying
approzimation properties (3.1) and the perturbed bilinear form satisfy the con-
sistency Assumption 3.1. Let e, = Phu — 4", where P" is the projection of
Definition 4.1. Then the following estimate holds:

N-1

T
HeiJzVHQLz(Q) + Z HBZ - €Z+H2Lz(g) +/0 lenll?

n=0

N
< ([l e8lf32(y + DI = Pt 1) 220
n=1
T
+/ (||u — PhuH%/ + ||u— I_huH%, + |d(1:hu, eh) — a(fhu, eh) D)
0

In addition, let u € L?(0,T; HP1(Q)), us € L2(0,T; H*(2)) where k > 0. Then
for a time step size T = h the following estimate holds:

||6NHL2(Q) + HCHL?(O,T;V) < C(hp+17(P/2)| 10gh|” + max{hp+(l/2), hp+17(P/2)}
+ Tk+1*(/)/2))’

where v > 0 is a constant depending on the compressed bilinear form a(.,.)
and C is a constant depending on «, 3,&, 3,9 and on the domain.
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h

Proor. Recall, that we split the error in two terms, i.e., e = u —u" = e, +ep.
Then adding and subtracting appropriate terms, (4.3) implies:
40 () + [ (ol +alene?)) — (7 en)
— (en ") + /tt (= {e,ol) + ale, o) — (1,007
() [ el o) — ()

z(e",v")+/t (= (e;v}) +ale,v")) — (" o)
() = [ alene”)

where at the last equality we have used the definition of P* which implies that
the first two e, terms of the right hand side vanish. Note that the orthogonality
condition (4.3) together with the elementary observation,

ale,v™) = a(u,v™) — a(a", v") + a(@", ") — a(@”, v")
imply that (4.4) is equivalent to:

s

(4.5) (e, v"™) —|—/;ni1 (- <eh,vf> —|—a(eh,vh)) - (eﬁ_l,vi_l)
=—(ep~ Lot 1) —|—/t~n71(d(ﬁh,vh)—a(u v ))dt—/;nila(ep,vh).

Similar to the proof of Theorem 3.3, adding and subtracting appropriate terms,
we denote by Cony = a(I"u,v") — a(I"u,v") and rewrite

Qi

(@h, vy — a(@”, ") = a(a" — "u,v") — a(@” — I"u, ™) + Cony
= —a(en,v") + a(P"u — I"u,v")

+a(en,v") — a(P"u — I"u,v") + Cony.

Q

Combining the last inequality and (4.5) and setting v* = ej,, we obtain

i
HeZHQB(Q) - ||eZ_1Hi,2(Q) +len ™ — €hy |L2 +ﬁ/ llenll2

< Claa (| =P u i) + [ 1P Pulenll

tn
+ [ Uerllallenlla + Com).

tn—
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It remains to bound the first term of the right hand side. For that purpose note
that using the definition of projection P"~1,

(I =P YY), ei )] = (L= P Du( ), ep7t —ep )|

n— n— 1 n— n—
< (T =P Hut™ )20y + 4Heh+l_e+ Nz

since eZ*I € V,ffl. The first estimate now follows by standard techniques after
noting the equivalence of ||.||v, ||-]l¢ norms. For the second estimate note that
the regularity of solution u € L?(0,T;HP™(Q)) and the consistency assump-
tion (3.6) implies that [Cony| < h?*1=(/2)|log h|”|[u||3p+1(q)llen]|v, so we may
hide all |lep, ||y to the right. Note that using the stability of the L?(2) projection,
and the approximation property (3.1) for s = 0, ¢ = p + 1, we may bound the
error due to the projection at the jumps as:

D = Py ult™ gy < OV DE w1,

(@)

< C(T/T)h2p+2HD£+1uHi°°(O,T;L2(Q))

which clearly implies that for 7 ~ h the above term is of order O(h?P*1). Stand-
ard approximation properties imply that

llepll 20, 7522(0)) < C(RPTH|DET! + 7FH || Dyt

“HL2(0,T;L2(Q)) UHL2(0,T;L2(Q)))

and using an inverse estimate (3.2) for s = p/2,

lepllz20,7;v)

B At
<C (hp+l (p/2)HD£+1UHL2(O,T;L2(Q)) + h(p/2) |‘Df+1uHL2(O,T;L2(Q)))'

Using triangle inequality, we finally arrive at

2
H€N||%2(Q) + ||6H%2(0,T;V) < C(||60H%2(Q) + ||e£]||L2(Q) + ||€pH%2(o,T;H1(Q))

2
+ ||€hN||L2(Q) + ”ehH%Q(O,T;Hl(Q)))
< C(h2(p+1)—p(| log h|?") + max{h?*1, h2(p+1)—p}

+ 7_2.Ic—i-2—p) .

REMARK 4.3. Note that for 1 < p < 2 the estimate of Theorem 4.2 leads to
an error of order O(hPT1=(v/2)|log h|V + hP+(1/2) 4 7h+1=(p/2)) for the natural
energy norm, while for 0 < p < 1 an estimate of order O(h?+1=(?/2)(|log h|¥ 4-1)
+ 7RH1=(p/2)) is valid.
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REMARK 4.4. For the diffusion operator Ap, p = 2, using the projection
properties of P", P"~! and using an inverse estimate, we obtain
(7= P Hu(t" 1), )|
=[(P"(I = P Yu(" ), i)
<[P = P M a- @ llers g o)
n

< @IPME = PPt ey [ lenlfiya)

tmn

n n— n— /B "
< (Cr/T)IP™(I = PP Nt )| 5-1(0) + 4 s lenll 3 (g)-

Note that last term can moved to right, while the first bound leads to an im-
proved estimate for 7 &~ h of the form,

N-1
D (Co/DIPMI = P Hu(t™ ) [ (q) < (Cer?)h* || D+

n=0

u||L°°(O,T;L2(Q))
< C(Ch, u)h2+2.

Similar estimates are also valid for the integro-differential equations, provided
that the enhanced approximation properties for the dual norms |||y« are valid.
For finite element discretizations such estimates on negative norms are indeed
true for sufficiently regular triangulations.

REMARK 4.5. Note that using the triangle inequality the first estimate reveals
that the error estimate consists of three distinct components:

IIeNH%Q(Q) + llell z2(0,r;vy < C([lapprox. error|| + ||cons. error|| + |[subsp. error||).

In particular, we emphasize that the term "0 |(I — P Mu(t"1)[2, iﬂ) is due
to the use of different subspaces in each time step. In a computational scheme,
measures whether or not a new subspace, and hence remeshing, is needed.

REMARK 4.6. Asstated in [12], [20, Theorem 12.3] (see also references within),
a super-convergent estimate for k£ > 2, at nodal points can be derived for the
semi-discrete in time approximations, using duality techniques. However, severe
regularity assumptions have to be imposed. For a posteriori analysis, and its
relation to adaptive schemes for parabolic PDE’s one may consult [11].

REMARK 4.7. In [18] the hp-discontinuous Galerkin scheme based on wavelet
basis is analyzed for parabolic equations in higher dimensions. A key ingredient
of the main proof is the use of sparse tensor product spaces to reduce the number
of degrees of freedom. The main result requires higher regularity on the initial
data, or a solution operator that admits the parabolic smoothing effect.

4.2 Error estimates at arbitrary times.

In addition to estimates on the natural energy norm, we derive error estimates
at arbitrary times. Our technique is based on techniques of [6, Section 2.3, 2.4]
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appropriately modified in order to handle the auxiliary perturbed bilinear form.
An important element of the technique of [6] is the construction of approxima-
tions of discrete characteristic functions. Below, we quote the main definitions
and results.

Note that to compute the error at arbitrary times we would have liked to set
Up = X[tn-1,)un into the orthogonality condition. However, this is not a func-
tion in Uy, therefore we need to construct approximations of such functions. The
approximations are constructed on the interval (0,7), and it is invariant under
translations.

We consider polynomials s € P (0,7), and we denote the discrete approxima-
tion of X[o,¢)s of s the polynomial 5 € {8 € P.(0,7),5(0) = s(0)} which satisfies

T t
/ §q:/ sq Vq€Pr_1(0,7).
0 0

The above construction is motivated by the elementary observation that for

q = s we obtain [ s'§ = f(f ss' = 1 (s2(t) — s2(0)).

The construction can be extended to approximations of xo v for
v € P(0,7;V) where V is a linear space. The discrete approximation of x[g,¢)v

in Pr(0,7;V) is defined by ¢ = Zf:o $i(t)v; and if V is a semi-inner product
space then,

9(0) = v(0), and /OT(f),w)V = /0 (v,w)y Yw € Pr_1(0,7;V).

Finally, we quote the main result from [6].

PROPOSITION 4.8. Let V' be a semi-inner product space, then the mapping
Zf:o si(t)v; — Zf:o 3i(t)vs on Pr(0,7; V) is continuous in ||.||L20,-v). In par-
ticular,

[ollz2(0,mv) < CkllvllLzo,mvy, 19 = X0y llz2(0,mv) < CkllvllL2(o,m5v)
where C}, is a constant depending on k.
PROOF. See [6, Lemma 2.4].

THEOREM 4.9. Let u, W" be the solutions of (4.1)—(4.2) respectively. Suppose
that the projection P s defined as in Definition 4.1 and let e = e, + e, where
en, = Phu — @y, e, = u— P"u respectively. Then the following estimate holds:

N-1 ) T
swp_flenlae + e~ i [y + | llenl?
tn—1<t<n 0 0

N
< (|13 20qy + SN = PPt 1) 32

n=1

T
[ = PPl o+ = Tl + @l )~ a(T*u, ) )
0
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where € is the discrete approrimation of Xn-1myen. In addition, let u €
L2(0,T; HPTH(Q)) up € L2(0,T;HF(Q)) with k > 0, then for a time step size
T & h the following estimate holds:

||6HL<>°(0,T;L2(Q))
< C(hp+1—(P/2) |log h|” + max{hp+(1/2), hp+1—(P/2)} + 7Jf+1—(ﬁ/2))7

where v > 0 is a constant depending on the compression operator and C' is
a constant depending on «, B3, &, 3,9, C, and on the domain.

PROOF. (Sketch) Note that V' defines a semi-inner product space with norm
|l-lle = a(.,.). Fix t € [t"~1,¢") and substitute vy, = é into Equation (4.5), where
é is the discrete approximation of x[n-1 4 en, with e, = P"u — @y,. Therefore,
using similar considerations as in Theorem (4.2),

1 — 1 n— n—
2\\€(t)||2m(9) - 2!!62’ 1”12(9) + 2Heh t- eh+1HiQ(Q)

t" t"
SC(}((I—P"—l)u(t"—l),e;;;lﬂ+/ 1d(eh,é)+/ 1 [Py — T[4 |é]|a
t tn—

tn
[ Ulepllallel + Cons))
t

n—

(|- P Hue D)+ [l

tmn

t" "
[ PPl enl+ [ (el + Cona))
tn— tn—

where we have used Cauchy—Schwarz inequality, Proposition (4.8). Here, Cong =
a(I"u,é) — a(I"u,é) and C(c;) depends on «, 3, &, 3, Ck, Q. The rest of proof
easily follows from Theorem (4.2).

5 Compression via wavelet basis functions.

The applicability of the main results of Theorems 3.3-4.2 are examined. In
particular, we are interested in applying the results of Sections 3 and 4 for per-
turbed bilinear forms a(.,.) obtained by wavelet compression techniques. First,
we describe the basic definitions regarding basis constructed by wavelets and
quote the approximation properties of the corresponding projections. Then, we
quote results from [16, 17], which demonstrate that the compressed matrix A,
resulting from the perturbed bilinear forms a(.,.) has the desired number of
O(N log N') nonzero elements.

5.1 Triangulations and subspaces.

Throughout this section we assume that 2 is a polygonal domain. Let 7y be
the initial coarse triangulation of the domain and we define the triangulation 7;
as a suitable subdivision of 7;_1 (for example, subdivide the triangles of 7;_1
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in four congruent subtriangles). The triangulation denoted by T, is obtained
by this subdivision procedure and it is assumed that corresponds to 7; with
h=C2""7 for some C >0.If1 < p < 2 we denote by V" the space of continuous
piecewise polynomials of degree p > 1 on the triangulation with zero boundary
values, while for 0 < p < 1, we denote by V" the spaces of piecewise polynomials
of degree p > 0.

To summarize, in a similar way we may define spaces V7 corresponding to the
triangulation 7; so that

Vicvicvic...cv/=vh
Here, N7 = dimV7 and M7 := N7—N7-! and hence N := dimV" = N’ = C2”.

5.2 Wavelet basis functions.

We will use a wavelet basis that allows to represent the bilinear form af.,.) as
a matrix with “many negligable” elements. The application of this basis yields
the “compressed” (approximate) bilinear form af(.,.). The construction of this
basis is based on biorthogonal wavelets. Here, we describe the main principles.
We refer the reader to [7, 9] for an excellent exposition. Let wl JA=1,... M
and j = 0,... denote a hierchical basis functions satisfying the followmg three
properties:

1. Locality (L) The functions wlj are local, with a decreasing width of support
(denoted by supp here) for growing discretization level j i.e.,

diam (suppj) ~ 277

2. Cancellation property (CP) The wavelets ’Q[Jlj with (supp wlj )N =0
have vanishing moments up to order p, i.e., (¢7,q) =0 Vg € P,.
3. Riesz basis property (R) Every function v € V" can be represented as

J M’

v=2_ > v

§=0 =1
with vlj = (v,z@lj ) where 1/35 denotes the “dual wavelets” (see e.g. [7, 9]).
Note also that for v € V' the infinite series, v = Yico Zi\fl vip] withv! = (v,9])
converges in H”, for all 0 < s < (p/2) and the following norm equivalence is valid

co MI

(5.1) ool < D2 D0 107227 < Cololliyay-

=0 1=1

For (p/2) < s < p + 1 the following one-sided bound holds for the truncated
series:

J M
(5.2) S ot |*2%7 < CeJ”|[vl3. (), Wwithy =0if s <p+1and
=0 1=1 v=1lifs=p+1,

where Cg is independent of J.
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For examples of wavelet basis as well as the “wavelet analogue” of the standard
approximation properties (3.1), we refer the reader to [7, 9]. Here, we state the
main property: for all v € HY(Q), t > (p/2),

(5.3)
inf o —v"lge@) < C277 vy, 0<s<(p/2), (p/2) <t <p+1.
vhevh

5.8 Verification of assumptions.

In order to utilize the estimates of the previous section, one need to satisfy the
assumption 3.1. First note that the truncated wavelet expansion plays the role of
the basic “interpolation projector”. Therefore, we may define, I" := V — V" by

J M

Iy = szljiplj

§j=0 i=1

Note that I"v satisfies approximation properties (5.3) (see e.g. [7, 9]). In addi-
tion to the truncated projector I" we define the standard L?(Q) projection, by
requiring (P"v —v,v") = 0 Vu" € V". Note that the approximation proper-
ties of P" can be easily deduced from I". One may use standard techniques to
derive similar approximation properties in the time-space spaces (see e.g. [5]).
The projections of Definition 4.1 can be constructed similar to [12, 20]. It re-
mains to show the “consistency” property, of the compressed bilinear form a(. , .).
This is proven in [17]. For completeness, we quote the main results. First, note
that the bilinear ermla(. ,.) : VP x V* corresponds to a matrix A with entries
Agio.rry = a(¥], 4} ). The natural way to define the compressed matrix A,
corresponding to a(.,.) is to neglect “small” elements of A. In particular, fol-
lowing the work [16, 17], specialized to our notation, we define by

_ A(j,l),(j’,l’) lf dlst(supp wlj, supp 1/%]/ ) S 5j,j'
(5.4) (A)Gay,Gran = or supp (¢} ) N AN # 0
0, otherwise

where the truncation parameter is defined, for some c,a > 0, as
850 = cmax{?‘”d(w’j’j/), 277, 2’3'/}.

The truncation parameter is related to v (which appears in Theorems 3.3-4.2.
Below, we state the main result which relates @ and v, specialized to our needs.

PROPOSITION 5.1. Ifc is chosen sufficiently large then for all J > 0 Condition

(3.5) holds. In addition, if & > 25_?;?{) then Condition (3.6) holds with v = 3/2

ifa = g i; and with v = 1/2 otherwise. Furthermore, the compressed matrix A

has O(N log N) nonzero elements if a < 1 and O(N(log N)?) if a = 1.
PROOF. See [16, 17].
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REMARK 5.2. {n case of 0 < p < 2 we may choose G such that v = 1/2
and consequently A has O(N log N) nonzero elements. If p = 0 a similar con-
siderations lead to O(N (log N)?) nonzero elements for the compressed stiffness
matrix. See relevant discussion in [17].

6 Conclusions.

Combining the estimate of Theorem (3.3) with (5.1), and approximation prop-
erties (5.3), we obtain the following estimate: Suppose that p > 0 and that p, p
are such that a > 25_?;?{). If, u € L*(0, T.HP1(2)) N H(0,T; HP~1(Q)) then,

l|lu— ﬁJHLoo((lT;Lz(Q)) + |lu— '&J”LQ(O,T;V) < C27J(p+17p/2)(| log 27‘]|1/2 +1),

where @ denotes the discrete (in space) solution of (3.4). The constant C' depends
ona,f,&, 3,6, ce, Ce, Cp and on the domain. In addition the compressed stiffness
matrix contains O(N log N) nonzero elements. A similar result also holds in the
fully-discrete case. In particular under similar assumptions, and for 0 < p < 1,
7 ~ h ~ 277 using the discontinuous (in time) wavelet Galerkin scheme, we
obtain an estimate of the form:

||17,J’N . u(tN)||L2(Q) + HU . QJHLQ(O,T;V) < 0(2*J(p+lfp/2)(| 10g27J|1/2 + 1))

with a compressed matrix A that contains O(N log N) nonzero elements. Here @
denotes the solution of (4.2). In addition, for 1 < p < 2 and 7 & h we obtain:

@™ = (™) 2@ + lu = @l 20,0
< 027 1=P/2) | log 27|12 4 9= (PH(1/D) 4 9= (pHI=p/2)),

Similar estimates also hold at arbitrary times for both cases.
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