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Kegpdhoro 1

Adudo hoyiouog

1.1 IIpoxatapxtixd

H évvowa tng obvaptnong.

Elvow xevtpuny| évvola ota Mabnuatixd xow oty IInpogopuxr. Mmopet va vonbel we évag «ea-
vévoc» mou ouvdéel xdbe avtixeluevo dptoua pe TV TiU) NG ouvdptnong YU autd to bploua.
Yuviboc ota Mabnuatixd xdbe cuvdptnon f ouvdéetar ue éva (oplouévo amd melv) lvolo em-
A e ’ 7 I3 7 z ’
TEEMTOVY optoudtwy A, to omolo amoxaleitan To medio opiouol tn¢ f, xou ye éva olvoro B, to
onolo amoteAeltal and OAeg Tig TWéS Mou umopel pia cuVEETNOY Vo TaEEL Yol OAEC TLG SUVATES
z e ’ ’ I3 Z e 7
TWES TV 0pLoUdTwY NG oL To onolo xokeltoaw 1o medio tiudy tn¢ f. T'edgouue téte f: A —
B. Zuviboc ta avtixeipeva oto ovvoho A eivar anhd avtixeipeva (m.y. optbuol), dev elvon dnhad?
/4 7 z ’ ’ 7 /4
ouvapthoels. Tinota duwe dev amoxheiel ta aviixelyeva oto A va elval xou ouvaptioec. [
4 z 1 7 7 e 7 7.
napdderyua, N éxgpacn [i f(z)dz, btav 1o nedlo twv oploudtwy elvar ohoxknpdotues TpayUaTL-
xé¢ ouvapTioelc Tou opilovtat ato [0,1], opilel uia ouvdptnor pe oplouata cuvaETAcELS XaL TYEC
Tpaypatixolg aptbuoic.
Elvow Suvatoy pia ouvdptnon f va cepapudletowr atoy eautod tne; Eivat dnhadn duvatdy éva and
4 ’ ’ 7 /7 7 ’ z z
o Suvatd oplopata e f va elvon 7 W n f; Av Bewpricouue 6t To 6Uvolo oploudtwy e f €xel
oplotel mpty and Tov oploud e f, yia mpogavelc Aoyoug, auto elvar advvato. Mropolue duwe va
pavtacTtolue 6Tt 1) ouvdptnon opileton apyixd we évac xavévae (anexdéviong) xat (Uévov) ex twy
voTépwy Tpoadiopilovtal, ue Baon auTéV TOV xaAVOVa, TO AVTIXEUEVO GTA OTOLAL 1) CUVEETNOTY) UTOpEL
va «eqappootely. Autd umopel va @avtdlel wg pla amoudxpuven and v xAaoixt|, xabiepwuévn
dmodm yia ) ouvdpTnom, aAld 6T GUYYEOVY), XUpltwg TANEOPopXT|, TeaxTy elval cvvnbeg m.y.
z /7 ’ /7 ! ! /7 /7 z z 4
EVa TEOYEOUMO TOU «XAAED» TOV gautd TOu xou umoAoyilel ula T 1 éva dAlo mpdypauua. H
YopaxtneloTixdteen mepintwon elvar 1 tavtotixny ouvdptnon I O xavévag opiouol autig g
ouvdptnone eivar 61 10 (Iz)! elvar 10 . Onére tinote dev amoxdeler Ty I va egopuootel ooy
eautd g, onéte to (L) elvan o I
Q¢ dhho mapdderyua, av fewprioouue bt n H opiletan dote (Hx) va elvar to yia xdbe x, t61e
to (HH) eivan o .

z ’ ! 7’ /7 7’ /7 /7
Yto wg dve mapadelyuata To media oplopol Twy cuvaptioewy xal H anotehovvton and dha

LAy f 1 ouvdpTnom xou x éva bploud e, Yedpoupe we (f ) TNy TN TNg cuvdpteng yU'autd to dploya.



TO OVTIXELUEVAL.

"Extaorn xou "Evtaon.

[T6te elvan 8%o ouvapthoeic dieg; ILy. elvan o ouvaptioes f(z) = 2 x x xau g(z) = z + z (6movL
x aplude) idieg;

H dueon (cuvolobewpntixd) andvinon eivon 6Tt d%o ouvapthoelg f xau g elvan dieg btav éyouy
70 (dto nedio opuwool xou btav yo xdfe = mou avixel 6’autd o (f z) elvar (dto ye to (gz). Auth
7 drodm elvon 1 dmodn TG LEGTNTAG TWY CUVARTACEWY WS TEOS TNV EXTAOT.

Eivou duvatoy duwe va Hewproouue 61l 8o ouvaptioelg f xat g umopel va givat (8leg wg mpog
Vv €xtaon dAAa vo unv eivan dleg 66ov agopd tov TeéTo Ue Tov omolo unoloyilouv Tig Tyég
toug. Kdtw and auth ) Bedpnon oL cuvapthoels voouvTtal wg GUVAPTHOELS WS TPOS TNV EVIAoT.
IL.y. ot ouvapthoeic f(x) = 2%z xau g(x) = x+ = evéd elvan (Bieg we Tpog TNy éxtaot dev uropolyv
va Bewpnboly Bieg wg mpog Ty évtaoy, Ui xat o Tedénog mou unoloyilovion ol Twég Toug elvon
dlapopeTinde.

Oa npénel ota didpopa (VTohoyLoTXE) Aot xan Ue dtdpopa xptthplar var arogaocilouue ToTE

dVo ouvaptioeic eivar Blec we Tpog ™ évtaoy (LodTNTa 1S TEOS TNV EVTAOT)).

Yuvoptroelg TOAGY LeETABANTOY.

H péyper 1dpa otwmnen nopadoyn elval 6Tt oL CUVAETAGELS UG ELVAL CUVIRTATELS ULaG UETABANTAS.
Elvow BéBaar embuuntd va €youue oty 8idbeoy| wog xar Ty €vvola, Yo xdbe guoxd n, Tng ou-
vapTNnong n UETABANTOV. Autd UTOPOUUE Vo TO XAVOUUE Ywpelg Va anocToVue and TNy Tapadoy
©og OTL OL GUVAPTHOELS Mag Elval ouvapToelg Wag ueTafAntic. H déa ogeiletar otov Schonfinkel
[Schonfinkel,1924] al\& ovopdleton «currying» and tov H. B. Curry mou tnv ewofyoye xou autdg
avegdptnra. ‘Otay m.y. 1o n = 2, dnhady) 6tay Oéhouvue 1 f va elvar cuvdptnon %o uetafAnTdy,
t61e umopolue va fewpoovue T yia avtixelyeva x xar y 0 wud f(z,y) eivar n ((f z) y), dnhadi
n ouvdpTtnon d%o ueTaPAnTodY unopel va Bewenbel we ouvdptnon wlog petafAntric Tng omolag ot

Tée elvan ouvapthoelg plag petafintric. Ko autd unopel va enextabel o onolodvnote n.

Agaipeom.

Eivar avayxato va Stayweilovue uetald evég ouufBélou 1 éxgpacng mou Snhdvel uia cuvaeTnom
O ULOG €XPEAOTC OV TERLEYEL pial METOBANTYH ot SnAdvel ye augpiBolo teémo xdmowa Ty g
ouvdptnone. Auty| n dudxplon cuoxotiletal ot ouVHN YAGGOR TV UaONUATIXGY.

"‘Otav Mpe m.y. 6t «? + 1 elvon peyahdtepo and to 1000» Satundvoupe x4t To omolo dev
€xel vonuo Tapd UOVoV oy To T TAEEL TNV TUn eVOC auyxexpluévou aptbuol. Evd dtav AMue 6T
«@? + 1 elvar plo Tpwtoyevic avadpoud cuvdetnon, Slatundvoude x4l 0pLeTIXG, XATL TOU deV
eCopTdTal and Tov Teoodloploud Tou x, dnhady €3d to = enéyel Héom ponvouevinrc ¥ deouguuévng
petoPhntic. H Siapopd howmdy elvon L TNy mpdhtn mepintwon 1 éxgppacn 22 + 1 yenouwonoteiton
o Sipopoluevn 1 ueTafBANTH dAwon evic puotxol aptBuold evédd ot SeVTEEY LG CUYXEXPLUEVNS
ouvdptnone. I'V autd ot dedtepn nepintwon Ho TapLoTAVOUUE TN CUVEETNOT TOU AVTLOTOLYEL TNV
éxgppaon 22 + 1 wg (Az. 22 + 1) (A-agaipeon).

To vémua uiog tétolag yeagic (A-agaipeonc) elvar 61t dtav 1 ouvdptnon Az. 22+ 1 egopuooctel
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O€ £V GUYXEXQPLUEVO OpLOUA, £0TwW 3, TOTE M) TWN TNS ouvdeTnong Ha napaybel and Ty qeTaBANT»

éxppaon 22 + 1 6mou bpwc To T aviixabiotator e 3, Snhadi
(Mz.22+1)3) = 32+1 (= 10)
Oa oy wEHoOLUE THEA 6TOV 0pLoWS Tou cusTAUATOS Tou xabupol (Ywpelc ToToug) A-Aoyiouou.
Oprouds 1.1 To oivoro A twv A-bpwv elvar to olvoro twv exppdocwy nov oynuatiletar Eexi-

vévtac and éva dreipo ovvoro uetafintdy V = {v,v',v", ...} (apibuifowuo odvoro) ue tn ypron

TOY TEAEOTHY TS epapuoyc xat ¢ A-apaipeons. O yevixevuévos opiouds elvar o e&1g:

zeV = Tl
M,N e A = (MN)eA
MeMANzeV = (A.M)eA

1 yenowonotdvrac agnonuévy ovvtaln umopolue va ypdpouvue:

V = o |V
A s= V(AN | (OV.A)

Kdbe dpoc tnc uoppiic (M N) Oa Aéyetar epapuoyy (tov M oto N) evd xdbe dpog tne poppic
(Az. M) Ga Aéyetar A\-agaipeon (oto x).

IMapaderypa 1.1 Ou xdtwb exppdoeis elvar A-6pot:

YuuPoloyot:

1. Taz,y,z,... Oa dnhdvouy tuyaiec petafntéc (uetapetofintéc). To M, N, L, ... Ha dnhd-

vouv tuyaloug A-6pouc.
2. Tedypouue F My My ... My, avti tou nifpoug (--- ((F My) Ma) ... My).

[Tpooetatplopde and aploTepd oTIC EPapUOYEC]

Fedgovye Az1z2. .. 20 M A Az1AZ2 - - - Azp. M avtl tou (Az1. (Az2. (- (Azn. M) --+))).

[mpooetatplopde and dedid otic A-agatpéoelc)

3. O e€wtepuxéc mapevbéoelg dev avaypdpovtal.



IMapdaderypa 1.2 O bpol tou mapadelyuatog 1.1 ypdgovton ye Bdon Tig mapamdvew ouvbixeg:

v

,Uv//
Av.vv”
(M.vo") v

(M. (Av.vo") v )"

Mapatienon: O teémog ue Tov omolo €youv oplotel o A-6pol dlvel povadixy avayvooiudtna,

dnhad?) xdbe 6pog t elvar €var xau ubvov éva and ta axdiouvba:
1. po yetaAnty (t = = vy xdnowo ),
2. wa egoppoyy, émou undpyouvy pwovadixd M xa N dote t = (M N),
3. wa A-agaipeor, étou undpyouy povadixd = xou N dote t = (Az. N).

T ™) ypapn Twy dpwv Ha mpotywolue Tig anlovotedoelg Tou teplypddaue TAPATAVE AAAS Xon
z 4 4 ’ 7 z /4 z /7 7
emmAéov xdfe ypagy mou Oa unodewcvietal amd Ty anAdnta § and T coprvela xat 1 onola 3¢

O 0dnyel o Ndbog avdyvworn Tou dpou.

E)el0epeg xaL deopeupéveg peTofBAnTes.

‘Otav oynuatiletar o 6pog Ax. M o tekeotic Az deoueler T petofAnty  otov 6po M. T
Topdderyua, Aue 6Tl oTov 6po Ax.yx M T elvan Seoucuuévy evéd m y ededbepn uetofintd. H

avtxatdotoon [z := N| exteleitoan uévo otig ehelbepeg epgaviceic e x. Ily.
yx(Az.z)[z:=N] = yN (Az.x)

To gouvéuevo twv eAelbepwy xatl SeoUeLUEVODY UETABANTOY eugaviletar Yevindtepa oto Ma-

Onuatind, yio Topdderyua oty Tapdotaom

22:1@""‘9

N = elvon deopevuévn petofAnty xou 1 y ekeleprn. Aev €yel vONUA Vo AVTIXATAGTHCOVUE TN &
ue xdmoto oplhud, €yel OUWS VOMUA VO AVTIXATACTHOOUUE TNV ¥ UE T.Y. TO 5 AMOXTAOVIAS TNV
napdotaon Y0 x4 5.

T Aoyoug «ouvtaxtirg vytewvneg» Ha Bewpolue 6Tt oL uetafBAntég mou elvon deoueuvuéveg 6'évay
6po o elvon Sraopetixég and Tig eelbepeg petafintés. o napddeiyua, de Ha emitpénoupue dpoug
™G Hop@hc z = (Az. ). Autd To EMTUYYEVOUUE UE TN UETOVOUAGio TwV SEOUEVUEVLY UETABANTOY,
Y. 0 6pOC AT. T UTOPEL VO YIVEL AY. Y. EnNUELWTEOV OTL OL 6pOL AZ. T %ol AY.Y SpOuv XATd TOv

8o axpPde teémo, dnhady dnhdvouv tov dto ahybelbuo:
M.z)a = a = (A\y.y)a

YuuBohiouods: M =, N f anhdc M = N onuaivel 61t ou épot M xou N elte elvon (Stol 1} 6Tt 0
évag umopel va anoxtndel and Tov dAho ue TN uetovouacia Twy deousuuévey uetafAntody. Ta

ToEAdELY U
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M.z)z = (My.y)z
MN.z)z = (Az.z)z

M.z)z # (Az.y)=z
Opropds 1.2 Axolovloly xdmowor onuavtixol optouol:

1. To oUvolo 1wy ehelbepwv petafAntdy tou A-dpov M (ouuforiletar ue FV(M)) opiletar

EMAYWYIXd WE:

FV(z) = {z}
FV(M N) V(M)UFV(N)
FV(Az. M) = FV(M)—{=z}

hdr—"ﬂ

2. O M elvar xhewotég A-6poc (1 ouvduaotic) av FV(M) = (0. To odvolo twv xAetotdy
A-bpwy ouuPoriletar pe A°.

3. To anotéleoua tnc avtxatdotaons (twy eAelbepwy eupavicewy) tov & andé to N otov dpo

M, ouvuforiletar ue M|z := N, opiletar w¢ axolodbug (Gewpolue x # y):

o ylz:=N| =y

o (PQ)[z = N] =(P[z := N])@Q[z := N])
e (A\y. P)[z := N] =)y. (P[z:=N])

o (\z.P)[z:=N] =Az. P

IMapatfienon:Ta topdderypa otov A-6po y (Azy. Y 2) oL y xou z eugavilovtow we ehevbepeg ueta-
BAntée, SLOTL N TR eudvion Tng ¥ elvar eAelbepn xabdg xar 1 povadixy| eugdvion g 2, eved
oL T oL Y wG deoUeVUéVeg BLOTL 1) delTepT) eu@dvion Tng ¥ elvar deoucupévn xabdg xat 1 wovadixy
eugdvion g z. O époc Azy. z xy slvon xAelotoc.

To ovéuata TV xAeLoTGY UETABANTOY ot évay 6po Do emAéyovTal TdvTa GoTe va Slapépouy
and ta ovéuata Twv ehetfepwy uetafintdy. Apa yedgouue y (Azy'. £y z) o tov y (Azy. zy 2).
H olyfaon auth umopel vo emextabel xou oe nepocdtepoug and évav dpouc. Av m.y. €youue
Toug 6poug My, Ma, ... M, unopolue va @avtactolue 6Tl OAeC oL deoueuuéveg petafAntég mou
eugavifovtal otoug 6poug autolg elvan Sapopetinég amd Tig elellepeg uetafAntéc autdy TV
bpwv. Autd BéPBoua unopel vo emtevyfel pe petovouasia Twv deoueuuévoy (xat oyt BéBata Twv
ehelbepwv) petaBAnTdY.

'Apa Aoudv xaw oty TEpiTTwon g avixatdotaons dtav oynuatilovue tov 6po M|z := N]
UTOEOVUE Vo QavTaoTolue 6Tt auty| N «oUufacn Twv UETABANTOWY woylet yia Toug M xar N €tot
DOTE MEAYUATOTOLOVUEYNS TN avTixatdotaong xauulo eAeVbepn petafinty tou N 8¢ unopel va
deopevtel (uetd v avixatdotaon) and xdmoo A-teheotd| tou M. ILy. dev unopel vo undpiel
(Az.zy)[y == z] = Az. x z déTL autd npénet va yivel (Az. zy)ly := z] = (A\z.zy)[y 1= x| = Az. z z.

H «odufaon twv yetaffAntdw emteénel va opl{ouue TNV avTixatdotaon 6to A-Aoyioud ywels

va haufdvouue xdmota x| mpdvola Yo Tig eAelbepeg xau deoueuuéveg petaPintéc.



Kouw yio va unv undpyet mopelfynomn, A-6pot eivar ubvo ov exgpdoelc (cupBolooelpéc) Tou
oynuatiovtar pe Bdorn tov opioud 1.1. O tauticels, yéow g oyéone =, ylvoviow ex twv
VOTEPWY, Aol dnuioupynbody oL bpol xal eniong N «wVuBaon Ty ueTafAnTdv» Oa xavoroleitat

METE TNV AVTIXATACTACY) XATOLWY GpwY UE Lo0SUVAUOUS TOUG.

Ilpétaon 1.1 (Afupa avtixatdotaorng — Substitution lemma) Eotw M,N,L € A. Yro-
Gétovue 6t x #y xaw x ¢ FV(L). Téte

Anodeiln: Me enaywyr| otov 6po M.

Iapatneroeic:

1. Tavtiooue Toug 6poug oL SLaPEEOUY UOVOY WS TEOG TA OVOUATA TWV SECUEVUEVWY UETABAN-
TV Toug. Mio evahhaxtix xou mo axp3ric nabnuatixd tpocéyyion Oa Hray va opilaue wg
Tpodpoug (pre-terms) autd mou TGpa oploaue we dpoug xat UETE Vo 0pllaue HE CUOTNUATIXG
xou axplf3n tedémo ula oyxéon tooduvaulag, Ty a-tcoduvauia. Méow authc tng Tpooéyyiong
Ba Bewpoloaue wg Gpoug Tic xhdoelg tooduvauiog (dnhady Taldtion Twv a-Ll6odVvauwy TEos-
pwv). Ipotywhoaue vo éyovue e Tautioelc oto ouvtaxtixd eninedo. Autéc ol tautioelg

YivovTal 0TO WUAAS HOG ol o)L OTA YoETL.

2. Y10 eninedo ypaphc Twv dpwv Oa meénel, dTav *EVOUUE AVTIXATACTACELS, VO LXAVOTOLOUUE
my (emextetopévn) «olufaon yetafintdwr. Iy, av éyouue toug Gpouc Az. M xa N ot
ornolol 0 xabévag Eeywplotd wavornotel ) «alufoacy uetaANTtdvr 6T av Hewpricouvue Tov
(Az. M) N xau 6éhovue va tov avaydyovue (ue S-avaywyd [BA. mo xdtw]) Ha mpénel va
peovticovue ote xapuia eledbepn yetafBAnt) tou N dev elvon deouevuévn otov Az. M.

IL.y. éotw w = Az.xx xou J = Ayz.y 2. Tote oL Sadoyinée avaywyég elvat:

wl] = (Az.zz)(Ayz.yz)
=6 (M\yz.y2)(Ayz.yz2)
=0 Az.(Ayz.yz)z
= Az (\y2ly2)z
=0 Xzz/.z72
= Ayz.yz
= J

Avoyoyy.

Optlouye 1N oxéomn g Avaywyng 0Toug A-6p0ug.

Opropdég 1.3 —g eivar n uixpdtepn Suuerijc oyéon oto A dote va toylel 6T

(\e.P)Q —5 Pla:=Q)
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xat n omola elval xAeloTyj yia Touc axolovbous xavoveg:

P—>ﬂP, = VreV: )\SB.P—>Ig Az. P’

P—gP = VZelA: PZ—gPZ

P—gP = VZcA: ZP—gZP

"Evac bpoc g uwopyhic (Az. P) @ ovoudletar B-reder xou o Plz := Q] ovoudletan 10 (-
contractum Tou.

"Evag 6poc M elvan pla B-xavovixyj uoppyj €dv dev undpyet épogc N dote M —g N.

Opuopds 1.4 H évvoia tou unodpou opiletarl w¢ e&ijc:
1. ot unodpor Tou T elval To T,
2. ot vnodpor tou (M N) eivar o (M N), ot unodpot tov M xat ot unodpot tou N,

3. ot vrodpot tou (Az. M) eivar o (Az. M) xaldc xar o unodpot tou M.

IMpétaom 1.2 Ioyvet n axdélovln mpétaoy:

M —g N & AxpiBdc évag unodpoc tou M mou elvar contractum

Z s Z
éxet avtixataotalbel ue 1o redex tov xar mpoéxuge o N.

Anédeiln: 'Eotw red 1 oyéon petadd dVo A-6pwv mou opiletar and to deltepo oxéNog NG LGOdU-
vaptag. Elvow qavepd étL 1 oyéon red wavorolel tig Widtnteg tng —g. Ondte woyler —gC red,
enedn) —g elvow N uxpdtepn tétoa oyéon. ‘Eotw tdpa MredN. Téte undpyel unodpog t tou M
e pop@tic redex xau t' tou N dote o N mpoéxufe and tov M ue v avixatdotaoy Tou t ue
o t/, mou elvar to contractum tou t. ANG gavepd éyouue t —g t'. Kou ened| n dnutovpyio tou
bpov M (pali xow tou N) axolovbel Toug xavéveg yla Toug omoloug elvat xAeloth N —g, TEAXA

fo éxoupe xaw M —g N2, Onéte red C —g, ondte oL dVo oyéoelg Tautilovtat.

Ilépwopa 1.1 O dpoc M elvar B-xavovixy uopgs téte xau udvov edv 8ev mepiéyel (w¢ unodpo)

xavéva redet.
Anddeiln: Awdti av mepielye, t61e Oa unipye dpog N, olupwva ue Ty npdtacy 1.2, dote M —g N.
H oyéon —pg umopel va Bewpnbel yia toug A-bpoug wg avaywyn evég Bruatog, Snhad av

M —g N té1e yiveton n avaywyr) evog redex otov M xou mpoxtntel o N. H Swadoyxy| spapuoy

TETolY Brudtwy opilel tn oxéon —»g.

Opropég 1.5 H oyéon —g eivar n uetafatixy xaw avtonalic xAsiotétnta ¢ oyéone —g. Ap-

Aadi elvar n uixpdtepn Siueriic oyéon oto A mou elvar xAetotyj yia toug axdéAvbouc xavéveg:

P—>ﬂPl = P—»lgPI
P—»ﬂ P AP -3 P = P—»lg P"
P —3 P

2M , 3 ’E / M & N ”, 2 2 d
TIOPOVLUE VA ATTOOELCOVMUE ME ETAYWYY) OTO OTL AV TO TEOXUTITEL UE TNV AVILXATACTACT, EVOG redex mov

elvaw unodpog tou M pe to contractum tovu té6te M —g N.



IMpétaom 1.3 Ioyvet n axdélovln mpétaoy:

M —g N & PEBite M = N elte undpyovy épot M1, M, ... M, dote
M = My xat N = My, xat yia xdfe i (1 <i<n-—1),
Mi -3 Mi-i—l; 80Aa877’ M —8 M2 —pB g Mn—l -8 N

Anédeiln: 'Eotw R 1 oyéon mou opiletar 610 A péow tou deltepou oxéloug tng Looduvauiag.
Eivar mpogavég 6t R elvon autonabic, petafatind xar nepiéyst tn oxéon —g. Ondte —gC R.
'BEotw tdpa MRN. Edv M = N t6te M —g N, 36Tt | —g elvar avtonabrc. Atagopetixd,
undeyouwy M —g My —g -+ —g M, _1 —g N. ANN& 161 M —g My —g --- =g My_1 —g N
xat Aoy g petafatixdtntag g —g nalpvouue M —g N. Ondte R C —»4.

H avaywyn evog 6pou givat o «umoloytoudsy tou. '‘Otay otov épo M undpyet éva redex tote
«wroloyilovue» To redex avuxabiotdvioc to pe to contractum touv. H petdfoaon dnradh and
tov M otov N (M —3 N) eivon pio diadixaoio utoloyiouol mou pag odnyel andé tov M otov
N. Mrnopotue va Bewpriooupe 6t oo M xar N elvar «loow ua xat €youy mpoxddet xat ot 8Vo

/7 ’ z /. ’ ’ /7 z 7’
ané Stadixactio extéleons uToAoYLOUGY Ue TNV (Bla agetnpla. Autyh 1 €évvola YEVIXEVETAL XL OTNY

TEPITTWON TNE avaywyhc —g dlvel t B-lodtnTa.

Ogiwoués 1.6 H oyéon =5 (B-ioétnra) eivar n uetafatixs, autonalbis, ovupetpixi xAetotéryra

¢ oxéone —g, SnAady n =g elvar n uixpdtepn oyéon mou elval xAetoty yia toug axdélovboug

XAVOVEC:
P —p P’ = P:ﬂpl
P:ﬂpl /\PIZﬂP” = P:ﬂP”
P=4P
P:ﬂpl = P/:lgP

Ilpétaom 1.4 Ioyver n mpdtaon:

M =g N & Yrdpyouv My, My, ... M, ye M = My xau N = M,
xou yio xdbe 1 (1 <i<n—1) éyovy M; g M1
1 Mi —g M;

Anédeiln: 'Onwg xal 0TS TEONYOVUEVES TEQLTTACELS.

IMapdderypoa 1.3 Ioyvouy ta mopaxdte:

Ar.xx)Az.z2 —g zzlx:=Az.z] = (Az.2)\y.y
B
(Az.2) Ay.y —g  z[z = Ay.y] = My
Az.xz)A2.2 —g Ay
(Azx.z)yz =3 y((A\z.z)2)
redex
——
dét (Az.x)y 2 —g Yz
xao Yy ((Az.x)z) —g y=z
d
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Kanowx emnpbobeta oydiia.

H amhy dranchntind gpunvela twv A-6pwv elval 6Tt expedlouy GUVIETACELS XaL EQUEUOYES GUVIE-

Toewy o pla xabopn poppy. T'a mapdderyua, o A-6pog
I = Az.2x

expdleL TNV TAUTOTXT GLVEETNOY IOV TEPLYPAPTNXE OTNY ELoaywyY (TpoxatapxTixd). BéBowa, we
bpog elvon ula Tumxy) €xgpaon mou yedgetal Ue T Yeron cuUPolwy evog dedouévou algafritou,
ta olufora A, z, x.An. H Siagopd uetalld evég 6pou xau tng ouvdptnorng mou exgedlet elvon
avdhoyn authg mou umdpyel ueTald eVOC TEOYEAUMATOS TOU YEA@ETaL O Wlo YADOOoA al Tng
ouvdptnone (dnh. éva odvoro Leuydv) Tou unoroyiler. H ouvdptnon H mou yio xdfe avtixelyevo
- Oploua EMOTEEPEL TNV TAUTOTIXY oUVETNOY UTopel va Bewpnbel 6TL exgppdletar and tov dpo
K* = Xy. Axz. z enewdr axp3dc K*M =g Az.x = I Autd 1o gawvduevo elvar Béfoia yvwotd and
TOV TROYPAUUATIOUS OTIOU [Uial CUVEETNOY) UTOPEL VO ETLOTEEPEL WG AMOTEAECUA (Lol GUVAETNOT).

O 6poc K = Ay. Az.y dnhdvel tn ouvdptnon mou oe xdbe dploua emoTeégel TN ouVEETNON
n onola oe xdfe dploua emoTeépel To TEonyoluevo bploua, dnhadh av M eivon to bploua téHTE
KM —g Ax. M xav av N évo onotodfinote bpioua t16t1€ K M N —g (Axz. M) N —g M.

Eniorne, unopel va Bewpnbel we pio ouvdptnon «2 yetaintdw» (currying) énov oe xdbe Lebyog
OPLOUATWY ETLOTEEPETAL TO TEMTO OPLOUA.

H dwadixactio unoroyiouot tunonoteiton pe ) B-avaywyy. Aniadd, to redex mou umdpyet oe
éva 6p0 «rnoloyiletaw dtav 1o avixatacticouue ue To contractum. H oyéon — g tunonoiel
dladixaolor VoG GUVOAMXOTEPOU UTOAOYLGUOV.

Eniong, n oyéon =g «tautilew 3o dpoug mou drarahntuixd urnogolv va Bewpnboldv utohoyiotixd
1oodUvauoL, SNAadY LoOdUVOUOL WS TEOS TNV VIO,

"Evog épog unopel vo avdyetatl xal 0Tov €autd Tou TY. av w = Az.zx. Téte () = ww xa

éyovue Q=ww = (Ar.zvz) \v. v —gww = Q. Ondte
N—5Q—50—50—g...

T ’ z 4 7 z z 7 z ’ z z
o ) etvou éva mapddelyua 6pou, 6mou €vag UTOAOYLoNOS Tou Exel agetnpla autdy Tov épo dev

tepuatilel ToTé.

1.2 To bedpnua Church—Rosser

Kdébe bpoc M umopei va teptéyel apxetd (tepioodtepa tou evic) and B-redex, m.y. o bpoc

redex

K(IT) = My. Az.y (Az. z) Aw. w)

redex
Mmnogotue va éyouvpe K (II) —g Az. (IT), adh& xou K (IT) —g L.
Omndte pe agetnplo €vav 6po M unopolue va €YOUUE SLAPOPETIXA (LOVOTETIA UTOAOYLOUOUY
M —g My xou M —g Ms. IIdg oyetilovtar ou 6ot My xav Ma; To Bedpnua Church-Rosser
Mel e o’auth Ty nepintwon undpyet ndvtote évac (xowvdc) bpoc Ms, otov onoto ou My xou Mo

umopoly va cuyxiivouy, dniadh My —g M3 xaw My —g Ms.
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Ocdenua 1.1 (Church—Rosser) Edv M —3 My xat M —3 M, téte undpyet Ms dote
M1 -3 M3 xXal M2 -3 Mg.

Opropég 1.7 ‘Eoto M —g N xat N elvaw B-xavovixij uopgr. Téte o bpoc N Aéyetar B-xavovixi
uopyy tou M.

Ilépwopa 1.2 Kdbe dpog unopel va éyer (av éyet) udvov ula xavovixy uopgs.

Anédeiln: Av My xou Mo 8o xavovixég popgéc Tou M, téte and 1o Hedenua 1.1 Ha unipye dpog
M3 &ote My —g M3 xow My —g M3. ANAG emedr) My xovovuey wopgy| t6te My = M3 %o opolwg
M2 = Mg. Onéte M1 = Mg.

TMopatienon: Aev €youv éhot ou bpol xavovixég uop@és, m.x. o 6bpog . Av duwg umdpyet,
t61e Bo elvon povaduxh. Av gavtactolue pla Stadxaocia utoloyiouol (avaywyr) e xavovi-
xfg popnc tote To Bedpnua Church—Rosser e€acgaiilel 6Tt ) xavovixy poppr| tou utoloyiletat
elvaw aveldotntn amd tov Ttpémo unoloyiouol. To gawvdéuevo elvar avdAoyo Pe TOV UTOAOYL-
oud aplOuNTIXOV-aAYELedY exgpdocwy ota pabnuatixd. ILy. 6tav urohoyilouue v €xgpaon
(5+3)* (44 7)* (114 3) to anotéreoua Oa elvon aveEdptnro and ) oewpd xat and Tov TpdTo TOU
Oo emAéEouue va Ty uToAoYlCOULUE.

To Bedpnua Church—Rosser pog divet Tnv duvatdtnta evég yapaxtnelopol tng [S-lo0TnTag.

Iépropa 1.3 Ioydet to napaxdto:
M =g N <& Yrdpyet époc L dote M —5 L xar N —4 L.

Anodeln:

(<) Hpogavéc and mpdtaon 1.4.

(=) 'Eotw R dwelic oxéon oto A Tou opileton and to dedid oxéhog tng tpdtaone, dnhadf M R N
avv undpyet L dote M —g L xav N —g L. H oyéon R elvar mpogavde autonabig xou cupueteux.
Eniong, nepiéyer ) oxéon —g, di6t av M —g N t6te undpyet L(L = N) dote M —g L xou
N —3 L. H oyéon R elvar xau petafatxd, diét éotw M R N xau N R N'. Téte M —g L
xaw N g L, yue xdnowo L, xav N —g L' xav N" -5 L', vy xdmowo L'. Ané to Church-Rosser,
vrdpyer L” dote L —g L"” xou L' — L". Ondte xau tehxd (enedf; —5 uetofatxs)) M —g L”
xoaw N —g L", Snhadh M R N'. uunepaivouue bt R eivar autonabiic, ouuuetpid, uetofatixt

xou TepLéyel T B3, dpa TEPLEYEL XL TV =g WS UxpdTEEN TéTold OYEa.

Ilépwopa 1.4 N eivar 5 (uovadixyf) B-xavovixs uopgs tou M < N elvar xavovixij uopgr xat
M =3 N.

Ilépwopa 1.5 Av M —5 N, M —g L xar N, L xavovixés poppés, téte N = L.

IIépropa 1.6 O A-Aoyioudc w¢ Gewpla tnc B-todtnrac elvar ovvenic Gewpla, SnAady umdpyet

éva Levyoc M xar N A\-6pwv mou Sev elvar B-too8dvauor 3.

3To eviehdg avéhoyo woybet xat ot hoyud. Av oplooupe T cuvénela wg aduvauia va anodelfoupe oty TunL
Oewplo plo avtigaon g woppris p A —p, 6t 0 oplopdg autdg elvar Loodlvapog ye v Wdtnta var undpyet

TOUAGYLoToVY pia TpdTacy oL Vo uny anodetxvietal 6’oautd To HOTNHUA.
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Anddeln: A\x.x #5 Ax. \y.

1.3 Exgpacipdtnta xor Avanoxploundtnta

Y10 A-hoyioud umopolue va oploouvue to otouyela (aptfuolc, cuvapThoels) Tou aPopoldy GToug
ouvifielg utoloylopots. Me auth Ty évvowa o A-Aoyiopdg unopel va vonfel wg ulo evalhoxtiny
tumonoinom tne Bewplag avadpournc.

Oplouds 1.8 Av F, A € A yia xdbe n € N opilovue 1o F*(M) € A w¢ axorotbwg:

FO(M) = M
Fr(M) = F(F(M)
ILy. F3(M) = F (F (F M)). To F*"(M) unopel va fewpnbel wc n gopéc diadoyixés epapuoyés

¢ ouvdptnonc F' oto dpioua M.

O¢ropés 1.9 (Novduepa tov Church) Ian € N, ta voduepa tou Church ¢y, c1, €z, . .. opilo-

VTl WC:

¢, = Mz f*(z)

Ta voduepa tou Church e, eivar ot avanapaoctdoeis twy aptbudy n € N otov A-doyious. Ta e,

elvar 6Aa oe xavovixij uopyy.

IMapaderypo 1.4 Axohoufolv uepid volduepa tou Church:
M. Az, x

c Az fx

c; = M. f(fzx)

Co

MnopoUue vo 0ploouUE AVATAEAGTACELS TwV auVHlnY aplBuntixdy cuvaptioewy; H axdioubn

TEOTAON Hag AEL TS V.

Ilpétaon 1.5 Yrdpyouy dpot Ay, A, Acxp yia TOUG OmOlOUG LOYUEL:

1. AL ¢, Cm =3 Crim (A} avarnapiotd tyy mpéobeon)
2. A.c,cp =3 Cum (A avanapiotd tov toAdaniaciacud)
3. Avm > 0 167¢ Aexp €n Cm =p C(nm) (Acxp avanapiotd tny Jpwon oe Sdvaun)

Anédeign (Rosser): Opilovue toug bpoug we e&hc:

1. AL = Xzypg.zp(ypq)
2. A,

3. Acp

Azyz. x (y z)

Azy.yx



12

"Eyouye Aoutdv:

1. T to Ay

Alc,en =p

2. T o A,:

A.c e, =g

=B
=B

Ap.Ag. € p (€mpq)

Ap- Ag. (Az. p™(z)) p™ ()
Ap. Ag.p"™ (p™(q))

Ap. Ag. p"t™(q)

Cn +m

Az. ep, (Aw. 2™ (w))

Az Af- e (f (F (- (f @) --))) Qw. 2™ (w))

n opég
Az Az, (Aw. 2™ (w)) (Aw. 2™(w)) (- (Aw. 2™ (w)) z)--+)))
n @opég
Az Az (Aw. 2™ (w)) (Aw. 2™ (w)) (- -+ (Aw. 2™ (w)) 2™(x))--+)))
n—1 @opéc
Az Az, ((Aw. 2™(w)) (Aw. 2™ (w)) (- (Aw. 2™(w)) 2™ (x))--+)))
n—2 @opég

n @opég
——N—
Az Az, Mg

Az Az, 2" (x)

cnm

3. T t0 Aeyxp, pe m > 1:

Aexp ChCm =5

=B

Cm Cp
Az Af. 2™(f)) (Az. dw. 2™(w))
Af. Az dw. 2" (w)) -+ (Az. dw. 2" (w)) f
m Qopég
Afo Az dw. 2" (w)) -+ (Az. Aw. 2" (w)) Aw. f™(w)

m—1 @opéc

Af. Az dw. 2™ (w)) -+ (Az. dw. 2™ (w)) Aw. f*(w)

m—2 @opég
m @opég

—~
Afdw. f7 T (w)

Mopatipnon: H woétnta =g dnhdvel udhhov tny LGOHTNTA TV CUVAPTACER®Y WS TEOS TNV £vTao.

BéBata, av M =g N, t61e oo M xou N dnhédvouv wg mpog tnv éxtacn tnv Bl cuvdptnon,

vt t6te M Z =g N Z,
Al =Xz Xs. Az.x s (s2).

v xébe Z. Ocewpeiote tdpa Toug bpoug As = Az. As. Az. s (zs2) xou

Ioyvel 6T

As Cn =3 Cnii
/
As Cn =8 Cntl
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Anhadh xou ot 800 bpol avanaplotody o6Tov A-hoyoud Tn ouvdptnon S tou enduevou (S(n) =
n+1). AN&

As #p A,

Y ouvéyela, Ba doVue 6Tl UToPoUUE Vo AVATTUEOVUE OTOV A-AOYLOUS GAES TIC TEOYQEOUUATL-

oTuxég TeVIXES, dnAadY| va oploouue Tig aknfotiég bool, to if. . .then.. .else, ta {ebyn ».Am.

Oplopég 1.10 true = Az.\y.zx
false = Az.\y.y

Oproués 1.11 Opilovue (B, P,Q dpot)
if Bthen PelseQ = BPQ
Tote BéBara €yovue ot

if true then P else ) =3 P
if false then P else Q@ =3 @

Anhad¥) otov 6po «if B then P else ()» €dv to B unohoylotel va elvon true «cmiotpégetawm To

P, av to B vnoloyiotel va eivan false «emotpépeton 1o Q.

Oproués 1.12 Opilovue

[P,Q] = Mz.zPQ
T = Az.d\y.x = true (mpdty mpofolr)
T = M. \y.y = false (deltepn mpoBolr))

Tote éyouue ot

[Pa Q]ﬂ-l =p P
[Pa Q]ﬂ-2 =B

‘Ovtuwc,

O

[P,Qlm = (Az.zPQ)(A\z.\y.x)
=3 (Az. ) y.2)PQ

(Ay. P)@Q

=3 P

‘Ouolwc yia tn deltepn mpoBolr.
Opguopés 1.13 Opilovue
(i) Aptbuntixisi ouvdptnon elvar uia ouvdptnon f : N™ — N
(ii) Mla aptGuntixisi ouvdptyon f : N™ — N (m uetafAntdyv) elvar A-oplown § A-avonopaoctdown

edy vndpyet époc F € A érot dote

F Cny Cny " Cny =3 Cf(nyna,..nm)
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yia 6Aa ta ny,na,...nm € N. Adue tdte 610 0 F 0pilet 1§ avanapiotd (oto A-Aoyioud) tnv

ovvaptnon f

Hopatfpnon: Edv F €, €ny -+ Cny =3 Cf(ny no,..nm) 2O EMEWN Cf(ny ny,. ) ELVAL OE XVOVLXT)
popet), and o Bewpnua Church—Rosser Oa €xovpe 6T F Cny Cny - Cny =8 Cf(ny s,

Yt ouvéyela o oploouue TNV XALOT TV AVASPOULXODY GUVIETHCEMY.

Opiouds 1.14 H xAdon tov avadpouxdy cuvapthoewy elval ) uixpdtepn xAdon tov aptOunti-

Xy ovvaptioewy nou meptAauBdver Ti¢ apyixéc ouvapTioeig:
(i) mpoBoréc: UM™(n1,...nm) =n4, yia Ao ta i ue 1 <i<m
(ii) emduevoc: ST(n)=n+1
(iii) undevoxi: Z(n) =0
xat elvar xAetoty yia Ty obvbeon, v mpwtoyevy avadgoun xat Thv ehayloTonolnoy:

(i) ovvbeon: av g:NF — N xat hy,...hg : N™ — N elvar avadpouixés, t6te elvar avadpouixi

xat n f:N™ — N nov opiletar and 1o axdrovbo oyrnua

fny,.conm) =g(hi(ny, ...y .. (N, ... n))

(ii) mowroyeviic avadpoun: av g : N™ — N xar b : N"*2 — N elvar avadpouixés, t6te xat 1

f: N N rou oplletar and to axdlovbo oyfua elvar avadpouixi

FfO,n,...ny) = g(ni,...nm)
fin+1ny,...nm) = h(f(n,ni,...0m),n,N1,...N0m)

(iii) edayiotormoinon: av g : N™t1 — N elvar avadpouixsi xar av yia éAa ta ny,...nm urdpyel
n dote g(n,ny,...ny) =0, 161¢ xar n f : N™ — N nov opiletar and 10 napaxdrw oyfua

elvar avadpouixi
fni,...ng) = pn.g(n,ny,...npy) =0

émov pn.g(n,ni,...nm) = 0 Spddver tov wixpdtepo aptbud n yia tov omolo toyler n
g(n,ni,...nm) = 0. Xnuetdvetar St éyouue mpoinobéoer Ty Unapln evéc tétoov n yia

Z Z z z Z Z
xdle ny, ... Ny, doa xar Tyy Unapln evéc Tétolov eAdyiotov.

TMopatipnon: H uixpdtepn xhdon aptbuntixdy cuvaptioewmy mou nepthauBdvet Tig apyixés ouvapTi-
oglc xaL glval XAelo T yia TN oUVOEGN oL TNY TEWTOYEVY] avadpoun elval 1 XAAOT TV TEOTOYEVAOY
avadpoux®y cuvapthoswy. Evéd auth mou tepulaufdver Tig apyixég cuvapTioeLg xat elval xAeloTy
v 0 obvBeorn xau Ty elaytotomoinoy (ywele To oyfiua e mpwtoyevolc avadpounic) anodet-
xYOETOL OTL €lval (oM UE TNY XAJOM TV AVASPOUIXDY CUVAETACEWY TIOU 0plOTNXE TLO TTaVwW, dNAAdT
T0 oyfua TNg avadpouns umopel va optotel ue Bdor to oyrfua tng ehaytotonoinong. H xAdon twv
TEWTOYEVOV AVASLOUIXDY CUVAPTACEWY ELVAL YVAOLO UTOXAACT TWVY AVASEOULXOY CUVIPTHCE®Y,

T.Y. N ouvdptnon Ackermann eivar avadpouxy| ywels va elvar mpwtoyevic avadpouwxy|. H xhdon
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TOV AVASPOUIXOY CUVAETACE®Y YEVIXA TLOTEVETAL OTL CUUTITTEL UE TNV XAdOM TwV Utodoyloluwy
ouvvapTioewy, SNAadY TV GUVIETHCEWY OV UToEOVY Vo UTohoYLoToUy ue Bdon éva ahydeliuo 1
alNLdC e T xeriorn odnyldy unyavixol vroloytouol (Altgua tou Church).

Y ouvéyela, Ba dodue bt Gheg oL avadpouxés cuvaptioels elvan A-oplotuec.

Aduppa 1.1 O apyixéc ouvaptijoeis elvar A-oplowuec.

Anédeien: Opilouue

Ur = Azy... zy. o
St = M.y dzy(zy2)
A = Az.cy

Adupa 1.2 Ot M-oplowues ouvaptiioeic elval xAetotéc yia tn oUvbeon.
Anédeiln: 'Eotw g : N¥ — N eivow M-oplown ané tov 6po G € A xou hy,...hg : N™ — N eivou
A-oploweg and toug Hy, ... Hy, € A, avtiotoiya. Téte
fny,.oonm) = ghi(ny,...nm), ... hg(ni,...np))
elvar A-oplown ané tov

Adupa 1.3 Ou M-oplowec ovvaptiioeic elval XAeLOTES yia TO OYHUA TNE TPWTOYEVOUC avadpouTc.

Anédeidn: H anddeién elvar apxetd xoinatlidxn. 'Eotw g : N™ — N eivow A-oplown and tov
G € A xou h: N™2 — N elvou M-oplown ané tov H € A. Téte npénet va Peodue F € A mou va
opllel 610 A-AoYLouo TN oUVAETNOT

f(O,n1,. .. 1) = g(ni,...nm)

fn+1,ny,...0m) = h(f(n,n1,...0m),n,n1,...0m)
H Wéa elvan va mopaocticovue pe dratetayuéva Ledyn ta Levyn [n, f(n)], 6nou f(n) n tuh tne
ouvdptnong oto dptopa n. T va To metdyouue autd Ba meénel va apyicouue amd to Lelyog
[0, g(n1,...nm)] o vo enavaldBoupe n @opéc évay teleotd next wou Ou éyel Ty WLéTnTaL

next ([n,z]) = [n+1,h(z,n,n,...00)]
O A-6pog mou o €xel auth TV 8LOTNTAL UToEEl Vo Elvat o

next = Ap.[ST(pm),H (pma)(pm1)x1 -+ Tin)
H enavéindn xatd n gopéc Tou next umopel va emteuybel yenowonoldvtoag To VOOUERO €y, SLOTL
cp,next N =g (next)" (N). Onéte av Eexwvfioovue ye N = [€o, G 1 - - - Ty (TOU TApLOTAVEL TO
[0,9(n1,...np)]) 6t 10 €y next N Bo eivow n enavddndn touv [0, g(n1,...nm)] xatd n Qopéc,
dpa to Lebyoc [n, f(n)]. Ko o’autd to Ledyog unopolue va e&aydyouue tn devtepn ouviotihoo

xenowonoudvtag To me. Omdte tehixd o 6pog F Oo elvan

F = Xz.\z1. ... Azp.xnext [cy, Gz - - Tpy] T2
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Ipwv mpoywericouye oto vo anodel&ouue 4Tl To oYNUA TNG ENXAYLOTOTOINCNC UTOREL VO OPLOTEL
oto A-loytoud, Oo Soldue Tpdta THg Unopel Vo expacTel YevixdTtepa N avadpour oto A-Aoyioud.
Oedpnua 1.2 (Oedpnua tov Ytabepol Lnueiov)

(i) I'a xdbe F € A vndpyet évagc X € A dote
FX=3X (X elvar otalepd onuelo touv F)
(ii) Ymdpyet évac ouvduaothc otabepol onuelov Y € A dote yia dla ta F € A

F(YF)=4YF
[6nAads yia xdbe F, Y F elvar otabepd onuelo tou F|
Anédeiln: 'Eotw Y = Af. (Az. f (zx)) A\x. f (xx). Tére

YF = (Af.(Az.f(zzx))Az. f(zx)) F
=3 (Az.F(zz)) . F (zx)
=3 F((Az.F(vz)) e F(zx))
=3 F(YF) Bt YF —5 (Az. F (zz)) Az, F' (z x)]

Iépwopa 1.7 Aobévtoc A-dpov M = M|f] mov evéeyouévac éyet we eAevlbepn uetafinti tyv f,
vrdpyet F' € A dote

F =g M[f :=F]
Anédeln: Hpéne
F=sM[f:=F)=g(AM.M)F
Onéte apxel va emiélouue tov F ¢ 1o otafepd onueio tou Af. M, Snhad
F=Y (\f.M)

Mapatrienon: To we dvew moploua umopel va Statunwiel weg e€nc:
H e&lowon x =g M umopel va Abel wg mpog z, 1 yevixdtepa 1 e&lowon Ty - - - yn =g M unopet
va Aubel wg mpog x, dnhadt undpyel F' dote

VYl,Yn, FYlyn :ﬂM[SB :F][yl :Yl][yn :Yn]

Apxel va oploovue FF =Y (Az y1...Yn. M).
Q¢ ula epapuoyt|, umopolue va xataoxeudoouue dpoug F' xau G dote yia xdfe X, Y € A

toyvouy

FX =5 XF
GXY =3 YG(YXQ)
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Adupa 1.4 Ot M-oplowes ouvaptiioeic elval xAetotéc yia Ty eAayiotonoinon.

Anédeiln: ‘Eotw g : N1 — N elvor M-oplown ané tov G € A xat éotw 6Tt yLo 6Aa oL my,, - -

utdpyet n GoTE g(n, N1, ... Ny) = 0. Oéhoupe va oploovue 6ToV A-hoyloud tny
fny,...ny) = pm. glm,ny,...np) =0

Optlouye pla ocuvdptnon zero mou eréyyel av éva aptbuntixd dptoua etvan 0 1 byt
zero = An.n (true false) true

Tére

ZEero C =g true

zeroc,;1 =g false

H Wéa etvan n eic: Oa Eexwvioouue and 1o g(0,n1, . . . Ny ) xat Oa eENéyyoupe To xdbe g(n, ny, ..

Av aut6 elvou 0, t61e Ha emioTeéouye to n (dnhady To TpdTo n Tov Ha ixavorotel Ty g(n, ny, . .
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Mm,

M)

M) =

0). Av 6yt 6o ehéyyouue 10 g(n + 1,11, ... 1y ). H Staducasio autd tou Stadoyxod eéyyou emt-

TuyYAveETaL LEow ulag ouvdptnone H, n omola Oa ixavomolel To axdioubo oyfua

Hyxzy - zm =g if (zero (Gyzi - zy)) then y else H (ST y)z1 - zm,

Ané to Oedpnua tou otafepol onueiouv undpyer dpog H mou wavonolel TNy wg dve e&iowaon.

Optlovue FF = Azy---zn. Hexy - - - Ty, OOTE

Fey ¢, =3 Hcycy ---Cy

m m

B Co, av Gepey, -+ - Cp,, =8 Co
- Heiep, ---cp,, Olagopetixd
B c, av Gep ey, - -Cp,, =8 Co
- Heyep, - e, Olagopetixd

%.0.%

[x&note Oa otopatiosl 6T0 eEAGyLGTO]
Ocdhpnua 1.3 ‘Olec ot avadpouixéc ovvaptioeic elvar A-oplouec.

Amodeiln: Ano ta mponyolueva AUUOTA.

IMopathenon: To avtiotpogo eniong toyldel. Anladn xdbe A-oplowun aplbuntixy cuvdpetnon elvon

/7 z ’ ’ z /7 ’ 4
avadpouwx. To amotéleouo umopel vo emextabel xar oTig uepixés ouvaptrioelc. 'Etol, Aowndy,

éyouue pla Thipn Tadtion YETall TV (UEPXOY) avadpouxdy CUVIPTHCEWY Xal TWY A-0ploLUwY

ouvapTthoewy. Kat ou 8o autol gopualiouol oxonedouy va oploouy ue axplfn teémo v évvola

¢ umoloylowng ouvdptnone. Mia dAAN mpooéyyion, elval o @opuaiiouds tou Turing xou ot

Turing-unoloyloweg ocuvaptioels. H wooduvauia Aoy autdy Twv Tpooeyyloswy evioylel Tny

nenolfnon 6t ov avadpouxéc ouvaptioets tavutilovton pe tig (elvon 0 owotde tpbToc Vo opLoToly

oL) urtohoyloweS oUVOPTAOELC.
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3 ouvéyea, Ho ddoouue xdnolo amoteAéouata avamoxplowwétntas. ‘Eotw n ouvdptnon
(-,-) : N? — N etvon plo 1-1 xou et avadpouuxs| anetxévion. Anhadd xdbe Ledyog (n,m) Quoxdy
aptBudy malpvel éva povadind xwdixd aplBud (n,m).

(loxnom: Oplote pla tétowa cuvdptnom.

Yr6deln: T %86 n dratdlte ta Levyn (z,y) dote z +y = n. Anhadh
(0,0),(0,1),(1,0),(0,2),(1,1),(2,0),x.0.x.
——

z+y=0 z+y=1 z+y=2

xat oplote TN ouvdptnon ddtadne.) Oo ddoovue Tdpa ot x&be bpo L € A éva povadixd xwdixd

#(L). Me enaywyr atoug 6pouc:

#(uu o /) = (0,n),6mou u " el N n— oot ueTaPAnTy
#MN) = (2,(#(M),#(N)))
#Az. M) = (3, (#(x), #(M)))

yal

YuuBoiiloupe ye M' 1o cu vy Snhadh to M elvor o dpog (voduepo Church) mou avanoplotd 610

A-hoyloud tov xwdxéd tou M.

Optopés 1.15 Eotw A C A.

1. A elvar xAetoté yia 10 =g av
MecAM=3N=NcA
2. A elvar up-tetpiuuévo av A # 0 xar A # A

3. A elvar avadpouixé av to obvolo #A = {#M|M € A} elvar avadpouixd®

Ocdpnua 1.4 Fotw A C A elvar un-tetpiupuévo xar xAetoté yia tyv ioétnta =g. Tote A ey

e 7
elvar avadpouixd.

Anédein: Opilovue B = {M|M M' € A}. Eév A eivon avadpouixé t6te xou B elvar avadpouixnd

(yratl;). Ondre elvon avaropaotdoyso oto A-hoytoud dnhady undpyet F € A dote

MeB < FM =3 Co
M¢B & FM =5¢
"Eotw My € Axou M; ¢ A. Mnopolue va oploovue G € A dhaote

MeB & GM =M ¢ A
M¢gB & FM =3MycA
[t.x. maipvouvue Gz = if zero (F z) then M else M|
GeB & GG =3M = GG'¢A = G¢B
G¢B & GG =M = GG'eAd = GeB

“Eva unootvoho Ty Quowdy aplfudy A elvan avadpopuxd €6y 1 XopaxtneleTeh Tou Guvdetnom fa, mOU
oplletat wg fa =0avze € Axa fa =1 avz ¢ A, elvon avadpouwi. Ldugwva pe to altnua tou Church éva
olvoho elvat avadpouxd oty teplntwor touv unopolue va anogacticouvue ahyoplbuixd av évag aplbuds avixel oto

’ -
clvolo 7 OxL.
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IIépwopa 1.8 (Church) To ogdvolo {M € A|M =4 true} dev elvar avadpoutxd.

IMépropa 1.9 To obvolo {M € A|M éyer B-xavovixi uopgif} dev elvar avadpoutxd.
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Kegdiowo 2
Adpda Aoyioudg ue anholg TOTOUS

Ytov xabapd A-Aoyloud Gewprooue 6t ula cuvdptnom dev €yel tpoxaboplouévo medio optouol xau
nedio Tiudy. Aev undpyouv amaithioelg Tpoxabopiouévou Teoodloplouol 6Tl Ty, uia cuvdpeTtnom
(6mwe = n3) déyetoun we oplopata puoxolc aplBpolc xal emoteégel Quotxols aptfuotc. H
emBoAY| Tétolou eldouc anouthoewy yiveta uéow Ty tinwy. O xdfe bpog (Tpdypouua) cuvodele-
Tt o éva TUmo, o omolog unopel va Bewpnbel we évag mpoadioploube B oxdho (specification)
vyl To TL xdvel éva tpdypauua. O Curry xat o Church eioryayav tétoleg exdoyéc A\-Aoylopol ue

TUTOoUC.
2.1 A-hoywoudg pe anholg tiroug a la Curry

To mpdto olotnua mou ewedyouye eivan o clotnua tou Curry.

O¢ropés 2.1 (Ténol) Eotw U éva apibuijowo nAfboc ouufdiwy mov Ga ovoudlovtar atouixol

’ 7 z ’ /7 ’ 7 A 7
tomol 7 xat yetafBAntéc tonwv. To olvodo twy timwy T opiletar enaywyixd w¢ &ijc:
1. Kdfe otoiyelo tou U elvar timoc.
2. Av o xat T tinot téte 5 Exgpaoy (0 — T) elvar tUnOC.
’ 7z z 7z
H ypnowonotdvtac evallaxtixé optoué
T:=U|(T—-T)

Oa ypnowonooovue Ta a, 3, v ... Yl aToulxolg TUTOUS XL T O, T, 0 .. . YEVIXA Yia TUToug. Oa

Topakeinovpe Tig e€wTtepinég Tapevhéaelg o Ypapr TV TUTWY.
Oproudsg 2.2 TlepiBdAhov 7 Bdon Ga eivar xdbe olvoro tnc uoperic
{z1:71,.,Tp : Tp}

omou x1, ... Ty € A SpAady elvar uetafAntéc-dpot tov A-Aoytouol xat ty,..., T, TUTOL.

O mpénel T; # xj Yt # j, Snhadr Sev umopel va €youue avtiotouynost otny (S uetafAnty) dvo

dapopetixolg tonovg. Edv I' = {z1 : 11,...,2pn : T}, 161 dom(F) = {z1,...,zn}. To dom(F)
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elvan to medlo tou I'. Kdbe nepiBdAhov I' unopel va Bewpnbel we ula anovour| evég tunou oe xdbe
petafAntd tou medlov tou (av z : 7 € ' téte 0 tinog T anovéueton oty YetafAnT] z). Tuviboc
YESQPOUUE T1 @ T1,...Tp : Tp OVTL TOU {X1 : T1,... Zp : Tn} xou T,z s T avii tou T U {z : 7} vy
teleutala mepintwon, mpolndbeon yia va yeddouue autd eivar 6t x : 7 € I, dnhadr) n uetaBinty
x dev éyel armovoun oto I

Kavéveg Tunonoinong: Optlouue tn oxéon I' M : o, énou I nepiBddhov, M A-6pog xau o

Tonog, opllovtag EnaywYd Ta alLdUAT Xal TOUG XAVOVES ATaywyhS.

Allwya: Fz:thkzx:1
Kovévec: INz:o-M:T I'M:0—1 I'N:o
AVOVES:  TPXz. Mo—t TFM N:r

Mogatienon: 1. To I' = M : o Ba woydel av €yet mpoxidel amd 1o adiduata ye Sladoyixég
EQPAPUOYES TWV XAVOVWY ATy WYC.
2. Y1ov mpdto xavéva 1 uetafAnty x umopel va Oewpnbel wg Wiopetafinty. Av unobéoouue ot
éyouue anodeiler 1o I' - Ax. M : 0 — 7 Ba Bewpolye 6t 1 = dev epgavietar oto T (ahhide
Taipvoupe éva a-loodlvapo tou Az. M) dGote va unopolue va oynuatiouue o Iz :o - M @ 7
(m.x. we enaywywy undbeon) to onolo anoutel z : 0 & I'. "Otav ypdgouue = M : o evvoolue 61t
o 6poc M turnonoteiton pe xevé nepBdihov (I = ().
3. To olotnua tunomoinong mou meplyEd@tnxe elvon 0 A-hoyloude ue amholg tunoug a la Curry.
Méow tou unyaviopod autod Tutortoinong anodideta évag tonog o o évav (ahhd byt xou ot x4be)
A-6p0 M.

Moapadetypoata

r:obx:0

1. FAz.z : 0 — o 86Tl undpyel N anaywY™
FAr.x:0—0

r:oy:Thx:0

2.FXry.z:0— (1T —0)dbu r:oFAy.z:T—o0

FAxy.z:0— (T —0)

Oplopdég 2.3 ‘Eotw M A-dpoc. Edv urndpyouy I' xat 6 dote I' = M : 0 t61e M Aéyetar tuno-

TOUOLULOG.

IMopatienon: ‘Evog bpog o omolog umopel va tunomoundet ye tino 6 — 1 umopel va vonbel 6t
avanaplotd pla (xataoxevaotxd) cuvdptnoy, N omola déyetor oplouata (6poug) TOMOL T Xow
eEMOTEEPEL TUWES TUTOU T. AUTO AVTAVOXALTOL GTOUS XAVOVES ATAYWYNG OTOU OTAY ATOVEUETAL O
7 ’ 7 7 z ’ 7 7
tinoc o — T dnuovpyeiton plo agalpeon Az. M (1o z «yew tno o xa to M tino 1) xou btav
z ’ /7 .. ’ /7 z z ’
amovéueTol 0 TUNog T 0Ty gpapuoy) M N mpolmotifetar 6Tl 1 «ouvdptnonp M mou Eyew tino

o — T eqopudletar otnv N mou «yew tino o.

Appa 2.1 Botw '+ M : 0. Tore:

1. TCI'=T'FM:0o
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2. FV(M) C dom(T")

3. AvT' CT xar dom(I") = FV(M) t6te I' = M : 0. (Anradyj oe pia tunonoinoy evéc dpov
UTOPOUUE VO dPXECTOUUE OF AMOVOUES TUTWY Uovo yia Ti¢ eAelbepec uetaBAntéc autol tou

dpou).

Anédeign: Me npogavh enaywyy oty tunonoinon tou I'E M : o (‘Aoxnor)).
IT.y. éotw 6T 6éNouue va amodeilovue to 1, oty nepintwon mov I' = Az. M : ¢ — 7. Térte
unopovue vo fewprioouue 6t To x dev eugaviletar oto dom(I”). Enedd Iz : o H M : 7 and
EY. (Eroaywywd Yrébeon) éxovue Iz : o v M : 7 (8én 'z : 0 C I,z : o). Onébte
I'EXe.M:0—T.

Ot tonoL mou anodidovtar o xdmolo 6po e€apTdvTal and T HopEPY Tou 6oL, GUUPWVI UE TO

TAEOXETW AL
Adppo 2.2 (Anuwoveyiag) Ioydouy ta napaxdtw:
1.TFz:0=xz:0€l
2.T'FMN :0= Yndpyet tino¢c t doteI'-M :7 -0 xuu I'-N:T.
3. I'FXx. M :o0 = Ynrdpyovv tinot © xar g dote 'z : 7T M :p xaro =7 — p.

Anéddeidn: Evxohn emaywyd oto ufixog g tumonoinong tou Gpou.

Oproués 2.4 'Evac timoc Snuiovpyeltar ue agetnpla ti¢c uetafintéc tinwy (atouixol timou).

Ay o tinoc t61e pue ola = 1| ouuPorilovue Tov TUno mou mpoxUntel andé TO O APOU AVTLXA-

7 A A / 7
taotoouue xdbe eupdvion tou a otov ¢ ue tov tino t. Ay I' = {z1 : 01,...,25 : Op} TOTE
la:=71|={z1:01[a:=7],...,24 : oOpa :=T]}.

Ilpétaon 2.1 (To Mupa tng aviwatdotaons) loydovy ta napaxdte:
1. AvI'FM:0, téte o :=7| - M : ol := 7].
2. Avliz:7F-M:0 xuTHN:7, t6te ' Mz :=N]:0o

Anédeln tou 2: Me enaywyf oto Iz : 7= M : 0. Av elvou olopa, t61e M = 2 xau 7 = 0 1
M =y € dom(T) (y # z). Ty npdtn nepintwon, Mz := N]= N onéte ' N : 0 (=7) €&

unoféoewc, evd ot debtepn Mz := N| =y dpa, enedf Iz : 7y : 0, 6o npéner xou I' -y : 0.

Av éyel mpoxider amd xavéva anaywyhs.
x:my:01FP:0o

[Tepintwon:
x:7HMy.P:o1 — 0o

émov M = Ay. P xou 0 = 01 — 09 xou y xawvolpyta UETOBANTY.

A6 EY. Ty:01F Plx:=N]:05 (emedf Iy:o1 - N:7),dpa ' Ay. Plz:=N]:01 — 09

onéte to {nrovuevo enedr (Ay. P)[z := N| = Ay. Plz := N|. H d\\n nepintwon napouoiwc.

To Mupa g aviixatdotaong £xel wvg onuavtixd anotélecua tny axdloudn npdtao.

ITpétaom 2.2 (Subject reduction) EdvI'FM :0 xat M —g N téte ' - N : 0.
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Anddeiln: Apxel va anodeilouue tny mpdtacn otny mepintwon tou M —g N. Mnopolue va
EQYAOTOUUE UE EMAYWYY OTOV TEOTO UE Tov ormolo dnuiovpyeiton n oxéon M —g N. H apyuxt
nepintwon elvan étav M = (Az. P)Q xav N = Pz := Q]. Ané T+ (A\z.P)Q : o maipvouue
6t 'k (Az.P):p—oxa T'FQ :p, vy xdnowo g (Afupa dnuovpyloc). Enlone and Muua
dnuwovpyiac Tz :pk P: 7. Onédte and Mupa avuxatdotaone I'F Plz := Q)] : 0.

Ou unélounee TepLntdoeLS Ye Tapduolo (xat o elxoho) Teéro.

Hogathenon: H Wétta I'FN:0 A M -3 N = I'- M : 6 (Subject Expansion) 3ev 1oy et

Yl To oVotnua tutormoinong a la Curry.

ITgétaoy 2.3 (Church—Rosser yia Toug Turonowioiwoug 6pouvg) Eotw T + N : o xa
éotw M —g M’ xav M —g M". Téte vndpyet bpoc L dote M' —g L xar M" —5 L
xae 'FL:o.

Anodeién: And 1o Hedpnua Church—Rosser yio to A-hoyioud xar tny 8té6tnta Subject Reduction.

2.2 A-loyioudg pe anholg tiroug a la Church

Y10 obotnua turonoinong tou Curry undpyel Hdn 0 6pog Tou A-AOYLOUOU XAl EX TMY UCTEQMVY
’ 9 4 ! /7 e 7 / 7’

tunomoteltat. 'V autd xou elvar Yvwotd wg olotyua arovourc tUrwy. Yto obotnua tou Church

0 6pog dnuiovpyeltal TaUToYEOVA UE TNV TuTonoinay tou. Xe xdbe oTddlo Tng xaTaoxeung Tou

«péPEL» TOV TUTO TOL XAl LHVOVY GPOL UE TOUG GwoTOoUE TUTOUS UTopoly va cuvBécouy éva xatvolpLo

6po0.
Opropés 2.5 (Ténog) Ou timor elvar (Sior ue to obotyua tou Curry.

Oa napovcidoovue 3o TpdToug dnutoupylag A-bpwv pe tinoug. O mpdtog elvar o apyxdg
TpéTOC oyNUaTiopol ou yenowonoinoe o Church (apyxé ovotnua Church) xau o dedtepog ula
TpooapUoYY TOL TEHTou oTov TpéTo Tunonoinong a la Curry. (Oo avagépeton anAd wg ovoTHUA
(& la) Church).

2.2.1 Apywé obotnua Church

MetaffAntéc dpwv: Ta xdfe tinmo o undpyel éva aplbunowwo mAnbog uetafBAntdy tinou o. Ot
petaPintéc tinou o Ba ypdgoviar wc z7 (Ba voodvtar dnhadh we Lebyn (z,0)), 6mou = elvon
éva. Voo petaPintic. Ynobétouue étL av ¢ # T t61e oTig 27 xou YT €yovue T Z Y, dnhady
XENOULOTOLOUUE dlapopeTixd oVUBOoAN METABANTAVY Yo Toug dlapopeTixols Timous. Av owndy V,
elvat 10 oUvoho TV cLUPBGAwY PeTafANTOY Yo xdfe tono o [dnhadyh (i). z € V, = 27 elvau
uetaBAnth timou o xau (it). 0 # 7 = Vo NV = 0], 161 V = Uger Vs elvar 10 60voho Ghwy twv

oUUPOALY UETABANTOY.
Oproués 2.6 ("Opor) To obvoro 1wy dpwy opiletal enaywyixd we eéfic:
1. Kabe perafAnti x° elvar dpog timou o.

2. Av M elvai épog tinou 6 — T xat N dpog tunov o téte (M N) elvar dpog tinou .
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3. Av M elvai dpog tUnov T xat x° uetafAnty tinov o téte (Ax?. M) elvaw dpoc tinov o — T.

Yuupohouol: Av M eivon évag bpog tomou o Ha ypdgpouue moArég opéc M € o A xow M. TloA\ég
popéc Oa mopaieinovpe tov Tino oTig uetafAntéc, dnAady umopolue va yeddouue Az. M. O
nopakeinovpe Tig e&wtepuée mapevbéoel. O dpol Tou mapamdve oplouol Ba Aéyovtal xal bpot

Church.

IMopatipnon: 'Ocov agopd v a-tooduvauio Ha toytouy ta 8o ue T tepintwon Tou A-Aoyiouou.
'Otav aAldlouvue 1o dvoua utag deopevuévng uetafintic 7 ahhdlouue uévo 1o ovuforo x oe y
xat dwtnpodue tov Bo tino o. Anhadh to Az?. M uetatpéneton oe Ay?. M[z? = y?|, émou y
elvat olufolo uetafAntic yw tov tno o (y € V,). H avixatdotaon opileton eniong e tov (8o
TpéTO 0ANG pe TNV TpoUnéheon 6t uia (ehelbepn) petofAntd tinouv o avixabiotator puévo and

bpo timouv 6. Anhad¥| opiletar uévo to M[z? := N| 6nou N € o, w¢ e&ic:
1. 29z :=N|] =N
2. y"[z7:=N]=y ", avz? £ y"
3. (PQ)a == N] = (P[a” := N)) (Qla” := N])
4. (A\z?.P)[z? := N| = Xz?. P
5. (Ay".P)[z? := N] = Ay". Plz? :== N], av 2 £ y"

"Eva redex éyet tn popph (Az?. M) N, érov BéBona 0 Az?. M éyettnoo — 1t (M e T)xou N € 0
(avaryxaotixd yio vo umopéoel va oynuatiotel o 6poc). To contractum Oa eivar 1o M[z? := N].
Elvon mpogavég 61l 0 6pog mou mpoxUTTeL and ulo TETOL AVTIXATAGTAC £XEL TOV (3l0 TUTO UE TOV
M.

"Evoc 6pog tou apyixol cuotiuatog Church eltvon cav évag 6pog tou xabapod A-Aoyiouol ue
T Stpopd 6Tl oe Gheg Tig YeTafAnTég, ehetlepeg xau Seoueuuéveg, undpyel uia anovour-avoryeap
TOnwY. Av offioouue» aUTES TIC ATOVOUES 0 6RO AUTOS UETATRETETAL OE PO TOU A-AoYLouoUl ywelc

TUTOoUC.

Oplopés 2.7 'Eotw M Jdpoc tou apyixod ovotiuatoc Church. Opilovue emaywyixd to [M|, to

offiowo twv tinwy tou M, w¢ e&ic:
1. |z%| ==z
2. M N| = |M||N]|
3. |[Az?. M| = Az. | M|

Mapatienon: 'Eotw V = UyerV,. Mnopolue va Hewpricouue 6Tt To oUvoro V elvarl 1o 6Uvolo Twv
LETABANTAOV 0TO OYNUATIONS TV bpwY Tou xabupol A-Aoytouol. Aniady, ouclaotixd, €youue
drapeploet g petafAntéc touv xabapod A-hoyiopol oe éva aplbufowo cvvolo (éva yio xdfe timo
o) ané aptbutowa obvola (ta olufola petafANTdy Yo Tov tno o). Me authv v napadoy

0 A-loyioude mapapéver we éyet (8tol bpot). Emmiéov, umopolue va Tpomomoticouue eEAaPede
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TV €VVOLd NG A-LGOBUVOLLOG %Ol VO SEYOUAOTE OTL Ol A-lLGodUVOUOL GpOoL TAHEAYOVTAL UOVO UE
e z /. ’ ’ A 7
AVTIXATAOTACT TWVY SECUEUUEVLY UETABANTGY, To avTioTolyoly oe oUUBola ueTafAnTdy Tou (Slou
’ ’ ’ /7 z z ’ /7
Tomov, .. Az.x elvar a-1008Uvauog ue 1o Ay.y uévo edv z,y € V, yia xdmoto tono o. Auty
/4 z z 7 z 7 7 7 /4
N mogadoyr| £xel Ty évvola 6TL, av yia xdmoto 6po M tou A-Aoyiouol yeetaotel va Gewproouue
évay a-160dUvaub tou M/, téte o M’ dnuioupyeitan and tov M egapuélovioag Ty Teploplotxy a-
tooduvautia, dnhady avixabiotdviag deoueuuéveg uetafntéc uévo ue olufolra petaPAntdy mou
’ ! 7’ ’ /7 7’ z 7’ z
avtiotolyoly atov 8o tino. 'Oleg ot WBL6TNTES TOU A-AoYlopoU mopauévouv oe Loyl ue Bdon
QUTAY TNV TaEATHENOM.
To anotéheopa e diapéptong V = UgerV,, elvon 611 0 6pog | M| Bupdtawm v anovour tinwy

oTig petafBAntéc Tou. Ymdpyel ndvta ula ouvdptnon 7 : V — T nou opiletar wg

7T (z) = o yovadixée o Gote x € V,
Oploués 2.8 Av M dpog, opilovue tov tunomoiquévo C(M) w¢ eérc:

Clz) = zT(®)
C(M N) C(M)C(N)
COx. M) = xz7@ c(M)

O C(M) mpoximtel av oe xdbe petoPAnth = tou M (ehelbepn 7 deoueuuévn) mpocbhécouue tov
avtiototyo tno o (av z € V). T tuyévia M o C(M) dev eivar 6poc Church. Edxoha BAénouue
6T, av M xou N elvar a-tcodbvapol ye v Teploplotixy] évvola mou avagépbnxe mo ndvw, téte

C(M) xou C(N) eivon a-tooddvapot wg épor Church.

Ilpétaon 2.4 Av M eivar dpoc Church, téte C(|M|) = M.
Anédeiln: Enaywy? otov M.
IMpétaom 2.5 Av M xat N xat L elvar épot Church, téte
1. |M[a® = N = |M][z := |N|
2. M —p N ovvendyetar |M| —g |N|
3. av |M| —g L téte M —g C(L) xat C(L) eivar époc Church
4. av |M|—g L téte M —5 C(L)

Anédeiln: (1). Enaywyh otov M.

M=2x° — |M]z? := N]| = |N| = z[z := |[N|| = |[M|[z := |N|]
M=y (27 Zy") — |M[z?:=N|[=|y"|=y=y[z:=[N|]

M = \z?. M, — |MIz? := N]| = |Az?. M1| = |M| = Az. |My| = A\z. |Mi|[z := |N|]
M = My™. My —  |Mz? := N]| = |A\y". M1[z? := N|| = A\y. |M1[z° := N]| =

Ay. (|Mi|[z := [N1]) = Ay. [M|[z := [N]] = [M|[z := [N]]
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(3). H xuptdtepn nepintwon eivaw étav M| = [(Az?. P) Q)|.
Téte |M| = (Az.[P)[Q| —p |P|[z := |QI] = |Plz? := Q]| dpar [M] —p [P[z7 := Q]| ondte
M —g Plz? :== Q] =C(L), 6mou L = |P|[z :=|Q)].

Ipétaoy 2.6 H di6tpta Church—Rosser ixavonoteitar and touc dpouc Church.

AnédelEn: Av M —g My xaw M —g My, téte |M| —5 |Mi| xav [M| —g |M;|. Ané Church—
Rosser vl A\-hoyioud, undpyet A-6pog L dote M| —g L xau |[My| -5 L xou xatd cuvéneia and

Tapandve npétacn My —g C(L) xaw My —5 C(L).
IMpétaoy 2.7 Ioydouy ot mapaxdte mpotdoeic:

1. Av M eivar époc Church timov o xai ot eAetfepec uetafintés tou |M| elvar petald twy
x1,...xp xar av D ={zy : T(x1),...2 : T (xg)}, t61e T H | M| : 0.

2. Ay M elvar A\-6poc xau '+ M : 0 (érov vrobérovue étv av x : 7 € I' téte T (x) = 7) td1€

C(M) eivar époc Church tinou o.

7 4 e z 7 7 7
[H npétaon auth napouctdlel v oyéon yetadd twv épwv Church xou v tunonoinon twv

A-6pwv o1o ovotnua Curry.]

2.2.2 3dotnua Church

Mnopotue va Siagoponotioouue 1o apyxd clvotnua Church ot va to nopoucidcouus pe Tov
TEOTO UE TOV OTolo TUTOTOLOVUVTAL Ol A-6pot 6To avotnua Curry. O yeeloToVue TNV €VVola ToU

pueelelelelolV

Opiouds 2.9 ‘Eotw T 10 oUvolo twy tinwy. Opilovue w¢ mpodpous tic exppdoeic Ap mou

oxnuatilovtar ané toy axélovbo opLoud:
Ap =V | Az :T.Ar) | (Ar A7)
Oproués 2.10 H oyéon tunonoinons =* opiletar and:

lNz:ob*z:0

Fz:oF*M:7 '*M:0—r71 '*N:o
' Xe:ooM:0—7 I'*"MN:71

H oyéonI' =* M : 0 tunomotel tov mpodpo M ue tino o oto nepifBdiloy T

H o-iooduvapla, n aviixatdotaon xat n avaywyr opllovial e meogavy T1edmo 6Toug Teodeoug.
Eév M eivon mpobdpog, t61e umopolue va pululcovue ta odufora uetaAntdy dote, av Az :
0. ...eupaviletar 1o M, t61e 7 () = 0. Me authy v Tpolndbeon unopolue, edy €youue eniong
peovtioel vl To axdrouvbo:
z:Tel -T(zx)=1

va. petatpédouye xébe T'H* M : o oe évav 6po Church MC wg e€hge:
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Kd&be eupdvion Az : 0 otov M avtixabiotaton pe Az?.

Kdbe 60\ eupdvion petaPhntic = avixabiotota ané =7 ().

Ilpétaon 2.8 Av T H* M : 0 (xdtw and tic mpoinobéoeisc uetafAntdy nou avantlylnxay mio

rave), téte MC elvar bpoc Church.

To avtiotpogo Loyvel enlong.

IMpétaom 2.9 Av M elvar 6poc Church tinov g xar M™ elvat o mpodpoc mou anoxtdtal and tov M
avixabiotévrac xdbe eupdvion tou Ax? otov M ue Az : o xar xdbe dAAn supdvion uetafintic

z™ otov M ue x xar av zi', ... 2% nepiéyouy Tic ededbepec uetafAntéc Tou M, ba éyovue dti:
T1:01,... T 0 F" M :p
T v TUNOTOLNON F* LoYYoLY Ta ToEAXETL:
Afppa 2.3 AvI'H* M : o, t61e:
1.TCTIV=T'HM:0o
2. FV(M) C dom(T")
3. T"H* M : 0, énov dom(I'") = FV(M) xa: TV CT
Adppa 2.4 (Anuoveyiag) Ioyvovy ta axdrovba:
I.TH'z2:0=>z:0€l
22T MN:0=3r dote ' "M :7—0 xau I'F*"N:71
S TH X :7M:0=dp dotceo=7T—pxaul,z:7TH" M :p
Ilpbtaon 2.10 (Avtixatdotaon) loylouy ta axdlovba:
IL.TH M:0=Ta:=71F M:ola:=1]
2T z:7H M:0c xat TH N:7=TF M[z:=N]:0
Ilgétaoy 2.11 (Subject reduction) AvI'+H* M xat M —g N téte I' -* N.

ITpétaon 2.12 (Church—Rosser) AvI'F* M : 0 xat M —g My xat M —g My, téte undpyet
L édote My —g L xat My -5 L xat T'F* L : 0.

IIpéraoy 2.13 (Movaduxdtnta turonoinong) Ioylovy ta axdiovba:
I.THM:cxauI'FH*M:T=0=7

2T M:oxulF*"N:1mxae M =g N=0=r1
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AnédeiEn: (i). Enedh étav T'H* M : 0 o unohoyiouég tou MC yivetoaw wévo e Béon to T xon M,
0 6poc MC B eivar xowvée xau yia Tig dVo mepimtdoeic dpa Ba éyel xowvé tino o = .

(ii). Amé Bedpnuo Church-Rosser.

H oyéon twv tunonoincewy H* xoau - Oa elvow avarhoyn pe auth yetadd twv 6pwv Church M
xat twv ' M : 0.

IIpétaom 2.14 ‘Eotw M,N € Ar.
1. Ay M —g N, téte |[M| —p |N]|.
2TH M:0=THF|M|:0
Ilpétaon 2.15 ("Y¢won) Ia éAa ta M,N € A (A-dpoug):
1. |M'| =g N = vundpyet N' € Ap ue [IN'| =N dote M' —5 N’

2. AvT'+M : 0, téte undpyet M' € Ap pue |[M'| =M dote T'H* M’ : 0.
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2.3 Enextdosig Tou A-AoyLopol pe anhols TUToUG

To clotnua tou A-Aoyiopol ue amholc TUMOUC TOU UEAETACOUE, XaL TO Omolo Hog €3woe T
duvaTOTNTA Vo AVATTOEOUME TN YEVIXY) LOP®PY T®WY CUCTNUATWY UE TUTOUG, ELVAL AEXETH «QTwYO».
Aev unopolue Aéyou ydewv va oploouvue to Lebyog (P, Q) 6tav uag Sivovtaw %o bpor P xou
Q. Muw Aowndv mpogavic eméxtaon Ba elvar va mpocbécouvue oto unyavioud dnuovpylag Twv
oMWY TN SuVATOTNTA dNULouEYLdg TOu YLVouEvou TUTWY 0 X T, 6Tay o xo T glvat TuTol. Autd Oa
pac emtpéder va oploovue to Levyos (P, Q). Apybtepa Bo pelethoouue enextdoeic mou Ho pac
EMTEETOLY VO AUENCOVUE AELOOTUELWTO TNV EXPEACTIXY| SUVATOHTNTA TOU CUCTHUATOCS.

Or enextdoeig mou Oo pueletioouue Ha elvon oto apyxd cvotnua Church.
Enéxtaor tou apyuxod cuotiuatog Church ye yuwéuevo tinwy
7 z 7 z 7 7
Tonol: Xtov oploud twv toTwy tpochétouvue v axdioubn tpdtaon).
7 ’ 7 ’ ’
o Av o xau T elvan timoL Téte 0 X T elvon TUnoC.

Ynuelwon: O tinog o X T glvan To (xapTeotovd) YLVOPEVO TV TUTWY 0 oL T.

Opot: Xtov oploud twv 6pwv Tpochétouue ta axdéiouba.

e Av M elvouw bpoc timov o xau N 6pog tinou T téte (M, N) eivan bpog tonouv o X 7. (An-

utovpyio Levyoug)

e Av M eivon 6pog ténou o x T téte M elvar bpog TOmou o xar M elvar bpog TOTOL T.
Yuelwon: O bpoc 1M elvon 1 «npdtn mpoBordy Touv M xaw o T2M 1 Sedtepn npoBoihy.
Yrohoyiotixy onpacio

Ou xouvolpytol optouol ewodyouv véeg nopgég and redex xou contractum. Yta hdn undpeyovta

mpootifevtal Ta e€ng:

T (M,N) —5 M

m(M,N) —3 N

Ot 800 mpoavagepbeioeg oyéoelc mou €xouy n wopph) P —g @ onuaivouy 6t P elvan éva redex
o Q) elvon To contractum tovu.

Me npogavi tpémo, axpic 6w oty TepinTwon Twv anhdy Tinwy (xat tou xabopol A-
Aoyiopol) unopodue va emextelvouue ) oxéorn —g o —g xabie xou vo oploouue ) oyéon =g.

Mapauévouy ot Wibtntec Church-Rosser xabdg xat 1 8totnTar Tng Loy uenc xavovixonoinong.



Kegpdhoro 3

Aoyuxr; xou o LoouoppLouog
Curry-Howard

Y Aoy xataoxeudloupe anodeilelc. Zexivdvtag and unobéoeic, pe dadoyxd (hoywd) Bri-
pata odnyoluacte 6to cuumépacua. Av ou unobéoelg tautilovtar ye o adidpata plog fewplog
t61e To ovunépacua Ha etval éva Hedpnua autic Tng fewplac. Av To cuurépacua arodelybel ywpelc
va Baoclouaote oe xouula unébeorn téte N MEdTACT-CUUTEPAoU elval AoYixd opbY) dnhadt Exet
pa yevuxh Aoy avoryxoudtnta (tavtohoyio § hoywd €yxven mpdtaoct). Ou uelétec peydimv
pobnuatixdv Aoywdy, énws ot Frege, Russell, Hilbert, Gentzen xau moAlol dAlot, enétpeday Ty
Tunomoinoy g évvolag g anddeng. Ou spyaocieg Tou Gentzen xot e8ixd o TedTOG TOU TAEOL-
olaoce tig anodellelc 610 oUOTNUA TNG PUOLXC ATy wYS eméteeday va SlamoTwlel uia cuyxhovi-
otuxy| toouop@la YETAE) TwV anodellewy xou Twv bpwv Tou A-Aoytopol (npoypauudtwy). Autd 7
avtiotolyla anoterel To xhedl e dopixfic ovvdeong g hoyxhc (EV YéVeL TV LabnUaTIXGOY) %o
NG TANEOYOELXC.

Y1 ouvéyewa Ha nopoustdoouue To GUoTNUA TNG PUOLXNS aTaYWYNS OTNY A TepinTwan evog

U€EOUS TOU TEOTACLAX0U AOYLGUOV.

Oprouds 3.1 (Ilpotaoiaxés @épuovles) Zexivdue ue éva aptbuijouo odvolo mpotactaxdy ue-
taBAnTdy
ny. A, B,C, ..., Ay, By, Ci, ... Oa elvat mpotactaxéc uctafintéc
xat opilovue
1. Kdbe mpotaciaxy uetafAnty elvar mpotaoiaxi gpépuovia.

2. Av ¢ xau o elvau mpotaociaxés gopuovdes tote (¢ — ) xar (¢ A ) elvar mpotaoiaxés

popuUoUAES.

Enueilwon: Hpotaouaxh gdpuovha elvar x4be éxgppaon (ouufolooceipd) mou xataoxeudletal Ye
dtadoyinég eQopUOYES TV Xxavévey 1) xou 2).

H gbpuovha (¢ — 1) elvon n ouvenayoyy ye undbeon ) ¢ xou ouvumépaoua ™V P xou M
pbpuovia (¢ A1) elvon n 60Ceuin Ty ¢ xou . T Aoyoug anhétntoc Oo topaleinovpe TOAAES

popég Tig Tapevhéoelc.

30
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Mapdderypa:
1. H npotacioxy| yetaffAnt A elvar mpotacioxt| @épuouia.

2. H éxgpoon (((A — A) — C) A B) eivan npotaoctaxt, pbpuouvha (eAEYETE oV EYEL XATAOKEVA-

otel CWOTd CVUPWVA PE TLC TPOBLAYPUPES TOU 0pLOHOY).

3.1 Xdotnua anodeilewy QUOLXNG ALY WYNS

O armodei&elg 6T0 olotnua Quoxic ataywyrg Ha elvat dévtpa émou oToug xoUPoug Twy dévtpny Ha
UTEEYOLY TEOTACLUXES QPOPUOVAES, 0TY ella TwV 3évTpwy Oo uTdpyEel 1 TEOoTAGLXY POEUOVAN TOU
amodetxvietat xat ota @UMa Tov dévipwv Oa undpyouv (av mapauévouv Lovtavéc) ol unobéoelc
otig omoleg Baoiletar 1 amodewxvuduevn @oguovia. Ot unobéoeic ota @UANa Tou Sévipou Oa
elvow opodonoiuévee oe naxéta unobéoewy (6nou xdbe maxéto Ha amoteleitan and eugavioelc
’ 7 z 7’ ’ z z z

e dag @bpuovlag oe dwagpopeTind @UMa). Enione o undpyouv xou maxétoa unobéoewy mou
z ’ z ’ /7 ! z z
€youv exgopTiotel (xotd T mopela g anddeing) xau ta omola dev Ho petpdve we (Lwvtovég)
anodetéeic.

To nagamdve yivovial mo axpPn xat To xatavontd Ue Toug axdiouboug oplouols.

Oprouds 3.2 Oa ovoudlovue dévipo ue pbpuovies xdlbe 6évipo, ue uovi 1 Simdy Siaxiddwon,

oTouS x6uBous Tou omolou UNdpyouy TEOTACLAXES YOPUOVAES T. X.

A B
ANB elvar 8évtpo ue popuovies.
A— (A N B )
Ta dévtpa mou e&etdlouye SLoxAadOVOVTAL TEOG T TEVW T.Y. OTAV YEAPOLUE 7(;5 ¥

X

€youue AT SlaxAddwon, evdd 6tav yedgpouue % gyoupe povn daxAddwon.

Oprouds 3.3 ‘Eva 3évtpo ue pOpuouAeg xat Ue Taxéta utobéoewy elval éva d6vTpo ue popuouies
onov ota pUAda tou 8évipou oe xdfe plpuovia Exer avtiotoynbel évac guoixds aptbuds. O
nepLoplouds elval 6t o€ SLagopeTIxnéS popuoules mpénel va avtioTolyoly Siagopetixol aptbuol evé
oe Siagopetixés eupavioeic e [Biac gpbpuovdac ((Bia pdppovia oe Siagopetixd piira) unopel
va avtiotoynbel o (doc apiuds. To noduaivoro 6Awy twy eupavicewy ota piAla touv 8évtpou
utag pdpuoviac ¢ oty omola Eyel avtiotoiynlel o apibudc i Aéyetar maxéto unobéoewy ¢. Ta
naxéta unobéoewy ywpilovtar oe dvo Eeywpiotés xatpyoplies. Ta {wvtavd naxéta vnobécewy
xat Ta expopTiouéva maxéta untobéoewy. ‘Otay Gélovue va mapovotdoovue OTL Ula CUYXEXPLUEYD
eupdvion uag gépuovdac ¢ oe éva piAdo aviixer oto {wvtavé maxéto i ypdgouue @b evds btav
AVIIXEL OTO EXPOPTIOUEVO TAXETO & YPAPOUME ?’ . Erionc, ota §évtpa ue @popuovies xa

naxéta vnobéoewy, enttpénovue va undpyouy puoixol aptbuol xat otic dtaxAaddoeic KA
xa % OnAadr emitpémovue To §évipo va €yel otous xdufous Ty uopyl

¢ b b
—x 7

TMoapdderypa:
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a ' a!

ANA
—1
A— (ANA) A?

(A—-(AAB)NA

elva 3évtpo e @opuovAeg xoL Toxéta UTobéoewy. Ag emonudvouue 6Tl T0 TOAUGUVONO UE UOVO-
due eppdvion Ty A2 oty avanopdotact Tou d4vipou elvor 1o avouxtd Taxéto unobécewy 2 evéd To

TohucUvolo e Tic 8o eugavicelg 4 L

OTNY AVATAEAGTACT) TOU SEVTEOU ElVOL TO EXPOPTIOUEVO

z z
Taxéto unobéoewy 1.

Oa ouufolilovue ta avouxtd Toxéta uTobécewy i ue PéAN wia @OpUoVAa ¢ UE [Pl Anhady
[#]i B ouyxevTpdveL Gheg Tic PopUoLAES ¢ oTta PUAAA ToL BéVTpou OTIC oToleg Exel avTtioTorynbel
o apfudc i (xou ou omolec ouYxpoTolv avoxtd maxéto). Aviiotolya To Ex@opTioUéva TaxéTo

’ T /. 4 ’ /7 z7 N . ’
ta oupfBohilouue ue [@],. Enueidote 6t [@]; elvon diagopetind and o [¢p]; av i # j. To (do
oupfalvel xau yio Ta exopTiouéva taxéta. Eva noxéto unobfécewv eivar ndvta npoodioplouévo
elte wg avowxtd elte wg exoptiouévo maxéto unobécewy. Av anogacicovue Yl éva ovouxTo

z z z /7 z z7 ’
Taxéto unobBéoewy [P]; vo adAdEovue ToV TEoadLloploud Tou OE ExPOETIoNEVO TéTE To ouufolilouue
(to uetatpénovye o) [@];.

Yt ouvéyewa Oa oplooupe Ty I elvar anddelln tng pdppoviac ¢ amd to maxéta unobécewy
(1)1, - -5 (k] ji». Hombdeiln 1T Bo elvon éva Sévtpo ue pbpuouleg xou taxéta utobécewy oTo omolo

z z z ’ z z
To avouxtd maxéta umobécewy B elvar ta [d1],, .. ., [Pr)j, xow yio Ta expopTiouéva Ha undpyet
pla xaTaypapy| Tou «oe o onuetor g anddelng €xel yivel 1 expdptior| Toug. H anddelén-3évtpo

xotaoxevdletal ue Bdon tov axdhovbo emaywyxd oploud.

Opwouds 3.4 1. I'a xdfe pdpuovia ¢ xar xdbe i € N to 6évtpo

¢

ue uovadixd xéufo tny ¢ elvar anddeiln tnc ¢ and to naxéto vnobéoewy [Pl;. X autiy
v nepintwon to ({wviavd) naxéto vnobéoewy [Pl (naxéto i) anotedeltar anoxAetotixnd

ané ) ¢ xau n anédeiln unopel va napactalel emione ue ¢'.

2. Ay 11y elvar andbeiln tnc ¢ xaw My anddeiln tne ¢ (xar otic vo mepintdoeic avtiotolya
7 A Z Z Z Z I 7 Z Z
ané xdnota maxéta vnobécewy étor dote va unv eivar Suvatdy yia maxéto vnobécewy [@);

¢ Iy xau []; tnc My va éyovue ¢ # 1)) 167¢ T0 8éVTpO

II4 Il
dNY
elvar anddeiln tnc ¢ N and maxéta urobéoewy nou xabopilovtar ané touc aptbuolc mou
7 6 7 ’ 7 z 1 ]-_-[2 7 z
éyouvy anobobel ota pUAda Tou eviaiov Sévtpou BTy xat ot omolot €youy xAnpovo-

unbel and ta 8évipa Iy xai Iy (SnAady xdbe naxéto vnobéoewy [p); Tou elvau

m, I
PAY

naxéto vnobéoewy eite tou Il elte tou Iy, extéc and tyv nepintwon mov €yovue yia xdnoto
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5.

i va undpyet maxéto @i tnc Iy xaw [@]; tne o xau oty onola nepintwon evomoolue to
raxéro (@i, Snadi o’ auté to maxéto Ga mepidauBdvoviar dleg o eupaviceis ¢ ¢t xa

ota dUo 6évtpa 111 xau Ilo.

[Exnuatixd to oynuatioud tnc véac anddeiénc Ga tov eupavilovue we

(;5 ¢ émou ¢ elva n anodeén 11y xau ) n anddeién y.]

PN
I 7 7 Z Z Z 7z H I 7
Av 1l eivar andédelln tne ¢ N and xdnoia naxéta vrobéoewy téte 3 elvar anédeln tnc
H s 7 7 I Z Z
¢ xar —— elvar anédeiln tnc P, xar ot o ue ta (Sia naxéta vnobécewy.

(4

[Mapiotdvovue autéc tic anodeleic aviiotolya ue SAY KA A ./

¢ (G

. AvII elvar anddeln tnc ¢ and naxéta vnobéoewy ota onola nepdaufdvetar o naxéto [¢P);

7 . s 7 7 I Z Z 7 7
0t —————i elvau anddeiln tne ¢ — P and ta (dia maxéta unobécewy extéc Tou 4Tt ToO
—
Z Z e Z 7 Z A s 7
naxéto [@l; éxer uetataylel ota expoptiouéva, Snadi to [Pl; Exe ndder va elvar avoixtd
naxéto (dpa elvar expoptiouévo).

2
[E)(r)yaﬂxd_yﬂopozﬁys va meptypdpouue ta o ndve Aéyoviag Ot ay 1,[) elvar andédeiln tnc
4]
) toTE 7,/) elvar anddeiln e ¢ — 1./
b—v
AV% elvar anodetén tnc 1 and xdnota raxéta urobéoewy xal ¢ uia pépuovAa Tote TO SEVTPO
b=

[O unyavioude autéc avtiotoryel xatd ula évvoia oTnv exPopTION EVES «PAULYOUEVIXOUY

elvat anédeién e ¢ — 1 and ta (Sia naxéta urobéoewy.

naxétov unobéocwy [Pl;, dmou to i Sev undpyel ota naxéta unobéoewy tne anddeiéne I1.]

Me tn ovuBolixy avanapdotacny xat tic (diec npodiaypapéc Tou optouol mou ypnoiuomoLij-

oaue yia 1y oUleuén To Sévipo 4 _) ¥ qﬁ elvar anddelln tnc 1 otny nepintwon mou

(3

¢ 5 P elvar anédeiln e ¢ — P xau qS elvar anédeién e ¢.

Iapatnerioss-XupBoliouot:

H Snurovpyia tng anddeéng II g @bpuoviag ¢ dnutovpyel éva dévipo oto omolo xpatovviol

onuelhoeLg yia Tic unobéoels (Lwvtavéc R expoptiouéves) xat e axpBolc Béong mou exgrptiletol

éva Taxéto vrobéoewv.

(@i
I

I
Av ye ¢ ovuBolicovue v anddeln II g @dpuovrag 9 xou ye 1P v anddeln II g 9

[¢];
II

7 7 z z e ’ z 7
6mou peTad Twv maxétwy unobéoewy utdpyet To (@i, opoiwe de ue P TV anddeln e P bmou
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TO TOXETO [P]; ExEL xATAOTED EXPOPTIOUEVO (€xEL EXPOPTIOTEL) TOHTE UTOPOVUE VAl SLATUTOOOUUE

OUVOTITLXA TOV 0pLOUS TWV ATOSEIEEWY:

[¥)i
/‘/; Hl H2
. N ¥ elva onédeiln, n QP Y eivon anédeiln (apod éxouue evoTolfceL T TaxéTa
oA
I 1T, [%]"
unofécewy Twv ¢ xat P) N b elvat amodelén x.0.x.
Y

IMapdaderypa 3.1 1. A Anhadh to A elvar anddelln and v undbeon A (dnA. To

N
naxéto [A]1). Apo umopolue va exgopticouue to Taxéto Al xou va mépovpe 10 A — A
el utobéoeic.

—1
A
2. B A . (H ewoaywy? tou B avtiototyel otny nepintwon 5 tou optopol. Anladh
A— (B—A)
t0 B — A elodyeton 0tny Topela TNg AnodelEng ywels To B val TepLEYETOL OTA AVOLXTA ToXETA

utoBécewv).

A’ B
3 ANB
' (B — (A A B) )
A — (B — (A A B))
Ynueldote 6Tl bhec ol unoanodelielg
—1

1 elvon anddeidn tov A — (B — (A A B)) ywelc unoBéoeic.

A2 B! A B
A% B, “ANB ANB , €lvar amodei&elg Twv avtioTolywy QopUoUADY
B — (AANB)

and Ta avtiotolya Taxéta unoHécemy.

Q¢ éva dAo mopdderyua anddeiEng Hewpriote to axdioubo dévipo

A-B-0 ' A° G=F° I?
B—-C B
_c .,

A—-C 3
(A—B) —(A-0)
(A—(B—-0C)—(A—B)—(A—-C))

1

KANONEY X XHMATIXMOY TON AIIOAEIZEQN

Ou xavéveg unopolv va yweltotolv oe dVo xatnyopiec. Toug xavédveg ecioaywyrjc xou Tou

xavoveg anatoLprc.

o Kavéveg eloaywync:
| @,
O xavdvec ¢ w o :

SNy Py
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o Kavéveg analoiprc:
Ouxavbves g Ay 5 A XU ¢ — o) ¢ -

¢ (& (G

O xavéveg eloaywyrg elodyouy Tov 6UVEECUO GTNY POPUOVAA TOU GUUTERIOUATOC TOUG EVE

Ol XAVOVES ATAAOLPNG TOV ATOUAXEUVOUV.

3.1.1 Redex xouw Contractum o7ig anodeilelg Quolxnc anaywyhg

H napouciaon tov anodeléewy e 1o oVoTUA TNG PUOLXAG anaywYg ELodyel pia £vvola redex xon

v avtiotolyn Tou contractum.

Opwouds 3.5 Kdbe anédeién tne uoppic oto aptotepd uépoc elvar redex xat n avtiotolyn uoppy

oto 8e16 uépoc elvar to contractum avtol tou redet.

Redex Contractum
[ o
in| [ﬂ’
L i 115 ¢
¢ — P ¢
Y
i rzli -
1
. ¢
[
v rzli o
2
$ A v
Y
b
[#]: [#]:

I h|
Ynuelwon: T'a va oynuatiotel n anddelln 1 xdbe pUAdo ¢ otyy anddeiln b mouv avixel

Z Z . Z 7 z H2 s /7 / z
o0t10 maxéto umobéoewy i Eyel avtixataotalbel ue tny anddeiln ¢. Elvar eUxolo va dolue ot

7 e s 7
AUTO TTOU TROXUTTEL ELYAL d]fO(sElE)].

IMopatienon: To redex dnutovpyeitar dtav €youue TNV €QOPUOYY EVOS XAVOVA ELCAYWYNS
XL AUEOWS UETE TNV eQapuoYh evéc xavéva anahowpic (xou otic dvo nepntdoels yia Tov (8o
oVvdeopo). Katd pia évvola wa tétola axohoubio eival pio doxonn evalhayt arnodeilewy (detour)
7 omola dnurovpyel anddelln xatd éva éuueco tedémo. H amoxatdotaon épyetal dtav n anddeln

auth (to redex) avtixotaotabel pe Ty eubeia anddeln (Tou eivar To contractum).
Opiopds 3.6 Mia ancdeiln mou dev mepiéyet redex Aéyetar xavovixr, ancdelln.

Ocoenua 3.1 Ay undpyet anddeiln uiac popuovdac t6Te Umdpyet xar xavovixy anédeiln tne
[Brag pépuoviac. MdAiota, énwe ba dolue xat and tov toouoppious tov Curry-Howard, toylet to
Loyupdtepo anotédeoua Ot xdbe anddeién utag pépuoviac ¢ uetatpénetal o xavovixy anédeién
¢ ¢ ue onotadfnote Siadoyixy aviixatdotaoy evéc redex ue to avriotoiyo contractum (toyupy

xavovixonoinon).
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3.1.2 Ioowopyiowés Curry-Howard

IMpdxettar yia pio avtiotolyta uetald Twv anodellewy xatl Twv A-6pwyv Ye TVnoug 1 onola céfeton
/4 /4 e 7 7 /7 7 7 4
™y avaywyy, dnhadh v uetdfacn and redex oe contractum. To yevixd oynua sivon dtt xdbe
/7 /7 ’ z /7 7’ z ’ /.
anddelln piac @opuovlag ¢ avtiotolyel o éva bpo Timou ¢ (Umdpyet TAVTION POPUOUADY ot
tinev). Ka av fewpioouvue 6L ot bpol tonov o elvan Tpoypdupato TOMOL 0 O LoOUOPPLOUAS

UTOPEL oy MUATIXd Vo Statumwet

AIIOAEIZEIY «+— — — I[TIPOTPAMMATA
POPMOYAEY «+—————— — TYIIOI

Anhady x&be anddelln uiag @oépuoviag umopel vo vonbel wg éva mpdypoauua evog tonou. H
(pOPUOVAA TTEPLYPAPEL TO TL ATOSELXVUEL 1) ATOSELET) EVE 0 TUTOC TEPLYPAPEL TO TL XAVEL TO TEOY PO
(to specification Tou mpoYpEdUUATOC).

Ytn ouvéyela SlveTan 1 TEELYPAPY| TOU LOOUOPPLOUOV.

Oprouds 3.7 Av tavtioovue tougc atoutxolc TUmous xai Ti¢ mpotactaxés uetafAntéc xar oty
ovvéyeta xdbe pbpuovda (¢ — ) tnv tavticovue ue tov tino (¢ — ) xat xdbe pbpuovia (P Ap)

ue tov tino (¢ x ) unopodue va Gewpiioovue 6t ot gdpuovec xar o timor tautilovral.

T napdderyuo 1 potactaxy @bpuovia (A — B) A (C — A) elvan o ténog (A — B) x (C — A)
émouv A, B, C elvar npotactaxéc petafhntés (4 atouxol tinot).

Oa yenowwonotolyue to ypduuata A, B, C yw Tic tpotactaxéc petafintéc (to (o yia toug
ATOULX0UC TUTTOUG) XAl Ta @, 1,. .. YLo TIS TpoTactoaxés pdpuoules (1 To (8o yua Toug TInoug Tou

ovothuatog Church).

Oproués 3.8 Xe xdle anddeién I tne pbpuoviac ¢ and ta naxéta unobéoewy [¢ilis .-, [Pkliy

ba avioToLyfioovue ue uovadixé tpémo évay épo N timov ¢ (8nh. N?) ue ededbepec uetaPAntée

! z

i o2 T, ToU apyuxol ovotiuatos Church ue yivéuevo tinwy, og edfc:

(o optoudec Ga Siver xar tpv avtiotpogn avtiotoiyla Splads yia xdbe dpo N wia anddeiln

7 ¢z 7 ’ ¢z 7 o
tou ovotijuatos Church. I'ta va éyovue tyv axpfs avtiotoyia Oa urobéoovue 61t av x xau

A
J

elvat Stagopetixol, dnAadyf i # j. E8& n.y. to i elvar o Selxtne oe uia apifunon twv ovuféiwy

x7 elvar uetafAntéc Tou ovoTHuUATOS UE TUTOUS xai av O # T TOTE xat ot Selxtec © xat j o

uetaBAntay tou apyixol ovotijuatos Church.

1. Ye xdfe anédeiln ¢ (and to naxéro vrobéoewy [¢];) aviiotoiyodue Ty uetafints mf’ (xat
avTioTedPwg).

114 IIo 1I; 11
2. Av ¢ xai ¢ avriotoiyoly ota N xar MY téte 5 anédeily ¢ Y avniotoyel otoy

¢NYp
dpo (N®, M¥) (timov ¢ A).

I II
3. Av n ¢ A avriotoiyel atov N téte p anddeily PN avuortoyel otov T M xai g
¢

I
PNV avuotoiyel ooy M.

(4
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H 1
4. Av ¢ avuiotoiyel otov dpo MY téte n anddeily 5 . avtiotolyel otoy 6po )\:ch’/’.
- ;1
o=
I II
5. Av 7 avuiotoiyel otov dpo MY téte Y aviotolyel otov dpo Az®MY timou
51

(¢ — @), (rnov x unopel va elvar to mpdto véo oluforo uetafintic). E8& otpyv and-
detén dev exqpoptilovue xavéva naxéto urobéoewy xat avtioToLya OTOY GPO YPNOLUOTOLOUUE

) uetafAnti x® mou Sev eugaviletar edevbepn ooy MY.

H avtiotouyia mou oploaue elvan toopop@Louds 8Lt oé€feton Ty «edny Tng avaywyng, Sniadt
av ulo anddeln @ mpoxiet and v P ue v avaywyr| evég redex téte 0 avtioTtolyog tng () dpog
N mpoximtel and tov aviictowyo g P épo M pe v avaywyrn tou aviiotoiyou redex. Oua

TAPOVGLACOUUE TNV LOOJUVAULX OE Ul YORAXTNELOTIXY TERITTWAOT).

4]
H2 H2
'Eotw 6T 1 anédelln ¢ aviiotouyel otov épo N xou n anédeiln 1 otov épo MY (mou éyel
[¢l;
eheVlepn uetaBAnTY :cf) Téte olugova ye Ty avtiotolyia Curry-Howard n anddeiln lzbl
69
[¢];
Iy
AVTLOTOLYEL GTOV GpO )\fo’/’ X0l N anddelln Y . 1, (mou eivon redex ) avrtiotouyet
—
(G
oTOV 6p0 ()\fo“/’)N‘i’ (mou %’ autde elvon — To avtiotolyo — redex ). Eivaw edxolo va dodue 61t
19l; [2}21
114 il
To contractum tng Y .1, Touelvaw anédelln ¢ avtiotoyel otov 6po M k4 [:t:f5 := N]
¢—b

mou elvat To contractum tou (/\fo YN,
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3.2 To obotnua T Touv Godel

Y10 xepdhato autd Ho oploouue pia EMEXTAON TOU CUCTAUATOS Me TUTOUG Tou Bar dtevplivel evtu-

TWOLIXE TNV EXPEACTIXY TOU SuVATOTNTA, dNAASY TNV SUVATOTNTA AVATAEACTACNS CUVIPTHOEWY.

O¢ropés 3.9 (Tdnol) Awatnpodue toug (dioug timous ue to apyixd obotnua Church ue arlodc
TUTOUS Xau YLYOUEVO TUTWY eXTOC Tou 6Tt mpoobétouue SUo atouixols timous tov Nat xat tov

Bool w¢ otabepéc.

Optopés 3.10 ('Opov) Extde and touc ouvibeig dpoug tou apyixod ovotiuatoc Church ue

amAodc TUmOUC xat yivouEvo TUTWY €youue ta axdéiovba

1. e O elvat dpoc (otabepd) tunov Nat.

o Ayt elvat époc timov Nat téte St elvar dpo¢ tUmou Nat.

2. Av u, v, t elvat dpot ue tinoug avtiotoiya o, 0 — (Nat — o xar Nat tét¢ Ruvt eiva

opog tUmou o.
3. T xau F elvar (otabepol) dpot timouv Bool.

4. Avu, v, t elvar dpot ue timouc avtiotolya o, o xat Bool téte Duvt elvar dpoc timou o.
H Staiabntiny) onuocio mou anodideton 6’ autd mou €youue eloaydyet elvon 1 e&hg:

1. Ta O xau S elvar avtioTorya 10 UNSEV XL 1 GUVAETNOT TOU ETOUEVOL.
2. R elvar 0 teheotic avadpounc: RuvO =wu, Ruv(n+ 1) = v(Ruvn)n.
3. Ta T xa F elvon ou tiwéc aAnbelag.

4. To D eivar o teheotic «f...then...else» dnhadr o opioude e nepuntdoeg: DuvT = u

oo DuvF = .

Optopés 3.11 (Avaywyy) Xta redex mou éyovue 7oy oty Sidbect uag mpoobétovue ta axd-
AovBa:

RuvO —gu

Ruwv (St) =g v(Ruvt)t

DuvT —gu

DuvF —guv

Anlady avtd mou elvar apiotepd elvar ta redex xar autd mou elvar Seéid elval ta contractum

toug. Me Bdon avtd unopodue va opicovue 6nws ouvijiong Ty évvola TG avaywynis —»g.

Oedpnua 3.2 (Ioyueh xavovixoroinom) [ia touc dpouc tou ouothuatoc T toydel To Gedpnua

NS Loyuplic xavovixonolnone, dnAady xdbe avaywyy tepuatiler ndvia otny uovadixy xavovixiy

LopEPT)-
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3.2.1 Exgpaoctixn d0vaun: napadelypota

MrnogoUue vo oploouue Toug AoYIxoUg GUVIEGUOUG:

neg yw v dpvnon, disj yio ™) dtdleuin xou conj yio ™) ovleuin. O oplouol elvon
neg(u) = DFTwu disj(u,v) =DTovu disj(u,v) =DvFu

I napdderypa, disj(T,z) -5 T xau disj(F,z) -3 z. Elvow edxolo va Sodue 6Tt xat ue toug
UTGAOLTIOUG GUVIEGUOUG IxavoTtotovvTan ot emfuuntég Widtntec.

T vo avamopaotioouue GUVOETHOELS TEETEL TEMTA VoL AVATAPAGTHOOUUE TOUG QUOLX0US aplh-
potc. H guoud emhoy? elvan o 6poc T = S™(0) va avamaplotd tov guowxd apfué n € N. (S™(0)
elvan 0 épog S(S(---(S(O)--)).

———

n QOPEQ
O avadpoutxéc ouvaptrioels divovtal ue oplouols Tou TUTOU

r+o==x x4+ Sy=S(z+y)

Autol oL opiouol unopody va uetagepholyv oto clotnua T’ yenowwonoidvtag tov tekeot] R.

BOa dhoouue to Tapddetypa yio Ty mpdobeor. Opilouue

tlz,y] = Rx(A\2Nataz/Nat Sz y

Tére éyovue

tlz, O] -5 = »at

tl, Sy] —p (A2N2ENLNES2) (tx, y])y —p Stlz,y]

Tpdypa Tou onualvel 6T unopolue va BewpRcovue tov bpo t[z,y] wc oploud tng npbdobeong
x + .

‘Aoxnon: Oplote Tov Toh/oud o v exbetiny| ouvdptnon.

To clotnua T €yer TOAS ueydhn exppactixy Suvatédtnta. Mmnopolue va oploouue dheg Tig
TEWTOYEVELS avadpouixés cuvapToelg xoL ToAEC Teptocdtepeg. To olotnua T' cuvdéeton ue to
allwpatixd obotnuo e aplfuntixnc tou Peano ye tov axdioufo tpémo. Av unofécouue tnv
apxf TS xavovixomoinong Yo Toug 6poug Tou cucsTiuatog 1’ téte umopolue vo anodeiouue TN
ouvéreto tng aplfuntixic tov Peano petagedlovide to xatdhinha oto cvotnua T (uetdppaon

Godel). "Eva népiopa autod tou anotedéouatog elvar 1o axdhouvbo

Ocodpnua 3.3 Ot ouvaptiioeic mov umopoly va avanapaoctaboly oto olotyua T elvar axpiBdc

aUTEéS Twy omolwy o Tepuatiouds umopel va anodetylel otny aptbuntixi tou Peano.



