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Abstract. The traditional map labeling problems are mostly N P-hard.
Hence, eﬀective heuristics and approximations have been developed in
the past. Recently, eﬃcient algorithms for the so-called boundary labeling
model have been introduced which assumes that the labels are placed on
the boundary of the map and connected by polygonal leaders to their
corresponding sites. Internal labels have been forbidden. In this paper, we
allow both. Since clearly internal labels should be preferred, we consider
several maximization problems for the number of internal labels and we
show that they can be obtained eﬃciently or in quasi-polynomial time.

1

Motivation

In information visualization, geographic information systems, and cartography,
map labeling constitutes an important task, which is concerned with the placement of extra information –in the form of textual labels– next to features of
interest of an illustration. In order to ensure readability, it is suggested that the
labels: i) do not overlap with each other, and ii) are close to (if possible, next to)
the features they are associated with. Unfortunately, due to these constraints, the
majority of the map labeling problems turns out to be computationally hard [9].
A detailed bibliography on map labeling can be found in [19].
A great amount of research on map labeling has been devoted to labeling
site-features of a map. However, in the presence of large labels or dense point
sets, producing a labeling with no overlaps is most of the times impossible. To
address this problem, a commonly used approach is to place the labels next to
the map, and to connect them to their sites by polylines, called leaders. This
labeling approach is called boundary labeling; in the past, several papers have
appeared that show that certain types of boundary labeling problems can be
solved eﬃciently in theory and practice [2,3,4,5,6,12,15,16].
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In this paper, we introduce and study a mixed labeling model, according to
which we place the labels next to the sites and use boundary labeling in cases
where this is not feasible due to overlaps.
As a ﬁrst step towards solving this labeling problem, we investigate simple settings of the problem. Our motivation rests on the work of Fowler et al. [10], who
proved that the number maximization problem (i.e., the problem of determining the maximum number of labels that can be placed on a set of sites without
overlaps) is N P-hard, even if the labels are of uniform size, each site has only
one label candidate position and leaders are not permitted. In contrast to the
negative result of Fowler et al., there are variants of the proposed model which
admit an algorithm that maximizes the number of site-labels and guarantees the
placement of all labels (either immediately next to the sites or on the boundary
of the underlying drawing through leaders). Our variants, where we give quasipolynomial time algorithms, suggest that using boundary labeling, the problem
becomes easier as no N P-hard problem is known which has a quasi-polynomial
algorithm. More sophisticated variants are still to be considered. The proposed
model is well suited when labeling technical or medical maps where it is common
to explain certain features of the map with label on its boundary, since in the
case where the map contains several features to be labeled, a great number of
leaders will unavoidably occur, and subsequently clutter the illustration.
This rest of this paper is structured as follows: In Section 2, we formally deﬁne
the mixed map labeling model. In Sections 3, 4 and 5, we study several variations of the mixed labeling problem. In Section 6, we provide an experimental
evaluation of our algorithms. We conclude in Section 7 with open problems.

2

Problem Definition

Typically, a map labeling problem consists of a set P = {s1 , s2 , . . . sn } of n
sites to be labeled. Each site si = (xi , yi ) is associated with an axis-parallel,
rectangular label li of dimensions wi × hi . We also assume that the site set is
enclosed in an axis-parallel rectangle R = [0, W ] × [0, H] (enclosing rectangle).
According to our model, there exist two alternatives to label each site: i) either
through a label “close” to the site (internal labels), or ii) through a label on the
boundary of R and a leader which realizes the connection (external labels).
For each site which is to be labeled with an internal label, the input speciﬁes
a model, which indicates how the site’s label can be placed w.r.t. the actual
position of the site. The most important models studied in the literature are:
i) the fixed position model, where each site has a ﬁnite set of label candidates
(i.e., feasible label positions), and ii) the slider model, where each label can be
placed at any position, so that it touches its site. Fig.1 depicts some commonly
used variants of the both models. For a more formal deﬁnition refer to [13].
The external labels are usually attached to one, two or all four sides of R.
Several types of leaders have been proposed, among them straight-line [5], rectilinear [5] and octilinear [6]. In this paper, we focus on rectilinear leaders of
type-opo, that consist of three line segments, where the ﬁrst and third ones are
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Fig. 1. Each model has an abbreviation of the form xM D, where M ∈ {P, S} stands
for ﬁxed-position (P ) or slider model (S), x ∈ {1, 2, 4} refers to the number of ﬁxed
positions or sliding directions, and D ∈ {∅, H, V } indicates the horizontal or vertical
direction in which ﬁxed-position labels are arranged or labels slide

orthogonal (o) to the side of R containing the label, and the second one is parallel (p) to that side. We further assume that the sites are in general position,
i.e., no two sites share the same y or x coordinate. For more details, refer to [5].
Conventionally, a mixed labeling model (m, k, t) is identiﬁed as a type-m
traditional labeling model supported by a k-sided boundary labeling model with
type-t leaders, where m ∈ {1P, 2P H, 2P V, 4P, 1SH, 1SV, 2SH, 2SV, 4S}, k ∈
{Left-Sided, Right-Sided, Two-Sided, Four-Sided} and t ∈ {s, po, opo, do, od, pd}1 ,
in the case where the internal (external) labels are placed according to the rules
of model m (k) and the leaders are of type t. Our intension is to obtain legal labelings in which no internal labels overlap and no leader intersect or overlap, and,
simultaneously maximize the number of internal labels. We further assume that
one of the rectangle’s sides can always accommodate all labels.

3

The (1P, Right-Sided, opo) Mixed Labeling Model

We ﬁrst consider the mixed model (1P, right-sided, opo) and present an algorithm which produces labelings with maximum number of internal labels. Our
algorithm performs in three steps. Initially, it computes a legal labeling purely
consisting of external labels. This is feasible since we have assumed that one of
the enclosing rectangle’s sides can accommodate all labels. As shown in [5], in a
legal solution of the pure boundary labeling problem (i.e., no internal labels are
allowed), the vertical order of the sites is identical to the vertical order of their
corresponding labels and it can be computed in O(n log n) time. The leaders are
considered to be preliminary and might either be removed or labeled permanent.
In the second step, the algorithm identiﬁes sites whose preliminary leaders cannot be replaced by internal labels. Crucial is the following. For two sites with
overlapping internal labels, the lower one must be labeled through a leader (see
the right part of Figure 2).
Based on this observation, we determine in a second step for each site s, if
its inner label l(s) is intersected by a label l(s ) such that s lies above of s. If
such a label l(s ) exists, we mark the leader of s to be permanent. In the ﬁnal
step, we perform a top-down plane sweep, where we stop at each leader that
1

Abbreviations s, po, opo, do, od and pd refer to diﬀerent types of leaders (see [2] and
[5]).
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Fig. 2. The internal labels of sites a and b are involved in an overlap. In the case where
the leaders are routed to the right only one feasible case exists. However, in the case
where the leaders are routed to the left, two feasible solutions exist.

we reach. If the leader, say for site s, is already permanent and it intersects
other internal labels l(s ), we mark the leaders for s also to be permanent. If
the leader of site s is still preliminary, we know that for site s there is no other
intersecting internal label and also no intersecting leader. Hence we can replace
it by an internal label.
Theorem 1. The (1P, right-sided, opo) problem can be solved in O(n log2 n)
time.
Sketch of proof. As already stated, the ﬁrst step of our algorithm needs O(n log n)
time. By employing a dynamic data structure that maintains a set of rectangles
(that changes under insertions and deletions) and given a query rectangle q
reports whether q is involved in an overlap with other rectangle stored in the
data structure in O(log2 n) time [8], the second step of our algorithm can be
implemented in a total of O(n log2 n) time. The third step of our algorithm needs
an extra O(n log n) time by employing a dynamic data-structure that maintains
a set of points Q that changes under insertions, and supports visibility queries
of the form in O(log n) time: “Given a threshold value x0 and a query range
(ybottom , ytop ), return the point of Q (if any) with the largest y-coordinate that


is located within the rectangle (0, x0 ) × (ybottom , ytop )” [17, pp. 209].

4

The (1P, Left-Sided, opo) Mixed Labeling Model

In this section, we adopt the scenario of the previous section assuming that the
external labels occupy the left side of R. Again, our goal is to obtain a labeling
with maximum number of internal labels. In contrast to the case where the
external labels are to the right of R, in this case when two labels overlap it is
not necessary that the lower label is always external in a feasible solution and
this makes the problem more complicated (see the left part of Figure 2).
4.1

A Quasi-polynomial Time Solution

We ﬁrst present a quasi-polynomial time algorithm, assuming that the labels are
of uniform height. Our recursive algorithm splits the problem into a particular
number of half-sized subproblems by ﬁxing an internal label each time, then
recursively solves the subproblems and derives a solution of the initial problem
by keeping the solution which implies the maximum number of internal labels.
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Fig. 3. An illustration of our recursive algorithm

Consider an arbitrary line L that is parallel to x-axis and intersects several
internal labels and let ls be any of these internal labels. Let also s be its corresponding site. In the ﬁnal optimal solution, site s will be labeled either by an
internal or by an external label. Consider a solution in which site s is the ﬁrst
site (from left to right) out of those intersected by line L to be labeled by an
internal label (see Fig. 3). The sites to the left of s with internal labels intersecting L must all be routed through leaders. Let Ltop (Lbottom ) be the horizontal
half-line that emanates from the top-left (bottom-left) corner of ls and coincides
with the top (bottom) boundary edge of ls . Also, let Rs be the rectangle deﬁned
by the left side of ls , Ltop , Lbottom and the right side of R (see the light-gray
rectangle of Fig. 3). Then, all sites inside Rs must be labeled by internal labels.
First, we have to check whether all sites inside Rs can be labeled by internal
labels, which needs O(n log2 n) time using range queries [17]. Next, we turn our
attention to the solution of the internal label maximization problem restricted
to instances where ls is the ﬁrst internal label (from left to right) out of those
that intersect L. The maximum number of internal labels can be determined by
the solution of two independent problems, each consisting of a set of sites to
be labeled and a set of already labeled sites through internal or external labels.
For the ﬁrst (top) subproblem, the set of sites consists of all unlabeled sites
above line L and half-line Ltop (within the dark-gray polygonal region of Fig.3),
while the set of ﬁxed labels consists of the internal labels for the sites in Rs ,
plus ls (plus, any previously ﬁxed label placements). For the second (bottom)
subproblem, the set of sites consists of the remaining unlabeled sites, while the
set of ﬁxed sites consists of all sites in Rs , plus all sites to the left of s which are
labeled by leaders, plus s (plus, any previously ﬁxed label placements).
The global optimal solution can then be easily obtained by considering each
of the internal labels crossed by L as the ﬁrst internal label. If line L is carefully
selected so that it has half of the unlabeled sites above and below it, then the
time needed to calculate the optimal solution is given by the following formula:

2kT (k/2) + n2 log2 n, k > 1
T (k) =
O(1),
k=1
The n2 log2 n term is needed in order to check whether the labeling of the sites in
each rectangle Rs is legal. The solution of this formula leads to a time complexity
of O(nlog n+3 ). So, we can state the following theorem.
Theorem 2. The (1P, left-sided, opo) problem with labels of uniform height can
be solved in O(nlog n+3 ) time.
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A 2-Approximation Algorithm

In the following, we present a more eﬃcient, factor 2-approximation algorithm,
which is based on a reduction to a variant of the 2-SAT problem. Reductions
to the 2-SAT problem have been previously used in the map labeling literature [9,18]. In our approach, each site si in the labeling instance is identiﬁed
by a boolean variable zi , i = 1, 2, . . . , n. The true or false value of each variable zi speciﬁes whether si is labeled through an external or an internal label,
respectively. We proceed to construct a set of clauses based on the following
cases:
1. Avoidance of internal label overlaps: Let zi and zj be two internal label candidates that overlap and assume that neither site si nor sj is contained
in zj and zi , respectively. Then, zi and zj cannot simultaneously appear in
a solution, which is ensured by clause: zi ∨ zj .
2. Avoidance of site and internal label overlaps: Let zi and zj be two internal label candidates that overlap and assume that sj is contained in zi .
Then, zi cannot appear in a solution, which is ensured by clause: zi .
3. Avoidance of leader and internal label intersections: Let si and sj be
a pair of sites, such that the leader of sj crosses the internal label of si .
Then, zj and zi cannot simultaneously appear in a solution. This is ensured
by clause: zi ∨ zj .
Having formulated our problem as a 2-SAT clausal problem, we need a satisfying truth assignment which simultaneously minimizes the number of true variables. Gusﬁeld and Pitt [11] proved that given a satisﬁable 2-SAT formula, it is
N P-hard to ﬁnd a satisfying assignment that contains a minimum number of
true variables and proposed an approximation that results in an assignment with
at most twice as many true variables as necessary in O(N M ) time, where N and
M are the number of variables and clauses, respectively. Hence, we can state the
following theorem:
Theorem 3. The (1P, left-sided, opo) problem admits a factor 2 approximation
algorithm which needs O(n3 ) time.
4.3

An ILP Formulation

In this subsection, we provide an alternative solution of the (1P, left-sided, opo)
labeling problem, that is, a formulation as an integer linear program. ILP formulations have also been previously used in the map labeling literature [7,20].
In our formulation, each site si is associated with two variables zi and wi , each
of which has value 0 or 1 indicating the absence or presence of an internal label
and a leader, respectively. Then, one set of constraints expresses the requirement
that each site should be labeled exactly once, either through an internal label or
through a leader. Therefore, zi + wi = 1, for each i = 1, 2, . . . , n. A second set
of constraints expresses the requirement that no two internal label candidates
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overlap. More precisely, if si and sj is a pair of sites, whose internal labels overlap then a constraint of the form zi + zj ≤ 1 should be present. Finally, a last set
of constraints is needed in order to avoid crossings among leaders and internal
labels. So, the case where the leader emanating from a site si crosses the internal
label of another site sj , can be expressed by a constraint of the form wi + zj ≤ 1.
Since we seek to maximize the number
n of internal labels, the objective function
of our integer linear program is i=1 zi . Clearly, the set of constraints can be
constructed in O(n2 ). Therefore, we can state the following theorem.
Theorem 4. An instance of the (1P, left-sided, opo) problem can be transformed
into an integer linear program in O(n2 ) time.
Note that the formulation given above with small modiﬁcations can be used
to solve any type-opo mixed labeling problem that involves a ﬁxed position
model. However, the ILP presented above has an extra property; it contains two
variables per constraint. Bar-Yehuda and Rawitz [1] proved that such integer
programs can be approximated by a factor of 2 in O(N M U ) time, where N , M
and U are the number of variables, constraints and the maximum variable range,
respectively. This implies that our problem admits another 2-approximation algorithm that also needs O(n3 ) time.

5

The (1P, Two-Sided, opo) Mixed Labeling Model

In this section, we adopt the 1P point-labeling model supported by the two
opposite-sided type-opo boundary labeling model as alternative, assuming that
the labels are of uniform height and the external labels are allowed to be placed
along the left and the right side of R. The algorithm we describe follows the lines
of the recursive algorithm for the left sided case, presented in Section 4. However,
due to the fact that for each site we have three possible labeling alternatives
(i.e., leader to the left, internal label, leader to the right), the splitting into
subproblems is slightly more complicated.
Let h be the height of each label and λ be the maximum number of sites within
any strip of height h. Consider some legal labeling and as before, consider an
arbitrary line L that is parallel to the x-axis and intersects several internal labels.
Let again ls be the leftmost of these labels and s be its corresponding site. Deﬁne
as before lines Ltop and Lbottom . Let t be the leftmost site out of those to the
right of label ls that is labeled by a leader towards the right side of R. Then,
the following must hold:
- Let R1 be a rectangle (of maximum height h) whose bottom-right corner coincides with site s, whereas its top-left corner coincides with the intersection
of line L and the left side of the enclosing rectangle R (see Fig.4a). Then, all
sites in R1 are labeled through leaders to the left side of R.
- Let Rs be the rectangle that has the sites s and t on its left and right sides,
respectively, and is deﬁned by the half-lines Ltop and Lbottom (see Fig.4a).
Then, all sites in Rs must be labeled through internal labels.
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Fig. 4. Illustrations of our recursive algorithms

- Let R2 be the rectangle having site t as its top-left corner and the intersection
of Lbottom with the right side of R as its bottom-right corner. Then, all sites
in R2 must be labeled through leaders to the right side of R.
- Let R3 be the rectangle with site t as its bottom-left corner and the intersection
of Ltop with the right side of R as its top-right corner. Then, all sites in R3
must be labeled by internal labels or through leaders to the right side of R.
As in the previous case, the maximum number of internal labels can be determined by the solution of two independent problems, each consisting of a set of
sites to be labeled and a set of already labeled sites through internal or external
labels. For the ﬁrst (top) subproblem, the set of sites consists of all unlabeled
sites that lie above line L, half-line Ltop and in the interior of R3 (within the
dark-gray polygonal region of Fig.4a), while the set of ﬁxed labeled sites consists
of the sites in Rs (which are labeled by internal labels), plus, s and t (plus, any
previously ﬁxed label placements). For the second (bottom) subproblem, the set
of sites consists of the remaining unlabeled sites, while the set of ﬁxed labeled
sites consists of all sites in R1 ∪ R2 (which are labeled by leaders), plus, the sites
in Rs (which are labeled by internal labels), plus, s and t (plus, any previously
ﬁxed label placements).
Attempting to do an analysis as in the previous case, we realize that there
are at most 2λ2 subproblems, each deﬁned by a pair of sites s and t (as deﬁned
above). If line L equally-splits the sites, observe that the top subproblem might
have at most n/2 sites plus the sites of R3 that are below line L. Since each
slice of height h contains at most λ sites, the top subproblem contains at most
n/2 + λ sites. Then, the bottom subproblem contains at least n/2 − λ sites. So,
i
in the i-th recursion-level, each subproblem has size at most n/2i + k=0 λ/2k ,
which approximately equals n/2i + 2λ. Note that parameter λ is not halfed at
each recursion level, the subproblems however do.
We choose to stop the recursion when the size of a subproblem is less than
3λ to facilitate our analysis. Observe that a problem of size 3λ can be solved in
O(33λ λ log2 λ) time. For each site, we have three choices, i.e., leader to the left,
internal label, leader to the right. Thus, the time complexity of our algorithm is
given by the following formula.
 2
λ (2T (n/2 + λ) + n log2 n), n > 3λ
T (n) ≤
n ≤ 3λ
33λ λ log2 λ,
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The above formula, for n > 3λ means that we have log(n/3λ) recursion levels, giving a total time of O(n(n/(3λ))2 log λ log2 n + 2λ(n/(3λ))2 log(2λ) log2 n),
while the second term gives for each subproblem of size λ an amount of at
most 33λ λ log2 λ. On level i, we have 2i λ2i subproblems, hence in total the
recursion ends with (n/(3λ))2 log λ+1 subproblems. In total this gives a seemingly complicated formula for the time complexity: O(n(n/(3λ))2 log λ log2 n +
2λ(n/(3λ))2 log(2λ) + (n/(3λ))2 log λ+1 · 33λ λ log2 λ). We conclude by the following
theorem. If λ is constant, the following theorem gives a polynomial time bound.
Theorem 5. An instance of the (1P, 2-sided, opo) labeling problem can be solved
in time (n/λ)O(log λ) · 3O(λ) .
5.1

Generalizations

In the following, we present a general scheme for the mixed labeling model
(m, k, opo), where m ∈ {2P H, 2P V, 4P }, k ∈ {∅, Left-Sided, Right-Sided, TwoSided}. The proposed scheme also supports labelings without external labels. It
resembles to one of the ﬁrst map labeling algorithms by Kucera et al [14].
Let κ and μ be two variables deﬁned as follows. Variable κ equals to (a) zero,
if k = ∅, (b) one, if k ∈ {Left-Sided, Right-Sided}, and, (c) two, if k = TwoSided. Similarly, variable μ equals to (a) two, if m ∈ {2P H, 2P V }, and, (b) four,
if m = 4P . Let also P be a labeling problem with labels of uniform height h and
λ-height restricted, i.e., in each horizontal strip of height h there are at most
λ sites. Let L be a horizontal line bisecting the rectangle into two subproblems
Ptop and Pbot , such that the subproblems have at most n/2 sites each. Because
of the height restriction, at most λ sites above L might have a bottom-label
which intersects L, and analogously at most λ sites below L might have a toplabel which intersects L (see Fig.4b). It is clear that any solution of P consists
of a conﬁguration C of labels intersecting L and the solution of Ptop (C) and
Pbot (C), where the two subproblems are modiﬁed according to the conﬁguration
C. For each conﬁguration C, we solve the corresponding subproblems Ptop (C) and
Pbot (C), construct the solution P(C) and optimize over all conﬁgurations C.
For each conﬁguration C, labels of the sites close to line L might intersect L
or not. The sites above and below might intersect the strip only when they use
their lower or upper internal labels, or they do not intersect at all, hence we
have κ/2 + 1 possibilities for the upper sites and κ/2 + 1 possibilities for the sites
below. Hence, we have at most (κ/2 + 1)λ · (κ/2 + 1)λ diﬀerent conﬁgurations for
the middle line L. If we ﬁx one of those conﬁgurations, then the two subproblems
arising on top or below the strip are independent of each other, and can be solved
recursively. They only depend on the ﬁxed label conﬁguration of the middle strip
and they have size at most n/2 each. Each conﬁguration can be checked, whether
it is legal or not, in time O(n log2 n), using the methods described in Section 4.
Note that the recursion stops when n ≤ λ, after log(n/λ) recursion levels.
Each time, we have to check the legality of the solution for the subproblem. This
can be done in time O(λ log2 λ) by a series of O(λ) range queries concerning at
most O(λ) rectangles. Then, T (λ) ≤ O((κ+ μ)λ λ log2 λ). Hence, we get a similar
recursion as before, which can be summarized by the following theorem.
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Theorem 6. A λ-height restricted instance of the (m, k, opo) problem, where
m ∈ {2P H, 2P V, 4P }, k ∈ {∅, Left-Sided, Right-Sided, Two-Sided} can be solved
in time (n/λ)O(λ log κ) · (κ + μ)λ+1 .
More concretely, if m ∈ {2P H, 2P V } and k ∈ {Two-Sided}, a λ-height restricted
instance of this problem can be solved in O((n/λ)1+2λ · (4λ λ log2 λ + n log2 n).
If m ∈ {4P } and k ∈ {Left-Sided, Right-Sided}, we have 5 choices for each
site (either through a leader or through an internal label utilizing one of the
four available internal label candidates). For the sites directly above and below
the strip, we have 3 choices, since two of the four available internal label candidates cannot be utilized. Hence, there are 3λ · 3λ conﬁgurations for the middle
line. Therefore, a λ-height-restricted instance of this model can be solved in
O((n/λ)1+λ log 9 · (5λ λ log2 λ + n log2 n). When λ is constant or logarithmic in n,
we obtain polynomial or quasi-polynomial algorithms, which do not contradict
the N P-hardness of the general problem if λ is large (λ ≥ n ,  > 0).

6

Experimental Results

In this section, we present the results of the experimental evaluation of the
algorithms presented in Sections 3, 4.1 and 5. The experiment was performed
on a Linux machine with 2.60 GHz CPU and 2GB RAM. A parameter that
was taken into account in the experiment’s setup was the density of each input
point set, that is the ratio of the total area of all labels to the area of R. The
labels had a predeﬁned, ﬁxed size. Hence, a speciﬁc density value together with a
given value for the total number of point sites, also speciﬁes the dimensions of the
enclosing rectangle. The density values vary from 1/10 (low density) to 1/5 (high
density), whereas the point sets were randomly generated with 5 up to 100 sites.
Given a density value and a number of point sites, the experiment generated 100
random point sets, which were given as input to the three algorithms.
As expected the one-sided, polynomial time algorithm of Section 3 is slightly
faster than the corresponding one of Section 4.1 that runs in quasi-polynomial
time. Both algorithms need less than half a second to perform the labeling,
regardless of the density of the labeling or the size of the input point set. On the
other hand, the two-sided, quasi-polynomial time algorithm of Section 5 needs
noticeably more time, especially in large and dense point sets. For input point
sets consisting of less than 40 points the algorithm needs less than two and a
half seconds. For input point sets with 50 up to 60 point sites less than a minute.
However, for more dense point sets consisting of more than 70 points, there exist
instances which need more than ten minutes. Note that in our experiment we
didn’t bound the parameter λ.
Regarding the quality of the produced labelings, which is measured in terms
of the number internal labels, the two-sided, quasi-polynomial time algorithm of
Section 5 produces labelings that have signiﬁcantly more internal labels than the
other two algorithms, especially in large and dense point sets. On the other hand,
the one-sided, quasi-polynomial time algorithm of Section 4.1 and the one-sided,
polynomial time algorithm of Section 3 have roughly the same performance.
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Fig. 5. The anatomy of a human brain produced by the (1P, left-sided, opo) model

Figure 5 depicts a medical map that describes the anatomy of a human brain.
The labeling has been produced by our one-sided quasi-polynomial time algorithm of Section 4.1, in which we have also performed an additional post-process
step, in order to minimize the number of leader-bends (using an algorithm given
in [5]). Since the external labels are few, most of the leaders are eventually drawn
as straight-lines, which drastically improves the quality of the ﬁnal labeling.

7

Conclusions

Our experimental results indicate that our algorithms have practical impact,
even if they are mostly subexponential (except from the ﬁrst one). Of course,
there is large space for improvements. The proposed model is not appropriate
for every instance of map labeling problems. We evaluated our algorithms in
terms of time complexity and number of internal labels. It should also be evaluated whether the criterion of maximizing the number of internal labels yields
aesthetically valuable labelings. The extension from the type-opo boundary labeling model to the more appealing type-po (or even to octilinear models [2])
is still open and seems nontrivial. Other variants to be considered might be to
use leaders only when they are bend-less, to incorporate length-restrictions on
the leaders or more general penalty functions for intersections between internal
labels and leaders.
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