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Abstract. A major factor aﬀecting the readability of a graph drawing is
its resolution. In the graph drawing literature, the resolution of a drawing is either measured based on the angles formed by consecutive edges
incident to a common node (angular resolution) or by the angles formed
at edge crossings (crossing resolution). In this paper, we evaluate both
by introducing the notion of “total resolution”, that is, the minimum of
the angular and crossing resolution. To the best of our knowledge, this
is the ﬁrst time where the problem of maximizing the total resolution of
a drawing is studied.
The main contribution of the paper consists of drawings of asymptotically optimal total resolution for complete graphs (circular drawings)
and for complete bipartite graphs (2-layered drawings). In addition, we
present and experimentally evaluate a force-directed based algorithm
that constructs drawings of large total resolution.

1

Introduction

There exist several criteria that have been used to judge the quality of a graph
drawing [4,14]. An undesired property that may negatively inﬂuence the readability of a graph drawing is the presence of edges that are too close to each
other, especially if these edges are adjacent. Thus, maximizing the angles among
incident edges becomes an important aesthetic criterion, since there is some correlation between the involved angles and the visual distinctiveness of the edges.
On the other hand, recent cognitive experiments by Huang et al. [12,13] indicate
that the negative impact of an edge crossing on the human understanding of a
graph drawing is eliminated in the case where the crossing angle is greater than
70 degrees. This motivates us to study a new graph drawing scenario in which
both angular and crossing resolution are taken into account in order to produce
a straight-line drawing of a given graph. Formally, the term angular resolution
denotes the smallest angle formed by two adjacent edges incident to a common
node, whereas the term crossing resolution refers to the smallest angle formed by
a pair of crossing edges. The angular resolution maximization problem has been
extensively studied by the graph drawing community over the last few decades
[3,9,10,11,15,16]. On the other hand, the crossing resolution maximization is a
relatively new problem [1,6,7]. To the best of our knowledge, this is the ﬁrst
attempt, where both angular and crossing resolution are combined to produce
drawings.
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Drawings with Optimal Total Resolution for Complete
and Complete Bipartite Graphs

In this section, we deﬁne the total resolution of a drawing and we present drawings of asymptotically optimal total resolution for complete graphs (circular
drawings) and complete bipartite graphs (2-layered drawings).
Definition 1. The total resolution of a drawing is defined as the minimum of
its angular and crossing resolution.
We ﬁrst consider the case of complete graphs Kn , n ≥ 3. Our aim is to construct
a circular drawing of Kn of maximum total resolution. Our approach is constructive and common when dealing with complete graphs. A similar one has been
given by Formann et al. [9] for obtaining optimal drawings of complete graphs,
in terms of angular resolution. Consider a circle C of radius rc > 0 centered at
(0, 0) and circumscribe a regular n-polygon Q on C. The nodes of Kn coincide
with the vertices of Q. The construction supports the following Theorem. For a
detailed proof, refer to [2].
Theorem 1. A complete graph Kn admits a drawing of total resolution Θ( n1 ).
Obviously, the bound of the total resolution of a complete bipartite graph can be
implied by the bound of the complete graph. However, if the nodes of the graph
must have integer coordinates, i.e., we restrict ourselves on grid drawings, few
results are known regarding the area needed of such a drawing. An upper bound
of O(n3 ) area can be implied by [3]. This motivates us to separately study the
class of complete bipartite graph, since we can drastically improve this bound.
Note that tradeoﬀs between (angular or crossing) resolution and area have been
studied by the graph drawing community, in the past [1,5,16].
Let Km,n = (V1 ∪ V2 , E) be a complete bipartite graph, where V1 = {u11 , . . .,
1
um }, V2 = {u21 , . . . , u2n } and E = V1 × V2 . Let R = ABΓ Δ be a square whose
top and bottom sides coincide with L1 and L2 , respectively. The nodes of V1
(V2 ) reside along side Γ Δ (AB). Let 1 , . . . , m , be a bundle of semi-lines, each
of which emanates from vertex B and crosses side Γ Δ of R, so that the angle


ΔBΓ
formed by BΓ and semi-line i equals to (i−1)·
, for each i = 1, . . . , m. These
m−1
π
 into m − 1 angles, each of which is equal to
semi-lines split angle ΔBΓ
.
4·(m−1)

Then, we place node u1i at the intersection of semi-line li and Γ Δ, for each
i = 1, . . . , m. We denote by ai the horizontal distance between two consecutive
nodes u1i and u1i+1 , i = 1, . . . , m − 1. Symmetrically, we deﬁne the position of
the nodes of V2 along side AB of R. We conclude by the following Theorem. For
a detailed proof refer to [2].
Theorem 2. A complete bipartite graph Km,n admits a 2-layered drawing of
1
total resolution Θ( max{m,n}
).
Say that the nodes of the graph must have integer coordinates. Then, assuming
that L1 and L2 coincide with two horizontal grid lines, we can slightly move
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each node of V1 and V2 to the rightmost grid-point to its left. We can prove
that there are not two nodes sharing the same grid point, assuming that a1 is
greater than one grid unit. Since no node moves more than one unit of length,
the total resolution is not asymptotically aﬀected. Regarding the computation
of the area occupied by the drawing, we can further prove that it supports the
following Theorem. The reader is referred to [2], for a detailed proof.
Theorem 3. A complete bipartite graph Km,n admits a 2-layered grid drawing
1
of Θ( max{m,n}
) total resolution and O(max{m2 , n2 }) area.

3

A Force Directed Algorithm

We present a force-directed algorithm that given a reasonably nice initial drawing, results in a drawing of high total resolution. Our algorithm uses the attractive forces of the classical force-directed algorithm of Eades [8] and some
additional forces exerted to the nodes of the graph, that tend to maximize the
total resolution of the drawing.
Before we proceed with the description of our algorithm, we present some
notation that is heavily used in the remainder. Given a drawing Γ (G) of G, we
denote by pu = (xu , yu ) the position of node u ∈ V on the plane. The unit
pu−→
pv , where u, v ∈ V . The degree of
length vector from pu to pv is denoted, by −
node u ∈ V is denoted by d(u). Let also d(G) = maxu∈V d(u) be the degree of
the graph. Given a pair of points q1 , q2 ∈ R2 , with a slight abuse of notation,
we denote by ||q1 − q2 || the Euclidean distance between q1 and q2 . We refer to
→
→
the line segment deﬁned by q1 and q2 as q1 q2 . Let −
α and −
γ be two vectors.
→
−
→
−
γ
→
−
→
−
α
+
. We denote
The vector which bisects the angle between α and γ is ||→
−
−
α ||
||→
γ ||
→
−
→
→
by Bsc(−
α,−
γ ) the corresponding unit length vector. Given a vector β , we refer
→
−
to the unit length vector which is perpendicular to β and precedes it in the
→
−
clockwise direction, as Perp( β ).
Let e = (u, v) and e = (u , v  ) be two crossing edge and let pc be their
intersection point. Let also θvv , θv u , θuu and θu v be the angles formed by the
intersection of e and e at pc , as illustrated in Fig.1a. Then, our preference for
right-angle crossings can be captured by spring forces (see Fig.1a), and, by the
angles θvv and θv u formed at the crossing (see Fig.1b). The exact formulas of
these force are:
cros
cros
(pv , pv ) = Cspring
· log
Fspring
cros
cros
Fangle
(pv , pv ) = Cangle
· sign(θvv −

||pv − pv || −−−→
· pv pv 

vv
spring

π
→ −−−→
) · f (θvv ) · Perp(Bsc(−
p−
c pv , pc pv  ))
2

cros
cros
and Cangle
are used to control the stiﬀness of the
where the constants Cspring

springs and the strength of the force, respectively, vv
, which corresponds
 spring
to the natural length of the spring, is equal to ||pc − pv ||2 + ||pc − pv ||2 and
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(c) Spring forces

(d) Angle based forces

Fig. 1. Forces applied on nodes in order to maximize the total resolution

f : R → R is a function so that f (θ) = | π2 − θ|/θ. The remaining forces of Fig.1a
and 1b are deﬁned similarly.
Let u be a node incident to edges e0 = (u, v0 ), . . . ed(u)−1 = (u, vd(u)−1 ).
Assume that e0 , e1 , . . . , ed(u)−1 are consecutive in the counter-clockwise order
around u in the drawing of the graph. Let θi be the angle formed by ei and
e(i+1)mod(d(u)) , measured in counter-clockwise direction from ei to e(i+1)mod(d(u)) .
Then, our preference for angles equal to 2π/d(u) can be captured by spring forces
(see Fig.1c), and, by the angles θi , i = 0, 1, . . . , d(u) − 1 (see Fig.1d). The exact
formulas of these force are:
angular

angular

Fspring (pvi , pv(i+1)mod(d(u)) ; u) = Cspring · log

||pvi − pv(i+1)mod(d(u)) ||

−
−−−−−−−−−−→
p−
vi pv(i+1)mod(d(u))

ispring

·

2π
) · g(θi ; u)·
d(u)
−→ −−−−−−−−−−−→
Perp(Bsc(−
p−
u pvi , pu pv(i+1)mod(d(u)) ))

angular

angular

Fangle (pvi , pv(i+1)mod(d(u)) ; u) = Cangle

· sign(θi −

angular
angular
and Cangle
are constants which captures the
where the quantities Cspring
stiﬀness of the spring and the strength of the force, respectively, g : R × V → R
|

2π

−θ|

i
is a function so that g(θ; u) = d(u)θ
and lspring
, which corresponds to the
natural length of each spring, is equal to:

||ei ||2 + ||e(i+1)mod(d(u)) ||2 − 2 · ||ei || · ||e(i+1)mod(d(u)) || · cos (2π/d(u))
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(a) Angular resolution results

(b) Crossing resolution results

(c) Total resolution results

(d) Running time results

Fig. 2. A visual presentation of our experimental results. The X-axis indicates the
number of the nodes of the graph. In Fig.(a)-(c) the Y -axis corresponds to the resolution
measured in degrees, whereas in Fig.(d) to the running time measured in milliseconds.
angular

cros
cros
Note that by setting zero values to the constants Cspring
, Cangle
or Cspring ,
our algorithm can be conﬁgured to maximize the angular, or the crossing resolution only, respectively. Regarding the time complexity, each iteration of
our algorithm takes O(E 2 +V d(G) log d(G)) time and can be further improved to
O(K + E log2 E/ log log E + V d(G) log d(G)) time per iteration, using standard
techniques from computation geometry.
In the following, we present the results of the experimental evaluation of our
algorithm. Apart from our algorithm, we have also implemented the algorithms
of Eades [8] and Lin and Yen [15]. The implementations are in Java using yFiles
library (www.yworks.com). The experiment was performed on a Linux machine
with 2.00 GHz CPU and 2GB RAM using the Rome graphs obtained from
graphdrawing.org. The experiment was performed as follows. Each Rome graph
was laid out using the SmartOrganic layouter of yFiles. This layout was the
input of all algorithms. If both the angular and the crossing resolution between
two consecutive iterations of each algorithm were not improved more that 0.001
degrees, we assumed that the algorithm has converged. The maximum number
of iterations was set to 100.000. Our algorithm is evaluated as (a) Crossing-Only,
(b) Angular-Only and (c) Mixed. Fig.2 illustrates the results of the experimental
evaluation. For a more detailed analysis refer to [2].
angular
Cangle ,
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Conclusions

We introduced and studied the total resolution maximization problem. Of course,
our work leaves several open problems. It would be interesting to try to identify
other classes of graphs that admit optimal drawings. Even the case of planar
graphs is of interest, as by allowing some edges to cross (say at large angles), we
may improve the angular resolution and therefore the total resolution.
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